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Abstract

p-Compact groups, introduced by Dwyer and Wilkerson [DW2], are homo-
topy theoretic analougues of compact Lie groups (see also [N2] and [M]). The
present paper contains a construction of a faithful complex representation of
2-compact group DI(4), which was provided by [DW1]. The main tool used
is the homotopy decomposition of the classifying space of an arbitrary com-
pact Lie group onto the homotopy colimit of the classifying spaces of its p-
stubborn subgroups, which is due to Jackowski, McClure and Oliver [JMO1].
The paper contains a detailed discussion on a method of classification of
maps BG — BU(n), (called homotopy representations; G is a compact Lie
group) which uses this homotopy decomposition. For G = Spin(7), SU(2)"
we obtain explicit results, which are close to a full classification. We classify
2-stubborn subgroups of Spin(7) and complex representations of its discrete
approximations. This part depends heavily on results of [O1] and [AF] and
on the representation theory of finite groups. An important (and the most
difficult) part constitute calculations of obstruction groups, which appear
when we extend maps from spaces at the homotopy decomposition diagrams
to maps from its homotopy colimits. Methods we use are based on [JMOI1]
and [O2].
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Introduction

0.1 p-Compact groups

Lie groups and loop spaces

Let G be a compact Lie group and EG a contractible space equipped with
a free action of G. A space of orbits BG := EG/G is called the classifying
space of the group G; the homotopy type of BG does not depend on the
choice of the space EG. Unlike the group G, the space BG does not possess
any differential or algebraic structure. The crucial property which relates
G and BG is that there is a weak homotopy equivalence QBG — (. This
observation motivates the following definition:

Definition 0.1.1. A loop space is a CW-complex X with a pointed space BX
and a weak homotopy equivalence QBX — X. A loop space (X, BX,QBX —
X) is finite if the CW-complex X is finite.

We call BX the classifying space of X, what is ambiguous, since it is
BX which determines X (unlike for compact Lie groups). Obviously each
compact Lie group is a finite loop space. However, the class of finite loop
spaces is much larger. For example, a group SU(2) ~ S® admits uncount-
ably many non-equivalent structures of a finite loop space [R] (i.e. there is
uncountably many pairwise homotopy non-equivalent spaces BX, such that
QBX is homotopy equivalent to S3).

p-Compact groups

Dwyer and Wilkerson [DW2] introduced a p-compact groups, which are closely
related to a finite loop spaces. The main idea is to consider only a part of
the homotopy type of a classifying space related to a fixed prime integer p.



The definition of a p-compact group uses the construction due to Bousfield
and Kan [BK], which assigns to any space Y its p-completion YZ\, which can
be interpreted as the p-part of the homotopy type of Y. If spaces Y and Y;;\
are weakly equivalent, then we say that the space Y is p-complete. Under
mild assumptions on Y holds m;(Y,") = m(Y') ® Z;), where Z) is the ring of
p-adic integers.

Definition 0.1.2. A loop space X is a p-compact group, if the space X is
p-finite (i.e. it has the finite homology with coefficients F,) and the space
BX is p-complete.

Examples of p-compact groups

If G is a compact Lie group such that its group of conected components
is a finite p-group, then its p-completion G;,\ is a p-compact group and its
classifying space is (BG);). In particular, if G is a k-dimensional torus (S*),
then its completion is a p-compact torus. It is an Eilenberg-McLane space
K(Z},1)" and its classifying space is K (Z,2). There are numerous examples
of p-compact groups which are not a completion of any compact Lie group
(such p-compact groups are called ezotic).

Homomorphisms

Many ideas concerning compact Lie groups can be generalized onto p-compact
groups. For example, any homomorphism of compact Lie groups f: G — H
induces the classifying map Bf : BG — BH. A homomorphism of p-

compact groups f : X — Y is a map Bf : BX — BY (obviously it de-
termines, up to homotopy, a map f : X = QBX 25, OBy =~ Y). If maps

Bf,Bg : BX — BY are homotopic, then the homomorphisms f i g are
called conjugate. If f : G — H is a monomorphism of Lie groups, then (as-
suming that the models of the classifying spaces are chosen properly) Bf is a
fibration with a fibre H/G. Similarly, a homomorphism of p-compact groups
f is @ monomorphism, if its homotopy fibre is p-finite (i.e. its homology with
coeflicients IF,, are finite).



Centralizers

Let f : X — Y be a homomorphism of p-compact groups. A centralizer
of X in Y is a loop space Qmap(BX, BY )y (it is not always a p-compact
group). Unlike the definitions stated before, which are motivated by elemen-
tary properties of classifying spaces of compact Lie groups, the definition of
a centralizer is motivated by the following theorem:

Theorem 0.1.3 (Dwyer-Zabrodsky). If P is a finite p-group and G a com-
pact Lie group, then for each homomorphism f : P — G the map

BCG(P) — map(BP, BG)Bf

adjoint to the classifying map of the homomorphism Cq(f(P)) x P — G in-
duces an isomorphism on the homology with coefficients F,, (and hence a weak
homotopy equivalence after passing to the p-completions).

Then we see that centralizers in the p-compact sense coincide with cen-
tralizers in the group sense assuming that the subgroup P is p-finite. The
Dwyer-Zabrodsky Theorem can be generalized onto some larger classes on
groups (for example p-toral groups and p-discrete toral groups).

Maximal torus

A torus in a p-compact group X is any monomorphism i : T — X, where
T is a p-compact torus. Like any compact Lie group, each p-compact group
possesses a mazximal torus ix : Tx — X, which is determined uniquely up
to conjugacy by the following universal property: for any torus ¢ : T — X
in X there is a homomorphism of p-compact groups j : T — T, such that
1 is conjugate to ix o j. The group of automorphisms of Tx preserving the
monomorphism iy is called the Weyl group of X and denoted by Wx. The
group Wy is finite and it acts on the classifying space of the maximal torus
BTx ~ K(Zj},2)". This action determines a representation Wx — GL,(Z))),
which is one of the most important invariants of p-compact groups.

Complex representations of p-compact groups

Recall that a complex representation of a Lie group G is a linear action of
G on a complex vector space, or equivalently, a homomorphism ¢ : G —
GL(V). If the group G is compact, then we can assume that the image of ¢
is contained in a unitary group U(V) — GL(V). Similarly,
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Definition 0.1.4. A complex representation of a p-compact group X is
a homomorphism (of p-compact groups) ¢ : X — U(n);) (ie. a map
BX — BU(n);). A representation is called faithful if ¢ is a monomorphism.

The Peter-Weyl Theorem states, that each compact Lie group admits a
faithful complex representation. It is interesting if p-compact groups possess
the analogous property, i.e. whether or not the following conjecture is valid:

Conjecture 0.1.5. Each p-compact group admits a faithful complex repre-
sentation.

For odd p this conjecture was proven by Castellana [C]|, who has con-
structed, for any simple p-compact group X a representation of dimension
dim X, which is a generalization of the adjoint representation of a compact
Lie group. There is a strong evidence, that the only simple 2-compact group,
which is not a completion of any compact Lie group is DI(4), constructed
by Dwyer and Wilkerson [DW1]. The main result of the present paper is the
following;:

Theorem 0.1.6. There is a faithful complex represenation of DI(4) of di-
mension 246,

Since DI(4) has no non-trivial normal subgroups, it is equivalent to the
existence of any non-trivial map BDI(4) — (BU(2))%. Tt seems that the
methods of [C] cannot be generalized onto the case DI(4), since there is no
representation of DI(4) of dimension dim DI(4) = 45.

2-Compact group DI(4)

The property which determines uniquely D1(4) is that the cohomology ring of
BDI(4) with Fo-coefficients is a rank 4 mod 2 algebra of Dickson invariants:

H*(BDI(4);Fy) 2 Fylty, to, ts, t,] L4 F2),

where the generators t; are in dimension 1. The algebra H*(BDI(4);Fs)
is also a polynomial algebra generated by elements cg, ¢12, ¢4, c15 (indices
indicate dimensions of generators). An action of the Steenrod algebra is
determined by relations Sqcs = ci2, Sq¢?cio and Sqlciy = c15. The Weyl
group Wpjs) is isomorphic to {#1} x GL3(IF2) and the action of Wp;(4) on the
maximal torus determines a representation GL3(Fs) — GL3(Z%), which is a
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section of the mod 2 reduction. 2-Compact group DI(4) contains a subgroup
Spin(7)%, such that DI(4) and Spin(7)) have a common maximal torus. It
appears that no (algebraic) representation of the Lie group Spin(7) (or even
its maximal torus T') extends after completion to a faithful representation
of DI(4). The main reason is that the homomorphism Wpyuy — GL3(Z%)
(cf. 0.1) has no factorization through GL3(Z). Therefore a completion of any
faithful algebraic representation of T"is not Wpj)-invariant and cannot be
extended to DI(4).

0.2 Homotopy decompositions

Homotopy decompositions are very useful tools for studying classifying spaces
of compact Lie groups. They are also very helpful for constructing and
studying p-compact groups.

Homotopy colimits

Let C be a small category (i.e. such that the class of its objects is a set) and F
any functor from C into the category of topological spaces Sp. Obviously one
can take the colimit of F', but this construction does not have good homotopy
properties (i.e. homotopy limits of homotopy equivalent functors need not to
be homotopy equivalent). More useful construction in the homotopy theory
is the homotopy colimit hocolime F', which has much better properties. There
is a map hocolime F' — colim¢ F', which is in many cases a weak homotopy
equivalence. However, the homotopy colimit is not a colimit neither in the
category of spaces, nor in the homotopy category.

Obstruction theory

Fix a small category C, a functor F' : C — Sp, a space Z and a family
of maps {fc: F(C) — Z}cec. Assume that {fc} is homotopy compatible,
i.e. for any morphism ¢ : C' — C” in C the maps fc and for o F(c) are
homotopic. Consider the following problem: when the family {f-} can be
extended to the map hocolime F' — Z. Define, for ¢ > 1, the following family
of contravariant functors on C with values in the category of groups:

I/ (C) := mi(map(F(C), Z)c)-



Assume that for each C' € Ob(C) the group IT{ (C) is abelian. Then:

e If for i > 1 the groups H*!(C;II/) vanish, then it exists an extension
of {fc} to a map hocolime F' — Z.

e If for i > 1 the groups H*(C;II/) vanish, then an extension of {fc} to
a map hocolimg F' — Z is determined uniquely up to homotopy (if it
exists).

Remark. Symbols H® denote cohomology groups of categories with coeffi-
cients in functors (it is a common generalizations of the group cohomology
and the cohomology of spaces).

Homotopy decompositions

Let p be a fixed prime integer and G either a compact Lie group, or a p-
compact group.

Definition 0.2.1. A homotopy decomposition of the classifying space BG
is any functor F': C — Sp equipped with a map hocolim¢ F' — BG, which
induces an isomorphism of the homology with coefficients IF,,. Moreover, we
assume that C is a finite El-category (i.e. such that each endomorphism
is actually an isomorphism) and that for each C' € C the space F(C) is a
classifying space of a Lie group (or a p-compact group).

Homotopy decompositions are presentations of a given classifying spaces
in the form of a homotopy colimit of classifying spaces of simpler groups
(usually subgroups), but only up to the homological equivalence. (Decompo-
sitions for which the homology equivalence is in fact a homotopy equivalence
are usually not very useful). In the present paper we use two kinds of homo-
topy decompositions: the centralizer decomposition, where appear classifying
spaces of centralizers of elementary abelian p-subgroups of a given p-compact
group, and the p-stubborn subgroup decomposition, in which appear classify-
ing spaces of some p-toral subgroups of a given group.

Construction of the 2-compact group DI(4)

The space BDI(4) was constructed [DW1] as a homotopy colimit of some
functor (which appears to be the centralizer decomposition functor of DI(4)
as well). Now we describe this functor. Let V' be a 4-dimensional vector

10



space over Fy and A be a category, whose objects are non-zero subspaces of
V' and morphisms are all monomorphisms between vector spaces. Define

K : A3 X s Fy[V]0eCLV)Veexs(®)=2} ¢ GrAlg,, (0.2.2)

where GrAlgs is the category of graded Fsy-algebras. It appears that there
is a functor F': A? — Sp, such that H*(F;Fy) = K. The space BDI(4)
is defined to be the 2-completion of the homotopy colimit of F. Values
of the functor F' are completed classifying spaces of compact Lie groups
(namely Spin(7), SU(2)3/{£1}, T3 x {£1} and {&1}*). Then BDI(4) is
the homotopy colimit of the following diagram:

GLy(Fg) GL3(Fg) GLy(Fg)
~ ~ ~

B{#+1}* = B(T? x {£1})) = B(SU(2)*/{+1}); = BSpin(7)5. (0.2.3)

This diagram is very close to the centralizer decomposition diagram of the
space BSpin(7) — it has the same objects, but more morphisms.

0.3 Homotopy representations of compact Lie
groups

In this section we describe a general method of constructing maps from BG
into the 2-completion of BU(n), where G is a Lie group. Such maps will
be called homotopy representations of G. We say that two homotopy repre-
sentations are isomorphic, if they are homotopic (as maps between spaces).
The general properties of the p-completion imply that there is a bijection
[BG,(BU(n)),] = [(BG),,(BU(n))}], then maps (BG)) — (BU(n)), will

p
also be called homotopy representations. In the present section we use stub-
born decompositions [JMO1], which seem to be the most appropriate for our

purposes.

Homotopy representations of p-toral groups

A Lie group P is called p-toral, if it is an extension of a finite p-group by
a torus. Any p-toral group has a dense subgroup P>, called the discrete
approzimation, which is an extension of a finite p-group by a p-discrete torus
(Z/p>)". Usefullness of discrete approximations follows from the following
version of the Dwyer-Zabrodsky Theorem:
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Theorem 0.3.1. Let P be a p-toral group and G a compact Lie group. Then
the map
B(— N
Rep(P*,G) 2%, [BP, (BG))],
is a bijection, where Rep(P>,G) := Hom(P>,G)/Inn(G). Moreover, for
any representation ¢ : P> — G the map

BCG(P) — map(BP, (BG);)\)(B@;\
induces an isomorphisms on the homology with coefficients IF),.

In particular, any homotopy complex representation of a p-toral group P
is the completion of an algebraic representation of its discrete approximation
P>, If P is not p-toral, then the set of isomorphism classes of homotopy
representations has no simple description.

Decomposition onto p-stubborn subgroups

Let G be a compact connected Lie group. Let O,(G) be the category of
G-orbits having the form G/P, for p-toral P. p-Toral subgroup P C G is
called p-stubborn, if its Weyl group W (P) := Ng(P)/P is finite and does not
contain any non-trivial normal p-subgroup. Let R,(G) be the subcategory
of O,(G) with objects G/P for p-stubborn P. The stubborn decomposition
fuctor of BG is defined on the category R,(G) and its value at the object
G/ P is homotopy equivalent to the space (BP);.

R-invariant representations

For any compact connected Lie group G the category R,(G) contains ex-
actly one mazimal object (i.e. such that there are no morphisms from this
object, except automorphisms). This object is G/N, where N is a maxi-
mal p-toral subgroup of the normalizer of the maximal torus of G. An n-
dimensional complex representation ¢ of N> is R, (G)-invariant (or, in short,
R-invariant if G and p are clear), if the map (By)y : (BN*°)) — (BU(m));,
determines a homotopy compatible family of maps from the decomposition
diagram of BG into the space (BU(m));. To determine whether or not a
representation is R-invariant one needs to compare characters of restrictions

reshe ¢ for p-stubborn P.
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Obstructions for extending R-invariant representations

Any R-invariant representation ¢ of N> determines a homotopy compatible
family of maps from the decomposition functor of BG. The obstructions
for the existence of an extension of (By)) to a map (BG), — BU(n))
lie in groups H*™(C;T17) (cf. 0.2). The application of Theorem 0.3.1 and
the Schur Lemma allows to prove, that the functor II¥ is isomorphic to a
functor Z¢, such that =¢(G/P) is a free Z)-module generated by isomorphism
classes of irreducible subrepresentations of resﬁo; . Moreover, 1I; = II3 =
0. By [JMO1], the cohomology of the category R,(G) with coefficients in
any functor having values in the category of Z/-modules vanish above some
dimension (which does not depend on the coefficients; the smallest possible
bound will be called a cohomological p-dimension of the category R,(G)).
These observations allow to calculate effectively obstruction groups (and thus
to classify homotopy representations of G), assuming G is not very big,.

Theorem 0.3.2. Let G be a compact connected Lie group and ¢ an R-
invariant representation of N°°. Then

a. If H3(R,(G);Z°) = 0 and the cohomological p-dimension of the category
Ry(G) is not greater than 4, then Bg) extends to a map BG — BU(m),
(R

b. If H*(R,(G);=2) = 0 and the cohomological p-dimension of the category
Rp(G) is not greater than 4, then Bo)) extends uniquely (up to homotopy)
to a map BG — BU(m))).

0.4 Application: Homotopy representations
of groups Spin(7) and SU(2)’

Put p = 2.

The category Rq(Spin(7))

As mentioned in the previous section, the classification of homotopy rep-
resentations of Spin(7) requires the calculation of the cohomology groups
of the category Ro(Spin(7)) (with coefficients in Z¢). Jackowski, McClure
and Oliver [JMO1] provided very effective tools for this kind of calcula-
tions, however its application requires a detailed description of the category

13



R, (Spin(7)). The proof of the following theorem uses results of the papers
[O1], [AF] and [JMO1]:
Theorem 0.4.1. (a) Ro(Spin(7)) is an El-category naturally equivalent to
R2(O(7). Moreover,
Ob(Ra(Spin(7)) = {Ni, Ki, My, M;}i—o1 U {L;i}izo13-

Groups of automorphisms of objects are respectively

Allt(No) = Aut(Lg) = Aut(Kl) = 23
Aut(K()) = Allt(Mg) = 23 X 23

Aut(MD) = 33129 X 23

Aut(Nl) = 1,
Aut(Ll) = 25, Aut(LO) = 27,
Aut(Ml) = 23 l 22,

(see Section 3.2 for definitions of these objects).

(b) The set of morphisms of Ra(Spin(7)) is generated by automorphisms and
by inclusions presented on the following diagram:

(c) The full subcategory of Ro(Spin(7)) containing objects L;, K;, N; is
naturally equivalent to the category @2(27). The full subcategory of
Ro(Spin(7)) containing objects M;, M;, K;, N; is naturally equivalent

to the category Ra(O(4)) X Ra(X3).
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Representations of discrete approximations of 2-stub-
born subgroups of Spin(7)

The next step toward the classification of homotopy representations of Spin(7)
is a classification of complex representations of discrete approximations of 2-
stubborn subgroups P of Spin(7). Note that, in general, the groups P> are
not finite, only locally finite (i.e. such that any finitely generated subgroup
of P is finite). However, it appears that the representation theory of locally
finite groups is very close to the representation theory of finite groups. The
present paper contains a complete classification of irreducible subrepresenta-
tions of discrete approximations of 2-stubborn subgroups of Spin(7).

Homotopy representations of Spin(7)

Any irreducible representation of a locally finite subgroup of Spin(7) which
contains Z := Z(Spin(7)) is either even (i.e. it comes from a representation
of SO(T)), or odd (i.e. its restriction to Z is a sum of isomorphic, irreducible
and non-trivial representations). It implies that any R-invariant representa-
tion ¢ of N7° is a direct sum of an even representation o., and an odd one
0oq (and both ., and g, are R-invariant).

Theorem 0.4.2. Let 90 = 90y, ® 00a be an R-invariant representation Ni°.
Then the odd part B(0.q4)5 extends to a homotopy representation of Spin(T7).
The even part B(oe,)y extends, if it satisfies some mild technical conditions.

Remark. We do not know any example of an even R-invariant representation,

which does not satisfy the conditions mentioned in the theorem.

Homotopy representations of SU(2)"

Let N C SU(2) be the normalizer of the maximal torus. The following
theorem contains a partial classification of homotopy representations of the
groups L™:

Theorem 0.4.3. Let ¢ be an R-invariant representation of (N°°)".
(a) If n < 3, then Byl extends to (BSU(2)™)5.

(b) If n <2, then Byh extends uniquely to (BSU(2)™)5.
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This theorem allows for constructing of interesting examples of homotopy
represenations of SU(2)", which illustrate deep differences between homotopy
representations and algebraic representations. For example,

e Every irreducible homotopy representation has dimension < 4 (there
are irreducible algebraic representations having arbitrarily large dimen-
sions).

e Every homotopy representation of SU(2) admits a decomposition onto
a sum of irreducible subrepresentations, but the decomposition it is not
uniquely determined.

e An irreducible homotopy representation of SU(2)? does not need to be
a tensor product of irreducible representations of SU(2).

For us the most interesting is the group SU(2)?, since the classifying space of
its quotient SU(2)3/{%1} appears in the decomposition diagram of BDI(4).
Theorem 0.4.3 implies only, that any R3-invariant representation can be ex-
tended to a homotopy representation of SU(2)3. However, we need some
information about the set of extensions of a given R-invariant representation

of (N*>)3.

Theorem 0.4.4. Let ¢ be an Ro(SU(2)?)-invariant representation of (N°°)3.
The set of homotopy classes of extensions of By} to (BSU(2)*)) admits a
structure of a free and transitive H*(Ry(SU(2)3); 29)-set, which is preserved
by homotopy self-equivalences of (BSU(2)3)5.

A proof of the theorem requires the following construction:

Adams operations on BSU(2))

An Adams operation on SU(2) is any map i : BSU(2); — BSU(2)%,
where £ is an odd 2-adic integer, such that its restriction to the completion
of the classifying space of the maximal torus (which is homotopy equivalent
to K(Z%,2)) is induced by multiplication by k. It turns out [JMO2], that for
each k € (Z5)* it exists an Adams operation ;. Moreover, every homotopy
self-equivalence of (BSU(2))5 is an Adams operation and 1)y, is homotopic to
Yy if and only if & = +1. Therefore, the group HAut(BSU(2)%) of homotopy
self-equivalences of (BSU(2))3 is isomorphic to (Z5)*/{£1}. In the present
paper we prove that the action of HAut(BSU(2)%) can be realized at the
level of the stubborn homotopy decomposition of BSU(2)5.
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Theorem 0.4.5. [t exists a functor F' on the category Ro(SU(2)) with values
in the category of HAut(BSU(2)%)-spaces, which is homotopy equivalent to
the stubborn decoposition functor of BSU(2). Moreover, the induced action
of the group HAut(BSU(2)5) on (hocolim F)) coincides (up to homotopy)
with the action of HAut(BSU(2)%) on BSU(2)5.

0.5 Proof of Main Theorem

Homotopy representation of a 2-normalizer of a maxi-
mal torus of Spin(7)

Let T be a maximal torus of Spin(7) and let N; be a maximal 2-toral sub-
group of the normalizer of 7" in Spin(7). Note that the 2-completion of T’
is also a maximal torus of DI(4). Let W be a Weyl group of DI(4). Since
W acts on the 2-completed torus (BT)%, it also acts on its discrete ap-
proximation 7 (although, this action cannot be realized on T'). Let ¢ be a
representation of 7 determined by the root (1,0, 0) and 6 a one-dimensional
trivial representation. Define

gp::indﬁ: ® (0 ®w* o).

weW/W,

The dimension of ¢ is m := 2%6. In the next steps we extend it to a repre-
sentation of the 2-compact group DI(4).

Homotopy representation of Spin(7)

We prove that the representation ¢ is Ro(Spin(7))-invariant (by calculating
its character); it satisfies also the conditions of Theorem 0.4.2. Hence it
extends to a homotopy representation f : BSpin(7)y — BU(m)% of G.

A-Invariance of the map f

Let F': A — Sp be the centralizer decomposition diagram of BDI(4) (cf.
0.2). We need to prove now, that the map f is A-invariant, (i.e. it de-
fines a homotopy compactible family of maps from the diagram F' to the
space (BU(m)%). The hard part is to check that f restricted to the space
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B(SU(2)3/{£1})% is GLo(Fy)-invariant (por. 0.2). It is obtained as a con-
sequence of Theorem 0.4.4.

A faithful complex representation of DI(4)

The obstruction groups to the existence of an extension of f to a map from
BDI(4) can be expressed in terms of Steinberg modules [O2], assuming that
homotopy groups of the suitable mapping spaces are abelian. Hence the last
serious difficulty is to prove that the group

11§ == m (map((BSU(2)*/{£1})3, BU(m)}) Boy)

is abelian. The stubborn homotopy decomposition of SU(2)% allows to
present the mapping space as a homotopy limit of some functor. Now the
homotopy groups of the mapping space can be computed using the Bousfield
spectral sequence [BK].

0.6 Notation

The letter p will always stand for a fixed prime number and F,, is a field with p
elements. Symbols C), and >, stand for the cyclic group with n-elements and
the symmetric group on n letters respectively. All homology and cohomology
groups are taken with F,-coefficients unless stated otherwise. Symbols Sp,
Gr, Ab, Cat, Poset, Modpy denote respectively the categories of topological
spaces, groups, abelian groups, small categories, partially ordered sets and
modules over a commutative ring R. ZQ is the ring of p-adic integers.

18



Chapter 1

p-Compact groups and
homotopy decompositions

1.1 Completions and localizations

Throughout this paper we use intensively the localization with respect to ho-
mology with coeflicients F,, which was constructed by Bousfield [B], called
in short the p-localization. For nilpotent spaces it coincides with the p-
completion of Bousfield and Kan [BK]. Recall basic definitions and properties
of localizations.

Definition 1.1.1. A space X is p-local if for each map f : A — B which
induces an isomorphism on the homology with coefficients I, the map

§* : map(B, X) — map(A, X)
is a weak homotopy equivalence.

Definition 1.1.2. A functor F': Sp — Sp is a p-localization functor if it is

e coaugmented, i.e. it is equipped with a natural transformation 7 :
[dSp — F,

e idempotent, i.e. for each space X the maps n(F (X)) and F(n(X)) are
weak homotopy equivalences and they are homotopic to each other,

o universal with respect to p-local spaces, i.e. every map f : X — T into
any p-local space T factors uniquely up to homotopy through F(X).
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Bousfield [B] proved that for each prime integer p there is a p-localization
functor and it is unique up to homotopy. We denote it by (—)I/)\. On
the other hand Bousfield and Kan [BK] constructed the completion func-
tor F° : Sp — Sp, which coincides with the p-localization for a large class
of spaces. Such spaces are called p-good. All nilpotent spaces are p-good.

Let us state some properties of completions and localizations:
Proposition 1.1.3.

(a) If X is p-good, then m(X)') = Z @ m;(X).

(b) If P is a finite p-group, then BP is p-local.

(c) If X is p-local, then for each space A the mapping space map(A, X) is
p-local.

Proof. For (a) and (b) see [DW2, 11.4], and (c) follows immediately from
definition. n

Proposition 1.1.4. Let P be a finite p-group and X an F,-good space. As-
sume that the homotopy groups of X are abelian and finitely generated. Then
the map

Ny : [BP,X] — [BP, Xz/)\]

15 a bijection.

Proof. Fix f: BP — X/\. Let Y be the homotopy fibre of the completion
X — X». The obstructions to the existence (resp. the uniqueness) of a lift

f: BP — X lie in the groups H"t'(P;7,Y) (resp. H"(P;7,Y)). For each
n the group 7,Y lies in the exact sequence

X X @) — mY — X X 9T .

Thus for each n the group 7,Y is an extension of a finite group abelian
group of order prime to p by (Z)/Z)*. Therefore multiplication by p is an
isomorphism on 7,Y and then H'(P;m,Y) =0 for i > 0. O

1.2 p-Compact groups

In this section we recall the definition of p-compact groups (cf. [DW2]) and
we state its basic properties. Fix a prime integer p. We say that a space is
p-finite if its homology with coefficients [F,, are finite.
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Definition 1.2.1. A p-compact group X is a triple (X, BX,¢) where:
(a) X is a p-finite space,

(b) BX is a pointed p-complete space,

(c) €: QBX — X is a weak homotopy equivalence.

Note that it is a compilation of definitions 0.1.1 and 0.1.2. Usually we
use a single symbol X for the triple (X, BX,¢). The space BX, by analogy
to groups, is called a classifying space of a p-compact group X.

Example 1.2.2. If P is a finite p-group then (P, BP, ¢) is a p-compact group.
More generally, if G is a compact Lie group such that myG is a finite p-group
then (G, BG)),€)) is a p-compact group. In both cases ¢ is an obvious weak

equivalence QBP — P (resp. Q2BG — G).

Definition 1.2.3. A p-compact group (K(Zp,1)", K(Z}),2)",¢) is called an
n-dimensional p-compact torus. Note that it is a special case of the previous
example for G = (S)™.

Definition 1.2.4. A homomorphism of p-compact groups X — Y is any
pointed map Bf : BX — BY. Two homomorphisms are conjugate if they
are freely homotopic (homotopy does not need to preserve basepoints). A
homomorphism f : X — Y is a monomorphism if the homotopy fibre of B f
is p-finite.

