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1 Introduction

Let’s start of with some examples in which Monte Carlo methods are being used.
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1. Image restoration:

Consider a binary (black-and-white) image = with 128 x 128 pixels, that is x is
a 1282 long array with entries z; € {0,1},i € {1,...,128%}. We receive y,
a noisy version of x corrupted by multiplicative noise: the value at each pixel
is flipped with probability p independent of any other pixel. Further, we know
how binary pixel images tend to look like: reasonably large clusters of white or
black pixels. Monte Carlo methods can be used to estimate the true image x.
For example, we can determine the mode of the posterior distribution, that is the
image % for which the noisy observation x is most likely.

2. Image interpretation:
Image restoration is a low-level task, but often we are interested in high-level
information such as characterisation of the objects visible in an image. For ex-
ample, consider the image below which shows vascular structure in a retina. Re-
searchers at Warwick used Monte Carlo methods to extract the vascular structure
and quantify the uncertainty associated with this extraction.

3. Bioinformatics:

Genome sequencing projects produce sequences of letters from the 4-letter al-
phabet A, T, C and G (the so-called nucleotides). But how do we interpret these
sequences? Because of the sheer amount of data but also because of the vast
subject knowledge, sophisticated methods that incorporate this knowledge are
needed to analyze these sequences. For example, of interest are common pat-
tern or "words” of a certain length w in multiple sequences. These can give use
clues about functionality such as gene regulation. However, we don’t know the
exact location of these words and, worse, the words may contain “typos” due to
mutation!

4. Bayesian Statistics:
todo Suppose we have a likelihood model f(y|f) and a prior 7(6), then the
posterior is given by
m(0ly) o fylo)m(6).

However, it may be difficult to compute the appopriate normalizing constant
of the posterior density. In this module we discuss simulation methods that can
sample from the posterior model without explicit computation of the normalizing
constant.



2 Foundations of stochastic simulation

2.1 Monte Carlo inference

Suppose we would like to compute the probability of winning Minesweeper using a
pre-specified play strategy. To do this analytically we would have to enumerate all
possible ways of planting bombs in a given grid. Given an n X n-grid and k bombs that
would make (n2)!/k!(n? — k)! configurations! Then for all possible starting conditions
we would have to determine which of these bomb configurations would lead to winning
or losing the game if we adopt the given strategy. Sounds like a lot of work, doesn’t it?
And it gets worse as the grid gets bigger!

Well, a savvy statistician would adopt the following approach. Instead of looking
at all possible bomb configurations, he would randomly choose some configurations
and then estimate the winning probability. In more detail, he would choose some large
number N (which would still be smaller than all possible bomb configurations) and
then would sample N bomb configurations X1, ..., Xy and determine which would
lead to a loss and which to a win. He then would estimate the probability of winning
as p = W/N where W is the number of games that were won. How would he sample
the bomb configurations? Well, he could repeatedly call the minesweeper program or
write a computer program to do so.

In this first section of this module we will learn a bit about techniques for sampling
standard distributions. But before we do this, let’s first look at the scientific method
called "Monte Carlo estimation”.

Most numerical problems fall into one of two categories:

1. optimisation, or
2. integration.

In this module we will focus mainly on the latter as statistical inference is usually
related to integration. Just recall that both expectations and probabilities are derived
from integrals (or sums)! So consider the following integral

I = /O ' h(w)de

How would you solve this problem numerically without resorting to simulation meth-
ods? Well, one approach would be Riemann summation. We evaluate the function
h(z) at n points (1), ..., (™) in a regular grid and then compute

z”: h(z™).

Monte Carlo estimation proceeds differently. We start by re-writing the integral as

3=

r= /of(a?)f()d



where f(x) is a density on [0, 1] such that if h(x) # 0 then f(z) > 0. But this means
that

I = Ep(hX)/f(X)),
where E ¢ stands for expectation with respect to the distribution specified by f. We now
produce an iid sample (9:(1), ey :z:(")) from the distribution specified by the density f

and set

- WG E)

The law of large numbers tells us that I, converges with probability 1 to the inte-
gral I as n tends to infinity. Moreover, the Central Limit Theorem states that (/,, —

I)/+/ Var(I,) is approximately standard normal. So the variance Var(1,,) tell us about
the accuracy of our estimate and it can be estimated as

= e 2@/ ) — 1)

J:1

2.2 Basic principles
2.2.1 Random numbers

Starting point of any stochastic simulation is a random number generator. Random
number generators start with some initial value x, the so-called seed, and repeatedly
apply a deterministic function f to it to obtain a sequence z; = fi(x¢),i = 1,2,....
This sequence cannot be truly "random” because it is produced by a deterministic func-
tion. However, it imitates the behaviour of a sample from a Uniform(0,1) random vari-
able in the following sense. Consider the sequence (z1,...,z,) € (0,1) and apply a
statistical test for the departure from independence and/or the uniform distribution.

Definition 1 The sequence (x1,...,x,) is called a sequence of (pseudo-) random
numbers if statistical tests for the departure from independence and/or the uniform
distribution are not rejected more often than expected by chance.

There is vast literature about the use and misuse of random numbers as well as a mul-
titude of different random number generators. In the following we assume we have a
”good” random number generator available.

2.2.2 Inverse Transformation method

Theorem 1 Consider the cumulative distribution function (cdf) F(z). Let F~ be the
generalized inverse of F, that is

F'u) = min{zeS: F(z)>u} u € (0,1]

(Note that for a continuous cdf the generalized inverse is just the usual inverse). Let U
be a Uniform(0,1) random variable and set X = F~Y(U), then the distribution of X
has cdf F (x).



Proof: By the definition of the generalized inverse and monotonicity of F' we have

P(X<z) = PFYU)<z) = PU<F(@&) = F().

Example 1 Simulating an Exponential random variable with parameter \
An Exponential(X) distributed random variable has cdf

F(z) = 1—exp(—Az) Sforx > 0.

Let l/ ~ UIllf()IIIl((), 1) a’ld set
)\

Then'Y has an Exponential distribution with parameter \. This can be further simpli-
fied by noting that 1 — U is also Uniform(0,1) and so

1
has an Exponential(\) distribution.

Example 2 Bernoulli(p) trial and Binomial B(n, p) random variable
Let U be a Uniform(0,1) random variable. If we set

¥ - {1 ifU <p

0 otherwise

then X is a Bernoulli trial with success probability p.
Let X1, ..., X, be an iid sample of Bernoulli(p) trials, then Y = 2?21 X, has a
Binomial(n, p) distribution.

Example 3 Geometric(p) random variable
Suppose X takes values in N and P(X = j) = p;. Then

J
Flu) = min{jeN:uSZpi}.
i=1

Now, if X ~ Geometric(p), then P(X > j) = (1 — p)I. Thus,

J
Yob o= 1-(1-pf > u
=1

if and only if
log(1 — w)

log(1 —p)

log(U)
log(1—p)

J

Let [a] denote the ceiling of a, then X = [ ] has a Geometric(p) distribution.



2.2.3 Rejection sampling

Suppose we would like to sample X which is a continuous random variable with den-
sity function f(z). We do not know how to sample from X but we do know how to
sample from a similar random variable Y with density function g(y). If we have that
support(f) C support(g) and that

fx)/g(x) < M for all z

then we can use sampling from Y to produce a sample from X . We repeat the following
steps until a sample is returned.

e Step 1: Sample Y = y from g(x) and U = u from a Uniform(0,1) distribution.
Go to Step 2.

o Step2: Ifu < 1\/{ (qy()y) return X = y. Otherwise repeat Step 1.

Proposition 1 The distribution of the random variable X sampled in the above rejec-
tion sampling algorithm has density f(x).

Proof: We have

P(X <z) = P(Y§x|U§ A;;Q))

P(Y <,U < #595)

1)
P(U < M.q(Y))

To compute the above we need the joint density of Y and U. By independence this is

fly,w) = g(y) lo<u<1]-
Thus,
f() /1c /f(y)/Mg(y)
PlY <z,U< = dud
( < Mg(y)) . 9(y)dudy
x x
) 1 /
= 9(y dy = — f(y)dy
/_oo ( )Mg(y) M J_« )
It follows that
fY) 1 /°° 1
]P) < = _ — J—
(< 37,7) 3 Ty -
and so our claim follows as
P(Y <a,U < 497 @
’ Y)
P - M L ) _ |y
P(U < -



How many iterations of the algorithm do we need on average? Well, in each iteration
we produce a sample with probability P(U < ]\;58)) = L so the total number of
iterations is Geometrically distributed with parameter 1/} . Thus the mean number of

iterations needed is M. Note the following:

1. The smaller the bound M the more efficient the algorithm in terms of number of
iterations. Thus we should look for a density g close to f.

2. In order to be able to find a bound M the density g needs to have fatter tails than

I

Example 4 Suppose we would like to sample | X | where X is a standard Normal ran-
dom variable. The density of | X| is given by

flz) = \/ZQXP(—ZQ) forxz € RT.

We already know how to sample an exponential random variable so let us choose as
density g the density of an Exponential distribution with parameter 1. Then

o= e () = e (-5
JE

So we set M = % and hence

IN

flx r—1)32
zw;i) - ‘“p(_( 21))

So the rejection sampling algorithm proceeds as follows:

o Step 1: Sample Y = y from an Exponential(1) distribution and U = u from a
Uniform(0,1) distribution. Go to Step 2.

o Step 2: If u < exp(— (y;1)2) return X = y. Otherwise repeat Step 1.

Example 5 Consider a random variable Y with density g(x) defined on state space
S. Now suppose A C S and we would like to sample the conditional random variable
X = (Y|Y € A) with state space A. In this case rejection sampling can be done
by repeatedly sampling X until our sample lies in A. More formally, X has density
f(z) = P(g&fora‘ € A. Thus

€A)
g(x) - Py el and Mg(z) [x€A] forzxz €S,
Suppose now U is uniformly distributed on the unit interval. Then
— 1 ifyeA
P(U < f(Y)/Mg(Y)) = {O e



Thus in the standard rejection sampling algorithm, we accept if Y € A and otherwise
we reject. We don’t need to sample U to make this decision.

Example 6 Suppose we would like to sample a conditional N (0, 1) random variable
X conditioned to be greater or equal to | where . > 0. This is called a (left) truncated
Normal distribution. Suppose | denotes the density of (X|X > p). Using N(p, 1)
proposals how many samples on average do we need to produce until one is accepted?
Now consider as an alternative proposal distribution a translated Exponential distri-
bution with parameter \ and translated by . This distribution has density

g(l‘) = )\exp(—)\(x _l’[’))l[mZu]

If we use g to produce samples from the truncated Normal target distribution with
density f then the ratio f /g is bounded by

- [ e 2N A
Sexp(—p?/2)  otherwise

where ¢t = \2rP(X > p). This is minimized if we set \* = & + 1./ + 4.

If the evaluation of the target density f is very expensive, The standard rejection
sampling algorithm can be made computationally less expensive if additional to the
upper bound M g(x) on the target density f(z) we also have an easily evaluated lower
bound h(x). The so-called envelope rejection sampling algorithm proceeds as follows.

1. Sample Y = y from g(y) and U = u from a Uniform(0,1) distribution.

2. Acceptifu < h(y)/Mg(y) and return X = y as a sample. Otherwise go to Step
3.

3. Acceptifu < f(y)/Mg(y) and return X = y as a sample. Otherwise go to Step
1.

This is more efficient because on average we need 1/M [ h(z)dx times less evalua-
tions of f which are replaced by evaluations of h. The function h can be found for
example by a Taylor expansion.

2.2.4 Auxiliary variables

Suppose we would like to sample a random variable X with density f(x). We only
have available a method for sampling from the joint density f(z,y) of (X,Y"). Then
if we sample from f(z,y) and retain the first component X but ignore the second
component Y, then this is a sample from f(x). This follows easily from

P(X<z2) = PX<azYeS) = /; /O:O f(z,y)dady = /; f(z)da.

This may seem rather far fetched, but is very helpful if we would like to sample from
the distribution of X but can only sample from the conditional distribution of X given



Y = y. Then we can rewrite f(z,y) = f(z|y)f(y) and we sample from the joint
distribution by first sampling the marginal distribution of Y according to f(y) and
then, conditional on the obtained value Y = y, sampling from f(xz|y), the conditional
density of X given Y = y.

Example 7 Suppose X has density f(x) for x € [a,b] which is bounded above by M.
If we sample (X,U) ~ Uniform({(a:,u) 0<u< f(x)}) then marginally X has
density f(x) because

/f(z:,u)du - /Of(m)uu = f(a)

We can sample (X, U) using rejection sampling: simply sample (X, U) uniformly on
[a,b] x [0, M] and accept the sample if U < f(X).

Example 8 Student t-distribution

IfY has a X2 distribution and the conditional distribution of X givenY = vy is Normal
with zero mean and variance n/y, then (marginally) X has a Student t-distribution with
n degrees of freedom.

2.3 Implementational issue: Variance control

Let X1,..., X, be an iid sample from density f. Suppose we are interested in esti-
mating
0 = E(hX)) where X ~ f(x).

Then § = L3 L h(X;) is an unbiased estimator for . To assess the accuracy of the
estimator 6 we usually use the mean squared error (MSE). The MSE is defined as

MSE(0) =E((0 — 6)?).

It follows that for an unbiased estimator the MSE is equal to the variance of the es-
timator. The standard error s is the square root of the MSE. Then using the Central
Limit Theorem we can compute approximate confidence intervals for 6, for example
an approximate 95%-confidence interval is given by [é —1.96s, 6+ 1.96s]. Naturally,
the smaller the MSE the better our estimate, so in this section we look at some ways of
reducing the MSE for unbiased estimators.

2.3.1 Antithetic variables

Set Yy = F~Y(Uy) and Yo = F~1(Uy) where U; and U, are both uniformly dis-
tributed. Consider the variance of 6 = (Y7 + Y2)/2. If Cov(Y1, Y2) < O then

Var (Y1)

Var(d) = %(Var(Y1)+Cov(Y1,Y2)> .

Thus if Y7 and Y, are negatively correlated, then the variance of the estimator 0 is
smaller than if Y7 and Y5 are independent. We can induce negative correlation between



Y, and Ys by sampling U = v uniformly on the unit interval and setting X; = F~!(u)
and X, = F(=Y(1 — u). This approach to reduce the MSE is often referred to as
antithetic variables.

