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Abstract

p-Compact groups, introduced by Dwyer and Wilkerson [DW2], are homo-
topy theoretic analougues of compact Lie groups (see also [N2] and [M]). The
present paper contains a construction of a faithful complex representation of
2-compact group DI(4), which was provided by [DW1]. The main tool used
is the homotopy decomposition of the classifying space of an arbitrary com-
pact Lie group onto the homotopy colimit of the classifying spaces of its p-
stubborn subgroups, which is due to Jackowski, McClure and Oliver [JMO1].
The paper contains a detailed discussion on a method of classification of
maps BG → BU(n)∧p (called homotopy representations; G is a compact Lie
group) which uses this homotopy decomposition. For G = Spin(7), SU(2)n

we obtain explicit results, which are close to a full classification. We classify
2-stubborn subgroups of Spin(7) and complex representations of its discrete
approximations. This part depends heavily on results of [O1] and [AF] and
on the representation theory of finite groups. An important (and the most
difficult) part constitute calculations of obstruction groups, which appear
when we extend maps from spaces at the homotopy decomposition diagrams
to maps from its homotopy colimits. Methods we use are based on [JMO1]
and [O2].

AMS Mathematical Subject Classification:
Primary 55R35, 55R37;
Secondary 55P60, 55S35, 20C15.

Key words and phrases:
p-compact group, classifying space, representation, homotopy decompo-

sition.
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Introduction

0.1 p-Compact groups

Lie groups and loop spaces

Let G be a compact Lie group and EG a contractible space equipped with
a free action of G. A space of orbits BG := EG/G is called the classifying
space of the group G; the homotopy type of BG does not depend on the
choice of the space EG. Unlike the group G, the space BG does not possess
any differential or algebraic structure. The crucial property which relates
G and BG is that there is a weak homotopy equivalence ΩBG → G. This
observation motivates the following definition:

Definition 0.1.1. A loop space is a CW-complex X with a pointed space BX
and a weak homotopy equivalence ΩBX → X. A loop space (X,BX, ΩBX →
X) is finite if the CW-complex X is finite.

We call BX the classifying space of X, what is ambiguous, since it is
BX which determines X (unlike for compact Lie groups). Obviously each
compact Lie group is a finite loop space. However, the class of finite loop
spaces is much larger. For example, a group SU(2) ' S3 admits uncount-
ably many non-equivalent structures of a finite loop space [R] (i.e. there is
uncountably many pairwise homotopy non-equivalent spaces BX, such that
ΩBX is homotopy equivalent to S3).

p-Compact groups

Dwyer and Wilkerson [DW2] introduced a p-compact groups, which are closely
related to a finite loop spaces. The main idea is to consider only a part of
the homotopy type of a classifying space related to a fixed prime integer p.
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The definition of a p-compact group uses the construction due to Bousfield
and Kan [BK], which assigns to any space Y its p-completion Y ∧

p , which can
be interpreted as the p-part of the homotopy type of Y . If spaces Y and Y ∧

p

are weakly equivalent, then we say that the space Y is p-complete. Under
mild assumptions on Y holds πi(Y

∧
p ) ∼= πi(Y )⊗ Z∧p , where Z∧p is the ring of

p-adic integers.

Definition 0.1.2. A loop space X is a p-compact group, if the space X is
p-finite (i.e. it has the finite homology with coefficients Fp) and the space
BX is p-complete.

Examples of p-compact groups

If G is a compact Lie group such that its group of conected components
is a finite p-group, then its p-completion G∧

p is a p-compact group and its
classifying space is (BG)∧p . In particular, if G is a k-dimensional torus (S1)k,
then its completion is a p-compact torus. It is an Eilenberg-McLane space
K(Z∧p , 1)k and its classifying space is K(Z∧p , 2). There are numerous examples
of p-compact groups which are not a completion of any compact Lie group
(such p-compact groups are called exotic).

Homomorphisms

Many ideas concerning compact Lie groups can be generalized onto p-compact
groups. For example, any homomorphism of compact Lie groups f : G → H
induces the classifying map Bf : BG → BH. A homomorphism of p-
compact groups f : X → Y is a map Bf : BX → BY (obviously it de-

termines, up to homotopy, a map f : X ∼= ΩBX
ΩBf−−→ ΩBY ∼= Y ). If maps

Bf,Bg : BX → BY are homotopic, then the homomorphisms f i g are
called conjugate. If f : G → H is a monomorphism of Lie groups, then (as-
suming that the models of the classifying spaces are chosen properly) Bf is a
fibration with a fibre H/G. Similarly, a homomorphism of p-compact groups
f is a monomorphism, if its homotopy fibre is p-finite (i.e. its homology with
coefficients Fp are finite).
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Centralizers

Let f : X → Y be a homomorphism of p-compact groups. A centralizer
of X in Y is a loop space Ω map(BX, BY )Bf (it is not always a p-compact
group). Unlike the definitions stated before, which are motivated by elemen-
tary properties of classifying spaces of compact Lie groups, the definition of
a centralizer is motivated by the following theorem:

Theorem 0.1.3 (Dwyer-Zabrodsky). If P is a finite p-group and G a com-
pact Lie group, then for each homomorphism f : P → G the map

BCG(P ) −→ map(BP, BG)Bf

adjoint to the classifying map of the homomorphism CG(f(P ))× P → G in-
duces an isomorphism on the homology with coefficients Fp (and hence a weak
homotopy equivalence after passing to the p-completions).

Then we see that centralizers in the p-compact sense coincide with cen-
tralizers in the group sense assuming that the subgroup P is p-finite. The
Dwyer-Zabrodsky Theorem can be generalized onto some larger classes on
groups (for example p-toral groups and p-discrete toral groups).

Maximal torus

A torus in a p-compact group X is any monomorphism i : T → X, where
T is a p-compact torus. Like any compact Lie group, each p-compact group
possesses a maximal torus iX : TX → X, which is determined uniquely up
to conjugacy by the following universal property: for any torus i : T → X
in X there is a homomorphism of p-compact groups j : T → TX , such that
i is conjugate to iX ◦ j. The group of automorphisms of TX preserving the
monomorphism iX is called the Weyl group of X and denoted by WX . The
group WX is finite and it acts on the classifying space of the maximal torus
BTX ' K(Z∧p , 2)r. This action determines a representation WX → GLr(Z∧p ),
which is one of the most important invariants of p-compact groups.

Complex representations of p-compact groups

Recall that a complex representation of a Lie group G is a linear action of
G on a complex vector space, or equivalently, a homomorphism ϕ : G →
GL(V ). If the group G is compact, then we can assume that the image of ϕ
is contained in a unitary group U(V ) → GL(V ). Similarly,
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Definition 0.1.4. A complex representation of a p-compact group X is
a homomorphism (of p-compact groups) ϕ : X → U(n)∧p (i.e. a map
BX → BU(n)∧p ). A representation is called faithful if ϕ is a monomorphism.

The Peter-Weyl Theorem states, that each compact Lie group admits a
faithful complex representation. It is interesting if p-compact groups possess
the analogous property, i.e. whether or not the following conjecture is valid:

Conjecture 0.1.5. Each p-compact group admits a faithful complex repre-
sentation.

For odd p this conjecture was proven by Castellana [C], who has con-
structed, for any simple p-compact group X a representation of dimension
dim X, which is a generalization of the adjoint representation of a compact
Lie group. There is a strong evidence, that the only simple 2-compact group,
which is not a completion of any compact Lie group is DI(4), constructed
by Dwyer and Wilkerson [DW1]. The main result of the present paper is the
following:

Theorem 0.1.6. There is a faithful complex represenation of DI(4) of di-
mension 246.

Since DI(4) has no non-trivial normal subgroups, it is equivalent to the
existence of any non-trivial map BDI(4) → (BU(246))∧2 . It seems that the
methods of [C] cannot be generalized onto the case DI(4), since there is no
representation of DI(4) of dimension dim DI(4) = 45.

2-Compact group DI(4)

The property which determines uniquely DI(4) is that the cohomology ring of
BDI(4) with F2-coefficients is a rank 4 mod 2 algebra of Dickson invariants:

H∗(BDI(4);F2) ∼= F2[t1, t2, t3, t4]
GL4(F2),

where the generators ti are in dimension 1. The algebra H∗(BDI(4);F2)
is also a polynomial algebra generated by elements c8, c12, c14, c15 (indices
indicate dimensions of generators). An action of the Steenrod algebra is
determined by relations Sq4c8 = c12, Sq2c12 and Sq1c14 = c15. The Weyl
group WDI(4) is isomorphic to {±1}×GL3(F2) and the action of WDI(4) on the
maximal torus determines a representation GL3(F2) → GL3(Z∧2 ), which is a

8



section of the mod 2 reduction. 2-Compact group DI(4) contains a subgroup
Spin(7)∧2 , such that DI(4) and Spin(7)∧2 have a common maximal torus. It
appears that no (algebraic) representation of the Lie group Spin(7) (or even
its maximal torus T ) extends after completion to a faithful representation
of DI(4). The main reason is that the homomorphism WDI(4) → GL3(Z∧2 )
(cf. 0.1) has no factorization through GL3(Z). Therefore a completion of any
faithful algebraic representation of T is not WDI(4)-invariant and cannot be
extended to DI(4).

0.2 Homotopy decompositions

Homotopy decompositions are very useful tools for studying classifying spaces
of compact Lie groups. They are also very helpful for constructing and
studying p-compact groups.

Homotopy colimits

Let C be a small category (i.e. such that the class of its objects is a set) and F
any functor from C into the category of topological spaces Sp. Obviously one
can take the colimit of F , but this construction does not have good homotopy
properties (i.e. homotopy limits of homotopy equivalent functors need not to
be homotopy equivalent). More useful construction in the homotopy theory
is the homotopy colimit hocolimC F , which has much better properties. There
is a map hocolimC F → colimCF , which is in many cases a weak homotopy
equivalence. However, the homotopy colimit is not a colimit neither in the
category of spaces, nor in the homotopy category.

Obstruction theory

Fix a small category C, a functor F : C → Sp, a space Z and a family
of maps {fC : F (C) → Z}C∈C. Assume that {fC} is homotopy compatible,
i.e. for any morphism c : C → C ′ in C the maps fC and fC′ ◦ F (c) are
homotopic. Consider the following problem: when the family {fC} can be
extended to the map hocolimC F → Z. Define, for i ≥ 1, the following family
of contravariant functors on C with values in the category of groups:

Πf
i (C) := πi(map(F (C), Z)fC

).
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Assume that for each C ∈ Ob(C) the group Πf
1(C) is abelian. Then:

• If for i ≥ 1 the groups H i+1(C; Πf
i ) vanish, then it exists an extension

of {fC} to a map hocolimC F → Z.

• If for i ≥ 1 the groups H i(C; Πf
i ) vanish, then an extension of {fC} to

a map hocolimC F → Z is determined uniquely up to homotopy (if it
exists).

Remark. Symbols H i denote cohomology groups of categories with coeffi-
cients in functors (it is a common generalizations of the group cohomology
and the cohomology of spaces).

Homotopy decompositions

Let p be a fixed prime integer and G either a compact Lie group, or a p-
compact group.

Definition 0.2.1. A homotopy decomposition of the classifying space BG
is any functor F : C → Sp equipped with a map hocolimC F → BG, which
induces an isomorphism of the homology with coefficients Fp. Moreover, we
assume that C is a finite EI-category (i.e. such that each endomorphism
is actually an isomorphism) and that for each C ∈ C the space F (C) is a
classifying space of a Lie group (or a p-compact group).

Homotopy decompositions are presentations of a given classifying spaces
in the form of a homotopy colimit of classifying spaces of simpler groups
(usually subgroups), but only up to the homological equivalence. (Decompo-
sitions for which the homology equivalence is in fact a homotopy equivalence
are usually not very useful). In the present paper we use two kinds of homo-
topy decompositions: the centralizer decomposition, where appear classifying
spaces of centralizers of elementary abelian p-subgroups of a given p-compact
group, and the p-stubborn subgroup decomposition, in which appear classify-
ing spaces of some p-toral subgroups of a given group.

Construction of the 2-compact group DI(4)

The space BDI(4) was constructed [DW1] as a homotopy colimit of some
functor (which appears to be the centralizer decomposition functor of DI(4)
as well). Now we describe this functor. Let V be a 4-dimensional vector
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space over F2 and A be a category, whose objects are non-zero subspaces of
V and morphisms are all monomorphisms between vector spaces. Define

K : A 3 X 7→ F2[V ]{g∈GL(V ):∀x∈Xg(x)=x} ∈ GrAlg2, (0.2.2)

where GrAlg2 is the category of graded F2-algebras. It appears that there
is a functor F : Aop → Sp, such that H∗(F ;F2) ∼= K. The space BDI(4)
is defined to be the 2-completion of the homotopy colimit of F . Values
of the functor F are completed classifying spaces of compact Lie groups
(namely Spin(7), SU(2)3/{±1}, T 3 n {±1} and {±1}4). Then BDI(4) is
the homotopy colimit of the following diagram:

GL4(F2)
y

B{±1}4 ⇒
GL3(F2)
y

B(T 3 n {±1})∧2 ⇒
GL2(F2)
y

B(SU(2)3/{±1})∧2 ⇒ BSpin(7)∧2 . (0.2.3)

This diagram is very close to the centralizer decomposition diagram of the
space BSpin(7) — it has the same objects, but more morphisms.

0.3 Homotopy representations of compact Lie

groups

In this section we describe a general method of constructing maps from BG
into the 2-completion of BU(n), where G is a Lie group. Such maps will
be called homotopy representations of G. We say that two homotopy repre-
sentations are isomorphic, if they are homotopic (as maps between spaces).
The general properties of the p-completion imply that there is a bijection
[BG, (BU(n))∧p ] = [(BG)∧p , (BU(n))∧p ], then maps (BG)∧p → (BU(n))∧p will
also be called homotopy representations. In the present section we use stub-
born decompositions [JMO1], which seem to be the most appropriate for our
purposes.

Homotopy representations of p-toral groups

A Lie group P is called p-toral, if it is an extension of a finite p-group by
a torus. Any p-toral group has a dense subgroup P∞, called the discrete
approximation, which is an extension of a finite p-group by a p-discrete torus
(Z/p∞)r. Usefullness of discrete approximations follows from the following
version of the Dwyer-Zabrodsky Theorem:
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Theorem 0.3.1. Let P be a p-toral group and G a compact Lie group. Then
the map

Rep(P∞, G)
B(−)∧p−−−−→ [BP, (BG)∧p ],

is a bijection, where Rep(P∞, G) := Hom(P∞, G)/ Inn(G). Moreover, for
any representation ϕ : P∞ → G the map

BCG(P ) → map(BP, (BG)∧p )(Bϕ)∧p

induces an isomorphisms on the homology with coefficients Fp.

In particular, any homotopy complex representation of a p-toral group P
is the completion of an algebraic representation of its discrete approximation
P∞. If P is not p-toral, then the set of isomorphism classes of homotopy
representations has no simple description.

Decomposition onto p-stubborn subgroups

Let G be a compact connected Lie group. Let Op(G) be the category of
G-orbits having the form G/P , for p-toral P . p-Toral subgroup P ⊆ G is
called p-stubborn, if its Weyl group WG(P ) := NG(P )/P is finite and does not
contain any non-trivial normal p-subgroup. Let Rp(G) be the subcategory
of Op(G) with objects G/P for p-stubborn P . The stubborn decomposition
fuctor of BG is defined on the category Rp(G) and its value at the object
G/P is homotopy equivalent to the space (BP )∧p .

R-invariant representations

For any compact connected Lie group G the category Rp(G) contains ex-
actly one maximal object (i.e. such that there are no morphisms from this
object, except automorphisms). This object is G/N , where N is a maxi-
mal p-toral subgroup of the normalizer of the maximal torus of G. An n-
dimensional complex representation ϕ of N∞ isRp(G)-invariant (or, in short,
R-invariant if G and p are clear), if the map (Bϕ)∧2 : (BN∞)∧p → (BU(m))∧p
determines a homotopy compatible family of maps from the decomposition
diagram of BG into the space (BU(m))∧p . To determine whether or not a
representation is R-invariant one needs to compare characters of restrictions
resN∞

P∞ ϕ for p-stubborn P .
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Obstructions for extending R-invariant representations

Any R-invariant representation ϕ of N∞ determines a homotopy compatible
family of maps from the decomposition functor of BG. The obstructions
for the existence of an extension of (Bϕ)∧p to a map (BG)∧p → BU(n)∧p
lie in groups H i+1(C; Πϕ

i ) (cf. 0.2). The application of Theorem 0.3.1 and
the Schur Lemma allows to prove, that the functor Πϕ

2 is isomorphic to a
functor Ξϕ, such that Ξϕ(G/P ) is a free Z∧p -module generated by isomorphism
classes of irreducible subrepresentations of resP∞

N∞ ϕ. Moreover, Π1 = Π3 =
0. By [JMO1], the cohomology of the category Rp(G) with coefficients in
any functor having values in the category of Z∧p -modules vanish above some
dimension (which does not depend on the coefficients; the smallest possible
bound will be called a cohomological p-dimension of the category Rp(G)).
These observations allow to calculate effectively obstruction groups (and thus
to classify homotopy representations of G), assuming G is not very big.

Theorem 0.3.2. Let G be a compact connected Lie group and ϕ an R-
invariant representation of N∞. Then

a. If H3(Rp(G); Ξ%) = 0 and the cohomological p-dimension of the category
Rp(G) is not greater than 4, then B%∧p extends to a map BG → BU(m)∧p ,

b. If H2(Rp(G); Ξ%) = 0 and the cohomological p-dimension of the category
Rp(G) is not greater than 4, then B%∧p extends uniquely (up to homotopy)
to a map BG → BU(m)∧p .

0.4 Application: Homotopy representations

of groups Spin(7) and SU(2)3

Put p = 2.

The category R2(Spin(7))

As mentioned in the previous section, the classification of homotopy rep-
resentations of Spin(7) requires the calculation of the cohomology groups
of the category R2(Spin(7)) (with coefficients in Ξ%). Jackowski, McClure
and Oliver [JMO1] provided very effective tools for this kind of calcula-
tions, however its application requires a detailed description of the category
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Rp(Spin(7)). The proof of the following theorem uses results of the papers
[O1], [AF] and [JMO1]:

Theorem 0.4.1. (a) R2(Spin(7)) is an EI-category naturally equivalent to
R2(O(7). Moreover,

Ob(R2(Spin(7)) = {Ni, Ki,Mi, M̄i}i=0,1 ∪ {Li}i=0,1,3.

Groups of automorphisms of objects are respectively

Aut(N1) = 1, Aut(N0) ∼= Aut(L3) ∼= Aut(K1) ∼= Σ3

Aut(L1) ∼= Σ5, Aut(L0) ∼= Σ7, Aut(K0) ∼= Aut(M̄0) ∼= Σ3 × Σ3

Aut(M1) ∼= Σ3 o Σ2, Aut(M0) ∼= Σ3 o Σ2 × Σ3

(see Section 3.2 for definitions of these objects).

(b) The set of morphisms of R2(Spin(7)) is generated by automorphisms and
by inclusions presented on the following diagram:

N1

L3 N0 K1 M̄1

L1 K0 M̄0 M1

L0 M0

AAA
AAA

AAC

�
�
���

u
[
[
[̂

u

�
�
���

AAA
AAA

AACu

�
�
���
[

[
[̂

�
�
��
[
[
[[̂ u

u

�
�
���

[
[

[[̂ u

�
�
���

(c) The full subcategory of R2(Spin(7)) containing objects Li, Ki, Ni is
naturally equivalent to the category R2(Σ7). The full subcategory of
R2(Spin(7)) containing objects Mi, M̄i, Ki, Ni is naturally equivalent
to the category R2(O(4))×R2(Σ3).

14



Representations of discrete approximations of 2-stub-
born subgroups of Spin(7)

The next step toward the classification of homotopy representations of Spin(7)
is a classification of complex representations of discrete approximations of 2-
stubborn subgroups P of Spin(7). Note that, in general, the groups P∞ are
not finite, only locally finite (i.e. such that any finitely generated subgroup
of P∞ is finite). However, it appears that the representation theory of locally
finite groups is very close to the representation theory of finite groups. The
present paper contains a complete classification of irreducible subrepresenta-
tions of discrete approximations of 2-stubborn subgroups of Spin(7).

Homotopy representations of Spin(7)

Any irreducible representation of a locally finite subgroup of Spin(7) which
contains Z := Z(Spin(7)) is either even (i.e. it comes from a representation
of SO(7)), or odd (i.e. its restriction to Z is a sum of isomorphic, irreducible
and non-trivial representations). It implies that any R-invariant representa-
tion ϕ of N∞

1 is a direct sum of an even representation %ev and an odd one
%od (and both %ev and %od are R-invariant).

Theorem 0.4.2. Let % ∼= %ev ⊕ %od be an R-invariant representation N∞
1 .

Then the odd part B(%od)
∧
2 extends to a homotopy representation of Spin(7).

The even part B(%ev)
∧
2 extends, if it satisfies some mild technical conditions.

Remark. We do not know any example of an evenR-invariant representation,
which does not satisfy the conditions mentioned in the theorem.

Homotopy representations of SU(2)n

Let N ⊆ SU(2) be the normalizer of the maximal torus. The following
theorem contains a partial classification of homotopy representations of the
groups Ln:

Theorem 0.4.3. Let ϕ be an R-invariant representation of (N∞)n.

(a) If n ≤ 3, then Bϕ∧2 extends to (BSU(2)n)∧2 .

(b) If n ≤ 2, then Bϕ∧2 extends uniquely to (BSU(2)n)∧2 .
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This theorem allows for constructing of interesting examples of homotopy
represenations of SU(2)n, which illustrate deep differences between homotopy
representations and algebraic representations. For example,

• Every irreducible homotopy representation has dimension ≤ 4 (there
are irreducible algebraic representations having arbitrarily large dimen-
sions).

• Every homotopy representation of SU(2) admits a decomposition onto
a sum of irreducible subrepresentations, but the decomposition it is not
uniquely determined.

• An irreducible homotopy representation of SU(2)2 does not need to be
a tensor product of irreducible representations of SU(2).

For us the most interesting is the group SU(2)3, since the classifying space of
its quotient SU(2)3/{±1} appears in the decomposition diagram of BDI(4).
Theorem 0.4.3 implies only, that any R3-invariant representation can be ex-
tended to a homotopy representation of SU(2)3. However, we need some
information about the set of extensions of a given R-invariant representation
of (N∞)3.

Theorem 0.4.4. Let ϕ be an R2(SU(2)3)-invariant representation of (N∞)3.
The set of homotopy classes of extensions of Bϕ∧2 to (BSU(2)3)∧2 admits a
structure of a free and transitive H2(R2(SU(2)3); Ξ%)-set, which is preserved
by homotopy self-equivalences of (BSU(2)3)∧2 .

A proof of the theorem requires the following construction:

Adams operations on BSU(2)∧2
An Adams operation on SU(2) is any map ψk : BSU(2)∧2 → BSU(2)∧2 ,
where k is an odd 2-adic integer, such that its restriction to the completion
of the classifying space of the maximal torus (which is homotopy equivalent
to K(Z∧2 , 2)) is induced by multiplication by k. It turns out [JMO2], that for
each k ∈ (Z∧2 )∗ it exists an Adams operation ψk. Moreover, every homotopy
self-equivalence of (BSU(2))∧2 is an Adams operation and ψk is homotopic to
ψl if and only if k = ±l. Therefore, the group HAut(BSU(2)∧2 ) of homotopy
self-equivalences of (BSU(2))∧2 is isomorphic to (Z∧2 )∗/{±1}. In the present
paper we prove that the action of HAut(BSU(2)∧2 ) can be realized at the
level of the stubborn homotopy decomposition of BSU(2)∧2 .
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Theorem 0.4.5. It exists a functor F on the category R2(SU(2)) with values
in the category of HAut(BSU(2)∧2 )-spaces, which is homotopy equivalent to
the stubborn decoposition functor of BSU(2). Moreover, the induced action
of the group HAut(BSU(2)∧2 ) on (hocolim F )∧2 coincides (up to homotopy)
with the action of HAut(BSU(2)∧2 ) on BSU(2)∧2 .

0.5 Proof of Main Theorem

Homotopy representation of a 2-normalizer of a maxi-
mal torus of Spin(7)

Let T be a maximal torus of Spin(7) and let N1 be a maximal 2-toral sub-
group of the normalizer of T in Spin(7). Note that the 2-completion of T
is also a maximal torus of DI(4). Let W be a Weyl group of DI(4). Since
W acts on the 2-completed torus (BT )∧2 , it also acts on its discrete ap-
proximation T∞ (although, this action cannot be realized on T ). Let % be a
representation of T∞ determined by the root (1, 0, 0) and θ a one-dimensional
trivial representation. Define

ϕ := ind
N∞

1
T∞

⊗

w∈W/W%

(θ ⊕ w∗%).

The dimension of ϕ is m := 246. In the next steps we extend it to a repre-
sentation of the 2-compact group DI(4).

Homotopy representation of Spin(7)

We prove that the representation ϕ is R2(Spin(7))-invariant (by calculating
its character); it satisfies also the conditions of Theorem 0.4.2. Hence it
extends to a homotopy representation f : BSpin(7)∧2 → BU(m)∧2 of G.

A-Invariance of the map f

Let F : A → Sp be the centralizer decomposition diagram of BDI(4) (cf.
0.2). We need to prove now, that the map f is A-invariant, (i.e. it de-
fines a homotopy compactible family of maps from the diagram F to the
space (BU(m)∧2 ). The hard part is to check that f restricted to the space
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B(SU(2)3/{±1})∧2 is GL2(F2)-invariant (por. 0.2). It is obtained as a con-
sequence of Theorem 0.4.4.

A faithful complex representation of DI(4)

The obstruction groups to the existence of an extension of f to a map from
BDI(4) can be expressed in terms of Steinberg modules [O2], assuming that
homotopy groups of the suitable mapping spaces are abelian. Hence the last
serious difficulty is to prove that the group

Π%
1 := π1(map((BSU(2)3/{±1})∧2 , BU(m)∧2 )B%1)

is abelian. The stubborn homotopy decomposition of SU(2)3 allows to
present the mapping space as a homotopy limit of some functor. Now the
homotopy groups of the mapping space can be computed using the Bousfield
spectral sequence [BK].

0.6 Notation

The letter p will always stand for a fixed prime number and Fp is a field with p
elements. Symbols Cn and Σn stand for the cyclic group with n-elements and
the symmetric group on n letters respectively. All homology and cohomology
groups are taken with Fp-coefficients unless stated otherwise. Symbols Sp,
Gr, Ab, Cat, Poset, ModR denote respectively the categories of topological
spaces, groups, abelian groups, small categories, partially ordered sets and
modules over a commutative ring R. Z∧p is the ring of p-adic integers.
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Chapter 1

p-Compact groups and
homotopy decompositions

1.1 Completions and localizations

Throughout this paper we use intensively the localization with respect to ho-
mology with coefficients Fp, which was constructed by Bousfield [B], called
in short the p-localization. For nilpotent spaces it coincides with the p-
completion of Bousfield and Kan [BK]. Recall basic definitions and properties
of localizations.

Definition 1.1.1. A space X is p-local if for each map f : A → B which
induces an isomorphism on the homology with coefficients Fp, the map

f ∗ : map(B,X) −→ map(A,X)

is a weak homotopy equivalence.

Definition 1.1.2. A functor F : Sp → Sp is a p-localization functor if it is

• coaugmented, i.e. it is equipped with a natural transformation η :
IdSp → F ,

• idempotent, i.e. for each space X the maps η(F (X)) and F (η(X)) are
weak homotopy equivalences and they are homotopic to each other,

• universal with respect to p-local spaces, i.e. every map f : X → T into
any p-local space T factors uniquely up to homotopy through F (X).
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Bousfield [B] proved that for each prime integer p there is a p-localization
functor and it is unique up to homotopy. We denote it by (−)∧p . On
the other hand Bousfield and Kan [BK] constructed the completion func-
tor F∞p : Sp → Sp, which coincides with the p-localization for a large class
of spaces. Such spaces are called p-good. All nilpotent spaces are p-good.
Let us state some properties of completions and localizations:

Proposition 1.1.3.

(a) If X is p-good, then πi(X
∧
p ) = Z∧p ⊗ πi(X).

(b) If P is a finite p-group, then BP is p-local.

(c) If X is p-local, then for each space A the mapping space map(A,X) is
p-local.

Proof. For (a) and (b) see [DW2, 11.4], and (c) follows immediately from
definition.

Proposition 1.1.4. Let P be a finite p-group and X an Fp-good space. As-
sume that the homotopy groups of X are abelian and finitely generated. Then
the map

η∗ : [BP, X] −→ [BP, X∧
p ]

is a bijection.

Proof. Fix f : BP → X∧
p . Let Y be the homotopy fibre of the completion

X → X∧
p . The obstructions to the existence (resp. the uniqueness) of a lift

f̃ : BP → X lie in the groups Hn+1(P ; πnY ) (resp. Hn(P ; πnY )). For each
n the group πnY lies in the exact sequence

. . . −→ πn+1X −→ πn+1X ⊗ Z∧p −→ πnY −→ πnX −→ πnX ⊗ Z∧p −→ . . .

Thus for each n the group πnY is an extension of a finite group abelian
group of order prime to p by (Z∧p /Z)s. Therefore multiplication by p is an
isomorphism on πnY and then H i(P ; πnY ) = 0 for i > 0.

1.2 p-Compact groups

In this section we recall the definition of p-compact groups (cf. [DW2]) and
we state its basic properties. Fix a prime integer p. We say that a space is
p-finite if its homology with coefficients Fp are finite.
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Definition 1.2.1. A p-compact group X is a triple (X, BX, ε) where:

(a) X is a p-finite space,

(b) BX is a pointed p-complete space,

(c) ε : ΩBX −→ X is a weak homotopy equivalence.

Note that it is a compilation of definitions 0.1.1 and 0.1.2. Usually we
use a single symbol X for the triple (X, BX, ε). The space BX, by analogy
to groups, is called a classifying space of a p-compact group X.

Example 1.2.2. If P is a finite p-group then (P, BP, ε) is a p-compact group.
More generally, if G is a compact Lie group such that π0G is a finite p-group
then (G∧

p , BG∧
p , ε∧p ) is a p-compact group. In both cases ε is an obvious weak

equivalence ΩBP → P (resp. ΩBG → G).

Definition 1.2.3. A p-compact group (K(Z∧p , 1)n, K(Z∧p , 2)n, ε) is called an
n-dimensional p-compact torus. Note that it is a special case of the previous
example for G = (S1)n.

Definition 1.2.4. A homomorphism of p-compact groups X → Y is any
pointed map Bf : BX → BY . Two homomorphisms are conjugate if they
are freely homotopic (homotopy does not need to preserve basepoints). A
homomorphism f : X → Y is a monomorphism if the homotopy fibre of Bf
is p-finite.

Definition 1.2.5. A p-compact group P is toral if it sits in the exact se-
quence

1 −→ T −→ P −→ W −→ 1,

where T is a p-compact torus and W is a finite p-group (the exact sequence
means that BT → BP → BW is a fibration).

Definition 1.2.6. A monomorphism i : T → X is a maximal torus of X if
T is a p-compact torus and i admits the following universal property: each
homomorphism from a p-compact torus to X factors through i.

Proposition 1.2.7 ([DW2, Theorem 8.13]). Each p-compact group admits
a maximal torus, which is determined uniquely up to conjugacy.
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Definition 1.2.8 ([DW2, 9.2, 9.6]). Let Bi : BT k → BX be a fibration
homotopy equivalent to the classifying map of the maximal torus of X. The
Weyl group WX of X is the group π0(Aut(BT k)Bi), where Aut(BT k)Bi is
the space of self-maps of BT k which commute with Bi. Note that there is a
natural action of WX on π2(BT k) ' (Z∧2 )k.

Definition 1.2.9. Let f : X → Y be a homomorphism of p-compact groups.
The centralizer CY (f(X)) is the loop space obtained as Ω map(BX, BY )Bf .
If X is a finite p-group, then the centralizer is a p-compact group [DW2,
5.1]. If X is a finite p-group and Y is the completion of a compact Lie group,
then, due to the Dwyer-Zabrodsky theorem (2.2.1), the centralizer CY (f(X))
in the p-compact sense coincides with the algebraic centralizer.

We conclude with a convenient characterization of monomorphisms of
p-compact groups:

Proposition 1.2.10. A homomorphism f : X → Y of p-compact groups is
a monomorphism if one of the following equivalent conditions hold:

(a) the homotopy fibre of Bf is p-finite,

(b) H∗(BX;Fp) is a finitely generated H∗(BY ;Fp)-module,

(c) for each monomorphism j : Z/p → X the homomorphism B(f ◦ j) is
non-trivial.

Proof. An equivalence of (a) and (b) is proved in [DW2, 9.11]. An equivalence
of (a) and (c) follows from [DW4, 3.2].

Proposition 1.2.11. Let X, Y be p-compact groups and let iX : TX ⊆ X be
a maximal torus of X. A homomorphism f : X → Y is a monomorphism if
and only if f ◦ iX : TX → Y is a monomorphism.

Proof. Assume that f ◦ iX is a monomorphism. By [DW2, 5.6] and [DW2,
6.8] any monomorphism j : Z/p → X extends to a map S → X, where S is a
p-compact torus. Then by universal property of the maximal torus j factors
through TX (i.e. j ∼ iX ◦ j′). Therefore f ◦ j ∼ (f ◦ iX) ◦ j′ is a composition
of monomorphisms and hence it is a monomorphism. Now the conclusion
follows from 1.2.10.(c).
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1.3 Homotopy decompositions

A very useful tool in studying p-compact groups are homotopy decomposi-
tions, i.e. presentations of classifying spaces of p-compact groups (or classi-
fying spaces of Lie groups completed at p) as homotopy colimits of simpler
spaces, usually classifying spaces of its subgroups. In this section we define
simplicial sets, nerves of categorties and homotopy colimits. Then we give
two examples of homotopy decompositions of p-compact groups, namely the
centralizer decomposition and the decomposition on p-stubborn subgroups
(called also the p-stubborn decomposition).

Definition 1.3.1 ([Ma],[BK, VIII.2.1]). A simplicial set X• is a sequence of
sets Xn for n ≥ 0 (called n-simplices), equipped with maps dn

i : Xn → Xn−1

and sn
i : Xn → Xn+1 for 0 ≤ i ≤ n (called face maps and degeneracy maps

respectively), which satisfy the following relations:

dn−1
i dn

j = dn−1
j−1 dn

i for i < j

dn+1
i sn

j =





sn−1
j−1 dn

i for i < j

id for i = j, j + 1

sn−1
j dn

i−1 for i > j + 1

sn+1
i sn

j = sn+1
j sn

i for i > j.