Definition 1.2.5. A p-compact group P is toral if it sits in the exact se-
quence

1l—T—P—W —1,

where T is a p-compact torus and W is a finite p-group (the exact sequence
means that BT' — BP — BW is a fibration).

Definition 1.2.6. A monomorphism i : T'— X is a maximal torus of X if
T is a p-compact torus and i admits the following universal property: each
homomorphism from a p-compact torus to X factors through .

Proposition 1.2.7 ([DW2, Theorem 8.13]). Each p-compact group admits
a mazximal torus, which 1s determined uniquely up to conjugacy.
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Definition 1.2.8 ([DW2, 9.2, 9.6]). Let Bi : BT* — BX be a fibration
homotopy equivalent to the classifying map of the maximal torus of X. The
Weyl group Wx of X is the group mo(Aut(BT*)p,), where Aut(BT*)p; is
the space of self-maps of BT* which commute with Bi. Note that there is a
natural action of Wy on mo( BT*) ~ (Z})*.

Definition 1.2.9. Let f : X — Y be a homomorphism of p-compact groups.
The centralizer Cy (f(X)) is the loop space obtained as Qmap(BX, BY ).
If X is a finite p-group, then the centralizer is a p-compact group [DW2,
5.1]. If X is a finite p-group and Y is the completion of a compact Lie group,
then, due to the Dwyer-Zabrodsky theorem (2.2.1), the centralizer Cy (f(X))
in the p-compact sense coincides with the algebraic centralizer.

We conclude with a convenient characterization of monomorphisms of
p-compact groups:

Proposition 1.2.10. A homomorphism f : X — Y of p-compact groups is
a monomorphism if one of the following equivalent conditions hold:

(a) the homotopy fibre of Bf is p-finite,
(b) H*(BX;F,) is a finitely generated H*(BY';F,)-module,

(c) for each monomorphism j : Z/p — X the homomorphism B(f o j) is
non-trivial.

Proof. An equivalence of (a) and (b) is proved in [DW2, 9.11]. An equivalence
of (a) and (c) follows from [DW4, 3.2]. O

Proposition 1.2.11. Let X,Y be p-compact groups and let ix : Tx C X be
a mazimal torus of X. A homomorphism f : X — Y is a monomorphism if
and only if foix :Tx — Y is a monomorphism.

Proof. Assume that f oiy is a monomorphism. By [DW2, 5.6] and [DW2,
6.8] any monomorphism j : Z/p — X extends to a map S — X, where S is a
p-compact torus. Then by universal property of the maximal torus j factors
through T'x (i.e. j ~ix oj’). Therefore foj ~ (foix)o ' is a composition
of monomorphisms and hence it is a monomorphism. Now the conclusion
follows from 1.2.10.(c). O
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1.3 Homotopy decompositions

A very useful tool in studying p-compact groups are homotopy decomposi-
tions, i.e. presentations of classifying spaces of p-compact groups (or classi-
fying spaces of Lie groups completed at p) as homotopy colimits of simpler
spaces, usually classifying spaces of its subgroups. In this section we define
simplicial sets, nerves of categorties and homotopy colimits. Then we give
two examples of homotopy decompositions of p-compact groups, namely the
centralizer decomposition and the decomposition on p-stubborn subgroups
(called also the p-stubborn decomposition).

Definition 1.3.1 ([Ma],[BK, VIII.2.1]). A simplicial set X, is a sequence of
sets X, for n > 0 (called n-simplices), equipped with maps d" : X,, — X,,_1
and s : X, — X411 for 0 <i <n (called face maps and degeneracy maps
respectively), which satisfy the following relations:

d?*ldg-Z = d?:lld? forv < g

sioidy fori <

+1 . . . ..
di" st =< id fori=7,5+1
3?_1d?_1 fori>j+4+1
+lon _ ntl S
s; sy =8 sy fori> g

Given simplicial sets X, and Y,, a simplicial map f: X, — Y, is a sequence
of maps f,, : X,, — Y,, which commute with the face and degeneracy maps.

Let A be a category of finite ordered sets. Note that each object of A is
isomorphic ton:={0 <1< ... <n}.

Definition 1.3.2. Let C be a small category. A nerve of C is a simplicial
set N(C) such that N(C), is a set of all natural transformations n — C (or,
equivalently, a set of all sequences of morphisms of C having length n), and
face and degeneracy maps are as follows:

d(Cy 50— ... = Cp)=(C1— ... = ()
d'(Cy—...—Ch1 5C,)=(Cop— ... = Cpy)
AN(Co— .= Oy 5 C S Oy — oo — C)
=(Cy—...— i_1$Ci+1—>...—>C'n) fori >0

S(Ch— .= C)=(Co— ... > C; 0= ... =)
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Let A™ := {(xg,...,2,) ER" 1294+ ---+ 2, =0, x; > 0} be a standard
n-dimensional topological simplex. For 0 < i < n define maps

D? : Anil = (to,. . ,tnfl) — (to, NN ,ti,l,(),tl-,. .. ,tnfl) € A"
s?AMTE S (to, o tgr) e (o st b b, Loy tag) € AT

Definition 1.3.3. Let C be a small category and let ' : C — Sp be any
functor. A homotopy colimit of F' is a space

hocolime F := H H A" x F(0(0))/ ~,
n oceN(C)n
where ~ is generated by

(o), z, F(o(0—1))(y)) fori=0
d' (o), x, y) fori >0

(0, 07(x), y) ~ {g
(0, 52(), 3) ~ (s2(0), @, v)

forall 0 < i <mn, o€ NC)p, v € A", y € F(Cy). A k-th skeleton of
hocolime F', denoted by hocolimék) F', is a space

hocohmc MF .= H H A" x F(0(0))/ ~ | € hocolimg F.

n<koeN(C

Definition 1.3.4. Let X be a p-compact group. A functor F': C — Sp is a
homotopy decomposition of X if there is a family of maps fo : F(C) — BX
which extends to a weak homotopy equivalence

(hocolime F')) — BX

and each value of F' is the classifying space of a p-compact group. A homo-
topy decomposition F' is toral if for each C' € Ob(C) the space F(C) is the
classifying space of a p-compact toral group.

Centralizer decomposition

Definition 1.3.5. Assume that X is a p-compact group. Let A,(X) be the
category whose objects are classifying maps of monomorphisms of the form
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Bf : B(Z/p)® — BX and morphisms are commutative diagrams

BC;” BI BX
[ /
BCy

Theorem 1.3.6 ([DW3]). If X is a p-compact group, then the evaluation
maps
map(B(Z/p)", BX)p;s — BX

induce a homotopy equivalence

(hocolimp e 4, (x) map(B(Z/p)", BX)Bf); =, BX.

Stubborn decomposition

The stubborn homotopy decomposition, originally due to Jackowski, Mc-
Clure and Oliver [JMO1], works only for Lie groups (or for p-compact groups
which are its completions). Recently it was extended to the general case by
Notbohm [N1].

Definition 1.3.7. A closed subgroup P of a compact Lie group G is p-
stubborn if:

e P is p-toral i.e. it is an extension of a finite p-group by a torus (S*)",
o We(P) := Ng(P)/P is finite,
e W4 (P) has no normal p-subgroups (excluding the trivial subgroup).

Definition 1.3.8. Let O(G) denote the category of G-orbits and G-maps (by
a G-orbit we mean a transitive G-set). Let R,(G) denote the full subcategory
of O(G) containing objects G/ P for p-stubborn P.

Theorem 1.3.9 ([JMO1]). The map
(hocolimg) per, () EG X G/P);\ ~ BG;\

is a weak homotopy equivalence. In other words, the functor EG x¢g (=) is a
homotopy decomposition of G. Since EG xg G /P ~ BP, this decomposition
1s toral.
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1.4 Extending maps to homotopy colimits

Homotopy decompositions are very useful tools for constructing maps from
classifying spaces of p-compact groups. However, homotopy colimits are
not colimits even in the homotopy category. In this section we present the
obstruction theory for homotopy colimits.

Fix a small category C, a functor F' : C — Sp and a space Z. Moreover, fix
a homotopy compatible family of maps f = {fc : F(C) — Z} € lim¢[F, Z].
Assume that for each C' € C the mapping space map(F(C),Z)y, is 1-
connected. Define the functor

I/ : C? 5 C v m(map(F(C), Z);.) € Ab. (1.4.1)

A theorem provided by [W] states that if H**+(C;II/) = 0 for all i > 1,
then there is a map f : hocolime F' — Z which extends f (ie. flre) = fo).
If additionally H*(C;II/) = 0 for all i > 1, then f is determined unlquely up
to homotopy. We reprove this result, and then we construct some action on
the set of homotopy classes of extensions of f if one of groups H*(C; Hzf ) does
not vanish. We also prove that this action is functorial in some sense.

Denote for short X := hocolime F and X, := hocolimén) F. Let

[I w0

geN(C);
and let for u € Cij
5/ (u)(0) = F(o(0 — 1)) u(do(0)) + > (~=1)Fu(di(o)) € CI.

By [02, Lemma 2], H*(C}, ) = H*(C; ch) For each 7 let Zij, Bg, Hg denote

177

the cocycles, the coboundaries and the cohomology of the cochain complex
Cr (note that H? = HI(C;T1))).

Let g : X; — Z be any map extending f (i.e. such that g|p) = fc) and
let sk; A7 denote i-skeleton of AJ. For any o € N(C); let

Ad,(g) : sk; AV — map(F(a(0)), Z) (1.4.2)

Jo(0)

be an adjoint map to a composition

sk; AV x F(0(0)) 2 {0} x sk; AY x F(o(0)) — X,, - Z.
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Since the image of a map {o} x sk; A7 x F(0(0)) — X;4; lies in X;, then
Ad,(g) is well-defined.

Remark. By the definition of a homotopy colimit (1.3.3), any map g : X,, — Z
(resp. g : X — Z) is determined uniquely by a collection of maps Ad,(g),
where o € N(C);, 0 <i <n (resp. ¢ > 0) which satisfies conditions

(dz, : Aiil — AZ) o AdO'(g) = Addi(a) (.g>7 if k> 07
(dy - A1 — A) 0 Ad,(g) = Adgi (r(9) © F(a(0 — 1))*
(sF AT AY) o Ad,(g) = Adsi(o‘) (9)

(2

for any i, o € N(C);.
Now define a cochain 0;(g) € C/™ by

0i(9)(0) = Ady(9)-[0A™] € w41 map(F(0(0)), Z) (1.4.3)

fo(0)

(Note that we do not need to care about basepoints since map(F(¢(0)), Z)
is supposed to be 1-connected).

Now let h : X;_;1 — Z be a map extending f, and let E} be a set of
extensions of h to X; modulo homotopy constant on X, ;. Our goal is to
define a free and transitive action of H} on E}. It will be a generalization
of the following very elementary construction. Let Y be a 1-connected space
and let a,b: A” — Y be any maps such that a|ga: = byai. Then a map

fo(0)

Si ~ A’L UaAi Al a_Ub) Y

determines a class a — b € m(Y). If b is fixed, then for any class s € m;(Y)
there exists a map a satisfying a —b = s (and such a is determined uniquely
up to homotopy mod 9A?). As a consequence we obtain the following

Proposition 1.4.4. The set of extensions of a given OA* — Y to A" modulo
homotopy constant on A" carries a natural action of 7,(Y) which is free
and transitive. O

For any u € C! and any [g] € E} let g+ c: X; — Z be a map such that
g+ clx,, = hand Ad,(g + u) = Ady(g) + u(o) for each o € N(C);.

Proposition 1.4.5. The action of C! on E} is free an transitive.
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Proof. Maps g : X; — Z which extend h are in 1-1 correspondence with
collections of maps Ad,(g), 0 € N(C); such that Ad,(g)|sai = Ad,(h). Now
the conclusion follows from 1.4.4. O]

The following proposition enlists some properties of concepts introduced
above:

Proposition 1.4.6. Fiz g : X; — Z such that g|pcy = fc for each C € C.
Then

(a) g extends to X1 if and only if 0;(g) = 0.

) olg) € 7

(¢) 0i(g+u) = 0;(g) + 6i(u) for each u € C!

(d) glx, , evtends to X;y1 if and only if 0;(g) € B

(e) Fizu € C!. Then g is homotopic to g+u mod X; o if and only if u € B:.

Proof. Ad (a): Follows immediately from the definition of 0;(g).
Ad (b): Let A7 denotes a k-th face of A7. For any 0 € N(C);y2 we
have

42

0;"(0i(9))(0) = F(a(0 — 1)) Z di (7))

z+2
= F(0(0 — 1)) Adgy (0 (9)«[OAT] +Z )* Ady, (o)) (9)[OATY

= Zz:(_l)kAdU(g)*[aakAH_Q] = Ada(g)* (ZZ(_l)k[gakAH_Q]) =0.

k=0 k=0

Ad (c): For any o € N(C);41 we have

0i(g +u)(0) = Ady(g + u).[0A™] =
(Ady(9)«[OA™Y]) + F(o(0 — 1)) u(do(0)) + Zu(dk(a)) = 0i(g) + 6, (u)

k=1

Ad (d): Assume that o0;(g) = di(u) for some v € C!. By (c) we have
0i(g+ (—u)) = 0;(g) — 6'(u) = 0. Thus g + (—u) extends to X,;;; and so
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does g|x,_, = (g + (—u))|x,_,- Now assume that g|x, , extends to a map
h: X;s1 — Z. By 1.4.5 there is a cochain u € C} such that g = h|x, + u.
Then by (¢) 81" (01(9)) = 07 (0u(hlx,) + 84(u)) = 877 (5}(u)) = 0.

Ad (e): Let h : [0,1] x X; — Z be a homotopy between g and g + u
constant on X;_, and for any o € N(C);, j < let

Ado(h) : [0, 1] x AJ — map(F(U(O)), Z)fJ(O)

be a map defined analogously to 1.4.2. For any o € N(C);_y let v(o) € II/
be a homotopy class of the map

1 Ads(g9)opUAds(h)

St~ 0, 1] XAi_lua([O’l}XAifl)[(), 1] x A" map(F(0(0)), Z)

fo(0)
where p : [0, 1] x A" — A""! is a projection. Then it is easy to check that
u = 6" (v). Given v € C/7! such that u = 6 '(v), a homotopy between g
and g + u can be defined in a similar way. m

Proposition 1.4.7. If Hi“(C;H{) =0 fori > 1, then [ extends to a map
X —Z.

Proof. Since all mapping spaces map(F(C'), Z);., are assumed to be 1-con-
nected, then f extends to X;. If f extends toamap g : X; — Z (wherei > 1),
then 0;(g) € Z™ (by 1.4.6.(b)) and then o,(g) € B (by assumption).
Hence g|x, , extends to X;11 (by 1.4.6.(d)). By induction, f extends to
X. O

For the rest of the section we fix n > 1, and assume that H**(C;II/) = 0
for all 7 > 1 and that HY(C;II/) = 0 for all 1 < ¢ # n. Under these
assumptions holds

Proposition 1.4.8. Let g,¢' : X — Z be any extensions of f. Then
(a) glx, . ~ glx, -

(b) If glx, ~ 9'lx,, then g ~ ¢'.

(c) If u e CI, then g|x, + u extends to X if and only if u € Z.

Proof. By 1-connectivity of the suitable mapping spaces ¢|x, ~ ¢'|x,. Let
n # i > 1 and assume g|x, , ~ ¢'|x,_,- We can replace ¢’ by a homotopic
map such that ¢'|x, , = g|x,_,. By 1.4.5 there is u € C! such that ¢’ = g+ u.
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Moreover, 0 = 0;(¢'|x,) = 0i(g9]x;) + 0i(u) = 6!. Thus u € Z! and by
assumptions we have u € B!. Now an application of 1.4.6.(e) shows that
glx, ~ ¢'|x,. By induction on i starting from 2 we obtain (a) and by induction
starting from n+1 we obtain (b). To prove (c) note that the condition u € Z
is necessary to extensibility of ¢|x, +u to X, 41 (by 1.4.6.(a) and 1.4.6.(c)).
On the other hand, if g|x, + u extends to X, it extends also to X by an
inductive argument similar to the one used in the proof of 1.4.7. O]

Let g : X — Z be any map extending f, and let [u] € H. Let (g + [u]) :
X — Z be a map such that (¢ + [u])|x, , = 9lx, ., (¢ + [u])|x, = 9lx,- By
1.4.8.(c) such a map exists, by 1.4.8.(b) it is unique up to homotopy and by
1.4.6.(e) it does not depend on a choice of a cocycle u. Then, by 1.4.5, it is
an action of Hy on the set E7° of homotopy classes of maps extending f.

Proposition 1.4.9. The action of Hy on EF° is transitive. If n = 2, then
it is also free.

Proof. The first part follows form 1.4.8. Since for each C' € C the map-
ping spaces map(F(C), Z)y, are 1-connected, then any two homotopic maps
g~ ¢ : Xy — Z are homotopic modulo Xy3. Now the second part follows

from 1.4.6.(e). O

The main result of the section is that the action of H,’ on E7° is functorial,
in some sense. To make a precise statement we need the following

Definition 1.4.10. The category of diagrams on a category A, denoted by
Diag 4, is the category whose objects are functors A : C4 — A from a small
category C4. A morphism ¢ from A : C4 — A to B : Cg — A is a pair
(T, t,), where T,, : C4 — Cp is a functor and t, : A — B o T, is a natural
transformation.

Remark. Every morphism ¢ : A — B in the category Diagg, induces a map
¢« : hocolime, A — hocolime, B.

Obviously, F' is an object in the category Diagg,. Let ¢ : F© — F be
an automorphism in the category Diagg, such that for each C' € C maps fc
and (¢*f)c = fr,c) o t,(C) are homotopic. As before E$° (vesp. E«sec)
denotes a set of homotopy classes of extensions of f (resp. ¢*f). Obviously
there is a natural bijection £7° = EZ ;.

The morphism ¢ induces a bijection @* : E3® — E2° by

Ersg—[X 5 X5 2l e EX, 2 EY (1.4.11)
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and automorphisms of chain complexes C} by
(p*(u))(o) = t;(u(T;(U))), foru € CL, 0 € N(C), (1.4.12)

which obviously induces automorphisms ¢* : H — H.
Now we are ready to prove the main result of this section:

Theorem 1.4.13. The diagram

n oo + oo
H'x B® . E?

H!x B —, EY
commutes.

Proof. Let g : X — Z be a map extending f, and let ¢’ : X — Z be a map
homotopic to ¢*g such that ¢'|x, , = g|x,_,-
Note that for any simplex ¢ we have

Ad,(p"g) = t,(0(0)) © Adr,,(9)
Then for any u € Z, 0 € N(C),
Ady (9" (g + u)) = tu(o(0)) o Adr,o(g + u)

= tu(0(0)) o [Adr,q(g) + u(T,(9))]
= tyu(0(0)) 0 Adr,e(g) + 1,(u(Tp(9))) = Ads(¢*9) + ¢*(u)(0)

Then ¢*(94u)|x, = ¢*(9)|x, +¢*u. Now the conclusion follows by 1.4.8.(b).
[

1.5 2-Compact group DI(4)

In this section we recall the construction and some properties of the 2-
compact group DI(4) constructed by Dwyer and Wilkerson in [DW1].
The main result is
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Theorem 1.5.1. ([DW1, 1.1]) There ezists a 2-compact group DI(4) such

that H*(BDI1(4);Fy) is isomorphic as an algebra over Steenrod algebra to the

ring of rank 4 mod 2 Dickson invariants Fa[zy, Ty, 13, 14] 4 F2).

Now let us give state properties of DI(4). All of them are proved in
[DW1]:

e H*(BDI(4);F5) is a polynomial algebra on classes cg, c1a, €14, C15
(where ¢; € H'(BDI(4);Fy)),

e The Weyl group Wpy) is isomorphic to {£1} x GL3(Fs).
o dim DI(4) = 45.

Recall a sketch of the proof of 1.5.1. The first step is to find a suitable ac-
tion of W := Wp(4) on the maximal torus, or equivalently the representation
W — GL(3,Z%). Let a : Wspinry — GL3(Z) be a natural homomorphism.
Let V' be a subgroup of Wgpin(r) of index 2 such that the composition

i 2V C Wepinr) —= GLs(Z) 2222 GLy(F,)

is a monomorphism (one can easily see that V' is isomorphic to Cy ! X3).

Proposition 1.5.2. ([DW3, 4.1]) There ezists a section j of the mod 2 re-
duction GL3(Z%) — GL3(F2) such that compositions

V = Wepin(r) —— GL3(Z) — GLs(Z3) (1.5.3)

and . .
V - GL3(Fy) -4 GLs(Z5) (1.5.4)
are equal. Il

Remark. In Section 5.2 we give an implicit description of the homomorphism

Let A be the inverse category of the category of vector subspaces of Fj
and monomorphisms. It has (up to isomorphism) four objects A;, where
1 <i <4 and dimA; =i. We will define a functor F' : A — Sp such that
hocolim F' ~ BDI(4). As mentioned before we require that H*(F;Fs) =2 K
(cf. 0.2.2). Let
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Gy = SO(7)

o Gy = (SO(2) x SO(2)) x Cy x SO(2) x SO(1) C Gy
° G4 = <—IQ X 15712 X —]2 X 13714 X —]2 X Il> - G37

where I, € O(k) is an identity matrix. Next, put F(4;) := (BG,;)), where
G is the counterimage of G C SO(7) in Spin(7). Now we need to define the
action of Aut(A;) ~ GL;(IFy) on F(A;). The action on F'(A;) is trivial (since
Aut(A;) = 1) and the action of Aut(As) ~ GL4(Fy) on F(A4) is induced by
the canonical action on G, ~ C4. The action on the remaining two spaces is
more complicated. The action of GL3(F2) on F(As) comes from 1.5.2. The
construction of the action of GLy(F2) on F(Ajy) follows from the following
proposition:

Proposition 1.5.5. If H ~ SU(2)" or H ~ SU(2)"/{x1}, then the group
of homotopy classes of self-equivalences of BHY is isomorphic to the group

Nev,@zp)(Wa) /W
Proof. This is a direct corollary from [DW1, 5.5]. O

Note that the group Gy = SO(4) x SO(3) is isomorphic SU(2)3/{%1}
and that GLy(FF2) >~ Neyxaryrs)(Wa,) € Navyzy)(We,). Hence 1.5.5 gives
the suitable action on F'(Ay). The detailed checking that this data gives the
required functor into the homotopy category is presented in [DW1, Section
6]. Moreover, the functor F' can be lifted to the functor which commutes on
the nose ([DW1, 7.7]). Finally, DI(4) is a 2-compact group defined by

BDI(4) := (hocolim 4 F)5.
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Chapter 2

Homotopy representations of
compact Lie groups

Let GG be a compact Lie group and let p be a prime integer. A homotopy
complex representation of G at p is a map BG — BU(m)Q. In this chapter
we describe a method of constructing homotopy complex representations of
compact Lie groups using the stubborn homotopy decompositions (1.3.9).
For any complex representation ¢ : G — U(m) the p-completion of the clas-
sifying map By, : BG) — BU(m);) is obviously a homotopy complex rep-
resentation. Moreover, isomorphic representations produce isomorphic (i.e.
homotopic) homotopy representations. However, many homotopy represen-
tations are not completions of "algebraic” ones.
Consider the following diagram

B(-)p

Rep(N*,U(m)) ———— [BNOO,BU(m);\}
. ( poo By “ A
G}grelRRep(P U(m)) 55k G}ggR[EGxG/P,BU(m)p] (2.0.1)
Rep(G, U(m)) ——— [BG, BU(m)))]

where N is the p-normalizer of the maximal torus of G.
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Both the upper and the middle horizontal arrow are bijections due to
a version of the Dwyer-Zabrodsky theorem (2.2.4), which relates homotopy
representations of a p-toral group P with algebraic representations of its
approximation P> C P (2.1.4). Obviously the lower horizontal arrow is
neither an injection nor a surjection — in fact it is rather difficult to under-
stand. To find a map BG — BU(m); we need to choose some representation
0 € Rep(N®>°,U(m)) first. Since p-discrete approximations of p-toral groups
are not finite (unless the group itself is finite), then the classical representa-
tion theory cannot be used directly to classify representations of N*°. How-
ever, discrete approximations are locally finite and its complex (algebraic)
representations admit, as it will be shown in Section 2.3, many properties
similar to the properties of finite groups.

The problem of descending of ¢ € Rep(N*,U(m)) at the middle level is
purely algebraic: if o extends to an element of limg/per Rep(P>, U(m)) it is
called R-invariant. The next step is to check if an R-invariant representation
0 extends (or extends uniquely) to a map BG — BU(m);. The answer is
stated in terms of some obstruction groups (cf. 1.4).

2.1 Discrete approximations of p-toral groups

We consider three kinds of toral groups: p-toral groups, p-compact toral
groups and p-discrete toral groups. Let us state the definitions of these
objects and explain relations between them.

Definition 2.1.1. A group 7' is
e a torus if it is isomorphic to (S')" = (SO(2))",

e a p-discrete torus if it is isomorphic to (Z/p™)" (with discrete topol-
ogy!),

e a p-compact torus if it is a p-compact group isomorphic to K (ZQ, 1)r
with classifying space K(Z)),2).

Definition 2.1.2. A group P is a p-toral group (resp. a p-discrete toral, a
p-compact toral) if it sits in the exact sequence

l1—T(P)— P— W(P) —1,

35



where W (P) is a finite p-group and T'(P) is a torus (resp. a p-discrete torus,
a p-compact torus). Note that in the last case "the exact sequence” means
that that there is the suitable fibration of the classifying spaces (cf. 1.2.5).

Remark. If P is a p-toral group (resp. a p-discrete toral, a p-compact toral),
then the group T'(P) is uniquely determined as the connected component of
unity (resp. the subgroup of all infinitely p-divisible elements, the universal
covering of the classifying space).

There are two operations between these classes of groups. The first one
is the completion producing a p-compact toral group out of any of the other
classes. The second one is taking a discrete approximation producing a p-
discrete toral group.

Proposition 2.1.3. Let P be either a toral group or a p-discrete toral group.
Then P} = (P, BP), ep) is a p-compact toral group.

Proof. The first part is clear and the second is [DW2, 6.10]. O

Definition 2.1.4. Let P be a p-toral group and P" be a p-compact toral
group.

e A p-discrete toral subgroup P* C P is a discrete approximation if it
is dense in P.

e A p-discrete toral group P> equipped with an IF,-equivalence BP>* —
BP” is called a discrete approzimation of P™.

Proposition 2.1.5 ([DW2, 6.9]). Each p-compact toral group admits a p-
discrete approximation.

Proposition 2.1.6. Each p-toral group P admits a unique up to conjugacy
p-discrete approximation.

Proof. Each discrete approximation P> of P fits into the diagram

W(Pp)
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Let ¢ € H*(W(P); (Z/p>)*) and ¢ € H*(W(P); (S')*) be the cohomology

classes of these extensions. Obviously ¢,c* = ¢. Consider the exact sequences

1 — 2" — L — (Z/p™) — 1
1—27Z° — R — (5" — 1.

Since H'(W(P);R®) = H'(W(P);Z[;]*) = 0, then for each i > 0 we have

isomorphisms
H*(W(P); (Z/p™)") = H(W(P); Z°) = H*(W(P); (S')").

Therefore there is a bijection between the set of extensions of W (P) by
(Z/p>)* and the set of extensions of W(P) by (S1)*. O

Proposition 2.1.7. ([DW2, 6.20]) For each p-discrete toral group P> there
exists a sequence of finite p-subgroups

fitting into the diagram

1

T(l’)(p) — p) —— W(P)

1

1 T(P) P W(P)

where TW(P) ~ (Z/p")" C T(P) is the subgroup of elements of order pF,
k <i. N

Definition 2.1.8. The group P® will be called an i-th discrete approzima-
tion of P.

Remark. The sequence P® is not unique.
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2.2 The Dwyer-Zabrodsky theorem

Throughout the present section P is a p-discrete toral group and G is a
compact connected Lie group. Recall the classical version of the Dwyer-
Zabrodsky theorem:

Theorem 2.2.1 ([DZ]). If P is finite, then B : Rep(P,G) — [BP, BG] is
a biection and for each o € Rep(P,G) the map

BCq(o(P)) — map(BP, BG)gp,

adjoint to the pairing Ce(o(P)) x P 3 (g,p) — (o(9)p) € G induces an
isomorphism on F,-homology.

In this section we give a slightly different version of this theorem. We
compute the p-homotopy type of the mapping space map(BP, BG))), where
P is any p-discrete toral group.

Proposition 2.2.2. If P is a finite p-group, then the map
[BP, BG] — [BP, BG;\]
induced by the p-completion epq : BG — BG)) is a bijection.