Proof: Set n = E(Y3) and V = inf{u|F~*(1 — u) > pu}. Then

Cov(Yl,Y2> - E(Yl(yru))

\% 1

/ F (w)[F'(1 - u) — pldu + / F ()P (1 - u) — pdu
0
\%

%

< F—l(V)/O [F‘l(l—u)—u]du—l—F‘l(V)/V[F‘l(l—u)—u]du

= F7U(V)(E(Yz2) —p) = 0.

Example 9 If X ~ N (u,0?) then Y = 2y — X marginally has the same distribution
as X but is negatively correlated with X.

2.3.2 Conditioning
Proposition 2
Var(Y) = E(Var(Y|2))+ Var(E(Y|Z2))

From the above proposition it follows that Var(E(Y'|Z)) < Var(Y) and so E(Y'|Z) is
a more accurate estimator than Y.

Example 10 Suppose we sample (V, W) uniformly on the square [—1,1]2. Let I be
the indicator variable for the event {(V, W) lies in the unit disk S1}. Now, sample
(V,W) n times and set

Ii = Livi,wiyes)-
The probability of (V,W) € Sy is equal to 7 /4 and so we can estimate T as % Yo L
Now suppose we condition on V, then

EI|V) = P(VZ4+W2<1|V) = PW?<1-V?|V) = 1-V2

So instead of using % iy I we can use % Yo V1 — V2 10 estimate m with higher
accuracy.

This can be made more efficient by noting that V' has the same distribution as U*?
if U ~ Uniform(0,1). Even further improvement is possible by noting that we can use
antithetic variables by sampling U only n/2 times (for even n) and estimating 7 as

FIVISTR T (-0

3 Importance sampling

In the previous section we encountered rejection sampling where we use a proposal
density to produce samples from the target density. In this section we retain the samples
of the proposal density but alter the estimation procedure to get unbiased estimates of
the characteristics of the target density.

10



3.1 Standard importance sampling

Recall what we said when we discussed Monte Carlo inference! We are interested in
the integral

Io= EB00) = [ he)f@d

where f is a density. Then we re-write the integral as

/()
I = / ——h(zx)g(x)dx
s 9(x)
where g is a density such that g(z) > 0 whenever f(z)h(x) > 0. We now produce an
iid sample (z1, . ..,x,) from g and estimate I as
X 1 f(y) 1<
I = — h ZT; = — wzh ZTi).
n s gle) )= 2

We call this procedure importance sampling. The density g is called the proposal or

instrumental density and the weights w; = g E;“; are called importance weights. Note

that I is an unbiased estimator of .
There are two reasons why we might be interested in performing importance sam-

pling:
1. sampling from f(x) is not possible;

2. h(X)f(X) has a large variance, so the conventional unbiased estimator has large
Monte Carlo error.

The variance of an importance estimator will only be finite if the estimator is square
integrable, that is

(R0 = k(oo l))

Thus the variance will often be infinite if the ratio f(x)/g(z) is unbounded. Hence, if
possible, we should choose a proposal density g that has thicker tails than f. Generally,
if f(z)/g(z) is unbounded, then even if the variance of the estimator is finite, the
procedure is inefficient as the variance of importance weights is large. The importance
weights of the sample will vary widely giving much relative weight to a very few
sample values.

Instead of the importance estimator | = LS L wih(z;) the following ratio
estimator is often used: N

= > j=1 h(z;)w;

1 = =
Zj:l wj

This estimator has two advantages:

11



1. While it is biased, it usually has a smaller variance than the importance estimator
introduced earlier. But note that this estimator is still consistent as

LS Fla)fala) "L
j=1

2. We can apply importance sampling even if we know f(z) and thus w(z) only up
to a constant of proportionality. This is quite common as the following examples
illustrate.

Example 11 Normal tail probabilities
Let p = P(Z > 4) where Z is a standard Normal random variable. Using a naive

approach we might produce an iid standard Normal sample ZW L ZM) and set
| M
p = i Zl 17054
i=

However, M would have to be VERY large to get an estimate that differs from zero. An
alternative is to produce an iid sample from an Exponential random variable of rate 1
translated to the right by 4. Then

f(@) 1 L o

w(x) = =—/—= = exp(—=z° + (z — 4)).

9(x) pV2m 2
Note that the expression for w(x) contains p, the quantity that we are trying to estimate.
However, this simply cancels out in the ratio estimator.

Example 12 Growing a polymer, from Liu (2001)
Chain polymers like polyester are often modelled as self-avoiding random walks on a
2D-lattice. The N molecules occupy positions ™V, ..., x(N) in the lattice such that the
distance between two successive molecules is exactly one and the chain does not cross
itself, that is 9 # %) for k < i. Our target distribution is the uniform distribution,
that is P(X = x) = 1/ZN where Z is the number of self-avoiding random walks
with N molecules.

In the following we present the Rosenbluth method, also known as biased sampling.
Without loss of generality assume x(!) = (0,0). Suppose the tth molecule is at position
x®) = (i, ). We then examine the four neighbours of V), that is

(i - lvj)a (7’+ 17j)7(i7j - 1)v(i’j+ 1)

We choose uniformly from the neighbours that are not occupied by another molecule.
If all neighbours have been visited previously, we set the weight of our sample to zero
and restart the random walk. It follows that

1
gzt 0y = - 1pn, >0

where ny is the number of unoccupied neighbours of V). This produces a self-avoiding
random walk but not according to the uniform distribution (which is our target). How-
ever, it is easy to see that we can use this sampling procedure in an importance estimate
if using weights w(zx) x ning ... NN_1.

12



If we cannot find an importance density that leads to a reasonably small variance
of importance weights there are several procedures that may be adopted to reduce the
variance.

1. The first approach is called sequential importance resampling and proceeds as
follows.

(a) Produce an importance sample Y1) ... V(") with importance weights
w; = fF(YD)/g(YD)i=1,...,n.

(b) Produce a new sample XM ..., X (") by sampling from Y (V). .. Y ()
where ') is sampled with probability w;/ S5 w.

2. The second procedure is called rejection control and considers discarding any
sample points that have an importance weight below a given threshold c. Dis-
carding sample points will introduce a bias, but by changing the importance
weights appropriately this bias can be avoided. Given the importance sample
Y .. V() with importance weights wy, . .., w, rejection control proceeds
as follows:

(a) Forj = 1,...,n accept Y ¥) with probability p; = min{1, w;/c}. Other-
wise discard Y.

(b) IfY W) s accepted recompute its importance weight as w; = qw;/p; where
¢ = [min{l,w(z)/c}g(x)dz.

Note that because q is the same for all sample points, we do not need to compute
it explicitly if we use the ratio estimator. Further note that rejection control
produces an importance sample according to the proposal density

min{g(z), f(IC)/C}

g'(x) =
(z) .
3.2 Sequential importance sampling
Consider the random variable X = (X3, ..., X4), where X; may be multi-dimensional,

with density 7. How do we design a good proposal distribution for m when d is large?
Ideally we would like to build up a proposal state ”bit by bit”. Thus our proposal
distribution would have the form

g(z) = gi(z1)ge(x2|z1) - ga(Td|T1, ..., Ta-1)-

There are two motivations for doing this. Firstly, it might be easier to find an appropri-
ate proposal density. Secondly, we may be able to stop building up a proposal state if
it is likely to have a very small importance weight.

In order to find a ”sequential” proposal density we first define auxiliary densi-
ties as follows. We borrow the following notation from signal processing: x1.; =
(21,...,x¢). Consider a set of auxiliary densities m¢(x1.¢) such that mg(x1.4) = 7(z)
(note that these densities live on state spaces of increasing dimension!). Sequential
importance sampling (SIS) proceeds as follows:

13



1. Draw X; = x; from g;(2¢|z1.4—1) and set 1.4 = (T1.4—1, 2¢).

ﬂt(ml:t)
me—1(T1:6—1) 9t (Te|T1:6—1)

2. Compute us(z1:4) = and set

wt(fElzt) = wt—l(xlzt—l)ut(zl:t)- (woil)-

Note that that wq(x1.4) is just the usual importance weight 7(z)/g(z). Also note that
the auxiliary densities are only instrumental in computing the weights w;(x1.¢).

If, for t < d the weight w;(x1.;) becomes too small, then we can restart the sam-
pling procedure and thus avoid sampling ;4 1.4. However, as before, we have to use a
rejection control procedure to avoid introducing a bias. The rejection control for SIS
works as follows.

1. Choose times 0 < t; < --- < t; < d and thresholds ¢y, ..., c.

2. Fort;,i € {1,...,k} accept sample x1.;, with probability min{1, w’((#} If
Z1., 1s rejected restart the sampling procedure. If z;., is accepted recompute
the importance weight as w;, = max{wy, (x1.¢,), ¢; }-

Example 13 Growing a polymer

Recall Rosenbluth’s method and put it into the SIS paradigm. Consider auxiliary den-
sities T (x1.4) = Z%, that is the uniform distribution for self-avoiding random walks
with t < T nodes. Then

Ny_
T (T14-1) = Zﬂt(xl:t—lyxt) = tZl
Ty t
and so
1 Z 1
Wt(xtlxlztfl) = Znttl = o = gt(xt|-r1:t71).
Hence
us(21:4) (2 1) _ Ziam
t 1:t = — = - -
Te-1(T1:0-1) 98 (Tt |T1:01) 7

Example 14 In population ecology the population size, say of a fish population, is
monitored in time. Let X; denote the logarithm of the population size at time t. A
simple model for X is given by the following auto-regressive process:

X1 = p+2y where Z1 ~ N (0,02 /(1 — \?))
X = p+IAXi 1+ 7 where Z; ~ N(0,0?) fort > 1.

The population is monitored by measuring the number of animals Y; caught in a net
at time t. We assume that Yy has a Poisson distribution of mean exp(X;). To infer
on the population size given the number of fish caught in nets, we need to examine the
conditional distribution of X1.n given y1.n. However we only know its density up to
a constant of proportionality. Let g1(x) be a N'(u, s?) density and g;(x¢|w1.4-1) =

14



gi(xi|zi-1) be a N (1 + Nap—1 — p),0?) density. Let f(y|x) denote the pmf of a
Poisson(exp(z)) distribution. Then our target density h is given by

N
h(zi.nlyi:n) o 91(I1)f(’y1|I1)Hgi($i|fl?i—1)f(yi|$z‘)-

=2
Fortunately, we can use sequential importance sampling (SIS) as follows. An easily
sampled sequential proposal density is

N
gxrn) = gi(z) [ gelwelaer).
t=2

A natural choice of auxiliary densities is given by

t

T (21:4) = g1(21) f(y1]21) Hgi($i\$i—1)f(yi|$i)~

i=2
The sequential importance weights can easily be computed as

7Tt($1:t)
Wtfl(xlztfl)gt(xtkrtfl)
ge(@e|ze—1) f(yelze)

= wt—l(l'lzt—l) gt(l‘t|$t—1) = wt—l(xlzt—l)f(yt|$t)

wt(l“l:t) = wt—l(ﬂUl:t—l)

and wy(z1) = f(y1|x1).

4 Markov chain theory
In this section we review some of the concepts in Markov chain theory which are
important for MCMC. Let us start with the basics and first define a Markov chain.

Definition 2 Markov chain. A random process X = {X,,,n = 0,1,2,...} taking
values in S is a Markov chain, if

]P)(Xn+1 cA | Xn :.%‘n,Xn,1 :Qin,l,...,X() :1‘0)
:]}»(Xn+1 €Al X, :xn)
foralln >0, A C Sand zg,...,2, € S.

Thus, given we know the present value of the chain (at time n), the value the chain
takes in the future (at time n + 1) does not depend on values in the past (at times before
n).

Example 15 Weather. Suppose X, is the weather on day n. We set

0 if it is sunny on day n
X, =< 1 ifitiscloudy ondayn
2 if it rains on day n.

The figure below shows the transition probabilities for the weather chain.
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By modelling the weather as a Markov chain, we assume that the weather tomorrow
given the weather today does not depend on the weather of yesterday or any earlier day.

In this course we mostly consider time-homogeneous Markov chains, that is Markov
chains whose transition probabilities do not depend on the time.

Definition 3 Transition probabilities, time-homogeneity. A Markov chain X is
time-homogeneous, if its transition probabilities

1@()(,1+1 €A|Xn:x) = Pz, A) = /Ap(x,y)dy

do not depend on n. We call P(z, A) the transition kernel. Within this module we
assume that the transition kernel is absolutely continous for every x € S that is has
an associated density or probability mass function. Thus for fixed € S the function
p(z,y) is a density (or pmf).

The n-step transition densities p(™ (z, y) of X are defined as

P(Xn cA| Xy = x) = P'(z,A) = / p™ (2, y)dy
A

In the weather example, if we assume that the Markov chain is time-homogeneous
then we assume that changes in the weather do not depend on the current month. This
may not be very sensible as the weather behaves differently in different seasons. How-
ever, we make this common assumption because time-homogeneous Markov chains
are much easier to deal with.

If the state space S of X is finite, then we can collect the transition probabilities in
a transition matrix.

Definition 4 Transition matrix. Let P(X,, 1 = j|X,, = i) = p;;. Then the transition
matrix of X is given by
P = (pij)i,jes-

Buzz Task 1 Determine the transition matrix for the weather chain.
The transition matrix for the weather Markov chain is

04 06 O
P = 0.25 0.25 0.5
0 0.4 06

16



The n-step transition probabilities can be computed from the transition matrix as
follows

pY = P(ij).
Buzz Task 2 Compute the 2-step transition matrix for the weather chain.

0.31 0.39 0.3
P2 = 0.1625 0.4125 0.425
0.1 0.34  0.56

Lemma 1 Distribution at time n. Suppose the initial distribution of X, that is the
distribution of X is given by the density ¢{) (). Then we can compute the density of
X at time n as follows

W) (p) = ©) () ™ (4. 2)du.
q" () /Sq (y) '™ (y, x)dy

For a finite state space we may use matrix algebra to compute the distribution of X
at time n. If ¢(™ is the vector of the distribution at time n and P" the n-step transition
matrix, then

¢ = 4O pn

Buzz Task 3 Suppose on day 0 it is sunny. Thus ¢(©) = (1,0,0). Then, the distribution
of the weather on the day 2 is
¢? = (Op2?
0.31 0.39 0.3
= (1,0,0) 0.1625 0.4125 0.425
0.1 0.34 0.56

(0.31,0.39,0.3)

Thus, if on day 0 it is sunny, we have a 31% chance of having sunny weather on day 2.