Given simplicial sets X• and Y•, a simplicial map f : X• → Y• is a sequence
of maps fn : Xn → Yn which commute with the face and degeneracy maps.

Let ∆ be a category of finite ordered sets. Note that each object of ∆ is
isomorphic to n := {0 < 1 < . . . < n}.
Definition 1.3.2. Let C be a small category. A nerve of C is a simplicial
set N(C) such that N(C)n is a set of all natural transformations n → C (or,
equivalently, a set of all sequences of morphisms of C having length n), and
face and degeneracy maps are as follows:

dn
0 (C0

c→ C1 → . . . → Cn) = (C1 → . . . → Cn)

dn
n(C0 → . . . → Cn−1

c→ Cn) = (C0 → . . . → Cn−1)

dn
i (C0 → . . . → Ci−1

c→ Ci
c′→ Ci+1 → . . . → Cn)

= (C0 → . . . → Ci−1
c′c→ Ci+1 → . . . → Cn) for i > 0

sn
i (C0 → . . . → Cn) = (C0 → . . . → Ci

id→ Ci → . . . → Cn)
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Let ∆n := {(x0, . . . , xn) ∈ Rn : x0 + · · · + xn = 0, xi ≥ 0} be a standard
n-dimensional topological simplex. For 0 ≤ i ≤ n define maps

dn
i : ∆n−1 3 (t0, . . . , tn−1) 7→ (t0, . . . , ti−1, 0, ti, . . . , tn−1) ∈ ∆n

sn
i : ∆n+1 3 (t0, . . . , tn+1) 7→ (t0, . . . ti−1, ti + ti+1, ti+2, . . . , tn+1) ∈ ∆n.

Definition 1.3.3. Let C be a small category and let F : C → Sp be any
functor. A homotopy colimit of F is a space

hocolimC F :=
∐
n

∐

σ∈N(C)n

∆n × F (σ(0))/ ∼,

where ∼ is generated by

(σ, dn
i (x), y) ∼

{
(dn

i (σ), x, F (σ(0 → 1))(y)) for i = 0

(dn
i (σ), x, y) for i > 0

(σ, sn
i (x), y) ∼ (sn

i (σ), x, y)

for all 0 ≤ i ≤ n, σ ∈ N(C)n, x ∈ ∆n, y ∈ F (C0). A k-th skeleton of

hocolimC F , denoted by hocolim
(k)
C F , is a space

hocolim
(k)
C F :=


∐

n≤k

∐

σ∈N(C)n

∆n × F (σ(0))/ ∼

 ⊆ hocolimC F.

Definition 1.3.4. Let X be a p-compact group. A functor F : C → Sp is a
homotopy decomposition of X if there is a family of maps fC : F (C) → BX
which extends to a weak homotopy equivalence

(hocolimC F )∧p
'−→ BX

and each value of F is the classifying space of a p-compact group. A homo-
topy decomposition F is toral if for each C ∈ Ob(C) the space F (C) is the
classifying space of a p-compact toral group.

Centralizer decomposition

Definition 1.3.5. Assume that X is a p-compact group. Let Ap(X) be the
category whose objects are classifying maps of monomorphisms of the form
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Bf : B(Z/p)n → BX and morphisms are commutative diagrams

BCm
p BX

BCn
p

wBf

u AAA
AAA

AAC
Bg

Theorem 1.3.6 ([DW3]). If X is a p-compact group, then the evaluation
maps

map(B(Z/p)n, BX)Bf → BX

induce a homotopy equivalence

(hocolimBf∈Ap(X) map(B(Z/p)n, BX)Bf )
∧
p

'−→ BX.

Stubborn decomposition

The stubborn homotopy decomposition, originally due to Jackowski, Mc-
Clure and Oliver [JMO1], works only for Lie groups (or for p-compact groups
which are its completions). Recently it was extended to the general case by
Notbohm [N1].

Definition 1.3.7. A closed subgroup P of a compact Lie group G is p-
stubborn if:

• P is p-toral i.e. it is an extension of a finite p-group by a torus (S1)n,

• WG(P ) := NG(P )/P is finite,

• WG(P ) has no normal p-subgroups (excluding the trivial subgroup).

Definition 1.3.8. LetO(G) denote the category of G-orbits and G-maps (by
a G-orbit we mean a transitive G-set). LetRp(G) denote the full subcategory
of O(G) containing objects G/P for p-stubborn P .

Theorem 1.3.9 ([JMO1]). The map

(hocolimG/P∈Rp(G) EG×G G/P )∧p ' BG∧
p

is a weak homotopy equivalence. In other words, the functor EG×G (−) is a
homotopy decomposition of G. Since EG×G G/P ' BP , this decomposition
is toral.

25



1.4 Extending maps to homotopy colimits

Homotopy decompositions are very useful tools for constructing maps from
classifying spaces of p-compact groups. However, homotopy colimits are
not colimits even in the homotopy category. In this section we present the
obstruction theory for homotopy colimits.

Fix a small category C, a functor F : C → Sp and a space Z. Moreover, fix
a homotopy compatible family of maps f = {fC : F (C) → Z} ∈ limC[F, Z].
Assume that for each C ∈ C the mapping space map(F (C), Z)fC

is 1-
connected. Define the functor

Πf
i : Cop 3 C 7→ πi(map(F (C), Z)fC

) ∈ Ab. (1.4.1)

A theorem provided by [W] states that if H i+1(C; Πf
i ) = 0 for all i > 1,

then there is a map f̃ : hocolimC F → Z which extends f (i.e. f̃ |F (C) = fC).

If additionally H i(C; Πf
i ) = 0 for all i > 1, then f̃ is determined uniquely up

to homotopy. We reprove this result, and then we construct some action on
the set of homotopy classes of extensions of f if one of groups H i(C; Πf

i ) does
not vanish. We also prove that this action is functorial in some sense.

Denote for short X := hocolimC F and Xn := hocolim
(n)
C F . Let

Cj
i =

∏

σ∈N(C)j

Πf
i (σ(0))

and let for u ∈ Cj
i

δj
i (u)(σ) = F (σ(0 → 1))∗u(d0(σ)) +

j+1∑

k=1

(−1)ku(dk(σ)) ∈ Cj+1
i .

By [O2, Lemma 2], H∗(C∗
i , δ

∗
i ) = H∗(C; Πf

i ). For each i let Zj
i , Bj

i , Hj
i denote

the cocycles, the coboundaries and the cohomology of the cochain complex
C∗

i (note that Hj
i = Hj(C; Πf

i )).
Let g : Xi → Z be any map extending f (i.e. such that g|F (C) = fC) and

let ski ∆
j denote i-skeleton of ∆j. For any σ ∈ N(C)j let

Adσ(g) : ski ∆
j → map(F (σ(0)), Z)fσ(0)

(1.4.2)

be an adjoint map to a composition

ski ∆
j × F (σ(0)) ∼= {σ} × ski ∆

j × F (σ(0)) −→ Xn
g−→ Z.
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Since the image of a map {σ} × ski ∆
j × F (σ(0)) → Xi+1 lies in Xi, then

Adσ(g) is well-defined.

Remark. By the definition of a homotopy colimit (1.3.3), any map g : Xn → Z
(resp. g : X → Z) is determined uniquely by a collection of maps Adσ(g),
where σ ∈ N(C)i, 0 ≤ i ≤ n (resp. i ≥ 0) which satisfies conditions

(di
k : ∆i−1 → ∆i) ◦ Adσ(g) = Addi

k(σ)(g), if k > 0,

(di
0 : ∆i−1 → ∆i) ◦ Adσ(g) = Addi

0(σ)(g) ◦ F (σ(0 → 1))∗

(sk
i : ∆i+1 → ∆i) ◦ Adσ(g) = Adsi

k(σ)(g)

for any i, σ ∈ N(C)i.

Now define a cochain oi(g) ∈ Ci+1
i by

oi(g)(σ) = Adσ(g)∗[∂∆i+1] ∈ πi+1 map(F (σ(0)), Z)fσ(0)
. (1.4.3)

(Note that we do not need to care about basepoints since map(F (σ(0)), Z)fσ(0)

is supposed to be 1-connected).
Now let h : Xi−1 → Z be a map extending f , and let Ei

h be a set of
extensions of h to Xi modulo homotopy constant on Xi−1. Our goal is to
define a free and transitive action of H i

i on Ei
h. It will be a generalization

of the following very elementary construction. Let Y be a 1-connected space
and let a, b : ∆i → Y be any maps such that a|∂∆i = b∂∆i . Then a map

Si ' ∆i ∪∂∆i ∆i a∪b−−→ Y

determines a class a − b ∈ πi(Y ). If b is fixed, then for any class s ∈ πi(Y )
there exists a map a satisfying a− b = s (and such a is determined uniquely
up to homotopy mod ∂∆i). As a consequence we obtain the following

Proposition 1.4.4. The set of extensions of a given ∂∆i → Y to ∆i modulo
homotopy constant on ∂∆i carries a natural action of πn(Y ) which is free
and transitive.

For any u ∈ Ci
i and any [g] ∈ Ei

h let g + c : Xi → Z be a map such that
g + c|Xi−1

= h and Adσ(g + u) = Adσ(g) + u(σ) for each σ ∈ N(C)i.

Proposition 1.4.5. The action of Ci
i on Ei

h is free an transitive.
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Proof. Maps g : Xi → Z which extend h are in 1-1 correspondence with
collections of maps Adσ(g), σ ∈ N(C)i such that Adσ(g)|∂∆i = Adσ(h). Now
the conclusion follows from 1.4.4.

The following proposition enlists some properties of concepts introduced
above:

Proposition 1.4.6. Fix g : Xi → Z such that g|F (C) = fC for each C ∈ C.
Then

(a) g extends to Xi+1 if and only if oi(g) = 0.

(b) oi(g) ∈ Zi+1
i .

(c) oi(g + u) = oi(g) + δi
i(u) for each u ∈ Ci

i

(d) g|Xi−1
extends to Xi+1 if and only if oi(g) ∈ Bi+1

i

(e) Fix u ∈ Ci
i . Then g is homotopic to g+u mod Xi−2 if and only if u ∈ Bi

i .

Proof. Ad (a): Follows immediately from the definition of oi(g).
Ad (b): Let ∂k∆

j denotes a k-th face of ∆j. For any σ ∈ N(C)i+2 we
have

δi+1
i (oi(g))(σ) = F (σ(0 → 1))∗u(d0(σ)) +

i+2∑

k=1

(−1)koi(g)(dk(σ))

= F (σ(0 → 1))∗Add0(σ)(g)∗[∂∆i+1] +
i+2∑

k=1

(−1)kAddk(σ))(g)∗[∂∆i+1]

=
i+2∑

k=0

(−1)kAdσ(g)∗[∂∂k∆
i+2] = Adσ(g)∗

(
i+2∑

k=0

(−1)k[∂∂k∆
i+2]

)
= 0.

Ad (c): For any σ ∈ N(C)i+1 we have

oi(g + u)(σ) = Adσ(g + u)∗[∂∆i+1] =

(Adσ(g)∗[∂∆i+1]) + F (σ(0 → 1))∗u(d0(σ)) +
i+1∑

k=1

u(dk(σ)) = oi(g) + δi
i(u)

Ad (d): Assume that oi(g) = δi
i(u) for some u ∈ C i

i . By (c) we have
oi(g + (−u)) = oi(g)− δi

i(u) = 0. Thus g + (−u) extends to Xi+1 and so
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does g|Xi−1
= (g + (−u))|Xi−1

. Now assume that g|Xi−1
extends to a map

h : Xi+1 → Z. By 1.4.5 there is a cochain u ∈ Ci
i such that g = h|Xi

+ u.
Then by (c) δi+1

i (oi(g)) = δi+1
i (oi(h|Xi

) + δi
i(u)) = δi+1

i (δi
i(u)) = 0.

Ad (e): Let h : [0, 1] × Xi → Z be a homotopy between g and g + u
constant on Xi−2 and for any σ ∈ N(C)j, j ≤ i let

Adσ(h) : [0, 1]×∆j → map(F (σ(0)), Z)fσ(0)

be a map defined analogously to 1.4.2. For any σ ∈ N(C)i−1 let v(σ) ∈ Πf
i

be a homotopy class of the map

Si ' [0, 1]×∆i−1∪∂([0,1]×∆i−1)[0, 1]×∆i−1 Adσ(g)◦p∪Adσ(h)−−−−−−−−−−→ map(F (σ(0)), Z)fσ(0)

where p : [0, 1]×∆i−1 → ∆i−1 is a projection. Then it is easy to check that
u = δi−1

i (v). Given v ∈ Ci−1
i such that u = δi−1

i (v), a homotopy between g
and g + u can be defined in a similar way.

Proposition 1.4.7. If H i+1(C; Πf
i ) = 0 for i > 1, then f extends to a map

X → Z.

Proof. Since all mapping spaces map(F (C), Z)fC
are assumed to be 1-con-

nected, then f extends to X1. If f extends to a map g : Xi → Z (where i > 1),
then oi(g) ∈ Zi+1

i (by 1.4.6.(b)) and then oi(g) ∈ Bi+1
i (by assumption).

Hence g|Xi−1
extends to Xi+1 (by 1.4.6.(d)). By induction, f extends to

X.

For the rest of the section we fix n > 1, and assume that H i+1(C; Πf
i ) = 0

for all i > 1 and that H i(C; Πf
i ) = 0 for all 1 < i 6= n. Under these

assumptions holds

Proposition 1.4.8. Let g, g′ : X → Z be any extensions of f . Then

(a) g|Xn−1 ∼ g′|Xn−1.

(b) If g|Xn ∼ g′|Xn, then g ∼ g′.

(c) If u ∈ Cn
n , then g|Xn + u extends to X if and only if u ∈ Zn

n .

Proof. By 1-connectivity of the suitable mapping spaces g|X1 ∼ g′|X1 . Let
n 6= i > 1 and assume g|Xi−1

∼ g′|Xi−1
. We can replace g′ by a homotopic

map such that g′|Xi−1
= g|Xi−1

. By 1.4.5 there is u ∈ Ci
i such that g′ = g +u.
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Moreover, 0 = oi(g
′|Xi

) = oi(g|Xi
) + δi

i(u) = δi
i. Thus u ∈ Zi

i and by
assumptions we have u ∈ Bi

i . Now an application of 1.4.6.(e) shows that
g|Xi

' g′|Xi
. By induction on i starting from 2 we obtain (a) and by induction

starting from n+1 we obtain (b). To prove (c) note that the condition u ∈ Zn
n

is necessary to extensibility of g|Xn + u to Xn+1 (by 1.4.6.(a) and 1.4.6.(c)).
On the other hand, if g|Xn + u extends to Xn+1 it extends also to X by an
inductive argument similar to the one used in the proof of 1.4.7.

Let g : X → Z be any map extending f , and let [u] ∈ Hn
n . Let (g + [u]) :

X → Z be a map such that (g + [u])|Xn−1 = g|Xn−1 , (g + [u])|Xn = g|Xn . By
1.4.8.(c) such a map exists, by 1.4.8.(b) it is unique up to homotopy and by
1.4.6.(e) it does not depend on a choice of a cocycle u. Then, by 1.4.5, it is
an action of Hn

n on the set E∞
f of homotopy classes of maps extending f .

Proposition 1.4.9. The action of Hn
n on E∞

f is transitive. If n = 2, then
it is also free.

Proof. The first part follows form 1.4.8. Since for each C ∈ C the map-
ping spaces map(F (C), Z)fC

are 1-connected, then any two homotopic maps
g ∼ g′ : X2 → Z are homotopic modulo X0. Now the second part follows
from 1.4.6.(e).

The main result of the section is that the action of Hn
n on E∞

f is functorial,
in some sense. To make a precise statement we need the following

Definition 1.4.10. The category of diagrams on a category A, denoted by
DiagA, is the category whose objects are functors A : CA → A from a small
category CA. A morphism ϕ from A : CA → A to B : CB → A is a pair
(Tϕ, tϕ), where Tϕ : CA → CB is a functor and tϕ : A → B ◦ Tϕ is a natural
transformation.

Remark. Every morphism ϕ : A → B in the category DiagSp induces a map
ϕ∗ : hocolimCA

A → hocolimCB
B.

Obviously, F is an object in the category DiagSp. Let ϕ : F → F be
an automorphism in the category DiagSp such that for each C ∈ C maps fC

and (ϕ∗f)C := fTϕ(C) ◦ tϕ(C) are homotopic. As before E∞
f (resp. Eϕ∗f∞)

denotes a set of homotopy classes of extensions of f (resp. ϕ∗f). Obviously
there is a natural bijection E∞

f
∼= E∞

ϕ∗f .
The morphism ϕ induces a bijection ϕ∗ : E∞

f → E∞
f by

E∞
f 3 [g] 7→ [X

ϕ∗−→ X
g−→ Z] ∈ E∞

ϕ∗f
∼= E∞

f (1.4.11)
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and automorphisms of chain complexes C∗
k by

(ϕ∗(u))(σ) = t∗ϕ(u(T ∗
ϕ(σ))), for u ∈ C l

k, σ ∈ N(C)l (1.4.12)

which obviously induces automorphisms ϕ∗ : Hn
n → Hn

n .
Now we are ready to prove the main result of this section:

Theorem 1.4.13. The diagram

Hn
n × E∞

f E∞
f

Hn
n × E∞

f E∞
f

w+

u

ϕ∗×ϕ∗

u

ϕ∗

w+

commutes.

Proof. Let g : X → Z be a map extending f , and let g′ : X → Z be a map
homotopic to ϕ∗g such that g′|Xn−1 = g|Xn−1 .

Note that for any simplex σ we have

Adσ(ϕ∗g) = t∗ϕ(σ(0)) ◦ AdTϕσ(g)

Then for any u ∈ Zn
n , σ ∈ N(C)n

Adσ(ϕ∗(g + u)) = t∗ϕu(σ(0)) ◦ AdTϕσ(g + u)

= t∗ϕu(σ(0)) ◦ [AdTϕσ(g) + u(Tϕ(g))]

= t∗ϕu(σ(0)) ◦ AdTϕσ(g) + t∗ϕ(u(Tϕ(g))) = Adσ(ϕ∗g) + ϕ∗(u)(σ)

Then ϕ∗(g+u)|Xn = ϕ∗(g)|Xn +ϕ∗u. Now the conclusion follows by 1.4.8.(b).

1.5 2-Compact group DI(4)

In this section we recall the construction and some properties of the 2-
compact group DI(4) constructed by Dwyer and Wilkerson in [DW1].

The main result is
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Theorem 1.5.1. ([DW1, 1.1]) There exists a 2-compact group DI(4) such
that H∗(BDI(4);F2) is isomorphic as an algebra over Steenrod algebra to the
ring of rank 4 mod 2 Dickson invariants F2[x1, x2, x3, x4]

GL4(F2).

Now let us give state properties of DI(4). All of them are proved in
[DW1]:

• H∗(BDI(4);F2) is a polynomial algebra on classes c8, c12, c14, c15

(where ci ∈ H i(BDI(4);F2)),

• The Weyl group WDI(4) is isomorphic to {±1} ×GL3(F2).

• dim DI(4) = 45.

Recall a sketch of the proof of 1.5.1. The first step is to find a suitable ac-
tion of W := WDI(4) on the maximal torus, or equivalently the representation
W → GL(3,Z∧2 ). Let a : WSpin(7) → GL3(Z) be a natural homomorphism.
Let V be a subgroup of WSpin(7) of index 2 such that the composition

i : V ⊂ WSpin(7)
a−→ GL3(Z)

mod 2−−−→ GL3(F2)

is a monomorphism (one can easily see that V is isomorphic to C2 o Σ3).

Proposition 1.5.2. ([DW3, 4.1]) There exists a section j of the mod 2 re-
duction GL3(Z∧2 ) → GL3(F2) such that compositions

V
⊂−→ WSpin(7)

a−→ GL3(Z)
⊂−→ GL3(Z∧2 ) (1.5.3)

and
V

i−→ GL3(F2)
j−→ GL3(Z∧2 ) (1.5.4)

are equal.

Remark. In Section 5.2 we give an implicit description of the homomorphism
j : GL3(F2) → GL3(Z∧2 ).

Let A be the inverse category of the category of vector subspaces of F4
2

and monomorphisms. It has (up to isomorphism) four objects Ai, where
1 ≤ i ≤ 4 and dim Ai = i. We will define a functor F : A → Sp such that
hocolim F ' BDI(4). As mentioned before we require that H∗(F ;F2) ∼= K
(cf. 0.2.2). Let
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• G1 = SO(7)

• G2 = SO(4)× SO(3) ⊆ G1

• G3 = (SO(2)× SO(2))o C2 × SO(2)× SO(1) ⊆ G2

• G4 = 〈−I2 × I5, I2 ×−I2 × I3, I4 ×−I2 × I1〉 ⊆ G3,

where Ik ∈ O(k) is an identity matrix. Next, put F (Ai) := (BG̃i)
∧
2 , where

G̃ is the counterimage of G ⊆ SO(7) in Spin(7). Now we need to define the
action of Aut(Ai) ' GLi(F2) on F (Ai). The action on F (A1) is trivial (since
Aut(A1) = 1) and the action of Aut(A4) ' GL4(F2) on F (A4) is induced by
the canonical action on G̃4 ' C4

2 . The action on the remaining two spaces is
more complicated. The action of GL3(F2) on F (A3) comes from 1.5.2. The
construction of the action of GL2(F2) on F (A2) follows from the following
proposition:

Proposition 1.5.5. If H ' SU(2)n or H ' SU(2)n/{±1}, then the group
of homotopy classes of self-equivalences of BH∧

2 is isomorphic to the group
NGLn(Z∧2 )(WH)/WH .

Proof. This is a direct corollary from [DW1, 5.5].

Note that the group G̃2 = ˜SO(4)× SO(3) is isomorphic SU(2)3/{±1}
and that GL2(F2) ' NC2×GL2(F3)(WG̃2

) ⊆ NGL3(Z∧2 )(WG̃2
). Hence 1.5.5 gives

the suitable action on F (A2). The detailed checking that this data gives the
required functor into the homotopy category is presented in [DW1, Section
6]. Moreover, the functor F can be lifted to the functor which commutes on
the nose ([DW1, 7.7]). Finally, DI(4) is a 2-compact group defined by

BDI(4) := (hocolimA F )∧2 .
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Chapter 2

Homotopy representations of
compact Lie groups

Let G be a compact Lie group and let p be a prime integer. A homotopy
complex representation of G at p is a map BG → BU(m)∧p . In this chapter
we describe a method of constructing homotopy complex representations of
compact Lie groups using the stubborn homotopy decompositions (1.3.9).
For any complex representation ϕ : G → U(m) the p-completion of the clas-
sifying map Bϕ∧p : BG∧

p → BU(m)∧p is obviously a homotopy complex rep-
resentation. Moreover, isomorphic representations produce isomorphic (i.e.
homotopic) homotopy representations. However, many homotopy represen-
tations are not completions of ”algebraic” ones.

Consider the following diagram

Rep(N∞, U(m)) [BN∞, BU(m)∧p ]

lim
G/P∈R

Rep(P∞, U(m)) lim
G/P∈R

[EG×G/P, BU(m)∧p ]

Rep(G,U(m)) [BG, BU(m)∧p ]

B(−)∧p

B(−)∧p

u

y

u

y

wB(−)∧p

u u
(2.0.1)

where N is the p-normalizer of the maximal torus of G.
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Both the upper and the middle horizontal arrow are bijections due to
a version of the Dwyer-Zabrodsky theorem (2.2.4), which relates homotopy
representations of a p-toral group P with algebraic representations of its
approximation P∞ ⊆ P (2.1.4). Obviously the lower horizontal arrow is
neither an injection nor a surjection — in fact it is rather difficult to under-
stand. To find a map BG → BU(m)∧p we need to choose some representation
% ∈ Rep(N∞, U(m)) first. Since p-discrete approximations of p-toral groups
are not finite (unless the group itself is finite), then the classical representa-
tion theory cannot be used directly to classify representations of N∞. How-
ever, discrete approximations are locally finite and its complex (algebraic)
representations admit, as it will be shown in Section 2.3, many properties
similar to the properties of finite groups.

The problem of descending of % ∈ Rep(N∞, U(m)) at the middle level is
purely algebraic: if % extends to an element of limG/P∈R Rep(P∞, U(m)) it is
calledR-invariant. The next step is to check if anR-invariant representation
% extends (or extends uniquely) to a map BG → BU(m)∧p . The answer is
stated in terms of some obstruction groups (cf. 1.4).

2.1 Discrete approximations of p-toral groups

We consider three kinds of toral groups: p-toral groups, p-compact toral
groups and p-discrete toral groups. Let us state the definitions of these
objects and explain relations between them.

Definition 2.1.1. A group T is

• a torus if it is isomorphic to (S1)r ∼= (SO(2))r,

• a p-discrete torus if it is isomorphic to (Z/p∞)r (with discrete topol-
ogy!),

• a p-compact torus if it is a p-compact group isomorphic to K(Z∧p , 1)r

with classifying space K(Z∧p , 2).

Definition 2.1.2. A group P is a p-toral group (resp. a p-discrete toral, a
p-compact toral) if it sits in the exact sequence

1 −→ T (P ) −→ P −→ W (P ) −→ 1,
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where W (P ) is a finite p-group and T (P ) is a torus (resp. a p-discrete torus,
a p-compact torus). Note that in the last case ”the exact sequence” means
that that there is the suitable fibration of the classifying spaces (cf. 1.2.5).

Remark. If P is a p-toral group (resp. a p-discrete toral, a p-compact toral),
then the group T (P ) is uniquely determined as the connected component of
unity (resp. the subgroup of all infinitely p-divisible elements, the universal
covering of the classifying space).

There are two operations between these classes of groups. The first one
is the completion producing a p-compact toral group out of any of the other
classes. The second one is taking a discrete approximation producing a p-
discrete toral group.

Proposition 2.1.3. Let P be either a toral group or a p-discrete toral group.
Then P∧

p = (P∧
p , BP∧

p , εP ) is a p-compact toral group.

Proof. The first part is clear and the second is [DW2, 6.10].

Definition 2.1.4. Let P be a p-toral group and P∧ be a p-compact toral
group.

• A p-discrete toral subgroup P∞ ⊆ P is a discrete approximation if it
is dense in P .

• A p-discrete toral group P∞ equipped with an Fp-equivalence BP∞ →
BP∧ is called a discrete approximation of P∧.

Proposition 2.1.5 ([DW2, 6.9]). Each p-compact toral group admits a p-
discrete approximation.

Proposition 2.1.6. Each p-toral group P admits a unique up to conjugacy
p-discrete approximation.

Proof. Each discrete approximation P∞ of P fits into the diagram

1 (Z/p∞)s
P∞ W (P ) 1

1 (S1)s P W (P ) 1

w w
z

u

i

w
z

u

w

w w w w
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Let c∞ ∈ H2(W (P ); (Z/p∞)s) and c ∈ H2(W (P ); (S1)s) be the cohomology
classes of these extensions. Obviously i∗c∞ = c. Consider the exact sequences

1 −→ Zs −→ Z[1
p
]s −→ (Z/p∞)s −→ 1

1 −→ Zs −→ Rs −→ (S1)s −→ 1.

Since H i(W (P );Rs) = H i(W (P );Z[1
p
]s) = 0, then for each i > 0 we have

isomorphisms

H2(W (P ); (Z/p∞)s) ∼= H3(W (P );Zs) ∼= H2(W (P ); (S1)s).

Therefore there is a bijection between the set of extensions of W (P ) by
(Z/p∞)s and the set of extensions of W (P ) by (S1)s.

Proposition 2.1.7. ([DW2, 6.20]) For each p-discrete toral group P∞ there
exists a sequence of finite p-subgroups

P (i) ⊆ P (i+1) ⊆ P (i+2) ⊆ . . . ⊆ P∞

fitting into the diagram

1 T (i)(P ) P (i) W (P ) 1

1 T (P ) P W (P ) 1

w w
z

u

w
z

u

w

w w w w

where T (i)(P ) ' (Z/pi)n ⊆ T (P ) is the subgroup of elements of order pk,
k ≤ i.

Definition 2.1.8. The group P (i) will be called an i-th discrete approxima-
tion of P .

Remark. The sequence P (i) is not unique.
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2.2 The Dwyer-Zabrodsky theorem

Throughout the present section P is a p-discrete toral group and G is a
compact connected Lie group. Recall the classical version of the Dwyer-
Zabrodsky theorem:

Theorem 2.2.1 ([DZ]). If P is finite, then B : Rep(P,G) −→ [BP, BG] is
a bijection and for each % ∈ Rep(P, G) the map

BCG(%(P )) −→ map(BP, BG)B%

adjoint to the pairing CG(%(P )) × P 3 (g, p) 7→ (%(g)p) ∈ G induces an
isomorphism on Fp-homology.

In this section we give a slightly different version of this theorem. We
compute the p-homotopy type of the mapping space map(BP,BG∧

p ), where
P is any p-discrete toral group.

Proposition 2.2.2. If P is a finite p-group, then the map

[BP, BG] −→ [BP, BG∧
p ]

induced by the p-completion εBG : BG → BG∧
p is a bijection.

Proof. Replace the map BG → BG∧
p by a homotopy equivalent fibration

F −→ BG
e−→ BG∧

p

Fix f : BP → BG∧
p . The obstructions for the existence (resp. the unique-

ness) of a lift f̃ : BP → BG lie in groups H i+1(P, πi(F )) (resp. H i(P, πi(F ))).
But groups πi(F ) are abelian and multiplication by p on them is an isomor-
phism.

Proposition 2.2.3. The restrictions Rep(P,G) → Rep(P (r), G) induce the
bijection

Rep(P,G) −→ lim
r→∞

Rep(P (r), G)

Proof. Let ϕ, ψ ∈ Hom(P,G) be non-conjugate homomorphisms and put

Gr = {g ∈ G : ∀p∈P (r) g−1ϕ(p)g = ψ(p)}.
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Gr is a non-increasing sequence of closed subsets of G. If
⋂

r Gr = ∅ then by
compactness of G there exists r such that Gr = ∅. Then ϕ|P r is not conjugate
to ψ|P r . This shows injectivity of the map Rep(P, G) → limr Rep(P (r), G).

Now let ϕr ∈ Hom(P (r), G) for r ≥ i be a sequence such that ϕr is
conjugate to ϕs|P (r) for r ≤ s. Define homomorphisms ψr ∈ Hom(P (r), G)
by induction. For r = i put ψi = ϕi and for r > i let ψr(p) = g−1ϕr(p)g
where g is any element such that ψr−1 = g−1ϕr|P (r−1)g. Then ψ =

⋃
r ψr is

a well-defined homomorphism P → G such that ψ|P r is conjugate to ϕr for
each r. This implies the surjectivity.

Theorem 2.2.4 ([JMO2, Thm. 1.1]). The map

εBG ◦B : Rep(P, G) −→ [BP, BG∧
p ]

is a bijection and for each % ∈ Rep(P, G) the map

BCG(%(P )) −→ map(BP,BG∧
p )B%

is a mod p homology equivalence.

Proof. Consider the diagram

Rep(P, G) lim
r→∞

Rep(P (r), G)

[BP, BG∧
p ] [hocolim

r→∞
BP (r), BG∧

p ] lim
r→∞

[BP (r), BG∧
p ]

w∼=
(2.2.3)

u u
∼= (2.2.1)

wR

By 2.2.1 each element of limr→∞[BP (r), BG∧
p ] has the form {εBG ◦B%r},

where %r ∈ Rep(P (r), G). By 2.2.3 we can assume that %r = resP
P (r) % for

some % ∈ Rep(P, G). The collection of maps {εBG ◦B%r} always extends
to a map hocolimr→∞ BP (r) → BG∧

p but the uniqueness of the extension is
determined by vanishing obstruction lying in

H1(N; π1 map(BP (r), BG∧
p )B%r) = H1(N; π1BCG(%(P (r)))∧p ), (by 2.2.1)

where N is the category of positive integers with a single morphism r → r′

for r ≤ r′. Since CG(%(P )) is a descending sequence of closed subgroups
of G it eventually stabilizes. Therefore the group H1 vanishes and R is a
bijection.
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2.3 Complex representations of locally finite

groups

In the present section we generalize numerous theorems concerning complex
representations of finite groups to locally finite groups. These facts allow
to classify irreducible representations of p-discrete toral groups, especially
the ones which appear as discrete approximations of stubborn subgroups of
Spin(7). Finally, we prove that any complex representation of a locally finite
group has a unique unitary structure (up to isomorphism).

Let us start with the definition.

Definition 2.3.1. A group Γ is locally finite if it is countable and every
finitely generated subgroup of Γ is finite.

The following proposition states the crucial property of countably gener-
ated locally finite groups:

Proposition 2.3.2. For each locally finite group Γ there is an ascending
sequence of finite subgroups

{e} = Γ(0) ⊆ Γ(1) ⊆ Γ(2) ⊆ · · · ⊆ Γ

such that
⋃

r≥0 Γr = Γ.

Proof. Let {gs}∞s=1 be a set of generators of Γ. Put Γ(r) = 〈gs〉rs=0.

Definition 2.3.3. A complex representation of a group Γ is a left action of Γ
on a complex vector space V which preserves. In other words it is a homomor-
phism % : Γ → GL(V ). Representations % : Γ → GL(V ), %′ : Γ → GL(V ′) are
isomorphic if and only if there is an isomorphism f : V → V ′, such that for
each g ∈ Γ the following diagram commutes

V V

V ′ V ′

w%(g)

u
f

u
f

w%′(g)

We denote the set of isomorphism classes of representations of Γ by
Rep(Γ). The subset containing only m-dimensional representations is de-
noted by Repm(Γ). A representation % : Γ → GL(V ) is said to be irreducible,
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if V does not contain any non-trivial subrepresentation 0 6= W ( V . The
set of isomorphism classes of irreducible representations of Γ is denoted by
IR(Γ). Fix once for all representatives σ : Γ → GL(Wσ) for each σ ∈ IR(Γ).
Let R(Γ) be the representation ring, i. e. the Grothendieck construction on
Rep(Γ).

Definition 2.3.4. Let % : Γ → GL(V ) and %′ : Γ → GL(V ′) be complex rep-
resentations. We can form the direct sum %⊕ %′ : Γ → GL(V ⊕ V ′) by

(%⊕ %′)(g)(v, v′) := (%(g)(v), %′(g)(v′)) ∈ V ⊕ V ′

and the tensor product %⊗ %′ : Γ → GL(V ⊗ V ′) by

(%⊗ %′)(g)(v ⊗ v′) := (%(g)(v)⊗ %′(g)(v′)) ∈ V ⊗ V ′.

These operations give a structure of an abelian monoid with multiplication
on Rep(Γ) and a structure of a commutative ring on R(Γ).

Definition 2.3.5. Let a : Γ → ∆ be a homomorphism and % : ∆ → GL(V )
a representation. The restriction of % along a is a composition:

a∗% : Γ
a−→ ∆

%−→ GL(V ).