Proof. Replace the map BG — BGQ by a homotopy equivalent fibration
F— BG -5 B G;\

Fix f: BP — BG). The obstructions for the existence (resp. the unique-
ness) of alift f : BP — BG lie in groups H*' (P, m;(F)) (vesp. H (P, m(F))).
But groups m;(F) are abelian and multiplication by p on them is an isomor-
phism. O

Proposition 2.2.3. The restrictions Rep(P,G) — Rep(P™,G) induce the
bijection
Rep(P,G) — lim Rep(P™,G)

r—00

Proof. Let p,1 € Hom(P,G) be non-conjugate homomorphisms and put

G, ={9€G:Vyepn g 0(p)g = v(p)}.
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G, is a non-increasing sequence of closed subsets of G. If (), G, = () then by
compactness of G there exists r such that G, = (). Then ¢|p- is not conjugate
to ¥|pr. This shows injectivity of the map Rep(P,G) — lim, Rep(P", G).
Now let ¢, € Hom(P™), G) for r > i be a sequence such that ¢, is
conjugate to @,|pr for 7 < s. Define homomorphisms 1, € Hom(P™, Q)
by induction. For r = i put ¢; = ¢; and for r > i let ¥,.(p) = g7 o, (p)g
where ¢ is any element such that ¢,_1 = ¢~ '¢,|pe—1g. Then ¢ = J, ¢, is
a well-defined homomorphism P — G such that i|pr is conjugate to ¢, for
each r. This implies the surjectivity. O]

Theorem 2.2.4 ([JMO2, Thm. 1.1]). The map
epc © B : Rep(P,G) — [BP, BG)]
is a bijection and for each o € Rep(P,G) the map
BCq(o(P)) — map(BP, BG,)p,
1s a mod p homology equivalence.

Proof. Consider the diagram

= lim Rep(P", G

Rep(P, G) 523 lim Rep(PY", G)
gJ(z.Q.l)

[BP, BG)) [hocolim BP™, BG)] £, lim [BP"), BG))]

r—00 r—00

By 2.2.1 each element of lim,_.o[BP™, BG}] has the form {epc o Bo,},
where o, € Rep(P"™,G). By 2.2.3 we can assume that o, = resﬁ(r) o for
some o € Rep(P,G). The collection of maps {epg o Bp,} always extends
to a map hocolim,_,., BP" — BGQ but the uniqueness of the extension is
determined by vanishing obstruction lying in

HY(N;m map(BP"), BG))p,,) = H' (N;m BCg(o(P™))),  (by 2.2.1)

p

where N is the category of positive integers with a single morphism r — 7’
for r < 7’. Since Cg(o(P)) is a descending sequence of closed subgroups
of G it eventually stabilizes. Therefore the group H! vanishes and R is a
bijection. Il
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2.3 Complex representations of locally finite
groups

In the present section we generalize numerous theorems concerning complex
representations of finite groups to locally finite groups. These facts allow
to classify irreducible representations of p-discrete toral groups, especially
the ones which appear as discrete approximations of stubborn subgroups of
Spin(7). Finally, we prove that any complex representation of a locally finite
group has a unique unitary structure (up to isomorphism).

Let us start with the definition.

Definition 2.3.1. A group I' is locally finite if it is countable and every
finitely generated subgroup of I' is finite.

The following proposition states the crucial property of countably gener-
ated locally finite groups:

Proposition 2.3.2. For each locally finite group I there is an ascending
sequence of finite subgroups

{e}:[‘(o) crWcr®c...cr
such that |, " =T.

Proof. Let {g,}2, be a set of generators of I'. Put I'™) = (g,)7_,. O

Definition 2.3.3. A complex representation of a group I is a left action of I’
on a complex vector space V which preserves. In other words it is a homomor-
phism ¢ : I' — GL(V). Representations g : I' = GL(V), ¢’ : I' = GL(V’) are
isomorphic if and only if there is an isomorphism f : V — V'’ such that for
each g € I' the following diagram commutes

v o(g) v

f f

0'(9)

V/ V/

We denote the set of isomorphism classes of representations of I' by
Rep(I"). The subset containing only m-dimensional representations is de-
noted by Rep,,(I"). A representation ¢ : I' — GL(V) is said to be irreducible,
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if V' does not contain any non-trivial subrepresentation 0 # W C V. The
set of isomorphism classes of irreducible representations of I' is denoted by
IR(T"). Fix once for all representatives o : I' — GL(W,,) for each o € IR(I).
Let R(I") be the representation ring, i. e. the Grothendieck construction on
Rep(T).

Definition 2.3.4. Let o : I' — GL(V) and ¢’ : I' — GL(V”’) be complex rep-
resentations. We can form the direct sum o ® ¢ : T' — GL(V @ V') by

(0@ 0)(g)(v,0") := (o(g)(v), d'(g)(v')) e VO V'

and the tensor product p® ¢’ : I' = GL(V ® V') by

(e® d)(g)(v @) := (e(g)(v) ® (9)(v)) € VO V"

These operations give a structure of an abelian monoid with multiplication
on Rep(I') and a structure of a commutative ring on R(I").

Definition 2.3.5. Let a : I' — A be a homomorphism and g : A — GL(V)
a representation. The restriction of o along a is a composition:

ao:T - A -2 GL(V).

If a is clear, for example if ' is a subgroup of A, we denote the restricted
representation by resf o.

For any group I let C[I'] denote a group ring of I" over C.

Definition 2.3.6. Fix groups I' C A and a representation o : I' — GL(V).
The induced representation inds o is a vector space C[A] Xy V- with the
obvious left action of A.

Our first goal is to prove that the Schur lemma holds for locally finite
groups. Let us recall the classical version of this lemma and some of its
consequences.

Proposition 2.3.7 (Schur lemma). ([S, Prop. 6]) Let I' be a finite group.

(a) If o : T — GL(V) is an irreducible representation, then

EHdF(V) =~ C.
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(b) If o : T' — GL(V), 0 : P — GL(W) are non-isomorphic irreducible
representations, then

HOHIF(V, W) =0.

Definition 2.3.8. Let o : I' — GL(V') be any representation. A presentation
of V' as a direct sum of its subrepresentations

is a canonical decomposition if and only if for each ¢ € IR(I") the repre-
sentation V, is isomorphic to a direct sum of representations isomorphic to
.

Proposition 2.3.9 ([S, 2.6]). Each representation of a finite group admits
a unique canonical decomposition.

Now fix a locally finite group I' and choose a filtration I'® (cf. Prop.
2.3.2). The following elementary observation allows to prove many results of
this section:

Proposition 2.3.10. Let o : T' — GL(V) and o : T' — GL(V') be any rep-
resentations. For large enough s we have Homp(V, V') = Hom(rs)(V, V7).

Proof. A sequence
Homp) (V, V") 2 Hompa) (V, V') 2 Hompe) (V, V') D ...

eventually stabilizes since the dimensions of these spaces do. Moreover
Homp (V, V') = (] Hompe (V).
r=0

Thus, for large enough s we have Homp(V, V') = Homp) (V, V). O

The following proposition plays a crucial role in the further considerations.
It allows to relate representations of a locally finite group with representations
of its finite subgroups. For each locally finite group I'

Proposition 2.3.11. Let I be a locally finite group.
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(a) If 0 : T' — GL(V) is a representation of T, then o is irreducible of and
only if for large enough s a restriction resg(s) 0 s irreducible.

(b) If o : T' — GL(V), o : I' — GL(V') be non-isomorphic irreducible
representations, then for large enough s restrictions resﬁw o and resg(s) o
are non-isomorphic and irreducible.

Proof. By 2.3.10 there is an integer s such that Endpe (V) = Endp(V). If
the space Endp) (V) is 1-dimensional then resy, o is irreducible (2.3.7) and
sois . If dim Endp) (V) > 1 then resg(s) 0 is not irreducible and there exists
f € Endpe) (V) having non-trivial kernel (for example projection onto one
of the irreducible summands). But f € Endp(V) and ker f is a non-trivial
subrepresentation of p.

To prove (b) set f € Homp(V,V’). Both ker f and im f must be either
trivial or the whole space; otherwise it would deny the irreducibility of either
oor ¢'. Since p and ¢ are not isomorphic then f is trivial and Homp(V, V') =
0. By 2.3.10 for s large enough we have Homp)(V, V') = 0. Then resp,, o
and resp,, ¢ are not isomorphic. By (a) they are also irreducible (after

increasing s if necessary). O
As a corollary we obtain
Proposition 2.3.12. The Schur lemma holds for locally finite groups.

Proof. Let T" be a locally finite group. If o : I' — GL(V) is irreducible, then
for some s resy,, ¢ is also irreducible and Endp(V) € Endpe) (V) ~ C. But
multiplication by any scalar is a I'-homomorphism. Hence Endp (V') ~ C. If
0: T — GL(V) and ¢ : I' — GL(V’) are non-isomorphic and irreducible,
then for some s representations resE(s) o and resﬁ(s) o' are irreducible and
non-isomorphic. Finally, Endr(V, V') C Endpe) (V, V') = 0. O

Proposition 2.3.13. FEach representation ¢ : I' — GL(V) of a locally finite
group T' is isomorphic to a direct sum of irreducible representations. The
presentation as direct sum is unique up to permutation of irreducible sum-
mands.

Proof. Choose s such that Endr(V) = Endpe) (V). Any I'®)-subrepresenta-
tion W C V is also a I'-subrepresentation since any I'®-projection f : V. — W
onto W is also a I'-homomorphism. Thus a decomposition of V' onto irre-
ducible T'®-subrepresentations is also a decomposition onto irreducible I'-
subrepresentations. The uniqueness follows from the Schur lemma. O
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Corollary 2.3.14. If I is a locally finite group, then Rep(I) is a free monoid
with basis IR(T).

Proposition 2.3.15. Let o : I' — GL(V) be a representation of a locally
finite group. The evaluation

@ W, @ Homp(W,,V) <V
celR(T")
18 an isomorphism.
Proof. 1t is sufficient to consider only the case V' = @,z W&o The

evaluation ev, : W, ® Homp(W,,, W) — WP is a composition

W, @ Homp(W,, V) %2 W, @ Homp(W,, W) = W, @ Cle 2 [/®ls

o

Since ev = @ ev,, then the conclusion follows. O

Proposition 2.3.16. For any representation o : I' — GL(V) of a locally
finite group the homomorphism

& End(Homp(W,,V)) @ fy

celR(T)

—evo (@ Idw, ©f,) o (er) " € Endr(V)

18 an isomorphism.

Proof. By the Schur lemma we have

Endr(V) ~ @5 Endp(W, @ Homp(W,,V)).

o€elR(T)
Moreover,

Endr (W, @ Homp(W,, V))
= Homp (W, ® Homp(W,, V), W, ® Homp(W,,V))
= Homp(Homp(W,, V), Homp(W,,, W, ® Homp(W,,V)))
= Homrp (Homp(W,, V'), Homp(W,, W, ) ® Homp(W,,V))
= Endr(Homp(W,, V)). O
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Corollary 2.3.17. Under the assumptions above there is an isomorphism
B GLHom(W,,V)) — GLr(V).
c€elR(T)
Useful tools in the representation theory of finite groups are characters.

Definition 2.3.18. The character of a representation ¢ : I' — GL(V) is a
function
Xo: T2 g Tr(e(g) €C

Let Ch(I") € C! be a vector subspace spanned by all characters of represen-
tations. If I' is finite, then there is the hermitian product on C'h(T'):

() = Zx

gel

Proposition 2.3.19. ([S, Th.6]) Let I" be a finite group.

(a) Ch(T') is a subspace of all C-valued functions which are constant on
conjugacy classes.

(b) Characters of irreducible representations form an orthonormal basis of

Ch(D).

Corollary 2.3.20 ([S, Th. 7]). The number if isomorphism classes of irre-
ducible representations of a finite group I is equal to the number of conjugacy
classes of elements of T'.

Proposition 2.3.21. Fiz a locally finite group I' and characters x,x' €
Ch(T). Then the sequence (x|X')r := (x|r-|X'|rr) stabilizes. In particular,

(') == Tim (x|x')-

is a hermitian product on Ch(I") and characters of irreducible representations
form an orthonormal basis of Ch(I).

Proof. 1t is sufficient to prove that the sequnce (x|x’), stabilizes for x = x,,
X' = Xo, where 0,0 € Rep(I'). Let

@ o® @ ool

o€IR(T) o€IR(T)
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be the decompositions onto irreducible summands. There exists r such that
each irreducible representation of I' which appears in these decompositions
is irreducible when restricted to I'") and non-isomorphic summands restrict
to non-isomorphic summands (cf. 2.3.11). Then

(Xolxo)s Z Lol

celR(T)

for all s > r. Moreover, by 2.3.11 irreducible representations are pairwise
orthogonal. O]

Corollary 2.3.22. Let I' be a locally finite group. Then representations
0,0 € Rep(I') are isomorphic iff its characters y, and x, are equal.

Proof. Representations are isomorphic iff they have isomorphic decomposi-
tions into irreducible summands (2.3.13). By 2.3.21 it is equivalent to the
equality of characters. O

Throughout the rest of this section we will list lemmas which will be used
later in computations of sets of irreducible representations. Here follows the
classical application of the character theory:

Definition 2.3.23. The reqular representation 1r of a group I' is the vector
space C[I'] with the obvious left I'-action.

Proposition 2.3.24. Each irreducible representation of a finite group I is
contained in the regqular representation with multiplicity equal to its dimen-
s10M.

Proof. The character of the regular representation is

(g) = IT'| forg=ce
Xer\d) = 0 forg#e.

Then for ¢ € IR(I') we have

1 .
(Xyr IXo) = Z Xor (9 war(e)xg(e) = dim p. O

geI‘

Corollary 2.3.25. If I is a finite group, then

= 3 (dimp)’

o€IR(T")
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Proposition 2.3.26. Fach irreducible representation of a locally finite abe-
lian group T' is one-dimensional.

Proof. If T' is finite, we obtain the conclusion combining 2.3.25 with 2.3.20.
In the general case it reduces to the finite case by Proposition 2.3.11. [

Definition 2.3.27. Let p be a prime integer and let k£ be a p-adic integer.
Define the representation

2miak
pn

ok : L/p> B%Hexp( ) € GL;(C).

Proposition 2.3.28. Fach irreducible representation of Z/p™ is isomorphic
to o for some k € ZQ, and oy is isomorphic to o if and only if k = 1. In
short

IR(Z/p>) = {Qk}kezg.

Proof. Since each irreducible representation of Z /p™ is 1-dimensional we have
IR(Z/p>) ~ Hom(Z/p>,GLy1(C)) ~ Hom(Z/p™,Z/p>) ~ Zj,. O
Proposition 2.3.29. Let I' and A be locally finite groups. The map
® : IR(I") x IR(A) 3 (0,0) + resh o 0 @1est, , 0 € IR(T x A)
15 a biyjection.

Proof. If p € IR(I"), o € IR(A) then for some s both representations resll:(s) 0

A o®o is irreducible and so is

A
and res NWINE

\ 0 are irreducible. Hence res

o®c. Then the map ® is well-defined.
Now let o € IR(I" x A). For s large enough reSII:(S) o is irreducible and

then it is isomorphic to a tensor product of irreducible representations of

factors. Using 2.3.11 we obtain

I'xA ~ ~BdimT I'xA ~ ~Bdimo
reSFX{l} ox=0o , res{l}XA ox=T

for some o € IR(I"), 7 € IR(A). For each ¢ > s the characters of p and c®7
are equal on I'® x A®). Hence the characters are equal on I' x A and by
2.3.22 we have 9 ~ o®r7. H

.....
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We conclude with three easy technical lemmas used intensively in Chapter
3:

Proposition 2.3.31. Let I" be a locally finite group, A a normal subgroup of
[ having the finite index and o : I' — GL(V) an irreducible representation.
Then for every irreducible subrepresentation o : A — GL(V') of resly o there
exists a subrepresentation of indg o which is isomorphic to o.

Proof. The homomorphism
CI] x¢a) V' 2 (9,7) = o(g)(z) €V
is an epimorphism. Obviously it splits. O]

Remark. Let T be a locally finite group and A a normal subgroup of I' having
the finite index. The quotient group I'/A acts on IR(A) by conjugation.

Proposition 2.3.32. Let I' be a locally finite group, A a normal subgroup
of I' having the finite index, o an irreducible representation of A and o an
irreducible subrepresentation of indg o. Then the dimension of o is divisible
by |(T/A)o|-dimo. In particular, if the isotropy group (I'JA), is trivial,
then ind\ o is irreducible.

Proof. For each g € I let ¢, € Aut(I") be the conjugation by g. We have

r. *
resy ind, o =~ @ Cy0.
gAel'/A

Since o is invariant under the conjugation by any g € I', then

@l

resh 0~ @ o

o’'e(l/A)o
for some integer . O

Proposition 2.3.33. Let I" be a locally finite group, A a normal subgroup
of I having the finite index and o an irreducible representation of A. Then
if the isotropy group (I'/A), has order 2, then indy o is a direct sum of
two irreducible and non-isomorphic representations, both having dimension
1(T:A)-dimo

2
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Proof. Let A" = {g € I : ¢;o ~ o}. The group A is a normal subgroup of
A’ (since it has index 2). Since

)2-Xx0(g) forge A
Xina3 U(g) 0 for g g A’

then the length of the character x, 3 o is equal v/2. Therefore indﬁ, oisa
sum of two irreducible non-isomorphic representations oy, o3. Then

indy o ~ indy, o) @ indy, oy.

The dimensions of the summands and their irreducibility follows from 2.3.32.
O

Till now we have considered complex representations which do not carry
any unitary structure. However, the Dwyer-Zabrodsky theorem states that
homotopy representations of locally finite groups are in bijection with unitary
algebraic representations (not just complex ones). The following proposition
proves that in fact any complex representation is unitary, and that a unitary
structure is unique.

Proposition 2.3.34. Let V' be an n-dimensional unitary space, and let I' be
a locally finite group. Then map

Rep(I', U(V)) — Rep(I', GL(V)) ~ Rep,,(I") (2.3.35)
1S a bijection.

Proof. The proposition is clear for finite groups. Then Rep(I'®®), U(V)) =
Rep(I'®), GL(V)) for any s. By 2.2.3 we have

Rep(T', U(V)) = lim Rep(I'®, U(V)) 2 lim Rep(T'™®, GL(V)).

S§— 00 S§—0O0
The composition

o)

Rep(T, GL(V)) — lim Rep(I'®), GL(V)) «—

< lim Rep(T'®, U(V)) «— Rep(T', U(V))
is an inverse of the map Rep(I', U(V)) — Rep(I", GL(V)). O
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2.4 Obstruction functors of R-invariant rep-
resentations

Throughout this section G is a compact connected Lie group. Let N be a p-
normalizer of a maximal torus of G and let R := R,(G). For any R-invariant
representation g : N — U(V) let
¢(P) :=m map((EG/P)I/)\, BU(m)/})BQm(EG/P)Q

Obstructions to the existence and (resp. uniqueness) of a topological real-
ization of o depend on the obstructions lying in groups H*"'(R;I1?) (resp.
H(R;11%), cf. 1.4). The main goal of this section is to describe the isomor-
phism of functors I17 with some functors which are much easier to calculate.

Definition 2.4.1. For any representation ¢ : I' — U(V) let IR(T, 0) be the
subset of IR(I") consisting of all irreducible subrepresentations of . Similarly
let Rep(T", o) denotes the set of isomorphisms classes of subrepresentations of
0®* for some s. (In other words it contains all representations with irreducible
factors contained in p). Note that Rep(I', o) is the free abelian monoid with
basis IR(T", 0). Let R(I, 0) be the Grothendieck construction on Rep(L, ).

Remark. Given a representation ¢ : P — U(V) and a homomophism a :
Q) — P, there are obvious restrictions a* : Rep(P, ) — Rep(Q,a*p) and
a*: R(P, o) — R(Q,a*o). If a and a’ are conjugate then a* = (a’)*. Therefore
for any R-invariant representation g : N> — U(V') there exist functors

Rep(—, Q) - ReP Set, and R(—’ Q) -RP _, Ab

We begin with some easy observations. If ¢ : W < V is an inclusion of
unitary spaces then there exists the canonical inclusion of unitary groups

iy UMW) 3 fr (fidy) e UW W) 2 U(V).
For a unitary space V' the loop
[0,1] >t ™ . Idy € U(V)

represents the canonical generator Iy, € mU(V).
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Fix a representation p: P — U(V). Let 0 : P — U(W) be a representa-
tive of an element of Rep(P, o). Choose any monomorphism i : W — V&5,
Define the map

JP,Q : R(P, Q) > [0’] — l*(lw) € WlUP(V@S) (242)

The Jp, does not depend on the choice of ¢ since every inclusion W — V®*
determines the conjugate homomorphism Up(W) — Up(V®®). It also does
not depend on the choice of s since for s < s’ the map Up(V®*) — Up(V®*)
induces an isomorphism on 7.

Proposition 2.4.3. For any R-invariant representation o : N — U (V') the
collection of maps Jp |, defines a natural equivalence

Jp: R(_; Q) — T Aut(_)(V).
of functors on R.

Proof. Let a: ) — P be a morphism of R. The commutativity of a diagram

Jp,gl

R(P, Q|p) 74P> ™1 Autp(V)

JQyQ‘Q

R(Q, 0lq) —— m Autg(V)

is clear. Thus J, is a natural transformation. Both groups R(P,p|p) and
m Autp(V) are free and abelian, and the generator set of them both is
IR(P, o|p) (cf. 2.3.17) and the generators are mapped to the correspond-
ing generators. L

Introduce the following notation:

=¢ =17, ® R(—,0) : R” — Modz, (2.4.4)
Theorem 2.4.5. Functors Z¢ and 113 are naturally equivalent.
Proof. The transformation is a composition of the natural equivalences

1d®J,
22 = Z) ® R(—, 0) ——% Z ® m Aut((V) =

~ 70 ® m(Cue(o(—))) — Zb @ ma(BCuy(o(-))) —
— ma(BCuy(o(—))), %) mo(map(EG/ (=), BU(V), ) Bolp)p- U

P22
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Definition 2.4.6. Let C be a small category. The cohomological dimension
cd,(C) of C at the prime p is a greatest number ¢ such that H*(C; M) # 0 for
some functor M : C — Modgzy. If no such number exists we put cd,(C) =
+00.

Theorem 2.4.7 ([JMOL1]). cd,(R) < +o0.

Proposition 2.4.8. For each R-invariant representation o : N — U(V)
the functors 117 and 113 vanish.

Proof. By the Dwyer-Zabrodsky theorem, for each stubborn P the map
BUp(V),, =~ BCyv)(e(P)), — (map(EG/P, BU(V),)ol,);,

is a homotopy equivalence. But Up(V') is a product of unitary groups by
2.3.17 and then mo(Up(V)) = m(Up(V)) = 0. O

Theorem 2.4.9. Let p : N*®° — U(V) be an R-invariant representation.
Then

(a) If H}(R;Z°) = 0 and cd,(R) < 4 then the map Boy extends to a map
BG — BU(m);).

(b) If H*(R;=2) = 0 and cd,(R) < 3 then there exists at most one extension
of Boy to a map BG — BU(m);.

(c) If H(R;Z¢) = 0 for all i > 2 then there exists r such that (Bo®")})
extends to map BG — BU(rm);ﬁ

Proof. (a) By 2.4.8 H*(R;11§) = H*(R;11§) = 0. Other obstruction groups
vanish by the assumptions.

(b) Similarly by 2.4.8 we have H!(R;11§) = H3*(R;1I5) = 0 and the assump-
tions imply that H?(R;115) = 0 and H'(R;11%) = 0 for i > 3.

(c¢) Fix s such that 2s > cd,(R) (it is possible by 2.4.7). It is enough to
prove that I1? is either 0 or Z¢ for i < s. We have

[~=3

Hf(P) = 7Ti_1<UP(V€BS);\) (23_{7) ﬂi_l(U(Homp(Wg, VEBS))I/)\)

o€IR(P)
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Since dim(Homp(W,,V®?)) is at least s or 0 then for each ¢ < 2s by
Bott periodicity

U(H Wy, VNN if 4
mi—1(U(Homp(Ws, V@S));\) = m(U(Homp ))p) 1 Z ?S even
0 if 7 1s odd

Thus for each ¢ < c¢d,(R) < 2s we have II7 = Z¢ for even ¢ and II7 = 0
for odd 7.
[l
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Chapter 3

Representations of stubborn
subgroups of Spin(7)

3.1 Stubborn subgroups of symmetric groups
and orthogonal groups

In this section we classify 2-stubborn subgroups of symmetric groups (after
[AF]) and orthogonal groups (after [O1]). Next, we describe the categories
R2(O(n)) and R2(%,). Finally we construct a functor Re(X,) — R2(0O(n))
which is an inclusion onto a full subcategory.

2-Stubborn subgroups of orthogonal groups

Each 2-stubborn subgroup of an orthogonal group is built up out of some
number of "pieces” by taking products and wreath products. (Recall that
the wreath product G H is the semi-direct product G x H, where H acts
on G by shifting coordinates). Let I, € GL,(C) denote the identity matrix
and let C% be the elementary abelian group of rank ¢. If M € GL,,(R) and
N € GL,(R), then M ® N is the matrix with entries

(M X N)am+b—m,cm+d—m - Mb,dNa,c-
fora,c=1,...,n,b,d=1,...,m.

Definition 3.1.1. Let

() ()



For i < n define the matrices A?, B € O(2") by
A:L =Lhi ® AR Iyn—i-1, Bln =1y @ B® Ign—i-1.
These matrices satisfy the following relations

n\2 __ n\2 __ N AN _ AN AN npn __ n RN
(Ai) _(Bi) = Ion, AiAj_Ain’ Bz‘Bj_BjBi

APBn B} A} for z 7&]
! —B} A} fori=j

and for any X € SO(2)

AZL(X ® Ign—l) -

(X ® Iyn1)"1AZ fori=0
(X ® Iyn-1)AT  fori>0

X [n—l _1Bn f =
B?(X@]anl) — {( ® 2 ) 0 or 1 0

(X ® _[anl)Bin fOI’ Z > 0
Definition 3.1.2. Let
Lon := (—Ion, Ay, ..., Al 1, By,....,Br ) CO(2")

fgn = <{X®IQn—1}X€So(2)7A6L,. .. An 1,88, . Bn > C O(2n>

Let V,, and X,, be the elementary abelian 2-groups with bases {a;, b;}-;' and
{a;, b;}7=) respectively and let W, := X,,/{ag — by). The ranks of Vn, W
and X,, are respectively 2n — 2, 2n — 1 and 2n. The groups I's» and Tyn lie
in the exact sequences

1 —T) — Ty 25V, —1 (3.1.3)
1 — SO2) — Ty 22X W, — 1 (3.1.4)
1 — {+hn} — Ty X5 X, — 1 (3.1.5)
1 {0} — Ton D0 Dy {41} X Vy — 1, (3.1. )
where py (A7) = pw (A7) = px (A7) = a;, pv(B]') = pw(BY) = px(B;') =

Py (X ® Ipn-1) = (X,0) and

,(An): (A,0) fori=0 o (B") = (B,0) fori=0
' (I,a;) fori>0’ VAT (I,b)) fori>0"
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The group I's» is an extra-special group and it has order 22"*!. T'yn is a
2-toral group with 1-dimensional torus. Note that I'y & {£1} = O(1) and
'y =2 0(2).
Definition 3.1.7. ([O1, Def. 2]) Let

%(k) - er(k) - %rad(k)

be the sets of 2-toral subgroups of O(k) defined as follows:
7r(1) = {I'h = O(1)},

Tr(2) = {T2 = 0(2)},

Tr(2") = {Tgn,Ton} for n > 1,

Tr(

k) =0 for k # 2™,
o 7;.-(2") is the set of those wreath products in O(2") of the form
Loy 10k,

where I' € Tr(2), n =1+t + ... +tyand t; > 1 if [ =Ty,

Toroa(k) is the set of all products in O(k) of the form
P:P1 X oo, XPSQO(kl) XO(k'Q) XO(]CS) QO(]C),
where P; € T;,..(k;) and k = ky + ... + ks.

Remark. If T C O(2'), then the embedding I'? C3 C O(2!*!) is chosen as
follows:
FoCy = (I, Bi*, Bifi,.... Biij_;) C O2"").

By [O1, Theorem 8] each 2-stubborn subgroup of O(k) is conjugate to
a subgroup in 7,,,4(O(k)). Possibly not all elements I' € 7,.,4(O(k)) are
2-stubborn — it depends on the Weyl group of I'. The following proposition
follows immediately from [O1, Theorem 6]:

Proposition 3.1.8. Let Wg(P) := Ng(P)/P. Then
(] Wo(gn)(rgn) >~ O+(Xn>,
o Wogn(Tan) = Sp(Va),

96



e Woen(T 105 ... 0 Cy) ~ Woem(T) x GLy, (Fa) X ... x GLy, (F2),
L eT(2,002m)).