If a Markov chain satisfies certain regularity conditions then the distribution of the
chain converges to a limit distribution which is also called the invariant, stationary or
equilibrium distribution. Such a chain is called an ergodic Markov chain.

Buzz Task 4 List possible reasons why a Markov chain may fail to be ergodic and thus
will not have a limit distribution.

1. Reducibility
2. Periodicity
3. Transience.

A discrete time Markov chain on a discrete state space is ergodic, if it is irreducible,
aperiodic and positive recurrent. We first review these concepts for countable (discrete)
state spaces and then discuss the analogues for general state spaces.

17



Definition 5 Irreducibility
A Markov chain is irreducible if all states intercommunicate, that is for all 7,7 € S
there is an n > 0 such that

P(Xn:i|X0=j) > 0.
Buzz Task 5 Are the following two Markov chains irreducible?

- -~ 1
@L h -1-2/2 h —112-1/{\) reducible!
R Ry N

N V2 N L2
[ 1 |- |—m=—{ 3 |

) ) ) 1 2 irreducible!
~ L1 e 1~
Definition 6 Recurrence
A Markov chain X is recurrent, if
IP(X visits i eventually | Xo =i) = 1 foralli€ S.

Buzz Task 6 Which of the following Markov chains is recurrent?

2

172 12 12 172 L
eegxoooa only recurrent states
12

2 2 12 12 2 2
12 12 2 172 1
() (2) (1) () (D)) o amsiontstates
P some transient states
- 2 u2 1 12 w2 2

14 14 4 4 14 14

0
ly transient stat,
e e etexaxoxexe \O;o only transient states

L
s
.
S~
JAT 34 34 4 34 ¥4 ¥4 34

iﬁ

Definition 7 Positive Recurrence

A recurrent chain is positive recurrent, if E(T;;) < oo for all i« € S, where T;; is
the time of the first return to state <. If the Markov chain is ergodic with stationary
distribution 7, then

w(i) = 1/E(Ty).
Definition 8 Aperiodicity
A Markov chain is aperiodic if there do not exist d > 2 and disjoint subsets Sy, ..., S C
S such that
P(z,8;41) = 1 forallzeS;, ie{l,...,d—1}
P(z,51) = 1 forallxe S,.

Buzz Task 7 Which of the following Markov chain is periodic and which aperiodic?

18



1 112
b@ all states have period 2.
2 L

2 allstates are aperiodic.

Remark 1 1. Recurrence and aperiodicity are class properties. If a Markov chain
is irreducible, then the whole state space is one communicating class. Thus an
irreducible chain is recurrent if one of its states is recurrent. The same is true for
positive recurrence and aperiodicity.

2. Irreducibility essentially ensures that the state space does not split into subsets
such that the chain cannot move from one subset to the other.

3. (Positive) Recurrence ensures that the chain eventually visits the whole state
space (sufficiently often).

4. Perodicity causes the state space to split into subsets (cyclically moving sub-
classes) which are visited by the chain in sequential order.

Now let’s look at a continuous state space X. Because the probability of a contin-
uous random variable taking a fixed value is zero, we need to revise our concept of
irreducibility.

Definition 9 ¢-irreducibility
A Markov chain is ¢-irreducible if there exists a non-zero measure ¢ on X such that for
all A C X with ¢(A) > 0 and for all z € X, there exists a positive integer n = n(z)
such that

P*(z,A) > 0.

For example, if ¢(A) = d,,(A) then this requires that the state x¢ can be reached
from any other state with positive probability. Thus, irreducibility is a more stringent
condition than ¢-irreducibility. For continuous state spaces, ¢(-) might be the Lebesgue
measure.

The concept of aperiodicity as defined earlier also applies to continuous Markov
chains.

A Markov chain that is ¢-irreducible and aperiodic has a limit distribution. To mea-
sure the distance between two probability measures we use the total variation distance:

Definition 10 The total variation distance between two probability measures Py and
P is defined as

1P () — 0l = sgp|P1(A) — Py (A)].
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Theorem 2 Equilibrium distribution The distribution of an aperiodic, ¢-irreducible
Markov chain converges to a limit distribution 7, that is

lim ||P"(z,-) —7()|]] = Oform —almostallz € X.

n—oo
We call the limit distribution 7 the equilibrium distribution or the stationary distribu-

tion.

The above limit theorem holds for almost all starting values. To make it hold for all
starting values and thus for all initial distributions ¢(°) we need an additional property
of the Markov chain, the so-called Harris recurrence.

Example 16 Let p(x,y) denote the transition density of an aperiodic, ¢-irreducible
Markov chain on R with stationary density 7(-). Define another transition density
q(z,y) as follows: if x is an even integer set

dwy) = ) + (- )ealy).

If  is not an even integer set q(x,y) = p(x,y). (Check that this defines a transition
kernel). Then q(x,y) is the transition density of an aperiodic and ¢-irreducible Markov
chain. Now, choose Xy = 2, then with positive probability X,, = 2(n + 1) for all n
and so a limit distribution does not exist.

Definition 11 Harris recurrence: A Markov chain X is Harris recurrent if for all
B C X withw(B) > 0and all x € X we have

P(X, € Bforsomen >0Xo=2) = 1.

Theorem 3 The distribution of an aperiodic, Harris recurrent Markov chain converges
to a limit distribution 7, that is

lim ||P"(z,:)—7()|| = 0 forallzeX.

n—oo

Note that because
"(A) = PX,€d) = /q(o) (x)P™(z, A)dx

it follows that lim,, ., P(X,, € A) = w(A) for all A C X and all initial distributions
(0)
q\".

Standing Assumption: For the rest of these notes we assume that the Markov
chain X is ergodic. In practice this needs to be check for each individual case!
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Because Theorem 3 holds for any initial distribution ¢(®) if we run an ergodic
Markov chain for a long time, then it settles down to a statistical equilibrium, regard-
less of its starting point. Furthermore, if we start a chain in equilibrium then it remains
in equilibrium. This can be easily shown as follows. For n > 2

¢ (@) = /Xq(”)(y) p(y, z)dy
and so
lim q("+1)(x) = lim q(")(y) ply,z)dy = / lim q(")(y) p(y, z)dy

It follows that

n(z) = /X () py, 2)dy.

We call the last equation the general balance equation. It shows that the transition
probabilities of X preserve the equilibrium. This means that once the chain is in equi-
librium it remains in equilibrium. That is why we call a distribution which satisfies the
general balance equation the invariant distribution of X. If X is ergodic, then we can
use the general balance equations to show that 7 is the equilibrium distribution for the
chain X. However, often it is difficult to find transition probabilities which solve the
equations given by general balance. Much easier are the detailed balance equations.

Lemma 2 Detailed balance. Suppose 7 is a distribution on X which satisfies

m(@) p(z,y) = 7(y) ply; )

forall z,y € X, where p(z, y) is the transition density/pmf of an ergodic Markov chain
X. Then 7 is the stationary distribution of X.

Proof:
The distribution 7 satisfies general balance because

/X r(@)ple,y)de = /X Wy, o)de = () /X pyz)ds = w(y).

Note that detailed balance is not necessary for general balance! If detailed balance
holds, then the chain is time-reversible. This means in equilibrium the chain statisti-
cally behaves the same whether it is run forwards or backwards in time. However, there
are many ergodic Markov chains which are not time-reversible.

Example 17 Weather chain.
The weather chain has transition matrix:

04 06 O
P = 0.25 0.25 0.5
0 0.4 0.6
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Its general balance equations are:

04 06 O
(w(0),7(1),7(2)) = (w(0),7(1),7(2)) 0.25 0.25 0.5
0 04 0.6
m(0) = 0.47(0) 4 0.257(1)
m(1) = 0.6m(0) + 0.257(1) 4 0.47(2)
m(2) = 0.57(1) 4+ 0.67(2)
) )
= 7(0) = Eﬂ(l), (2) = 177(1)
Thus 5 5 g
1=m(0)+7(1)+n(2) = (E +1+ 1)77(1) = gﬂ'(l)
and so (1) = 2.
The detailed balance equations of the weather chain are:
w(0)p(0,1) = x(1)p(1,0) 0.67(0) = 0.257(1)
m(Dp(1,2) = w(2)p(2,1) 0.57(1) = 0.47(2)
S w0) = o), w2 = ow()

Example 18 Consider the Markov chain with the following state-flow diagram where
0<p<l

Sotojoloxt

The general balance equatlons of the chain are:

(1) = qn(l)+qn(2)
m(2) = pr(l)+qn(3)
7(3) = pr(2)+qn(4)
m(4) = pn(3)+pr(4)

The detailed balance equations are given by

pr(l) = qm(2)
pr(2) = qr(3)
pr(3) = gr(4)
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It follows that

_p
m(2) = . (1)

2
m(3) = gﬂ'(2) = (5)
W) = In) - 5377(1)

As 1 =7(1) +7(2) + 7(3) + 7(4) we have that

1_¢P
q .

S S

Note that detailed balance equations are usually easier to solve than general balance
equations.

The usefulness of MCMC is based on the following important theorem for ergodic
Markov chains.

Theorem 4 Ergodic theorem: Let h be some real function and X an ergodic Markov
chain with stationary distribution 7. Consider the ergodic average

_ 1 <
hy = N;h(Xn).

Now, suppose that Y has distribution 7. If Ex(|h(Y)[) < oo then, as N — oo the
ergodic average hy converges to E(h(Y')) with probability one.

We also have a Central limit theorem. It requires a certain condition on the speed
of convergence known as geometric convergence. We use the same notation as in the
previous theorem.

Theorem 5 Central Limit Theorem;:
If X is geometrically ergodic and E (h(Y)2+€) < oo for some € > (0 then

2

N N(]E,T(h(X)), %)

Here the convergence is convergence in distribution. The term T2 is the integrated
auto-correlation time of X, we will define this in a later section.

In the following chapter we see how we can construct a Markov chain whose equi-
librium distribution is the target distribution given by 7.
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5 Markov chain Monte Carlo

5.1 Introduction

Let’s recap from the last section. The ergodic theorem is a law of large numbers and we
can exploit it as follows. Suppose we would like to know the expectation of the random
variable h(Y) where Y has the distribution given by the density (pmf) 7. However, we
cannot compute E(h(Y)) = [ h(y) 7(y)dy. Fortunately, we can construct an ergodic
Markov chain X whose stationary distribution has density 7. Then we run X up to
some large time N and estimate E(h(Y)) by + Zfl\f:l h(X,). The ergodic theorem
tells us that for sufficiently large IV, our estimate will be close to E(h(Y")). This is the
main idea behind MCMC.

So we start with a distribution 7 and then try to find an ergodic Markov chain
whose stationary distribution is 7. For any given distribution there are usually many
Markov chains which are suitable. Thus there is a variety of ways in which to construct
a Markov chain whose distribution converges to the target distribution.

It is actually not very difficult to find a Markov chain whose invariant distribution
is the target distribution. There is a set of methods, so-called “samplers”, which we
can use to define such a Markov chain. If the constructed chain is ergodic then we
can proceed by simulating that chain and estimating the quantities of interest. In the
following two sections we will learn about the two most common samplers.

5.2 Metropolis-Hastings Sampler

Let S be the state space of the target distribution. The transitions of a Metropolis-
Hastings chain are produced as follows. First, we choose for each x € S a density
q(z,-) on S (or a pmf if S is discrete). Thus ¢(z,-),xz € S, specify the transition
probabilities/densities of a Markov chain on the state space S given the current state is
x. These transition probabilities/densities ¢(z, -) should be such that they are relatively
easy to sample.

Now suppose the current state of our Markov chain is X,, = x. Then we sample a
state z according to g(x, -). We propose this state z as the new state of the chain and
accept it with probability

m(2) q(z, x) }
m(x) q(x, )
If the proposed state z is accepted then the Markov chain moves to z, thatis X, 41 = 2.

Otherwise the chain remains in z, that is X,,;; = . We summarize this procedure in
the following definition.

a(r,z) = min {1,

Definition 12 Metropolis-Hastings Sampler: Choose transition probabilites/densities
q(z,y),x,y € S. These define the proposal distributions. Now suppose X, = x € S.
Proceed as follows:

1. Sample Z = z from q(x, z), z € S.
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2. Accept Z = z with probability

_ [y m(2) a(z2)
a(z,z) = mln{l,m}.

If Z = z is accepted set X,,+1 = z. If Z = z is not accepted set X, 11 = .

Let us look at some examples. The first example is about a mixture distribution. Con-
tinuous mixture distributions with two components have densities of the form

f@) = phz)+ 1 -p)fa(z)

where 0 < p < 1 and f;(z) is a density. We can sample mixtures by sampling x
from f;(-) with probability p and from f5(-) with probability 1 — p. In the following
example we show how to sample from a mixture distribution using the Metropolis-
Hastings sampler. The density in the example could be sampled directly but we discuss
the example here as we will later use it to discuss some implementational issues.

Example 19 Bimodal Normal mixture distribution:

e The target density is

1 1 9 1 1 9
(x = exp(——=(z— +(1— exp(——= (z—

where 0 < p < 1. The figure below shows the density above for 01 = o9 = 1,
w1 =4, o =—4andp =0.8.

0.10 0.20 0.30

0.0

(o]
EN
n
o
no
N
(o]

e The proposal density:
We sample w from a standard Normal density and propose z = x + w as our
new state. Thus z ~ N (x,1) and our proposal density is

q(z,z) = \/12?exp<f %(271)2)

o The acceptance probability:
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- 7(2)q(z, )
a(z,z) = min {1’ w(w)Z(% z) }
) (=S - 2)?)
= rn1r1{177r($)12 exp(—%(2—$)2)}
(2)

e The Metropolis-Hastings sampler proceeds as follows:

1. Choose Xg = xg € R.

2. Suppose X,, = x. Sample z ~ N(0,1) and set y = x + z. Accept y with
probability min{1, %} If accepted set X, 11 = v, else set X, 11 = .

Example 20 Uniform trees (Ross, 2002):

Suppose we are given a graph G and would like to sample uniformly from the set of
trees on G. Thus our target pmf is 7(1) = i where Z¢ is the (unknown) number
of trees on the graph G. (This is a common problem solved by MCMC, the sampling
from a large combinatorial set that is too big to be enumerated.) Note that a tree is
a subgraph such that for any pair of vertices i,j € G there is a unique path in the
subgraph from 1 to j.