If a is clear, for example if Γ is a subgroup of ∆, we denote the restricted
representation by res∆

Γ %.

For any group Γ let C[Γ] denote a group ring of Γ over C.

Definition 2.3.6. Fix groups Γ ⊆ ∆ and a representation % : Γ → GL(V ).
The induced representation ind∆

Γ % is a vector space C[∆] ×C[Γ] V with the
obvious left action of ∆.

Our first goal is to prove that the Schur lemma holds for locally finite
groups. Let us recall the classical version of this lemma and some of its
consequences.

Proposition 2.3.7 (Schur lemma). ([S, Prop. 6]) Let Γ be a finite group.

(a) If % : Γ → GL(V ) is an irreducible representation, then

EndΓ(V ) ∼= C.
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(b) If % : Γ → GL(V ), σ : P → GL(W ) are non-isomorphic irreducible
representations, then

HomΓ(V, W ) = 0.

Definition 2.3.8. Let % : Γ → GL(V ) be any representation. A presentation
of V as a direct sum of its subrepresentations

V '
⊕

σ∈IR(Γ)

Vσ

is a canonical decomposition if and only if for each σ ∈ IR(Γ) the repre-
sentation Vσ is isomorphic to a direct sum of representations isomorphic to
σ.

Proposition 2.3.9 ([S, 2.6]). Each representation of a finite group admits
a unique canonical decomposition.

Now fix a locally finite group Γ and choose a filtration Γ(s) (cf. Prop.
2.3.2). The following elementary observation allows to prove many results of
this section:

Proposition 2.3.10. Let % : Γ → GL(V ) and %′ : Γ → GL(V ′) be any rep-

resentations. For large enough s we have HomΓ(V, V ′) = Hom
(s)
Γ (V, V ′).

Proof. A sequence

HomΓ(0)(V, V ′) ⊇ HomΓ(1)(V, V ′) ⊇ HomΓ(2)(V, V ′) ⊇ . . .

eventually stabilizes since the dimensions of these spaces do. Moreover

HomΓ(V, V ′) =
∞⋂

r=0

HomΓ(r)(V ).

Thus, for large enough s we have HomΓ(V, V ′) = HomΓ(s)(V, V ′).

The following proposition plays a crucial role in the further considerations.
It allows to relate representations of a locally finite group with representations
of its finite subgroups. For each locally finite group Γ

Proposition 2.3.11. Let Γ be a locally finite group.
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(a) If % : Γ → GL(V ) is a representation of Γ, then % is irreducible of and
only if for large enough s a restriction resΓ

Γ(s) % is irreducible.

(b) If % : Γ → GL(V ), %′ : Γ → GL(V ′) be non-isomorphic irreducible
representations, then for large enough s restrictions resΓ

Γ(s) % and resΓ
Γ(s) %′

are non-isomorphic and irreducible.

Proof. By 2.3.10 there is an integer s such that EndΓ(s)(V ) = EndΓ(V ). If
the space EndΓ(s)(V ) is 1-dimensional then resΓ

Γ(s) % is irreducible (2.3.7) and
so is %. If dim EndΓ(s)(V ) > 1 then resΓ

Γ(s) % is not irreducible and there exists
f ∈ EndΓ(s)(V ) having non-trivial kernel (for example projection onto one
of the irreducible summands). But f ∈ EndΓ(V ) and ker f is a non-trivial
subrepresentation of %.

To prove (b) set f ∈ HomΓ(V, V ′). Both ker f and im f must be either
trivial or the whole space; otherwise it would deny the irreducibility of either
% or %′. Since % and %′ are not isomorphic then f is trivial and HomΓ(V, V ′) =
0. By 2.3.10 for s large enough we have HomΓ(s)(V, V ′) = 0. Then resΓ

Γ(s) %
and resΓ

Γ(s) %′ are not isomorphic. By (a) they are also irreducible (after
increasing s if necessary).

As a corollary we obtain

Proposition 2.3.12. The Schur lemma holds for locally finite groups.

Proof. Let Γ be a locally finite group. If % : Γ → GL(V ) is irreducible, then
for some s resΓ

Γ(s) % is also irreducible and EndΓ(V ) ⊆ EndΓ(s)(V ) ' C. But
multiplication by any scalar is a Γ-homomorphism. Hence EndΓ(V ) ' C. If
% : Γ → GL(V ) and %′ : Γ → GL(V ′) are non-isomorphic and irreducible,
then for some s representations resΓ

Γ(s) % and resΓ
Γ(s) %′ are irreducible and

non-isomorphic. Finally, EndΓ(V, V ′) ⊆ EndΓ(s)(V, V ′) = 0.

Proposition 2.3.13. Each representation % : Γ → GL(V ) of a locally finite
group Γ is isomorphic to a direct sum of irreducible representations. The
presentation as direct sum is unique up to permutation of irreducible sum-
mands.

Proof. Choose s such that EndΓ(V ) = EndΓ(s)(V ). Any Γ(s)-subrepresenta-
tion W ⊆ V is also a Γ-subrepresentation since any Γ(s)-projection f : V → W
onto W is also a Γ-homomorphism. Thus a decomposition of V onto irre-
ducible Γ(s)-subrepresentations is also a decomposition onto irreducible Γ-
subrepresentations. The uniqueness follows from the Schur lemma.
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Corollary 2.3.14. If Γ is a locally finite group, then Rep(Γ) is a free monoid
with basis IR(Γ).

Proposition 2.3.15. Let % : Γ → GL(V ) be a representation of a locally
finite group. The evaluation

⊕

σ∈IR(Γ)

Wσ ⊗ HomΓ(Wσ, V )
ev−→ V

is an isomorphism.

Proof. It is sufficient to consider only the case V =
⊕

σ∈IR(Γ) W⊕lσ
σ . The

evaluation evσ : Wσ ⊗ HomΓ(Wσ,W
⊕lσ
σ ) −→ W⊕lσ

σ is a composition

Wσ ⊗ HomΓ(Wσ, V )
(2.3.12)

= Wσ ⊗ HomΓ(Wσ,W
⊕lσ
σ ) = Wσ ⊗ Clσ ∼= W⊕lσ

σ

Since ev =
⊕

evσ, then the conclusion follows.

Proposition 2.3.16. For any representation % : Γ → GL(V ) of a locally
finite group the homomorphism

⊕

σ∈IR(Γ)

End(HomΓ(Wσ, V )) 3
⊕

σ

fσ 7→

7→ ev ◦
( ⊕

σ

IdWσ ⊗ fσ

)
◦ (ev)−1 ∈ EndΓ(V )

is an isomorphism.

Proof. By the Schur lemma we have

EndΓ(V ) '
⊕

σ∈IR(Γ)

EndΓ(Wσ ⊗ HomΓ(Wσ, V )).

Moreover,

EndΓ(Wσ ⊗ HomΓ(Wσ, V ))

= HomΓ(Wσ ⊗ HomΓ(Wσ, V ),Wσ ⊗ HomΓ(Wσ, V ))

= HomΓ(HomΓ(Wσ, V ), HomΓ(Wσ,Wσ ⊗ HomΓ(Wσ, V )))

= HomΓ(HomΓ(Wσ, V ), HomΓ(Wσ,Wσ)⊗ HomΓ(Wσ, V ))

= EndΓ(HomΓ(Wσ, V )).
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Corollary 2.3.17. Under the assumptions above there is an isomorphism

⊕

σ∈IR(Γ)

GL(Hom(Wσ, V )) −→ GLΓ(V ).

Useful tools in the representation theory of finite groups are characters.

Definition 2.3.18. The character of a representation % : Γ → GL(V ) is a
function

χ% : Γ 3 g 7→ Tr(%(g)) ∈ C
Let Ch(Γ) ∈ CΓ be a vector subspace spanned by all characters of represen-
tations. If Γ is finite, then there is the hermitian product on Ch(Γ):

(χ|χ′) =
1

|Γ|
∑
g∈Γ

χ(g)χ′(g).

Proposition 2.3.19. ([S, Th.6]) Let Γ be a finite group.

(a) Ch(Γ) is a subspace of all C-valued functions which are constant on
conjugacy classes.

(b) Characters of irreducible representations form an orthonormal basis of
Ch(Γ).

Corollary 2.3.20 ([S, Th. 7]). The number if isomorphism classes of irre-
ducible representations of a finite group Γ is equal to the number of conjugacy
classes of elements of Γ.

Proposition 2.3.21. Fix a locally finite group Γ and characters χ, χ′ ∈
Ch(Γ). Then the sequence (χ|χ′)r := (χ|Γr |χ′|Γr) stabilizes. In particular,

(χ|χ′) := lim
r→∞

(χ|χ′)r

is a hermitian product on Ch(Γ) and characters of irreducible representations
form an orthonormal basis of Ch(Γ).

Proof. It is sufficient to prove that the sequnce (χ|χ′)r stabilizes for χ = χ%,
χ′ = χ%′ , where %, %′ ∈ Rep(Γ). Let

% '
⊕

σ∈IR(Γ)

σ⊕lσ , %′ '
⊕

σ∈IR(Γ)

σ⊕l′σ
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be the decompositions onto irreducible summands. There exists r such that
each irreducible representation of Γ which appears in these decompositions
is irreducible when restricted to Γ(r) and non-isomorphic summands restrict
to non-isomorphic summands (cf. 2.3.11). Then

(χ%|χ%′)s =
∑

σ∈IR(Γ)

lσl
′
σ

for all s ≥ r. Moreover, by 2.3.11 irreducible representations are pairwise
orthogonal.

Corollary 2.3.22. Let Γ be a locally finite group. Then representations
%, σ ∈ Rep(Γ) are isomorphic iff its characters χ% and χσ are equal.

Proof. Representations are isomorphic iff they have isomorphic decomposi-
tions into irreducible summands (2.3.13). By 2.3.21 it is equivalent to the
equality of characters.

Throughout the rest of this section we will list lemmas which will be used
later in computations of sets of irreducible representations. Here follows the
classical application of the character theory:

Definition 2.3.23. The regular representation ψΓ of a group Γ is the vector
space C[Γ] with the obvious left Γ-action.

Proposition 2.3.24. Each irreducible representation of a finite group Γ is
contained in the regular representation with multiplicity equal to its dimen-
sion.

Proof. The character of the regular representation is

χψΓ
(g) =

{
|Γ| for g = e

0 for g 6= e.

Then for % ∈ IR(Γ) we have

(χψΓ
|χ%) =

1

|Γ|
∑
g∈Γ

χψΓ
(g)χ%(g) =

1

|Γ|χψΓ
(e)χ%(e) = dim %.

Corollary 2.3.25. If Γ is a finite group, then

|Γ| =
∑

%∈IR(Γ)

(dim %)2
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Proposition 2.3.26. Each irreducible representation of a locally finite abe-
lian group Γ is one-dimensional.

Proof. If Γ is finite, we obtain the conclusion combining 2.3.25 with 2.3.20.
In the general case it reduces to the finite case by Proposition 2.3.11.

Definition 2.3.27. Let p be a prime integer and let k be a p-adic integer.
Define the representation

%k : Z/p∞ 3 a

pn
7→ exp

(
2πiak

pn

)
∈ GL1(C).

Proposition 2.3.28. Each irreducible representation of Z/p∞ is isomorphic
to %k for some k ∈ Z∧p , and %k is isomorphic to %l if and only if k = l. In
short

IR(Z/p∞) = {%k}k∈Z∧p .

Proof. Since each irreducible representation of Z/p∞ is 1-dimensional we have

IR(Z/p∞) ' Hom(Z/p∞, GL1(C)) ' Hom(Z/p∞,Z/p∞) ' Z∧p .

Proposition 2.3.29. Let Γ and ∆ be locally finite groups. The map

⊗̄ : IR(Γ)× IR(∆) 3 (%, σ) 7→ resΓ
Γ×∆ %⊗ res∆

Γ×∆ σ ∈ IR(Γ×∆)

is a bijection.

Proof. If % ∈ IR(Γ), σ ∈ IR(∆) then for some s both representations resΓ
Γ(s) %

and res∆
∆(s) σ are irreducible. Hence resΓ×∆

Γ(s)×∆(s) %⊗̄σ is irreducible and so is
%⊗̄σ. Then the map ⊗̄ is well-defined.

Now let % ∈ IR(Γ × ∆). For s large enough resΓ
Γ(s) % is irreducible and

then it is isomorphic to a tensor product of irreducible representations of
factors. Using 2.3.11 we obtain

resΓ×∆
Γ×{1} % ' σ⊕ dim τ , resΓ×∆

{1}×∆ % ' τ⊕ dim σ

for some σ ∈ IR(Γ), τ ∈ IR(∆). For each i ≥ s the characters of % and σ⊗̄τ
are equal on Γ(s) × ∆(s). Hence the characters are equal on Γ × ∆ and by
2.3.22 we have % ' σ⊗̄τ .

Corollary 2.3.30. Define %k1,...,kn :=
⊗̄n

i=1%ki
∈ IR((Z/p∞)n). Then

IR((Z/p∞)n) = {%k1,...,kn}ki∈Z∧p .
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We conclude with three easy technical lemmas used intensively in Chapter
3:

Proposition 2.3.31. Let Γ be a locally finite group, ∆ a normal subgroup of
Γ having the finite index and σ : Γ → GL(V ) an irreducible representation.
Then for every irreducible subrepresentation % : ∆ → GL(V ′) of resΓ

∆ σ there
exists a subrepresentation of indΓ

∆ % which is isomorphic to σ.

Proof. The homomorphism

C[Γ]×C[∆] V
′ 3 (g, x) 7→ σ(g)(x) ∈ V

is an epimorphism. Obviously it splits.

Remark. Let Γ be a locally finite group and ∆ a normal subgroup of Γ having
the finite index. The quotient group Γ/∆ acts on IR(∆) by conjugation.

Proposition 2.3.32. Let Γ be a locally finite group, ∆ a normal subgroup
of Γ having the finite index, σ an irreducible representation of ∆ and % an
irreducible subrepresentation of indΓ

∆ σ. Then the dimension of % is divisible
by |(Γ/∆)σ| · dim σ. In particular, if the isotropy group (Γ/∆)σ is trivial,
then indΓ

∆ σ is irreducible.

Proof. For each g ∈ Γ let cg ∈ Aut(Γ) be the conjugation by g. We have

resΓ
∆ indΓ

∆ σ '
⊕

g∆∈Γ/∆

c∗gσ.

Since % is invariant under the conjugation by any g ∈ Γ, then

resΓ
∆ % '


 ⊕

σ′∈(Γ/∆)σ

σ′



⊕l

for some integer l.

Proposition 2.3.33. Let Γ be a locally finite group, ∆ a normal subgroup
of Γ having the finite index and σ an irreducible representation of ∆. Then
if the isotropy group (Γ/∆)σ has order 2, then indΓ

∆ σ is a direct sum of
two irreducible and non-isomorphic representations, both having dimension
1
2
(Γ : ∆) · dim σ
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Proof. Let ∆′ = {g ∈ Γ : c∗gσ ' σ}. The group ∆ is a normal subgroup of
∆′ (since it has index 2). Since

χ
ind∆′

∆ σ
(g) =

{
2 · χσ(g) for g ∈ ∆

0 for g 6∈ ∆
,

then the length of the character χ
ind∆′

∆ σ
is equal

√
2. Therefore ind∆′

∆ σ is a

sum of two irreducible non-isomorphic representations σ1, σ2. Then

indΓ
∆ σ ' indΓ

∆′ σ1 ⊕ indΓ
∆′ σ2.

The dimensions of the summands and their irreducibility follows from 2.3.32.

Till now we have considered complex representations which do not carry
any unitary structure. However, the Dwyer-Zabrodsky theorem states that
homotopy representations of locally finite groups are in bijection with unitary
algebraic representations (not just complex ones). The following proposition
proves that in fact any complex representation is unitary, and that a unitary
structure is unique.

Proposition 2.3.34. Let V be an n-dimensional unitary space, and let Γ be
a locally finite group. Then map

Rep(Γ, U(V )) −→ Rep(Γ, GL(V )) ' Repn(Γ) (2.3.35)

is a bijection.

Proof. The proposition is clear for finite groups. Then Rep(Γ(s), U(V )) ∼=
Rep(Γ(s), GL(V )) for any s. By 2.2.3 we have

Rep(Γ, U(V )) ∼= lim
s→∞

Rep(Γ(s), U(V )) ∼= lim
s→∞

Rep(Γ(s), GL(V )).

The composition

Rep(Γ, GL(V )) −→ lim
s→∞

Rep(Γ(s), GL(V ))
∼=←−

∼=←− lim
s→∞

Rep(Γ(s), U(V ))
∼=←− Rep(Γ, U(V ))

is an inverse of the map Rep(Γ, U(V )) −→ Rep(Γ, GL(V )).
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2.4 Obstruction functors of R-invariant rep-

resentations

Throughout this section G is a compact connected Lie group. Let N be a p-
normalizer of a maximal torus of G and let R := Rp(G). For any R-invariant
representation % : N∞ → U(V ) let

Π%
i (P ) := πi map((EG/P )∧p , BU(m)∧P )B%∧p |(EG/P )∧p

Obstructions to the existence and (resp. uniqueness) of a topological real-
ization of % depend on the obstructions lying in groups H i+1(R; Π%

i ) (resp.
H i(R; Π%

i ), cf. 1.4). The main goal of this section is to describe the isomor-
phism of functors Π%

i with some functors which are much easier to calculate.

Definition 2.4.1. For any representation % : Γ → U(V ) let IR(Γ, %) be the
subset of IR(Γ) consisting of all irreducible subrepresentations of %. Similarly
let Rep(Γ, %) denotes the set of isomorphisms classes of subrepresentations of
%⊕s for some s. (In other words it contains all representations with irreducible
factors contained in %). Note that Rep(Γ, %) is the free abelian monoid with
basis IR(Γ, %). Let R(Γ, %) be the Grothendieck construction on Rep(Γ, %).

Remark. Given a representation % : P → U(V ) and a homomophism a :
Q → P , there are obvious restrictions a∗ : Rep(P, %) → Rep(Q, a∗%) and
a∗ : R(P, %) → R(Q, a∗%). If a and a′ are conjugate then a∗ = (a′)∗. Therefore
for any R-invariant representation % : N∞ → U(V ) there exist functors

Rep(−, %) : Rop −→ Set, and R(−, %) : Rop −→ Ab

We begin with some easy observations. If i : W ↪→ V is an inclusion of
unitary spaces then there exists the canonical inclusion of unitary groups

i∗ : U(W ) 3 f 7→ (f, idW⊥) ∈ U(W ⊕W⊥) ∼= U(V ).

For a unitary space V the loop

[0, 1] 3 t 7→ e2πit · IdV ∈ U(V )

represents the canonical generator lV ∈ π1U(V ).
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Fix a representation % : P → U(V ). Let σ : P → U(W ) be a representa-
tive of an element of Rep(P, %). Choose any monomorphism i : W → V ⊕s.
Define the map

JP,% : R(P, %) 3 [σ] 7→ i∗(lW ) ∈ π1UP (V ⊕s) (2.4.2)

The JP,% does not depend on the choice of i since every inclusion W → V ⊕s

determines the conjugate homomorphism UP (W ) → UP (V ⊕s). It also does
not depend on the choice of s since for s < s′ the map UP (V ⊕s) → UP (V ⊕s′)
induces an isomorphism on π1.

Proposition 2.4.3. For any R-invariant representation % : N∞ → U(V ) the
collection of maps JP,%|P defines a natural equivalence

J% : R(−, %) → π1 Aut(−)(V ).

of functors on R.

Proof. Let a : Q → P be a morphism of R. The commutativity of a diagram

R(P, %|P ) π1 AutP (V )

R(Q, %|Q) π1 AutQ(V )

wJP,%|P

u

a∗

u
wJQ,%|Q

is clear. Thus J% is a natural transformation. Both groups R(P, %|P ) and
π1 AutP (V ) are free and abelian, and the generator set of them both is
IR(P, %|P ) (cf. 2.3.17) and the generators are mapped to the correspond-
ing generators.

Introduce the following notation:

Ξ% := Z∧p ⊗R(−, %) : Rop −→ ModZ∧p (2.4.4)

Theorem 2.4.5. Functors Ξ% and Π%
2 are naturally equivalent.

Proof. The transformation is a composition of the natural equivalences

Ξ% = Z∧p ⊗R(−, %)
Id⊗J%−−−→ Z∧p ⊗ π1 Aut(−)(V ) ∼=

∼= Z∧p ⊗ π1(CU(V )(%(−)))
∼=−→ Z∧p ⊗ π2(BCU(V )(%(−))) −→

−→ π2(BCU(V )(%(−)))∧p
∼=−→

(2.2.4)
π2(map(EG/(−), BU(V )∧p )B%|P )∧p .
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Definition 2.4.6. Let C be a small category. The cohomological dimension
cdp(C) of C at the prime p is a greatest number i such that H i(C; M) 6= 0 for
some functor M : C → ModZ∧p . If no such number exists we put cdp(C) =
+∞.

Theorem 2.4.7 ([JMO1]). cdp(R) < +∞.

Proposition 2.4.8. For each R-invariant representation % : N∞ → U(V )
the functors Π%

1 and Π%
3 vanish.

Proof. By the Dwyer-Zabrodsky theorem, for each stubborn P the map

BUP (V )∧p ' BCU(V )(%(P ))∧p −→ (map(EG/P,BU(V )∧p )B%|P )∧p

is a homotopy equivalence. But UP (V ) is a product of unitary groups by
2.3.17 and then π0(UP (V )) = π2(UP (V )) = 0.

Theorem 2.4.9. Let % : N∞ → U(V ) be an R-invariant representation.
Then

(a) If H3(R; Ξ%) = 0 and cdp(R) ≤ 4 then the map B%∧2 extends to a map
BG → BU(m)∧p .

(b) If H2(R; Ξ%) = 0 and cdp(R) ≤ 3 then there exists at most one extension
of B%∧2 to a map BG → BU(m)∧p .

(c) If H i(R; Ξ%) = 0 for all i ≥ 2 then there exists r such that (B%⊕r)∧2
extends to map BG → BU(rm)∧p

Proof. (a) By 2.4.8 H2(R; Π%
1) = H4(R; Π%

3) = 0. Other obstruction groups
vanish by the assumptions.

(b) Similarly by 2.4.8 we have H1(R; Π%
1) = H3(R; Π%

3) = 0 and the assump-
tions imply that H2(R; Π%

2) = 0 and H i(R; Π%
i ) = 0 for i > 3.

(c) Fix s such that 2s > cdp(R) (it is possible by 2.4.7). It is enough to
prove that Π%

i is either 0 or Ξ% for i ≤ s. We have

Π%
i (P ) ∼= πi−1(UP (V ⊕s)∧p )

∼=−→
(2.3.17)

⊕

σ∈IR(P )

πi−1(U(HomP (Wσ, V
⊕s))∧p )
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Since dim(HomP (Wσ, V
⊕s)) is at least s or 0 then for each i < 2s by

Bott periodicity

πi−1(U(HomP (Wσ, V
⊕s))∧p ) =

{
π1(U(HomP (Wσ, V

⊕s))∧p ) if i is even

0 if i is odd

Thus for each i ≤ cdp(R) ≤ 2s we have Π%
i = Ξ% for even i and Π%

i = 0
for odd i.

53



Chapter 3

Representations of stubborn
subgroups of Spin(7)

3.1 Stubborn subgroups of symmetric groups

and orthogonal groups

In this section we classify 2-stubborn subgroups of symmetric groups (after
[AF]) and orthogonal groups (after [O1]). Next, we describe the categories
R2(O(n)) and R2(Σn). Finally we construct a functor R2(Σn) → R2(O(n))
which is an inclusion onto a full subcategory.

2-Stubborn subgroups of orthogonal groups

Each 2-stubborn subgroup of an orthogonal group is built up out of some
number of ”pieces” by taking products and wreath products. (Recall that
the wreath product G oH is the semi-direct product GH nH, where H acts
on GH by shifting coordinates). Let In ∈ GLn(C) denote the identity matrix
and let Ct

2 be the elementary abelian group of rank t. If M ∈ GLm(R) and
N ∈ GLn(R), then M ⊗N is the matrix with entries

(M ⊗N)am+b−m,cm+d−m = Mb,dNa,c.

for a, c = 1, . . . , n, b, d = 1, . . . , m.

Definition 3.1.1. Let

A :=

(
1 0
0 −1

)
, B :=

(
0 1
1 0

)
.
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For i < n define the matrices An
i , Bn

i ∈ O(2n) by

An
i := I2i ⊗ A⊗ I2n−i−1 , Bn

i := I2i ⊗B ⊗ I2n−i−1 .

These matrices satisfy the following relations

(An
i )2 = (Bn

i )2 = I2n , An
i A

n
j = An

j A
n
i , Bn

i Bn
j = Bn

j Bn
i

An
i Bn

j =

{
Bn

j An
i for i 6= j

−Bn
j An

i for i = j

and for any X ∈ SO(2)

An
i (X ⊗ I2n−1) =

{
(X ⊗ I2n−1)−1An

0 for i = 0

(X ⊗ I2n−1)An
i for i > 0

Bn
i (X ⊗ I2n−1) =

{
(X ⊗ I2n−1)−1Bn

0 for i = 0

(X ⊗ I2n−1)Bn
i for i > 0.

Definition 3.1.2. Let

Γ2n := 〈−I2n , An
0 , . . . , A

n
n−1, B

n
0 , . . . , Bn

n−1〉 ⊆ O(2n)

Γ̄2n := 〈{X ⊗ I2n−1}X∈SO(2), A
n
0 , . . . , A

n
n−1, B

n
0 , . . . , Bn

n−1〉 ⊆ O(2n)

Let Vn and Xn be the elementary abelian 2-groups with bases {ai, bi}n−1
i=1 and

{ai, bi}n−1
i=0 respectively and let Wn := Xn/〈a0 − b0〉. The ranks of Vn, Wn

and Xn are respectively 2n− 2, 2n− 1 and 2n. The groups Γ2n and Γ̄2n lie
in the exact sequences

1 −→ Γ̄2 −→ Γ̄2n
pV−−→ Vn −→ 1 (3.1.3)

1 −→ SO(2) −→ Γ̄2n
pW−−→ Wn −→ 1 (3.1.4)

1 −→ {±I2n} −→ Γ2n
pX−−→ Xn −→ 1 (3.1.5)

1 −→ {±I2n} −→ Γ̄2n

p′V−−→ Γ̄2/{±I} × Vn −→ 1, (3.1.6)

where pV (An
i ) = pW (An

i ) = pX(An
i ) = ai, pV (Bn

i ) = pW (Bn
i ) = pX(Bn

i ) = bi,
p′V (X ⊗ I2n−1) = (X, 0) and

p′V (An
i ) =

{
(A, 0) for i = 0

(I, ai) for i > 0
, p′V (Bn

i ) =

{
(B, 0) for i = 0

(I, bi) for i > 0
.
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The group Γ2n is an extra-special group and it has order 22n+1. Γ̄2n is a
2-toral group with 1-dimensional torus. Note that Γ1

∼= {±1} = O(1) and
Γ̄2
∼= O(2).

Definition 3.1.7. ([O1, Def. 2]) Let

TΓ(k) ⊆ Tirr(k) ⊆ Tprod(k)

be the sets of 2-toral subgroups of O(k) defined as follows:

• TΓ(1) = {Γ1 = O(1)},
• TΓ(2) = {Γ̄2 = O(2)},
• TΓ(2n) = {Γ2n , Γ̄2n} for n > 1,

• TΓ(k) = ∅ for k 6= 2n,

• Tirr(2
n) is the set of those wreath products in O(2n) of the form

Γ o Ct1
2 o . . . o Cts

2 ,

where Γ ∈ TΓ(2l), n = l + t1 + . . . + ts and t1 > 1 if Γ = Γ1,

• Tprod(k) is the set of all products in O(k) of the form

P = P1 × . . .× Ps ⊆ O(k1)×O(k2)×O(ks) ⊆ O(k),

where Pi ∈ Tirr(ki) and k = k1 + . . . + ks.

Remark. If Γ ⊆ O(2l), then the embedding Γ o Ct
2 ⊆ O(2l+t) is chosen as

follows:
Γ o Ct

2
∼= 〈Γ2t

, Bl+t
l , Bl+t

l+1, . . . , B
l+t
l+t−1〉 ⊆ O(2l+t).

By [O1, Theorem 8] each 2-stubborn subgroup of O(k) is conjugate to
a subgroup in Tprod(O(k)). Possibly not all elements Γ ∈ Tprod(O(k)) are
2-stubborn — it depends on the Weyl group of Γ. The following proposition
follows immediately from [O1, Theorem 6]:

Proposition 3.1.8. Let WG(P ) := NG(P )/P . Then

• WO(2n)(Γ2n) ' O+(Xn),

• WO(2n)(Γ̄2n) ' Sp(Vn),
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• WO(2n)(Γ o Ct1
2 o . . . o Cts

2 ) ' WO(2m)(Γ) × GLt1(F2) × . . . × GLts(F2),
Γ ∈ T (2, O(2m)).

Remark. O+(Xn) is the group of all automorphisms of Xn which preserve the
quadratic form

q
(∑

xiai +
∑

yibi

)
=

∑
xiyi (3.1.9)

and Sp(Vn) is the group of all automorphisms of Vn which preserve the non-
singular form (

0 In−1

In−1 0

)
(3.1.10)

with basis of Vn ordered a1, . . . , an−1, b1, . . . , bn−1.

The following theorem determines which elements of Tprod(k) are in fact
2-stubborn subgroups of O(k):

Theorem 3.1.11. ([O1, Theorem 6]) Let P ∈ O(k) be a 2-stubborn subgroup.
Then P is conjugate to an element of Tprod(k). If P ∈ Tprod(k) then P is
2-stubborn if and only if when written as a product

P = P1 × . . .× Ps, (Pi ∈ Tirr(ki))

there is no factor Pi with WO(ki)(Pi) = 1 which occurs with multiplicity exactly
2 or 4.

Theorem 3.1.12. ([O1, Proposition 9]) Let P, P ′ ∈ Tprod(k). If P ′ is con-
jugate to a subgroup of P , then x−1P ′x ⊆ P for some permutation matrix x
which permutates irreducible factors of P ′. If P ′ ⊆ P then the inclusion is a
composite of products of the following types:

(a) O(1)×O(1) ⊆ O(2),

(b) O(1) o C2t1
2 o Ct2

2 o · · · o Cts
2 ⊆ O(2) o Ct1

2 o Ct2
2 o · · · o Cts

2 ,

(c) (Γ o Ct1
2 o · · · o Cts

2 )ts+1 ⊆ Γ o Ct1
2 o · · · o Cts

2 o Cts+1

2 ,

(d) Γ2k o Ct1
2 o · · · o Cts

2 ⊆ Γ̄2k o Ct1
2 o · · · o Cts

2 ,

(e) Γ o · · · o Cti
2 o Cti+1

2 o · · · o Cts
2 ⊆ Γ o · · · o Cti+ti+1

2 o · · · o Cts
2 ,

(f) Γ2k+t1 o Ct2
2 o · · · o Cts

2 ⊆ Γ2k o Ct1
2 o Ct2

2 o · · · o Cts
2 ,
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(g) Γ̄2k+t1 o Ct2
2 o · · · o Cts

2 ⊆ Γ̄2k o Ct1
2 o Ct2

2 o · · · o Cts
2 ,

where Γ stands for either Γ2k or Γ̄2k .

Corollary 3.1.13. Each morphism in R2(O(n)) is a composition of auto-
morphisms and inclusions enlisted in 3.1.12.

2-Stubborn subgroups of symmetric groups

Now we describe the category R2(Σk). The classification of 2-stubborn sub-
groups of symmetric groups is due to Alperin and Fong [AF] (they call them
2-radical subgroups). Note that if G ⊆ Σm, H ⊆ Σn, then the product G×H
is a subgroup of Σm+n and the wreath product G oH is a subgroup of Σmn.

Definition 3.1.14. For any sequence t1, . . . , ts of positive integers let

B(t1, . . . , ts) := 1 o Ct1
2 o · · · o Cts

2 ⊆ Σ2t ,

where t = t1 + · · · + ts (we treat 1 as a subgroup of Σ1). The groups
B(t1, . . . , ts) will be called basic subgroups of Σ2t . The set of all basic sub-
groups of Σ2t will be denoted by Birr(2

t).

Remark. Note that each basic subgroup of Σ2t acts transitively on the set
{1, . . . , 2t}.
Definition 3.1.15. Let Bprod(n) denotes the family of all products of basic
subgroups in Σn, i.e.

Bprod(n) = {G1 × · · · ×Gr : Gi ∈ Birr(2
ti), n = 2t1 + · · ·+ 2tr}.

Here follow two propositions which are consequences of [AF, (2B)]:

Proposition 3.1.16. If t = t1 + · · ·+ ts, then

WΣ2t (B(t1, . . . , ts)) ' GLt1(F2)× · · · ×GLts(F2).

Proposition 3.1.17. Let Gi ⊆ Σ2ti , for i = 1, . . . , r, be a collection of
pairwise non-isomorphic basic subgroups, and let k =

∑r
i=1 2tili. Then

WΣk

(
r∏

i=1

Gli
i

)
=

r∏
i=1

WΣ
2ti

(Gi) o Σli .
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Theorem 3.1.18. Each 2-stubborn subgroup G ⊆ Σk is, up to conjugacy,
a product of basic subgroups (i.e. G ∈ Bprod(k)). A group G ∈ Bprod(k) is
stubborn if and only if written as a product of basic subgroups G = G1×· · ·×
Gr there is no factor isomorphic to B(1, . . . , 1) which occurs with multiplicity
exactly 2 or 4.

Proof. The first statement is a consequence of [AF, (2A)]. Since both groups
GLn(F2) and Σn have a non-trivial normal 2-subgroup if and only if n = 2
or n = 4, then the second statement follows immediately from Propositions
3.1.16 and 3.1.17.

Proposition 3.1.19. If groups G,H ∈ Bprod(k) are conjugate, then there
exists a conjugacy between them which permutes its basic factors.

Proof. Since each basic subgroup of a symmetric group acts transitively on
the set of letters, basic factors of G (and, similarly, H) are in bijection with
the set of G-orbits (H-orbits). The conjugacy between G and H permutes
the orbits and therefore it also permutes its basic factors.

Proposition 3.1.20. Fix collections of subgroups Gi ⊆ Σki
for i = 1, . . . , r

and Hj ⊆ Σlj for j = 1, . . . , s. Assume that for each i the group Gi acts
transitively on the set of letters, and that n := k1 + · · ·+ kr = l1 + · · ·+ ls. If

H := H1 × · · · ×Hs ⊆ G := G1 × · · · ×Gr ⊆ Σn,

then H = (H ∩G1)× · · · × (H ∩Gr).