Remark. OT(X,,) is the group of all automorphisms of X,, which preserve the

quadratic form
q (Z Tia; + Z yz‘bi> = Z ZiYi (3.1.9)

and Sp(V,,) is the group of all automorphisms of V,, which preserve the non-

singular form
0 In—l
(0 b o1

with basis of V,, ordered aq,...,a,_1,b1,...,b,_1.

The following theorem determines which elements of 7,,..4(k) are in fact
2-stubborn subgroups of O(k):

Theorem 3.1.11. ([O1, Theorem 6]) Let P € O(k) be a 2-stubborn subgroup.
Then P is conjugate to an element of Tproa(k). If P € Tpoa(k) then P is
2-stubborn if and only if when written as a product

P=P x...xP,, (P, € Tir(Ky))

there is no factor P; with Wo,)(P;) = 1 which occurs with multiplicity exactly
2 or 4.

Theorem 3.1.12. ([O1, Proposition 9]) Let P, P’ € T,.q4(k). If P' is con-
jugate to a subgroup of P, then x='P'z C P for some permutation matriz x
which permutates irreducible factors of P'. If P' C P then the inclusion is a
composite of products of the following types:

(a) O(1) x O(1) € O(2),

(b) O(1) 105" 1CR - 10 COR)NCE 1021 CY,
(c) (DO - Ch)estt CTUCR - 1 Ol 1 O,

(d) Tox VOS5 1 --- 1Oy C Ty C5 -1 O

(e) Fz---zCﬁizc*;"“z---zC’;Sng---zC’;ﬁ““z--QC;S,

(f) Dorres 1O 1+ 00y ST 1 G310 -1 Oy
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(9) Doty VOR 1---2Ch CTowdCHC2 - O,
where I' stands for either Tor or Tox.

Corollary 3.1.13. Each morphism in R2(O(n)) is a composition of auto-
morphisms and inclusions enlisted in 3.1.12.

2-Stubborn subgroups of symmetric groups

Now we describe the category Ro(Xx). The classification of 2-stubborn sub-
groups of symmetric groups is due to Alperin and Fong [AF]| (they call them
2-radical subgroups). Note that if G C ¥,,, H C ,,, then the product G x H
is a subgroup of ¥,,,, and the wreath product G H is a subgroup of ¥,,,.

Definition 3.1.14. For any sequence tq,...,t, of positive integers let
Bty ... ty) =108 - 1Cy C S,

where t = t; + -+ + t5 (we treat 1 as a subgroup of ¥;). The groups
B(ty,...,ts) will be called basic subgroups of ¥at. The set of all basic sub-
groups of Yyt will be denoted by B;,..(2).

Remark. Note that each basic subgroup of ¥t acts transitively on the set

{1,...,2').

Definition 3.1.15. Let B,..q(n) denotes the family of all products of basic
subgroups in X, i.e.

Boroa(n) = {G1 X -+ x G, : G; € By (28),n =2 4. 207},
Here follow two propositions which are consequences of [AF, (2B)]:
Proposition 3.1.16. Ift =1t + --- + t,, then
W, (B(ty, ..., t5) = GL;, (Fo) x - -+ x GLy, (Fy).

Proposition 3.1.17. Let G; C Yo, for i = 1,...,r, be a collection of
pairwise non-isomorphic basic subgroups, and let k =% ._, 2%l;. Then

W, (H Gy) _ H Wy, (Gi) 15,
=1 =1
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Theorem 3.1.18. FEach 2-stubborn subgroup G C Xy is, up to conjugacy,
a product of basic subgroups (i.e. G' € Bpoa(k)). A group G € Byoa(k) is
stubborn if and only if written as a product of basic subgroups G = G1 X - - - X
G, there is no factor isomorphic to B(1,...,1) which occurs with multiplicity
exactly 2 or 4.

Proof. The first statement is a consequence of [AF, (2A)]. Since both groups
GL,(Fs) and ¥, have a non-trivial normal 2-subgroup if and only if n = 2
or n = 4, then the second statement follows immediately from Propositions
3.1.16 and 3.1.17. ]

Proposition 3.1.19. If groups G,H € Bp.a(k) are conjugate, then there
exists a conjugacy between them which permutes its basic factors.

Proof. Since each basic subgroup of a symmetric group acts transitively on
the set of letters, basic factors of G (and, similarly, H) are in bijection with
the set of G-orbits (H-orbits). The conjugacy between G and H permutes
the orbits and therefore it also permutes its basic factors. O

Proposition 3.1.20. Fiz collections of subgroups G; C Xy, fori=1,...,r
and Hy C %y, for j = 1,...,s. Assume that for each i the group G; acts
transitively on the set of letters, and thatn = ki +---+ k. =11+ -+ 1. If

H=Hx---xH,CG:=G; x---xG, CX,,
then H=(HNG;) x---x (HNG,).

Proof. For each i = 1,...,7 let OY be an orbit of G; C G. Note that
{1,...,k} = U;_, OF is a decomposition onto G-orbits. Similarly define H-
sets Of, for j =1,...,s. Since H C G, then for each j there exists ¢ such
that Of C OZG . Hence H; CGN ZO? = (; and the conclusion follows. O

Proposition 3.1.21. For any subgroup G C 3. let 6(G) C G denotes the
subgroup generated by all elements g € G which have a fixed point. The
following holds:

o if G € Byroa(k) is a non-trivial product of basic subgroups, then 6(G) =
G.

® (S(B(tl, PN ,tr)) — B(tl, s atr—1)2tT;
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Proof. The product H x H' is generated by H x {1} U {1} x H'. Tt implies
that the first statement holds, and that B(ty,...,t,_1)?>" C 8(B(ty,...,t,)).
On the other hand, for Cy" C Yot we have §(C47) = {1}. Then each element
g € B(ty,....t,)\ B(ty, ..., t,_1)*" acts freely on the set {1,...,2'} (where
t=1t;+---+1t.). As a consequence we obtain the second statement. O

Theorem 3.1.22. Let G, H € Byroi(k). Assume that H C G. Then the
inclusion H C G is a composite of products of inclusions of the following

types:
(CL) B(tlw"atrfl)ztr g B(tla"'atrflatr%
(b) Blty,...,tj+tii1,.. 1) C Bty ... titii1, .. t).

Proof. 1f GG is redicible, then by Proposition 3.1.20 the inclusion is the prod-
uct of inclusions (H N G;) C G;, where G;’s are irreducible, so assume that
G = B(ty,...,t.). If H is reducible, then by Proposition 3.1.21 we obtain

H=6H)CG)=B(ts,...,tr-1)>" CB(ty,... t,_1,t,) = G.

In this case the inclusion is the composition of an inclusion of type (a) with
H C §(G). Finally, if H is irreducible then H = B(t],...,t.). We have

S(H) = B(t,,....t, )% C B(ty,...t,1)*" = 5(G).

) Ys—1

Since H-orbits are contained in G-orbits, then ¢, > ¢,. If t/ = t,., then we are
reduced to the case of smaller inclusion of irreducible subgroups. If ¢, > ¢,,
then the inclusion

B(t'l, e 7t;_1)2ts—ir C B(tl, .. ,tr_l)

factors through B(ty, ... ,tr,g)zt’"_l. Hence t,, — t, > t,_; and then t. >
t,_1 + t,. Finally, we obtain the factorization

H g B(tla s 7t'r—27t7"—1 + t'r‘) g B(th s 7t1”—27t7“—17t7“) =G. [

Definition 3.1.23. Let C be a small category and let Mor¢ be the set of all
morphisms of C. We say that a subset X C Mor¢ generates the category C if
there exists a full subcategory C’ C C which is naturally equivalent to C such
that each morphism of C’ is a composition of morphisms which belong to X.
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Theorem 3.1.24. The category Ro(Xy) is generated by automorphisms of
objects and inclusions enlisted in Theorem 3.1.22.

Proof. Fix G, H € By,.q4(k) and choose a morphism H — G represented by
g € Y. By Proposition 3.1.19, H and g 'Hg are isomorphic objects of
R2(X%). Therefore we can assume that g7'Hg = H. Then g : H — G is the
composition of the conjugation by g on H and the inclusion H C G. Il

A full inclusion R (X;) — Ra(O(k))
Definition 3.1.25. For any G € By..a(k) let G € T,04(k) be given by

G={£1}1C1--1Cr for G = B(ty,...,t,), t; > 1

G=0(2)1C21--1Cy for G=B(1,ty,...,t,)
G=G x - xG, forG;€ By.(k;)
Remark. For each G € Byoa(k) holds
GN{£1} 1%, = {£1G. (3.1.26)
Theorem 3.1.27. The formulae
Ra(Er) 3 G — G € Ry(O(k))

MOI‘RQ(Ek)(H, G) 5 9G — g@ S MOYRQ(O(k))(H, G)
define the functor I : Ro(Xy) — Ra(O(k)) which is an inclusion onto the full

subcategory.

Proof. The functor I is well-defined.

It is sufficient to check that for each generating morphism ¢G : H — G
holds g'!Hg C G. It is clear for automorphisms (cf. Propositions 3.1.16
and 3.1.17), so assume that ¢ = 1 and H — G is a product of the inclusions
enlisted in Theorem 3.1.22. If the inclusion H C G is a non-trivial product
of inclusions H; C G, and Hy C Gy, then H C G if and only if H; C G, and
H, C Gy. Hence we are reduced to the case when the inclusion is of type (a)
or type (b) (cf. 3.1.22). If

H=B(t,...,t,-1)* CB(t,... tr1,t,) =G,
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then for ¢; > 1 we obtain
H=({£1}21C3 -0y C{1n -0y =G

and for t; =1

H=(0(2)1C2 - Cor )" Cco@1C21-- 10 =G

If
H=DB(ty,....t;+tis1,...,t,) C B(ty,...,tj,tis1, ..., 1) =G,

then for j > 1 we obtain the inclusion
H:KzC’?z...zCéjHj“2...20?gKzC?g...zC’;sz’;f“2...203:C_}’

where K = O(2) if t; = 1 and K = {£1}1C3' otherwise. Similarly if j = 1
and t; > 1, then the inclusion H C G is straightforward. The only non-trivial
case appears when 7 =t; = 1. Then

H:{:I:l}ZC;thzz,..zC;rQO(2)2C;22”_2032G7

since {+1}210,™ C {+1}1C,1 0% C O(2) 1 C%. Hence I is well-defined.
The functor I is faithful.

By combining Propositions 3.1.8, 3.1.16 and 3.1.17 we see that for each sub-

group G € Bpoq(k) the homomorphism I : Autg,s,)(G) — AutRZ(o(k))(C_v’)

is actually an isomorphism. Now fix H # G € Bp..q(k) and choose mor-

phisms ¢1G, goG : H — G in the category of ¥j-orbits. Let us consider the

compositions
H 28, 9i 'H gi e, G

for i = 1,2. By Proposition 3.1.19 g; ' Hg, and g, ' Hg, differ by conjugation
by an element h which permutes irreducible factors. Hence the conjugation
by i(h), where i : ¥, — O(k) is an obvious inclusion, sends the group g; ' Hg,
onto g, ' Hg, and also permutes irreducible factors. By (3.1.26) h € G if and
only if i(h) € G. It shows that ¢;G and ¢»G represent the same morphism
H — Gin Ro(Xg) if and only if they represent the same morphism in R ().
As a consequence we get that [ is an isomorphism on sets of morphisms. [
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3.2 The category Ry(Spin(7)).

The main goal of the present section is to give a detailed description of the
category of 2-stubborn Spin(7)-orbits. First, we note that there is a natural
equivalence between categories Ro(Spin(7)) and R(O(7)). Next, we apply
results of Section 3.1.

Proposition 3.2.1. For each n Z 0 mod 4, if P C O(n) is a 2-stubborn
subgroup, then PN .SO(n) C SO(n) is also 2-stubborn. The functor

R2(O(n)) > P— PN SO(n) € Ry(SO(n))
15 an equivalence of categories.
Proof. 1t is a consequence of [O1, Prop. 11] and [O1, Th. 12]. O

Proposition 3.2.2. ([JMOL1, Prop. 1.6.(1)]) If f : G — H is a covering of
compact connected Lie groups, then the functor

Ro(H) 5 P — f1(P) € Ry(G).

is an equivalence of categories. In particular, for each n the categories
Ra(Spin(n)) and Ra(SO(n)) are equivalent.

Let 7 : Spin(7) — SO(7) be an obvious projection.
Corollary 3.2.3. If n 20 mod 4, then the functor
Ro(0O(n)) > P 7 (PN SO(n)) € Ry(Spin(n))

is an equivalence of categories. In particular, the categories Ry (Spin(7)) and
R(O(7)) are naturally equivalent.

According to Theorem 3.1.11, each 2-stubborn subgroup of O(7) is con-
jugate to an element of 7,,,4(7) (see 3.1.7). By definition, we have

er(l) = {{il}}7 er(2) = {0(2)}7
Ton(4) = {O(2) 1Oy, {£132C2, Ty, Tu).

Hence
Toroa(7) = {J x O(2) x {1}, J x{£1}’}jer,, ) U{O(2)" x {1} *}ig 5.

63



By 3.1.11 all elements of 7,,,4(7) except O(2)? x {£1}* are 2-stubborn in
o(7).

We will frequently use 2-stubborn subgroups of Spin(7), so we will intro-
duce a simplier notation for them. We denote elements of 7;,..(4) by

N-—O()zc2

—{i1}202
M =
M_

and for each J € 7;,,.(4) let

Ji=7HJ x 02) x {£1}) C 7 1O4) x O(2) x O(1)) C Spin(7)
(3.2.4)

Jo =7 HJ x {£1}3) C 77 HO(4) x O(3)) € Spin(7), (3.2.5)
and for 1 = 0,1, 3 let
Li =7 10(2)" x {£1}7%) C 771(O(2i) x O(7 — 2i)) C Spin(7). (3.2.6)

Symbols defined above will be also used to denote objects of the category
Ro(Spin(7)) (and Ro(O(7))).
As a consequence of 3.1.8 and 3.2.3 we obtain

Proposition 3.2.7. We have
o Wow(N) =1,
o Wo(K) =~ Wouy(M) ~ X,
o Wowuy(M) ~ OF(Xs3) =~ X310 3,.

For any J € Ty (4) we have
o Autr,(spin(r) (J1) = Wapin(r)(J1) = Wo)(J),
o Autr,(spin(m)(Jo) = Wapin)(Jo) = Wow (J) x s,
o Autr,(spin(n) )(Ll) Wsz’n(?)(Li) =30 X Y. ]

As a consequence, we obtain the following theorem:
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Theorem 3.2.8. Every 2-stubborn subgroup of Spin(7) is conjugate to one
of the following subgroups: Ny, Ny, K1, Ko, My, My, My, My, Ls, Lv, Ly.
Every morphism of the category Ro(Spin(7)) is a composition of automor-
phisms and morphisms presented on the following diagram:

ey
[AXX]
N

The groups of automorphisms of objects are respectively

Aut(Nl) = 1, Aut(No) = Aut(Lg) = Aut(K1> = Aut(Ml) = 23
AUt(Ll) = 25, AUt(L()) = 27, AUt(KQ) = Aut(Mo) = 23 X 23
Aut(Ml) = 23 l 22, Aut(Mo) = 23 l 22 X 23

Proof. 1t is a consequence of 3.1.11 and 3.1.12. n

We conclude with a presentation of Ry (Spin(7)) as a sum of two smaller
subcategories. We say, that a small category C is a sum of its subcategories
C" and C" if every morphism of C is a morphism of C’ or C”. Recall (3.1.27)
that there is an inclusion I : Ry(237) — Ra(O(7)) onto a full subcategory.

To construct the other subcategory we need

Proposition 3.2.9. A group J € T,04(4) is stubborn in O(4) if and only if
J € Tir(4).

Proof. Tt J € Tproa(4)\Tir(4), then P = O(2)" x{£1}*7? for some r = 0, 1, 2.
In this case it fails the conditions of 3.1.11, since both groups Wo(2)(O(2))
and Wy ({£1}) are trivial. O
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If P is a stubborn subgroup of O(4) x O(3), then it is conjugate to a
product P' x P" (by [JMO1, 1.6.(ii)]), such that P’ is a stubborn subgroup
of O(4) and P” is a stubborn subgroup of O(3). Hence (by 3.2.9) P is
conjugate to J; for some J € 7;..(4) and ¢ = 0,1. Therefore the inclusion
O(4) x O(3) C O(7) induces a functor

R2(0(4)) x R2(0(3)) = Ra(0(4) x O(3)) — R2(0(7)),

whose image is the full subcategory of Ro(O(7)). Since Ro(Spin(7)) =
R2(O(7)), we obtain

Proposition 3.2.10. The category Ro(Spin(7)) is a sum of the subcategories
I(R2(37)) and Ra(O(4)) x Ro(O(3)). The first subcategory contains objects
L;, N; and K; (where j =0,1,3, i =0, 1) and the second one contains objects
Ni, K;. M;, M. 0

3.3 Even representations of 2-stubborn sub-
groups of Spin(7)

Assume that P is a locally finite subgroup of G := Spin(n) containing the
non-trivial lift of unity u. Each irreducible representation ¢ of P is either a
restriction of a representation of P/(u) (and x,(u) = dim p) or it is not (and
Xo(u) = —dim p). In the first case we say that o is even; otherwise it is odd.
The present section contains the classification of even irreducible representa-
tions of discrete approximations of stubborn subgroups of GG, or, equivalently
representations of the corresponding subgroups of SO(7) (cf. 3.2.1). Odd
representations must be considered separately; the similar classification is
presented in the next section.

Before we begin, let us introduce some notation. The letter 6 denotes
the one-dimensional trivial representation and 7 denotes the non-trivial irre-
ducible representation of the group having two elements. There is a bijection
between the set of irreducible representations of an Fy-vector space V' and
its dual V* = Hom(V,Fy), and for v € V* we have y,(v) = (—1)"®). Let a;,
b; denote elements of the basis of X which is dual to the basis {a;} U {b;}
of X, (cf. 3.1.2).
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Representations of groups I's.

Fix a positive integer n. Recall (3.1.5) the exact sequence
1 — {£1} — Ty 25 X, — 1.

If g,¢' € I'yn are conjugate, then obviously px(g) = px(¢’). On the other

hand, Z(T'yn) = {£I}. Thus I's» has 2> 4+ 1 conjugacy classes of elements

(and the same number of isomorphism classes of irreducible representations).
For any x € X define

Tx = (px)"x € IR(T'an). (3.3.1)
Proposition 3.3.2.
IR(T2) = {rubeex; U{al,

where a is the 2"-dimensional representation with its character given by the
formula

2" forg=1
Xal(9) =4 =2" forg=—I
0 forg#=+I

Proof. Since there exist 2" pairwise non-isomorphic representations of I'sn
which are restrictions of representations of X,,, then there exists exactly one
which is not, say «. The regular representation i of I'sn is a direct sum

) ~ @Tx ® @ dime,

xeX}
Then dim a = 2". Since the first summand is isomorphic to ind?i"[} 6, then
md?ft’}} 7 = a®". As a consequence we obtain the formula for the character
of . O

Proposition 3.3.3. If a € Woen)(I'on) >~ OF(X,,), then a*1x = T4« and
a*a = . In particular, for n = 2 the orbits of the action of Wou)(I's) on
IR(T4) are as follows:

{7_0}7 {O./}, {Tao-i-bm Ta1+b1) Tag+bo+ais Tag+bo+b1s Tag+ai+b1s 7—|E>()-|-a1-i-b1}

{Taov Tbo» Ta1s Tb1y Tag+a1s Tap+b1s Tbo+a1 s Tho+b1y Tag+bo+ai+b1 }
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Proof. The first statement follows immediately from the definition of 7. Fix
n = 2. Recall that O7(X3) is the subgroup of GL(X3) containing matrices
which preserve the quadratic form ¢ (3.1.9). The set Z = {z € X5 : ¢(x) =
1} has six elements, and the relation on Z

r~2 s+ e ZU{0}

is an equivalence relation and has two equivalence classes: {ag+ bo, ap+ a; +
bi,bo+ a1+ b1} and {ay + by, a; +ag+bo, by + ag+bo}, which are preserved by
the elements of O*(X3). Moreover, Z spans X5. Hence O7(X5) C 3315, and
one can check immediately that in fact O (X,) = X301 3,. Now elementary
calculations prove the conclusion. Il

Representations of groups '

Define
c(t) := cos2mt, s(t) :=sin2nt, e(t) = (_622) ig;) € SO(2) (3.3.4)

Let T := {e(5) }i,scz @ Ion-1. The group
f;?z = <TOO,F27L> g 0(2?1)’ (335)

is a discrete approximation of Ion.
We begin with the case n = 2. We have IR(T) = {0k }rezy (cf. 2.3.28),

and by 2.3.32 indgg; o is irreducible iff k # 0; otherwise it splits into the sum

of a trivial representation @ and a non-trivial 7 (since T'y/T> = W; ~ Cy).
Denote

. I . I
Qo1 = indy2 Ook+1, Bop, := ind 2 09k. (3.3.6)

As a consequence we obtain

Corollary 3.3.7.

IR(I'Y°) = {aars1 teezy U {Bok trezy U {0, 7}

Now assume n > 2. Recall the exact sequences (3.1.4) and (3.1.6)
1—>T°°—>f§?lpl>Wn—>1.
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| {41} — T DU T /(1) XV — 1.
For each w € Wy, v € V7 and k € Zj define the following irreducible
representations of I'5°:
Tw = (P )W
" +
52k,v = (p/V) ((lndTio//E{:tI}} Qk)®v>7
where gy, is defined in 2.3.28 (note that T /{+1} ~ Z/2%).
By 2.3.31 each irreducible representation of I'S: is isomorphic to a sub-

representation of deoo ox for some k € Z5. We have the following decom-
positions:

i d;oo 00 = deoZ 0= @ Tw (3.3.8)
weWy
I
ndyic O = EB Dok v- (3.3.9)
vevr

Proposition 3.3.10. For any k € Z, the representation ind;%z O2k+1 1S @
direct sum of 2" pairwise isomorphic irreducible representations (which will
be denoted by qapi1).

Proof. For each s let T := {e(k)iez} @ Ion-1, ng) = (T T'yn) and let g,,,
for m € Z/2°, be the representation of 7 defined by

om (€ (35)) = exp (5¢) € U(1)

() 2()
Let 0 := de(é) 0(2k+1 mod 2¢)- Since resp? o ~ %" (cf. 3.3.2), then o

decomposes into the sum of irreducible representations of dimensions which

are divisible by 2". The regular representation of ng) decomposes as w =
D, /25 ind;%s")) om-. If v is an irreducible representation of o, then it ap-
pears in the regular representation only in the summands de(:) 02k+1 and
ind;((:) 0_or—1 (which are isomorphic). Since the dimensions of both these

summands is 22"~ and dim ¢ > 2", then

() )

F n—1
@2
dT() O2k+1 = 1ndT(g) 0—2k—1 =@ .

Therefore, by 2.3.11, indirrgj 02141 is the direct sum of 2”1 copies of pairwise
isomorphic representations of dimension 2. Il
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Denote irreducible summand of ind;%il 02k+1 from the proof above by
asrr1. The character of aggyq is

2n—le (QL) forg=ce (QL)

Xaokt1 (g) = {0 otherwise.

Proposition 3.3.11. For each n
oo keZH\{0 A
IR(T52) = {rw bwew; U {Bann Hocri U {augps }r%4
and ﬁ%,v = 5—2k,v; 041 = _9f—1.
Proof. Each irreducible representation of ['se is, for some k € Z4, a subrep-
resentation of ind;%fi or. All the cases have been considered in 3.3.8, 3.3.9
and 3.3.10. 0
The following proposition shows how irreducible representations of '3
restrict to I'gn:

Proposition 3.3.12. Letp: X,, — W, and q : X,, — V,, denote the obvious

projections. Then
3%
resps, Tw = Tprw

f‘g% . Tq*V @ Tq*v+a0+b0 fO’I" k cven
reSan /82]‘3)"

Torvtao @ Tgrvibe JOT k odd

3%
resr2n k41 = .

Proof. The first and the last equations are clear. We have

rss, r'ss, wf 1o DS /HET =

resr; Boky = resrzn (py) ((1ndTio§iiI§ Qk)®v>
* e /{£I} . Te/{*I = wf 7o qTa/{%I =

= (pv) <(resF§ /ﬁ[}} lndTiO//{L{iI}]: Qk)®v> = (pv) <(1ndT2(2/>{/{:|:}I} Qk)®V>

Since I'y/{£1} = Fo{ap, bo}, then we obtain

. aTo/{*1} _ )J0@ (ag +bg) for k even
ind o) Ok =
AT} ap ® bg for k odd.
It proves the last equation. Il

The next step is the classification of irreducible representations of wreath
products '} C5 ¢ - - - %, where I stands for either I'y» or I'S3. We do not
consider the general case (since it is not necessary for the proof of the main
theorem), only the wreath products I'? Cy and {+1} 1 C3.
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Representations of wreath products I'! (s

Definition 3.3.13. Let I' be a locally finite group and let ¢, € IR(I") be
non-isomorphic irreducible representations. Define

o N = indl'? p&y € TR(ICy)
(o W4 is irreducible by 2.3.32).
Let e and t denote the neutral and the non-neutral element of Cs.

Proposition 3.3.14. Let I be a locally finite group and let ¢ : T' — U(V)
be an irreducible representation. Then there is a decomposition

indpS2 p®p ~ ¢t @ ¢,

where o, o~ € IR(T'1Cy), and for g1,92 €T, h € Cy

} ) = Xo(91)Xp(g2) for h=e ‘
Yol i) {MXap(glgz) forh=t

Proof. Let
T={e@uveu+teuweveCC) ®crxr) (Ve V)}

={e@vew-teweve CIMNC) @crxr (Ve V)}

The spaces VT and V'~ are I' ! Cy-subrepresentations which are irreducible
since
rest 2V~ rest! 2 VT~ 0@y

is irreducible. Obviously xeu (g1, g2;1) = X(91) X (g2). Let {v;}7; be a basis
of V and M (g) the matrix of p(¢g) in this basis. Then the Collectlon

{'Uij =e®U; (] +tQ® Vj &® ’UZ‘}ijl

is a basis of V. We have

(91, 923 t)vij = (91, 923 €) (T @ v; @ v;) + (g1, g3 €) (e @ V; @ v;)
=t® 92U; @ g1v; +e® g1v; & gav;

_€®ZM g1 zjvl®ZM 92 kzvk+t®ZM 92 kzvk®ZM 91)1501

= ZM 91 ;M 92 ki Uik
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Finally we obtain

Xet (91, 92i) = Y M(g1)ig M (g2)5i = > M(g192)ii = X(9192).

Similarly x,- (91, 92;t) = —X»(9192)- U

Representations of K = {£1} (%

By Proposition 2.3.31 all irreducible representations of K are subrepresenta-
2 _

tions of indiiﬂi% (®aec§@a) for ¢, € IR({£1}) = {0, 7}. We will denote

them by « with some indices, and the lower index is the number of non-trivial

representations among ¢,’s.

Let p : G — C2 be the obvious projection. The representations

2 -
1 = ind{L 7 020087

and e
Y5 = indj )y ? 0T@TET

are irreducible. For o, € IR(Cy) = {0, 7} define
W= (e@y), Y = (p®¢) © det.

There are decompositions

ind{} )\ 0808080 ~ P Y

P, eIR(C2)
indgﬂfg TRTRTRT ~ @ ’yf’w.
P, eIR(Ca)

Now choose a € C2\ {(0,0)}. Since {£1} 1 C2 ~ ({£1}(C/1) ) (a)) x
(C2/(a)) we can define the representations

b (OO (C2/la)) =
Vo0 = 1nd({i1}<03/<a>)z<a>) 2 (ORT)#

for p € {4+, —}. Again, we obtain the following decompositions

2 _ _ _
indgﬂi% 0RORTRT ~ vgfa D V2,05

where a is the difference between coordinates with the same isomorphism
class of representation. As a consequence we obtain
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Corollary 3.3.15.

RU{E1F2C5) = {1,753 U167 75 Fgerony U Yo ooy

Since the action of Wou)(G) = GLy(F2) ~ 33 on G is the obvious one,
we have

Corollary 3.3.16. Here follow the orbits of an action of Wy (G) on IR(G):

0,0 0,1 1,0 1,1 0,0 0,1 1,0 1,1
{70 }7 {’70 Y0 >0 }7 {/74 }7 {’74 y V4 V4 }’ {’71}7 {73}

o Yooy 20t e Yoo Yyt

Denote
% = a0 @ 2w D 20 (3.3.17)
V2 = Ya00) D V20 D V21 (3.3.18)

Once we have listed irreducible representations of ”pieces” which build
up every 2-stubborn subgroup of SO(7), we need to describe sets the IR, (P)
for P being a 2-stubborn subgroup of Spin(7) (or equivalently, IR(P/(u))).
Recall that every 2-stubborn subgroup of SO(7) has the form (ILP;) N.SO(7)
where P;’s are isomorphic to one of the groups I's 2 Co, Ty, Ty, Ty 2 022, Iy or
Fl.

