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Log-concave vectors

Definition

We say that a random vector X in R” is log-concave if for any compact
subsets A, B of R” and any A € (0,1) we have

P(X € AMP(X € B)Y* <P(X € MA+ (1 —)\)B).

Marta Strzelecka (University of Warsaw) Comparison of weak and strong moments Warsaw, June 1, 2015 2/13



Log-concave vectors

Definition

We say that a random vector X in R” is log-concave if for any compact
subsets A, B of R” and any A € (0,1) we have

P(X € AMP(X € B)Y* <P(X € MA+ (1 —)\)B).

If X has a log-concave density (i.e. of a form e~%, where the function
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If X is log-concave and its support is not contained in a nontrivial linear
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Log-concave vectors

Definition

We say that a random vector X in R” is log-concave if for any compact
subsets A, B of R” and any A € (0,1) we have

P(X € AMP(X € B)Y* <P(X € MA+ (1 —)\)B).

If X has a log-concave density (i.e. of a form e~%, where the function
1 :R" — RU {oo} is convex), then X is log-concave.

If X is log-concave and its support is not contained in a nontrivial linear
subspace of R”, then X has a log-concave density.

Proposition

If X is a log-concave vector, || - || seminorm on R” and 1 < p < g, then

(EIX]P)P > Cg(EHXII")I/"-

Marta Strzelecka (University of Warsaw) Comparison of weak and strong moments Warsaw, June 1, 2015 2 /13



Examples

@ Vectors uniformly distributed on convex bodies,
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Examples

@ Vectors uniformly distributed on convex bodies,
o Vectors with density c,e™IXlls for p > 1,
o Affine transformations of log-concave vectors,

@ Gaussian vectors,
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Examples

Vectors uniformly distributed on convex bodies,
Vectors with density c,e™IXlle for p > 1,

Affine transformations of log-concave vectors,
Gaussian vectors,

Vectors with log-concave independent coordinates,
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Vectors uniformly distributed on convex bodies,
Vectors with density c,e™IXlle for p > 1,

Affine transformations of log-concave vectors,
Gaussian vectors,

Vectors with log-concave independent coordinates,

Weak limits of log-concave vectors.

Log-concavity = vectors uniformly distributed on convex bodies
+ affine transformations + weak limits.
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The Paouris inequality

Theorem [Paouris, 2006]

For a log-concave vector X in R” and any p > 1 we have

(EIIX[12)P < C (B[ X]l2 + ox(p)),

where ox(p) is the p-th weak moment of X defined by

1/p
ox(p) i= ( sup E\(’-“,X)!”) :

lItll2=1
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For a log-concave vector X in R” and any p > 1 we have

(EIIX[12)P < C (B[ X]l2 + ox(p)),

where ox(p) is the p-th weak moment of X defined by

1/p
ox(p) i= ( sup E\(’-“,X)!”) :

lItll2=1

By Chebyshev's inequality this implies the large deviation inequality

P(|IX|l> > 2CEE||X|l2) < exp (—ox" (tE[X[2)) fort>1.
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The Paouris inequality

Theorem [Paouris, 2006]

For a log-concave vector X in R” and any p > 1 we have

(EIIX[12)P < C (B[ X]l2 + ox(p)),

where ox(p) is the p-th weak moment of X defined by

1/p
ox(p) i= ( sup E\(’-“,X)!”) :

lItll2=1

By Chebyshev's inequality this implies the large deviation inequality
P(|IX|l> > 2CEE||X|l2) < exp (—ox" (tE[X[2)) fort>1.