Proof. For each i = 1, . . . , r let OG
i be an orbit of Gi ⊆ G. Note that

{1, . . . , k} =
⋃r

i=1 OG
i is a decomposition onto G-orbits. Similarly define H-

sets OH
j , for j = 1, . . . , s. Since H ⊆ G, then for each j there exists i such

that OH
j ⊆ OG

i . Hence Hj ⊆ G ∩ ΣOG
i

= Gi and the conclusion follows.

Proposition 3.1.21. For any subgroup G ⊆ Σk let δ(G) ⊆ G denotes the
subgroup generated by all elements g ∈ G which have a fixed point. The
following holds:

• if G ∈ Bprod(k) is a non-trivial product of basic subgroups, then δ(G) =
G.

• δ(B(t1, . . . , tr)) = B(t1, . . . , tr−1)
2tr

,
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Proof. The product H ×H ′ is generated by H × {1} ∪ {1} ×H ′. It implies
that the first statement holds, and that B(t1, . . . , tr−1)

2tr ⊆ δ(B(t1, . . . , tr)).
On the other hand, for Ctr

2 ⊆ Σ2tr we have δ(Ctr
2 ) = {1}. Then each element

g ∈ B(t1, . . . , tr) \ B(t1, . . . , tr−1)
2tr

acts freely on the set {1, . . . , 2t} (where
t = t1 + · · ·+ tr). As a consequence we obtain the second statement.

Theorem 3.1.22. Let G,H ∈ Bprod(k). Assume that H ⊆ G. Then the
inclusion H ⊆ G is a composite of products of inclusions of the following
types:

(a) B(t1, . . . , tr−1)
2tr ⊆ B(t1, . . . , tr−1, tr),

(b) B(t1, . . . , tj + tj+1, . . . , tr) ⊆ B(t1, . . . , tj, tj+1, . . . , tr).

Proof. If G is redicible, then by Proposition 3.1.20 the inclusion is the prod-
uct of inclusions (H ∩ Gi) ⊆ Gi, where Gi’s are irreducible, so assume that
G = B(t1, . . . , tr). If H is reducible, then by Proposition 3.1.21 we obtain

H = δ(H) ⊆ δ(G) = B(t1, . . . , tr−1)
2tr ⊆ B(t1, . . . , tr−1, tr) = G.

In this case the inclusion is the composition of an inclusion of type (a) with
H ⊆ δ(G). Finally, if H is irreducible then H = B(t′1, . . . , t

′
s). We have

δ(H) = B(t′1, . . . , t
′
s−1)

2t′s ⊆ B(t1, . . . , tr−1)
2tr

= δ(G).

Since H-orbits are contained in G-orbits, then t′s ≥ tr. If t′s = tr, then we are
reduced to the case of smaller inclusion of irreducible subgroups. If t′s > tr,
then the inclusion

B(t′1, . . . , t
′
s−1)

2t′s−tr ⊆ B(t1, . . . , tr−1)

factors through B(t1, . . . , tr−2)
2tr−1

. Hence t′s − tr ≥ tr−1 and then t′s ≥
tr−1 + tr. Finally, we obtain the factorization

H ⊆ B(t1, . . . , tr−2, tr−1 + tr) ⊆ B(t1, . . . , tr−2, tr−1, tr) = G.

Definition 3.1.23. Let C be a small category and let MorC be the set of all
morphisms of C. We say that a subset X ⊆ MorC generates the category C if
there exists a full subcategory C ′ ⊆ C which is naturally equivalent to C such
that each morphism of C ′ is a composition of morphisms which belong to X.
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Theorem 3.1.24. The category R2(Σk) is generated by automorphisms of
objects and inclusions enlisted in Theorem 3.1.22.

Proof. Fix G,H ∈ Bprod(k) and choose a morphism H → G represented by
g ∈ Σk. By Proposition 3.1.19, H and g−1Hg are isomorphic objects of
R2(Σk). Therefore we can assume that g−1Hg = H. Then g : H → G is the
composition of the conjugation by g on H and the inclusion H ⊆ G.

A full inclusion R2(Σk) →R2(O(k))

Definition 3.1.25. For any G ∈ Bprod(k) let Ḡ ∈ Tprod(k) be given by

Ḡ = {±1} o Ct1
2 o · · · o Ctr

2 for G = B(t1, . . . , tr), t1 > 1

Ḡ = O(2) o Ct2
2 o · · · o Ctr

2 for G = B(1, t2, . . . , tr)

Ḡ = Ḡ1 × · · · × Ḡr for Gi ∈ Birr(ki)

Remark. For each G ∈ Bprod(k) holds

Ḡ ∩ {±1} o Σk = {±1} oG. (3.1.26)

Theorem 3.1.27. The formulae

R2(Σk) 3 G 7→ Ḡ ∈ R2(O(k))

MorR2(Σk)(H, G) 3 gG 7→ gḠ ∈ MorR2(O(k))(H̄, Ḡ)

define the functor I : R2(Σk) →R2(O(k)) which is an inclusion onto the full
subcategory.

Proof. The functor I is well-defined.
It is sufficient to check that for each generating morphism gG : H → G
holds g−1H̄g ⊆ Ḡ. It is clear for automorphisms (cf. Propositions 3.1.16
and 3.1.17), so assume that g = 1 and H → G is a product of the inclusions
enlisted in Theorem 3.1.22. If the inclusion H ⊆ G is a non-trivial product
of inclusions H1 ⊆ G1 and H2 ⊆ G2, then H̄ ⊆ Ḡ if and only if H̄1 ⊆ Ḡ1 and
H̄2 ⊆ Ḡ2. Hence we are reduced to the case when the inclusion is of type (a)
or type (b) (cf. 3.1.22). If

H = B(t1, . . . , tr−1)
2tr ⊆ B(t1, . . . , tr−1, tr) = G,
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then for t1 > 1 we obtain

H̄ = ({±1} o Ct1
2 o · · · o Ctr−1

2 )2tr ⊆ {±1} o Ct1
2 o · · · o Ctr

2 = Ḡ

and for t1 = 1

H̄ = (O(2) o Ct2
2 o · · · o Ctr−1

2 )2tr ⊆ O(2) o Ct2
2 o · · · o Ctr

2 = Ḡ.

If
H = B(t1, . . . , tj + tj+1, . . . , tr) ⊆ B(t1, . . . , tj, tj+1, . . . , tr) = G,

then for j > 1 we obtain the inclusion

H̄ = K oCt2
2 o · · · oCtj+tj+1

2 o · · · oCtr
2 ⊆ K oCt2

2 o · · · oCtj
2 oCtj+1

2 o · · · oCtr
2 = Ḡ,

where K = O(2) if t1 = 1 and K = {±1} o Ct1
2 otherwise. Similarly if j = 1

and t1 > 1, then the inclusion H̄ ⊆ Ḡ is straightforward. The only non-trivial
case appears when j = t1 = 1. Then

H̄ = {±1} o C1+t2
2 o · · · o Ctr

2 ⊆ O(2) o Ct2
2 o · · · o Ctr

2 = Ḡ,

since {±1} o C1+t2
2 ⊆ {±1} o C2 o Ct2

2 ⊆ O(2) o Ct2
2 . Hence I is well-defined.

The functor I is faithful.
By combining Propositions 3.1.8, 3.1.16 and 3.1.17 we see that for each sub-
group G ∈ Bprod(k) the homomorphism I : AutR2(Σk)(G) → AutR2(O(k))(Ḡ)
is actually an isomorphism. Now fix H 6= G ∈ Bprod(k) and choose mor-
phisms g1G, g2G : H → G in the category of Σk-orbits. Let us consider the
compositions

H
giG−−→ g−1

i Hgi
1·G−−→ G

for i = 1, 2. By Proposition 3.1.19 g−1
1 Hg1 and g−1

2 Hg2 differ by conjugation
by an element h which permutes irreducible factors. Hence the conjugation
by i(h), where i : Σk → O(k) is an obvious inclusion, sends the group g−1

1 H̄g1

onto g−1
2 H̄g2 and also permutes irreducible factors. By (3.1.26) h ∈ G if and

only if i(h) ∈ Ḡ. It shows that g1G and g2G represent the same morphism
H → G inR2(Σk) if and only if they represent the same morphism inR2(Σk).
As a consequence we get that I is an isomorphism on sets of morphisms.
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3.2 The category R2(Spin(7)).

The main goal of the present section is to give a detailed description of the
category of 2-stubborn Spin(7)-orbits. First, we note that there is a natural
equivalence between categories R2(Spin(7)) and R(O(7)). Next, we apply
results of Section 3.1.

Proposition 3.2.1. For each n 6≡ 0 mod 4, if P ⊆ O(n) is a 2-stubborn
subgroup, then P ∩ SO(n) ⊆ SO(n) is also 2-stubborn. The functor

R2(O(n)) 3 P 7→ P ∩ SO(n) ∈ R2(SO(n))

is an equivalence of categories.

Proof. It is a consequence of [O1, Prop. 11] and [O1, Th. 12].

Proposition 3.2.2. ([JMO1, Prop. 1.6.(i)]) If f : G → H is a covering of
compact connected Lie groups, then the functor

R2(H) 3 P 7→ f−1(P ) ∈ R2(G).

is an equivalence of categories. In particular, for each n the categories
R2(Spin(n)) and R2(SO(n)) are equivalent.

Let π : Spin(7) → SO(7) be an obvious projection.

Corollary 3.2.3. If n 6≡ 0 mod 4, then the functor

R2(O(n)) 3 P 7→ π−1(P ∩ SO(n)) ∈ R2(Spin(n))

is an equivalence of categories. In particular, the categories R2(Spin(7)) and
R(O(7)) are naturally equivalent.

According to Theorem 3.1.11, each 2-stubborn subgroup of O(7) is con-
jugate to an element of Tprod(7) (see 3.1.7). By definition, we have

Tirr(1) = {{±1}}, Tirr(2) = {O(2)},

Tirr(4) = {O(2) o C2, {±1} o C2
2 , Γ̄4, Γ4}.

Hence

Tprod(7) = {J×O(2)×{±1}, J×{±1}3}J∈Tirr(4)∪{O(2)i×{±1}7−2i}i=0,...,3.
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By 3.1.11 all elements of Tprod(7) except O(2)2 × {±1}3 are 2-stubborn in
O(7).

We will frequently use 2-stubborn subgroups of Spin(7), so we will intro-
duce a simplier notation for them. We denote elements of Tirr(4) by

N := O(2) o C2

K := {±1} o C2
2

M̄ := Γ̄4

M := Γ4

and for each J ∈ Tirr(4) let

J1 := π−1(J ×O(2)× {±1}) ⊆ π−1(O(4)×O(2)×O(1)) ⊂ Spin(7)
(3.2.4)

J0 := π−1(J × {±1}3) ⊆ π−1(O(4)×O(3)) ⊂ Spin(7), (3.2.5)

and for i = 0, 1, 3 let

Li := π−1(O(2)i × {±1}7−2i) ⊆ π−1(O(2i)×O(7− 2i)) ⊆ Spin(7). (3.2.6)

Symbols defined above will be also used to denote objects of the category
R2(Spin(7)) (and R2(O(7))).

As a consequence of 3.1.8 and 3.2.3 we obtain

Proposition 3.2.7. We have

• WO(4)(N) = 1,

• WO(4)(K) ' WO(4)(M̄) ' Σ3,

• WO(4)(M) ' O+(X2) ' Σ3 o Σ2.

For any J ∈ Tirr(4) we have

• AutR2(Spin(7))(J1) = WSpin(7)(J1) ∼= WO(4)(J),

• AutR2(Spin(7))(J0) = WSpin(7)(J0) ∼= WO(4)(J)× Σ3,

• AutR2(Spin(7))(Li) = WSpin(7)(Li) ∼= Σi × Σ7−2i.

As a consequence, we obtain the following theorem:
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Theorem 3.2.8. Every 2-stubborn subgroup of Spin(7) is conjugate to one
of the following subgroups: N1, N0, K1, K0, M̄1, M̄0, M1, M0, L3, L1, L0.
Every morphism of the category R2(Spin(7)) is a composition of automor-
phisms and morphisms presented on the following diagram:

N1

L3 N0 K1 M̄1

L1 K0 M̄0 M1

L0 M0

AAA
AAA

AAC

�
�
���

u
[

[
[̂

u

�
�
���

AAA
AAA

AACu

�
�
���
[
[
[̂

�
�
��
[
[

[[̂ u

u

�
�
���

[
[

[[̂ u

�
�
���

The groups of automorphisms of objects are respectively

Aut(N1) = 1, Aut(N0) ∼= Aut(L3) ∼= Aut(K1) ∼= Aut(M̄1) ∼= Σ3

Aut(L1) ∼= Σ5, Aut(L0) ∼= Σ7, Aut(K0) ∼= Aut(M̄0) ∼= Σ3 × Σ3

Aut(M1) ∼= Σ3 o Σ2, Aut(M0) ∼= Σ3 o Σ2 × Σ3

Proof. It is a consequence of 3.1.11 and 3.1.12.

We conclude with a presentation of R2(Spin(7)) as a sum of two smaller
subcategories. We say, that a small category C is a sum of its subcategories
C ′ and C ′′ if every morphism of C is a morphism of C ′ or C ′′. Recall (3.1.27)
that there is an inclusion I : R2(Σ7) →R2(O(7)) onto a full subcategory.

To construct the other subcategory we need

Proposition 3.2.9. A group J ∈ Tprod(4) is stubborn in O(4) if and only if
J ∈ Tirr(4).

Proof. If J ∈ Tprod(4)\Tirr(4), then P ∼= O(2)r×{±1}4−2r for some r = 0, 1, 2.
In this case it fails the conditions of 3.1.11, since both groups WO(2)(O(2))
and WO(1)({±1}) are trivial.
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If P is a stubborn subgroup of O(4) × O(3), then it is conjugate to a
product P ′ × P ′′ (by [JMO1, 1.6.(ii)]), such that P ′ is a stubborn subgroup
of O(4) and P ′′ is a stubborn subgroup of O(3). Hence (by 3.2.9) P is
conjugate to Ji for some J ∈ Tirr(4) and i = 0, 1. Therefore the inclusion
O(4)×O(3) ⊂ O(7) induces a functor

R2(O(4))×R2(O(3)) ∼= R2(O(4)×O(3)) −→ R2(O(7)),

whose image is the full subcategory of R2(O(7)). Since R2(Spin(7)) ∼=
R2(O(7)), we obtain

Proposition 3.2.10. The category R2(Spin(7)) is a sum of the subcategories
I(R2(Σ7)) and R2(O(4))×R2(O(3)). The first subcategory contains objects
Lj, Ni and Ki (where j = 0, 1, 3, i = 0, 1) and the second one contains objects
Ni, Ki, Mi, M̄i.

3.3 Even representations of 2-stubborn sub-

groups of Spin(7)

Assume that P is a locally finite subgroup of G := Spin(n) containing the
non-trivial lift of unity u. Each irreducible representation % of P is either a
restriction of a representation of P/〈u〉 (and χ%(u) = dim %) or it is not (and
χ%(u) = − dim %). In the first case we say that % is even; otherwise it is odd.
The present section contains the classification of even irreducible representa-
tions of discrete approximations of stubborn subgroups of G, or, equivalently
representations of the corresponding subgroups of SO(7) (cf. 3.2.1). Odd
representations must be considered separately; the similar classification is
presented in the next section.

Before we begin, let us introduce some notation. The letter θ denotes
the one-dimensional trivial representation and τ denotes the non-trivial irre-
ducible representation of the group having two elements. There is a bijection
between the set of irreducible representations of an F2-vector space V and
its dual V ∗ = Hom(V,F2), and for v ∈ V ∗ we have χv(v) = (−1)v(v). Let ai,
bi denote elements of the basis of X∗

n which is dual to the basis {ai} ∪ {bi}
of Xn (cf. 3.1.2).
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Representations of groups Γ2n

Fix a positive integer n. Recall (3.1.5) the exact sequence

1 −→ {±1} −→ Γ2n
pX−−→ Xn −→ 1.

If g, g′ ∈ Γ2n are conjugate, then obviously pX(g) = pX(g′). On the other
hand, Z(Γ2n) = {±I}. Thus Γ2n has 22n + 1 conjugacy classes of elements
(and the same number of isomorphism classes of irreducible representations).

For any x ∈ X∗
n define

τx := (pX)∗x ∈ IR(Γ2n). (3.3.1)

Proposition 3.3.2.

IR(Γ2n) = {τx}x∈X∗
n
∪ {α},

where α is the 2n-dimensional representation with its character given by the
formula

χα(g) =





2n for g = I

−2n for g = −I

0 for g 6= ±I

Proof. Since there exist 22n pairwise non-isomorphic representations of Γ2n

which are restrictions of representations of Xn, then there exists exactly one
which is not, say α. The regular representation ψ of Γ2n is a direct sum

ψ '

 ⊕

x∈X∗
n

τx


⊕ α⊕dim α.

Then dim α = 2n. Since the first summand is isomorphic to indΓ2n

{±I} θ, then

indΓ2n

{±I} τ = α⊕2n
. As a consequence we obtain the formula for the character

of α.

Proposition 3.3.3. If a ∈ WO(2n)(Γ2n) ' O+(Xn), then a∗τx
∼= τa∗x and

a∗α ∼= α. In particular, for n = 2 the orbits of the action of WO(4)(Γ4) on
IR(Γ4) are as follows:

{τ0}, {α}, {τa0+b0 , τa1+b1 , τa0+b0+a1 , τa0+b0+b1 , τa0+a1+b1 , τb0+a1+b1}
{τa0 , τb0 , τa1 , τb1 , τa0+a1 , τa0+b1 , τb0+a1 , τb0+b1 , τa0+b0+a1+b1}.
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Proof. The first statement follows immediately from the definition of τx. Fix
n = 2. Recall that O+(X2) is the subgroup of GL(X2) containing matrices
which preserve the quadratic form q (3.1.9). The set Z := {x ∈ X2 : q(x) =
1} has six elements, and the relation on Z

x ∼ x′ ⇔ x + x′ ∈ Z ∪ {0}

is an equivalence relation and has two equivalence classes: {a0 + b0, a0 +a1 +
b1, b0 +a1 +b1} and {a1 +b1, a1 +a0 +b0, b1 +a0 +b0}, which are preserved by
the elements of O+(X2). Moreover, Z spans X2. Hence O+(X2) ⊆ Σ3 oΣ2 and
one can check immediately that in fact O+(X2) ∼= Σ3 o Σ2. Now elementary
calculations prove the conclusion.

Representations of groups Γ̄∞2n

Define

c(t) := cos 2πt, s(t) := sin 2πt, e(t) =

(
c(t) s(t)
−s(t) c(t)

)
∈ SO(2) (3.3.4)

Let T∞ := {e( l
2s )}l,s∈Z ⊗ I2n−1 . The group

Γ̄∞2n := 〈T∞, Γ2n〉 ⊆ O(2n), (3.3.5)

is a discrete approximation of Γ̄2n .
We begin with the case n = 2. We have IR(T∞) = {%k}k∈Z∧2 (cf. 2.3.28),

and by 2.3.32 ind
Γ̄∞2
T∞ %k is irreducible iff k 6= 0; otherwise it splits into the sum

of a trivial representation θ and a non-trivial τ (since Γ̄2/T
∞ = W1 ' C2).

Denote
α2k+1 := ind

Γ̄∞2
T∞ %2k+1, β2k := ind

Γ̄∞2
T∞ %2k. (3.3.6)

As a consequence we obtain

Corollary 3.3.7.

IR(Γ̄∞2 ) = {α2k+1}k∈Z∧2 ∪ {β2k}k∈Z∧2 ∪ {θ, τ}.

Now assume n > 2. Recall the exact sequences (3.1.4) and (3.1.6)

1 −→ T∞ −→ Γ̄∞2n

p′W−−→ Wn −→ 1.
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1 −→ {±I} −→ Γ̄∞2n

p′V−−→ Γ̄∞2 /{±I} × Vn −→ 1.

For each w ∈ W ∗
n , v ∈ V ∗

n and k ∈ Z∧2 define the following irreducible
representations of Γ̄∞2 :

τw := (p′W )∗w

β2k,v := (p′V )∗
(
(ind

Γ̄∞2 /{±I}
T∞/{±I} %k)⊗̄v

)
,

where %k is defined in 2.3.28 (note that T∞/{±I} ' Z/2∞).
By 2.3.31 each irreducible representation of Γ̄∞2n is isomorphic to a sub-

representation of ind
Γ̄∞2n

T∞ %k for some k ∈ Z∧2 . We have the following decom-
positions:

ind
Γ̄∞2n

T∞ %0 = ind
Γ̄∞2n

T∞ θ =
⊕

w∈W ∗
n

τw (3.3.8)

ind
Γ̄∞2n

T∞ %2k =
⊕
v∈V ∗n

β2k,v. (3.3.9)

Proposition 3.3.10. For any k ∈ Z∧2 the representation ind
Γ̄∞2n

T∞ %2k+1 is a
direct sum of 2n−1 pairwise isomorphic irreducible representations (which will
be denoted by α2k+1).

Proof. For each s let T (s) := {e( l
2s )l∈Z}⊗I2n−1 , Γ̄

(s)
2n := 〈T (s), Γ2n〉 and let %m,

for m ∈ Z/2s, be the representation of T (s) defined by

%m

(
e
(

l
2s

))
= exp

(
ml
2s

) ∈ U(1)

Let σ := ind
Γ̄

(s)
2n

T (s) %(2k+1 mod 2s). Since res
Γ̄

(s)
2n

Γ2n
σ ' α⊕2n

(cf. 3.3.2), then σ
decomposes into the sum of irreducible representations of dimensions which
are divisible by 2n. The regular representation of Γ̄

(s)
2n decomposes as ω =

⊕
m∈Z/2s ind

Γ̄
(s)
2n

T (s) %m. If ϕ is an irreducible representation of σ, then it ap-

pears in the regular representation only in the summands ind
Γ̄

(s)
2n

T (s) %2k+1 and

ind
Γ̄

(s)
2n

T (s) %−2k−1 (which are isomorphic). Since the dimensions of both these
summands is 22n−1 and dim ϕ ≥ 2n, then

ind
Γ̄

(s)
2n

T (s) %2k+1 ' ind
Γ̄

(s)
2n

T (s) %−2k−1 ' ϕ⊕2n−1

.

Therefore, by 2.3.11, ind
Γ̄∞2n

T∞ %2k+1 is the direct sum of 2n−1 copies of pairwise
isomorphic representations of dimension 2n.
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Denote irreducible summand of ind
Γ̄∞2n

T∞ %2k+1 from the proof above by
α2k+1. The character of α2k+1 is

χα2k+1
(g) =

{
2n−1c

(
l
2s

)
for g = e

(
l
2s

)

0 otherwise.

Proposition 3.3.11. For each n

IR(Γ̄∞2n) = {τw}w∈W ∗
n
∪ {β2k,v}k∈Z∧2 \{0}

v∈V ∗n
∪ {α2k+1}k∈Z∧2

and β2k,v ' β−2k,v, α2k+1 ' α−2k−1.

Proof. Each irreducible representation of Γ̄∞2n is, for some k ∈ Z∧2 , a subrep-

resentation of ind
Γ̄∞2n

T∞ %k. All the cases have been considered in 3.3.8, 3.3.9
and 3.3.10.

The following proposition shows how irreducible representations of Γ̄∞2n

restrict to Γ2n :

Proposition 3.3.12. Let p : Xn → Wn and q : Xn → Vn denote the obvious
projections. Then

res
Γ̄∞2n

Γ2n
τw = τp∗w

res
Γ̄∞2n

Γ2n
β2k,v =

{
τq∗v ⊕ τq∗v+a0+b0 for k even

τq∗v+a0 ⊕ τq∗v+b0 for k odd

res
Γ̄∞2n

Γ2n
α2k+1 = α.

Proof. The first and the last equations are clear. We have

res
Γ̄∞2n

Γ2n
β2k,v = res

Γ̄∞2n

Γ2n
(p′V )∗

(
(ind

Γ̄∞2 /{±I}
T∞/{±I} %k)⊗̄v

)

= (pV )∗
(
(res

Γ̄∞2 /{±I}
Γ2/{±I} ind

Γ̄∞2 /{±I}
T∞/{±I} %k)⊗̄v

)
= (pV )∗

(
(ind

Γ2/{±I}
T (2)/{±I} %k)⊗̄v

)

Since Γ2/{±I} ∼= F2{a0, b0}, then we obtain

ind
Γ2/{±I}
T (2)/{±I} %k =

{
0⊕ (a0 + b0) for k even

a0 ⊕ b0 for k odd.

It proves the last equation.

The next step is the classification of irreducible representations of wreath
products Γ o Ct1

2 o · · · o Ctk
2 , where Γ stands for either Γ2n or Γ̄∞2n . We do not

consider the general case (since it is not necessary for the proof of the main
theorem), only the wreath products Γ o C2 and {±1} o C2

2 .
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Representations of wreath products Γ o C2

Definition 3.3.13. Let Γ be a locally finite group and let ϕ, ψ ∈ IR(Γ) be
non-isomorphic irreducible representations. Define

ϕ £ ψ := indΓoC2

Γ×Γ ϕ⊗̄ψ ∈ IR(Γ o C2)

(ϕ £ ψ is irreducible by 2.3.32).

Let e and t denote the neutral and the non-neutral element of C2.

Proposition 3.3.14. Let Γ be a locally finite group and let ϕ : Γ → U(V )
be an irreducible representation. Then there is a decomposition

indΓoC2

Γ×Γ ϕ⊗̄ϕ ' ϕ+ ⊕ ϕ−,

where ϕ+, ϕ− ∈ IR(Γ o C2), and for g1, g2 ∈ Γ, h ∈ C2

χϕµ(g1, g2; h) =

{
χϕ(g1)χϕ(g2) for h = e

µχϕ(g1g2) for h = t
.

Proof. Let

V + := {e⊗ v ⊗ w + t⊗ w ⊗ v ∈ C(Γ o C2)⊗C(Γ×Γ) (V ⊗ V )}
V − := {e⊗ v ⊗ w − t⊗ w ⊗ v ∈ C(Γ o C2)⊗C(Γ×Γ) (V ⊗ V )}.

The spaces V + and V − are Γ o C2-subrepresentations which are irreducible
since

resΓoC2

Γ×Γ V + ' resΓoC2

Γ×Γ V − ' ϕ⊗̄ϕ

is irreducible. Obviously χϕµ(g1, g2; 1) = χϕ(g1)χϕ(g2). Let {vi}n
i=1 be a basis

of V and M(g) the matrix of %(g) in this basis. Then the collection

{vij := e⊗ vi ⊗ vj + t⊗ vj ⊗ vi}n
i,j=1

is a basis of V +. We have

(g1, g2; t)vij = (g1, g2; e)(t⊗ vi ⊗ vj) + (g1, g2; e)(e⊗ vj ⊗ vi)

= t⊗ g2vi ⊗ g1vj + e⊗ g1vj ⊗ g2vi

= e⊗
∑

l

M(g1)ljvl ⊗
∑

k

M(g2)kivk + t⊗
∑

k

M(g2)kivk ⊗
∑

l

M(g1)ljvl

=
∑

k,l

M(g1)ljM(g2)kivlk
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Finally we obtain

χϕ+(g1, g2; t) =
∑
i,j

M(g1)ijM(g2)ji =
∑

i

M(g1g2)ii = χϕ(g1g2).

Similarly χϕ−(g1, g2; t) = −χϕ(g1g2).

Representations of K = {±1} o C2
2

By Proposition 2.3.31 all irreducible representations of K are subrepresenta-

tions of ind
{±1}oC2

2

{±1}4
(⊗̄

a∈C2
2
ϕa

)
for ϕa ∈ IR({±1}) = {θ, τ}. We will denote

them by γ with some indices, and the lower index is the number of non-trivial
representations among ϕa’s.

Let p : G → C2
2 be the obvious projection. The representations

γ1 := ind
{±1}oC2

2

{±1}4 θ⊗̄θ⊗̄θ⊗̄τ

and
γ3 := ind

{±1}oC2
2

{±1}4 θ⊗̄τ⊗̄τ⊗̄τ

are irreducible. For ϕ, ψ ∈ IR(C2) = {θ, τ} define

γϕ,ψ
0 := p∗(ϕ⊗̄ψ), γϕ,ψ

4 := p∗(ϕ⊗̄ψ)⊗ det .

There are decompositions

ind
{±1}oC2

2

{±1}4 θ⊗̄θ⊗̄θ⊗̄θ '
⊕

ϕ,ψ∈IR(C2)

γϕ,ψ
0

ind
{±1}oC2

2

{±1}4 τ⊗̄τ⊗̄τ⊗̄τ '
⊕

ϕ,ψ∈IR(C2)

γϕ,ψ
4 .

Now choose a ∈ C2
2 \ {(0, 0)}. Since {±1} o C2

2 ' ({±1}(C2
2/〈a〉) o 〈a〉) o

(C2
2/〈a〉) we can define the representations

γµ
2,a := ind

({±1}(C2
2/〈a〉)o〈a〉)o(C2

2/〈a〉)
({±1}(C2

2/〈a〉)o〈a〉)
(θ⊗̄τ)µ

for µ ∈ {+,−}. Again, we obtain the following decompositions

ind
{±1}oC2

2

{±1}4 θ⊗̄θ⊗̄τ⊗̄τ ' γ+
2,a ⊕ γ−2,a,

where a is the difference between coordinates with the same isomorphism
class of representation. As a consequence we obtain
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Corollary 3.3.15.

IR({±1} o C2
2) = {γ1, γ3} ∪ {γi,j

0 , γi,j
4 }i,j∈{0,1} ∪ {γµ

2,a}µ∈{+,−}
a∈C2

2\{(0,0)}.

Since the action of WO(4)(G) ∼= GL2(F2) ' Σ3 on G is the obvious one,
we have

Corollary 3.3.16. Here follow the orbits of an action of WO(4)(G) on IR(G):

{γ0,0
0 }, {γ0,1

0 , γ1,0
0 , γ1,1

0 }, {γ0,0
4 }, {γ0,1

4 , γ1,0
4 , γ1,1

4 }, {γ1}, {γ3}

{γ+
2,(0,1), γ

+
2,(1,0), γ

+
2,(1,1)}, {γ−2,(0,1), γ

−
2,(1,0), γ

−
2,(1,1)}

Denote

γ+
2 := γ+

2,(0,1) ⊕ γ+
2,(1,0) ⊕ γ+

2,(1,1) (3.3.17)

γ−2 := γ−2,(0,1) ⊕ γ−2,(1,0) ⊕ γ−2,(1,1) (3.3.18)

Once we have listed irreducible representations of ”pieces” which build
up every 2-stubborn subgroup of SO(7), we need to describe sets the IRev(P )
for P being a 2-stubborn subgroup of Spin(7) (or equivalently, IR(P/〈u〉)).
Recall that every 2-stubborn subgroup of SO(7) has the form (ΠPi)∩SO(7)
where Pi’s are isomorphic to one of the groups Γ̄2 o C2, Γ̄4, Γ4, Γ1 o C2

2 , Γ̄2 or
Γ1.

Representations of groups L∞i

Let
Uk := {(a1, . . . , ak) ∈ {±1}k : a1 . . . ak = 1} (3.3.19)

and let U∗
k be a dual group. For each sequence (µ1, . . . , µk) ∈ {±1}k ∼=

IR(C2)
k define

τ(µ1,...,µk) := res
Ck

2
Uk

µ1⊗̄ . . . ⊗̄µk. (3.3.20)

Let ηk
i :=

⊕
τ(µ1,...,µk), where the sum is taken over all sequences such that

−1 appears exactly i times.

Proposition 3.3.21. Assume that k is an odd integer, and that % is an
Σk-invariant representation of Uk. Then % is isomorphic to a direct sum of
representations ηk

i for i < k/2.
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Proof. It is clear that % is a sum of ηk
i ’s. If k is odd, then τ(µ1,...,µk) is

isomorphic to τ(−µ1,...,−µk). Therefore ηk
i is isomorphic to ηk

k−i and the lower
index can be assumed to be less than k/2.

We have
L∞3 = ((Γ̄∞2 )3 × Γ1) ∩ SO(7) ' (Γ̄∞2 )3

L∞1 = (Γ̄∞2 × (Γ1)
5) ∩ SO(7) ' Γ̄∞2 × U5

L0 = (Γ1)
7 ∩ SO(7) ' U7

These isomorphisms are given by the formulae

(Γ̄∞2 )3 3 (g1, g2, g3) 7→ ∆(g1, g2, g3, det g1g2g3) ∈ SO(7) (3.3.22)

Γ̄∞2 × U5 3 (g, v) 7→ ∆(g, u · det g) ∈ SO(7) (3.3.23)

and the isomorphism (Γ1)
7 ∩ SO(7) ' U7 is obvious (∆(m1, ..., mn) denotes

the matrix obtained by putting the matrices mi on the diagonal).

Corollary 3.3.24. We have

IRev(L
∞
3 ) ∼= IR(Γ̄∞2 )3, IRev(L

∞
1 ) ∼= IR(Γ̄∞2 )× U∗

5 , IRev(L0) ∼= U∗
7

The group WG(L∞3 ) ' Σ3 acts on IR(L∞3 ) by permuting coordinates. The
action of WG(L∞1 ) ' Σ5 (resp. WG(L0) ' Σ7) on IRev(L

∞
1 ) (resp. IRev(L0))

is the natural action on U∗
5 (resp. U∗

7 ). The orbits of WG(Li) on IRev(Li) are
listed below:

IRev(L3) = {%⊗̄%⊗̄%}%∈IR(Γ̄2) ∪ {%⊗̄%⊗̄σ, %⊗̄σ⊗̄%, σ⊗̄%⊗̄%}%6=σ∈IR(Γ̄2)∪
∪ {%⊗̄σ⊗̄τ, %⊗̄τ⊗̄σ, σ⊗̄%⊗̄τ, σ⊗̄τ⊗̄%, τ⊗̄%⊗̄σ, τ⊗̄σ⊗̄%}%6=σ 6=τ∈IR(Γ̄2)

IRev(L1) = {%⊗̄η5
k}k=0,1,2

%∈IR(Γ̄2)
, IRev(L0) = {η7

k}k=0,1,2,3.

Proposition 3.3.25. Let ϕ⊗̄ψ⊗̄ω be an irreducible representation of L∞3 ∼=
(Γ̄∞2 )3, and let i : Γ̄∞2 × U5

∼= L∞1 → L∞3 be an inclusion sending the factor
Γ̄∞2 of L∞1 onto the first factor of L∞3 . Define the sets Iθ = {(1, 1)}, Iτ =
{(−1,−1)}, Iβk

= {(1, 1), (−1,−1)}, Iαk
= {(1,−1), (−1, 1)}. If exactly one

of the representations ψ, ω is isomorphic to αk for some k ∈ Z∧2 , then

i∗(ϕ⊗̄ψ⊗̄ω) ' (ϕ⊗ det)⊗̄(
⊕

(µ1,µ2)∈Iψ

⊕

(µ3,µ4)∈Iω

τ(µ1,µ2,µ3,µ4,1)).
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Otherwise

i∗(ϕ⊗̄ψ⊗̄ω) ' ϕ⊗̄(
⊕

(µ1,µ2)∈Iψ

⊕

(µ3,µ4)∈Iω

τ(µ1,µ2,µ3,µ4,1)).