Representations of groups L:*°

Let
Up:={(as,...,ax) € {1} 1 a1...ap =1} (3.3.19)

and let U7 be a dual group. For each sequence (i, ...,u;) € {F1}F =
IR(Cy)* define

ck - -
Tt regure) “= T€S 1@ . . (3.3.20)

Let nf == @ T(u1,...ue)> Where the sum is taken over all sequences such that
—1 appears exactly i tlmes

Proposition 3.3.21. Assume that k is an odd integer, and that o is an
Y-tnvariant representation of U,. Then o is isomorphic to a direct sum of
representations n¥ fori < k/2.
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Proof. 1t is clear that p is a sum of n . It k is odd, then 7, ) is
isomorphic to 7, . ). Therefore 77 is 1somorphlc to nk ~and the lower
index can be assumed to be less than k/2. O
We have B B
Ly = ((T3°)° x T1) N SO(T) ~ (TF)°
L = (I5° x (T1)°) N SO(T) ~ T5° x Us
LO = (F1)7 N SO(?) ~ U7

These isomorphisms are given by the formulae
(T)? 3 (g1, 92, 93) — Alg1, g2, g3, det grgags) € SO(T) (3.3.22)
[5° x Us 2 (g,v) — A(g,u-det g) € SO(7) (3.3.23)

and the isomorphism (T'1)" N .SO(7) ~ Uy is obvious (A(my, ...,m,) denotes
the matrix obtained by putting the matrices m; on the diagonal).

Corollary 3.3.24. We have
IR (L5) = IR(S), IRe(L59) = IR(ES) X U, Reu(Lo) = U

The group We (L) ~ 3 acts on IR(L$®) by permuting coordinates. The
action of Wg(L$®) ~ 35 (resp. Wg(Lo) == 37) on IR, (L5°) (resp. TRey(Lo))
is the natural action on UZ (resp. U7). The orbits of W¢(L;) on IR, (L;) are
listed below:

[Rey(L3) = {00080} perr(r,) U {0Q0Q0, 0200, 00080} ptretr(Ty) U
U {0®0®T, 087®0, 080T, 0QTR0, T®0®0, TROR0} ytotreIR(Fs)
IRey(L1) = {0®7 k}k =0,1,2 IR.o(Lo) = {ng}k:0,1,2,3'

QEIR F2

Proposition 3.3.25. Let p@9yQ@w be an irreducible representation of L3° =
(T5°)3, and let i : T° x Us & L — L be an inclusion sending the factor
['s° of LS onto the first factor of LE. Define the sets Iy = {(1,1)}, I, =
{(=1,-1)}, I, ={(1,1),(=1,-1)}, 1o, ={(1,-1),(—1,1)}. If ezactly one

of the representations 1, w is isomorphic to oy, for some k € Z%, then

F(p@Y&w) = (¢ ® det)® @ @ Tl izapisjia,D))-

(u1,p2)€Ly (13,p4) €L,
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Otherwise

i"(e@ew) ~ 0@ D P Trsmmsan):

(u1,p2) €Ly (13,p4) €L

Proof. Note that the map I's® x Us — ['s° x T's® x I'S° is given by the formula
(.97 (617 €2, €3, €4, 65)) = (gﬂ det g- A(ela 62)7 det g- A(637 64))‘
We have

Xoowaw(ds (1,5 1)) = Xp(9)xp (—12) X (—12) = Xp(9)Xypaw(—11).

Thus at the first coordinate appears ¢ ® det if one of v, w is isomorphic to
ay and ¢ otherwise. What appears at the second coordinate is clear, since

T(1,1) for o ~ 0

ry ) T foro~r1
res iz 0 = ¢ N
T(1,-1) D T(—1,1) 10T 0 = Qg

T, @ 71—y for o~ B O

Corollary 3.3.26. Let nf(hm) = D Tuy o pis a5 » Where the sum is taken over
all sequences such that exactly [ of the numbers uy, o are equal —1, exactly
m of the numbers ps, p14 are equal —1 and finally ¢ of the numbers p1, ..., us
are equal —1. Then

resﬁ? PRk 11k 41 90®77§(1,1) resigz PR 41 Q0 ~ S0®77?(1,0)
resi? PR 1 DT ™~ <p®n§(1,0) resﬁ?o PRIR0 ~ p@n;
]fesﬁz PRIRT ~ 90®77§(0,2) resﬁ? PRTET §0®77?(0,0)‘
and

resﬁ‘léo: PR Lo Qw =~ resﬁz PR (0 & T)Quw,
reséf’; CRYR Poy, = resﬁz PRYR(O ® T).

Proposition 3.3.27. Let 0®T(u, o s papus) b€ an irreducible representation
of LY. If puy ... s = 1, then

oo

Le -
resy  POT(uy o,z pasns) @ T 1ty 01 02,143 15 ) -
(u115) €l
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Otherwise,

@ T(— )= paly 111 102 03 o 15) -
(/’L/I Hu/2)€LP

Proof. The conclusion follows from the fact that the map U; — Fg@ X Uy is
given by the formula

(81, €2, €3, €4, €5, €6, 67) — (A(Gh 62)a (616263, €1€2€4, . .., 616267))- O

Corollary 3.3.28. Let 772.7(1) = @ 74,....ur, Where the sum is taken over all
sequences such that exactly [ of the numbers py, ps are equal —1 and exactly
¢ of the numbers i, ..., u7 are equal —1. Ys-invariant representations of L{°
restrict to Lg as follows:

ap®mg = iy 0805 — g TR = M)

04k:®77? = 77;(1) 9@”7? = W§(2) T®77? = 77;(0)

ay@n; — U§(1) 0&n; — 77;(0) T 77:5(0)

Moreover, resﬁc B @n =~ resgljo O T)2n;.
Representations of groups N°, K, M and M
Let J € T;,..(4) = {N, K, M, M}. Fix isomophisms

J* x U3 3 (g,v) — Alg,v - det g) € Jg°,

J® x T > (g,h) — A(g, h,det g - det h) € J;°.

Denote the representations corresponding to elements of U; by

To = T(1,1,1), Ti = T(1,-1,-1)» Tj = T(-1,1,—-1), Tk = T(=1,-1,1)-

(3.3.29)

Proposition 3.3.30. (a) There are bijections

TReo(J°) ~ IR(J®) x IR(Ts), IReo(J°) ~ IR(J®) x Us

(b) The group Wg(J2°) acts naturally on IR(J®) and trivially on IR(T'S).

(c) The action of W (J§°) ~ Wa(J5°) x X3 on IR, (J§°) is product-wise.
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(d) The restriction map
TRpo(J) = IR(J®) % TR(I) — TR(J®) x Uz = TRuu(J5)

s given by the formula

0Ty for w~0
B 0T forw~r
02(10 © ;) Jor w == By,

(o®det)®(1; & 71)  for w = agptr.

Proof. The action of the Weyl group is clear. The inclusion J* x Us ~ Jg° C
J° ~ J*® x 'S is given by the formula

(9, (a1, as, a3)) — (g, A((=1)" det g, (=1)* det g, (=1)*)).

It implies that the restriction formulae are valid. Il

The previous proposition shows that we need to know the action on
IR(J>°) given by tensoring by determinant representation. It is trivial in
cases J = M and J = M since these groups are contained in SO(4). For
J = K it is given by

(5

o C IR et Y (R i

and for J = N by
g1 X O — g X 7, Bar, M O = Bo, X T, T - 0T, T =0

and it is trivial in other cases.

3.4 Generators-and-relations form of N

Denote G := Spin(7). In the next section we classify odd representations of
discrete approximations of 2-stubborn subgroups of GG. It requires different
methods than the even case. The main reason is that stubborn subgroups of
Spin-groups are not products of simpler groups. Hence we need to present
the group N7° in the generators-and-relations form. Of course, it does not
exists any finite presentation of N7{°. Instead, for each n > 1, we give a

presentation of the finite subgroups Nl(n) (cf. 2.1.7). It is sufficient since
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every element of N{° can be written as a product of generators of Nl(n) (if
n is large enough). We regard G as the double covering of SO(7) and we
represent elements of G' by paths in SO(7).

Let v € G be a non-trivial lift of the unity of SO(7) and let e;; be a
matrix which has an (7, j)-th entry equal 1 and other entries equal 0.

Definition 3.4.1. Let E(k,[;s) be an element of Spin(n) given by the path

[0,1] 5t Z ei; + c(st)(ew + en) + s(st) (e — ew),
ikl

where s and ¢ are defined in 3.3.4.
Here follows a list of relations between elements F(k,[; s):
Proposition 3.4.2. The following holds:
(a) E(k,l;8)E(K ;s = E(K,U;$)E(k,l;s) for k,k' [l pairwise different
) =

18) = E(l, k;—s)

k,l
k1
k1
kL) E(m; 3) = E(k,m; 3)
(f) E(k,m
(9) E(k,1;$)E(m,n;s)E(k,m: s)E(l,n; s') =
= E(k,m;s")E(l,n; s")E(k,1; s)E(m, n; s)

8Bk, ;Y = Bk, I; ) E(,m;s)

ISV AR

(
(
E(
(¢) E(
(
(

Proof. For any paths w, ' in G a symbol w o w’ stands for a composition of
w and &', and w ~ w’ means that these paths are homotopic.

(a) Since all elements of the paths F(k,l;s) and E(K',l';s") commute the
paths commute too.

(b) Obvious.
(¢) E(k,l;1) is a generator of m1(SO(7)).
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(d) Letj = Zi#k,l,m €4

E(k,; %)E(/{ m; s)E(k,l; — )
~ (B (k%lé)oe(
(E(k,l;— )oe(k,l
~ (B(k,1;3)-1-E(k,l;—3)-I)o(e(k,l;5)E(k m;s)e(k,l;—%)E(k,m;s))

1
"2
~e(k,l; ) E(k,m; s)e(k,l; —3)E(k,m; s)
)

P?‘A

y Uy 5
~ [+ emm — err — en) (G + ey + c(st) (exr — emm) + 5(5t) (€xm + €mi))]?
~ [j —eu + c(st)(—ewr + emm) + 5(5t)(—€xr — €mm)]?
~j+ey+ (c(st)2 + 5(515)2)(ek;€ + emm) =1

e., f., g. Similar arguments.

O
Define
T :={E(1,2;t1)E(3,4;t2) E(5,6; t3) : t1,ta,t3 € R}. (3.4.3)
Obviously, T is a maximal torus of G.
Remark. The homomorphism
R® > (t1,ts,t3) — E(1,2;t)E(3,4;t5)E(5,6;t3) € T (3.4.4)
induces isomorphisms
R?/(ky, ko ks : ki €EZNky+ky+ ks €2Z) =T (3.4.5)
and
Z[%]/(k’l, ko ks : ki € ZNky+ ko + k3 € 2Z) ~ (3.4.6)

Proposition 3.4.7. Let N ) denotes the n-th discrete approximation of Ny
(cf. 2.1.8). Then N1 ") s generated by the following elements

=E(1,227"), y=E@3,427"), z=E(562"),
= E(3,43)E(1,3; 1) E(2,4; 1)
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and the relations

A= ==>"=s=3" =¢y¥ =¥ =u, u? =e,
ba = abu, cb = bcu, ca = acu,
sa = bs, sb = as, sc = cs,
ra = ax ", yb = by, ze=cz !,
xrs = sy, ys = s, zs = Sz,
xb = bz, re = c, ya = ay, yc = cy, za = az,
yr =z, Zr =12, zy = yz.

Proof. 1t follows from 3.4.2.

Elementary calculations lead to the following:

zb = bz,

Proposition 3.4.8. Here follows the list of generators of n-th discrete ap-

proximations of 2-stubborn subgroups of G = Spin(7):

hd N:En) = <a7 b? C? S?’x7y7 Z)?

° N(gn) = (a, b, c,s,x,y,zykl)

b Lgn) = <a7 b? C7 m? y? Z>7
b L(17Z) - <a7 b? C’ x? y2n717 Z2n71>7

(n) o 271—1 2n—1 2n—1
.LO —<a,b,c,.¢1: Y )~ >;

(n) _ 277,71 2n71 27172 27172
b Kl —<a,b,C,S,]}' ;y x y 7Z>7

)

(n) o on—1 on—1 on—2 on—2 on—1
.KO —<(I,b,C,S,1’ 7y 733 y ) 2 >7

b M:En) = <ab7 c? S? x2n71 ) y2n717 xy? Z>7

° ]\7[0(n) = (ab, ¢, s,z ¥ oy, 22"_1)

)

1 —1 —2 —2
° Ml(n):<ab,c,s,x2n T TL A

Y

—1

(n) o on on—1 on—2 on-—2 on—1
o My = (ab,c,s,x Y , T Y X ).
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We conclude with presentations of groups W¢(P) for some P € Ro(G):

Proposition 3.4.9. Fizn > 4. Let

o 2n—3 277.—3

n—3 _on—3
hy =z vy , hy = 22 2

Then

We(Ny) =1, We (K1) = (k,2¥"7) ~ 5,
Wg(Ml) = <h2,/{5_1h1]{5> ~ 33, Wg(Ml) = <k‘,h1,h2> o~ Yig Do,

and for every J € Ty (4) = {N, K, M, M} we have
WelJo) = Wel(h) x (L2""") = Wa(J1) x 5.

Proof. 1t follows from elementary calculations and from 3.2.8. O]

3.5 0Odd representations of 2-stubborn sub-
groups of Spin(7)

In this section we classify odd irreducible representations of discrete approx-
imations of 2-stubborn subgroups of G' := Spin(7). In the construction of
a faithful representation of DI(4) we use only parts which are devoted to
My and L. The classification of odd representations of other groups is pre-
sented here for completeness only, however, it could be useful for finding
other examples of representations of DI(4).

Definition 3.5.1. Let P be any stubborn subgroup of G from the list in
3.2.8. A root (resp. an even root, an odd root) of P is any (resp. even, odd)
irreducible representation of 7°° N P. Denote by Rt(P) (Rte,(P), Rtoa(P))
the set of all roots of P (resp. the set of even roots, the set of odd roots).

By 2.3.28 any irreducible representation of (Z/2*) ~ Z[1]/Z? has the
form g, ko ks, for ki, ko, ks € Z45. From the isomorphism 3.4.6 follows that
any irreducible representation of 7°° has the form o, x, x,, Where

ki,ko, k3 =0 mod %, and k; = ke =k; mod 1. (3.5.2)
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Then IR(T) = (ki, ko, ks € 375 : k1 = ko = k3 mod 1). It easily follows
that IR,q(T°) ~ (5 + Z4)®. For each P the set of roots Rt(P) is a quotient
IR(T>°)/Lt(P), where

Lt(P) = {w € IR(T™) : restop w is trivial}. (3.5.3)

By 2.3.31 every irreducible representation of P> is a subrepresentation of
indfep w for w € Rt(P). Moreover, this representation does not depend on
a choice of w within its P> /(7 N P)-orbit. Our goal will be to decompose
representations of this kind into irreducible summands. To do this we will
use Propositions 2.3.32 and 2.3.33 to a pair of groups TN P C P> whenever
possible. First, we need to calculate an action of P> /(7> N P) on Rt(P) by
conjugation.

Proposition 3.5.4. We have

Lt(Ny) = Lt(Ls) = 0, Lt(No) = ((0,0,2)),

Lt(‘Ll) <(07 2 O)? (07 0, 2))7 Lt(LO) <(27 0, 0)7 (07 ) (0 0, 2)>7

Lt(Kl) <(470 O)? (27_270)> Lt(KO) <(4 0 0)7 (27 )7(07072)>7

Lt(My) = (2, -2,0)), Lt(Mo) = (2, -2,0), (0 0 2)),
Moreover,

(a,b,c,s) for P = Ny, Ny, K1, Ky
P®/(T*NP) =< (ab,c,s) for P = My, My, My, M,
<CL,b,C> fOTP:L?)aLl;LO?

and for (ty,te,t3) € T (here we use the isomorphism 3.4.6) we have

Proof. 1t follows from a strightforward calculation using 3.4.7 and 3.4.8. [
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Odd representations of M,

Since Rtoq(My) = IRa(7)/((4,0,0),(2,—-2,0),(0,0,2)) there are exactly
16 odd roots of M, and each has a unique representation as («a, 3,7) where
a e {-3,-3,3,3}, 8,7 € {—3,3}. There are four orbits of the action of

My /T N My on Rt,q(My), namely

O = {130, (12— (-2 D). (-1 -1)
O = {3~ 1), 3 -5 -1, (-3 1D, (4.1, -)
O = {310, (4 1 —1). (4~ D). (41 -1
O = ({5 -1 (h—h -, L LI Ch D)

The stabilizer of the action of My/(T° N M) on the set of roots has 2
elements for each root w. Therefore each representation ind}% M, w decom-
poses into two irreducible and non-isomorphic representations of dimension 4
(cf. 2.3.33). Now we construct these factors. Define the following subgroups
of My:

+ 2n72 3.277‘72 271,71 - 277,72 3.277‘72 anl
Hl - <l‘ ) u, sT >7 Hl - <£IZ’ ) u, ST u>7
+ 27172 3.271,72 znfl - 2n72 3.277,72 2n71
H2 - <$ Yy ST >7 HQ - <$ Yy ) ST U),
n—2 n—2 n—1 _ n—2 n—2 n—1
Hi = (@*" 9y*" “u,absz® ), Hy = (2*" " y*" “w,absz®  u),
n—2 n—2 n—1 _ n—2 n—2 n—1
Hf = (¥ 7?7 absa® ), Hy = {(2*" "9*" " absx®" u)
Ee{+7_}

Note that these groups are normal in M. Let H := {H;},.(5 5.
For i € {1,2,3,4} and ¢ € {4, —} define the representations

;= 1nd<Hl_57u> S ey T

where 7 is the non-trivial irreducible representation of (H, u)/Hf ~ Cs.

Proposition 3.5.5. For each w € OZMO there is the following decomposition:

(indp2yy, w)® = 0 @ 0; .
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Proof. Since both Hf, (H,u) are normal subgroups of M, we have

16 for g € H;
Xo:(g9) = ¢ =16 for g € uH;
0 otherwise

Moreover, H;" N T N My = H; NT> N M, and

HF 0 (Mo \ (T N My)) = uH; N (Mo \ (T N My)).

Then
32 forge H; NT*™N M,
Xg+(9) + xg-(9) = { =32 for g € uHF NT>N M
0 otherwise

and thus it is equal to four times character of indg\pﬁém M, w- The equity of
characters implies the isomorphism of the corresponding representations. [

Proposition 3.5.6. For each i € {1,2,3,4} and e € {+,—}
95 ~ (\5)%
where X is an irreducible four-dimensional representation. Moreover, for
w e oMo
md%%m\/[o w~ BN

Proof. Existence of A;’s follows from 3.5.5 and their irreducibility follows by
checking its characters. O

Corollary 3.5.7.
IROd<M0) = {A:—l’—’ A1_7 A;? >\2_7 A;? Ag_’ AZ’ AZ}

Proof. By 2.3.31 all irreducible representations of Mj are subrepresentations
of ind]%/[o%mMU w where w € Rt(M). O

Now we calculate the action of W (M) on IR.q(Mp). Recall (3.4.9) that

Wea(Mg) = (h, ha, k1,25 7) = (S50 5) x 24
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Proposition 3.5.8. The conjugations by the elements k, hy, ho and a induce
the following action on 'H (and hence on IR,q(My)):

H} < Hy Hf < Hf
CHy < Hy I+ - I+ - CHy < Hy
Hy « Hf Hy < Hy

The conjugations by elements | and 22" act trivially on H ~ IRq(Mo).

Proof. 1t is straightforward from the computations below:

n—1 2n—2 2n—2 2n—1 2n—1 2n—2 2n—2

E-Ysa® )k =abx® y* wabr® T u=21" y* u

_ n—1 _ n—2 n—2 n—1 n—2 n—2 n—2 on—2
E~Nabsz® )k = k7 tabka® y* uw=y* wa® y¥ u=2" "y,

2n71) 1

— _ n—1 n—
a (s a=a t'bsz®" u = absxz?

_ n—2 n—2 _ on—2 n—2 n—2 on—2 >
a '@ Ty a=atar? Ty u= (2 Ty w)d O

Corollary 3.5.9. There exist two orbits of the action of Wg(My) on the set
IR,q(My), namely { A\, Ay } and {\[, A\, A5, A, A5, Af . In paticular, every
We(Mp)-invariant odd representation of My is isomorphic to

AL @A) D (AT OA, @A & AT @ A5 dA))9™.

for non-negative integers r; and rs.

Odd representations of K

The restriction Rt,q(Ky) — Rtoq(Mp) is an isomorphism (since 7°° N My =
T°° N Ky) but the group Ko/(T> N Ky) acting on Rt,qs(Ky) is larger than
M, /(T N My). The roots lie in two Ky/(T>° N Ky)-orbits:

Of =0 u0oy and  OF =0 U0
Proposition 3.5.10. We have IR.4(Ko) = {uf, py, g, ity }, where
pf 2 indjp A 2 indf A] and oy indf A5 & indj A

Proof. Since the action of Ky/My ~ Cy on IR,4(My) is free (cf. 3.5.8, the
action of a), then indﬁ% A; is irreducible for each ¢ and each . [
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Corollary 3.5.11. The restrictions of irreducible representations of K to
M,y are as follows:

respd pf 2 AT @ AT resi pp = AT @A}
respt pu3 2 AF @A resi py = Ay @ A3
Recall that W (Ky) = (k, 2" ") ~ 3. Since 22"~ = hyhy then 22"

acts on H by swapping H; with H; and H,y with H,. This implies (cf.
3.5.8)

Proposition 3.5.12. The generators of Wa(Ky) act on IRq(Ky) as follows:

kopf opy 2 i opy. O
Corollary 3.5.13. There are two orbits of the action of Wg(Kj) on the
set IR,q(Ko), namely {uy } and {u7, pg, i3 +. Each odd Wg(Ky)-equivariant
representation o of K| is isomorphic to

(D)™ @ (@ g & py )"

(for some integers 71, r2) and o € Rep,4(Kp) is W (Kp)-equivariant if and
only if resﬁ% 0 is We(My)-equivariant.

Odd representations of M®
Recall that Rt,q(Mo) = IRoq(T%)/{(2,—2,0), (0,0,2)) and Mg°/(T>NM,) =

{ab, c, s). Note that each odd root of M has a unique presentation as («, 3,7)
where 3,7 € {—1,1}. Moreover, each orbit of an Mg°/(T> N Mjy)-action on
Rt,q(My) has a representative (possibly non-unique) having a presentation

of the form (o, 3, 3).

—

Let w, := (o, 3, 3) and let OMo he an orbit containing ws.

Proposition 3.5.14. The orbit 0330 15 free if and only if o = —% mod 2
and o # —%. Otherwise its stabilizer has two elements.

Proof. The subgroup (ab, c)_acts freely on odd roots of M. To check whether
the action of Mg°/(T> N M) is free we need to find if sw, € (ab, c)w,. If
o =3 mod 2, then

Swe = S(a, %, %) =(a,d)=0Gad)+ %(a - (2,-2,0) = (o, %, %) = Wy



and if a = —% mod 2 then

~ AT T
(=3, —a,2)—1(a+1)(2,-2,00=(—a— 1,1 ) =w_.
Heir)lce the orbit Ofl% is free only for a = —% and « # —a — 1 (ie. a #
—2). O
2

Let v, := ind%; We. Vo is an 8-dimensional representation and each o €
0

IRoq(Mpy) is a subrepresentation of v, for some . The following proposition
lists some properties of the representations v,:

Proposition 3.5.15. The following holds:
(a) If « =% mod 4, then there exist v}, v, € IRy (M) such that

)T
+ - Mo , + + Mo  — -
Uy XV, U, resy. Vo A7, resy. Vo ™ A7,
and both v} and v, are irreducible.

(b) If a = =2 mod 4, then there exist v}, v, € IRoq(M§®) such that

a) o
+ - Mo  + + My , — -
Vo >V, DU, res e Vo 2 Ag, resy V, 2 Ay,
and both v} and v, are irreducible.

(¢c) If a =2 mod 2 then

Mo + —
res ) Vo 2 A3 @D A3,
and v, 1s irreducible.

(d) If o = —% mod 2 and a # —1% then

2
Mo + -
resy Vo = Ayp D Ay,
and v, 1s irreducible.

(e) If a = =%, then there exist v, v, € IR,(MS®) such that

2 a’Pa
+ - Mo  + + Mo - -
Vg XV, DU, res e Vo ™ AL, resye V, Ay,

(&7

and both v} and v are irreducible.
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Proof. In cases ¢) and d) v, is irreducible and in cases a), b) and e) it
decomposes for a sum of two irreducible and non-isomorphic 4-dimensional
representations. Now note that

M o° M . M>® . M > T M, n -
0 — 0 0 — 0 0 —
resyse Vo = TeSygo indpl v wo = dpsnyy, T€8pemny Wa = Ay @ A

where i =1 (2, 3, 4) if @ = £ (resp. —%, %, —%) The statements in cases ¢)
and d) are clear; in a), b) and e) v the factor which restricts to A\j and v,

is the factor which restricts to A; . O O

Proposition 3.5.16. Each odd irreducible representation of MS° is deter-
mined by its restrictions to My and to (zy).

Proof. Let gk, k € Z% be the irreducible representation of Cy= which corre-
sponds to k. Then

Mge @4 Y
TeSiy Va2 00 1907 1
2 2
rest 8+ o res ™ -~ 0™, @ o™
(zy) "o T T (zy) Ta T aJr% ,a,%
Hence the restrictions of irreducible odd representations of Mg° to (zy) are
isomorphic only in the following cases:

Vo™=V g1 and  vi~y, ~vh  ~vT
If a = % mod 2 then restriction of these representations to M, are not
. . . _ 1 + _ .
isomorphic since o Z —a —1 mod 4. If « = —5 mod 2 then v, (v, ) is
isomorphic to v_,_; (resp. v, _;, v7, ). O

Proposition 3.5.17. The generators 22"~ and | act on IRoq(My) trivially
and hy, k~'hik act in the following way:

o ho(vf) =vi,_y for a« =5 mod 2 and hs(0) = o for other irreducible

representations o € 1R,q(My),

e ifa=—32 mod4, then k™' hik(v)) = vy and k' hik(vy) = v}. For

other representations o € IRoq(My) we have k~hik(0) = o.

Proof. Both hy and k~1h;k act trivially on (xy) and hence on IR({zy)). The
action on IR,4(My) is given by

ho i Ay Ay k7 hik AT e A\
and 2", | act trivially on both IReq((zy)) and IR,q(Mo). Now the applica-

tion of the previous lemma gives the conclusion. O]
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Now let us give some corollaries:

Corollary 3.5.18.

TN [+ - + -
IRoq(Mo) = {V2a+%’ V2a+%}aEZQ U {VZQ_%}aEZQ\{O} U {V_%7 V_%}

Corollary 3.5.19. Let ¢ be an odd W (My)-invariant representation of Mg°.
Then p is a direct sum of the following summands:

2k

o v 1, keZ)\{0},
2

OVJr

)

N | —

o

9

N |

v o, keZy,
4k+§

vt Jevt sev 5 Z) e A
4k+35 —4k— —dk—35

[\ [N

Corollary 3.5.20. Each odd Wg(My)-invariant representation of Mg° such
that its restriction to My is W (Mp)-invariant is isomorphic to a direct sum
of the following summands:

oV BV
-3 4k+§

+ +
.yl@l/4kl k-3
2 +3 —4k—3

o vt vt & 1
dk+5 —4k— —4k—35 4l+5 dm—3 n+=

[NV

Odd representations of Nj°

Since Rtoq(No) ~ IR,q(7°)/((0,0,2)) and N§° /(T N Ny) ~ (a,b, ¢, s), then
each root w € Rt,y(Ny) can be presented uniquely in the form («, 3, i%) and
each N§°/(T°° N Ny)-orbit has a representant having the form (o, 3, 1) where
a, 3= % mod 2 (this presentation is not unique unless o = 3).
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Proposition 3.5.21.