Now, the Markov chain is to explore the space S of trees on G and to do so we
define a neighbourhood on this space. A tree T is a neighbour of tree 7' if we can
produce 7' from T by removing and then adding an arc. Note that if 7' € N(7) then
7 € N(7'). We now define our transition probabilities q(t,-) for 7 € S. Let N (1) be

the set of neighbour trees of T, then we choose one uniformly from N (7). Thus

N = L or ' T
i) = o €N

Let’s compute the acceptance probability o(1,7'). Let Z¢ denote the number of trees
on G, then

a(t,7') = min {1,

min {1, |]]\\7[((:/))| }

as w(7) = w(r") = 1/Z¢g. Note that a(,7') is one if T has more neighbours than
7', To implement this algorithm we obviously need an algorithm that computes the
neighbours of a tree. This is a standard problem in computer science that we will not
discuss here.

In summary, the Metropolis-Hastings algorithm to sample from the uniform distri-
bution on the trees of the graph G works as follows: Choose Xo = 19 € S. Now

suppose X, = T € S. Proceed as follows:
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1. Choose a tree ' uniformly from the set N ().

2. If 7’ has less neighbours than T set X1 = 7. If 7/ has more neighbours then
sample U = w uniformly from (0, 1) and go to the next step.

3. Ifu < a7, 7") then set X,,+1 = 7'. Otherwise set X, 11 = T.

Example 21 Points on a line: (Ross, 2002)

Suppose x = {x(l), e ,x(m)} are the positions of m points on the unit line segment
(0,1). Let w(xz™ ..., 2("™)) be the density that distributes the m points iid uniformly
on the line conditional that no points are within distance d of each other. (Distributions
of this type often occur in chemical settings where the points are centres of circular
molecules of diameter d). Let A be the event that the minimum distance between m
points iid uniformly distributed on the line is greater than d and set p = P(A). Let S
be the space of any configuration of m points in (0,1) such that the mimimum distance
between points is greater than d. Then our target distribution is

1
W(i) = 51[§€S]~

In one dimension we are just about able to compute p, but already in 2 dimensions
this becomes infeasible. So similar to the previous example we have a simple form for
the target distribution but we do not have a closed form expression for its normalizing
constant.

Let’s think about an easy way of moving from one x € S to another ' € S. One
way is to choose a point x € x at random and delete it and then sample a new location
z uniformly in (0, 1) and setting ' = zU{z}\{z}. (This may produce a configuration
a' that does not lie in S but, as we will see later on, this does not really matter.) This
approach is described by the transition density

1
qlz,2’) = El[z € (0,1)] where ' = x U {z}\z.
Then for x € S and ' = z U {z}\{z} we have

a(z,z’) = min{1’ M}

B m(z)q(z, 2')
lresyiz € (0,1)]
1[165]1[Z S (0, 1)]

_ {1 ifz' €8

= min {1,

0 otherwise

Thus as long as we start in S any state that we move to will also lie in S! In summary,
the Metropolis algorithm works as follows: Choose Xy € S, for example by placing
the points successively a distance d + € apart from each other (where € is sufficiently
small). Now suppose X,, =z € S. Proceed as follows:

1. Choose i € {1,...,m} at random and sample z uniformly on (0,1). Set z =

zU {z}\{z}.
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2. If z € S, then accept z and set X1 = z. If z € S, reject z and set X,, 11 = x.

Example 22 The Ising model describes a lattice which at each site has a small dipole
or spin which is directed upwards or downwards. Thus each site j may take a value
) e {=1, 1} representing a downward respectively an upward spin. The figure be-
low represents a configuration of an Ising model, where sites are displayed as circles.
If the site carries an upwards spin then it is filled in black. If, on the other hand, the
site has a downwards spin, it is filled in white. The spin at each site is influenced by
the spins of its neighbour sites. The figure below shows a possible choice of neigh-
bourhood. This particular choice is called a 4-neighbourhood with periodic boundary
conditions. The ferro-magnetic Ising model gives a high probability to spin configu-
rations in which many neighbouring sites have the same spin. Physicist tend to speak
of energies rather than probabilities. A state that has small energy is easy to maintain
and thus has a high probability. The energy function of a simple ferro-magnetic Ising
model is given by
Hz) = -0 Z W),
<i,j>

Here x is a spin configuration on a lattice. Assuming the lattice has m sites, then x =
(™, ..., 2™ is an m-dimensional vector of 1’s and -1’s. Furthermore, “i ~ j”
means that site 1 is a neighbour of site j and then < 1,j > is the edge between i and
j. The constant (3 is positive for the ferro-magnetic Ising model. (If 3 is negative, then
we call it the anti-ferromagnetic Ising model.) Based on the energy function H we can
now define the probability mass function:

1
n@) = exp(—H().
We call Z the partition function, but it is nothing else but the inverse of the normal-

izing constant of .
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A Metropolis-Hastings type algorithm can be used to sample (approximately) from an
Ising model. To determine a new state, we run through the sites in a sequential order
and propose to flip spin. As an exercise, determine the proposal probabilities and work
out the acceptance probability! Here is a pseudo-code description of the algorithm:

Initialize x
for t=1 to N
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for 1=1 to m
d=4 Zj:iNj 2 ()
U~ Uniform(0,1)
if log(U) < min{0, —2d} then

(i 7

x = —X

Note that the resulting chain (X,,)ncn is no longer time-reversible (as we can spot
the order in which sites are updated from a realisation of the chain)! However, each
step satisfies detailed balance and what is more, the chain (Xy,)ren = (X|s|k)ken is
time-reversible.

Let’s look at some of the more theoretical properties of the Metropolis-Hastings
algorithm. First notice, that there is a lot of freedom in how you choose the proposal
mechanism ¢(z,y). A priori, the only necessary condition is that the support of the
target density 7 is a subset of the support of the appropriate proposal density. More
precisely, we need

S = support(m) C U support(g(z, -)).
€S

You may have noticed in the preceding examples that the acceptance probability
a(z,y) is based on ratios of 7(-), thus we do not need to know the normalizing con-
stant of 7(-) to be able to compute this probability. You may also have noticed that
the acceptance probability contains terms that are similar to the terms in the detailed
balance equations. This is no coincidence, the acceptance probability is chosen such
that detailed balance holds! Thus if the resulting chain is ergodic then it has 7 (-) as
stationary distribution. Let us have a look at the detailed balance equations of the
Metropolis-Hastings chain. For this, we first need to determine the transition kernel of
the MH-chain.

Lemma 3 The transition probabilities/densities p(x,y) for the Metropolis-Hastings
sampler are given by

p(z,y) = q@,y)a(@,y) + Lp—yr(e).

where

Zyes q(z,y) (1 — oz, y)) if S is discrete

(@) fs q(z,y) (1 — afz, y)) dy  if S is continuous

Suppose S is discrete. Recall that the chain moves to a new state y if this state was
proposed and accepted. This happens with probability ¢(z, y)a(z, y). This is the prob-
ability of going from x to y when y # x. Now consider the probability of going from
2 to z. This can happen in two ways. Firstly we may propose z as the new state and
then accept it, which happens with probability ¢(x, z)a(x, ). Secondly, we may pro-
pose some state y and reject it, in which case the chain remains in . This occurs with
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probability
@) = Y a@y)(1-a@y).

yeS

Thus, in summary, the transition probabilities of the Metropolis-Hastings chain are
given by
plx,y) = qlz,y)alz,y) + Lp=yr(z).

The proof for continuous S follows analogously.
We are now in a position to check the detailed balance equations.

Lemma 4 The Metropolis-Hastings chain satisfies detailed balance with respect to .

Proof: For = # y we have

m(x)p(z,y) = w(z)q(z,y)a(z,y)
min{ﬂ(m)q(m,y)m(y)q(yw)}

LI T@aey) .
m(y)q(y, ) mln{iw(y)q(y’x),l} =n(y)p(y, x),

where 1 denotes the indicator function. Detailed balance holds trivially for z = y and
so our claim follows.

Remark 2 While there are no general results on whether a Metropolis-Hastings chain
is ergodic there are some special cases that ensure ergodicity. First of all, note that a
chain is aperiodic if P(X,, = X,,41) > 0. For the Metropolis-Hastings chain this is
true if the acceptance probability is less than one with positive probability, that is

P((r(Xa)a(Xo Yo) S 7(¥a)a(Vu Xa)) < L,

where Y,, is the state proposed at time n. This is often not too difficult to check. Here
are two special cases in which ergodicity is ensured:

1. The MH-chain is w-irreducible and Harris recurrent if ¢(x,y) > Oforall (x,y) €
S xS.

2. If m is bounded and positive on every compact A C S and if there exist § > 0
and € > 0 such that q(x,y) > € if |x — y| < O then the resulting MH-chain is
ergodic.

(The intuition behind the second suggestion is that if we propose moves within a bounded
neighbourhood of the current value x of the chain and any of these moves have a pos-
itive acceptance probability then any subset of S can be visited in a finite number of
steps as long as S is connected.)

30



5.3 Proposal distributions

Metropolis-Hastings Samplers are often classified according to their proposal distribu-
tions.

1. Gibbs Sampler
The Gibbs Sampler is a popular choice that uses full conditional distributions as

proposal distributions. Let x; = (:cgl), .. ,xid)) and
xg_i) = (:c(l), R AR Gt ,x(d)).
We choose a component ¢ € {1,...,d} and propose as a new state
z= (x(l), oz gy D ,x(d))
where y is sampled from the full conditional density
(=) _ m(z)
mole 7) = Il r(@®, 2 w2 2 Dyaw

One can show that for this choice of proposal distribution the acceptance prob-
ability is equal to one. If the full conditional distributions are standard and thus
easily sampled then the Gibbs sampler is a very popular choice. We will devote
a whole section on the Gibbs sampler, but for now we look at a simple example.

Example 23 Bivariate Normal distribution

This is just a toy example as we can sample bivariate normal distributions di-
rectly. But it illustrates well how the Gibbs Sampler works. We would like to
sample X and'Y which have joint density

1 ( 1 9 9
m(xr,y) = ———=exp | — ————(x° — 2pzy + )
(z,y) o /T2 P L py +y°)

This density specifies a bivariate Normal distribution with mean (0,0) and co-

variance matrix
_ Lop
¥ T (ﬂ 1 )

As an exercise show that (X |Y = y) has distribution N'(py,1—p?) and (Y| X =
x) has distribution N'(px,1 — p?) In the following we use a sequential scan
Gibbs Sampler, that is we alternatingly update the x-coordinate and then the y-
coordinate. Suppose X,, = (&, yn) then we proceed as follows. We first sample
X = x from the conditional distribution of (X|Y = y,). Then we sample
Y = y from the conditional distribution of (Y|X = z) and set X411 = (x,y).
The figure below shows a path of the above Gibbs sampler:
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Path of a Gibbs Sampler (rho=0.1)

nnl.2]
0
1

2. Independence Sampler
As the name suggests the independence sampler proposes states which are inde-
pendent of the current state of the chain, that is g¢(x,y) = f(y) forall z € S,
where f is a pmf or density. The acceptance probability for the independence
sampler reduces to

m(y)f () }
m(@)f(y) )

Note that this is just the ratio of importance weights w(y)/w(z) for target density
7 and instrumental density f.

a(z,y) = min {1,

Example 24 Consider target density

1

If we use standard Normal proposals with zero mean and standard deviation 4,
then the proposal density is

q(z,y) o exp(—y?/32),

and so the acceptance probability is given by

exp(—22/32)(1 + z?) }

a(z,y) = min{l, exp(—y?/32)(1 +y?)
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While the independence sampler may not work so well in practice its theoretical
properties are well understood (using tools from renewal theory). For example
we can show that an independence sampler is ergodic as long as the support of 7
is a subset of the support of f.

The independence sampler is also very similar to rejection sampling. Let’s com-
pare the acceptance probability for rejection sampling with the expected accep-
tance probability of the independence sampler in stationarity. For rejection sam-
pling to apply we assume that 7(z) < M f(z). Then if Y has distribution f and
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X has distribution 7 we have

IE( min{1, 77T(Y>f(X) })

m(X)f(Y) /1Wy)f(z)zw(z)f(y)]W(af)f(y)dwdy

/ m1[w(y)f@)a(w)f(y)]”(“f)f (y)dady

= 2 / Lin(y)/ £ ()= m(2)/ ) T(2) ] (y)dady

+

m(y)
z 2 / L)/ 5 ) 2m(@)/ 1 @) T (3) =~ dady
1

2
= M P(r(X1)/f(X1) > 7(X2)/f(X2)) = i

where X7 and X5 are iid with distribution 7. Thus the acceptance probability
of an independence sampler is larger than the acceptance probability of the re-
jection sampling algorithm. This of course comes at the expense of producing
a dependent sample with only asymptotically the correct distribution. Similar
to rejection sampling it makes sense to choose an independence sampler whose
proposal distribution f that is as close as possible to the target 7. (To see this
note that if f = 7 the chain immediately reaches stationarity.) In practice the
proposal distribution fy usually depends on some parameter # and we tune the
parameter empirically to get a good average acceptance rate. We may use trial
runs to estimate the expected acceptance rate.

If 7(z) < M f(z) then we can even compute the rate of convergence of the
transition kernel to the stationary distribution as follows. For y # x:

pey) = S)min{ T 4

m(z) f(y)
. (m(y) f(x) 7(y)
P =l = su /A P, ) — 7(y)dy]
- / () — pla, y)dy
{v: Tr(y >p(z,y)}
< (-1 r)dy < (- 10)

{y:m(y)>p(z,y)}

where the first inequality follows from equation (2). Now, analogously,

[ ety = [ ([ o) -slwdy) pe0)-m(w)du < (15

Using induction we can now show that

P (e, ) ==l < (1-—)"
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The above means that the independence sampler is uniformly ergodic if 7(x) <
M f(x), see the definition below.

Definition 13 An ergodic Markov chain with invariant distribution 7 is geomet-
rically ergodic if there exist a non-negative function M such that E, (M (X)) <
o0 and a positive constant r < 1 such that

1P (z,) =7 (Il < M(z)r"

forall x and all n. If the function M is bounded above, that is there exists K > 0
such that M (z) < K for all x then the chain is called uniformly ergodic.