Proof. Note that the map Γ̄∞2 ×U5 → Γ̄∞2 × Γ̄∞2 × Γ̄∞2 is given by the formula

(g, (e1, e2, e3, e4, e5)) 7→ (g, det g ·∆(e1, e2), det g ·∆(e3, e4)).

We have

χϕ⊗̄ψ⊗̄ω(g, (1, . . . , 1)) = χϕ(g)χψ(−I2)χω(−I2) = χϕ(g)χψ⊗̄ω(−I4).

Thus at the first coordinate appears ϕ ⊗ det if one of ψ, ω is isomorphic to
αk and ϕ otherwise. What appears at the second coordinate is clear, since

res
Γ̄∞2
{±1}2 σ =





τ(1,1) for σ ' θ

τ(−1,−1) for σ ' τ

τ(1,−1) ⊕ τ(−1,1) for σ ' α2k1

τ(1,1) ⊕ τ(−1,−1) for σ ' β2k.

Corollary 3.3.26. Let η5
i(l,m) =

⊕
τµ1,µ2,µ3,µ4,µ5 , where the sum is taken over

all sequences such that exactly l of the numbers µ1, µ2 are equal −1, exactly
m of the numbers µ3, µ4 are equal −1 and finally i of the numbers µ1, . . . , µ5

are equal −1. Then

res
L∞3
L∞1

ϕ⊗̄α2k+1⊗̄α2k′+1 ' ϕ⊗̄η5
2(1,1) res

L∞3
L∞1

ϕ⊗̄α2k+1⊗̄θ ' ϕ⊗̄η5
1(1,0)

res
L∞3
L∞1

ϕ⊗̄α2k+1⊗̄τ ' ϕ⊗̄η5
2(1,0) res

L∞3
L∞1

ϕ⊗̄θ⊗̄θ ' ϕ⊗̄η5
0

res
L∞3
L∞1

ϕ⊗̄θ⊗̄τ ' ϕ⊗̄η5
2(0,2) res

L∞3
L∞1

ϕ⊗̄τ⊗̄τ ' ϕ⊗̄η5
1(0,0).

and
res

L∞3
L∞1

ϕ⊗̄β2k⊗̄ω ' res
L∞3
L∞1

ϕ⊗̄(θ ⊕ τ)⊗̄ω,

res
L∞3
L∞1

ϕ⊗̄ψ⊗̄β2k ' res
L∞3
L∞1

ϕ⊗̄ψ⊗̄(θ ⊕ τ).

Proposition 3.3.27. Let ϕ⊗̄τ(µ1,µ2,µ3,µ4,µ5) be an irreducible representation
of L∞1 . If µ1 . . . µ5 = 1, then

res
L∞1
L0

ϕ⊗̄τ(µ1,µ2,µ3,µ4,µ5) '
⊕

(µ′1,µ′2)∈Iϕ

τ(µ′1,µ′2,µ1,µ2,µ3,µ4,µ5).
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Otherwise, ⊕

(µ′1,µ′2)∈Iϕ

τ(−µ′1,−µ′2,µ1,µ2,µ3,µ4,µ5).

Proof. The conclusion follows from the fact that the map U7 → Γ̄∞2 × U5 is
given by the formula

(e1, e2, e3, e4, e5, e6, e7) 7→ (∆(e1, e2), (e1e2e3, e1e2e4, . . . , e1e2e7)).

Corollary 3.3.28. Let η7
i(l) =

⊕
τµ1,...,µ7 , where the sum is taken over all

sequences such that exactly l of the numbers µ1, µ2 are equal −1 and exactly
i of the numbers µ1, . . . , µ7 are equal −1. Σ5-invariant representations of L∞1
restrict to L0 as follows:

αk⊗̄η5
0 7→ η7

1(1) θ⊗̄η5
0 7→ η7

0 τ⊗̄η5
0 7→ η7

2(0)

αk⊗̄η5
1 7→ η7

2(1) θ⊗̄η5
1 7→ η7

3(2) τ⊗̄η5
1 7→ η7

1(0)

αk⊗̄η5
2 7→ η7

3(1) θ⊗̄η5
2 7→ η7

2(0) τ⊗̄η5
2 7→ η7

3(0)

Moreover, res
L∞1
L0

β2k⊗̄η5
i ' res

L∞1
L0

(θ ⊕ τ)⊗̄η5
i .

Representations of groups N∞
i , K∞

i , M∞
i and M̄∞

i

Let J ∈ Tirr(4) = {N, K, M̄, M}. Fix isomophisms

J∞ × U∗
3 3 (g, v) 7→ ∆(g, v · det g) ∈ J∞0 ,

J∞ × Γ̄∞2 3 (g, h) 7→ ∆(g, h, det g · det h) ∈ J∞1 .

Denote the representations corresponding to elements of U∗
3 by

τ0 = τ(1,1,1), τi = τ(1,−1,−1), τj = τ(−1,1,−1), τk = τ(−1,−1,1).
(3.3.29)

Proposition 3.3.30. (a) There are bijections

IRev(J
∞
1 ) ' IR(J∞)× IR(Γ̄2), IRev(J

∞
0 ) ' IR(J∞)× U∗

3

(b) The group WG(J∞1 ) acts naturally on IR(J∞) and trivially on IR(Γ̄∞2 ).

(c) The action of WG(J∞0 ) ' WG(J∞1 )× Σ3 on IRev(J
∞
0 ) is product-wise.
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(d) The restriction map

IRev(J
∞
1 ) ' IR(J∞)× IR(Γ̄2) −→ IR(J∞)× U∗

3 ' IRev(J
∞
0 )

is given by the formula

%⊗̄ω 7→





%⊗̄τ0 for ω ' θ

%⊗̄τi for ω ' τ

%⊗̄(τ0 ⊕ τi) for ω ' β2k

(%⊗ det)⊗̄(τj ⊕ τk) for ω ' α2k+1.

Proof. The action of the Weyl group is clear. The inclusion J∞×U3 ' J∞0 ⊆
J∞1 ' J∞ × Γ̄∞2 is given by the formula

(g, (a1, a2, a3)) 7→ (g, ∆((−1)a1 det g, (−1)a2 det g, (−1)a3)).

It implies that the restriction formulae are valid.

The previous proposition shows that we need to know the action on
IR(J∞) given by tensoring by determinant representation. It is trivial in
cases J = M and J = M̄ since these groups are contained in SO(4). For
J = K it is given by

γ1 ↔ γ3, γi,j
0 ↔ γi,j

4

and for J = N by

α2k+1 £ θ ↔ α2k+1 £ τ, β2k £ θ ↔ β2k £ τ, τ+ ↔ θ+, τ− ↔ θ−

and it is trivial in other cases.

3.4 Generators-and-relations form of N∞
1

Denote G := Spin(7). In the next section we classify odd representations of
discrete approximations of 2-stubborn subgroups of G. It requires different
methods than the even case. The main reason is that stubborn subgroups of
Spin-groups are not products of simpler groups. Hence we need to present
the group N∞

1 in the generators-and-relations form. Of course, it does not
exists any finite presentation of N∞

1 . Instead, for each n > 1, we give a

presentation of the finite subgroups N
(n)
1 (cf. 2.1.7). It is sufficient since

77



every element of N∞
1 can be written as a product of generators of N

(n)
1 (if

n is large enough). We regard G as the double covering of SO(7) and we
represent elements of G by paths in SO(7).

Let u ∈ G be a non-trivial lift of the unity of SO(7) and let eij be a
matrix which has an (i, j)-th entry equal 1 and other entries equal 0.

Definition 3.4.1. Let E(k, l; s) be an element of Spin(n) given by the path

[0, 1] 3 t 7→
∑

i 6=k,l

eii + c(st)(ekk + ell) + s(st)(ekl − elk),

where s and c are defined in 3.3.4.

Here follows a list of relations between elements E(k, l; s):

Proposition 3.4.2. The following holds:

(a) E(k, l; s)E(k′, l′; s′) = E(k′, l′; s′)E(k, l; s) for k,k′,l,l′ pairwise different

(b) E(k, l; s) = E(l, k;−s)

(c) E(k, l; 1) = u

(d) E(k, l; 1
2
)E(k, m; s) = E(k, m;−s)E(k, l; 1

2
)

(e) E(k, l; 1
2
)E(l,m; 1

2
) = E(k, m; 1

2
)

(f) E(k, m; s)E(k, l; 1
4
) = E(k, l; 1

4
)E(l,m; s)

(g) E(k, l; s)E(m,n; s)E(k,m; s′)E(l, n; s′) =

= E(k, m; s′)E(l, n; s′)E(k, l; s)E(m,n; s)

Proof. For any paths ω, ω′ in G a symbol ω ◦ ω′ stands for a composition of
ω and ω′, and ω ∼ ω′ means that these paths are homotopic.

(a) Since all elements of the paths E(k, l; s) and E(k′, l′; s′) commute the
paths commute too.

(b) Obvious.

(c) E(k, l; 1) is a generator of π1(SO(7)).
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(d) Let j :=
∑

i6=k,l,m eii.

E(k, l; 1
2
)E(k, m; s)E(k, l;−1

2
)E(k, m; s)

∼ (E(k, l; 1
2
) ◦ e(k, l; 1

2
))(I ◦ E(k, m; s))

(E(k, l;−1
2
) ◦ e(k, l; 1

2
))(I ◦ E(k, m; s))

∼ (E(k, l; 1
2
) ·I ·E(k, l;−1

2
) ·I)◦(e(k, l; 1

2
)E(k, m; s)e(k, l;−1

2
)E(k, m; s))

∼ e(k, l; 1
2
)E(k, m; s)e(k, l;−1

2
)E(k,m; s)

∼ [(j + emm − ekk − ell)(j + ell + c(st)(ekk − emm) + s(st)(ekm + emk))]
2

∼ [j − ell + c(st)(−ekk + emm) + s(st)(−ekk − emm)]2

∼ j + ell + (c(st)2 + s(st)2)(ekk + emm) = I

e., f., g. Similar arguments.

Define

T := {E(1, 2; t1)E(3, 4; t2)E(5, 6; t3) : t1, t2, t3 ∈ R}. (3.4.3)

Obviously, T is a maximal torus of G.

Remark. The homomorphism

R3 3 (t1, t2, t3) 7→ E(1, 2; t1)E(3, 4; t2)E(5, 6; t3) ∈ T (3.4.4)

induces isomorphisms

R3/〈k1, k2, k3 : ki ∈ Z ∧ k1 + k2 + k3 ∈ 2Z〉 ' T (3.4.5)

and
Z[1

2
]/〈k1, k2, k3 : ki ∈ Z ∧ k1 + k2 + k3 ∈ 2Z〉 ' T∞ (3.4.6)

Proposition 3.4.7. Let N
(n)
1 denotes the n-th discrete approximation of N1

(cf. 2.1.8). Then N
(n)
1 is generated by the following elements

a = E(2, 7; 1
2
), b = E(4, 7; 1

2
), c = E(6, 7; 1

2
),

x = E(1, 2; 2−n), y = E(3, 4; 2−n), z = E(5, 6; 2−n),

s = E(3, 4; 1
2
)E(1, 3; 1

4
)E(2, 4; 1

4
)
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and the relations

a2 = b2 = c2 = s2 = x2n

= y2n

= z2n

= u, u2 = e,

ba = abu, cb = bcu, ca = acu,

sa = bs, sb = as, sc = cs,

xa = ax−1, yb = by−1, zc = cz−1,

xs = sy, ys = sx, zs = sz,

xb = bx, xc = cx, ya = ay, yc = cy, za = az, zb = bz,

yx = xy, zx = xz, zy = yz.

Proof. It follows from 3.4.2.

Elementary calculations lead to the following:

Proposition 3.4.8. Here follows the list of generators of n-th discrete ap-
proximations of 2-stubborn subgroups of G = Spin(7):

• N
(n)
1 = 〈a, b, c, s, x, y, z〉,

• N
(n)
0 = 〈a, b, c, s, x, y, z2n−1〉,

• L
(n)
3 = 〈a, b, c, x, y, z〉,

• L
(n)
1 = 〈a, b, c, x, y2n−1

, z2n−1〉,

• L
(n)
0 = 〈a, b, c, x2n−1

, y2n−1
, z2n−1〉,

• K
(n)
1 = 〈a, b, c, s, x2n−1

, y2n−1
, x2n−2

y2n−2
, z〉,

• K
(n)
0 = 〈a, b, c, s, x2n−1

, y2n−1
, x2n−2

y2n−2
, z2n−1〉,

• M̄
(n)
1 = 〈ab, c, s, x2n−1

, y2n−1
, xy, z〉,

• M̄
(n)
0 = 〈ab, c, s, x2n−1

, y2n−1
, xy, z2n−1〉,

• M
(n)
1 = 〈ab, c, s, x2n−1

, y2n−1
, x2n−2

y2n−2
, z〉,

• M
(n)
0 = 〈ab, c, s, x2n−1

, y2n−1
, x2n−2

y2n−2
, z2n−1〉.
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We conclude with presentations of groups WG(P ) for some P ∈ R2(G):

Proposition 3.4.9. Fix n ≥ 4. Let

k := E(3, 7; 1
2
)E(2, 3; 1

4
), l := E(6, 7; 1

4
),

h1 := x2n−3

y2n−3

, h1 := x2n−3

y−2n−3

.

Then

WG(N1) = 1, WG(K1) = 〈k, x2n−2〉 ' Σ3,

WG(M̄1) = 〈h2, k
−1h1k〉 ' Σ3, WG(M1) = 〈k, h1, h2〉 ' Σ3 o Σ2,

and for every J ∈ Tirr(4) = {N, K, M, M̄} we have

WG(J0) ∼= WG(J1)× 〈l, z2n−1〉 ' WG(J1)× Σ3.

Proof. It follows from elementary calculations and from 3.2.8.

3.5 Odd representations of 2-stubborn sub-

groups of Spin(7)

In this section we classify odd irreducible representations of discrete approx-
imations of 2-stubborn subgroups of G := Spin(7). In the construction of
a faithful representation of DI(4) we use only parts which are devoted to
M0 and L0. The classification of odd representations of other groups is pre-
sented here for completeness only, however, it could be useful for finding
other examples of representations of DI(4).

Definition 3.5.1. Let P be any stubborn subgroup of G from the list in
3.2.8. A root (resp. an even root, an odd root) of P is any (resp. even, odd)
irreducible representation of T∞ ∩ P . Denote by Rt(P ) (Rtev(P ), Rtod(P ))
the set of all roots of P (resp. the set of even roots, the set of odd roots).

By 2.3.28 any irreducible representation of (Z/2∞)3 ' Z[1
2
]/Z3 has the

form %k1,k2,k3 , for k1, k2, k3 ∈ Z∧2 . From the isomorphism 3.4.6 follows that
any irreducible representation of T∞ has the form %k1,k1,k3 , where

k1, k2, k3 ≡ 0 mod 1
2
, and k1 ≡ k2 ≡ k3 mod 1. (3.5.2)
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Then IR(T∞) ' (k1, k2, k3 ∈ 1
2
Z∧2 : k1 ≡ k2 ≡ k3 mod 1). It easily follows

that IRod(T
∞) ' (1

2
+ Z∧2 )3. For each P the set of roots Rt(P ) is a quotient

IR(T∞)/Lt(P ), where

Lt(P ) = {ω ∈ IR(T∞) : resT∞
T∞∩P ω is trivial}. (3.5.3)

By 2.3.31 every irreducible representation of P∞ is a subrepresentation of
indP∞

T∞∩P ω for ω ∈ Rt(P ). Moreover, this representation does not depend on
a choice of ω within its P∞/(T∞ ∩ P )-orbit. Our goal will be to decompose
representations of this kind into irreducible summands. To do this we will
use Propositions 2.3.32 and 2.3.33 to a pair of groups T∞∩P ⊆ P∞ whenever
possible. First, we need to calculate an action of P∞/(T∞ ∩P ) on Rt(P ) by
conjugation.

Proposition 3.5.4. We have

Lt(N1) = Lt(L3) = 0, Lt(N0) = 〈(0, 0, 2)〉,
Lt(L1) = 〈(0, 2, 0), (0, 0, 2)〉, Lt(L0) = 〈(2, 0, 0), (0, 2, 0), (0, 0, 2)〉,
Lt(K1) = 〈(4, 0, 0), (2,−2, 0)〉, Lt(K0) = 〈(4, 0, 0), (2,−2, 0), (0, 0, 2)〉,
Lt(M̄1) = 〈(2,−2, 0)〉, Lt(M̄0) = 〈(2,−2, 0), (0, 0, 2)〉,
Lt(M1) = 〈(4, 0, 0), (2,−2, 0)〉, Lt(M0) = 〈(4, 0, 0), (2,−2, 0), (0, 0, 2)〉.

Moreover,

P∞/(T∞ ∩ P ) =





〈a, b, c, s〉 for P = N1, N0, K1, K0

〈ab, c, s〉 for P = M̄1, M̄0,M1,M0

〈a, b, c〉 for P = L3, L1, L0,

and for (t1, t2, t3) ∈ T∞ (here we use the isomorphism 3.4.6) we have

a∗(t1, t2, t3) = (−t1, t2, t3)

b∗(t1, t2, t3) = (t1,−t2, t3)

c∗(t1, t2, t3) = (t1, t2,−t3)

s∗(t1, t2, t3) = (t2, t1, t3).

Proof. It follows from a strightforward calculation using 3.4.7 and 3.4.8.
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Odd representations of M0

Since Rtod(M0) = IRod(T
∞)/〈(4, 0, 0), (2,−2, 0), (0, 0, 2)〉 there are exactly

16 odd roots of M0 and each has a unique representation as (α, β, γ) where
α ∈ {−3

2
,−1

2
, 1

2
, 3

2
}, β, γ ∈ {−1

2
, 1

2
}. There are four orbits of the action of

M0/T
∞ ∩M0 on Rtod(M0), namely

OM0
1 = {(1

2
, 1

2
, 1

2
), (1

2
, 1

2
,−1

2
), (−1

2
,−1

2
, 1

2
), (−1

2
,−1

2
,−1

2
)}

OM0
2 = {(3

2
,−1

2
, 1

2
), (3

2
,−1

2
,−1

2
), (−3

2
, 1

2
, 1

2
), (−3

2
, 1

2
,−1

2
)}

OM0
3 = {(3

2
, 1

2
, 1

2
), (3

2
, 1

2
,−1

2
), (−3

2
,−1

2
, 1

2
), (−3

2
,−1

2
,−1

2
)}

OM0
4 = {(1

2
,−1

2
, 1

2
), (1

2
,−1

2
,−1

2
), (−1

2
, 1

2
, 1

2
), (−1

2
, 1

2
,−1

2
)}

The stabilizer of the action of M0/(T
∞ ∩M0) on the set of roots has 2

elements for each root ω. Therefore each representation indM0
T∞∩M0

ω decom-
poses into two irreducible and non-isomorphic representations of dimension 4
(cf. 2.3.33). Now we construct these factors. Define the following subgroups
of M0:

H+
1 = 〈x2n−2

y3·2n−2

u, sx2n−1〉, H−
1 = 〈x2n−2

y3·2n−2

u, sx2n−1

u〉,

H+
2 = 〈x2n−2

y3·2n−2

, sx2n−1〉, H−
2 = 〈x2n−2

y3·2n−2

, sx2n−1

u〉,
H+

3 = 〈x2n−2

y2n−2

u, absx2n−1〉, H−
3 = 〈x2n−2

y2n−2

u, absx2n−1

u〉,
H+

4 = 〈x2n−2

y2n−2

, absx2n−1〉, H−
4 = 〈x2n−2

y2n−2

, absx2n−1

u〉
Note that these groups are normal in M0. Let H := {Hε

i }ε∈{+,−}
i∈{1,2,3,4}.

For i ∈ {1, 2, 3, 4} and ε ∈ {+,−} define the representations

ϑε
i := indM0

〈Hε
i ,u〉 res

〈Hε
i ,u〉/Hε

i

〈Hε
i ,u〉 τ,

where τ is the non-trivial irreducible representation of 〈Hε
i , u〉/Hε

i ' C2.

Proposition 3.5.5. For each ω ∈ OM0
i there is the following decomposition:

(indM0
T∞∩M0

ω)⊕4 ' ϑ+
i ⊕ ϑ−i .
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Proof. Since both Hε
i , 〈Hε

i , u〉 are normal subgroups of M0, we have

χϑε
i
(g) =





16 for g ∈ Hε
i

−16 for g ∈ uHε
i

0 otherwise

Moreover, H+
i ∩ T∞ ∩M0 = H−

i ∩ T∞ ∩M0 and

H+
i ∩ (M0 \ (T∞ ∩M0)) = uH−

i ∩ (M0 \ (T∞ ∩M0)).

Then

χϑ+
i
(g) + χϑ−i

(g) =





32 for g ∈ Hε
i ∩ T∞ ∩M0

−32 for g ∈ uHε
i ∩ T∞ ∩M0

0 otherwise

and thus it is equal to four times character of indM0
T∞∩M0

ω. The equity of
characters implies the isomorphism of the corresponding representations.

Proposition 3.5.6. For each i ∈ {1, 2, 3, 4} and ε ∈ {+,−}

ϑε
i ' (λε

i )
⊕4

where λε
i is an irreducible four-dimensional representation. Moreover, for

ω ∈ OM0
i

indM0
T∞∩M0

ω ' λ+
i ⊕ λ−i .

Proof. Existence of λε
i ’s follows from 3.5.5 and their irreducibility follows by

checking its characters.

Corollary 3.5.7.

IRod(M0) = {λ+
1 , λ−1 , λ+

2 , λ−2 , λ+
3 , λ−3 , λ+

4 , λ−4 }

Proof. By 2.3.31 all irreducible representations of M0 are subrepresentations
of indM0

T∞∩M0
ω where ω ∈ Rt(M0).

Now we calculate the action of WG(M0) on IRod(M0). Recall (3.4.9) that

WG(M0) = 〈h1, h2, k, l, z2n−2〉 ' (Σ3 o Σ2)× Σ3
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Proposition 3.5.8. The conjugations by the elements k, h1, h2 and a induce
the following action on H (and hence on IRod(M0)):

k :

H+
1 ↔ H−

3

H−
1 ↔ H−

4

H+
2 ↔ H+

3

H−
2 ↔ H+

4

h1 : H+
3 ↔ H−

3 h2 : H+
2 ↔ H−

2 a :

H+
1 ↔ H+

4

H−
1 ↔ H−

4

H+
2 ↔ H+

3

H−
2 ↔ H−

3

The conjugations by elements l and z2n−2
act trivially on H ' IRod(M0).

Proof. It is straightforward from the computations below:

k−1(sx2n−1

)k = abx2n−2

y2n−2

uabx2n−1

y2n−1

u = x2n−2

y2n−2

u

k−1(absx2n−1

)k = k−1abkx2n−2

y2n−2

u = y2n−1

ux2n−2

y2n−2

u = x2n−2

y3·2n−2

.

a−1(sx2n−1

)a = a−1bsx2n−1

u = absx2n−1

a−1(x2n−2

y2n−2

)a = a−1ax3·2n−2

y2n−2

u = (x2n−2

y3·2n−2

u)3.

Corollary 3.5.9. There exist two orbits of the action of WG(M0) on the set
IRod(M0), namely {λ−1 , λ−4 } and {λ+

1 , λ+
2 , λ−2 , λ+

3 , λ−3 , λ+
4 }. In paticular, every

WG(M0)-invariant odd representation of M0 is isomorphic to

(λ−1 ⊕ λ−4 )⊕r1 ⊕ (λ+
1 ⊕ λ+

2 ⊕ λ−2 ⊕ λ+
3 ⊕ λ−3 ⊕ λ+

4 )⊕r2 .

for non-negative integers r1 and r2.

Odd representations of K0

The restriction Rtod(K0) → Rtod(M0) is an isomorphism (since T∞ ∩M0 =
T∞ ∩ K0) but the group K0/(T

∞ ∩ K0) acting on Rtod(K0) is larger than
M0/(T

∞ ∩M0). The roots lie in two K0/(T
∞ ∩K0)-orbits:

OK0
1 := OM0

1 ∪OM0
4 and OK0

2 := OM0
2 ∪OM0

3 .

Proposition 3.5.10. We have IRod(K0) = {µ+
1 , µ−1 , µ+

2 , µ−2 }, where

µε
1
∼= indK0

M0
λε

1
∼= indK0

M0
λε

4 and µε
2
∼= indK0

M0
λε

2
∼= indK0

M0
λε

3

Proof. Since the action of K0/M0 ' C2 on IRod(M0) is free (cf. 3.5.8, the
action of a), then indK0

M0
λε

i is irreducible for each i and each ε.
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Corollary 3.5.11. The restrictions of irreducible representations of K0 to
M0 are as follows:

resK0
M0

µ+
1 ' λ+

1 ⊕ λ+
4 resK0

M0
µ−1 ' λ−1 ⊕ λ−4

resK0
M0

µ+
2 ' λ+

2 ⊕ λ+
3 resK0

M0
µ−2 ' λ−2 ⊕ λ−3

Recall that WG(K0) = 〈k, x2n−2〉 ' Σ3. Since x2n−2
= h1h2 then x2n−2

acts on H by swapping H+
3 with H−

3 and H+
2 with H−

2 . This implies (cf.
3.5.8)

Proposition 3.5.12. The generators of WG(K0) act on IRod(K0) as follows:

k : µ+
1 ↔ µ−2 x2n−2

: µ+
2 ↔ µ−2 .

Corollary 3.5.13. There are two orbits of the action of WG(K0) on the
set IRod(K0), namely {µ−1 } and {µ+

1 , µ+
2 , µ−2 }. Each odd WG(K0)-equivariant

representation % of K0 is isomorphic to

(µ−1 )⊕r1 ⊕ (µ+
1 ⊕ µ+

2 ⊕ µ−2 )⊕r2

(for some integers r1, r2) and % ∈ Repod(K0) is WG(K0)-equivariant if and
only if resK0

M0
% is WG(M0)-equivariant.

Odd representations of M̄∞
0

Recall that Rtod(M̄0) = IRod(T
∞)/〈(2,−2, 0), (0, 0, 2)〉 and M̄∞

0 /(T∞∩M̄0) =
〈ab, c, s〉. Note that each odd root of M̄0 has a unique presentation as (α, β, γ)
where β, γ ∈ {−1

2
, 1

2
}. Moreover, each orbit of an M̄∞

0 /(T∞ ∩ M̄0)-action on
Rtod(M̄0) has a representative (possibly non-unique) having a presentation
of the form (α, 1

2
, 1

2
).

Let ωα := (α, 1
2
, 1

2
) and let OM̄0

α be an orbit containing ωα.

Proposition 3.5.14. The orbit OM̄0
α is free if and only if α ≡ −1

2
mod 2

and α 6= −1
2
. Otherwise its stabilizer has two elements.

Proof. The subgroup 〈ab, c〉 acts freely on odd roots of M̄0. To check whether
the action of M̄∞

0 /(T∞ ∩ M̄0) is free we need to find if sωα ∈ 〈ab, c〉ωα. If
α ≡ 1

2
mod 2, then

sωα = s(α, 1
2
, 1

2
) = (1

2
, α, 1

2
) = (1

2
, α, 1

2
) + 1

2
(α− 1

2
)(2,−2, 0) = (α, 1

2
, 1

2
) = ωα
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and if α ≡ −1
2

mod 2 then

sωα = s(α, 1
2
, 1

2
) = (1

2
, α, 1

2
)

ab∼ (−1
2
,−α, 1

2
) =

(−1
2
,−α, 1

2
)− 1

2
(α + 1

2
)(2,−2, 0) = (−α− 1, 1

2
, 1

2
) = ω−α−1.

Hence the orbit OM̄0
α is free only for α ≡ −1

2
and α 6= −α − 1 (i.e. α 6=

−1
2
).

Let να := indM̄0
TM̄0

ωα. να is an 8-dimensional representation and each % ∈
IRod(M̄0) is a subrepresentation of να for some α. The following proposition
lists some properties of the representations να:

Proposition 3.5.15. The following holds:

(a) If α ≡ 1
2

mod 4, then there exist ν+
α , ν−α ∈ IRod(M̄

∞
0 ) such that

να ' ν+
α ⊕ ν−α , resM̄0

M0
ν+

α ' λ+
1 , resM̄0

M0
ν−α ' λ−1 ,

and both ν+
α and ν−α are irreducible.

(b) If α ≡ −3
2

mod 4, then there exist ν+
α , ν−α ∈ IRod(M̄

∞
0 ) such that

να ' ν+
α ⊕ ν−α , resM̄0

M0
ν+

α ' λ+
2 , resM̄0

M0
ν−α ' λ−2 ,

and both ν+
α and ν−α are irreducible.

(c) If α ≡ 3
2

mod 2 then

resM̄0
M0

να ' λ+
3 ⊕ λ−3 ,

and να is irreducible.

(d) If α ≡ −1
2

mod 2 and α 6= −1
2

then

resM̄0
M0

να ' λ+
4 ⊕ λ−4 ,

and να is irreducible.

(e) If α = −1
2
, then there exist ν+

α , ν−α ∈ IRod(M̄
∞
0 ) such that

να ' ν+
α ⊕ ν−α , resM̄0

M0
ν+

α ' λ+
4 , resM̄0

M0
ν−α ' λ−4 ,

and both ν+
α and ν−α are irreducible.
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Proof. In cases c) and d) να is irreducible and in cases a), b) and e) it
decomposes for a sum of two irreducible and non-isomorphic 4-dimensional
representations. Now note that

res
M̄∞

0
M∞

0
να = res

M̄∞
0

M∞
0

ind
M̄∞

0

T∞∩M̄0
ωα = ind

M∞
0

T∞∩M0
resT∞∩M̄0

T∞∩M0
ωα = λ+

i ⊕ λ−i

where i = 1 (2, 3, 4) if α ≡ 1
2

(resp. −3
2
, 3

2
, −1

2
). The statements in cases c)

and d) are clear; in a), b) and e) ν+
α the factor which restricts to λ+

i and ν−α
is the factor which restricts to λ−i .

Proposition 3.5.16. Each odd irreducible representation of M̄∞
0 is deter-

mined by its restrictions to M0 and to 〈xy〉.
Proof. Let %k, k ∈ Z∧2 be the irreducible representation of C2∞ which corre-
sponds to k. Then

res
M̄∞

0

〈xy〉 να ' %⊕4

α+
1
2

⊕ %⊕4

−α−1
2

res
M̄∞

0

〈xy〉 ν+
α ' res

M̄∞
0

〈xy〉 ν−α ' %⊕2

α+
1
2

⊕ %⊕2

−α−1
2

Hence the restrictions of irreducible odd representations of M̄∞
0 to 〈xy〉 are

isomorphic only in the following cases:

να ' ν−α−1 and ν+
α ' ν−α ' ν+

−α−1 ' ν−−α−1

If α ≡ 1
2

mod 2 then restriction of these representations to M0 are not
isomorphic since α 6≡ −α− 1 mod 4. If α ≡ −1

2
mod 2 then να (ν+

α , ν−α ) is
isomorphic to ν−α−1 (resp. ν+

−α−1, ν−−α−1).

Proposition 3.5.17. The generators z2n−2
and l act on IRod(M̄0) trivially

and h2, k−1h1k act in the following way:

• h2(ν
+
α ) = ν+

−α−1 for α ≡ 1
2

mod 2 and h2(%) = % for other irreducible
representations % ∈ IRod(M̄0),

• if α ≡ −3
2

mod 4, then k−1h1k(ν+
α ) = ν−α and k−1h1k(ν−α ) = ν+

α . For
other representations % ∈ IRod(M̄0) we have k−1h1k(%) = %.

Proof. Both h2 and k−1h1k act trivially on 〈xy〉 and hence on IR(〈xy〉). The
action on IRod(M0) is given by

h2 : λ+
2 ↔ λ−2 k−1h1k : λ+

1 ↔ λ+
2

and z2n−2
, l act trivially on both IRod(〈xy〉) and IRod(M0). Now the applica-

tion of the previous lemma gives the conclusion.

88



Now let us give some corollaries:

Corollary 3.5.18.

IRod(M̄0) = {ν+

2a+
1
2

, ν−
2a+

1
2

}a∈Z∧2 ∪ {ν2a−1
2
}a∈Z∧2 \{0} ∪ {ν+

−1
2

, ν−
−1

2

}

Corollary 3.5.19. Let % be an odd WG(M̄0)-invariant representation of M̄∞
0 .

Then % is a direct sum of the following summands:

• ν
2k−1

2
, k ∈ Z∧2 \{0},

• ν+

−1
2

,

• ν−
−1

2

,

• ν−
4k+

1
2

, k ∈ Z∧2 ,

• ν+

4k+
1
2

⊕ ν+

−4k−3
2

⊕ ν−
−4k−3

2

, Z∧2 ∈ A.

Corollary 3.5.20. Each odd WG(M̄0)-invariant representation of M̄∞
0 such

that its restriction to M0 is WG(M0)-invariant is isomorphic to a direct sum
of the following summands:

• ν−
−1

2

⊕ ν−
4k+

1
2

• ν+

−1
2

⊕ ν+

4k+
1
2

⊕ ν+

−4k−3
2

⊕ ν−
−4k−3

2

⊕ ν
4l+

3
2

• ν+

4k+
1
2

⊕ ν+

−4k−3
2

⊕ ν−
−4k−3

2

⊕ ν
4l+

3
2
⊕ ν

4m−1
2
⊕ ν−

4n+
1
2

Odd representations of N∞
0

Since Rtod(N0) ' IRod(T
∞)/〈(0, 0, 2)〉 and N∞

0 /(T∞ ∩N0) ' 〈a, b, c, s〉, then
each root ω ∈ Rtod(N0) can be presented uniquely in the form (α, β,±1

2
) and

each N∞
0 /(T∞∩N0)-orbit has a representant having the form (α, β, 1

2
) where

α, β ≡ 1
2

mod 2 (this presentation is not unique unless α = β).
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Proposition 3.5.21.

IRod(N
∞
0 ) = {ξ{2a+

1
2

,2b+
1
2
}}a 6=b∈Z∧2 ∪ {ξ+

2a+
1
2

, ξ−
2a+

1
2

}a∈Z∧2

Proof. Let ξω := ind
N∞

0
T∞∩N0

ω. Every % ∈ IRod(N
∞
0 ) is a subrepresentation

of ξω for some ω of the form (α, β, 1
2
), α, β ≡ 1

2
mod 2. If α 6= β then ω

lies in a free WN0-orbit hence ξω is irreducible (will denote it by ξ{α,β}; note
that ξ{α,β} ' ξ{β,α}). If α = β then s ∈ N∞

0 /(T∞ ∩ N0) stabilizes ω and
hence ξω decomposes into the sum of two 8-dimensional representations ξ+

α

and ξ−α .