IRa(NG®) =={§{2w+%2b+%}}a¢bezg LJ{f;;+%7§;;+%}a€ZQ
Proof. Let &, := 1ndT§30m\,0 w. BEvery o € IROd(N $°) is a subrepresentation
of &, for some w of the form («, f, 2) a,0 =< mod 2. If a # [ then w
lies in a free Wy,-orbit hence ¢, is irreducible (Wlll denote it by &(q,g); note
that &a,p ~ §(pay)- If @ = B then s € Ng°/(T> N Ny) stabilizes w and
hence £, decomposes into the sum of two 8-dimensional representations £
and & . ]

Proposition 3.5.22. The following table lists the restrictions of irreducible

odd representations of Ny to Ko and M, (fora =g = % mod 2):

Ng® Np?
0 resge 0 TeS 70 0
a =L mod4 T 1 vt v v
§{a,B) 6 P D g a—l—,@—% © a+ﬁ_% © —a+B—%
, Q mod 4 5 Dy vt dr- SR 1
§lapy @ FE B Ho D [y a+ﬁ_% a+ﬁ_% —a+p-3
&s puf vl evh
Zamy 73
o My v ®br
20172 2

Proof. For a # (3 we have {(q,51 = indé\fg:m\,0 w, where w = (o, (3, %) Hence

resNgof = resyd ind20 w = ind%2 A
Ko S{aB} = 'K, TNNg ¥ = ToNKy tYT*NK,

= indpl g, 1 = 1 @ 17,

where 1 = resgzg% w € Rt,q(Kp) lies in the orbit OF° if o = f mod 4 and

OX° otherwise. Similarly,

Ng° Ng° . N&°
TS o §la By = TS o ind &y, w
_ 0 T>°NNyg
= EB deoomM TES roorigy 9 W
gGWGNQ/WGMO
0 T>°NNg 0 T>NNg
1ndTOO ity TS ooz, W P 1ndToo ito TS0y a”

w
Jr
=V 1 9v b v 1.
a+ﬁ— a+ﬁ—% _O‘+f3_ 2
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For roots of the form w = (a,a, %) the representation &, splits into two
irreducible ones. We choose £ to be the one which restricts to pf and &
to be the one which restricts to p; (since res%g £o >~ pf @ py). Similarly to
the case a # (3 we see that

Ng° Ng® oo
res b &8 ~1F @0 res 0, &~ @y
0 2af§ -5 0 204—5 -3

where the signs ¢, (, n, # must be equal to 4+, +, — and — respectively, since
resjﬂ\}? &~ resﬁ% 1y AT B AT O

Odd representations of groups J{*

Let J be one of the symbols N, K, M or M. Recall that Wg(Jy) =~
We(J1) x X5 where the factor Y3 is generated by 22"~ and I. Moreover,
the elements 22"~ and [ act trivially on IR.q(J5°). Now we classify odd
irreducible representations of Ji*.

Proposition 3.5.23. An odd representation of Ji° s irreducible if and only
if its restriction to Jg° is irreducible.

Proof. Let w € Rtyq(Jy). The J{°/(T>° N Jp)-orbit of w is isomorphic to the
J3° /(T N Jy)-orbit (and hence J§°/(T° N Jy)-orbit) of w|y,. Then both of

. . TS TS .
them are either free (in that case both ind7; w and indpk; w are irre-

ducible) or has an order 2 stablizer. In this case ind:ﬁzm 7, w decomposes into
two irreducible representations and this splitting agrees with tha splitting of
TS

indyen 7, w- [

Proposition 3.5.24.
TRoa(J7°) 2 TRoa(J5%) X (5 + Zy)/{£1}.

Proof. The map resgzgﬁé : Rtoa(J1) — Rtoa(Jy) is a surjection and the
counterimage of any root (a, 3, 43) is the set (o, 8, £(2k + 1)). O

Definition 3.5.25. Fix ¢ € IRoa(J5°). Let (o, 3,3) be a root of o. De-
note by o., the irreducible representation of J{° with root («, 3,7) such that

resil?o 0., =~ o (the previous lemma asserts the this is unique up to isomor-
phism).
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Proposition 3.5.26. Fiz J € T;,,(4) = {N, K, M, M}, ¢ € IRoa(J$°) and
v € 3 +Zy. For any g representing an element of Wa(J1) we have g*(0,) ~
(g%0).y (obviously We(J1) C We(Jy)).

Proof. By 3.4.9 we can assume that g € (k, hy, hy). Then g~ 'zg = z and the
conclusion follows. O
Odd representations of groups L:°

We conclude with a classification of odd representations of groups L;, i =
0,1,3. The sets of odd roots of these groups are respectively IR,q(7T°),
IR0 (7°)/((0,2,0),(0,0,2)) and IR.4(7T)/{(2,0,0),(0,2,0),(0,0,2)). Let

. L®
Kla,pn} = dpien, w, w= (a,B8,7) € Rtoq(Ls)

. L®
/‘i{a} = lndT}X’ﬂLl W, W= (aa %7 %) € Rtod(Ll)
K= ind’%goﬁLo W, W= (%7 %a %) € Rt0d<L0)-
Proposition 3.5.27.

IRod(L3) = {’%{a,ﬁ,’y} e ﬁﬁ = % mod 2}
IRoa(L1) = {Kay s =5 mod 2}

IROd(Lo) = {H}

The group We(Ls) ~ 33 permutes indexes at k{ap~y and the groups Wea(Ly)
and Wq(Lo) act trivially on the corresponding sets 1R qq(L;)

Proof. Obvious since the action of L°/(T°°NL;) on the set of roots is free. [
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Chapter 4

Homotopy representations of

Spin(7) and SU(2)"

Recall that an m-dimensional homotopy complex representation of a compact
Lie group G at prime p is a map BG — BU(m);. This chapter contains a
partial classification of homotopy (complex) representations at 2 of some
classical Lie groups. Of course, we are mainly interested in groups Spin(7)
and SU(2)3, which appear in the centralizer homotopy decomposition of the
2-compact group DI(4).

4.1 A spectral sequence calculating cohomol-
ogy of El-categories

Let C be a small category and M : C — Ab a contravariant functor. The
n-th cohomology group of C with coefficients M is the n-th derived functor
of the inverse limit functor evaluated on M. In this section we state some
properties of cohomology groups of categories. Throughout this section R is
a commutative ring.

Definition 4.1.1. Let C be a small category. An R[C]-module is a con-
travariant functor C — Modg.

Remark. The category of R[C]-modules, denoted by Modpy, is abelian and
has enough injectives and projectives.
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Remark. Let G be a group and ((G) the category with the single object
* and morphisms Morgg)(*,%) = G. Then R[3(G)]-modules are exactly
R[G]-modules and H*(B(G); M) = H*(G; M).
Cohomology groups are functorial with respect to both a category and a
coefficient module. If
0O— M —M-— M —0

is a short exact sequence of R[C]-modules, then there exists the long exact
sequence of cohomology groups

. — HY(C; M) — H'(C; M) — H(C; M") — HY(C; M) — ...

Definition 4.1.2. A category C is an Fl-category if each endomorphism in
C is actually an automorphism. The set of isomorphism classes of objects of
an El-category C admits the partial order given by

C > C' < More(C,C") # 0. (4.1.3)

Definition 4.1.4. Let C be an El-category. A subcategory D C C is closed
if each morphism ¢ : C' — C’ of C such that C € D lies in D. Note that each
closed subcategory is full.

Definition 4.1.5. Let C be a small El-category and M an R[C]-module. The
support of M is the set supp(M) :={C € C: M(C) # 0}.

Here follows the motivation for introducing supports and closed subcat-
egories:

Proposition 4.1.6. Let M, N be R[C]-modules and D be a closed subcate-
gory of C. Assume that the support of N is contained in Ob(D). Then the

restriction
Home(M, N) — Homp(res$, M, res$, N)

18 an isomorphism.

Proof. The inverse of this homomorphism maps f : res$, M — res, N into

f', where f'(C) = f(C) for C € D and f'(C) = 0 otherwise. O

Proposition 4.1.7. Let C be a small El-category, D a closed subcategory of
C and M an R[C]-module. Assume that supp(M) C Ob(D). Then

H*(C; M) = H*(D;res$, M).
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Proof. Let Q* be an injective resolution of an R[C]-module N. By 4.1.6
res, Q* is an injective resolution of res$, N, and

P (Dxresy M) = H*Hom( By @°)
(4.1.6)

H"(Home(R, Q")) = H"(C; M),
where R stands for the constant functor. O

Proposition 4.1.7 allows, in some cases, for replacing category whose co-
homology we want to calculate by a smaller one.

The rest of the present section is devoted to the construction of a spectral
sequence which converges to the cohomology groups of a given El-category.
Fix an Fl-category C. We begin with the construction of an exact sequence
which calculates the cohomology of C.

For each R[C]-module M let (V(M)*,d3},) be the cochain complex defined
by the formulas

V(M) = 1T M(Cp) (4.1.8)

Co—...—CreN(CP),

dy (V) (Co B CL— ... — Cryy) = M(m)(v(Cy — ... — Cry1))

+ Z(—l)’v(C’o — ... > U1 — Ci—l—l — ... Cr—i—l)
i=1

Proposition 4.1.9. ([02, Lemma 2])
HY(C; M) = H*((V(M)*, dy))-

Definition 4.1.10. Let C be an El-category. A gradation on C is a function
| -] : Ob(C) — Z, such that for each morphism C' — C’ holds |C| > |C'|. A
gradation | - | is strict if each morphism C' — C” such that |C| = |C’| is an
isomorphism. A gradation is non-negative if |C| > 0 for each C' € Ob(C). A
category with a gradation is said to be a graded category.

Definition 4.1.11. Let C be a category. A set X C Ob(C) is convex iff for
each sequence of morphisms C' — C" — C” in C such that C,C"” € X holds
' e X.
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Let C be a graded category and X a convex subset of Ob(C). For any
R|C]-module M define the following R|C]-modules:

M(C) forCe X

) (4.1.12)
0 otherwise.

Mx(O) = {

Mf := M{ceon(c):i<|c|<j}-

Remark. If the gradation on C is strict, then

M = P M.

|K|=i

Theorem 4.1.13. Let C be a graded El-category and M an R[C]-module.
There is a spectral sequence whose first term is

Byt = HTH(C; M?)

which converges to H¥"'(C; M). The differentials of the first term are the
differentials of the exact sequences

0—>M§_tll —>M55+1 — M; — 0.

Proof. Consider the following filtration on V(M)* (cf. 4.1.8):

F3V(M) = 11 M(Co)
Co—...—CreN(CP),
|Col>s

Note that

FPV(M)" [ Foa V(M) = 11 M(Co) = V(M)
Co—...—CreN(CP),
[Col=s

Thus we obtain the spectral sequence

B = HH PV (M) PV (M)') = BV ()
> HETHC; M?) = HSY(V(M)*) = HS(C; M).

]
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Let us state two obvious corollaries of theorem 4.1.13:

Proposition 4.1.14. If the gradation on C is strict, then the first term of
the spectral sequence is

Byt = @ H(C; Mxy).
|K|=s
The differential 6" : EY* — ESTY is the sum Dk i=s D\xrj=sr1 Ok icr» where
5;}%1(, : HM(Cy Mygy) — H*M(C; Mygry) is the differential of the short
exact sequence

O — M{K/} — M{K,K’} — M{K} — 0

Proposition 4.1.15. Assume that the gradation on C is strict and for each
K € Ob(C) the cohomology H*(C; M) is concentrated in dimension |K]|.
Then the spectral sequence degenerates to the cochain complex (C3;, %),

where
Cii = D H(C: M) =P P Giw
|K|=s |K|=s |K'|=s+1
and O3 g+ H*(C; Mygy) — H*(C; M) is the differential of the short
exact sequence

O — M{K/} — M{KJ{/} — M{K} — O

4.2 Cohomology of the categories R,(G)

In this section we present some methods of calculating cohomology of cat-
egories R,(G). Most of them were provided by [JMO1]. Throughout this
section p is a prime integer, G is either a Lie group or a finite group, and A
is a ring of p-adic integers. Recall (1.3.8) that R,(G) denotes the category of
G-orbits with p-stubborn isotropy groups and O,(G) the category of G-orbits
with p-toral isotropy groups.

Definition 4.2.1. Let T be a finite group and M an A[l']-module. Define
the following A[O,(I')]-modules :
MFP  for P = {1}

Fu(l/P) = {o for P #£ {1}
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F,(/P) = M"

0 for P = {1}

Fu(0/P) = {MP for P # {1}

Obviously, there exists an exact sequence
0— Fy — Fyy — Fyy — 0. (4.2.2)

Definition 4.2.3. ([JMO1, 5.3]) Let I be a finite group and M an A[l']-
module. Let

A (I, M) == H*(O,(); Fu).

Remark. If T'/{1} € R,(G), then A*(I'; M) ~ H*(R,(I'); Far) (Fa here
denotes formally the restriction of F' to R,(I")).

Here follows the motivation for introducing functors A:

Definition 4.2.4. Let C be a category. An A[C]-module M is atomic if there
exists C' € Ob(C) such that M (D) = 0 if D is not isomorphic to C. In other
words, a functor is atomic if its support contains only one isomorphism class
of objects.

Theorem 4.2.5. ([JMO1, 5.4]) Let G be a compact Lie group and M an
atomic A[R,(G)]-module concentrated on an object Q). Then

H*(R,(G); M) = A™(Autg, ) (G/Q); M(G/Q)).
Recall some properties of groups A*(I'; M).

Proposition 4.2.6. ([JMOL1, 6.1]) Let I be a finite group and let M be an
A[l]-module. Then

(a) If p divides |T'|, then A°(T; M) = 0. Otherwise A°(T; M) = M" and
A(T; M) =0 fori >0,

(b) If T' is not p-reduced, or if p divides the kernel of the I'-action on M,
then A“(T; M) =0 fori > 0.

(c) If T is the kernel of the I'-action on M and p /|H|, then A*(I'; M) =
A (T/T", M),
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(d) Assume that M is A-projective. Then for any finite group T" and any
A[l"]-module M’, there is an exact sequence (Kiinneth formula)

0— @B Tora(A(T; M), N(I'; M) — A™(T x T'; M @, M')
i+j=n+1
— @D NI M) @4 NI M) — 0

i+j=n

Proposition 4.2.7. ([JMO1, 6.2.(ii)]) Let I' be a finite group, M an A[l']-
module and I', a Sylow p-subgroup of I'. Let ~ be the equivalence relation
among p-Sylow subgroups generated by nontrivial intersection, and set

A={gel:g 'T,g~T,}.
Then AY(T'; M) = M2 /MY,
The following proposition is very useful for calculating A*-groups:

Proposition 4.2.8. ([JMOL1, 5.2.(ii)]) For each finite group I' and A[l']-

module M
MY forn=0
H"(R,(T); Fy,) =
(Ry(L): ) {0 forn > 0.

Acyclicity of the module F}; can be used to reduce calculations of groups
ATy M) = H*(R,(I'); M) to calculations of H*(R,(L'); Fy;). It is easier,
since by 4.1.6 we have

H*(Rp(1); Fyp) = H*(Rp(D) \ {T/{1}}; Fiy)

and the category R,(I') \ {I'/{1}} (a full subcategory of R,(I") on all objects
but I'/{1}) is smaller than R,(I"). Here follows the simplest application of
this procedure:

Proposition 4.2.9. Let p = 2 and let M be an A[¥3]-module. Then

M*2/M* forn=1

A" (X M) = {0 form # 1.
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Proof. The long exact sequence induced by the short exact sequence 4.2.2

reduces to
0 — M¥ — M>™ — AY(S3; M) — 0,

since H"(R(33)); Fiy) = H*({1}; M*2) = 0 for n > 0. O

The functors A* are relatively easy to calculate and allow to compute the
cohomology of R, (G) with coefficients in any atomic module. In general (i.e.
if coefficients are not atomic), cohomology groups can be calculated by the
spectral sequence 4.1.14. Here follows an application of this technique (the
following proposition was provided by [JMO1, p.229]):

Proposition 4.2.10. Fiz a finite group I' and an A[R,(I')]-module M. As-
sume that the p-Sylow subgroup of I' has an order p'. Then A™(T; M) = 0
forn > 1.

Proof. The proof is by induction on the order of p-Sylow subgroup of I'. For
[ = 0 the conclusion follows from 4.2.6.(a), so assume that [ > 0. Define a
gradation on R, (") by putting |[I'/P| = —k if |P| = p*. The first term of the
spectral sequence 4.1.14 for A[R,(I")] module Fy; (cf. 4.2.1) is

EY' = @ H(R,D): (Fipyey) = €@ A (Ne(P)/P; (Fyp)(T/P)).

|P|=p* |P|=p*

If P # {1}, then the rank of p-Sylow subgroup of Np(P)/P is less than
[ and therefore by induction A***(Np(P)/P;(Fy,)(T'/P)) = 0 for s +¢ >
1. Moreover, (F%)(T'/{1}) = 0. Hence E}* = 0 for s +t > [ and then
H™(R,(I'); Fy;) = 0 for n > [. The conclusion follows from acyclicity of F},
and the exact sequence 4.2.2. Il

Remark. The similar argument allows to prove that if for each p-stubborn
subgroup P C T' the groups A"(P;—) vanish for n > [, then the groups
A™(T'; —) vanish for n > .

Definition 4.2.11. A A-dimension of a finite group I' at p, denoted by
Ad,(I'), is the greatest integer n such that there exists an A[[']-module M
such that A™(I'; M) # 0. By 4.2.10 such integer always exists, and is not
greater than the rank of p-Sylow subgroup of I'.

Corollary 4.2.12. For R = R,(I") we have
Ad,(T) <1+ sup Ady,(Autr(I'/P)).

I'/1£T/PER
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Theorem 4.2.13. Let G be a compact Lie group. Denote R := R,(G).
Then cdp(R) = supg,per (Ad,(Autr (G/P))).

Proof. Put n = supgper (Ad,(Autr(G/P))). Choose any A[R]-module M
and a strict gradation on R. Let E}* be a spectral sequence converging to
H*(R; M) associated to this gradation (4.1.13). Since

EY'= € AT(Autr; M(G/P)),
|G/ P|=s

then for s +¢ > n holds E;™ = 0 and therefore H*(R; M) = 0 for k > n.
It proves that c¢d,(R) < n. To prove c¢d,(R) > n consider an atomic functor
concentrated on the object with the maximal A-dimension. O]

4.3 Calculations of A*-functors.

The present section contains calculations of groups A*(X,; M) for some inte-
gers n and A[X,]-modules M. We begin with calculating cohomology of the
category J := Ry(X3) with any coefficients.
Recall (4.2.9) that
So /1S3 _
A"(Sy: M) = {M JM*3 formn =1
0 for n # 1.

The category J has two objects: ¥3/1 and X3/3,. Its morphisms are
given by

Autj(Eg/l) ~ 23 MOTJ(Zg/l, 23/22) ~ 23/22
Autj(Eg/Zg) ~1 MOI'j(Zg/EQ,Zg/l) = @

The category J has a strict gradation given by [33/1] = 1 and |X3/%| = 0.

Proposition 4.3.1. If M is an A[J|-module, then the spectral sequence
4.1.14 degenerates to an exact sequence

0 — HY(T; M) — M(Z5/5)
L M(S3/1)%2 /M (S5/1)% — HY(J; M) — 0,

where d is the composition

M(S5/%5) 20 M(5/1)% — M(S5/1)% /M (Ss/1)™.
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Proof. By 4.2.9 all entries of the first term of the spectral sequence vanish
except FY0 = AO(1; M(25/%,)) = M(23/%) and EY = AY(S3; M(23/1)).
To prove the second part consider the canonical homomorphism of A[J]-
modules M — F' 1\,4(23 /1)- We obtain a commutative diagram

M(S3/52) —5— M(S5/1)™ /M (S/1)

M(S3/1)% —— M(S5/1)% /M (35/1)™

Hence the upper d is the suitable composition. Il

Definition 4.3.2. For each n let M(n, k) be a free A-module generated by
elements x g, where B runs over all subsets of {1,...,n} having k elements.

The natural action of ¥,, produces a structure of A[X,|-module on M (n, k).
Note that M (n, 1) = A" with a natural ¥,,-action and M (n, k) = M (n,n—k).

Proposition 4.3.3. If n > 4, then A'(X,; M) = 0 for each A[3%,]-module
M.

Proof. The relation ~ introduced in 4.2.7 is transitive. O]

The groups A*(X5; —)

Let a = (12),b = (34),s = (13)(24) € ¥5. Recall (3.1.18) that there exist, up
to conjugacy, four stubborn subgroups of s, namely 1, (a) ~ Cy, (ab, s) ~
C2? and (a,b,s) ~ Qg. Its Weyl groups (in ¥5) are respectively 35, 33, X3
and 1.

Proposition 4.3.4. Let M be an A[¥s5]-module. Then

M22><22><1/M22><23 + MEax1 for n=2

AN'(E5; M) = {
0 forn # 2.

Proof. By 4.2.6.(a) and 4.3.3 A"(X5; M) =0 for n = 0,1. Let R := Ra(X5).
Since A"(X5; M) = H" 1(R; F},;) for n > 2 it is sufficient to calculate A? only.
Introduce a gradation on R by |35/(a, b, s)| =0, |X5/(ab, s)| = |X5/(a)| =1
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and |¥5/1| = 2. Again, the spectral sequence which computes H*(R; F};)
degenerates to an exact sequence

0 — H(R; Fy;) — M@
i> M(a,b)/M<a>><23 D M(a,b,s)/ME4><l N ]¥1(7?/7 F]/\}) — 0.

Since the full subcategories with object sets respectively {(a, b, s), (ab, s)} and
{{a, b, s}, (a)} are both isomorphic to 7, then the differential d is the composi-
tion of the sum of inclusions M (@b C M(@b) and M(@bs) C M(abs) with the
suitable projection. Then A?(X5; M) = HY(R; Fy,) o MZ2x¥2x1 /| [¥2x%s 4
MZ4X1. ]

Corollary 4.3.5. For each n we have A™(X5; M (5,1)) = 0.
Proof. Since

M<a7b> — A{Qj‘l + To, T3 + ],‘471'5}
MY — Afay + 2y, 25 + 24 + 25}
MEaxL — A{zy + 2o + x5+ 24, 75},

then the conclusion follows from 4.3.4.

Note that A?(X5; M) not always vanishes. For example, A%(35; M(5,2)) #
0.

The groups A*(3;; —)

A*-groups of ¥7 are much more difficult to calculate.

Denote R := Ro(X7), and let a = (12), b = (34), ¢ = (56), s = (13)(24).
As shown in Section 3.1, there is up to conjugacy 7 classes of stubborn
subgroups of X7, namely Lo := 1, Ly := (a), L3 := (a,b,c), Ko = (ab, s),
Ky, = {ab,s,c), Ny = {a,b,s), Ny = (a,b,s,¢) (Ro(X7) is a subcategory
of Ro(Spin(7)) and this notation coincides with the notation introduced in
3.2.8). Its automorphism groups are respectively 1 (for Ny), X3 (for Ny, L3
and K1), X5 (for L) and 33 x X3 (for Kj).

Proposition 4.3.6. If M is an A[¥;]-module, then A"(37; M) =0 for n #
2.3.
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Proof. For n = 0,1 the conclusion is clear. Since Ada(Autr(X;/P)) < 2 for
all orbits ¥7/P € R except /1, then for each n > 3

A" (9 M) = H' (R Fly) 2 HY (R {3/1} Fly) = 0.

Proposition 4.3.7. A*(3;; M(7,1)) = 0.
Proof. 1t is enough to prove that for each ¥;/P € R and each n > 1 holds
Ap = N"(Autgr(37/P); Fypz.1)(X7/P)) = 0.
For P = Ly = 1 we have F]/\/4(7,1)(E7/1) = 0 and for P = Ny, Ny, K, L3 we
have Ady(P) < 2 and therefore A%, = 0 for n > 2. Moreover
Frrey S/ Lh) = M(7,1)" = A{xy 4 22} & M (5, 1){zi}i_s
F]/\/4(771)(Z7/K0) = A@A{l’l + Zo+ 23+ I4} ) A@M(S, 1){1’1 1'7:5
Then, for n > 1, we have A} = 0 by 4.3.4 and A% = 0 by 4.2.6.(d). O

The groups A*(330Cy; —)

The last part of this section is devoted to the group >3 C5 which appears as
the automorphism group of one of the objects of Ry(Spin(7)). There exist
(up to conjugacy) three 2-stubborn subgroups of 33! Cy, namely 1, ¥, and
Yo L Cy. Tts Weyl groups are respectively 30 Cy, 33 and 1. Note that the
full subcategory of R := Ry(X31C5) containing 3o and 35 Cy is isomorphic
to J.

Proposition 4.3.8. Let M be an A[¥3Cs)-module. Then

. MEQXEQ/MEQ X3 _|_ MEQZCQ for n = 2
A(E?’zCQ;M):{O formn # 2

Proof. Since the rank of Y31 C5 is even, and the relation ~ from 4.2.7 is
transitive, then A™(X30Cq; M) =0 for n = 0,1. For n > 1 we have

A* (B30 M) 2 H" Ry (S350 Co); Fiyy) = H' (T resls Fyyp).
By 4.3.1 we have

MEQXZQ/MZQXE?) + ]\422202 for n = 2
0 for n # 2.

H" N (T;res Fp) = { O
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4.4 Homotopy representations of Spin(7)

Let o be an Ry(Spin(7))-invariant complex representation of N7° (which is
a 2-discrete approximation of 2-normalizer of the maximal torus of Spin(7),
cf. 3.2.8). In the present section we show that, under some mild conditions,
B} extends to a map BSpin(7)y — BU(m)5, where m is the dimension of
0.

Denote G := Spin(7), R := R2(G), A := Z) and let = = Z¢ be an
A[R]-module introduced in 2.4.4. By Theorem 2.4.9.(a) we need to prove
that H3(R;Z?) vanishes, and that the cohomology of R in coefficients in any
A[R]-module vanishes in dimensions above 3.

Proposition 4.4.1. If M is an A[R]-module, then H"(R; M) = 0 for each
n > 3.

Proof. The groups of automorphisms of the objects of R are 1, 33, Y3 X X3,
Y5, X310, X300y x X3 and X7 (cf. 3.2.8). We have Ady(1) = 0 (obvious),
and Ady(X7) < 3 (by 4.3.6). Moreover, Ads(X3 x ¥3) = 2 and Ady(X30C5 X
Y3) = Ada(330C5) +1 < 3. O

Since p is R-invariant, it splits into the even part o., and the odd part
0oq- Moreover, =¢ = = ¢ =4, Then we can consider separately the odd
case and the even case.

Theorem 4.4.2. If p is an odd R-invariant complex representation of Ny°,
then the map Boy : (BN{°)y — BU(m)% extends to a map BSpin(7)5 —
BU(m)3.

Proof. By 4.4.1 and 2.4.9 we need to prove that for each 2-stubborn sub-
group P C Spin(7) we have A*(Wg(P);Z¢(P)) = 0. If P & {Lo, My}, then
Ad,(Autg(G/P)) < 3 and the conclusion is obvious. Since there exists only
one (up to isomorphism) odd representation of Ly 3.5.27, then Z2(Lg) = A
and, by 4.2.6.(c), we obtain A*(W¢(Lg); Z¢(Lg)) = 0. There exists more than
one odd representation of My but there is an element of order 2 in Wg (M)
which acts trivially on IR,q(My) (cf. 3.5.8). Again, by 4.2.6.(c) we obtain
that the suitable groups A* vanish. Il

The even case is significantly more difficult. Assume that o is even.
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Proposition 4.4.3. If o is an even complex R-invariant representation of

Nloo; then AS(Zg l CQ, EQ(MQ)) = 0.

Proof. By 3.3.3 and 3.3.30 res%l:o 0 is a direct sum of representations having
the form ©®1), where

p e {T07 Tag+bo D Tai+by D Tag+bo+ai D Tag+bo+b1 D Tap+ai+bq D Tbo+a1+b1)
Tag D Tbe © Tay D Tby D Tag+a; D Tag+by © Tho+as D Tho+by D 7_alo-i—bo-i-%h-1-101}
and ¢ € {1, 7 ® 7; & 7,}. Therefore =(Mj) is a direct sum of modules
N®N', where N is an A[¥3 ! Cy]-module corresponding to one of the sums
listed above, and N’ is an A[¥3]-module isomorphic either to A or to M (3, 1).
If ¢ ~ 79, then N ~ A, if ¢ is the first sum then N ~ resggzc2 M(6,1), and
if ¢ is the last sum then N is a submodule of resgglc2 M (6,2) generated by
elements x;; where 1 <7 < 3 and 4 < j < 6. By 4.3.8 in the first case
A?(331C5; A) = 0, in the second one we have

A?(S50 Cosresssy, M(6,1)) = M(6,1)™%2 /M(6,1)>2"> + M(6, 1)
= A{x1 + x9, 23,14 + x5, 26}/
JA{x1 + w9, T3, x4 + w5 + 26} + A{x1 + T2 + T4 + 5 + 76, T3, 76} = 0
and finally in the third case

A2(S51 Cy; N) &2 NE2X22 [\ axSa | NEaiCs
= A{@14 + 715 + D24 + Tos, T16 + V26, T34 + T35, 36}/
JA{@14 + 215 + D16 + Tos + Do + Tog, Tas + T35 + T36}
+ A{@14 + 215 + 24 + Tos, T16 + Tog + T34 + T35, T36) = 0
Then for each N we obtain A*(X31Cy; N) = 0 and, since Ady(X3) = 1, from
4.2.6.(d) follows A*(Z31 Cy x Eg; NON') = 0. O

Let C be the full subcategory of R containing objects L;, K; and N;. By
3.1.27 it is isomorphic to Ro(37), and the correspondence between 2-stubborn
subgroups of 3; and Spin(7) is as follows:

1+— Ly (a) — Ly {(a,b,c) — L
(ab, s) — K, (ab, s, c) — K,
(a, b, s) — Ny (a,b,s,c) — Ny
where, as before, a = (12), b = (34), ¢ = (56), s = (13)(24). Note that C is a
closed subcategory of R in the sense of 4.1.4.
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Proposition 4.4.4. There is an isomorphism H3(R;Z) = H3(C;resk =).
Proof. Since C is closed in R, there is an exact sequence of A[R]-modules
0 —ZElgpe—2=2—ZE|c—0
which induces the long exact sequence
. — H(R;Elr\¢) — H*(R;E) — H*(R;Elc) — H*(R;Elr\c) —
The only object of Ob(R) \ Ob(C) having A-dimension larger than 2 is Mj,
but by 4.4.3 we have A*(¥31Cy x X3;5(Mp)) = 0. Then H*(R;Z|r\c) =

H*(R;E|r\c) = 0. Since C is closed we have H*(R; E|¢) = H*(C;resf Z) (cf.
4.1.7). O

From now on we denote the restriction res’¥ = just by =. This should not
lead to confusion since all further calculations will be made in the category
C.