. Random walk Metropolis-Hastings sampler

Here we choose ¢(z, y) = f(y—x) for some probability mass function or density
f. The random walk Metropolis-Hastings sampler derives its name from the fact
that the proposals are made according to a random walk, that is

Yy = T+z
where z is drawn from f. The acceptance probability for this proposal distribu-
tion is () f( )
; m™y)Jx—-y
oz, y = min{l, ——F+—=<1}.
w9 @)

Common choices for f are multivariate Normal densities, t-densities or uniform
densities.

black=target, red=proposals

dnormx)

One can show that if f(z) > 0 for all || < ¢ then the random walk MH sam-
pler is m-irreducible and aperiodic. Moreover, if the target density is symmetric
and log-concave in the tails (i.e. there exists an a > 0 and z > 0 such that
log(m(z)) —log(m(y)) > aly — x| for |y| > |z| > =), then the random walk MH
Hastings algorithm is geometrically ergodic and so the Central Limit Theorem
holds.
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Example 25 (Robert, 2004)

Suppose our proposal distribution is Normal and centred at the current state of
the chain. First consider a target distribution that is a standard Normal distri-
bution. Clearly, this distribution is log-concave in the tails and so the Central
Limit Theorem holds. The figure below illustrate the random walk sampler for
this example.

random walk MH: target=standard Normal

T T T T
200 400 600 800 1000

°

Time

However if the target distribution is w(x) o m then this is no longer log-

concave in the tails. The figure below shows a sample path of the chain.

random walk MH, target not log-convave in tails

&

°

200 400 600 800 1000

Time
The figures below show the estimate for the mean of the target distribution with

90% confidence intervals estimated from 500 parallel independent chains for the
two target distributions.
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Note that if f is symmetric about O, then this is a Metropolis Sampler. The
example on the bi-modal mixture distribution was an example for a Metropolis
Sampler and also of the random walk MH sampler.

4. The Metropolis sampler
Metropolis et al. originally proposed to use symmetric proposal pmf’s or densi-
ties, that is ¢(x,y) = ¢(y, «). The acceptance probability then simplifies to

alz,y) = min{l, :Ezg}

5.4 Gibbs Sampler
5.4.1 Introduction

Example 26 Suppose y = (y1,...,Ym) are iid observations from a N (i, o?) distri-
bution. Thus a likelihood function is given by

1 1«
Line'ly) = e (= gz L= n’)
i=1

We take a Bayesian approach and model prior information on u and o?. Rather than
specifying a prior on the variance o2, we model the precision T = 1/0%. We as-
sume i and T are independent and that p has a N'(m, s2) prior distribution and T a
Gamma(c, B) distribution. The posterior is then given by

_ 1 o
m(p,7ly) o< L(p, 7 y) exp ( — 5k m)2) exp(—Br)r* !
1
252

(1 — m)2> exp ( - % zn:(yi - M)2> exp(—pr)ro-ttm/2

i=1

x exp(—

There is no closed form expression for the normalising constant of this posterior distri-
bution and so we may consider sampling this distribution using some indirect sampling
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method. But notice the following. If we condition on T, then the conditional distribution
of 1 has a standard form, namely Normal with mean (myr +ms~2)/(m7 +s~2) and
precision mT+5~2 where 7 is the sample average. If we condition on the other hand on
( then T has a Gamma(a+m/2, 3+ 1 3" | (y; — p)?) distribution. Because these are
standard distributions it seems a natural approach to use these as proposal distribu-
tions. The algorithm would proceed as follows. Choose an initial state Xo = (po, 7o)
within the state space. Now suppose X, = (n, Tn) are given, then we produce X1
as follows:

1. Sample p ~ N(M, (m7, +572)7Y) and U ~ Uniform(0,1).

mTp+s—2
2. IfU < a((tn, ptn), (Tn, pt)) then set pipy1 = p. Else set i1 = fin.
3. Sample T ~ Gamma(o+m/2, 3+ 33" (y; — pn)? and U ~ Uniform(0,1).
4. IfU < a((Tn, thns1), (T, thnt1)) then set 7,41 = 7. Else set 7,11 = Tp.
5. Set Xp=1 = (fn+1, Tne1)-
Note the following:

e The fact that the normalizing constant of the posterior distribution is unknown
does not matter, as it cancels out when computing the conditional distribution.

o As we will show a little later the acceptance probability a((7p, tn)s (Tnt15 fnt1))
is constant one, and so we can simplify the algorithm and produce X,,;; as fol-
lows:

1. Sample iy 41 ~ N(%, (mm, +572)71).
2. Sample 7,41 ~ Gamma(e +m/2, 8+ 5 370 (Yi — pnt1)-
3. Set Xn+1 == (,Uzn+177—n+1)'

Suppose we want to sample a random vector (Y1) ... Y (®) with probability
mass function or density m. The Gibbs Sampler uses full conditional distribution to

produce a d-dimensional Markov chain {(Xr(Ll), e 7XT(ld)), n=20,1,...}. Letus first
define the full conditional distributions.

Definition 14 Full conditional distributions

(a) If S is discrete let w(yV), ... yD) be the p.m.f. of the random vector Y =
(YO Y @), Ser

ﬁ<y(—j)) =3y, g, 2O, y@)
z€S
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then the jth full conditional p.m.f. is given by
mi(wly®izg) = P(YD =z | Y0 =y i)
P(YO) =,y = @5 # )

IP’(Y( =y@ 4 75])
7I-(/!J(l)7 M y(j71)7 I7 y(J+1)7 R ,y(d))

7T(y<—j>)

(b) Now let S be continuous and let W(y(l), e 7y(d)) be the density of the random
vectorY = (YD ... YD), Define

7T(ym')) :/W(yu)’m’y<j71>’z7y(j+1>,___,y<d>)dz
S

then the jth full conditional density is defined as

W(y(1)7 ey y(]_l)yx7y(]+l), ... ’y(d))
W(yej))

We call the distribution defined by 7 (z|y®, i # j) the jth full conditional distribution
of . Note that we only need to determine the jth full conditional distribution up to a
normalizing constant and so terms that do not depend on x can be ignored.

Wj(if RN #J’) =

We can now define the general Gibbs Sampler: Assume X,, = z = (z(1), ... 2(¥) ¢
S. Then proceed as follows:

1. Choose j € {1,...,d} at random (or sequentially).

2. Sample x from 7; (a:|x(i),i # j) and set
Xp1 = (x(l),...,x(j_l),x,x(ﬁl)wwx(d)).

The Gibbs sampler is a Metropolis-Hastings sampler that uses the full conditional dis-
tributions as proposal distributions. The acceptance probability for the Gibbs sampler
is always accepted as the following computations show. Suppose that the vector y is

such that (") = 4 for ¢ # j. Then the acceptance probability is

_ . W(g)ﬂ']( |:Z:( i # §)
a(Ly) = min {17 W(@)’ﬂ'](y |£U( 7 7& ])}

= min ™(y) W(g)/w(g;( J))

— {1’ m(z) m(y)/m(y= )}

= min W(g) 77(@)/7‘((3:( J)) B

= {1’7r(§) W(y)/ﬂ—( )} = L

(O8]
O



The Gibbs sampler is based on full conditional distributions. It is remarkable that
full conditional distributions unlike marginal distributions can uniquely specify the
joint distribution. This is due to the Hammersley-Clifford theorem which we state
for the two-dimensional case.

Theorem 6 Hammersley-Clifford

If[ 28’0“3 dy exists, then the joint density associated with the conditional densities

7(y|x) and w(x|y) is given by

(ylx)
[ m(yle)/m(2ly)dy

Proof: We have 7 (y|z)m(z) = 7(z|y)n(y) and so

1
/ m(y|) dy = / m(y) dy =
m(x[y) () ()
and so the claim follows if the above integral exists. In fact the Gibbs sampler was
originally developed for complex models that are defined through their full conditional
distributions, the so-called local characteristics of Gibbs distributions. These are dis-

tributions from statistical mechanics like the Ising model who are defined through an
energy function. Let’s have a look at how Gibbs sampling works in the Ising model.

m(z,y) =

Example 27 Gibbs Sampler for Ising model
Suppose we want to sample the Ising model using the Gibbs Sampler. We first need to
determine the full conditionals. Recall that

1 .
m(z®, ... z™) = — eXP (J Zx(l)x(k))
ink
Then we have
) (1) (-1) (4-+1) (m)
mi(zla i # 5) = i G ) )
e,y T, 2l 2 U ()

7 eXP (J Dinj oW+ D imksishts x(i)x(k))
Secor) 500 (T iy 202+ T Dy gy 702
exp (J D i x(i)x> exp (J Dimkii kot x(i)x(k))
D ze{-1,1} &P (J Dinj x(i)z) exp (J D imki ket x(i)x(’“)>
exp (J Dinj x(i)x)
2ie{-11) XD (J Dinj x(i)z)
exp (J Din x(i)x)
exp ( - JZM x(@) + exp (J Z,L-Nj x(i)> .
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It follows that
1
exp ( -2, x(i)) +1

mi(e®i# ) =

The Gibbs sampler now cycles through the sites (at random or sequentially) and up-

dates the spin at site j to an upward spin (as(j) = 1) with probability 1+exp(_2}2_ @)
irvg

. Note

and to a downward spin (x\9) = —1) with probability 1 — 1+exp(72.flz. — @)

that these probabilities do not depend on the normalising constant 1/Z. Moreover,
notice that the update probabilities for each site only depend on the values of its neigh-
bour sites. In the statistical physics literature the above Gibbs Sampler is called the
heat bath algorithm, because a heat bath causes spins to flip.

We can use detailed balance to show that the invariant distribution of the Gibbs
Sampler is 7.

Lemma 5 Each transition of the Gibbs Sampler satisfies detailed balance with respect
tom.

Proof: Let z = (z(V),. .., z(%) andy = (M, 20D 2 20D (@) Now,
let p(z,y) denote the transition densities for the Gibbs Sampler. Then we have

m(z)p(z,y) = W(x)ﬂ_(z((y)])) - W(y)ﬂ(?;((x)g))
— ﬂ(g)’[rj(x(j”x(i)’i?éj) _ W(g)p(y,g).

and so detailed balance holds.

The above theorem shows that the Gibbs Sampler chain has the desired invariant dis-
tribution. Thus, if the chain is ergodic then its distribution converges towards 7. The
following lemma provides a condition that ensures irreducibility:

Lemma 6 Let (X ... X (D) be a random vector with joint density w(x™) ... (@),
Let 7;(z) be the marginal density of XV, If the fact that w;(z®) > 0 for all i €
{1,...,d} implies that w(x™) ..., 2(9)) > 0 then the Gibbs sampler is T-irreducible.

Example 28 Consider the following bivariate distribution

m(2,y) = 51jp<e<1,0cy<) + 5112020, 1<y<0)
The conditional densities are given by

_ ey ifye(0,1)

mlely) = { lpetro) iy € (1,0
{ lyeon) iz e(0,1)
lye-10n  ifz € (=1,0)

7(y|x)
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so in principle we could run a Gibbs Sampler. However it would be reducible because
if we started it say in the square (0, 1) x (0, 1) it would never be able to reach the other
part of the state space which is the square (—1,0) x (—1,0). If we look at the marginal
densities we find that

1 1

T (z) = 51[0931] + 51[7151;50] and
1 1

my(y) = Loy + 51190

which does not satisfy the positivity condition as m,(—0.5) > 0 and m,(0.5) > 0 but
7(—0.5,0.5) = 0.

It can be shown that Harris recurrence holds if the transition kernel of a 7-irreducible
Gibbs chain is absolutely continuous (with respect to an appropriate dominating mea-
sure).

5.4.2 Blocking and Re-parametrisation

The performance of the Gibbs Sampler is often poor when we have strong correlation
between the individual components of the multi-dimensional target distribution. One
way of avoiding this is by re-parametrising the distribution so that we sample variables
with little correlation.

Example 29 Bivariate Normal distribution Recall example 23. If the correlation p is
close to one, then the performance of the Gibbs Sampler deteriorates. If we look at the
full conditional distributions then this becomes very apparent. For example, x given y
is updated according to a N'(px,1 — p?) distribution, so for p very close to one x will
be updated to a value close to y. Similarly, the y-component will be updated to a value
that lies close to the value of the current x-component. The problem can be solved
easily by sampling from the principal components of the bivariate Normal distribution.
The principle components are also Normally distributed but are uncorrelated. Thus we
can develop a Gibbs Sampler for the principle components and then simply derive our
original variables from the appropriate linear combination of principle components.
See Practical 3 for more details. (Note that because the principle components are Nor-
mal and are uncorrelated the re-parameterized Gibbs Sampler does actually sample
the principle components exactly, not only approximately. So in this case we could
sample from the target bivariate Normal using a simple transformation. However, this
example illustrates very well the powerful effect that re-parametrisation can have).

Another approach to avoid poor performance due to high correlation is to block
variables. This means that variables that are highly correlated are updated simultane-
ously. So for example if we have (X, X X)) and X and X (? have a strong
correlation, then instead of sampling from the univariate full conditional distributions
we may instead sample from the conditional distribution of (X X(2)| X ®)) to up-
date both the first and the second component simultaneously. After having updated the
first two components, we update the third component using the usual univariate full
conditional distribution.
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5.4.3 Hierarchical models and graphical models

A set of distributions for which Gibbs Sampling is particular well adapted is that of
hierarchical models. Here we have

m(x) = /m(x\zl)WQ(zl\ZQ) o Tk (21| 2k)TRt1 (2)d21 - - - dzg,

where z1, ..., z; are hyper-parameters. Such models occur often when we are mod-
elling complex data that requires the introduction of several layers of prior distribution.

Example 30 A normal hierarchical model:
Consider the following model:

Yij ~ /\/(0@‘4—@‘(%‘—5)7%)
o

1
5o~ N(o)
T ~ Gamma(1073,107%), ic{l,....,m},j€{1,... k}.

We have encountered a similar model when we introduced the Gibbs Sampler. But
suppose now we would like to model the uncertainty we have in the prior parameters
o, To, B and 3. To do this we extend the model as follows:

a ~ N(0,1079)
To ~ Gamma(107%,107?)
B~ N(0,1079)
75 ~ Gamma(107%,107?)

Note that these are very “flat” priors. You might want to work out the full conditional
distributions for this example, but you may consider letting WinBUGS do the work. The
above model has been used to analyse the growth in rats.