Proposition 3.5.22. The following table lists the restrictions of irreducible
odd representations of N0 to K0 and M̄0 (for α ≡ β ≡ 1

2
mod 2):

% res
N∞

0
K0

% res
N∞

0

M̄∞
0

%

ξ{α,β}, α ≡ β mod 4 µ+
1 ⊕ µ−1 ν+

α+β−1
2

⊕ ν−
α+β−1

2

⊕ ν−α+β−1
2

ξ{α,β}, α 6≡ β mod 4 µ+
2 ⊕ µ−2 ν+

α+β−1
2

⊕ ν−
α+β−1

2

⊕ ν−α+β−1
2

ξ+
α µ+

1 ν+

2α−1
2

⊕ ν+

−1
2

ξ−α µ−1 ν−
2α−1

2

⊕ ν−
−1

2

Proof. For α 6= β we have ξ{α,β} = ind
N∞

0
T∞∩N0

ω, where ω = (α, β, 1
2
). Hence

res
N∞

0
K0

ξ{α,β} = res
N∞

0
K0

indN0
T∞∩N0

ω = indK0
T∞∩K0

resT∞∩N0
T∞∩K0

ω

= indK0
T∞∩K0

η = µ+
i ⊕ µ−i ,

where η = resT∞∩N0
T∞∩K0

ω ∈ Rtod(K0) lies in the orbit OK0
1 if α ≡ β mod 4 and

OK0
2 otherwise. Similarly,

res
N∞

0

M̄∞
0

ξ{α,β} = res
N∞

0

M̄∞
0

ind
N∞

0
T∞∩N0

ω

=
⊕

g∈WGN0/WGM̄0

ind
M̄∞

0

T∞∩M̄0
resT∞∩N0

T∞∩M̄0
g∗ω

= ind
M̄∞

0

T∞∩M̄0
resT∞∩N0

T∞∩M̄0
ω ⊕ ind

M̄∞
0

T∞∩M̄0
resT∞∩N0

T∞∩M̄0
a∗ω

= ν+

α+β−1
2

⊕ ν−
α+β−1

2

⊕ ν−α+β−1
2
.
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For roots of the form ω = (α, α, 1
2
) the representation ξω splits into two

irreducible ones. We choose ξ+
α to be the one which restricts to µ+

1 and ξ−α
to be the one which restricts to µ−1 (since resN0

K0
ξα ' µ+

1 ⊕ µ−1 ). Similarly to
the case α 6= β we see that

res
N∞

0

M̄∞
0

ξ+
α ' νε

2α−1
2

⊕ νζ

−1
2

res
N∞

0

M̄∞
0

ξ−α ' νη

2α−1
2

⊕ νθ

−1
2

where the signs ε, ζ, η, θ must be equal to +, +, − and − respectively, since

res
N∞

0
M0

ξε
α ' resK0

M0
µε

1 ' λε
1 ⊕ λε

4.

Odd representations of groups J∞1

Let J be one of the symbols N , K, M̄ or M . Recall that WG(J0) '
WG(J1) × Σ3 where the factor Σ3 is generated by z2n−2

and l. Moreover,
the elements z2n−2

and l act trivially on IRod(J
∞
0 ). Now we classify odd

irreducible representations of J∞1 .

Proposition 3.5.23. An odd representation of J∞1 is irreducible if and only
if its restriction to J∞0 is irreducible.

Proof. Let ω ∈ Rtod(J1). The J∞1 /(T∞ ∩ J1)-orbit of ω is isomorphic to the
J∞1 /(T∞ ∩ J1)-orbit (and hence J∞0 /(T∞ ∩ J0)-orbit) of ω|J0 . Then both of

them are either free (in that case both ind
J∞1
T∞∩J1

ω and ind
J∞0
T∞∩J0

ω are irre-

ducible) or has an order 2 stablizer. In this case ind
J∞1
T∞∩J1

ω decomposes into
two irreducible representations and this splitting agrees with tha splitting of
ind

J∞0
T∞∩J0

ω.

Proposition 3.5.24.

IRod(J
∞
1 ) ' IRod(J

∞
0 )× (1

2
+ Z∧2 )/{±1}.

Proof. The map resT∞∩J1
T∞∩J0

: Rtod(J1) → Rtod(J0) is a surjection and the
counterimage of any root (α, β,±1

2
) is the set (α, β,±(2k + 1

2
)).

Definition 3.5.25. Fix % ∈ IRod(J
∞
0 ). Let (α, β, 1

2
) be a root of %. De-

note by %;γ the irreducible representation of J∞1 with root (α, β, γ) such that

res
J∞1
J∞0

%;γ ' % (the previous lemma asserts the this is unique up to isomor-

phism).
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Proposition 3.5.26. Fix J ∈ Tirr(4) = {N, K, M̄,M}, % ∈ IRod(J
∞
0 ) and

γ ∈ 1
2
+Z∧2 . For any g representing an element of WG(J1) we have g∗(%;γ) '

(g∗%);γ (obviously WG(J1) ⊆ WG(J0)).

Proof. By 3.4.9 we can assume that g ∈ 〈k, h1, h2〉. Then g−1zg = z and the
conclusion follows.

Odd representations of groups L∞i

We conclude with a classification of odd representations of groups Li, i =
0, 1, 3. The sets of odd roots of these groups are respectively IRod(T

∞),
IRod(T

∞)/〈(0, 2, 0), (0, 0, 2)〉 and IRod(T
∞)/〈(2, 0, 0), (0, 2, 0), (0, 0, 2)〉. Let

κ{α,β,γ} := ind
L∞3
T∞∩L3

ω, ω = (α, β, γ) ∈ Rtod(L3)

κ{α} := ind
L∞1
T∞∩L1

ω, ω = (α, 1
2
, 1

2
) ∈ Rtod(L1)

κ := indL0
T∞∩L0

ω, ω = (1
2
, 1

2
, 1

2
) ∈ Rtod(L0).

Proposition 3.5.27.

IRod(L3) = {κ{α,β,γ} : α, β, γ ≡ 1
2

mod 2}

IRod(L1) = {κ{α} : α ≡ 1
2

mod 2}
IRod(L0) = {κ}

The group WG(L3) ' Σ3 permutes indexes at κ{α,β,γ} and the groups WG(L1)
and WG(L0) act trivially on the corresponding sets IRod(Li)

Proof. Obvious since the action of L∞i /(T∞∩Li) on the set of roots is free.
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Chapter 4

Homotopy representations of
Spin(7) and SU(2)n

Recall that an m-dimensional homotopy complex representation of a compact
Lie group G at prime p is a map BG → BU(m)∧p . This chapter contains a
partial classification of homotopy (complex) representations at 2 of some
classical Lie groups. Of course, we are mainly interested in groups Spin(7)
and SU(2)3, which appear in the centralizer homotopy decomposition of the
2-compact group DI(4).

4.1 A spectral sequence calculating cohomol-

ogy of EI-categories

Let C be a small category and M : C → Ab a contravariant functor. The
n-th cohomology group of C with coefficients M is the n-th derived functor
of the inverse limit functor evaluated on M . In this section we state some
properties of cohomology groups of categories. Throughout this section R is
a commutative ring.

Definition 4.1.1. Let C be a small category. An R[C]-module is a con-
travariant functor C → ModR.

Remark. The category of R[C]-modules, denoted by ModR[C], is abelian and
has enough injectives and projectives.
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Remark. Let G be a group and β(G) the category with the single object
∗ and morphisms Morβ(G)(∗, ∗) = G. Then R[β(G)]-modules are exactly
R[G]-modules and H∗(β(G); M) = H∗(G; M).

Cohomology groups are functorial with respect to both a category and a
coefficient module. If

0 −→ M ′ −→ M −→ M ′′ −→ 0

is a short exact sequence of R[C]-modules, then there exists the long exact
sequence of cohomology groups

. . . −→ H i(C; M ′) −→ H i(C; M) −→ H i(C; M ′′) −→ H i+1(C; M ′) −→ . . .

Definition 4.1.2. A category C is an EI-category if each endomorphism in
C is actually an automorphism. The set of isomorphism classes of objects of
an EI-category C admits the partial order given by

C ≥ C ′ ⇔ MorC(C, C ′) 6= ∅. (4.1.3)

Definition 4.1.4. Let C be an EI-category. A subcategory D ⊆ C is closed
if each morphism c : C → C ′ of C such that C ∈ D lies in D. Note that each
closed subcategory is full.

Definition 4.1.5. Let C be a small EI-category and M an R[C]-module. The
support of M is the set supp(M) := {C ∈ C : M(C) 6= 0}.

Here follows the motivation for introducing supports and closed subcat-
egories:

Proposition 4.1.6. Let M,N be R[C]-modules and D be a closed subcate-
gory of C. Assume that the support of N is contained in Ob(D). Then the
restriction

HomC(M, N) −→ HomD(resCD M, resCD N)

is an isomorphism.

Proof. The inverse of this homomorphism maps f : resCD M → resCD N into
f ′, where f ′(C) = f(C) for C ∈ D and f ′(C) = 0 otherwise.

Proposition 4.1.7. Let C be a small EI-category, D a closed subcategory of
C and M an R[C]-module. Assume that supp(M) ⊆ Ob(D). Then

H∗(C; M) ∼= H∗(D; resCD M).
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Proof. Let Q∗ be an injective resolution of an R[C]-module N . By 4.1.6
resCD Q∗ is an injective resolution of resCD N , and

Hn(D; resCD M) = Hn(HomD(R, resCD Q∗))
(4.1.6)
= Hn(HomC(R, Q∗)) = Hn(C; M),

where R stands for the constant functor.

Proposition 4.1.7 allows, in some cases, for replacing category whose co-
homology we want to calculate by a smaller one.

The rest of the present section is devoted to the construction of a spectral
sequence which converges to the cohomology groups of a given EI-category.
Fix an EI-category C. We begin with the construction of an exact sequence
which calculates the cohomology of C.

For each R[C]-module M let (V (M)∗, d∗M) be the cochain complex defined
by the formulas

V (M)r =
∏

C0→...→Cr∈N(Cop)r

M(C0) (4.1.8)

dr
M(v)(C0

m→ C1 → . . . → Cr+1) = M(m)(v(C1 → . . . → Cr+1))

+
r+1∑
i=1

(−1)iv(C0 → . . . → Ci−1 → Ci+1 → . . . → Cr+1)

Proposition 4.1.9. ([O2, Lemma 2])

H∗(C; M) = H∗((V (M)∗, d∗M)).

Definition 4.1.10. Let C be an EI-category. A gradation on C is a function
| · | : Ob(C) → Z, such that for each morphism C → C ′ holds |C| ≥ |C ′|. A
gradation | · | is strict if each morphism C → C ′ such that |C| = |C ′| is an
isomorphism. A gradation is non-negative if |C| ≥ 0 for each C ∈ Ob(C). A
category with a gradation is said to be a graded category.

Definition 4.1.11. Let C be a category. A set X ⊆ Ob(C) is convex iff for
each sequence of morphisms C → C ′ → C ′′ in C such that C, C ′′ ∈ X holds
C ′ ∈ X.

95



Let C be a graded category and X a convex subset of Ob(C). For any
R[C]-module M define the following R[C]-modules:

MX(C) :=

{
M(C) for C ∈ X

0 otherwise.
(4.1.12)

M j
i := M{C∈Ob(C):i≤|C|≤j}.

Remark. If the gradation on C is strict, then

M i
i =

⊕

|K|=i

M{K}.

Theorem 4.1.13. Let C be a graded EI-category and M an R[C]-module.
There is a spectral sequence whose first term is

Es,t
1 := Hs+t(C; M s

s )

which converges to Hs+t(C; M). The differentials of the first term are the
differentials of the exact sequences

0 −→ M s+1
s+1 −→ M s+1

s −→ M s
s −→ 0.

Proof. Consider the following filtration on V (M)∗ (cf. 4.1.8):

F sV (M)r :=
∏

C0→...→Cr∈N(Cop)r

|C0|≥s

M(C0)

Note that

F sV (M)∗/Fs+1V (M)∗ =
∏

C0→...→Cr∈N(Cop)r

|C0|=s

M(C0) = V (M s
s )∗

Thus we obtain the spectral sequence

Es,t
1 = Hs+t(F sV (M)∗/F s+1V (M)∗) = Hs+t(V (M s

s )∗)
∼= Hs+t(C; M s

s ) ⇒ Hs+t(V (M)∗) ∼= Hs+t(C; M).
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Let us state two obvious corollaries of theorem 4.1.13:

Proposition 4.1.14. If the gradation on C is strict, then the first term of
the spectral sequence is

Es,t
1 =

⊕

|K|=s

Hs+t(C; M{K}).

The differential δs,t
1 : Es,t

1 → Es+1,t
1 is the sum

⊕
|K|=s

⊕
|K′|=s+1 δs

K,K′, where

δs,t
K,K′ : Hs+t(C; M{K}) → Hs+t+1(C; M{K′}) is the differential of the short

exact sequence

0 −→ M{K′} −→ M{K,K′} −→ M{K} −→ 0.

Proposition 4.1.15. Assume that the gradation on C is strict and for each
K ∈ Ob(C) the cohomology H∗(C; M{K}) is concentrated in dimension |K|.
Then the spectral sequence degenerates to the cochain complex (C∗

M , δ∗M),
where

Cs
M =

⊕

|K|=s

Hs(C; M{K}) δs
M =

⊕

|K|=s

⊕

|K′|=s+1

δs
K,K′

and δs
K,K′ : Hs(C; M{K}) → Hs+1(C; M{K′}) is the differential of the short

exact sequence

0 −→ M{K′} −→ M{K,K′} −→ M{K} −→ 0.

4.2 Cohomology of the categories Rp(G)

In this section we present some methods of calculating cohomology of cat-
egories Rp(G). Most of them were provided by [JMO1]. Throughout this
section p is a prime integer, G is either a Lie group or a finite group, and A
is a ring of p-adic integers. Recall (1.3.8) that Rp(G) denotes the category of
G-orbits with p-stubborn isotropy groups and Op(G) the category of G-orbits
with p-toral isotropy groups.

Definition 4.2.1. Let Γ be a finite group and M an A[Γ]-module. Define
the following A[Op(Γ)]-modules :

FM(Γ/P ) =

{
MP for P = {1}
0 for P 6= {1} ,
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F ′
M(Γ/P ) = MΓ

F ′′
M(Γ/P ) =

{
0 for P = {1}
MP for P 6= {1} .

Obviously, there exists an exact sequence

0 −→ FM −→ F ′
M −→ F ′′

M −→ 0. (4.2.2)

Definition 4.2.3. ([JMO1, 5.3]) Let Γ be a finite group and M an A[Γ]-
module. Let

Λ∗(Γ; M) := H∗(Op(Γ); FM).

Remark. If Γ/{1} ∈ Rp(G), then Λ∗(Γ; M) ' H∗(Rp(Γ); FM) (FM here
denotes formally the restriction of F to Rp(Γ)).

Here follows the motivation for introducing functors Λ:

Definition 4.2.4. Let C be a category. An A[C]-module M is atomic if there
exists C ∈ Ob(C) such that M(D) = 0 if D is not isomorphic to C. In other
words, a functor is atomic if its support contains only one isomorphism class
of objects.

Theorem 4.2.5. ([JMO1, 5.4]) Let G be a compact Lie group and M an
atomic A[Rp(G)]-module concentrated on an object Q. Then

H∗(Rp(G); M) ∼= Λ∗(AutRp(G)(G/Q); M(G/Q)).

Recall some properties of groups Λ∗(Γ; M).

Proposition 4.2.6. ([JMO1, 6.1]) Let Γ be a finite group and let M be an
A[Γ]-module. Then

(a) If p divides |Γ|, then Λ0(Γ; M) = 0. Otherwise Λ0(Γ; M) = MΓ and
Λi(Γ; M) = 0 for i > 0,

(b) If Γ is not p-reduced, or if p divides the kernel of the Γ-action on M ,
then Λi(Γ; M) = 0 for i > 0.

(c) If Γ′ is the kernel of the Γ-action on M and p 6 ||H|, then Λ∗(Γ; M) =
Λ∗(Γ/Γ′; M),
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(d) Assume that M is A-projective. Then for any finite group Γ′ and any
A[Γ′]-module M ′, there is an exact sequence (Künneth formula)

0 −→
⊕

i+j=n+1

TorA(Λi(Γ; M), Λj(Γ′; M ′)) −→ Λn(Γ× Γ′; M ⊗A M ′)

−→
⊕

i+j=n

Λi(Γ; M)⊗A Λj(Γ′; M ′) −→ 0

Proposition 4.2.7. ([JMO1, 6.2.(ii)]) Let Γ be a finite group, M an A[Γ]-
module and Γp a Sylow p-subgroup of Γ. Let ∼ be the equivalence relation
among p-Sylow subgroups generated by nontrivial intersection, and set

∆ := {g ∈ Γ : g−1Γpg ∼ Γp}.

Then Λ1(Γ; M) ∼= M∆/MΓ.

The following proposition is very useful for calculating Λ∗-groups:

Proposition 4.2.8. ([JMO1, 5.2.(ii)]) For each finite group Γ and A[Γ]-
module M

Hn(Rp(Γ); F ′
M) =

{
MΓ for n = 0

0 for n > 0.

Acyclicity of the module F ′
M can be used to reduce calculations of groups

Λ∗(Γ; M) = H∗(Rp(Γ); M) to calculations of H∗(Rp(Γ); F ′′
M). It is easier,

since by 4.1.6 we have

H∗(Rp(Γ); F ′′
M) ∼= H∗(Rp(Γ) \ {Γ/{1}}; F ′′

M)

and the category Rp(Γ)\{Γ/{1}} (a full subcategory of Rp(Γ) on all objects
but Γ/{1}) is smaller than Rp(Γ). Here follows the simplest application of
this procedure:

Proposition 4.2.9. Let p = 2 and let M be an A[Σ3]-module. Then

Λn(Σ3; M) =

{
MΣ2/MΣ3 for n = 1

0 for n 6= 1.
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Proof. The long exact sequence induced by the short exact sequence 4.2.2
reduces to

0 −→ MΣ3 −→ MΣ2 −→ Λ1(Σ3; M) −→ 0,

since Hn(R2(Σ3)); F
′′
M) = Hn({1}; MΣ2) = 0 for n > 0.

The functors Λ∗ are relatively easy to calculate and allow to compute the
cohomology of Rp(G) with coefficients in any atomic module. In general (i.e.
if coefficients are not atomic), cohomology groups can be calculated by the
spectral sequence 4.1.14. Here follows an application of this technique (the
following proposition was provided by [JMO1, p.229]):

Proposition 4.2.10. Fix a finite group Γ and an A[Rp(Γ)]-module M . As-
sume that the p-Sylow subgroup of Γ has an order pl. Then Λn(Γ; M) = 0
for n > l.

Proof. The proof is by induction on the order of p-Sylow subgroup of Γ. For
l = 0 the conclusion follows from 4.2.6.(a), so assume that l > 0. Define a
gradation on Rp(Γ) by putting |Γ/P | = −k if |P | = pk. The first term of the
spectral sequence 4.1.14 for A[Rp(Γ)] module F ′′

M (cf. 4.2.1) is

Es,t
1 =

⊕

|P |=ps

Hs+t(Rp(Γ); (F ′′
M){Γ/P}) =

⊕

|P |=ps

Λs+t(NΓ(P )/P ; (F ′′
M)(Γ/P )).

If P 6= {1}, then the rank of p-Sylow subgroup of NΓ(P )/P is less than
l and therefore by induction Λs+t(NΓ(P )/P ; (F ′′

M)(Γ/P )) = 0 for s + t >
l. Moreover, (F ′′

M)(Γ/{1}) = 0. Hence Es,t
1 = 0 for s + t ≥ l and then

Hn(Rp(Γ); F ′′
M) = 0 for n > l. The conclusion follows from acyclicity of F ′

M

and the exact sequence 4.2.2.

Remark. The similar argument allows to prove that if for each p-stubborn
subgroup P ⊆ Γ the groups Λn(P ;−) vanish for n ≥ l, then the groups
Λn(Γ;−) vanish for n > l.

Definition 4.2.11. A Λ-dimension of a finite group Γ at p, denoted by
Λdp(Γ), is the greatest integer n such that there exists an A[Γ]-module M
such that Λn(Γ; M) 6= 0. By 4.2.10 such integer always exists, and is not
greater than the rank of p-Sylow subgroup of Γ.

Corollary 4.2.12. For R = Rp(Γ) we have

Λdp(Γ) ≤ 1 + sup
Γ/16=Γ/P∈R

Λdp(AutR(Γ/P )).
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Theorem 4.2.13. Let G be a compact Lie group. Denote R := Rp(G).
Then cdp(R) = supG/P∈R(Λdp(AutR(G/P ))).

Proof. Put n = supG/P∈R(Λdp(AutR(G/P ))). Choose any A[R]-module M
and a strict gradation on R. Let E∗,∗

∗ be a spectral sequence converging to
H∗(R; M) associated to this gradation (4.1.13). Since

Es,t
1 =

⊕

|G/P |=s

Λs+t(AutR; M(G/P )),

then for s + t > n holds Es+t
1 = 0 and therefore Hk(R; M) = 0 for k > n.

It proves that cdp(R) ≤ n. To prove cdp(R) ≥ n consider an atomic functor
concentrated on the object with the maximal Λ-dimension.

4.3 Calculations of Λ∗-functors.

The present section contains calculations of groups Λ∗(Σn; M) for some inte-
gers n and A[Σn]-modules M . We begin with calculating cohomology of the
category J := R2(Σ3) with any coefficients.

Recall (4.2.9) that

Λn(Σ3; M) =

{
MΣ2/MΣ3 for n = 1

0 for n 6= 1.

The category J has two objects: Σ3/1 and Σ3/Σ2. Its morphisms are
given by

AutJ (Σ3/1) ' Σ3 MorJ (Σ3/1, Σ3/Σ2) ' Σ3/Σ2

AutJ (Σ3/Σ2) ' 1 MorJ (Σ3/Σ2, Σ3/1) = ∅.
The category J has a strict gradation given by |Σ3/1| = 1 and |Σ3/Σ2| = 0.

Proposition 4.3.1. If M is an A[J ]-module, then the spectral sequence
4.1.14 degenerates to an exact sequence

0 −→ H0(J ; M) −→ M(Σ3/Σ2)

d−→ M(Σ3/1)Σ2/M(Σ3/1)Σ3 −→ H1(J ; M) −→ 0,

where d is the composition

M(Σ3/Σ2)
M(1Σ2)−−−−→ M(Σ3/1)Σ2 −³ M(Σ3/1)Σ2/M(Σ3/1)Σ3 .
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Proof. By 4.2.9 all entries of the first term of the spectral sequence vanish
except E0,0

1 = Λ0(1; M(Σ3/Σ2)) ∼= M(Σ3/Σ2) and E1,0
1 = Λ1(Σ3; M(Σ3/1)).

To prove the second part consider the canonical homomorphism of A[J ]-
modules M → F ′

M(Σ3/1). We obtain a commutative diagram

M(Σ3/Σ2) M(Σ3/1)Σ2/M(Σ3/1)Σ3

M(Σ3/1)Σ2 M(Σ3/1)Σ2/M(Σ3/1)Σ3

wd

u
wd

Hence the upper d is the suitable composition.

Definition 4.3.2. For each n let M(n, k) be a free A-module generated by
elements xB, where B runs over all subsets of {1, . . . , n} having k elements.
The natural action of Σn produces a structure of A[Σn]-module on M(n, k).
Note that M(n, 1) ∼= An with a natural Σn-action and M(n, k) ∼= M(n, n−k).

Proposition 4.3.3. If n ≥ 4, then Λ1(Σn; M) = 0 for each A[Σn]-module
M .

Proof. The relation ∼ introduced in 4.2.7 is transitive.

The groups Λ∗(Σ5;−)

Let a = (12), b = (34), s = (13)(24) ∈ Σ5. Recall (3.1.18) that there exist, up
to conjugacy, four stubborn subgroups of Σ5, namely 1, 〈a〉 ' C2, 〈ab, s〉 '
C2

2 and 〈a, b, s〉 ' Q8. Its Weyl groups (in Σ5) are respectively Σ5, Σ3, Σ3

and 1.

Proposition 4.3.4. Let M be an A[Σ5]-module. Then

Λn(Σ5; M) =

{
MΣ2×Σ2×1/MΣ2×Σ3 + MΣ4×1 for n = 2

0 for n 6= 2.

Proof. By 4.2.6.(a) and 4.3.3 Λn(Σ5; M) = 0 for n = 0, 1. Let R := R2(Σ5).
Since Λn(Σ5; M) ∼= Hn−1(R; F ′′

M) for n ≥ 2 it is sufficient to calculate Λ2 only.
Introduce a gradation on R by |Σ5/〈a, b, s〉| = 0, |Σ5/〈ab, s〉| = |Σ5/〈a〉| = 1
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and |Σ5/1| = 2. Again, the spectral sequence which computes H∗(R; F ′′
M)

degenerates to an exact sequence

0 −→ H0(R; F ′′
M) −→ M 〈a,b,s〉

d−→ M 〈a,b〉/M 〈a〉×Σ3 ⊕M 〈a,b,s〉/MΣ4×1 −→ H1(R; F ′′
M) −→ 0.

Since the full subcategories with object sets respectively {〈a, b, s〉, 〈ab, s〉} and
{〈a, b, s〉, 〈a〉} are both isomorphic to J , then the differential d is the composi-
tion of the sum of inclusions M 〈a,b,s〉 ⊆ M 〈a,b〉 and M 〈a,b,s〉 ⊆ M 〈a,b,s〉 with the
suitable projection. Then Λ2(Σ5; M) ∼= H1(R; F ′′

M) ' MΣ2×Σ2×1/MΣ2×Σ3 +
MΣ4×1.

Corollary 4.3.5. For each n we have Λn(Σ5; M(5, 1)) = 0.

Proof. Since

M 〈a,b〉 = A{x1 + x2, x3 + x4, x5}
M 〈a〉×Σ3 = A{x1 + x2, x3 + x4 + x5}
MΣ4×1 = A{x1 + x2 + x3 + x4, x5},

then the conclusion follows from 4.3.4.

Note that Λ2(Σ5; M) not always vanishes. For example, Λ2(Σ5; M(5, 2)) 6=
0.

The groups Λ∗(Σ7;−)

Λ∗-groups of Σ7 are much more difficult to calculate.
Denote R := R2(Σ7), and let a = (12), b = (34), c = (56), s = (13)(24).

As shown in Section 3.1, there is up to conjugacy 7 classes of stubborn
subgroups of Σ7, namely L0 := 1, L1 := 〈a〉, L3 := 〈a, b, c〉, K0 = 〈ab, s〉,
K1 = 〈ab, s, c〉, N0 = 〈a, b, s〉, N1 = 〈a, b, s, c〉 (R2(Σ7) is a subcategory
of R2(Spin(7)) and this notation coincides with the notation introduced in
3.2.8). Its automorphism groups are respectively 1 (for N1), Σ3 (for N0, L3

and K1), Σ5 (for L1) and Σ3 × Σ3 (for K0).

Proposition 4.3.6. If M is an A[Σ7]-module, then Λn(Σ7; M) = 0 for n 6=
2, 3.
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Proof. For n = 0, 1 the conclusion is clear. Since Λd2(AutR(Σ7/P )) ≤ 2 for
all orbits Σ7/P ∈ R except Σ7/1, then for each n > 3

Λn(Σ7; M) ∼= Hn−1(R; F ′′
M) ∼= Hn−1(R \ {Σ7/1}; F ′′

M) = 0.

Proposition 4.3.7. Λ3(Σ7; M(7, 1)) = 0.

Proof. It is enough to prove that for each Σ7/P ∈ R and each n > 1 holds

Λn
P := Λn(AutR(Σ7/P ); F ′′

M(7,1)(Σ7/P )) = 0.

For P = L0 = 1 we have F ′′
M(7,1)(Σ7/1) = 0 and for P = N1, N0, K1, L3 we

have Λd2(P ) < 2 and therefore Λn
P = 0 for n ≥ 2. Moreover

F ′′
M(7,1)(Σ7/L1) = M(7, 1)L1 ∼= A{x1 + x2} ⊕M(5, 1){xi}7

i=3

F ′′
M(7,1)(Σ7/K0) ∼= A⊗̄A{x1 + x2 + x3 + x4} ⊕ A⊗̄M(3, 1){xi}7

i=5

Then, for n > 1, we have Λn
L1

= 0 by 4.3.4 and Λn
K0

= 0 by 4.2.6.(d).

The groups Λ∗(Σ3 o C2;−)

The last part of this section is devoted to the group Σ3 oC2 which appears as
the automorphism group of one of the objects of R2(Spin(7)). There exist
(up to conjugacy) three 2-stubborn subgroups of Σ3 o C2, namely 1, Σ2 and
Σ2 o C2. Its Weyl groups are respectively Σ3 o C2, Σ3 and 1. Note that the
full subcategory of R := R2(Σ3 oC2) containing Σ2 and Σ2 oC2 is isomorphic
to J .

Proposition 4.3.8. Let M be an A[Σ3 o C2]-module. Then

Λn(Σ3 o C2; M) =

{
MΣ2×Σ2/MΣ2×Σ3 + MΣ2oC2 for n = 2

0 for n 6= 2.

Proof. Since the rank of Σ3 o C2 is even, and the relation ∼ from 4.2.7 is
transitive, then Λn(Σ3 o C2; M) = 0 for n = 0, 1. For n > 1 we have

Λn(Σ3 o C2; M) ∼= Hn−1(R2(Σ3 o C2); F
′′
M) ∼= Hn−1(J ; resRJ F ′′

M).

By 4.3.1 we have

Hn−1(J ; resRJ F ′′
M) ∼=

{
MΣ2×Σ2/MΣ2×Σ3 + MΣ2oC2 for n = 2

0 for n 6= 2.
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4.4 Homotopy representations of Spin(7)

Let % be an R2(Spin(7))-invariant complex representation of N∞
1 (which is

a 2-discrete approximation of 2-normalizer of the maximal torus of Spin(7),
cf. 3.2.8). In the present section we show that, under some mild conditions,
B%∧2 extends to a map BSpin(7)∧2 → BU(m)∧2 , where m is the dimension of
%.

Denote G := Spin(7), R := R2(G), A := Z∧2 and let Ξ = Ξ% be an
A[R]-module introduced in 2.4.4. By Theorem 2.4.9.(a) we need to prove
that H3(R; Ξ%) vanishes, and that the cohomology of R in coefficients in any
A[R]-module vanishes in dimensions above 3.

Proposition 4.4.1. If M is an A[R]-module, then Hn(R; M) = 0 for each
n > 3.

Proof. The groups of automorphisms of the objects of R are 1, Σ3, Σ3×Σ3,
Σ5, Σ3 o C2, Σ3 o C2 × Σ3 and Σ7 (cf. 3.2.8). We have Λd2(1) = 0 (obvious),
Λd2(Σ3) = 1 (by 4.2.9), Λd2(Σ5) = 2 (by 4.3.4), Λd2(Σ3 o C2) ≤ 2 (by 4.3.8)
and Λd2(Σ7) ≤ 3 (by 4.3.6). Moreover, Λd2(Σ3 ×Σ3) = 2 and Λd2(Σ3 oC2 ×
Σ3) = Λd2(Σ3 o C2) + 1 ≤ 3.

Since % is R-invariant, it splits into the even part %ev and the odd part
%od. Moreover, Ξ% = Ξ%ev ⊕ Ξ%od . Then we can consider separately the odd
case and the even case.

Theorem 4.4.2. If % is an odd R-invariant complex representation of N∞
1 ,

then the map B%∧2 : (BN∞
1 )∧2 → BU(m)∧2 extends to a map BSpin(7)∧2 →

BU(m)∧2 .

Proof. By 4.4.1 and 2.4.9 we need to prove that for each 2-stubborn sub-
group P ⊆ Spin(7) we have Λ3(WG(P ); Ξ%(P )) = 0. If P 6∈ {L0, M0}, then
Λdp(AutR(G/P )) < 3 and the conclusion is obvious. Since there exists only
one (up to isomorphism) odd representation of L0 3.5.27, then Ξ%(L0) ∼= A
and, by 4.2.6.(c), we obtain Λ∗(WG(L0); Ξ

%(L0)) = 0. There exists more than
one odd representation of M0 but there is an element of order 2 in WG(M0)
which acts trivially on IRod(M0) (cf. 3.5.8). Again, by 4.2.6.(c) we obtain
that the suitable groups Λ∗ vanish.

The even case is significantly more difficult. Assume that % is even.
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Proposition 4.4.3. If % is an even complex R-invariant representation of
N∞

1 , then Λ3(Σ3 o C2; Ξ
%(M0)) = 0.

Proof. By 3.3.3 and 3.3.30 res
N∞

1
M0

% is a direct sum of representations having
the form ϕ⊗̄ψ, where

ϕ ∈ {τ0, τa0+b0 ⊕ τa1+b1 ⊕ τa0+b0+a1 ⊕ τa0+b0+b1 ⊕ τa0+a1+b1 ⊕ τb0+a1+b1 ,

τa0 ⊕ τb0 ⊕ τa1 ⊕ τb1 ⊕ τa0+a1 ⊕ τa0+b1 ⊕ τb0+a1 ⊕ τb0+b1 ⊕ τa0+b0+a1+b1}
and ψ ∈ {τ0, τi ⊕ τj ⊕ τk}. Therefore Ξ(M0) is a direct sum of modules
N⊗̄N ′, where N is an A[Σ3 o C2]-module corresponding to one of the sums
listed above, and N ′ is an A[Σ3]-module isomorphic either to A or to M(3, 1).
If ϕ ' τ0, then N ' A, if ϕ is the first sum then N ' resΣ6

Σ3oC2
M(6, 1), and

if ϕ is the last sum then N is a submodule of resΣ6
Σ3oC2

M(6, 2) generated by
elements xij where 1 ≤ i ≤ 3 and 4 ≤ j ≤ 6. By 4.3.8 in the first case
Λ2(Σ3 o C2; A) = 0, in the second one we have

Λ2(Σ3 o C2; res
Σ6
Σ3oC2

M(6, 1)) ∼= M(6, 1)Σ2×Σ2/M(6, 1)Σ2×Σ3 + M(6, 1)Σ2oC2

= A{x1 + x2, x3, x4 + x5, x6}/
/A{x1 + x2, x3, x4 + x5 + x6}+ A{x1 + x2 + x4 + x5 + x6, x3, x6} = 0

and finally in the third case

Λ2(Σ3 o C2; N) ∼= NΣ2×Σ2/NΣ2×Σ3 + NΣ2oC2

= A{x14 + x15 + x24 + x25, x16 + x26, x34 + x35, x36}/
/A{x14 + x15 + x16 + x24 + x25 + x26, x34 + x35 + x36}

+ A{x14 + x15 + x24 + x25, x16 + x26 + x34 + x35, x36} = 0

Then for each N we obtain Λ2(Σ3 oC2; N) = 0 and, since Λd2(Σ3) = 1, from
4.2.6.(d) follows Λ3(Σ3 o C2 × Σ3; N⊗̄N ′) = 0.