Define a gradation of C by |Ni| = 0, |No| = |Ls| = |K1| = 1, |L4| =
|Ko| = 2 and |Lo| = 3. It is clear that the gradation is strict. The first term
of the spectral sequence (4.1.13) converging to H*(C; Z) is

a>° d;° a0
E(N) —— B EY’ B}’
(4.4.5)
0 0 0 B>

where
By = N (85 2(Ls)) © A (85 2(No)) & A (85 2(K)))
E?Y = A (35 2(Ly)) ®A%(22; 2(K)))
EY = NS5 E(L))

[1]

for i = 0, —1. Although, possibly, the second term is not equal to the infinite
term, we see that Ey° = E30 = coker dy®. Then H?(C;Z) = 0 if and only if
d?’o is an epimorphism.

Let F':= FL  (see 4.2.1). Since

Ne p
res; 1 02 (n))®° & (n))®" & (n])*> @ (n5)®",

(cf. 3.3.21) then Z(Lg) is a direct sum of some of the modules M(7,1),
i =0,...,3, where M(7,7) appears as a summand of =(Lg) if and only if
resg; o contains a subrepresentation isomorphic to nZ .
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Proposition 4.4.6. We have

Py (L) = A{zy + o} © M (5, 1){zg a3
Fyrrny(Ko) =~ (A@A) w1 + 29 + 23 + 24} © (AQM (3, 1)) {w b a5
Fhrray(Ly) = A{aia} © M (5, 1){z1 + won sz © M(5,2) {2} rizs
F],\4(7,2)(K0) (M(3,1)@A){x12 + 34, 13 + Toa, 14 + To3}

® (ARM (3, 1){x1x + ok + T3k + Tag fr>5

O (ASM (3, D) {Trifrizs
Fhreray(La) = M (5, D{@12k brzs © M (5, 2){@ 10 + ok Fii>3

® M (5, 2){Zkim }r1m>3
~ (A®A){x123 + T124 + T134 + Tosa}

@ (M(3,1)@M (3, 1)) {z12k + T34k, T13 + T2k, T14 + Tosk Fr>5
@ (AQM (3, 1)){w1p1 + Tors + T3p1 + Tapt Fru>5(ARQA) w567 }

Let E* be the spectral sequence which converges to H*(C; F') (the gra-
dation on C is the same as before). The obvious homomorphisms of A[C]-
modules f : Z — F induces the morphism of spectral sequences E** — E**.
Of course, the differential d7° : 2 — E?? is surjective because F is acyclic.

Proposition 4.4.7. Assume that at least one of the following conditions is
satisfied:

Ngo
(a) resL o does not contain a subrepresenation isomorphic to 7]2,
(b) reSL o does not contain a subrepresenation isomorphic to n3,

(c) 1resgoo o contains a subrepresenation isomorphic to either O@n3, or to
TR

Then the differential d?’o s an eptmorphism.

Proof. In all the cases it suffices to prove that both groups
A%(8s5; coker(E(Ly) — F(Ly) = Z(Lo)'™))

and

AZ(Z;?, X Eg;COker(E(Ko) — F(K[)) — E(K0)<ab,s>))
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vanish. Since Ady(X5) = Ady(X3 x X3) = 2, then the maps

N85, E(Ly)) — A*(E5; F(L))
A?(E5 x X3; E(Kp)) — A*(33 x g5 F(Ky))

are epimorphisms. Hence Ef’o — Ef’o is an epimorphism. The conclusion
follows from the commutativity of the diagram

2,0 2,0
El El

2
>0

32,0
1 dl7

3,0 3,0
El El

Case (a).

If resggoo o0 does not contain n;, then by 4.3.6 we have Ef”o = 0, so assume
otherwise. Let x;,, 1 <i < j < k <7 be the generators of the submodule
of 2(Lg) corresponding to ni. By 3.3.28 there exists a subrepresentation

of resg%;o o which is isomorphic either to 7®&n5 or to Bu,@n3 for some k €

A, and another subrepresentation isomorphic to gy 1®75, where k' € A.
Then =(L;) contains the direct sum of two A[¥5]-submodules isomorphic to
M(5,2): the one generated by irreducible subrepresentations of 7®n5 (or
[21.@n3) maps onto the summand

M (5, 2){kim }3<k<icm<r € F(L1)

and the one generated by irreducible subrepresentations of o1 ®n5 maps
onto

M (5, 2){w 1k + Tap F3<r<i<r  F(Ly).

By 4.4.6 coker(=(L$°) — F(L{°)) is a quotient of a direct sum of A[¥;]-
modules isomorphic either to M (5,1) or to A. Hence by 4.3.4 we obtain that
A?(35; coker(2(LS°) — F(L$°)) = 0. Similarly, there is a subrepresentation
of resggo o which is isomorphic either to v, &7 or to v, ®T, generates a
submodule of Z(Kj) isomorphic to M (3,1)®M (3,1) and maps onto

M(3,1)®@M (3, 1) {z12 + T34k, T13 + Toak, T14 + Tosk }s<k<r C F(Kp).

Again by 4.4.6 we obtain that A%(33 x X3; coker(Z(Ky) — F(K,)) = 0.
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Case (b).
The argument is qulte similar. Assume that resg o contains a subrepre-
sentation isomorphic to 15 (otherwise the conclusion is obvious). Then there

exists a subrepresentation of resgf: o0 which is isomorphic either to &3 or to
Bor@n;5 for some k € A. The submodule of Z(L;) generated by its irreducible

subrepresentations maps onto the summand
M (5, 2){zu}s<na<r © F(LT).

Like in Case (a) it implies that all summands of F(L;) having A% # 0 lie in
the image of the homomorphism =(L;) — F'(Ly). Since from 4.4.6 we have
A?(X3 x ¥3; F(Ky)) = 0, then the conclusion follows.

Case (c).

Assume that resgofo o contains a subrepresentation isomorphic to 17 and a
subrepresentation isomorphic to 75 (otherwise the assumptions of either (a)

or (b) are satisfied). The argument given in the proof of Case (a) shows that
A?(23 x X3; coker(Z(Ky) — F(Kp)) = 0. By 3.3.28 and the assumptions we

know that resgoo o contains a subrepresentation isomomorphic to aop;1®n3,
and at least two of three following representations:

O@ns, T3, Bor@ns.
There are three summands of F(L$°) having A? # 0. These are
M (5, 2){11 + Tow p3<w<i<r € F(Ly),

M (5, 2){xkim }3<k<iem<r C F(L1),
M (5, 2){zr }3<r<i<r € F(Ly).

The image of the submodule of Z(L{°) generated by agp 1 ®n3 is the first of
them. Similarly, the submodule corresponding to 7®73 maps onto the second
module, and finally the submodule corresponding to ®n3 maps onto the last
one. The image of the submodule generated by irreducible subrepresentations
of B @n5 is generated by elements

Thim + Tno € M (5, 2){Zpim }s<kcicm<r B M (5, 2){xw }s<k<i<r € F(LY),

such that {k,l[;m,n,o} = {1,2,3,4,5}. Hence we see that if two of the
representations 0@n3, T®n3, B @15 are contained if resgi}o o0, then

A?(3s5; coker(Z(LS°) — F(L®)) = 0. O
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As a corollary we obtain the following theorem:

Theorem 4.4.8. Assume that o is an m-dimensional complexr R-invariant
representation of Ny°. If at least one of the following conditions is satisfied:

N , Lo :
(a) resy, o does not contain a subrepresenation isomorphic to 03,
(b) resit o does not contain a subrepresenation isomorphic to 0}
Lo © p P N3,

(c) resﬁloo 0 contains a subrepresenation isomorphic to either 6@7]3, or to
TN,

then the map Bpb : (BNy)y — BU(m)} extends to a map BSpin(7)y —
BU(m)3.

4.5 Homotopy representations of SU(2)" and
SU(2)" /{=£1}

Fix a positive integer n. In the present section we give a partial classi-
fication of 2-complex homotopy representations of the Lie groups SU(2)"
and SU(2)"/{£1}. Let A be a ring of 2-adic integers. From Theorem
3.1.11 follows that there are two (up to conjugacy) 2-stubborn subgroups
of SU(2) = Spin(3), namely

N =7 1(Ty x {£1}) N SO(3)) (4.5.1)
which is in fact the 2-normalizer of the maximal torus, and
Q=7 '({£1}’ N SO3)) =2~ (U3, (4.5.2)

(see 3.3.19) which is a group of order 8 isomorphic to the quaternion group.
Let T' C N be a maximal torus of SU(2) = Spin(3). The category Ro(SU(2))
is isomorphic to the category J = R2(X3) considered in Section 4.3 (the
isomorphism is given in 3.1.27, however in this case it is obvious). Therefore
we will denote Ry (SU(2)) for J for short. We have Ry(SU(2)") = J™, and
by 3.2.2 also Ro(SU(2)"/{£1}) = J"

We begin with a classification of irreducible representations of N*° and Q).
As before, let u be a non-trivial lift of unity in Spin(3). The homomorphism

PN (g de(ig) € (N*)/{u} C SO(3)
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(cf. 3.1.2) is an isomorphism. It allows to identify even representations
of N*° with representations of I'y. Moreover, for any 2-adic integer [ the
representation
— indiV
A1 = indpee 041

is irreducible (by 2.3.32). By combining it with 3.3.7 we obtain

Proposition 4.5.3.
IR(N*) = {0, 7} U{Bautiea U {1 }iea U {)\21+%}k6A

IR(Q) = {0, 75, 75, T, A}

and )
0 foro=20
T; foro=r
resgm o=K0&T7 foro= Py (4.5.4)
T DT for o= ag
A oro=uy,

(1i, Tj, Tk are defined on p.76 and X is the only irreducible 2-dimensional
representation of Q).

Denote 7, :=7; © 7; @ 7.

Proposition 4.5.5. If ¢ is an J"-invariant representation of (N°°)" {1},
then there 1s a natural equivalence of J™-modules =°¢ = Eresgw/{il} e (cf.

2.4.4):
20(P/{£1}) 3 o] s [resh/ 1 o] € Zesie ey,

Proof. 1t follows from the definition of modules = and the observation that
the restriction of an irreducible representation of (P>°)/{%1} to P> is irre-
ducible. O

We begin, of course, with the case n = 1. It shows that there is a sig-
nificant difference between the representations of Lie groups and homotopy
representations — there is much more homotopy representations than alge-
braic ones.
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Proposition 4.5.6. For each [J-invariant m-dimensional complex represen-

tation o of N°° the map Bp) extends uniquely, up to homotopy, to a map
BSU(2)y — BU(m)5.

Proof. By 4.3.1 the assumptions of 2.4.9.(a) and 2.4.9.(b) are satisfied. [

Proposition 4.5.7. A representation o € Rep(N°) is J-invariant if and
only if the total multiplicity of subrepresentations isomorphic to awgiq 1S equal
to the total multiplicity of subrepresentations isomorphic either to By or to
T.

Proof. The representation ¢ is J-invariant if and only if resyj” ¢ is ¥s-inva-
riant. It happens only if the multiplicities of 7;, 7; and 7 in resy~ o are all
equal. Then the conclusion follows from 4.5.4. O

We say that a J"-invariant represenation of (N°°)" is J"-irreducible if it
does not contain any non-trivial J"-invariant subrepresentation. Of course,
J"-irreducible representations are not necessarily irreducible.

Corollary 4.5.8. Each J-invariant representation o of N°° splits into a
direct sum of J-irreducible representations (since if o = o1 ® g2 and o, 01
are J-invariant, then g, also is), but the splitting is not necessarily unique.
If p is J-irreducible, then it is isomorphic to one of the following:

0, /\QH%, Qo1 @ Bor, Qo1 B T.

Consider the general case. It comes out that J"-irreducible representa-
tions of (N°°)" are not necessarily tensor products of J-irreducible represen-
tations of N*°.

Let n := {1,2,...,n} and let ¢ be a representation of (N*°)". For each
k € n there is a unique presentation

0= @ 90®¢<p-

PEIR(Noe)n\{k}

Proposition 4.5.9. The representation o is J"-invariant if and only if for
each k and each p € IR(N‘X’)“\{k} the representation 1, 1s J -invariant.

Proof. 1f p is J"-invariant, then it obviously satisfies the conditions above.
Since each morphism of 7" is a composition of mophisms with all coordinates
but one being an identity, the inverse follows. O]
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Fix an J"-invariant representation ¢ of (N°°)". We intend to use the
spectral sequence 4.1.14 to check when the module =¢ satisfies the assump-
tions of 2.4.9. We will use the gradation on J, given by |[N| =0, |Q| =1
extended additively to a gradation on J".

Proposition 4.5.10. Fiz B C n be a finite set. Then
A5 QM (3,1) =0
a€eB
for each | # |B| and the homomorphism

A AP = QA (Z4 M(3,1)) — API(F; RQM(3,1))

a€eB a€B

s an isomorphism.
Proof. 1t follows from 4.2.6.(d) and 4.2.9. O
Let EX* be the spectral sequence 4.1.14 calculating H*(J"; Z2).

Corollary 4.5.11. Since

it = @) A(SHE(QP x NMVE))
BCn
|Bl=s

we have Ef’t =0if t # 0, or if s > n. In particular, the spectral sequence
degenerates to the following exact sequence (cf. 4.1.15):

0— B’ — B’ — . — B — M —.
. 1,0
Now we define some basis of modules E;".

Definition 4.5.12. Fix an J™-invariant representation ¢ of (N*°)™. Let
Z,(n) be a subset of (IR(N*) U {*})™ containing all elements (wy,...,w,)
such that there exists (n1,...,7,) € IR(N*°)" satisfying conditions:

(a) m®...&mn, C o,
(b) If w, € IR(N®°), then 1, = wy,

(c) If wy = *, then m € {Bom fmezy U {7} C IR(N).

114



Note that (c) is equivalent to the condition that resgy” 7 contains a subrep-
resentation isomorphic to 7; (or 7; or 7). For each B C n let

Z2(n) :=={(w1,...,wn) € Zy(n) : (w=%) & (I € B)}
Zyn) = |J 22 (n)
|B|=r
Let EfB} be a suitable atomic submodule of Z¢ (cf. 4.1.12)

Proposition 4.5.13.

A[ZB(n)] forr = |B]

e

H (J™=28,) =
( ) {O forr # |B|

Proof. Let M be the restriction of Z¢ to the subcategory JZ x {N}*\B. Note
that (by 4.1.6)

1 (J™E8)) = B (T M),
M(QP) is a free A-module with basis IR(Q? x (N>°)"\B, res™ )" ) (cf.

QBX(Noo)n\B Q
2.4.1). Since resg\g X)( Nooym5 € is YP-invariant, then we have a presentation

_ _ ®U((1a);(vp))
NOO n ~ _
reSEQBx)(NOO)n\B 0= @ ((@H}a)@( ® Vb))
(1a)€(IR(Q)™3)P a€B ben\B
(vp) EIR(N )\ B

where IR(Q)>* = {0, \,7; ® 7; & 7}. Then we obtain

M= D (Q .» MG

() €(IR(Q)%3)B pa=(TsDT;BTL)
(Vb)EIR(NOO)“\B
1((pa)>(v6))>0
Finally, by 4.5.10
(a)=Ti BT BT
(vp) EIR(N®)\B
l((p’a)v(l/b))>0
and H"(JB; M) =0 if r # |B|. .
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For each w € IR(N*°) U {x} let

1 forw==x

0 for w e IR(N™)
] = .

Then
EP = D AlZ) (n)] = AlZy(n)]

|B|=r
" ‘
and dy” = P, d; where

df(wl,...,wn) =

(_1)‘W1‘+...+\w171‘(w1’ ey W1, %, W1, ’wn) w; = ﬁk’ T
(—1)‘“’1‘+"'+‘wl—1‘+1(wl, ey W, R Wi, ey W) Wy = O
0

w; = *,0, A
As a corollary we obtain
Proposition 4.5.14. H*(E;°, d}°) = H*(R"; Z°).
Proof. Straightforward from 4.1.15, 4.5.4 and 4.5.13. m

Proposition 4.5.15. Let ¢ be an J"-invariant representation of (N°)".
Then H¥(R™,Z2) =0 for k > n.

Proof. By 4.5.14 it suffices to show that H*(A[Z}(n)]) = 0. For k > n it

is clear since Z¥(n) = (. Moreover Z}(n) is either empty or it contains
only (x,...,*). But if Z}(n) # 0, then there is oy € IR(N®) such that
(ap, %,...,%) € Zy~'(n). Hence (*,...,%) = +d7 0y, %, ). O

Corollary 4.5.16. Let ¢ be an J"-invariant representation of (N*°)". If
n < 3, then the representation g extends to a homotopy representation of
SU(2)". If n < 2, then the extension is unique.

Proof. 1t is straightforward from 4.5.15 and 2.4.9. O]

Corollary 4.5.17. Let ¢ be an J™-invariant representation of (N*)"/{+£1}.
If n < 3, then the representation o extends to a homotopy representation of
SU(2)"/{£1}. If n < 2, then the extension is unique.
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Proof. By 4.5.5 it is an immediate consequence of 4.5.16. [

Now we will concentrate on the case n = 3. Each R3-invariant repre-
sentation of (N*°)3 extends to a map (BSU(2)3)y — BU(m)j, although it
possibly exists more than one extension.

Definition 4.5.18. Let
Z33)% = {(k o okw k%) € Z5(3) tw € IR(N™) N\ {1 1)
209\0 ._ 2 2(9\+
Let ~ be a relation on ZS(B)i given by
(017 *, *) ~ (*7 02, *) <~ (017 02, *) € Z;(B)
(017 *, *) ~ (*7 *, 03) < (017 *, 03) € Z;(B)
(*a 02, *) ~ (*7 *, 03) <~ (*7 02, 03) € Z;(B)
Let ~ be an equivalence relation spanned by ~.
Let A[Z2(3)%/ ~] be the kernel of the augmentation A[Z2(3)%/ ~] — A.
Proposition 4.5.19. H*(7% A[Z;(3)]) ~ A[Z2(3)*/ ~].

Proof. Let ¢ : A[Z2(3)F] — A[Z2(3)*] be an automorphism defined as fol-
lows:

O(*, .k win k. k) = (1) T sgn(w) (%, ... %, wiy %, ..., %)
where sgn(ay) = —1 and sgn(f;) = sgn(r) = 1. If b = I/, then we have

Sp(b - b,) = (_1)i_lsgn(wi>(*u R RN PR P I *)+
+ (1) sgn(wi)(x, . ..k Wi, %, ... %) =

1,0 .10
=dy (% Wi Kk W kL k) € Tmd)

and hence imd;” = p((b — b)perr) = @((b — V)p~r). The argument similar
to the one used in proof of 4.5.15 shows that A[Z2(3)°] C d;*. Moreover,

d?’o(go((*, ce kWi kL k) = (%, L, %) € 23(3).
It implies that (3" b;) € kerd?? if and only if 3" b; € A[Z2(3)*]. O
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The following theorem constitutes a crucial step in the construction of a
faithful representation of the 2-compact group DI(4):

Theorem 4.5.20. (a) Let ¢ be an J3-invariant representation of (N*°)3.
Then there is an bijection between the set of extensions of By to a map

BSU(2)* — BU(m)} and the set A[Z2(3)*/ ~].

(b) Let ¢ be an J>-invariant representation of (N°°)?/{+1} and let ¢ :=
c0)\3
resgxooig/{ﬂ} o'. Then there is a bijection between the set of extensions of

(Bo')3 to amap B(SU(2)%/{£1}) — BU(m)} and the set A[Z2(3)%/ ~].

Proof. Case (a) follows immediately from 4.5.19 and 1.4.13. Case (b) reduces
to Case (a) by 4.5.5. O

In Sections 1.4 and 5.4 we prove that the set of extensions has a structure
of free and transitive A[Z?(3)*/ ~]-set and that this structure is functorial
in some sense.

118



Chapter 5

A faithful representation of
DI(4)

The present chapter contains a construction of a faithful complex represen-
tation of the 2-compact group DI(4). Recall (cf. 1.5) The classifying space
BDI(4) is the 2-completion of the homotopy colimit of the following diagram

GLy(Fg) GL3(Fg) GLy(Fg)
~ ~ ~

B{+1}* = B((S")* x {£1})5 = B(SU(2)*/{#£1}); = BSpin(7),.

To simplify the notation, we denote D := DI(4), G := Spin(7), L =
SU(2) H := L3/{£1}. Let T be the torus defined in 3.4.3. The group T is a
maximal torus of both G and H and its 2-completion is a maximal torus of D.
Let Wp, Wg, Wgy be the Weyl groups of D, G and H respectively. The group
N¢ := Np is a 2-normalizer of 7" in G (cf. 3.2.8). As usual, for any 2-toral
group P its discrete approximation is denoted P>°. Let A := Ay(DI(4)) be
a centralizer decomposition category of DI(4).

Outline of the construction

The construction is made in the following steps:

e Choose a suitable faithful unitary representation o of N&°. The term
"suitable” means that we will be able to perform the next steps. This
representation has to satisfy some obvious conditions, namely its re-
striction to T is Wp-invariant, its restriction to Ngy(7')> is ¥3-in-
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variant and finally its restriction to (Z/2)* is GL4(FFy)-invariant. Au-
thor thinks that any such representation extends to D, however he
knows only few examples. The one used in the construction is the
easiest to describe. One would expect a representation of dimension
dim(D) = 45 which would be an analogue of the adjoint representa-
tion. Unfortunately, there is no such a representation (5.3.6).

o Check that o is Ra(G)-invariant. We use (5.3) an argument which does
not use the classification of representations of stubborn subgroups of G.
We obtain a homotopy compatible family of maps from the stubborn
decomposition diagram of G into BU(m)j.

o FExtend this family to a map fo : BGY — BU(m)j3. It follows easily
from Theorem 4.4.8.

e Prove that fg is A-invariant. The difficult part is to prove that fg :=
fal pmj 1s Ys-invariant. For any choice of p the problem we face here
cannot be solved using the traditional obstruction theory because the
restriction of fy to Ny (T')3° has infinitely many non-homotopic exten-
sions to BHS'. We use here more subtle methods, developed in Sections
1.4, 5.4 and 5.5.

e FExtend fg to a map fp: BDI(4) — BU(m)j — see Section 5.6.

5.1 Bases of T

Let x, y and z be the generators of T°° given in 3.5 (recall that in fact they
depend on n and they are generators of the finite subgroup 70 c 7). The
formulae

(2-"2)3 S (1, g2, q3) — x1112"y¢J22"Zq32" e T

define a homomorphism Z[%] — T, which induces an isomorphism

Z[%P/{(k’l,k‘g,k}g) kZGZ/\k1+k2+k350 mod 2}§Too

In order to present an automorphism of T as a matrix, or to present an
irreducible representation of T as a sequence of numbers, we need to choose
a basis of Z[3]*. We will use three different bases of Z[1]?, namely:
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e; = (1,0,0), es = (0,1,0), es = (0,0,1), (5.1.1)
¢} =(0,1,1), eh = (1,0,1), ey = (1,1,0), (5.1.2)
el =(1,4,0), ey =(3,-1,0), ey = (0,0, —51), (5.1.3)

where k is an odd 2-adic integer such that k> — k + 2 = 0 (note that
—E1 = k7! and k = 3 mod 8). The bases {¢;} and {€;} may be regarded
as "natural bases” of the maximal torus of SO(7) and Spin(7) respectively.
The basis {e!} is convenient for considering homotopy representations of
H = L3/{+1}.

By a root we mean an irreducible representation of a 2-discrete torus. As
shown in 2.3.30, each irreducible representation of the standard 2-discrete

77777

sequence (ki, ..., k.) will be also called a root). In general, for a given irre-
ducible representation the corresponding sequence of 2-adic numbers depends
on the choice of a basis. Further we use these bases as dual bases of a space
of roots.

Example 5.1.4. The set of roots of 7°° in the basis {e;} is (cf. 3.5.2)
{(kl,k’g,k’g € %ZQ) ki =k = ]{33 mod 1}

The set of roots of T in the basis {e}} is Z5. The set of roots of T in the
basis {€/} is

{(kl, kg, ]{33 S %Zg) . ]{31 + k‘Q + k?g =0 mod 1}

5.2 The Weyl group of DI(4)

Recall (1.5) that the Weyl group W := Wp of DI(4) is isomorphic to the
group {#1} x GL3(Fy). The group Wp acts on the group (Z/2*)* (and
this action induces the action on the classifying space of the maximal torus
BTy ~ K(Z},2)?). The representation Wp — GL3(Z%) satisfies the follow-
ing conditions:

e The generator of the first factor {1} maps to the matrix —I.

e The composition GL3(Fy) € Wp — GL3(Z)) L GL3(FFy), where ¢ is
induced by the reduction Z) — Fy, is an identity.
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e The composition W C Wp — GL3(Z%) induces the completed action
of the Weyl group of G on T

The present section contains a detailed description of this action.

In basis {e;} the group W acts on T by +1-permutation matrices (since
the action is inherited from SO(7)). By changing a basis to {e,} we obtain
the following

Corollary 5.2.1. In basis {e}} the Weyl group Wg is generated by the
following matrices:

1 -1 -1 0 0 1
I, a=|0 0 1 b=|[-1 -1 -1
0 1 0 1 0 0
010 0 -1 0
r=10 0 1 s=[-1 0 o0
100 0 0 -1

The homomorphism W — {£1} x GL3(Fy) = Wp, which maps —I onto
(—1,I) and the generators a, b, r and s onto their mod 2 reductions is an
embedding.

Proposition 5.2.2. The group GL3(Fs) is generated by mod 2 reductions of
elements a, b, r, s, and by the element

01
01
10

4
Il
o~ o

They satisfy the following relations:
= =r=2=0"=1

ba =ab, ra=abr, rb=ar, sa=bs, sb=uas, sr=r’s,

va =r’sv, vb=brsv’, vr=r1r° wvs=br?’.

Proof. 1t is clear that (a,b,r,s) is a subgroup of order 24, and that v has
order 7. Therefore the group (a, b, 7, s, v) has an order at least 168 and hence
it is equal GL3(IF2). Elementary computations show that the relations above
are satisfied. Moreover, the list of relations is complete, since they allow to
write every element of GL3(FFy) in the form a®b’r¢s°v* in the unique way,
where 0 < a<2,0<0<2,0<0p<3,0<0<2,0<5w<T. O
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Proposition 5.2.3. The generator v € GL3(IFy) C Wp lifts to the matriz

0 —3h+1 —h
1 h-1 —h | eGLy(Z)),
0 ho 3h—1

where h is the only root of the equation 4> — 3z + 1 =0 in Z) (we still use
the basis {e.}).

Proof. 1t is sufficient to check that this matrix and the matrices enlisted in
5.2.1 satisfy the relations in 5.2.2. O]

By changing basis again from {e;} to {e;} we obtain

Corollary 5.2.4. In the basis {e;} the generator v € Wp is given by the
matrix

1 4h —1 -1 -1
- 0 4h —2 —4h+2
—4h+1 -1 —1

5.3 A representation of NZ°.

In the present section we construct a complex representation ¢ of N C
G, which will be extended later to a map BGY — BU(m)3. We use a
representation having a huge dimension. The main reason for this particular
choice is that it is easy to prove Rq(G)-invariance of ¢. Moreover, as we will
see (5.3.5, 5.3.6) there is no analogue of an adjoint representation.
Throughout the present section we use the basis {e;}.
Define a representation of N by

Q= indgf;: ® (0B wo100) |- (5.3.1)

weWD/(WD)Ql,O,O

(0 stands for a trivial one-dimensional representation). Obviously ¢ is not a
restriction of a continuous representation of Ng since coordinates of its roots
are not integers (in any basis).