A convenient way of specifying joint distributions are graphical models. A graphi-
cal model uses a directed acyclic graph (DAG) to indicate the conditional independence
within a joint distribution. We say X is conditionally independent of Z given Y if the
conditional random variable X |Y is independent of Z. The DAG consists of nodes
and of directed edges (arrows) which are acyclic. This means that if you follow the
directed edges you cannot return to a node. The nodes represent the variables of the
model, we use squares to denote fixed variables and circles to denote random vari-
ables. The edges indicate the relationship between variables. Solid arrows denote a
probabilistic relationship and dashed edges a deterministic one. DAGs are useful be-
cause they identify relevant variables when computing full conditional distributions. In
WinBUGS you can specify a target distribution using a DAG with the Doodle Tool.
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Example 31 Normal hierarchical model The posterior distribution specified in the
previous example is given by the following DAG. There is a slight change in notation,
but it is a good exercise to work out which is which from the above model description.

% }{ T

il = ———— -

rats |

days |

5.4.4 Data augmentation

Recall the Bayesian missing data problem from the introduction to this module. We
have a likelihood model f(y|6) and a prior 7(6), and so the posterior is given by

m(0ly) o< f(ylO)m(0).

However, some of the data is incomplete, that is ¥ = (Yobs, Ymiss) Where ymiss has not
been observed. As discussed earlier we can infer 6 if we can produce samples from the
joint density

W(ev ymiS|yobs) ES f(y|9)7r(9)
We can use Gibbs sampling which alternatingly samples from the conditional distribu-
tion of yp;s given 6 and y,ps and from the conditional distribution of 6 given ;s and
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Yobs-

Example 32 (Robert, 2002)

Consider datay = (y1, . .., yn) which are iid Poisson(\) distributed. We do not receive
this raw data, but the count data x = (zo, 21,22, x3,24). Fori=0,...,3 the number
x; is the number of times i occurs in y. However, x4 is the number of j € y such that
j > 4. Thus for x4 experiments we do not have the exact outcome. The likelihood for
this data is then

3 BN 3 \i o4
exp(—A le) H(j)“ (1 —e Z j)
i=0 i=0 i=0

Assuming y is ordered in descending order, we have that ymwis = Y1, .., Yz, If we
knew the missing data then the likelihood would have the much simpler form:

3 T4 .

A AYi

exo(=n) [[ 57 [T =
'

i=0 j=1

As prior for A\ we choose w(\) = 1/\. Data Augmentation now produces a sample
from the joint density of A and yp;s given by

1
7T()\7ymis|yobs) )\ eXp( /\n A\ H " ' R
J°

where y1,...,Yg, > 4dand m = Z?:o 1x;. Suppose the current state of the Gibbs
Sampler is X; = (A, y1, - .., Yz, ). Then we update X; as follows. Sample

g; ~ Poisson(X) conditionalony; >4  forj=1,... 24
Ty
A~ Gamma(m + Z gj,n)
j=1
Data augmentation and thus Gibbs sampling may also be applied when introducing
auxiliary variables. Auxiliary variables are not strictly missing data, but are introduced
for example to make a likelihood function become tractable. (Recall that we have seen
earlier how auxiliary variables and thus increasing the state space can make sampling
more amenable!) A common area where we might consider using such an approach is
mixture distributions.

Example 33 Bayesian mixture distribution: Consider the following Normal mixture
model with two components:

Flylpn,p2) = %GXP(_ %(y—m)Q) + %GXP ( - %(y—,uz)Q).

Now consider the data y = (y(l), . ,y(k)) which is iid each with density f. Then the
Jjoint density for data y is

| . N 1 )
f(ylp, p2) Hi ( Sy - Nl))+§eXP<—§(y()—M2))

i=1
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Now, if p(u1, u2) is the prior density for puy and o then the posterior density for
and o is given by

k
1 .
m(p1ynaly) o p(un, o) [ [eXP (f Sy — u1)2) +exp (* S = uz)zﬂ-
=1
Suppose we observed the vector I = (Iy,...,Iy) which indicates which data point

was produced by which mixture component. Thus if I; = 1 then y; ~ N (u1,1) and if
I; = 2 then y; ~ N (u2,1). Then the density of y given I is

1
s pe, 1) o ] eXp(— 5@ —m) ) 1T eXp( (y® —uz)Z)-
i:1;=1 :1;=2
Now suppose the prior for the means is a bivariate Normal distribution with mean

0 = (01, 02) and covariance matrix ¥ = 1, the identity matrix. Then

Pl ) = paple) x ep(— 5 — 0)%) ep(—5 (m — 62)?)

As a prior for the vector I we choose

and so the joint posterior of 1, pto and I is given by

wli i Tly) o plm)p(uap@ esp (50 @0+ Y (00— m)?).

;=1 ;=2

We now develop a Gibbs Sampler to sample from the joint posterior distribution. First
we need to derive the full conditional distributions. To ease notation, let H be the set
of indices i € {1,...,k} such that I; = 1 and T the set of indices i such that I; = 2.
The first full conditional distribution is given by

e, 1y) o plun)pluz) exp - %(Z(y(” — )+ 3 - pe)?)

e ieT
% Bi)exp ( B % Z(y(i) - Nl)z)
icH
x eXp( % ((u1 —61) +Z )~ ) )
i€H
0 , )
xexp (= S(H]+ 1) - WF)

01 + ZieH y(i) 1 )

~ NSy @y
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Analogously the second full conditional density T (pi2|p1, 1, y) is the Normal den-
o
sity N(G2+Z1‘,€T v (ITIH)) Finally the third full conditional p.m.f. is given by

(IT1+1)
m3(L|pr, p2, y) o eXp(f%(Z( +Z @ _ 1p)?) )
i€H i€T
x HGXP(_§ (" =) )HeXp(—f )—u2)2).
i€H ieT

It follows that

(y“)—m)> and

(5D — o) ) and so

exp(—3(y" — p1)?)

P(I; = 1y, o, y) = ,
Ui = U, 12,9) s EG70 =) sl T
= 1-=P(L; = 2|p1p2,y).

P(Iz = 1|M17M27y) X exp ( -

l\')M—‘l\DM—‘

P(I; = 2|p1, p2, y) o GXP(—

5.4.5 Swendsen-Wang algorithm

An example of data augmentation that has become very famous is the so-called Swendsen-
Wang algorithm that allows us to sample the Ising model even close to the critical tem-
perature. For each pair of neighbouring sites (4, j) it introduces an auxiliary variable
u;; € {0,1}, the so-called bonds. The joint distribution of the Ising model and these
auxiliary variables is the so-called Fortuin-Kasteleyn model given by

m(z,u) o H (1[uij:01q+(1—q)1[uij:111[xi:zj]),

<i,j>

where g € (0, 1) is a parameter of the model.
Now choose § = —log(q)/2 > 0. The marginal distribution of X is an Ising
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model as

(@) = Yo o 3 [T (Tuy=oa+ (1 - 0lp,—nlp=,)

u u <i,j>
x H Z(q]‘[uij:O] + (1= @)Lz, =a Ly =1])
<i,j> u
= H qL(z;£a;)
<i,5>
= eXp(—Qﬁ Z 1[901'75%'])
<i,j>
= exp(—ﬁ( Z 1[11‘#1’]‘] + K — Z 1[11‘:%‘]))
<ij> <t,j>
o exp (5( D e — 1[971’#1_7’]))
<ij> <iyg>
= exp (ﬁszmJ) = eXP(H(g))a
invj

where K is the total number of neighbour pairs.
To compute the marginal distribution of U first define

A = {z:ifu;;=1thenz, =x;}

and note that if z ¢ A then w(z,u) = 0. Now,

m(u) = Zw@,u) o Z H (1[uij:0]q+(1_q)1[uij:1]>

z€A TEA <i,j>
x H (1[uij=0]q +(1- q)l[u,;j=1]) Z 1
<%,j> zEA

= Mo I[a-o2

uij=0 Uijzl

We call neighbour sites ¢ and j connected if u;; = 1. In the above ¢(u) is the number
of connected components in the configuration u. The above model is the so-called
random cluster model.

The remarkable thing is that the conditional distributions are very simple indeed.
Given the values of the sites X = z, the distribution of bonds is given by

» U
m(ulz) = T x H (1[ui.7‘:0]q +(- q)l[ui_jzl]l[wi:%])‘
<i,j>

Thus if two neighbouring sites 7 and j have the same spin, that is z; = x; then we set
u;; = 0 with probability ¢ and u;; = 1 otherwise. If ¢ and j have different spin then
we set u;; = 0.
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The conditional distribution of x given U = w is also easy. The distribution of spins
is uniform conditional on no connected sites having different spins as the following
computation shows. Note that we only need to consider z € A as defined above.

m(z, u)
= — 1, 111l —p 1. 2
7 (]u) > H [wi;=1)L{zi=c,] @)
<z,7>
Thus we simply assign each connected cluster of sites the same spin, which is up-
wards with probability 1/2 and downwards otherwise. The Swendsen-Wand algorithm
is simply a Gibbs Sampler that samples x given w and u given z.

6 Reversible jump MCMC

This is a method that is applicable to problems where “one of the things we don’t
know is how many things we don’t know” (Prof. Green). There is a large collection
of problems for which we need to define models of variable dimension. Such prob-
lems include model selection, model comparison and object recognition. For example
we have discussed mixture models. Often we don’t know how many components the
mixture contains and part of the inference should be to determine the most appropriate
number.
Consider the following general set-up. We have a collection of models:

M = {fr(|0k), 0k € Ok}.

For example for mixture distributions the model M), would be a mixture distribution
with k components. For each k we have a prior 7 (6),) on the model parameters. This
defines a collection of posterior distributions conditional on the model index &

m(Oklk,z) o mi(Ok) fio(z|Ok)-

(Note that 7 (0 |k, ) is a normalized density function!)

We also have a prior p(k) on the model index k& which can either be bounded above
(k € {1,...,K}) or there may be an infinite number of potential models (k € N).
Given data z our target distribution is given by the posterior density

r(k,Oklz) o p(R)m(Oclk, ).

This allows us to evaluate quantities such as the posterior probability for model M,
given by

p(Milz) o /e p(k) (O ).

To be able to sample a model of variable dimension the sampler needs to be able to
move within and between models. Moves within a model can be done using any of the
techniques discussed before, but moves between models of different dimension need a
new approach.
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As with any MCMC algorithm discussed so far, we need to ensure detailed bal-
ance (and thus time-reversibility). If p(z,-) is our transition kernel and 7 our target
distribution this boils down to the equation:

/A/Bp(m,dy)ﬂ(x)dac = /A/Bp(y,dx)ﬂ(y)dy-

If gx(z, dy) is the proposal transition kernel that we use if the current state is a model
of type M, and a(z, y) is the appropriate acceptance probability, then

p(z,B) = %:/qu(x,dy’)a(x,y/)+r(m)13(x).

Here r(x) is the probability of a move from x being rejected. (Note that this is the usual
expression for the transition kernel of a Metropolis-Hastings chain, just that now we
also have to sum over all possible model indices k.) Now comes the technical (measure-
theoretical) bit. We need 7 (dx)qx(x, dy) to be absolutely continuous with respect to a
symmetric measure {(dz, dy) on © x © where © = >, {k} U0y. Let gi(z, y) be the
density of gy (z, dy)m(dx) with respect to & (dx, dy) then the acceptance probability

ag(z,y) = min{l,
ensures detailed balance as the following computations show:
| [ aewaiednan = [ [ oot
AJB AJB
— [ [ antwolon(o 0y o)
AJB
= [ [ v o)anty. doyn(ay).
AJB

Green defined a method that avoids having to explicitly define the appropriate sym-
metric measure. This method is called reversible jump MCMC and is based on the fol-
lowing dimension matching criterion. First consider a move from M, to model M.
The way we usually generate such a move is by sampling a (possibly multivariate)
variable u ~ g(u) and proposing hq (6, u) the value of the deterministic function hy
evaluated at the current 8, and u. Similary, to move from model M ; to model M, we
sample v ~ f(v) and propose 6y, = h2(6;,v) for some deterministic function hy. The
dimension matching criterion requires that

dim(fg,u) = dim(6;,v).
This means that there is a bijective function 7" such that
T(0k,u) = (0;,v).
Recall that our states are given by (i, 6;) where i is the index of the model and 6; are the

corresponding model parameters. Suppose the probability of proposing a move from

50



model k; to model ks is pg, «,. Green then worked out that the appropriate probability
of accepting state (j,6;) where 6; = hi(6j,u) given the chain is currently in state
(k, 0y) is given by

(4, 05]z) pjrf(v) ‘aT(e’“ u) ‘}

ol(k,0), (7, 05)) = min{l’w(k,f)k@)pkjg(u) (O, u)

where the last factor is the absolute value of the Jacobian determinant of 7" and v is such
that 6, = ha(6;, v). This is often called the Green-Hastings acceptance probability.