For a simpler proof see R. Adamczak, R. Latata, A. E. Litvak,
K. Oleszkiewicz, A. Pajor, and N. Tomczak-Jaegermann, 2014.
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Comparison of weak and strong moments conjecture

For any log-concave vector X in a separable Banach space (F, || -||) and
p > 1 we have

(BIX|P)MP < € (BIXI| + ox,.1(P))
where ax . (p) is a weak p-th moment associated to norm || - ||, namely

ax 1 1(p) = sup (Ellg(X)]P)*".
[leoll <1
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Comparison of weak and strong moments conjecture

For any log-concave vector X in a separable Banach space (F, || -||) and
p > 1 we have

(BIX|P)MP < € (BIXI| + ox,.1(P))
where ax || (p) is a weak p-th moment associated to norm || - [|, namely

ax 1 1(p) = sup (Ellg(X)]P)*".
llell«<1

@ Unconditional case with a factor log n at E||X]|,

@ Unconditional case in spaces of nontrivial cotype g with a cotype
constant bounded by §3; then C depends on g and (3,

@ i.i.d case.
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The main result

For any log-concave vector X in a separable Banach space (F,|| - ||) and
p > 1 we have

(EBIX|P)MP < € (EIXI| + ox,.1(p)) -

Theorem [Latata, S., 2015]

The conjecture holds for spaces which may be isometrically embeded in /,
for r > 2 with constant Cr.
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The main result

For any log-concave vector X in a separable Banach space (F,|| - ||) and
p > 1 we have

(EBIX|P)MP < € (EIXI| + ox,.1(p)) -

Theorem [Latata, S., 2015]

The conjecture holds for spaces which may be isometrically embeded in /,
for r > 2 with constant Cr.

@ It suffices to prove the theorem in the case of /..

o It suffices to prove the theorem in the case of (R”,|| - ||,).
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Modified Paouris inequality

Theorem [Latata 2014]

For a log-concave isotropic vector X in R” and p > 1 we have

~—

) P
E(ZX,?I{IXfI>t}> < (Cox(p))*?  fort> Clog(oxgpP)' 5

i=1
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Modified Paouris inequality

Theorem [Latata 2014]

For a log-concave isotropic vector X in R” and p > 1 we have

n P
E(Zx,?1{|xf|>t}> <(Cox(p)??  fort> cwg(ﬁ)- (1)

i=1

The proof uses the Paouris inequality, but (1) is formally stronger than the
Paouris inequality.
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E(Zx,?1{|x/>t}> <(Cox(p)??  fort> cwg(ﬁ)- (1)
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The proof uses the Paouris inequality, but (1) is formally stronger than the
Paouris inequality.

Can one improve the threshold C log (ﬁ;) in (1)?
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Modified Paouris inequality

Theorem [Latata 2014]

For a log-concave isotropic vector X in R” and p > 1 we have

n P
E(Zx,?1{|x/>t}> <(Cox(p)??  fort> cwg(ﬁ)- (1)

i=1

The proof uses the Paouris inequality, but (1) is formally stronger than the
Paouris inequality.

Can one improve the threshold C log (ﬁ;) in (1)?

p

In i.i.d. case the best threshold is CGX (Iog (UX(P)2>)

Marta Strzelecka (University of Warsaw) Comparison of weak and strong moments Warsaw, June 1, 2015 7/13



Generalization of the modified Paouris inequality

Theorem [Latata 2014]

For a log-concave isotropic vector X in R” and p > 1 we have

n P
E X21x < (Cox(p))?? for t > Clog (L) :
(xe1ps0 ) < (Coxto) —

v

Theorem [Latata, S. 2015]

For a log-concave vector X in R"”, p > 1 and r > 2 we have

n p/r
E (Z |Xi’r1{|X;>td;}> < (Crax,,(p))p for t > Clog (

i=1

)
O'X,r(p) '
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Generalization of the modified Paouris inequality Il

Theorem [Latata, S. 2015]

For a log-concave vector X in R”, p > 1 and r > 2 we have

n p/r
d
E (Z |Xi|r1{|X,-|>td,-}> < (Crox,(p))?  fort> Clog ( ) ;

i1 UX,r(p)

where

n 1/r
di == (EX?)Y?, d:= (Z d,’)
i=1

and
ox.r(p):= sup (E|(t,X)[P)/P.