Let C be the full subcategory of R containing objects Li, Ki and Ni. By
3.1.27 it is isomorphic toR2(Σ7), and the correspondence between 2-stubborn
subgroups of Σ7 and Spin(7) is as follows:

1 7→ L0 〈a〉 7→ L1 〈a, b, c〉 7→ L3

〈ab, s〉 7→ K0 〈ab, s, c〉 7→ K1

〈a, b, s〉 7→ N0 〈a, b, s, c〉 7→ N1

where, as before, a = (12), b = (34), c = (56), s = (13)(24). Note that C is a
closed subcategory of R in the sense of 4.1.4.
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Proposition 4.4.4. There is an isomorphism H3(R; Ξ) ∼= H3(C; resRC Ξ).

Proof. Since C is closed in R, there is an exact sequence of A[R]-modules

0 −→ Ξ|R\C −→ Ξ −→ Ξ|C −→ 0

which induces the long exact sequence

. . . −→ H3(R; Ξ|R\C) −→ H3(R; Ξ) −→ H3(R; Ξ|C) −→ H4(R; Ξ|R\C) −→
The only object of Ob(R) \ Ob(C) having Λ-dimension larger than 2 is M0,
but by 4.4.3 we have Λ3(Σ3 o C2 × Σ3; Ξ(M0)) = 0. Then H3(R; Ξ|R\C) =
H4(R; Ξ|R\C) = 0. Since C is closed we have H∗(R; Ξ|C) ∼= H∗(C; resRC Ξ) (cf.
4.1.7).

From now on we denote the restriction resRC Ξ just by Ξ. This should not
lead to confusion since all further calculations will be made in the category
C.

Define a gradation of C by |N1| = 0, |N0| = |L3| = |K1| = 1, |L1| =
|K0| = 2 and |L0| = 3. It is clear that the gradation is strict. The first term
of the spectral sequence (4.1.13) converging to H∗(C; Ξ) is

Ξ(N1) E1,0
1 E2,0

1 E3,0
1

0 0 0 E3,−1
1

wd0,0
1 wd1,0

1 wd2,0
1

w w w
(4.4.5)

where

E1,0
1 = Λ1(Σ3; Ξ(L3))⊕ Λ1(Σ3; Ξ(N0))⊕ Λ1(Σ3; Ξ(K1))

E2,0
1 = Λ2(Σ5; Ξ(L1))⊕Λ2(Σ2

3; Ξ(K0))

E3,i
1 = Λ3+i(Σ7; Ξ(L0))

for i = 0,−1. Although, possibly, the second term is not equal to the infinite
term, we see that E3,0

2 = E3,0
∞ = coker d2,0

0 . Then H3(C; Ξ) = 0 if and only if
d2,0

1 is an epimorphism.
Let F := F ′

Ξ(L0) (see 4.2.1). Since

res
N∞

1
L0

% ' (η7
0)
⊕l0 ⊕ (η7

1)
⊕l1 ⊕ (η7

2)
⊕l2 ⊕ (η7

3)
⊕l3 ,

(cf. 3.3.21) then Ξ(L0) is a direct sum of some of the modules M(7, i),
i = 0, . . . , 3, where M(7, i) appears as a summand of Ξ(L0) if and only if

res
N∞

1
L0

% contains a subrepresentation isomorphic to η7
i .
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Proposition 4.4.6. We have

F ′
M(7,1)(L1) ' A{x1 + x2} ⊕M(5, 1){xk}k≥3

F ′
M(7,1)(K0) ' (A⊗̄A){x1 + x2 + x3 + x4} ⊕ (A⊗̄M(3, 1)){xk}k≥5

F ′
M(7,2)(L1) ' A{x12} ⊕M(5, 1){x1k + x2k}k≥3 ⊕M(5, 2){xkl}k,l≥3

F ′
M(7,2)(K0) ' (M(3, 1)⊗̄A){x12 + x34, x13 + x24, x14 + x23}

⊕ (A⊗̄M(3, 1)){x1k + x2k + x3k + x4k}k≥5

⊕ (A⊗̄M(3, 1)){xkl}k,l≥5

F ′
M(7,3)(L1) ' M(5, 1){x12k}k≥3 ⊕M(5, 2){x1kl + x2kl}k,l≥3

⊕M(5, 2){xklm}k,l,m≥3

F ′
M(7,3)(K0) ' (A⊗̄A){x123 + x124 + x134 + x234}

⊕ (M(3, 1)⊗̄M(3, 1)){x12k + x34k, x13 + x24k, x14 + x23k}k≥5

⊕ (A⊗̄M(3, 1)){x1kl + x2kl + x3kl + x4kl}k,l≥5(A⊗̄A){x567}

Let Ē∗,∗
∗ be the spectral sequence which converges to H∗(C; F ) (the gra-

dation on C is the same as before). The obvious homomorphisms of A[C]-
modules f : Ξ → F induces the morphism of spectral sequences E∗,∗

∗ → Ē∗,∗
∗ .

Of course, the differential d̄2,0
1 : Ē2,0

1 → Ē3,0
1 is surjective because F is acyclic.

Proposition 4.4.7. Assume that at least one of the following conditions is
satisfied:

(a) res
N∞

1
L0

% does not contain a subrepresenation isomorphic to η7
2,

(b) res
N∞

1
L0

% does not contain a subrepresenation isomorphic to η7
3,

(c) res
N∞

1
L1

% contains a subrepresenation isomorphic to either θ⊗̄η5
2, or to

τ⊗̄η5
2.

Then the differential d2,0
1 is an epimorphism.

Proof. In all the cases it suffices to prove that both groups

Λ2(Σ5; coker(Ξ(L1) → F (L1) = Ξ(L0)
〈a〉))

and
Λ2(Σ3 × Σ3; coker(Ξ(K0) → F (K0) = Ξ(K0)

〈ab,s〉))
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vanish. Since Λd2(Σ5) = Λd2(Σ3 × Σ3) = 2, then the maps

Λ2(Σ5; Ξ(L1)) −→ Λ2(Σ5; F (L1))

Λ2(Σ3 × Σ3; Ξ(K0)) −→ Λ2(Σ3 × Σ3; F (K0))

are epimorphisms. Hence E2,0
1 → Ē2,0

1 is an epimorphism. The conclusion
follows from the commutativity of the diagram

E2,0
1 Ē2,0

1

E3,0
1 Ē3,0

1

w

u

d2,0
1

uu
d̄2,0
1

Case (a).

If res
N∞

1
L0

% does not contain η7
3, then by 4.3.6 we have E3,0

1 = 0, so assume
otherwise. Let xijk, 1 ≤ i < j < k ≤ 7 be the generators of the submodule
of Ξ(L0) corresponding to η7

3. By 3.3.28 there exists a subrepresentation

of res
N∞

1
L∞1

% which is isomorphic either to τ⊗̄η5
2 or to β2k⊗̄η5

2 for some k ∈
A, and another subrepresentation isomorphic to α2k′+1⊗̄η5

2, where k′ ∈ A.
Then Ξ(L1) contains the direct sum of two A[Σ5]-submodules isomorphic to
M(5, 2): the one generated by irreducible subrepresentations of τ⊗̄η5

2 (or
β2k⊗̄η5

2) maps onto the summand

M(5, 2){xklm}3≤k<l<m≤7 ⊆ F (L1)

and the one generated by irreducible subrepresentations of α2k′+1⊗̄η5
2 maps

onto
M(5, 2){x1kl + x2kl}3≤k<l≤7 ⊆ F (L1).

By 4.4.6 coker(Ξ(L∞1 ) → F (L∞1 )) is a quotient of a direct sum of A[Σ5]-
modules isomorphic either to M(5, 1) or to A. Hence by 4.3.4 we obtain that
Λ2(Σ5; coker(Ξ(L∞1 ) → F (L∞1 )) = 0. Similarly, there is a subrepresentation

of res
N∞

1
K0

% which is isomorphic either to γ+
2 ⊗̄τ or to γ−2 ⊗̄τ , generates a

submodule of Ξ(K0) isomorphic to M(3, 1)⊗̄M(3, 1) and maps onto

M(3, 1)⊗̄M(3, 1){x12k + x34k, x13 + x24k, x14 + x23k}5≤k≤7 ⊆ F (K0).

Again by 4.4.6 we obtain that Λ2(Σ3 × Σ3; coker(Ξ(K0) → F (K0)) = 0.

109



Case (b).

The argument is quite similar. Assume that res
N∞

1
L0

% contains a subrepre-
sentation isomorphic to η7

2 (otherwise the conclusion is obvious). Then there

exists a subrepresentation of res
N∞

1
L∞1

% which is isomorphic either to θ⊗̄η5
2 or to

β2k⊗̄η5
2 for some k ∈ A. The submodule of Ξ(L1) generated by its irreducible

subrepresentations maps onto the summand

M(5, 2){xkl}3≤k<l≤7 ⊆ F (L∞1 ).

Like in Case (a) it implies that all summands of F (L1) having Λ2 6= 0 lie in
the image of the homomorphism Ξ(L1) → F (L1). Since from 4.4.6 we have
Λ2(Σ3 × Σ3; F (K0)) = 0, then the conclusion follows.

Case (c).

Assume that res
N∞

1
L0

% contains a subrepresentation isomorphic to η7
2 and a

subrepresentation isomorphic to η7
3 (otherwise the assumptions of either (a)

or (b) are satisfied). The argument given in the proof of Case (a) shows that
Λ2(Σ3 × Σ3; coker(Ξ(K0) → F (K0)) = 0. By 3.3.28 and the assumptions we

know that res
N∞

1
L∞1

% contains a subrepresentation isomomorphic to α2k′+1⊗̄η5
2,

and at least two of three following representations:

θ⊗̄η5
2, τ⊗̄η5

2, β2k⊗̄η5
2.

There are three summands of F (L∞1 ) having Λ2 6= 0. These are

M(5, 2){x1kl + x2kl}3≤k<l≤7 ⊆ F (L1),

M(5, 2){xklm}3≤k<l<m≤7 ⊆ F (L1),

M(5, 2){xkl}3≤k<l≤7 ⊆ F (L1).

The image of the submodule of Ξ(L∞1 ) generated by α2k′+1⊗̄η5
2 is the first of

them. Similarly, the submodule corresponding to τ⊗̄η5
2 maps onto the second

module, and finally the submodule corresponding to θ⊗̄η5
2 maps onto the last

one. The image of the submodule generated by irreducible subrepresentations
of β2k⊗̄η5

2 is generated by elements

xklm + xno ∈ M(5, 2){xklm}3≤k<l<m≤7 ⊕M(5, 2){xkl}3≤k<l≤7 ⊆ F (L∞1 ),

such that {k, l, m, n, o} = {1, 2, 3, 4, 5}. Hence we see that if two of the

representations θ⊗̄η5
2, τ⊗̄η5

2, β2k⊗̄η5
2 are contained if res

N∞
1

L∞1
%, then

Λ2(Σ5; coker(Ξ(L∞1 ) → F (L∞1 )) = 0.
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As a corollary we obtain the following theorem:

Theorem 4.4.8. Assume that % is an m-dimensional complex R-invariant
representation of N∞

1 . If at least one of the following conditions is satisfied:

(a) res
N∞

1
L0

% does not contain a subrepresenation isomorphic to η7
2,

(b) res
N∞

1
L0

% does not contain a subrepresenation isomorphic to η7
3,

(c) res
N∞

1
L1

% contains a subrepresenation isomorphic to either θ⊗̄η5
2, or to

τ⊗̄η5
2,

then the map B%∧2 : (BN1)
∧
2 → BU(m)∧2 extends to a map BSpin(7)∧2 →

BU(m)∧2 .

4.5 Homotopy representations of SU(2)n and

SU(2)n/{±1}
Fix a positive integer n. In the present section we give a partial classi-
fication of 2-complex homotopy representations of the Lie groups SU(2)n

and SU(2)n/{±1}. Let A be a ring of 2-adic integers. From Theorem
3.1.11 follows that there are two (up to conjugacy) 2-stubborn subgroups
of SU(2) = Spin(3), namely

N := π−1((Γ̄2 × {±1}) ∩ SO(3)) (4.5.1)

which is in fact the 2-normalizer of the maximal torus, and

Q := π−1({±1}3 ∩ SO(3)) ∼= π−1(U∗
3 ), (4.5.2)

(see 3.3.19) which is a group of order 8 isomorphic to the quaternion group.
Let T ⊆ N be a maximal torus of SU(2) ∼= Spin(3). The categoryR2(SU(2))
is isomorphic to the category J = R2(Σ3) considered in Section 4.3 (the
isomorphism is given in 3.1.27, however in this case it is obvious). Therefore
we will denote R2(SU(2)) for J for short. We have R2(SU(2)n) ∼= J n, and
by 3.2.2 also R2(SU(2)n/{±1}) ∼= J n.

We begin with a classification of irreducible representations of N∞ and Q.
As before, let u be a non-trivial lift of unity in Spin(3). The homomorphism

Γ̄2 3 g 7→
(

g 0
0 det g

)
∈ (N∞)/{u} ⊆ SO(3)
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(cf. 3.1.2) is an isomorphism. It allows to identify even representations
of N∞ with representations of Γ̄2. Moreover, for any 2-adic integer l the
representation

λl+ 1
2

:= indN∞
T∞ %l+ 1

2

is irreducible (by 2.3.32). By combining it with 3.3.7 we obtain

Proposition 4.5.3.

IR(N∞) = {θ, τ} ∪ {β2l}l∈A ∪ {α2l+1}l∈A ∪ {λ2l+ 1
2
}k∈A

IR(Q) = {θ, τi, τj, τk, λ}
and

resN∞
Q % =





θ for % = θ

τi for % = τ

θ ⊕ τi for % = β2l

τj ⊕ τk for % = α2l+1

λ for % = λl+ 1
2
,

(4.5.4)

(τi, τj, τk are defined on p.76 and λ is the only irreducible 2-dimensional
representation of Q).

Denote τ∗ := τi ⊕ τj ⊕ τk.

Proposition 4.5.5. If % is an J n-invariant representation of (N∞)n/{±1},
then there is a natural equivalence of J n-modules Ξ% ∼= Ξres

P∞/{±1}
P∞ % (cf.

2.4.4):

Ξ%(P/{±1}) 3 [σ] 7→ [res
P∞/{±1}
P∞ σ] ∈ Ξres

P∞/{±1}
P∞ %(P ).

Proof. It follows from the definition of modules Ξ and the observation that
the restriction of an irreducible representation of (P∞)/{±1} to P∞ is irre-
ducible.

We begin, of course, with the case n = 1. It shows that there is a sig-
nificant difference between the representations of Lie groups and homotopy
representations — there is much more homotopy representations than alge-
braic ones.

112



Proposition 4.5.6. For each J -invariant m-dimensional complex represen-
tation % of N∞ the map B%∧2 extends uniquely, up to homotopy, to a map
BSU(2)∧2 → BU(m)∧2 .

Proof. By 4.3.1 the assumptions of 2.4.9.(a) and 2.4.9.(b) are satisfied.

Proposition 4.5.7. A representation % ∈ Rep(N∞) is J -invariant if and
only if the total multiplicity of subrepresentations isomorphic to α2l+1 is equal
to the total multiplicity of subrepresentations isomorphic either to β2l or to
τ .

Proof. The representation % is J -invariant if and only if resN∞
Q % is Σ3-inva-

riant. It happens only if the multiplicities of τi, τj and τk in resN∞
Q % are all

equal. Then the conclusion follows from 4.5.4.

We say that a J n-invariant represenation of (N∞)n is J n-irreducible if it
does not contain any non-trivial J n-invariant subrepresentation. Of course,
J n-irreducible representations are not necessarily irreducible.

Corollary 4.5.8. Each J -invariant representation % of N∞ splits into a
direct sum of J -irreducible representations (since if % = %1 ⊕ %2 and %, %1

are J -invariant, then %2 also is), but the splitting is not necessarily unique.
If % is J -irreducible, then it is isomorphic to one of the following:

θ, λ2l+ 1
2
, α2l+1 ⊕ β2l′ , α2l+1 ⊕ τ.

Consider the general case. It comes out that J n-irreducible representa-
tions of (N∞)n are not necessarily tensor products of J -irreducible represen-
tations of N∞.

Let n := {1, 2, . . . , n} and let % be a representation of (N∞)n. For each
k ∈ n there is a unique presentation

% '
⊕

ϕ∈IR(N∞)n\{k}

ϕ⊗̄ψϕ.

Proposition 4.5.9. The representation % is J n-invariant if and only if for
each k and each ϕ ∈ IR(N∞)n\{k} the representation ψϕ is J -invariant.

Proof. If % is J n-invariant, then it obviously satisfies the conditions above.
Since each morphism of J n is a composition of mophisms with all coordinates
but one being an identity, the inverse follows.
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Fix an J n-invariant representation % of (N∞)n. We intend to use the
spectral sequence 4.1.14 to check when the module Ξ% satisfies the assump-
tions of 2.4.9. We will use the gradation on J , given by |N | = 0, |Q| = 1
extended additively to a gradation on J n.

Proposition 4.5.10. Fix B ⊆ n be a finite set. Then

Λl(ΣB
3 ;

⊗̄
a∈B

M(3, 1)) = 0

for each l 6= |B| and the homomorphism

A ' A⊗B ∼=
⊗
a∈B

Λ1(Σ3; M(3, 1)) −→ Λ|B|(ΣB
3 ;

⊗̄
a∈B

M(3, 1))

is an isomorphism.

Proof. It follows from 4.2.6.(d) and 4.2.9.

Let E∗,∗
∗ be the spectral sequence 4.1.14 calculating H∗(J n; Ξ%).

Corollary 4.5.11. Since

Es,t
1 =

⊕
B⊆n
|B|=s

Λs+t(ΣB
3 ; Ξ%(QB ×Nn\B))

we have Es,t
1 = 0 if t 6= 0, or if s > n. In particular, the spectral sequence

degenerates to the following exact sequence (cf. 4.1.15):

0 −→ E0,0
1 −→ E1,0

1 −→ . . . −→ En−1,0
1 −→ En,0

1 −→ 0.

Now we define some basis of modules El,0
1 .

Definition 4.5.12. Fix an J n-invariant representation % of (N∞)n. Let
Z%(n) be a subset of (IR(N∞) ∪ {∗})n containing all elements (ω1, . . . , ωn)
such that there exists (η1, . . . , ηn) ∈ IR(N∞)n satisfying conditions:

(a) η1⊗̄ . . . ⊗̄ηn ⊆ %,

(b) If ωl ∈ IR(N∞), then ηl = ωl,

(c) If ωl = ∗, then ηl ∈ {β2m}m∈Z∧2 ∪ {τ} ⊆ IR(N∞).
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Note that (c) is equivalent to the condition that resN∞
Q ηl contains a subrep-

resentation isomorphic to τi (or τj or τk). For each B ⊆ n let

ZB
% (n) := {(ω1, . . . , ωn) ∈ Z%(n) : (ωl = ∗) ⇔ (l ∈ B)}

Zr
%(n) :=

⋃

|B|=r

ZB
% (n)

Let Ξ%
{B} be a suitable atomic submodule of Ξ% (cf. 4.1.12)

Proposition 4.5.13.

Hr(J n; Ξ%
{B})

∼=
{

A[ZB
% (n)] for r = |B|

0 for r 6= |B|

Proof. Let M be the restriction of Ξ% to the subcategory J B×{N}n\B. Note
that (by 4.1.6)

Hr(J n; Ξ%
{B})

∼= Hr(J B; M).

M(QB) is a free A-module with basis IR(QB×(N∞)n\B, res
(N∞)n

QB×(N∞)n\B %) (cf.

2.4.1). Since res
(N∞)n

QB×(N∞)n\B % is ΣB
3 -invariant, then we have a presentation

res
(N∞)n

QB×(N∞)n\B % ∼=
⊕

(µa)∈(IR(Q)Σ3 )B

(νb)∈IR(N∞)n\B

((⊗̄
a∈B

µa

)
⊗̄

( ⊗̄

b∈n\B
νb

))⊕l((µa),(νb))

where IR(Q)Σ3 = {θ, λ, τi ⊕ τj ⊕ τk}. Then we obtain

M =
⊕

(µa)∈(IR(Q)Σ3 )B

(νb)∈IR(N∞)n\B

l((µa),(νb))>0

(⊗̄
a∈B

µa=(τi⊕τj⊕τk)

M(3, 1)
)

Finally, by 4.5.10

H |B|(RB; M) =
⊕

(µa)=τi⊕τj⊕τk

(νb)∈IR(N∞)n\B

l((µa),(νb))>0

A = A[ZB
% (n)]

and Hr(J B; M) = 0 if r 6= |B|.
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For each ω ∈ IR(N∞) ∪ {∗} let

|ω| =
{

0 for ω ∈ IR(N∞)

1 for ω = ∗ .

Then
Er,0

1
∼=

⊕

|B|=r

A[ZB
% (n)] = A[Zr

%(n)]

and di,0
1 =

⊕n
j=1 di

l where

di
l(ω1, ..., ωn) =




(−1)|ω1|+...+|ωl−1|(ω1, ..., ωl−1, ∗, ωl+1, ..., ωn) ωj = βk, τ

(−1)|ω1|+...+|ωl−1|+1(ω1, ..., ωl−1, ∗, ωl+1, ..., ωn) ωj = αk

0 ωj = ∗, θ, λk

As a corollary we obtain

Proposition 4.5.14. H∗(E∗,0
1 , d∗,01 ) ∼= H∗(Rn; Ξ%).

Proof. Straightforward from 4.1.15, 4.5.4 and 4.5.13.

Proposition 4.5.15. Let % be an J n-invariant representation of (N∞)n.
Then Hk(Rn; Ξ%) = 0 for k ≥ n.

Proof. By 4.5.14 it suffices to show that Hk(A[Z∗
%(n)]) = 0. For k > n it

is clear since Zk
% (n) = ∅. Moreover Zn

% (n) is either empty or it contains
only (∗, . . . , ∗). But if Zn

% (n) 6= ∅, then there is αl ∈ IR(N∞) such that

(αl, ∗, . . . , ∗) ∈ Zn−1
% (n). Hence (∗, . . . , ∗) = ±dn−1,0

1 (αl, ∗, . . . , ∗).
Corollary 4.5.16. Let % be an J n-invariant representation of (N∞)n. If
n ≤ 3, then the representation % extends to a homotopy representation of
SU(2)n. If n ≤ 2, then the extension is unique.

Proof. It is straightforward from 4.5.15 and 2.4.9.

Corollary 4.5.17. Let % be an J n-invariant representation of (N∞)n/{±1}.
If n ≤ 3, then the representation % extends to a homotopy representation of
SU(2)n/{±1}. If n ≤ 2, then the extension is unique.
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Proof. By 4.5.5 it is an immediate consequence of 4.5.16.

Now we will concentrate on the case n = 3. Each R3-invariant repre-
sentation of (N∞)3 extends to a map (BSU(2)3)∧2 → BU(m)∧2 , although it
possibly exists more than one extension.

Definition 4.5.18. Let

Z2
%(3)± := {(∗, . . . , ∗, ω, ∗, . . . , ∗) ∈ Z2

%(3) : ω ∈ IR(N∞) \ {λk+ 1
2
}}

Z2
%(3)0 := Z2

%(3) \ Z2
%(3)±

Let ≈ be a relation on Z2
%(3)± given by

(σ1, ∗, ∗) ≈ (∗, σ2, ∗) ⇔ (σ1, σ2, ∗) ∈ Z1
%(3)

(σ1, ∗, ∗) ≈ (∗, ∗, σ3) ⇔ (σ1, ∗, σ3) ∈ Z1
%(3)

(∗, σ2, ∗) ≈ (∗, ∗, σ3) ⇔ (∗, σ2, σ3) ∈ Z1
%(3)

Let ∼ be an equivalence relation spanned by ≈.

Let Ā[Z2
%(3)±/ ∼] be the kernel of the augmentation A[Z2

%(3)±/ ∼]→ A.

Proposition 4.5.19. H2(J 3; A[Z∗
%(3)]) ' Ā[Z2

%(3)±/ ∼].

Proof. Let ϕ : A[Z2
%(3)±] → A[Z2

%(3)±] be an automorphism defined as fol-
lows:

ϕ(∗, . . . , ∗, ωi, ∗, . . . , ∗) = (−1)i−1sgn(ωi)(∗, . . . , ∗, ωi, ∗, . . . , ∗)
where sgn(αk) = −1 and sgn(βk) = sgn(τ) = 1. If b ≈ b′, then we have

ϕ(b− b′) = (−1)i−1sgn(ωi)(∗, . . . , ∗, ωi, ∗, . . . , ∗)+
+ (−1)i′sgn(ωi′)(∗, . . . , ∗, ωi′ , ∗, . . . , ∗) =

= d1,0
1 (∗, . . . , ∗, ωi, ∗, . . . , ∗, ωi′ , ∗, . . . , ∗) ∈ im d1,0

1

and hence im d1,0
0 = ϕ(〈b − b′〉b≈b′) = ϕ(〈b − b′〉b∼b′). The argument similar

to the one used in proof of 4.5.15 shows that Ā[Z2
%(3)0] ⊆ d1,0

1 . Moreover,

d2,0
1 (ϕ((∗, . . . , ∗, ωi, ∗, . . . , ∗)) = (∗, . . . , ∗) ∈ Z3

%(3).

It implies that ϕ(
∑

bi) ∈ ker d2,0
1 if and only if

∑
bi ∈ Ā[Z2

%(3)±].
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The following theorem constitutes a crucial step in the construction of a
faithful representation of the 2-compact group DI(4):

Theorem 4.5.20. (a) Let % be an J 3-invariant representation of (N∞)3.
Then there is an bijection between the set of extensions of B%∧2 to a map
BSU(2)3 → BU(m)∧2 and the set Ā[Z2

%(3)±/ ∼].

(b) Let %′ be an J 3-invariant representation of (N∞)3/{±1} and let % :=

res
(N∞)3/{±1}
(N∞)3 %′. Then there is a bijection between the set of extensions of

(B%′)∧2 to a map B(SU(2)3/{±1}) → BU(m)∧2 and the set Ā[Z2
%(3)±/ ∼].

Proof. Case (a) follows immediately from 4.5.19 and 1.4.13. Case (b) reduces
to Case (a) by 4.5.5.

In Sections 1.4 and 5.4 we prove that the set of extensions has a structure
of free and transitive Ā[Z2

%(3)±/ ∼]-set and that this structure is functorial
in some sense.
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Chapter 5

A faithful representation of
DI(4)

The present chapter contains a construction of a faithful complex represen-
tation of the 2-compact group DI(4). Recall (cf. 1.5) The classifying space
BDI(4) is the 2-completion of the homotopy colimit of the following diagram
:

GL4(F2)
y

B{±1}4 ⇒
GL3(F2)
y

B((S1)3 n {±1})∧2 ⇒
GL2(F2)
y

B(SU(2)3/{±1})∧2 ⇒ BSpin(7)∧2 .

To simplify the notation, we denote D := DI(4), G := Spin(7), L :=
SU(2) H := L3/{±1}. Let T be the torus defined in 3.4.3. The group T is a
maximal torus of both G and H and its 2-completion is a maximal torus of D.
Let WD, WG, WH be the Weyl groups of D, G and H respectively. The group
NG := N1 is a 2-normalizer of T in G (cf. 3.2.8). As usual, for any 2-toral
group P its discrete approximation is denoted P∞. Let A := A2(DI(4)) be
a centralizer decomposition category of DI(4).

Outline of the construction

The construction is made in the following steps:

• Choose a suitable faithful unitary representation % of N∞
G . The term

”suitable” means that we will be able to perform the next steps. This
representation has to satisfy some obvious conditions, namely its re-
striction to T∞ is WD-invariant, its restriction to NH(T )∞ is Σ3-in-
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variant and finally its restriction to (Z/2)4 is GL4(F2)-invariant. Au-
thor thinks that any such representation extends to D, however he
knows only few examples. The one used in the construction is the
easiest to describe. One would expect a representation of dimension
dim(D) = 45 which would be an analogue of the adjoint representa-
tion. Unfortunately, there is no such a representation (5.3.6).

• Check that % is R2(G)-invariant. We use (5.3) an argument which does
not use the classification of representations of stubborn subgroups of G.
We obtain a homotopy compatible family of maps from the stubborn
decomposition diagram of G into BU(m)∧2 .

• Extend this family to a map fG : BG∧
2 → BU(m)∧2 . It follows easily

from Theorem 4.4.8.

• Prove that fG is A-invariant. The difficult part is to prove that fH :=
fG|BH∧

2
is Σ3-invariant. For any choice of % the problem we face here

cannot be solved using the traditional obstruction theory because the
restriction of fH to NH(T )∞2 has infinitely many non-homotopic exten-
sions to BH∧

2 . We use here more subtle methods, developed in Sections
1.4, 5.4 and 5.5.

• Extend fG to a map fD : BDI(4) → BU(m)∧2 — see Section 5.6.

5.1 Bases of T∞

Let x, y and z be the generators of T∞ given in 3.5 (recall that in fact they
depend on n and they are generators of the finite subgroup T (n) ⊂ T∞). The
formulae

(2−nZ)3 3 (q1, q2, q3) 7→ xq12n

yq22n

zq32n ∈ T (n)

define a homomorphism Z[1
2
] → T∞, which induces an isomorphism

Z[1
2
]3/{(k1, k2, k3) : ki ∈ Z ∧ k1 + k2 + k3 ≡ 0 mod 2} ∼= T∞.

In order to present an automorphism of T∞ as a matrix, or to present an
irreducible representation of T∞ as a sequence of numbers, we need to choose
a basis of Z[1

2
]3. We will use three different bases of Z[1

2
]3, namely:
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e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1), (5.1.1)

e′1 = (0, 1, 1), e′2 = (1, 0, 1), e′3 = (1, 1, 0), (5.1.2)

e′′1 = (1
2
, 1

2
, 0), e′′2 = (1

2
,−1

2
, 0), e′′3 = (0, 0,−k−1

2
), (5.1.3)

where k is an odd 2-adic integer such that k2 − k + 2 = 0 (note that
−k−1

2
= k−1 and k ≡ 3 mod 8). The bases {ei} and {e′i} may be regarded

as ”natural bases” of the maximal torus of SO(7) and Spin(7) respectively.
The basis {e′′i } is convenient for considering homotopy representations of
H = L3/{±1}.

By a root we mean an irreducible representation of a 2-discrete torus. As
shown in 2.3.30, each irreducible representation of the standard 2-discrete
torus (Z/2∞)r ' Z[1

2
]r/Zr has the form %k1,...,kr , where ki ∈ Z∧2 (and the

sequence (k1, . . . , kr) will be also called a root). In general, for a given irre-
ducible representation the corresponding sequence of 2-adic numbers depends
on the choice of a basis. Further we use these bases as dual bases of a space
of roots.

Example 5.1.4. The set of roots of T∞ in the basis {ei} is (cf. 3.5.2)

{(k1, k2, k3 ∈ 1
2
Z∧2 ) : k1 ≡ k2 ≡ k3 mod 1}.

The set of roots of T∞ in the basis {e′i} is Z∧2 . The set of roots of T∞ in the
basis {e′′i } is

{(k1, k2, k3 ∈ 1
2
Z∧2 ) : k1 + k2 + k3 ≡ 0 mod 1}.

5.2 The Weyl group of DI(4)

Recall (1.5) that the Weyl group W := WD of DI(4) is isomorphic to the
group {±1} × GL3(F2). The group WD acts on the group (Z/2∞)3 (and
this action induces the action on the classifying space of the maximal torus
BT∧

2 ' K(Z∧2 , 2)3). The representation WD → GL3(Z∧2 ) satisfies the follow-
ing conditions:

• The generator of the first factor {±1} maps to the matrix −I.

• The composition GL3(F2) ⊂ WD → GL3(Z∧2 )
q−→ GL3(F2), where q is

induced by the reduction Z∧2 → F2, is an identity.
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• The composition WG ⊂ WD → GL3(Z∧2 ) induces the completed action
of the Weyl group of G on T .

The present section contains a detailed description of this action.
In basis {ei} the group WG acts on T∞ by ±1-permutation matrices (since

the action is inherited from SO(7)). By changing a basis to {e′i} we obtain
the following

Corollary 5.2.1. In basis {e′i} the Weyl group WG is generated by the
following matrices:

−I, a =



−1 −1 −1
0 0 1
0 1 0


 b =




0 0 1
−1 −1 −1
1 0 0




r =




0 1 0
0 0 1
1 0 0


 s =




0 −1 0
−1 0 0
0 0 −1


 .

The homomorphism WG → {±1}×GL3(F2) ∼= WD, which maps −I onto
(−I, I) and the generators a, b, r and s onto their mod 2 reductions is an
embedding.

Proposition 5.2.2. The group GL3(F2) is generated by mod 2 reductions of
elements a, b, r, s, and by the element

v =




0 0 1
1 0 1
0 1 0




They satisfy the following relations:

a2 = b2 = r3 = s2 = v7 = I

ba = ab, ra = abr, rb = ar, sa = bs, sb = as, sr = r2s,

va = r2sv, vb = brsv5, vr = r2v6, vs = br2v6.

Proof. It is clear that 〈a, b, r, s〉 is a subgroup of order 24, and that v has
order 7. Therefore the group 〈a, b, r, s, v〉 has an order at least 168 and hence
it is equal GL3(F2). Elementary computations show that the relations above
are satisfied. Moreover, the list of relations is complete, since they allow to
write every element of GL3(F2) in the form aαbβr%sσvω in the unique way,
where 0 ≤ α < 2, 0 ≤ β < 2, 0 ≤ % < 3, 0 ≤ σ < 2, 0 ≤ ω < 7.
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Proposition 5.2.3. The generator v ∈ GL3(F2) ⊂ WD lifts to the matrix




0 −3h + 1 −h
−1 h− 1 −h
0 h 3h− 1


 ∈ GL3(Z∧2 ),

where h is the only root of the equation 4x2 − 3x + 1 = 0 in Z∧2 (we still use
the basis {e′i}).
Proof. It is sufficient to check that this matrix and the matrices enlisted in
5.2.1 satisfy the relations in 5.2.2.

By changing basis again from {e′i} to {ei} we obtain

Corollary 5.2.4. In the basis {ei} the generator v ∈ WD is given by the
matrix

1

2




4h− 1 −1 −1
0 4h− 2 −4h + 2

−4h + 1 −1 −1




5.3 A representation of N∞
G .

In the present section we construct a complex representation ϕ of N∞
G ⊂

G, which will be extended later to a map BG∧
2 → BU(m)∧2 . We use a

representation having a huge dimension. The main reason for this particular
choice is that it is easy to prove R2(G)-invariance of ϕ. Moreover, as we will
see (5.3.5, 5.3.6) there is no analogue of an adjoint representation.

