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Introduction: concentration of measure phenomenon

Theorem

o X ~ Unif(§"1),

o f:R" — R is L-Lipschitz.
Then

P(IF(X) — Med F(X)| > t) < 2exp(—(n — 2)£2/(2L?)).
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Introduction: concentration of measure phenomenon

Theorem

o X ~ Unif(§"1),

o f: R" — R is L-Lipschitz.
Then

P(IF(X) — Med F(X)| > t) < 2exp(—(n — 2)£2/(2L?)).

Theorem (Talagrand, 1995)
@ Xi,..., X, — independent r.v., | X;| <1,
o X =(Xq,...,Xn),
@ v: R" — R is convex, L-Lipschitz.
Then
P(|o(X) — Med p(X)| > t) < 4exp(—t?/(16L%)).
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A class of (symmetric) probability measures on R

Definition
B€[0,1], m >0, 0 > 0. We say that u € Mg(m,o*1) if
[ vully.co)dy < o*u(lx, ). (1)
xVm

Equivalently, for some h > 0, a < 1 and all x > m,

w(Ix + h/x?, 00)) < ap([x, 00)). (2)
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B€[0,1], m >0, 0 > 0. We say that u € Mg(m,o*1) if
[ vully.co)dy < o*u(lx, ). (1)
xVm

Equivalently, for some h > 0, a < 1 and all x > m,

w(Ix + h/x?, 00)) < ap([x, 00)). (2)

W For x > m,

258+1

x+=25 2g8+1 2g8+1
oo = [ ey = 2 ullx 2 o0)
X

so we can take h = 207! and o = 1/2.
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A class of (symmetric) probability measures on R

Definition
B€[0,1], m >0, 0 > 0. We say that u € Mg(m,o*1) if
[ vully.co)dy < o*u(lx, ). (1)
xVm

Equivalently, for some h > 0, a < 1 and all x > m,

w(Ix + h/x?, 00)) < ap([x, 00)). (2)

A For x > m define ag = x, apy1 = ap + h/aﬁ. Then a, /" oo and

[ty oenay <3 (aniaan)ataplion ) < K3 a”(las, )
X n=0 n=0
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Main result: modified log-Sobolev inequalities

Theorem (Adamczak, St., 2015)

o Xi,..., X, — independent r.v. with laws in Mg(m,o?*1), g € [0,1],
o X =(Xu,..., Xn),
@ ©: R"” — R is smooth, convex.
If 5 € (0,1], then
1
Ente# () < Go moE([Ve(X)IBV [IV0(X)(311)/5) .
If 5 =0 and |0;¢(x)] < 1/(2m+ 60), then

Ent e*X) < G, o E[[V(X)||3e#X).

(EntY =EYlogY —EYlogEY, ||x||6 = |x1|P + ... + |xa|P)

M.St. (MIM UW)
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Corollaries

® Xi,...,X, — independent r.v. with laws in Mg(m, oB*1), B €0,1],
o X = (X, .., Xn).

Concentration (convex functions)
@: R" — R is smooth, Lipschitz, convex. Then for t > 0,
t2 t1+ﬁ

sup [ Vel3 " sup [ Vell2y),

P(o(X) > Ep(X)+1t) < exp (—C'min{
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Corollaries

® Xi,...,X, — independent r.v. with laws in Mg(m, oB*1), B €0,1],
o X = (X, .., Xn).

Concentration (convex functions)
@: R" — R is smooth, Lipschitz, convex. Then for t > 0,

£2 148

P(p(X) > Ep(X)+1) < exp (— C'mi
(0) 2 Ep0X)+0) < exp (=€ min { oo e

Concentration (enlargements of convex sets)
A C R" is convex and P(X € A) > 1/2. Then for r > 0,

P(X ¢ A+ r'/2By + rH/ (4B By 5) < e €,
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Proof of the Corollary (the Herbst argument), 8 € (0, 1]

o p:R" — R convex, Lipschitz,
o A=sup||[Vo(x)|l2, B =sup||[Ve(x)ll(s+1)/3:
o For A > 0 put ®()\) = Ee*¢(X).
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o p:R" — R convex, Lipschitz,

o A=sup|[Vo(x)ll2, B =sup||[Ve(x)lls+1)/s

o For A > 0 put ®()\) = Ee*¢(X).