Example 34 Suppose we have two models: the first model My has parameter € R
and the second model My has two parameters 61,05 € R. When we would like to
move from the second model to the first we may propose 0 = (01 + 02)/2. Thus to go
from the first model to the second model we can only use a univariate random variable
u. So suppose we sample u ~ g(u) and set 01 = 0 — w and 0 = 6 + u. Then

dim(f,u) = dim(6y,6s).
The Jacobian of T(0,u) = (0 — u,0 + u) is

AT (0, u)
‘ o(0,u)

1 -1
-1
and so we accept the move from (1,0) to (2, 61,02) = (2,0 —u, 0 +w) with probability

7T(2,01,92)]£ 2
m(1,0) p12 g((02 — 61)/2)

As an exercise show that the probability of accepting a move from (2,01,05) to (1,0) =
(1, (61 + 602)/2) should be

a((1,0),(2,61,62)) = min{l, }.

m(1,0) pi2 g((02 — 01)/2)
(2,01,02) p21 2

a((2,91,92),(1,6)) = min{l, }

T
Example 35 Suppose you have an iid sample y = (y1,...,yn). We believe that the
data is either from an Exponential distribution with parameter \ or from a Gamma(3,7y)
distribution. We choose the prior probabilities of each model equal to 0.5 and the fol-
lowing prior distributions for the model parameters:

A ~ T(a,b)
B~ F(Cad)
v F(e?f)

First consider the posterior distribution conditional on the first model. We have

T((LA)]y) o A"*“’—lexp(—A<b+Zyi>)
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and so A\ has a Gamma(n+a—1, b+ Z:L: 1 ¥s) distribution. Now consider the second
model and set z = [[;_, y;. We have

ng n
m(2,8,9ly) 6“1exp(—ﬂd)v“lexp(—vf)rw(ﬁ)nz[”lexp(—’yZyi), and so
i=1
c—1 VW B—1
W(ﬂpa’)’aﬁ) X 6 eXp(*Bd)F(ﬁ)nZ

T(112,8,y) o< " exp(—y(f + D> i)
=1

Thus in Model 2, the full conditional distribution for v is Gamma(nf3+e, f + Z?zl Yi)-
The full conditional distribution for 3 is non-standard, but we can use a Metropolis-
Hastings step to update 3 as follows. Choose some value € > 0, then we choose a new
value (3’ uniformly from the interval [3 — €, 3 + €|. This may produce negative values
for 3" but we then simply reject [3'. The acceptance probability is thus given by

(82,7, y)
7(612,7,y)

This specifies the within model moves, but we also need to specify the between
model moves. The easiest thing to do is to always propose the other model. Thus if
we are in model 1 we propose model 2 and vice versa. Now we need to decide how
to generate the parameters of the proposed model. A common approach is to choose
the parameters such that the models have the same mean as this will facilitate good
mixing properties between the model. This means if we have [3 and -y then we propose
X = v/ . This fully determines the dimensions and we need to use a univariate random
variables to generate values for 3 and v given \. One way of doing this is to sample
u ~ I'(c,d) and setting 3 = u and v = Au. The corresponding Jacobian is given by

a((QaB,’Y)v(Qaﬂlafy)) = 1[ﬁ/>0] min{la }

0
U

1
A

which has a determinant equal to u. This means we have acceptance probabilities

o m(2,8,M]y) 1
a((1,7),(2,8,7)) = min{1, (1, Ny) Pﬁ)ﬂﬁl exp(—dp) B
and e 1 ( )
. m(L,Aly) rghl exp(—df
A =
a((2»67’7)7 (1a )) mln{l’ 77(167’7‘%) ﬁ
respectively.

The whole reversible jump algorithm now works as follows. Suppose the current
state of the chain is X; = (1, \) then we first perform a within model update followed
by a between model update:

1. Sample X' ~ Gamma(n+a—1,b+ Y7, y;) and set X; 11 = (1, X').
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2. Sample u ~ Gamma(c,d) and set 3 = u and v = N u.
3. With probability

7(2,6,)) 1

(1, X),(2,3,7)) = min{1, == L oL exp(—dp)

B}

set Xiio = (2,8,7). Alternatively set X2 = (1, \).
Similarly, suppose X¢ = (2, 3,7), then perform the following steps.
1. Sample v' ~ Gamma(n + e,f + Y i yi).
2. Sample (3 uniformly on [3 — €, 3 + €]. With probability

/ ;1 . m(2, l’ '
(2, 8.7). (21 7)) = Lrsamin{1, T2y

set Xop1 = (2,841, ve41) = (2,0',7). Else set Xip1 = (2, Biq1,e41) =
(2,8,7).

3. Set A = 41/ Bt+1. Then with probability

71N TPt exp(—dBita)
(27ﬁt+177t+1) ﬁt+1

a((2, Bi+1,Ye+1), (1, A)) = min{1, -

set Xt+2 = (1, )\) Else set Xt+2 = Xt+1.

7 Implementational issues in MCMC

7.1 Assessing convergence

How to assess convergence has been a fiercely discussed topic in the literature. Some of
the disagreement is due to the fact that there are different types of convergence. Firstly,
there is the issue of whether the distribution of the chain is close to the stationary
distribution. Secondly, there is the issue of how well the chain explores the state space.
Generally, chains that do not explore the state space well (we say, mix slowly) tend to
converge slower. But note that even if the chain is in stationarity then a slow mixing
chain will lead to very inaccurate estimates, a third issue that is discussed using the
general keyword of convergence. All three issues are related to each other but are
not exactly the same and this has lead to a lot of confusion. For example, a chain
with a bi-modal stationary distribution may not have reached equilibrium yet as it only
ever has visited the region around one of the modes. Now suppose we are interested
in estimating a function that is equal for both modes. Then it can happen that the
corresponding ergodic average converges much earlier than the chain itself.
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7.2 Initialisation bias and Burn-In

The Markov chain of interest is usually started in a state that does not have the station-
ary distribution (otherwise we would not be doing MCMC)! In practical 2 you explored
the effect the initial state can have on the states visited by the Markov chain. To re-
duce the possibility of a bias, the so-called initialisation bias caused by the effect of the
starting value, an initial M steps of the chain are discarded and estimation is based on
the states visited after time M, ie. we use ergodic average

N

— 1
n=M+1

The initial phase up to time M is called the transient phase or burn-in period. How do
we decide on the length of the burn-in period? A first step would be to examine the
output of the chain by eye. This is a very crude method but is very quick and cheap.
However, this should be followed up by more sophisticated methods.

To assess convergence to stationarity there are essentially three potential approaches.

1. Convergence rate computations:
When we looked at the speed of convergence for the independence sampler we
essentially performed a convergence rate calculation. In general, these can be
very difficult and will only ever apply to specific cases. While they are exact
methods, they can be overly pessimistic as they take into account any worst-case
scenario even if it has a very small probability of occurring. At times they can
be so pessimistic that the suggested burn-in period simply becomes impractical.

2. Perfect simulation:
This is a method that augments conventional MCMC methods in such a way that
the chain is automatically run until it has reached convergence. Again, it only
works in specific cases and can be slow. But it is again an exact method (as
far as any simulation method can be exact). Researchers at the Warwick Statis-
tics department were actively involved in extending the first perfect simulation
algorithm invented by Propp and Wilson.

3. Convergence diagnostics:

This is the most widely used method. Convergence diagnostics examine the
output of the chain and try to detect a feature that may suggest divergence from
stationarity. They are usually relatively easy to implement. However, while
they may indicate that convergence has not been reached they are not able to
guarantee convergence. We will examine the most commonly used diagnostics
in the next section. A collection of convergence diagnostics is implemented in
CODA, which is freeware that runs on certain versions of SPlus, and BOA which
runs on R.

7.3 Convergence diagnostics

In the following we introduce a small collection of common convergence diagnostics.
There are many more available, if you are interested then check the MCMC literature.
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7.3.1 Geweke’s method

Geweke’s method is based on spectral analysis methods from time series analysis.
Geweke considers two subsequences of a run of a Markov chain, one consisting of
the states immediately after burn-in and the other consisting of states at the very end of
the run. Suppose our run is of length n and we want to examine whether a burn-in of
M time steps is sufficient. Consider the ergodic averages

ham L S ) andiae =SS acx)
A= — t B = — t
na t=M+1 nB t=n—np

where n4 + M < n — np. If they chain has converged then the two ergodic averages
should be similar. How similar they should be can be quantified using the appropriate
Central Limit Theorem. For this, we need estimates of the variance of the ergodic
averages (under stationarity) and we can use the spectral density to derive these. The
spectral density for the time series (h(X,));>¢ is defined as

S(w) = % Z Cov(h(Xo), h(X}:)) exp(itw)

t=—00

where i is the square root of -1. We can estimate the spectral density using kernel
estimation methods. We now have the following asymptotic result: If the ratios n.4 /n,
np/n are fixed with (n4 + ng)/(n — M) < 1 then under stationarity we have
ha—h
Zn = 4 F L N(0,1)
VA 84(0) + 2-55(0)

as n — oo and convergence is convergence in distribution. Here Sy and Sp are
spectral estimates of the appropriate variances. We can use the above asymptotics to
approximately test whether the means of the two sequences are equal subject to varia-
tion. Note that this is testing for a sufficient, not a necessary condition for convergence.
By default BOA implements this statistics by choosing n4 to be n/10 and ng = n/2
which was originally suggested by Geweke.

7.3.2 Gelman and Rubin’s method

This method requires several chains started in initial states that are overdispersed com-
pared to the stationary distribution. The idea is that if there is initialisation bias then
the chains will be close to different modes while under the stationary regime the chains
should behave in a similar manner. If the chain tends to get stuck in a mode then the
path appears to be experiencing stable fluctuations but the chain has not converged yet.
In this case we speak of “meta-stability”. which is often caused by multi-modality
of the stationary distribution. Gelman and Rubin apply concepts from ANOVA tech-
niques (and thus rely on Normal asymptotics). We assume each of a total of m chains
is run for 2n iterations where the first n iterations are classified as burn-in. We first
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compute the variance of the means of the chains:

Here we run m chains and X;; is the state of chain j at time i. h_; is the ergodic
average of the jth chain based on the last n iterations and & is the average of the
ergodic averages of the m chains. This is interpreted as the between chain variance. As
n — oo the between chain variance will tend to zero.

Then we compute the within chain variance W, which is the mean of the variance
of each chain, that is

m 2n
1 1 -
W = — X.)—h )2
P 3 ) -hy)

Note that this quantity initially will tend to be an underestimate of the posterior vari-
ance. We calculate the weighted average of both variance estimates
n—1

Vo= W+ B,
n

which is an estimate of the posterior variance. We then monitor R = \/% which is
called the potential scale reduction factor (PSRF). R tends to be bigger than one and
will converge towards one as stationarity is reached. Using Normal asymptotics, one
can show that R has an F'-distribution and the hypothesis of R = 1 can be tested. As
a rule of thumb if the 0.975-quantile is less than 1.2, no lack of convergence is being
detected.

Brooks and Gelman suggested a correction to the above scale reduction factor to
take account of the sampling variability in the variance estimates. They also extended
the above approach using techniques of multivariate ANOVA in order to make it appli-
cable to multivariate chains.

BOA computes the uncorrected and the corrected, univariate PSRFas well as the
0.975-quantile. Moreover, it computes the multivariate PSRF.

7.3.3 The method by Raftery and Lewis

Set p = P (h(X) < u) for some u, then the method of Raftery and Lewis estimates
the number of iterations needed to produce an a%-confidence interval of length 27 for
p. In detail, it computes the following quantities:

M = the burn-in length
N = the total number of iterations
k = the thinning factor, ie we only use every kth value for estimation

The method starts with the binary process Z; = 1(;(x,)<.) Which in general is not

Markov. However, if we consider Zt(k) = Z14(¢—1)k then this is approximately Markov
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for large k. First the method determines k by comparing the fit of a first-order Markov
chain, ie. Z]Sk) is conditionally independent of the past given Zt(f)l, with the fit of a
second-order Markov chain, ie. Zt(k) is conditionally independent of the past given

both Zt(ﬁ)l and Zt(ﬁ)z We then choose the smallest k for which the first-order model is
preferred.

Now, let the transition matrix of Zt(k) be given by the matrix

11—« o
¢ = ( 8 1_5)

which has stationary distribution 7 = (o + 3)7!(3, ). Thenfor A = 1 — a — 3 we

have 5
= L AT a  —o
Qr = atfB  a+p 4+ ( )
£ %5 atp\ -4 B
Let eg = (1,0), e = (0,1) and consider
PP =ilz" =5) = eQuel
which we would like to estimate within € of (7). This can be done if

n (a+ Be
ATs max(a, 3)

which holds for

n =mng = log (M)/log()\)

max(a, 3)

and so a suitable burn-in of M = ngk is suggested.
To determine the total runtime N one can show that asymptotically

0 _ Lm0 2-a—plap
YA *nhzlzt N'(p, n(a—i—ﬁ)?’ )

and so to produce a v%-confidence interval of length at most 27 we need to choose

nem = O (07 (054 )"

where & is the cdf of a standard Normal distribution, and so the total run time suggested
is N = nik.

This convergence diagnostic is implemented in BOA. BOA also outputs a lower
bound on the total run time which is the number of sample points needed to estimate the
specified quantile to the desired accuracy using an iid sample. The dependence factor
measures the multiplicative increase in the number of iterations needed compared to
an iid sample. This will usually be greater than one due to the autocorrelation of the
chain, see the next section on the Monte Carlo error.
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7.4 Monte Carlo error

Once we have collected samples from our run of the Markov chain, we use ergodic
averages to estimate the quantities of interest. But how accurate are these estimates
and how large should we choose the sample size?

Definition 5.3.1 (Autocovariance/Autocorrelation): In stationarity, the autocovari-
ance of lag k for the time series (h(X%))k>o is defined as

o = Cov(h(Xn),h(Xn+k)) n k>0,
o = Cov(h(Xn),h(Xn)> - Var(h(Xn))

The autocorrelation of lag k is defined as

Pk = Ev k > 0.

70
Note that if the chain X is in stationarity and h is the identity function then vy =
0% where o2 is the variance of the stationary distribution 7. But what we are really
interested in is the variance of ergodic averages. Define

%QL = Var(h,) = Var(%zn:h(Xk))
k=1

Note that to keep notation simple we omit the dependence of 72 on h.
Lemma 5.3.2: In stationarity

n

n—1
—k
73202{1—1—22” pk]
k=1
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Proof:

% - Var(iih(XQ)

_n n—1
- % _ZVar(h(Xi)) +23° % Cov(h(Xi)7 h(Xj))]
i=1 i=1 j>i
17 n—1n—1 ’
= 5 no? + 2 Z Z Cov (h(Xi), h(XZ-_HC))}
- i=1 k=1
2 n—1n—1i
- X i
- i=1 k=1
2 n—1n—1
- SleaE e
) i=1 k=1
2 n—1n—=k
- Zh+2Y > a
e [
2 n—1 o
_ % 1423 ("n k)pk}
) k=1

One can show that as n — oo
o0
2 — 7 202{14‘22%]
k=1

The quantity 72 is called the integrated autocorrelation time and we have already en-
countered it in the statement of the Central Limit Theorem for Markov chains. From
the above it follows that the accuracy of MCMC estimates depend on the autocorrela-
tion. Suppose Yi,...,Y, are independent and identically distributed according to 7.
Then the mean of the sample 2 37" | Y] has variance

1 & o?
var(-3vi) = 2
ar n; , -

Now compare this with the variance of the ergodic average % >, X, which is %
From the above lemma it follows that if the autocorrelations of the chain X are positive
then the ergodic average will be less accurate than an estimate based on an indepen-
dent sample. Informally, this may be explained by the fact that positively correlated
variables carry redundant information and so are less informative than independent
variables. On the other hand, if we can introduce negative autocorrelations into our
Markov chain, then this will make our estimation procedure more accurate.

The estimation of the integrated autocorrelation time is difficult and there are vari-
ous approaches one might want to consider.
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1. Naive covariance estimator:

However the resulting estimator

n—1 .
. Z Yk
T = 1 —+ 2 -

i1 10

is not consistent.