Throughout the present section we use the basis {ei}.
Define a representation of N∞

G by

ϕ := ind
N∞

G
T∞


 ⊗

w∈WD/(WD)%1,0,0

(θ ⊕ w∗%1,0,0)


 . (5.3.1)

(θ stands for a trivial one-dimensional representation). Obviously ϕ is not a
restriction of a continuous representation of NG since coordinates of its roots
are not integers (in any basis).

Proposition 5.3.2. The character of ϕ is WD-invariant on T∞ and vanishes
on N∞

G \ T∞.
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Proof. It is an immediate consequence of the definition.

Proposition 5.3.3. The isotropy group (WD)%1,0,0 ⊆ WD has order 8. An
WD-orbit of %1,0,0 contains exactly the representations %k1,k2,k3, where

(k1, k2, k3) ∈ {(±1, 0, 0), (0,±1, 0), (0, 0,±1),

(±4h−1
2

,±1
2
,±1

2
), (±1

2
,±4h−1

2
,±1

2
), (±1

2
,±1

2
,±4h−1

2
),

(±(2h−1),±(2h−1), 0), (±(2h−1), 0,±(2h−1)), (0,±(2h−1),±(2h−1))}
and h is defined in 5.2.3.

Proof. By acting with v ∈ WD (cf. 5.2.4) and WD we can easily produce
the representations listed above. On the other hand, there are eight obvious
elements in WG which fix %1,0,0. Therefore the orbit contains exactly 42
elements.

Corollary 5.3.4. dim ϕ = 246.

It is a convenient place to prove the non-existence of an ”adjoint” repre-
sentation of D.

Proposition 5.3.5. Let ψ be a representation of N∞
G containing root (1, 0, 0).

Assume that dim ψ = dim D = 45, and that res
N∞

G
T∞ ψ is WD-invariant. Then

ψ is not R2(G)-invariant.

Proof. By 5.3.3 an odd part of ψ contains the following roots

(±4h−1
2

,±1
2
,±1

2
), (±1

2
,±4h−1

2
,±1

2
), (±1

2
,±1

2
,±4h−1

2
).

Therefore ψ ' ξ{ 1
2
,− 4h−1

2 }; 1
2
⊕ ξε

1
2
;− 4h−1

2

for ε ∈ {+,−} (cf. 3.5.21, 3.5.24).

Then res
N∞

G
K∞

1
ψ is isomorphic to µ+

2; 1
2

⊕ µ−
2; 1

2

⊕ µε
1;− 4h−1

2

(cf. 3.5.22, 3.5.24) and

it is not WG(K1)-invariant (cf. 3.5.13, 3.5.26).

Corollary 5.3.6. A classifying map of a complexification of an adjoint rep-
resentation of G does not extend to any 2-compact unitary representation of
D.

The remaining part of this section is devoted to a proof ofR2(G)-invariance
of ϕ. Fix a positive integer n. Let x, y, z be elements of N∞

G = N i
1nfty de-

fined in 3.4.8. The representation res
N∞

G
T∞ ϕ is WG-invariant, i.e. invariant

under any permutation of the generators x, y, z ∈ T∞ and any of the involu-
tions x ↔ x−1, y ↔ y−1, z ↔ z−1.

Define Zϕ := {t ∈ T∞ : χϕ(t) = 0}.
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Proposition 5.3.7. Fix integers k, l,m. If any of numbers k, l, m, k ± l,
k ±m, l ±m is equal 2n−1 (mod 2n), then xkylzm ∈ Zϕ.

Proof. If k ≡ 2n−1 mod 2n, then χ%1,0,0(x
kylzm) = e(k) = −1. Then

χθ⊕%1,0,0(x
kylzm) = 0 ⇒ χϕ(xkylzm) = 0.

By replacing succesively %1,0,0 by %0,1,0, %0,0,1, %2h−1,±(2h−1),0, %2h−1,0,±(2h−1),
%0,2h−1,±(2h−1) and using an analogous argument we obtain the conclusion in
the other cases (note that h ≡ −1 mod 8).

Proposition 5.3.8. Let P be one of stubborn subgroups listed in 3.2.8 and
g ∈ G. Assume that g−1Pg ⊆ NG. Then there exists w ∈ WG such that for
each t ∈ T (P∞) (cf. 2.1.2) holds g−1tg = w(t).

Proof. By 3.1.12 the conjugation by g is a composition of some permutation
of irreducible factors of P (formally, irreducible factors of the corresponding
stubborn subgroup of SO(7), cf. 3.2.1), some automorphism of P (in the
category R) and an inclusion P ⊆ N1 = NG. If P is finite (i.e. P =
L0,M0, K0), then the conclusion is obvious. For P = L1, L3 we see that g
permutes generators x, y, z. If P = Ni, M̄i,M1, K1, then each permutation
of irreducible factors and each R2(G)-automorphism of P acts trivially on
T (P ).

Proposition 5.3.9. Let P be one of stubborn subgroups listed in 3.2.8 and
g ∈ G. Assume that g−1Pg ⊆ N1. Then for any t ∈ P∞ \ T (P∞) either
g−1tg ∈ Zϕ, or g−1tg 6∈ T∞.

Proof. Define the set

Y (P ) :=
⋃

g:g−1Pg⊆N1

g−1(P∞ \ T (P∞))g ∩ T∞.

It is sufficient to prove that Y (P ) ⊆ Zϕ. Using the presentation (3.4.8) and
the classification of morphisms in R2(G) (3.1.12, 3.2.8) we obtain that:

Y (N1) = Y (L3) = ∅,
and for P 6= N1, L3 we have an inclusion

Y (P ) ⊆ {x±2n−1

ylzm}l,m∈Z ∪ {xky±2n−1

zm}k,m∈Z ∪ {xkylz±2n−1}k,l∈Z

∪ {x±2n−2

y±2n−2

zm}m∈Z ∪ {x±2n−2

ylz±2n−2}l∈Z ∪ {xky±2n−2

z±2n−2}k∈Z.
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Proposition 5.3.10. The representation ϕ is R2(G)-invariant.

Proof. Let P be one of stubborn subgroups listed in 3.2.8 and let g ∈ G
be such that g−1Pg ⊆ N1. We have to prove that for each t ∈ P∞ holds
χϕ(t) = χϕ(g−1tg). If t ∈ T (P∞), then the conclusion follows from 5.3.8

(since res
N∞

1
T∞ ϕ is WG-invariant). If t 6∈ T (P∞), then by 5.3.9 we have

χϕ(h) = 0 = χϕ(g−1hg).

Proposition 5.3.11. The represenation ϕ extends to a map fG : BG →
BU(m)∧2 (where m = 246).

Proof. We need to check the assumptions of Theorem 4.4.8. In fact, ϕ con-
tains a subrepresentation

ind
N∞

1
T∞ (%0,0,1 ⊗ %0,1,0) = ind

N∞
1

T∞ %0,1,1.

Hence res
N∞

1
L∞3

ϕ contains a representation θ⊗̄α1⊗̄α1 and therefore res
N∞

1
L∞1

ϕ

contains θ⊗̄η5
2 (cf. 3.3.26). Then ϕ satisfies the condition 4.4.8.(c).

5.4 Adams operations on BSU(2)∧2
Denote L := SU(2) and J := R2(L). Let N and Q be 2-stubborn subgroups
of L defined in 4.5.1 and 4.5.2. Let

F := (EL×L (−))∧2 : J −→ Sp (5.4.1)

be a stubborn decomposition diagram of L. In the present section we con-
struct an action of the group of homotopy self-equivalences of (BL∧2 )n on a
functor which is homotopy equivalent to the stubborn decomposition functor
of Ln. Next, we apply this construction to the description of 2-homotopy

representations of H ∼= L3/{±1} which are extensions of res
N∞

G
N∞

H
ϕ. These

results play a crucial role in the construction of a faithful representation of
the 2-compact group DI(4).

Proposition 5.4.2. For each odd k ∈ Z∧2 there exists a unique homotopy self-
equivalence ψk of BL∧2 (called the Adams operation) such that its restriction
to the completion of the maximal torus of L is induced by the multiplication
by k. Moreover, any self-equivalence of BL∧2 is, up to homotopy, an Adams
operation, and ψk is homotopic to ψk′ if and only if k = ±k′.
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Proof. It is a consequence of [DW1, 5.4].

For any ring R let R∗ denote the multiplicative group of its invertible
elements and for any space X let HAut(X) be the group of homomopy classes
of self-equivalences of X. Since ψk ◦ ψk′ = ψkk′ , then by 5.4.2 we have

HAut(BL∧2 ) ' (Z∧2 )∗/{±1} ' {ψk : k ∈ 1 + 4Z∧2 }.

Before going any further we introduce some definitions. Recall that Cr

denotes the cyclic group of order r. Let Kn be the field with 52n
elements

and let K :=
⋃

n Kn. Let S ⊆ K∗ be the subgroup of all 2r-th roots of
unity and let Sn := S ∩ Kn. Similarily, let Ψ := {4l + 1 ∈ (Z∧2 )∗} and
let Ψn := {4l + 1 ∈ C∗

2n+2}. Note that there exists a natural isomorphism
(Z∧2 )∗ → Aut(S) given by l(x) = xl.

Proposition 5.4.3. The group Sn is cyclic of order 2n+2.

Proof. By induction we prove that 2n+2 is the greatest power of 2 which
divides 52n − 1. Since Sn is the 2-Sylow subgroup of K∗

n ' C52n−1, then it is
cyclic and has order 2n+2.

Proposition 5.4.4. The group Ψn is cyclic of order 2n and 5 is its generator.

Proof. For n = 1 the conclusion is clear, so assume that n > 1 and that 5 is
a generator of Ψn−1. The only element of order 2 in Ψn−1 is 2n +1; therefore
52n−2 ≡ 2n + 1 mod 2n+1. But both lifts of 2n + 1 to Ψn have order 4. It
implies that 5 has order 2n in Ψn.

Proposition 5.4.5. There exists a homomorphism α : Ψ → Aut(K) such
that for each x ∈ S holds α(l)(x) = xl.

Proof. For each n let αn : Ψn → Aut(Kn), where αn maps the generator 5
onto the Frobenius automorphism. By passing to the limit we obtain the
homomorphism α : Ψ → Aut(K) which satisfies the required conditions.

Define the following subgroups of the special linear group SL2(K):

N ′ =
〈(

x 0
0 x−1

)

x∈S

,

(
0 1
−1 0

)〉
Q′ =

〈(
ζ4 0
0 ζ−1

4

)
,

(
0 1
−1 0

)〉
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where ζ4 is a 4-th root of unity. Let J ′ be a full subcategory of the category of
SL2(K)-orbits containing only objects SL2(K)/N ′ and SL2(K)/Q′. There
is an obvious natural equivalence J ′ ∼= J . Define a functor

F ′ := (ESL2(K)×SL2(K) (−)∧2 : J ′ → Ψ− Sp, (5.4.6)

where Ψ acts on ESL2(K) in the way given in 5.4.5.
Let resSp

HSp be the forgetful functor from the category of spaces into the
homotopy category.

Now our goal is to prove that the functors F and F ′ are weakly equivalent,
i.e. that there exists a natural transformation T : F → F ′ (in the category

of diagrams of spaces) which induces an equivalence resSp
HSp F

∼=→ resSp
HSp F ′.

This kind of problems was considered in [DK]. Let us recall main resuls of
this paper:

Definition 5.4.7. A map f : X → Y is centric, if it induces a weak ho-
motopy equivalence map(X,X)idX

→ map(X, Y )f . A diagram of spaces is
centric, if every map in this diagram is centric.

Remark. It is clear that whether or not a map is centric is a homotopy
property. Therefore we can say that a homotopy class of maps (or a diagram
in the homotopy category) is centric.

Given a centric diagram D : C → Sp (or D : C → HSp) construct
functors αi(D) : Cop → Ab by setting αi(C) = πi(map(D(C), D(C))idD(C)

).
For each map c : C0 → C1 let αi(c) be a composite

πi(map(D(C1), D(C1))idD(C1)
)

D(c)∗−−−→ πi(map(D(C0), D(C1))D(c))

D(c)∗−−−→ πi(map(D(C0), D(C0))idD(c)
)

Theorem 5.4.8. ([DK, 1.1(b)]) Suppose that C is a small category and that
D, D′ are centric diagrams of spaces such that its restrictions to the homotopy
category resSp

HSp D and resSp
HSp D′ are naturally equivalent. If the groups

H i+1(C; αi) vanish for i ≥ 1, then D and D′ are weakly equivalent.

Proposition 5.4.9. The diagram F : J → Sp is centric.

Proof. Let N , Q be the 2-stubborn subgroups of L defined in 4.5. Since
each self-homotopy equivalence is centric, it is sufficient to check that the
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map BQ → (BN)∞2 induced by the inclusion i : Q ⊂ N is centric. By the
Dwyer-Zabrodsky theorem we have a sequence of homotopy equivalences

B{±1} ∼= BZ(Q)
∼=−→ (map(BQ,BQ)id)

∧
2

Bi∗−−→ (map(BQ,BN∧
2 )Bi)

∧
2

∼=←− BCN(Q) ∼= B{±1}.

The conclusion follows.

Corollary 5.4.10. The diagrams F and F ′ are weakly equivalent. In par-
ticular, there is a homotopy equivalence (hocolimJ ′ F ′)∧2 → BL∧2 .

Proof. Obviously both F and F ′ are centric. By 4.3.1 the cohomology groups
of J with any coefficients vanish above dimension 1. The conclusion follows
from 5.4.8.

As a consequence we obtain the following

Theorem 5.4.11. For each ψ ∈ Ψ ' HAut(BL∧2 ) the following diagram
commutes up to homotopy:

hocolimJ F ′ BL∧2

hocolimJ F ′ BL∧2

wα

u
ψ

u
ψ

wα

Proof. By 5.4.5 ψ acts on the completed maximal torus of L by a multipli-
cation. The conclusion follows from 5.4.2.

By [DW1, 5.5], each homotopy self-equivalence of the spaces (BL∧2 )n is a
composition of a permutation of factors and some Adams operations on its
multiplies. More precisely, HAut((BL∧2 )n) ∼= HAut(BL∧2 ) o Σn. Here follow
the generalization of Theorem 5.4.11 for the group Ln:

Theorem 5.4.12. For each n ≥ 1 there is an action of the group

HAut((BL∧2 )n) ∼= HAut(BL∧2 ) o Σn
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on the functor (F ′)n (treated as an object of the category DiagSp, cf. 1.4.10),
such that the following diagram commutes:

hocolimJ n (F ′)n (BL∧2 )n

hocolimJ n (F ′)n (BL∧2 )n

wα

u

ψ

u

ψ

wα

Proof. Each element ψ ∈ HAut((BL∧2 )n) is a composition

BL∧2 × · · · ×BL∧2 3 (x1, . . . , xn) 7→
(ψl1(xσ(1)), . . . , ψln(xσ(n))) ∈ BL∧2 × · · · ×BL∧2 ,

for some σ ∈ Σn and ψli ∈ HAut(BL∧2 ). Define an action of ψ on (F ′)n by

(F ′)n σ−→ (F ′)n (ψl1
,...,ψln )−−−−−−→ (F ′)n.

What we really need is to prove the analogue of 5.4.12 for the group
Ln/{±1} where n > 1. It can be done, but with some additional effort. Let
n = {1, . . . , n}. Define a functor F ′′

n : (J ′)n → (Ψ oΣn)− Sp by putting, for
each A ⊆ n

F ′′
n ((P ′)A × (Q′)n\A) := (E(SL2(K)n/{±1})/((P ′)A × (Q′)n\A/{±1})

(5.4.13)
The action of Ψ o Σn on SL2(K)n/{±1} defined by the formula

(ψl1 , . . . , ψln ; σ)(g1, . . . , gn) = (ψl1(gσ(1)), . . . , ψln(gσ(n))).

induces, for each A ⊆ n the following map

(E(SL2(K)n/{±1})/((P ′)A × (Q′)n\A)

(ψl1
,...,ψln ;σ)−−−−−−−−→ (E(SL2(K)n/{±1})/((P ′)σ(A) × (Q′)n\σ(A)).

These maps define an action of Ψ o Σn on the diagram F ′′
n (treated as an

object of DiagSp; cf. 1.4.10).

Proposition 5.4.14. The functor F ′′
n is weakly equivalent to the stubborn

decomposition diagram of the group Ln/{±1}.
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Proof. Similarly to the proof of 5.4.9 we show that F ′′
n is centric. Then

we have to check that the groups H i+1((J ′)n; αi) vanish. For each object
P ∈ (J ′)n we have

map(F ′′
n (P ), F ′′

n (P ))id = B(ZSL2(K)n/{±1}(P )) = {±1}n/〈−1, . . . ,−1〉.
Then the functors αi are constant and for each P we have

Λj(Aut(J ′)n(P ); αi(P )) = 0

for j > 0 (by 4.2.6(b)). Then H i+1((J ′)n; αi) = 0 for all i. Now the conclu-
sion follows from 5.4.8.

As a consequence, we obtain the following

Theorem 5.4.15. For each ψ ∈ Ψ oΣn ' HAut(B(Ln/{±1})) the following
diagram commutes up to homotopy:

hocolimJ n (F ′)n B(Ln/{±1})∧2

hocolimJ n (F ′)n B(Ln/{±1})∧2

wα

u
ψ

u
ψ

wα

Here follows the technical result which is crucial in the proof of the main
theorem:

Theorem 5.4.16. Let % be an J 3-invariant complex representation of (N∞)3

(resp. (N∞)3/{±1}) and choose any map ψ ∈ HAut((BL∧2 )3)B% (resp. ψ ∈
HAut(B(L3/{±1})∧2 )B% ). Assume that % is ψ-invariant, i.e. that (B%)∧2 is
homotopic to the composition (B%)∧2 ◦ f |(BN∞)3. Let E% be a set of homotopy
classes of extensions of B%∧2 to a map from (BL∧2 )3 (resp. (B(L3/{±1})∧2 )).
Then the following diagram commutes:

H2(J 3; Ξ%)× E% E%

H2(J 3; Ξ%)× E% E%

wµ

u

ψ∗×ψ∗

u

ψ∗

wµ

,

where µ is an action defined in 1.4.13. Moreover, E% is a free and transitive
H2(R3; Π%

2)-set.

Proof. It is a consequence of 1.4.13(1), 1.4.9 and 5.4.12 (resp. 5.4.15).
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5.5 A homotopy representation of H

Let ϕ be a representation of N∞
G defined in 5.3.1. By 5.3.11 it extends to the

map fG : BG∧
2 → BU(m)∧2 (where m = 246). Let fH : BH∧

2 → BU(m)∧2 be
the composition of fG with an inclusion BH∧

2 → BG∧
2 . The main result of

this section is that fH is homotopy GL2(F2)-invariant, where the action of
GL2(F2) comes from the centralizer decomposition diagram of DI(4).

Recall [DW1, Section 6] how the action of GL2(F2) is defined. Note that
WH ⊂ WG. It appears that the group NWD

(WH)/WH acts on BH∧
2 . Since

NWD
(WH)/WH ' GL2(F2), this determines the action of GL2(F2) on BH∧

2 .
The group GL2(F2) is generated by an order 2 element (namely s) which

stabilizes the inclusion BH∧
2 → BG∧

2 and by some element of order 3, say t.
Elementary calculations show that t is represented by the element r2sv2 ∈
WD. The invariance of fH under the action of s is clear. The main effort will
be to show that fH ◦ t ' fH .

In the basis {e′′i } (cf. 5.1.3) the element t acts on T∞ by the multiplication
by the matrix 


0 0 1
1 0 0
0 1 0


 (5.5.1)

(recall that k is an odd 2-adic integer such that k2 − k − 2 = 0).

Denote NH := NH(T ) and ω := res
N∞

G
N∞

H
ϕ

Proposition 5.5.2. The morphism t stabilizes the representation ω.

Proof. Strightforward from 5.3.2.

Corollary 5.5.3. Both maps fH and t ' fH restrict to the same R2(H)-
invariant representation ω.

By 5.4.16 the set Eω of extensions of ω to a map from B(L3/{±1})∧2
is a free and transitive H2(J 3; Ξω)-set. By 4.5.20 Eω ' Z̄∧2 [Z2

ω(3)±/ ∼],
where Z2

ω(3)± is the set defined in 4.5.18. For simplicity denote Z := Z2
ω(3),

Z± := Z2
ω(3)±. In order to calculate the set Z we need to describe the set of

irreducible subrepresentations of ω.
Let Rt(ω) ⊂ (Q∧2 )3 be the set of roots of ω (in dual basis {e′′i }). Obviously

WD acts of Rt(ω).

Proposition 5.5.4. The set Rt(ω) contains all combinations of roots having
the form w∗(1

2
, 1

2
, 0) for w ∈ WD.
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Proof. Since the sequence (1, 0, 0) (in dual basis {ei}) has the form (1
2
, 1

2
, 0)

in basis {e′′i }, then the conclusion follows from the definition of ϕ (5.3.1) and
properties of the tensor product.

Roots having the form w∗(1
2
, 1

2
, 0) will be called basic roots. The set of

all basic roots will be denoted by BRt(ω). Put c = 1
2
, d = k−1

4
. Note that

c ≡ d ≡ 1
2

mod 2.

Proposition 5.5.5. We have

BRt(ω) = {(±c,±c, 0), (±c, 0,±c), (0,±c,±c),

(±2d, 0, 0), (0,±2d, 0), (0, 0,±2d),

(±(c + d),±d,±d), (±d,±(c + d),±d), (±d,±d,±(c + d))}
Proof. It is the list (5.3.3) converted into the basis {e′′i }.

Directly from the definition (5.3.1) we obtain

Corollary 5.5.6.

Rt(ω) ∼=




∑

(r1,r2,r3)∈BRt(ω)

l(r1,r2,r3)(r1, r2, r3) : 0 ≤ l(r1,r2,r3) ≤ 16



 .

Proposition 5.5.7. If even integers lc and ld satisfy inequalities |lc| ≤ 16 ·8,
|ld| ≤ 16 · 14 and |lc − ld| ≤ 16 · 14, then (lcc + ldd, 0, 0) ∈ Rt(ω).

Proof. Introduce a relation
1∼ on BRt(ω) by

(r1, r2, r3)
1∼ (r′1, r

′
2, r

′
3) ⇔ r1 = r′1 ∧ r2 = −r′2 ∧ r3 = −r′3.

Let SRt(ω) ⊆ Rt(ω) be the set all combinations
∑

(r1,r2,r3)∈BRt(ω)

l(r1,r2,r3)(r1, r2, r3)

such that the coefficients l(r1,r2,r3) are constant on equivalence classes of the

relation
1∼. Then SRt(ω) contains exactly sequences

(mc(2c) + md(2d) + mc+d(2c + 2d), 0, 0),

where the integers mc, md and mc+d satisfy inequalities −2 ·16 ≤ mc ≤ 2 ·16,
−5 · 16 ≤ md ≤ 5 · 16, mc+d = −2 · 16 ≤ mc+d ≤ 2 · 16.
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Proposition 5.5.8. If odd integers lc, ld satisfy inequalities |lc| ≤ 8 · 16,
|ld| ≤ 14 · 16 and |lc − ld| ≤ 14 · 16, then (lcc + ldd, c + d, c + d) ∈ Rt(ω).

Proof. By 5.5.7 we have ((lc − 1)c + (ld − 1)d, 0, 0) ∈ Rt(ω) and it may be
written without using basic roots (c+d, d, d) and (0, c, c) (since lc ≤ 8 ·16−2
and ld ≤ 14 · 16− 2). Then

((lc−1)c+(ld−1)d, 0, 0)+(c+d, d, d)+(0, c, c) = (lcc+ldd, c+d, c+d) ∈ Rt(ω).

Elementary arguments lead to the following corollaries

Corollary 5.5.9. If (l1cc + l1dd, l2cc + l2dd, l3cc + l3dd) ∈ Rt(ω) is a root with
(2-adic) integer coordinates, then for i = 1, 2, 3 we have lic ≡ lid mod 2.
Moreover, numbers lic and lid satisfy inequalities analogous to the ones in the
formulation of 5.5.7.

Corollary 5.5.10.

Rt(ω) ∪ (Z∧2 )3 = {(l1cc + l1dd, l2cc + l2dd, l3cc + l3dd) : lic, l
i
d ∈ Z,

lic ≡ lid mod 2 ∧ |lic| ≤ 8 · 16 ∧ |lic| ≤ 14 · 16 ∧ |lic − lid| ≤ 14 · 16}
Proposition 5.5.11.

Z± ∼= {(lcc + ldd, ∗, ∗), (∗, lcc + ldd, ∗), (∗, ∗, lcc + ldd) : lc, ld ∈ Z
∧ lc ≡ ld mod 2 ∧ |lc| ≤ 8 · 16 ∧ |ld| ≤ 14 · 16 ∧ |lc − ld| ≤ 14 · 16}

Proof. Recall that Z± (cf. 4.5.18) is a set of symbols (η1, ∗, ∗), (∗, η2, ∗),
(∗, ∗, η3) such that η1⊗̄η2⊗̄η3 ⊆ ω, and ηi ∈ {α2k+1}∪{β2l}∪{τ} = IR±(N∞)
for each i. Now the conclusion follows from 5.5.10 (note that we identify
representations α2k+1, β2l, τ with 2-adic integers 2k+1, 2l and 0 respectively).

Proposition 5.5.12. There are two equivalence classes of relation ∼ (cf.
4.5.18) on the set Z:

Z±
0 = {(lcc + ldd, ∗, ∗), (∗, lcc + ldd, ∗), (∗, ∗, lcc + ldd) :

lc, ld ∈ 2Z ∧ |lc| ≤ 8 · 16 ∧ |ld| ≤ 14 · 16 ∧ |lc − ld| ≤ 14 · 16}
and

Z±
1 = {(lcc + ldd, ∗, ∗), (∗, lcc + ldd, ∗), (∗, ∗, lcc + ldd) :

lc, ld ∈ 1 + 2Z ∧ |lc| ≤ 8 · 16 ∧ |ld| ≤ 14 · 16 ∧ |lc − ld| ≤ 14 · 16}.

134



Proof. For even lc, ld, by 5.5.7 (lcc+ ldd, 0, 0) ∈ Rt(ω) (and therefore (0, lcc+
ldd, 0), (0, 0, lcc + ldd) ∈ Rt(ω)). Moreover, obviously (0, 0, 0) ∈ Rt(ω). Then

(lcc + ldd, ∗, ∗) ∼ (∗, 0, ∗) ∼ (0, ∗, ∗) ∼ (∗, lcc + ldd, ∗) ' (∗, ∗, lcc + ldd)

Then all elements of Z±
0 are in the same equivalence class as (0, ∗, ∗). Simi-

larly, if lc and ld are odd, then

(lcc + ldd, c + d, c + d), (c + d, lcc + ldd, c + d),

(c + d, c + d, lcc + ldd), (c + d, c + d, c + d) ∈ Rt(ω).

Therefore all elements of Z±
1 are in the same equivalence class as (c+d, ∗, ∗).

Now we are ready to prove the main result of this section:

Theorem 5.5.13. There is a bijection between the set Eω of extensions of
ω ∈ Rep(N∞

H ) to a map from BH∧
2 and the set Z∧2 . Moreover, an element

t ∈ HAut(BH∧
2 ) acts trivially on Eω.

Proof. By 5.4.16 and 4.5.20 there is a commutative diagram

Z̄∧2 {Z±
0 , Z±

1 } × Eω Eω

Z̄∧2 {Z±
0 , Z±

1 } × Eω Eω

wµ

u

t∗×t∗

u

t∗

wµ

.

Since the automorphism t of BH∧
2 acts on Rt(ω) by permuting coordinates

(cf. 5.5.1), it fixes the equivalence classes Z±
0 and Z±

1 . Therefore the map

t∗ : Z̄∧2 {Z±
0 , Z±

1 } −→ Z̄∧2 {Z±
0 , Z±

1 }

is an identity. Thus t∗ : Eω → Eω is a Z̄∧2 {Z±
0 , Z±

1 }-map. Since Eω is a
free and transitive Z̄∧2 {Z±

0 , Z±
1 }-set, then t∗ : Eω → Eω is a shift by some

element. Therefore it is an identity, because t∗ ◦ t∗ ◦ t∗ = id and the group
Z̄∧2 {Z±

0 , Z±
1 } ' Z∧2 has no elements of finite order.

As a consequence, we obtain
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Proposition 5.5.14. The map fG is A-invariant, i.e. it extends to a homo-
topy compatible family of maps from the centralizer decomposition functor of
BD into BU(m)∧2 .

Proof. By 5.5.13 the map fH = fG|BH is GL2(F2)-invariant. The map
fG|B(T 3o{±1})∧2 is, by Dwyer-Zabrodsky theorem, the completion of the clas-

sifying map of the representation res
N∞

1

(T 3o{±1})∞ ϕ, which is GL3(F2)-invariant

(since the action of GL3(F2) is the restriction of the action of the Weyl group).

Since res
N∞

1

{±1}4 ϕ is a sum of regular representations, then the map fG|B{±1}4
is GL4(F2)-invariant.

5.6 Proof of the main theorem

Let F : A → Sp be the centralizer decomposition diagram of BD and let Ai,
i = 1, . . . , 4 be objects of A. We have proven that the map

fG : F (A1) ' BG∧
2 → BU(m)∧2

is A-invariant. Now we have to check that the obstructions to the existence
of an extension BDI(4) → BU(m)∧2 in groups H i+1(A; Πi) vanish, where

Πi(Ar) := πi(map(F (Ar), BU(m)∧2 )fG|F (Ar)
).

Oliver [O2] provided a powerful tool for calculating this kind of cohomol-
ogy groups:

Theorem 5.6.1. ([O2, Thm. 1, Prp. 6]) Let A := Ap(X) be the centralizer
decomposition category of a p-compact group X. Let Ai be the set of objects
of A which have the form B(Z/p)i → BX. Then for any Z∧p [A]-module F
there is a isomorphism H∗(A; F ) ' C∗

St(F ), where

Ci
St(F ) ∼=

∏
A∈Ai+1

HomAutA(A)(StA, F (A))

However, this theorem applies only to the case when the coefficient functor
has abelian values (obviously Π(Ar) is abelian for i > 1).

For r = 3, 4 the spaces F (Ar) are 2-completed classifying spaces of 2-
toral groups. Therefore, by 2.2.4 the spaces map(F (Ar), BU(m)∧2 )fG|F (Ar)

are classifying spaces of products of unitary groups. Hence Π1(Fr
2) = 0.

For r = 1, 2 this argument fails, since the spaces F (A1) and F (A2) are
not classifying spaces of 2-toral groups.

136



Proposition 5.6.2. The fundamental group of map(BH∧
2 , BU(m)∧2 )fH

is
abelian.

Proof. Let J := R2(L). Recall that R2(H) ∼= J 3. By the Dwyer-Zabrodsky
Theorem (2.2.4) we have

map(BH∧
2 , BU(m)∧2 )fH

∼= map(hocolimH/P∈J 3(EH ×H /P )∧2 , BU(m)∧2 )fH

= holimH/P∈J 3 map((EH ×H H/P )∧2 , BU(m)∧p )fH |BP∧2

' (holimH/P∈J 3 BCU(m)(ω(P∞))∧2 )∧2

The second term of the Bousfield spectral sequence [BK, XI,7.1], which con-
verges to the homotopy groups of the homotopy inverse limit above has the
second term

Ep,q
2 = Hp(J 3; πp+q(map(EH ×H H/(−), BU(n)∧2 )fH |B(−)∧2

)

= Hp(J 3; πp+q(BCU(m)(ϕ((−)∞)∧2 )) ⇒ Πq(A2)

The spaces BCU(m)(ϕ((−)∞)∧2 are products of 2-completed classifying spaces
of unitary groups (cf. Section 2.4), where the number of multiplies is the

number of isomorphism classes of irreducible subrepresentations of res
N∞

G
P∞ ϕ

and the rank of every one is the multiplicity of the corresponding irreducible
reprepresentation. Then the groups πp+q(BCU(m)(ϕ((−)∞)∧2 ) are abelian.
Moreover, for p + q = 1, 3 they vanish and for p + q = 2, 4 they are isomor-

phic to Ξω (cf. 2.4.4), where as before ω = res
N∞

G
N∞

H
ϕ, since all irreducible

subrepresentations of ϕ appear with multiplicity at least 16. By 4.5.15 we
have H3(J 3; Ξω) = 0. Thus Ep,1

2 = 0 for p 6= 1. Therefore Π1(A2) is a
subquotient of the abelian group E1,1

2 and hence is abelian.

The following proposition is a staightforward consequence of 5.6.1:

Proposition 5.6.3. For any Z∧2 [A]-module M there is an isomorphism

H∗−1(A; M) ∼= H∗(HomGL∗(F2)(StGL∗(F2),M(A∗))),

where StΓ is the Steinberg module of the group Γ.

In particular, H i(A; M) = 0 for i > 3.

Proposition 5.6.4. For each i ≥ 1 holds H i+1(A; Πi) = 0.
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Proof. If i ≥ 3, then the conclusion is obvious, so it is suffiecient to consider
cases i = 1, 2 only. Note that the full subcategory of A with objects A1 and
A2 is isomorphic to J . Since Πi(Ar) for r = 3, 4, then by 4.1.6 and 4.3.1 we
have H2(A; Π1) ∼= H2(J ; resAJ Π1) = 0.

If i = 2, then by 5.6.3 H3(A; Π2) is a quotient of the group

HomGL4(F2)(StGL4(F2), Π2(A4)).

A Z∧2 -module Π2(A4) = π2(map(B{±1}4, BU(m)∧2 )
res

N∞1
{±1}4 ϕ

) is free and has

dimension not larger than 24 (there are 24 isomorphism classes of irreduicible
representations of {±1}4). The Steinberg module StGL4(F2) is a second homol-
ogy group of a geometrical realization of a poset of all non-trivial proper sub-
spaces of F4

2. By an Euler characteristic argument it has dimension 63 and is
an irreducible Z∧2 [GL4(F2)]-module (cf. [St]). Hence there is no non-zero ho-
momorphism StGL4(F2) → Π2(A4). Hence HomGL4(F2)(StGL4(F2), Π2(A4)) = 0
and thus H3(A; Π2) = 0.

As a consequence we obtain the main theorem of this paper:

Theorem 5.6.5. The map fG : BG∧
2 → BU(m)∧2 extends to a faithful com-

plex representation of the 2-compact group DI(4).

Proof. By 5.6.4 the map fG extends to BDI(4). By 1.2.11 the extension is
a classifying map of a monomorphism of 2-compact groups.
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