Then ¢'()\) = Ep(X)e*X) and
AP’ (A) — d(N) log ®(A) = Ent e*(X)
B+1L

< CE((IVe(X)[2)? V (NIVe(X)22) 7 ) )
< C((AN? v (BA)TH5) ().
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Proof of the Corollary (the Herbst argument), 8 € (0, 1]

o p:R" — R convex, Lipschitz,

o A=sup|[Vo(x)ll2, B =sup||[Ve(x)lls+1)/s

o For A > 0 put ®()\) = Ee*¢(X).

Then ¢'()\) = Ep(X)e*X) and
AP’ (A) — d(N) log ®(A) = Ent e*(X)
B+1L

< CE((IVe(X)[2)? V (NIVe(X)22) 7 ) )
< C((AN)? v (BA) P/ BYo(A).

/
Equivalently, (% log d)()\)) < C((A)\)2 Vi (B)\)(ﬁﬂ)/ﬁ)/)\g
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Proof of the Corollary (the Herbst argument), 8 € (0, 1]

o p:R" — R convex, Lipschitz,

o A=sup|[Ve(x)ll2, B =sup|[Ve(x)ll(s4+1)/s:
o For A > 0 put ®()\) = Ee*¢(X).

Then ¢'()\) = Ep(X)e*X) and
A®/(A) — &(N) log ®(N) = Ent e¢(X)
< CE((MIVe(X)ll2)? v IV (X)) 7 ) 1
< C((AN)? v (BA)PTI/Bo()).
Equivalently, (% log <D()\))/ < C((A)\)2 V (B)\)(ﬁﬂ)/ﬁ)/)\g

)I\imo 1+ log ®(A) = Ep(X), so integration and definition of ® give:
—

d(\) = EeMX) < exp(AE@(X) + C((AN)? v (BX)PFHD/8Y),
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Proof of the Corollary (the Herbst argument), 8 € (0, 1]

We know that

Ee*X) < exp(AEp(X) + C((AN)? Vv (BX)B+D/BY),
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Proof of the Corollary (the Herbst argument), 8 € (0, 1]

We know that
Ee*X) < exp(AEp(X) + C((AN)? Vv (BX)B+D/BY),
Hence

Eere(X)
P(p(X) > Ep(X)+t) < SEATRE S exp(—At+C((AN)2V(BA)B+D/BYY).
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Proof of the Corollary (the Herbst argument), 8 € (0, 1]

We know that
Ee*X) < exp(AEp(X) + C((AN)? Vv (BX)B+D/BY),

Hence

P(o(X) > Ep(X)4) < LS

S SEATR S exp(—At+C((AN)2V(BX)AH/BY)).

Optimization over X\ gives

g2 s
P(p(X) = Ep(X) + t) < exp < — C'min {ﬁa W})
£2 t1+8

sup [[Vel|3” sup HV<P|!(1;f1)//3

:exp<—C’min{
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Some remarks

@ Is our sufficient condition also necessary?
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Some remarks

@ Is our sufficient condition also necessary?
e Weak transport inequalities (cf. Gozlan, Roberto, Samson, Tetali).
@ Lower tail estimates for convex functions?

o Feldheim, Marsiglietti, Nayar, Wang: stronger result for 8 =0
(property 7).
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Thank you for your attention.

Questions?

[1] R.A., M.St. Modified log-Sobolev inequalities for convex functions. Sufficient
conditions, http://arxiv.org/abs/1505.05493
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