Proposition 5.3.2. The character of ¢ is Wp-invariant on T and vanishes
on Ng2\T.
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Proof. 1t is an immediate consequence of the definition. O]

Proposition 5.3.3. The isotropy group (Wp)e, ., € Wp has order 8. An
Wp-orbit of 0100 contains exactly the representations og, k, ks, Where

(1, ko ks) € {(£1,0,0), (0, %1,0), (0,0, +1),
(L 1 ) (] £ 1) (] ] 2 0)
and h is defined in 5.2.5.

Proof. By acting with v € Wp (cf. 5.2.4) and Wp we can easily produce
the representations listed above. On the other hand, there are eight obvious
elements in W which fix g;09. Therefore the orbit contains exactly 42
elements. O

Corollary 5.3.4. dim ¢ = 2%,

It is a convenient place to prove the non-existence of an ”adjoint” repre-
sentation of D.
Proposition 5.3.5. Let ¢ be a representation of N containing root (1,0,0).
Assume that dim ¢ = dim D = 45, and that resﬁ?o Y is Wp-invariant. Then
¥ is not Ra(G)-invariant.
Proof. By 5.3.3 an odd part of ¥ contains the following roots

(F45 25, %5), (5,295 £5),  (£5, 55,295,

Therefore 1) ~ 5{1 _anciya @&y for e € {+,—} (cf. 3.5.21, 3.5.24).
I i P Ei

Then resﬁ?‘i 1) is isomorphic to ,u;l Dy D pS o (cf 3.5.22,3.5.24) and
) D) ) 2

it is not We(K7)-invariant (cf. 3.5.13, 3.5.26). O

Corollary 5.3.6. A classifying map of a complexification of an adjoint rep-

resentation of G does not extend to any 2-compact unitary representation of
D.

The remaining part of this section is devoted to a proof of Ro(G)-invariance
of . Fix a positive integer n. Let z, y, 2z be elements of N&° = Ninfty de-
fined in 3.4.8. The representation resg:cf ¢ is Wg-invariant, i.e. invariant
under any permutation of the generators x,y, z € T and any of the involu-
tions x < o7, y >yl 2 27

Define Z, := {t € T : x,(t) = 0}.
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Proposition 5.3.7. Fiz integers k,l,m. If any of numbers k, [, m, k +1,
k+m, l£m is equal 2" (mod 2"), then z*y'2™ € Z,.
Proof. If k = 2""' mod 2", then x,, ,,(z*y'2™) = e(k) = —1. Then

Xomo1.00("Y'2™) = 0 = x,(a*y'2™) = 0.

By replacing succesively 0100 by 00,10, 00,1, 02h—1,+(2h—1),05 O2h—1,0,4(2h—1);
00,2h—1,+(2n—1) and using an analogous argument we obtain the conclusion in
the other cases (note that h = —1 mod 8). O

Proposition 5.3.8. Let P be one of stubborn subgroups listed in 3.2.8 and
g € G. Assume that g7'Pg C Ng. Then there exists w € Wg such that for
each t € T(P>) (cf. 2.1.2) holds g~ 'tg = w(t).

Proof. By 3.1.12 the conjugation by ¢ is a composition of some permutation
of irreducible factors of P (formally, irreducible factors of the corresponding
stubborn subgroup of SO(7), cf. 3.2.1), some automorphism of P (in the
category R) and an inclusion P C N; = Ng. If P is finite (ie. P =
Ly, My, Ky), then the conclusion is obvious. For P = Ly, L3 we see that g
permutes generators x, y, z. If P = N;, M;, M, K1, then each permutation
of irreducible factors and each Ry(G)-automorphism of P acts trivially on
T(P). O

Proposition 5.3.9. Let P be one of stubborn subgroups listed in 3.2.8 and
g € G. Assume that g-'Pg C Ny. Then for any t € P>\ T(P>) either
g Mg € Z,, or g ttg & T.

Proof. Define the set
Y(P):= |J g '(P*\T(P®)gnT>.

9:971PgCNy

It is sufficient to prove that Y (P) C Z,. Using the presentation (3.4.8) and
the classification of morphisms in Ro(G) (3.1.12, 3.2.8) we obtain that:

Y(Ny) =Y (L3) =0,
and for P # Ny, L3 we have an inclusion
Y(P) C{a™ g e ez U {2y 2™ bomez U {2¥y' 2" ez
U {:Bizﬁyizmzm}mez U {zizn*ylzﬂn*?}lez U {:Bkyﬂnﬂzﬂn&}kez.

]
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Proposition 5.3.10. The representation ¢ is Ro(G)-invariant.

Proof. Let P be one of stubborn subgroups listed in 3.2.8 and let ¢ € G
be such that g7'Pg C N;. We have to prove that for each ¢ € P> holds
Xo(t) = xo(g7tg). If t € T(P*), then the conclusion follows from 5.3.8

oo

(since resgéo ¢ is We-invariant). If ¢ ¢ T(P>), then by 5.3.9 we have
Xo(h) =0 =x,(97"hg). O

Proposition 5.3.11. The represenation ¢ extends to a map fg : BG —
BU(m)y (where m = 21¢).

Proof. We need to check the assumptions of Theorem 4.4.8. In fact, ¢ con-
tains a subrepresentation

e’}

NS NP
indrd (0001 ® 00,1,0) = indpk 0011

Hence 1“63%;o ¢ contains a representation ®a;®a; and therefore resﬁ?@o ©
contains 0®n5 (cf. 3.3.26). Then ¢ satisfies the condition 4.4.8.(c). O

5.4 Adams operations on BSU(2)}

Denote L := SU(2) and J := Ro(L). Let N and @) be 2-stubborn subgroups
of L defined in 4.5.1 and 4.5.2. Let

F:=(ELxz(-))y:J — Sp (5.4.1)

be a stubborn decomposition diagram of L. In the present section we con-
struct an action of the group of homotopy self-equivalences of (BL5)"™ on a
functor which is homotopy equivalent to the stubborn decomposition functor
of L™. Next, we apply this construction to the description of 2-homotopy
representations of H = L3/{+£1} which are extensions of res%%.: ¢. These
results play a crucial role in the construction of a faithful repreHsentation of
the 2-compact group DI(4).

Proposition 5.4.2. For each odd k € 74 there exists a unique homotopy self-
equivalence Yy, of BLY (called the Adams operation) such that its restriction
to the completion of the maximal torus of L is induced by the multiplication
by k. Moreover, any self-equivalence of BLY is, up to homotopy, an Adams
operation, and vy, is homotopic to Yy if and only if k = £k .
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Proof. Tt is a consequence of [DW1, 5.4]. O

For any ring R let R* denote the multiplicative group of its invertible
elements and for any space X let HAut(X) be the group of homomopy classes
of self-equivalences of X. Since ¢y, 0 ¥y = s, then by 5.4.2 we have

HAut(BLY) ~ (Z5)* {1} ~ {5 : k € 1 + 47}

Before going any further we introduce some definitions. Recall that C,
denotes the cyclic group of order r. Let K,, be the field with 52" elements
and let K = |J, K,. Let S C K* be the subgroup of all 2"-th roots of
unity and let S, := SN K,. Similarily, let ¥ := {4l + 1 € (Z%)*} and
let ¥, := {4l +1 € C;,.,.}. Note that there exists a natural isomorphism
(Z5)* — Aut(S) given by I(x) = 2.

Proposition 5.4.3. The group S,, is cyclic of order 2"2.

Proof. By induction we prove that 2"*2 is the greatest power of 2 which
divides 52" — 1. Since S,, is the 2-Sylow subgroup of K* ~ Cy2n_;, then it is
cyclic and has order 272, O

Proposition 5.4.4. The group V,, is cyclic of order 2" and 5 is its generator.

Proof. For n =1 the conclusion is clear, so assume that n > 1 and that 5 is
a generator of ¥,,_;. The only element of order 2 in ¥,,_; is 2" + 1; therefore
52" = 2" + 1 mod 2", But both lifts of 2" + 1 to ¥,, have order 4. It
implies that 5 has order 2" in ¥,,. O]

Proposition 5.4.5. There exists a homomorphism o : ¥V — Aut(K) such
that for each x € S holds a(l)(x) = z'.

Proof. For each n let o, : ¥,, — Aut(K,), where o, maps the generator 5
onto the Frobenius automorphism. By passing to the limit we obtain the
homomorphism « : ¥ — Aut(K’) which satisfies the required conditions. [J

Define the following subgroups of the special linear group SLo(K):

(I G I CAN )
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where (4 is a 4-th root of unity. Let J’ be a full subcategory of the category of
S Ly(K)-orbits containing only objects SLo(K)/N' and SLy(K)/Q'. There
is an obvious natural equivalence J' = 7. Define a functor

F/ = (ESLQ(K) XSLQ(K) (—)9 : j/ — U — Sp, (546)

where W acts on ESLy(K) in the way given in 5.4.5.

Let res%%p be the forgetful functor from the category of spaces into the
homotopy category.

Now our goal is to prove that the functors F' and F” are weakly equivalent,
i.e. that there exists a natural transformation 7" : F' — F’ (in the category

of diagrams of spaces) which induces an equivalence reslsfép FS reslsfép F'.
This kind of problems was considered in [DK]. Let us recall main resuls of
this paper:

Definition 5.4.7. A map f : X — Y is centric, if it induces a weak ho-
motopy equivalence map(X, X);q, — map(X,Y);. A diagram of spaces is
centric, if every map in this diagram is centric.

Remark. 1t is clear that whether or not a map is centric is a homotopy
property. Therefore we can say that a homotopy class of maps (or a diagram
in the homotopy category) is centric.

Given a centric diagram D : C — Sp (or D : C — HSp) construct
functors a;(D) : C*? — Ab by setting o;(C) = m(map(D(C), D(C))idpc,)-
For each map ¢ : Cy — C} let a;(c) be a composite

D(c)*

mi(map(D(Cy), D(Ch)) 2, (map(D(Cy), D(C1))p(e)

idmcl))

PO, (map(D(Cy), D(Co))iap.))

Theorem 5.4.8. ([DK, 1.1(b)]) Suppose that C is a small category and that
D, D' are centric diagrams of spaces such that its restrictions to the homotopy

category res%psp D and res%psp D’ are naturally equivalent. If the groups
H™(C; ;) vanish for i > 1, then D and D' are weakly equivalent. H

Proposition 5.4.9. The diagram F : J — Sp is centric.

Proof. Let N, ) be the 2-stubborn subgroups of L defined in 4.5. Since
each self-homotopy equivalence is centric, it is sufficient to check that the
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map BQ — (BN)$° induced by the inclusion i : @ C N is centric. By the
Dwyer-Zabrodsky theorem we have a sequence of homotopy equivalences
B{+1} = BZ(Q) — (map(BQ. BQ)i);
= (map(BQ, BN} )p)y «— BCw(Q) = B{+1}.
The conclusion follows. O

Corollary 5.4.10. The diagrams F' and F’ are weakly equivalent. In par-
ticular, there is a homotopy equivalence (hocolim 7 F")) — BLY.

Proof. Obviously both F' and F” are centric. By 4.3.1 the cohomology groups
of J with any coefficients vanish above dimension 1. The conclusion follows
from 5.4.8. ]

As a consequence we obtain the following

Theorem 5.4.11. For each p € ¥ ~ HAut(BLY) the following diagram
commutes up to homotopy:

hocolimy F' —*— BLj

wl P
hocolim; F' —*— BLj
Proof. By 5.4.5 v acts on the completed maximal torus of L by a multipli-

cation. The conclusion follows from 5.4.2. OJ

By [DW1, 5.5], each homotopy self-equivalence of the spaces (BL)™ is a
composition of a permutation of factors and some Adams operations on its
multiplies. More precisely, HAut((BL5)") = HAut(BL) 1 ¥,,. Here follow
the generalization of Theorem 5.4.11 for the group L™

Theorem 5.4.12. For each n > 1 there is an action of the group

HAut((BLY)™) =< HAut(BLy) 1 %,
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on the functor (F')" (treated as an object of the category Diagg,,, cf. 1.4.10),
such that the following diagram commutes:

hocolim zn (F')" —*— (BL,)"

hocolim zn (F')" —*— (BL,)"
Proof. Each element v € HAut((BL5)") is a composition
BLy x -+ X BLY 3 (21, ...,2,)
(1/)11 (Zﬁg(l)), . ,Q/}ln(xg(n))) c BLQ X+ X BLé\7
for some o € X, and v, € HAut(BL%). Define an action of ¢ on (F")" by

(Y1 seestry,)
-

(P 2 (') ()" =

What we really need is to prove the analogue of 5.4.12 for the group
L™ /{£1} where n > 1. It can be done, but with some additional effort. Let
n = {1,...,n}. Define a functor F : (J')* — (V1%,) — Sp by putting, for
each A Cn

Ey (P < (Q)™) = (B(SLa(K)" {£1}1)/(P)* x (Q')“\A/{ﬂz;}i 3
The action of W3, on SLy(K)"/{x1} defined by the formula B

Wlu s len; U)(.gh oo 79”) = (2/}11(90(1))7 s 7wln<ga(n)))'

induces, for each A C n the following map
(B(SLa(K)"{£1})/((P)* < (@)™)
BB % (B(SLy(K) {EID/(P)P) x (@) ).

These maps define an action of W X, on the diagram F (treated as an
object of Diagg,; cf. 1.4.10).

Proposition 5.4.14. The functor F) is weakly equivalent to the stubborn
decomposition diagram of the group L™/{£1}.
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Proof. Similarly to the proof of 5.4.9 we show that F is centric. Then
we have to check that the groups H*™'((J')"; ;) vanish. For each object
P e (J')" we have
map(F, (P), F,/(P))ia = B(Zspy(xynjx1y(P)) = {£1}"/(=1,..., —1).
Then the functors «; are constant and for each P we have
Aj(Aut(J/)n (P), OéZ(P)) =0

for 5 > 0 (by 4.2.6(b)). Then H"'((J")"; ;) = 0 for all . Now the conclu-
sion follows from 5.4.8. ]

As a consequence, we obtain the following
Theorem 5.4.15. For each ¢ € V1%, ~ HAut(B(L"/{x1})) the following

diagram commutes up to homotopy:

hocolim 7« (F')" —— B(L"/{%1})}
P Y

hocolim 7 (F')" —*— B(L"/{%1})}

Here follows the technical result which is crucial in the proof of the main
theorem:

Theorem 5.4.16. Let o be an J>-invariant complex representation of (N°°)?
(resp. (N*°)3/{£1}) and choose any map v € HAut((BLY)?)p, (resp. ¢ €
HAut(B(L3/{+1})0)B, ). Assume that ¢ is -invariant, i.e. that (Bo)y is
homotopic to the composition (Bp)3 o f|(gnee)s. Let E, be a set of homotopy
classes of extensions of Boy to a map from (BLY)3 (resp. (B(L3/{£1})3)).
Then the following diagram commutes:

H*(J?* 2% x E, —— E,

¢*Xw*k

H*(J% 2% x E, —— E,

P,

where 11 s an action defined in 1.4.13. Moreover, E, is a free and transitive
H?(R3;115)-set.
Proof. 1t is a consequence of 1.4.13(1), 1.4.9 and 5.4.12 (resp. 5.4.15). [
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5.5 A homotopy representation of H

Let ¢ be a representation of N&° defined in 5.3.1. By 5.3.11 it extends to the
map fo : BG) — BU(m)) (where m = 2¢). Let fy : BHY — BU(m)} be
the composition of fg with an inclusion BH) — BGY%. The main result of
this section is that fy is homotopy GLsg(IFy)-invariant, where the action of
GL2(F2) comes from the centralizer decomposition diagram of DI(4).

Recall [DW1, Section 6] how the action of GLy(Fs) is defined. Note that
Wy C Wg. It appears that the group Ny, (Wy)/Wy acts on BHZ. Since
Ny, (Wy)/Wg ~ GLy(Fy), this determines the action of GLy(FFy) on BHY'.

The group GLy(F2) is generated by an order 2 element (namely s) which
stabilizes the inclusion BH) — BGY% and by some element of order 3, say t.
Elementary calculations show that ¢ is represented by the element r%sv? €
Wp. The invariance of fg under the action of s is clear. The main effort will
be to show that fy ot ~ fy.

In the basis {€]} (cf. 5.1.3) the element ¢ acts on 7°° by the multiplication
by the matrix

(5.5.1)

O = O
_ o o
o O =

(recall that k is an odd 2-adic integer such that k* — k — 2 = 0).
Denote Ny := Ny (T) and w := res%% ©

Proposition 5.5.2. The morphism t stabilizes the representation w.
Proof. Strightforward from 5.3.2. O

Corollary 5.5.3. Both maps fy and ¢t ~ fg restrict to the same Ro(H)-
invariant representation w.

By 5.4.16 the set E, of extensions of w to a map from B(L3/{£1}))
is a free and transitive H?(J%;Z%)-set. By 4.5.20 E, ~ Z)[Z2(3)*/ ~],
where Z2(3)* is the set defined in 4.5.18. For simplicity denote Z := Z2(3),
Z* = Z%(3)*. In order to calculate the set Z we need to describe the set of
irreducible subrepresentations of w.

Let Rt(w) C (Q2%)3 be the set of roots of w (in dual basis {¢/}). Obviously
Wp acts of Rt(w).

Proposition 5.5.4. The set Rt(w) contains all combinations of roots having
the form w*(3,3,0) for w € Wp.
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Proof. Since the sequence (1,0,0) (in dual basis {e;}) has the form (3,1,0)

in basis {e}, then the conclusion follows from the definition of ¢ (5.3.1) and
properties of the tensor product. O]

Roots having the form w*(%, %, 0) will be called basic roots. The set of

all basic roots will be denoted by BRt(w). Put ¢ = 3, d = 1. Note that

2
czdz% mod 2.

Proposition 5.5.5. We have

BRt(w) = {(%c, ¢, 0), (£c, 0, £¢), (0, +¢, +c),
(£2d,0,0), (0, +2d, 0), (0,0, +2d),
(£(c+d), £d, £d), (£d, £(c + d), £d), (£d, £d, £(c + d)) }

Proof. 1t is the list (5.3.3) converted into the basis {e!}. O
Directly from the definition (5.3.1) we obtain
Corollary 5.5.6.

Rt(w> = Z l(rl,rg,r3)(r1>r27r3) : 0 S l('rl,'rg,'r3) S 16

(r1,r2,r3)€BRt(w)

Proposition 5.5.7. If even integers l. and l; satisfy inequalities |l.] < 16-8,
lla| <1614 and |l. — 1| < 16 - 14, then (l.c + 14d,0,0) € Rt(w).

Proof. Introduce a relation < on BRt(w) by
(r1,72,73) & (1,74 1h) & 11 =1 Ary = —1h Ary = —f,

Let SRt(w) C Rt(w) be the set all combinations

Z l(T177“277“3) (Tla T, TS)

(r1,r2,r3)EBRt(w)

such that the coefficients [, ., ,,) are constant on equivalence classes of the

relation ~. Then S Rt(w) contains exactly sequences
(me(2¢) + ma(2d) + meya(2¢ + 2d), 0,0),

where the integers m., mq and m.., 4 satisfy inequalities —2-16 < m, < 2-16,
—5-16<myg <516, Mmeyg=—2-16 < meig < 2-16. O
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Proposition 5.5.8. If odd integers ., lq satisfy inequalities |l.| < 8 - 16,
lla| <14-16 and |l. — 14| < 14-16, then (l.c + lqd,c + d,c+ d) € Rt(w).

Proof. By 5.5.7 we have ((I. — 1)c + (I — 1)d,0,0) € Rt(w) and it may be
written without using basic roots (c+d, d, d) and (0, ¢, ¢) (since [, < 816 —2
and [; < 14 -16 — 2). Then

((le=1)e+(la=1)d, 0,0)+(c+d, d, d)+(0, ¢,¢) = (loc+lud, c-+d, c+d) € RE(w).
O

Elementary arguments lead to the following corollaries

Corollary 5.5.9. If (Ilc + l}d, ?c + 12d,13c + I3d) € Rt(w) is a root with
(2-adic) integer coordinates, then for i = 1,2,3 we have I! = [’ mod 2.
Moreover, numbers [ and [, satisfy inequalities analogous to the ones in the
formulation of 5.5.7.

Corollary 5.5.10.
Rt(w) U (Z5)? = {(Ile+ 12d, e+ BBd, 2c + 13d) - 11,1} € Z,
=15 mod 2A[lL] <8-16 AL <14-16 A|IL — 14 < 14- 16}
Proposition 5.5.11.
ZE 2 {(loe+ lad, %, %), (%, loc 4 lad, %), (x, %, loc 4 1gd) : 1o, lq € Z
ANle=1lg mod 2A|l] <8 16 A |lg) <1416 Al — lg] < 14 - 16}

Proof. Recall that Z* (cf. 4.5.18) is a set of symbols (1, %, %), (*,79, %),
(%, %, m3) such that 9, @n,@ns C w, and 7; € {agp1 JU{Bu}U{r} = IR*(N>)
for each i. Now the conclusion follows from 5.5.10 (note that we identify

representations a1, Bor, T with 2-adic integers 2k+1, 21 and 0 respectively).
m

Proposition 5.5.12. There are two equivalence classes of relation ~ (cf.
4.5.18) on the set Z:

ZOi = {(lCc =+ ldd> *, *)7 (*7 lcc + ldd7 *)7 (*7 *, lcc + ldd) :
le)lg E2Z A |1 < 8- 16 A |ly| < 14-16 A |l — Iy| < 14 - 16}

and

Zit - {(lcc+ ldda *, *)7 (*a lcc+ ldda *)7 (*7 *7lcc+ ldd) .
lelg €1+ 2Z A |le| <816 A|lg| <14-16 A |l — 14| < 14 - 16}.
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Proof. For even I, lg, by 5.5.7 (l.c+14d,0,0) € Rt(w) (and therefore (0, l.c+
l4d,0),(0,0,l.c+ l4d) € Rt(w)). Moreover, obviously (0,0,0) € Rt(w). Then

(lec 4 lgd, *, %) ~ (%,0,%) ~ (0, %, %) ~ (x,l.c+ lgd, *) = (x,%,l.c + lqd)

Then all elements of Zi are in the same equivalence class as (0, %, *). Simi-
larly, if [, and l; are odd, then

(lec+lgd,c+d,c+d), (c+d,l.c+ lgd, c + d),
(c+d,c+dlc+14d),(c+d,c+dc+d) € Rt(w).

Therefore all elements of Z;* are in the same equivalence class as (c+d, *, *).
O

Now we are ready to prove the main result of this section:

Theorem 5.5.13. There is a bijection between the set E,, of extensions of
w € Rep(NiyY) to a map from BHY and the set 7. Moreover, an element
t € HAut(BHY') acts trivially on E,,.

Proof. By 5.4.16 and 4.5.20 there is a commutative diagram
I ZE 7F) x E, —— B,
£ xt* .
IH{ZE, 7} x B, —— E,

Since the automorphism ¢ of BH) acts on Rt(w) by permuting coordinates
(cf. 5.5.1), it fixes the equivalence classes Zi and Z:f. Therefore the map

t: Zh{Zy, 21y — L2y, 21

is an identity. Thus t* : E, — E, is a Zb{Zy, Z;"}-map. Since E, is a
free and transitive Zy{Z;, Zi }-set, then t, : E, — E, is a shift by some
element. Therefore it is an identity, because t* o t* o t* = id and the group
IH{ZF, ZF} ~ Zh has no elements of finite order. O

As a consequence, we obtain
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Proposition 5.5.14. The map fq is A-invariant, i.e. it extends to a homo-
topy compatible family of maps from the centralizer decomposition functor of
BD into BU(m)j.

Proof. By 5.5.13 the map fy = fg|pn is GLy(Fs)-invariant. The map
falBas sy 18, by Dwyer-Zabrodsky theorem, the completion of the clas-
g

sifying map of the representation resév ¢, which is GL3(Fy)-invariant

T3x{£1})%
(since the action of GL3(IF5) is the restriction of the action of the Weyl group).
Since res ( :|1:1}4 ¢ is a sum of regular representations, then the map fg|pri1}4

is GL4(F9)-invariant. O

5.6 Proof of the main theorem

Let F': A — Sp be the centralizer decomposition diagram of BD and let A;,
1=1,...,4 be objects of A. We have proven that the map

fa: F(Ay) ~ BGQ — BU(m)j

is A-invariant. Now we have to check that the obstructions to the existence
of an extension BDI(4) — BU(m)j in groups H"!(A;Tl;) vanish, where

IL;(A,) = Wi(map(F(Ar)7BU(m);\)fG\F(AT))'

Oliver [O2] provided a powerful tool for calculating this kind of cohomol-
ogy groups:

Theorem 5.6.1. ([O2, Thm. 1, Prp. 6]) Let A := A,(X) be the centralizer
decomposition category of a p-compact group X. Let A; be the set of objects
of A which have the form B(Z/p)" — BX. Then for any Z}[A]-module F
there is a isomorphism H*(A; F') ~ C%,(F'), where

Ch(F)= ] Homaua)(Sta, F(A))

AE.AZ'.H

However, this theorem applies only to the case when the coefficient functor
has abelian values (obviously II(A,) is abelian for ¢ > 1).

For r = 3,4 the spaces F(A,) are 2-completed classifying spaces of 2-
toral groups. Therefore, by 2.2.4 the spaces map(F(Ar),BU(m)Q)de(AM
are classifying spaces of products of unitary groups. Hence II; (F%) = 0.

For r = 1,2 this argument fails, since the spaces F(A;) and F(Ay) are
not classifying spaces of 2-toral groups.
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Proposition 5.6.2. The fundamental group of map(BHS, BU(m)3})s, is
abelian.

Proof. Let J := Ra(L). Recall that Ro(H) = J3. By the Dwyer-Zabrodsky
Theorem (2.2.4) we have

map(BH}, BU(m)4) s, = map(hocolimy,pess(EH X /P)y, BU(M)3)
= holimy, pe 73 map((EH x g H/P)y, BU(m)Q)meP2A
= (holimy/pezs BCy(n)(w(P>))3)2
The second term of the Bousfield spectral sequence [BK, XI,7.1], which con-

verges to the homotopy groups of the homotopy inverse limit above has the
second term

B = BTy map( EH 31 H/ (=), BUM,) 1, )
— HP(T% Ty o(BCumy (0((—))3)) = T, (42)

The spaces BCym)(p((—)>)5 are products of 2-completed classifying spaces
of unitary groups (cf. Section 2.4), where the number of multiplies is the
number of isomorphism classes of irreducible subrepresentations of resgog: ©
and the rank of every one is the multiplicity of the corresponding irreducible
reprepresentation. Then the groups mp q(BCym(¢((—)>)5) are abelian.
Moreover, for p + ¢ = 1,3 they vanish and for p + ¢ = 2,4 they are isomor-
phic to =¥ (cf. 2.4.4), where as before w = resxcz ¢, since all irreducible
subrepresentations of ¢ appear with multiplicity at least 16. By 4.5.15 we
have H3(J%2%) = 0. Thus EY' = 0 for p # 1. Therefore II;(A,) is a

subquotient of the abelian group Ezl’1 and hence is abelian. Il
The following proposition is a staightforward consequence of 5.6.1:
Proposition 5.6.3. For any Z}[A]-module M there is an isomorphism
H* ' (A; M) = H*(Homgr,, ) (Star. m): M(AL))),
where Str is the Steinberg module of the group I'.
In particular, H*(A; M) = 0 for i > 3.

Proposition 5.6.4. For each i > 1 holds H™(A; 11;) = 0.
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Proof. 1f 1 > 3, then the conclusion is obvious, so it is suffiecient to consider
cases 1 = 1,2 only. Note that the full subcategory of A with objects A; and
A, is isomorphic to J. Since II;(A,) for r = 3,4, then by 4.1.6 and 4.3.1 we
have H*(A;I1y) & H*(J;res% I1;) = 0.

If 4 = 2, then by 5.6.3 H3(A;Il,) is a quotient of the group

Homgr, r,) (Star, (), 2(A4)).

A Zy-module ITy(Ay) = ma(map(B{=1}!, BU(m)3) wp ) is free and has

i
{134

dimension not larger than 2* (there are 2* isomorphism classes of irreduicible
representations of {1}*). The Steinberg module Stgy,,(r,) is a second homol-
ogy group of a geometrical realization of a poset of all non-trivial proper sub-
spaces of F3. By an Euler characteristic argument it has dimension 63 and is
an irreducible Z5[GLy(F2)]-module (cf. [St]). Hence there is no non-zero ho-
momorphism Stgr,m,) — [I2(As). Hence Homar, r,) (Star,m,), H2(A4)) =0
and thus H3(A;IIy) = 0. O

As a consequence we obtain the main theorem of this paper:

Theorem 5.6.5. The map fg : BGY — BU(m)y extends to a faithful com-
plex representation of the 2-compact group DI(4).

Proof. By 5.6.4 the map fg extends to BDI(4). By 1.2.11 the extension is
a classifying map of a monomorphism of 2-compact groups. O
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