llell, /<1
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The modified Paouris inequality implies the theorem

n p/r
E (Z |Xi’r1{|X,-|2td,-}> < (CrUX’,(p))p for t > Clog (

i=1

W)
UX,r(p) 7

n 1/r
di = (EX?)Y?, d:= (Z d,-’) .
i=1
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The modified Paouris inequality implies the theorem

n p/r
E (Z |Xi’r1{|X,-|2td,-}> < (CrJX’,(p))p for t > Clog (

i=1

W)
UX,r(p) 7

n 1/r
di = (EX?)Y?, d:= (Z d,-’) .
i=1

Take p:=inf{qg > p:0x,(q) > d} and apply the previous theorem with
p:=pandt:=0.
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n 1/r
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Take p:=inf{qg > p:0x,(q) > d} and apply the previous theorem with
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The modified Paouris inequality implies the theorem

n p/r
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The modified Paouris inequality implies the theorem

n p/r
E (Z |Xi’r1{|X,-|2td,-}> < (CrUX’,(p))p for t > Clog (

i=1

W)
UX,r(p) 7

n 1/r
di = (EX?)Y?, d:= (Z d{) .
i=1

Take p:=inf{qg > p:0x,(q) > d} and apply the previous theorem with
p:=pand t:=0. Then

(EIX[2)YP < (EX|IP)P < Cro, x(B) = Crmax{d, o/ x(p)}
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The modified Paouris inequality implies the theorem

n p/r
E (Z |Xi’r1{|X,-|2td,-}> < (CrUX’,(p))p for t > Clog (

i=1

W)
UX,r(p) 7

n 1/r
di = (EX?)Y?, d:= (Z d{) .
i=1

Take p:=inf{qg > p:0x,(q) > d} and apply the previous theorem with
p:=pand t:=0. Then

(EIX[2)YP < (EX|IP)P < Cro, x(B) = Crmax{d, o/ x(p)}

<
< Cr(E||X]r + orx(p))-
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The modified Paouris inequality implies the theorem

n p/r
E (Z |Xi’r1{|X,-|2td,-}> < (CrUX’,(p))p for t > Clog (

i=1

W)
UX,r(p) 7

n 1/r
di = (EX?)Y?, d:= (Z d{) .
i=1

Take p:=inf{qg > p:0x,(q) > d} and apply the previous theorem with
p:=pand t:=0. Then

(EIX[2)YP < (EX|IP)P < Cro, x(B) = Crmax{d, o/ x(p)}
< Cr(E[ Xy + orx(P))-
This gives the main theorem in the case of (R", || - |/).
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Some ideas of the proof

We may assume that t > Cr and £ = [ is an integer.
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n I n o0 l
E(inrl{x,->td,-}> <E (Z > 2(k+1)r(fdi)r1{x,->2ktd,-}>
i=1

i=1 k=0
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Some ideas of the proof

We may assume that t > Cr and 2 = [ is an integer. Then

n I n o0 l
E(inrl{x,->td,-}> <E (Z > 2(k+1)r(fdi)r1{x,->2ktd,-}>
i=1

i=1 k=0

(2t Z Z 2(k1+,..+k/)rd’g v dI§P(8i17k1~~-vilvkl)7
=1 kq,...,k;=0

Where
i,kt..i,kp { h Z i1y sy Ny F I/}'

We divide the sum into several parts. Define sets
o = {(il, kiyoosin ki) P(Biykeink) > efﬂ}’

IJ' = {(i17 ki, .y in ki) P(thkh---,f/,k/) € (e_rl2ja e_rIQJ_l]} :
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Crucial proposition

Let X, r, di and d be as before and A := {X € K}, where K is a convex
set in R" satisfying 0 < P(A) < 1/e. Then
(i) for every t > r,

S EIX| Langxsgy < CPA) (rof x(— log(P(A))) + (dt)e~*/€)
i=1

(i) for every t >0, u>1,

o0 n
D2 dl L panx 2k 1)) seuB(A)}

k=0 i=1
_ (Cuy
tf

(7 x(~ log(P(A))) + d"Liecucy) -

v
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Thank you
for your attention!
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