2. Blocking or batch estimation:
Divide the run of your chain into b blocks of length k. The idea is that averages
of different blocks are asymptotically independent and we can use them in a
standard variance estimator. Note that Var(h,,) ~ %Var(i_zl(j )) where i_L,(j ) is the
ergodic average in the jth block. Thus for suitably large b and k£ we have

_ N 1 b ) 5 \2
Var(h,) = b(bl);(hkj —hn) .

3. Window estimates:
Use 7 =1+2 Zézl pi. for suitably chosen L. There are different ways of
choosing L and here are some of the most common suggestions:

e truncated periodogram: choose L to be the smallest integer such that L >
67.

e initial series estimator: choose L to be the largest integer such that for
k < L the series I'y, = Ao + Y2141 remains positive, non-decreasing and
convex.

7.5 Scaling

Consider a Metropolis-Hastings algorithm and suppose we have decided on the para-
metric proposal distributions that we are going to use. We now have to decide which
values to choose for the parameter(s) 8 of our proposals. For example, we have decided
to do a random walk Metropolis algorithm with Normal proposals. We then need to de-
cide which variance to choose for the Normal proposal distribution. This is commonly
known under the keyword of scaling.

First, let us consider the independence sampler and suppose the proposal distribu-
tion f is such that 7w(z)/f(x) < M for all z. We have shown that in this case the
expected acceptance probability in stationarity is bounded below by 1/M. We also
have shown that we have uniform ergodicity with rate (1 — 1/M). So it makes sense
to choose # which minimizes the bound M. However, we may not be able to do this
analytically. A more empirical approach is to estimate the average acceptance rate in
trial runs and then choose the parameter 6 that gives us the largest acceptance rate.
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While for the independence sampler it is advantageous to try to maximise the av-
erage acceptance rate, this is not the case for the random walk Metropolis-Hastings
sampler. Suppose we have a Normal proposal distribution centred at the current value
of the chain and with variance o. If we choose o very small, then we get a high ac-
ceptance rate but it takes a long time to explore the state space. The performance is
particularly bad when we have a multi-modal target distribution and the chain has to
traverse low probability regions in order to move from one mode to another. This is a
typical situation in which meta-stability may arise. On the other hand if we choose a
target distribution that proposes very large steps, then a lot of proposals will lie in the
tails of the target distribution and thus are likely to be rejected. As a result the chain
does not move at all. It is clear that we have to find an appropriate middle ground.

Some researchers derived an optimal value for the variance o in the case when the
target distribution is standard Normal by minimizing the following efficiency criterion:

(1—|—22pk>71.

k>0

From the discussion of the Monte Carlo error you will recognize this as the ratio of
the variance of the average based on an iid sample and the asymptotic variance of the
ergodic average % -7, h(X;) in stationarity. The optimal value for the variance o
of the Normal proposal distribution turned out to be o = 2.4 with the corresponding
average acceptance rate of

2
a = —arctan(2/0) = 0.44.
7r

The authors did further investigations that lead to the recommendation of trying to
achieve an acceptance rate close to 1/2 for low dimensional problems and an accep-
tance rate close to 1/4 for high dimensional problems. Please note that these are only
rough guides. Really you need to carefully explore the behaviour of your chain in trial
runs. But it is worthwhile to keep in mind that for a random walk Metropolis-Hastings
algorithm aiming at too high an acceptance probability is counter-productive.

One more word of warning: adaptive algorithms in which parameters are adjusted
again and again during the simulation based on the past of the chain are becoming very
popular. However, they tend to have complicated convergence properties and constant
adaptation can indeed destroy convergence properties or alter the associated stationary
distribution. A safe (but maybe not the best) option is to first calibrate your proposal
distribution in trial runs and then fix the parameters and keep them fixed.

8 Further topics

8.1 Mixtures and Cycles

The description of Markov chain Monte Carlo may suggest that we have to do either
Gibbs Sampling or Slice Sampling or Metropolis-Hastings Sampling, etc. We can in
fact combine different types of updates into one MCMC algorithm, a so-called hybrid
MCMC algorithm. We can do this by either choosing the type of update randomly or
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systematically. Let py(x,-),...,pn(z, ) be the transition densities/pmfs of the differ-
ent update types that we are considering. A random choice of update corresponds to a
mixture of kernels, that is our Markov chain is updated according to

p(amy) = Z aipi(xa y)

where «; is the probability with which we choose an update of type :. Alternatively
we may systematically cycle through our selection of update mechanisms leading to a
chain with transition kernel defined by

p(z,y) = /.../Hpi(zi,hzi)dzl...dzn,l,
i=1

where zp = x and 2, = y.

Lemma 7 Let pi(x,y) and p2(x,y) be two transition densities/pmfs with the same
stationary distribution 7. If p1(x,y) is uniformly ergodic then the mixture kernel

p(z,y) = api(z,y) + (1 —a)pz(z,y),  O0<a<l
is also uniformly ergodic.

The above lemma is the reason why we often include an independence sampler as an
update kernel as under the appropriate conditions it ensures uniform ergodicity.

8.2 Simulated annealing, simulated tempering and parallel tem-
pering

Consider a set of distributions 77(2) o« 7(z)T where T > 0. Borrowing termi-
nology from physics we call the scaling parameter 71" temperature. Now consider a
Metropolis-Hastings algorithm with stationary distribution 7. For large 7', that is at
hot temperatures, 7 is relative flat and thus the MH-algorithm will find it easy to ex-
plore the support of . As T' decreases, ie becomes colder, modes will become more
pronounced and it will be harder to explore the state space. As T' decreases towards 0
the states visited by the chain will become concentrated around the local maxima of 7.

8.2.1 Simulated annealing

The simulated annealing algorithm is an optimisation techniques that is strongly related
to the MCMC methods we have discussed so far. The aim of simulated annealing is
to find the location of the maximum of a function h(x). We can easily transform the
problem into finding the mode of a distribution by setting 7(z) x exp(h(x)). We
now run an MCMC algorithm but with a target distribution that changes with time. At
iteration ¢ the target distribution is ;) (x) where T'(t) — 0 as ¢ — oo. Note that it
is important that 7°(¢) does not decrease to quickly towards O to avoid getting stuck in
a local mode. Temperature schemes for which convergence is assured can be found in
the literature.
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Example 36 Suppose we would like to maximize
h(z) = [cos(50x) + sin(20x)]? forz €[0,1].

Our MCMC algorithm proposes new values uniformly within distance r from the cur-
rent value of the chain. Thus if X; = x is the current state of the chain we produce
state X, 11 as follows:

1. Sample Y = y uniformly from the interval (as,b;) where a; = max{z; — r,0}
and by = min{x; + r, 1} and propose y as the new state.

2. Let a = max{y —r,0} and b = min{y +r, 1} then we accept y with probability

ulay) = min{1,exp (5 (h00) = ) =2 .

A suitable cooling scheme in this context would be T'(t) = 1/ log(t).

A more complex example where the temperature is related to physical reality is the
Ising model. Below is a pseudo-code description of the algorithm.

Example 37

Initialize x and T
for t=1 to N
for i €S8
d= ﬁZMNj 20 ()
U~ Uniform(0,1)
if log(U) < min{0,—2d/T} then
20 (1)
T=T(t)

=—z

8.2.2 Simulated tempering

The idea here is very similar to simulated annealing in that we use the same type of
model but at different temperatures. But rather than ’cooling down” we now heat up”
because for hotter distributions the corresponding Markov chains tend to mix better.
We use a finite number of temperatures 7yp = 1 < 7T} < ... < T}, which are used to
define an augmented target distribution. We introduce an auxiliary variable that denotes
the index of the current temperature and so the augmented target distribution is now

m(z,j) o ¢ (v)

We then design a Markov chain whose stationary distribution is the above augmented
target distribution. Given a run of the chain we then simply retain the states (z, i) for
which 7; = 1 and this gives us a sample whose asymptotic distribution is 7.
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A chain whose invariant distribution is 7 (x, ¢) can now be designed as follows. We
alternate updates of the x component with updates of the temperature index 7. Suppose
that the proposal kernel for the = component is defined via g(x,y). We now define a
proposal probability mass function (i, j) for the temperature index as follows:

1
r(,i+1) = r(,i—1) = B fori e {2,...,m—1}
r(m,m—-1) = r(1,2) = 1.

The algorithm now works as follows. Suppose the current state of the chain is
Xt = (.Tt, Zt>

1. Sample I = j according to r (i, j).
2. Accept I = j and set ;41 = j with probability

ey (we)7r(d,i¢)
ci, 7, ()7 (it )

oz, ig, 7) = min{l,

Else set 4441 = 4.
3. Sample Y = y from q(z¢, y).
4. Accept Y = y and thus set z;41 = y with probability

Cip 1 My (v)a(y, z¢)

Cir1 Ty, (wt)Q(xtv y) .

Oé(.]ft, it+17 y) = Hlil'l{l,

Else set 441 = .

5. Set XtJrl = (.’Et+1,it+1).

The idea of this approach is to exploit the fact that MCMC algorithms tend to mix
better in “flatter” distributions. Whenever the chain visits a hot distribution it will be
easier for it to move from one part of the state space to another. Thus by the time it
returns to the cold target distribution it will have moved to a different region of the
space. For this to work efficiently it is generally recommended that the constants c;
are chosen such that the chain spends roughly the same amount of time in each of the
m temperatures. If w7, is normalised then this will happen if all ¢; = 1. However, if
they are not normalised then c; should be equal to normalising constant of the corre-
sponding density/pmf. However, in this lecture course we have encountered numerous
distributions where MCMC was necessary for the very reason that we did not know the
normalising constant. The solution is to use approximations to the normalising con-
stants often based on trial runs or alternative use an adaptive algorithm. (If you would
like to find out more search for the keyword “logistic regression” or "Wang-Landau”
in the MCMC literature).

Another implementational issue of this method is how to choose the temperature
levels. There is a trade-off between having a sufficiently high acceptance probability
for moving from one temperature to another and not having too many temperature
levels. Again there is a vast amount of literature on this issue, notably in Physics.
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8.2.3 Parallel tempering

Parallel tempering or Metropolis-coupled MCMC also uses different levels of tem-
peratures. In contrast to simulated tempering it runs m chains in parallel such that
the ¢th chain has 7, as stationary distribution. After an update within each of the
m chains we pick a pair of chains and propose to swap their states. This is followed
by a Metropolis-Hastings accept/reject step to maintain the correct stationary distribu-
tion. Here is a summary of the algorithm. Suppose the current state of the jth chain is
X =2 for j € {1,...,m}. Then

1. For j € {1,...,m} sample Y¥) = () according to qj(xgj),y(j)) and set

xgi)l = y9) with probability

mr, (¥ P)a; . o)
wr, (@ g (@, y )

J

a(xgj), y(-j)) = min{1,

Else set argi) = xﬁj).

2. Choose i,j € {1,...,m} at random subject to i # j.
3. With probability
o, (o), (2(,) )

o, (2 ), (28))

a(ey)y, 2y = min{l,

j j j j k k o
Set Xt(22 = azgﬂr)l Xt(i)Q = x§21 and Xt(Jr)2 = x§+)1 for k # 1, j.

The advantage of parallel tempering is that we do not have to estimate the normalizing
constants c¢;, but this comes at the cost of having m parallel chains. However, with
todays parallel computer technology this is not really a problem.

8.3 Slice Sampler (not covered in the lecture and so not exam rele-
vant)

Recall that we can sample from any density 7(z), z € R¢ by sampling uniformly from
S(m) = {(z,u):0<u<m(x)}

If 7 is defined on a multi-dimensional state space or when 7 is unbounded it can be
difficult to sample directly from S(7). However, we can approximately sample from
the uniform distribution on S(7) using a Gibbs Sampler. The conditional distributions
of U and X are again uniform:

UX=z2) ~ Uniform((O, 77(:10)))
(X|U=u) ~ Uniform({x cw(z) > u})

Note that this works even if we know 7 only up to a constant of proportionality.
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Example 38 Truncated Normal distribution: Consider

1

n(w) o file) = exp(— (@ + 31 (x).

Using rejection sampling with a N'(—3,1) would be very inefficient because the ac-
ceptance probability would only be 2%. Given the current state of the chain is X; =
(¢, ut) the slice sampler proceeds as follows.

1. Sample U = w uniformly from (0, 1).

2. Sample X = x uniformly from
{z: file) >ufi(z)y = {xe(0,1):(z+3)" < —2log(ufi(z:))}.

3. Set Xiy1 = (z,u).

The slice sampler works particularly well when the support of 7 is bounded. This
is due to the fact that if w is close to 0 then x is sampled from a set that covers most of
the support of 7 and so the set S is being explored well. The following lemma holds:

Lemma 8 If 7 is bounded and the support of 7 is bounded then the slice sampler is
uniformly ergodic.

(Note that this is exactly the case when rejection sampling from S(7) is feasible. How-
ever, slice sampling may still be more efficient.)

One problem that may arise when using the Slice Sampler is the sampling from the
set {x : w(x) > u} if 7 is very complex. This may be alleviated by using multiple
slices. Suppose

k
mx) o ] filx).
i=1

Introduce auxiliary variables Uy, . . . , Uy and define the joint density of X and Uy, ..., U
as

k
f('raulv"'7uk) X H1[0<ub<fb(m)]
i=1

As an exercise show that the marginal distribution of X is given by the density 7(x).
The multiple slice sampler now works as follows. Let X; = (z,uq,...,u)) and pro-
ceed as follows.

1. Fori € {1,...,k} sample U; = u} uniformly from (0, 1).
2. Sample X = z’ uniformly from {z’ : f;(z') > u}fi(z)}.

3. Set Xy41 = (2/,uf, ..., up).
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Example 39 Let

m(z) oc (1 + sin?(3z))(1 + cos*(5x)) exp(—z?/2)

Set
fi(z) = 1+sin?(32)
fa(z) = 1+ cos*(5x)
f3(z) = exp(-2?/2)
w; = uzfz(x) fori S {1, 2,3}

then the x-coordinate is updated by sampling uniformly from sets of the form

{z:|z] < /—2log(ws)} N {z :sin®(3z) > 1 —wi} N {z: cos*(5x) > 1 — wa}.

Note that like some of the methods discussed before, the slice sampler is an auxiliary
variable technique.
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