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MCMC imputation in autologistic model

Marta Zalewska, Wojciech Niemiro and Bolesław Samoliński

Abstract. We consider statistical inference from incomplete sets of binary data. Our
approach is based on the autologistic model, which is very flexible and well suited for
medical applications. We propose a Bayesian approach, essentially using Monte Carlo
techniques. The method developed in this paper is a special version of Gibbs sampler.
We repeat intermittently the following two steps. First, missing values are generated from
the predictive distribution. Second, unknown parametes are estimated from the completed
data. The Monte Carlo method of computing maximum likelihood estimates due to Geyer
and Thompson (1992) is modified to the Bayesian setting and missing data problems.
We include results of some small scale simulation experiments. We artificially introduce
missing values in a real data set and then use our algorithm to refill missings. The rate of
correct imputations is quite satisfactory.

Keywords. Missing data, Markov chain Monte Carlo, medical data, Gibbs sampler, gen-
eralized linear models, Bayesian imputation.
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1 Introduction

Data from epidemiology, clinical settings and also survey statistics are frequently
incomplete. Missing values cause serious problems for statistical inference. Many
techniques have been developed to cope with incomplete data sets [6, 8, 9]. Im-
putation, that is “filling in the gaps in data” is one of possible approaches. There
are several methods of imputation, among which so-called Hot-Deck algorithms
are perhaps most popular. Alternatives include maximum likelihood and Bayesian
methods. The approach in our paper is model based, Bayesian and makes an es-
sential use of Monte Carlo (MC) techniques. We focus on binary data and use
a very flexible autologistic model [1].

In this paper, we tackle two closely related problems: imputation of missing
data and estimation of unknown parameters of the autologistic model. Presence
of missings makes estimation very difficult. Standard estimation techniques work
well only for complete data. The expectation-maximization (EM) algorithm [2]
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is probably the most successful method of estimation from incomplete data. But
EM is difficult to apply (or even infeasible) in autologistic model because of the
computational complexity of the M-step (maximization of the likelihood).

Our algorithm achieves the two above mentioned goals simultaneously. It is
a special version of Gibbs sampler (GS). We repeat intermittently the following
two steps. First, missing values are generated from the predictive distribution.
Second, unknown parametes are estimated from the completed data. The Markov
chain Monte Carlo (MCMC) method of computing maximum likelihood estimates
due to Geyer and Thompson [4] is modified to the Bayesian setting and missing
data problems.

Our chief motivation comes from epidemiological surveys. Medical data often
consist of many “cases” which can be regarded as independent binary vectors with
highly dependent components. Modelling such data as an independent sample
from an autologistic distribution allows us to use asymptotic statistical theory. In
this respect, the context in which we apply an autologistic model is quite different
from that of spatial statistics (see [5]). In our model we have as many parameters
as the pairs of variables and the dimension is moderately large. We point out that
the method of Geyer and Thompson is ideally suited to produce samples from an
asymptotic approximation to the posterior. In fact we also propose a simplified ver-
sion of Bayesian estimates, in which likelihood is replaced by pseudo-likelihood.
Although this algorithm is only heuristically justified, the results of simulation
studies show its practical advantages. Maximum pseudo-likelihood estimates can
be very efficiently computed using off-the-shelf methods based on generalized
linear models (GLM). Moreover, the sampler needs only a few iterations to ap-
proach equilibrium (this conclusion is supported by the results of experiments).
This makes our algorithm quite fast.

The paper is organized as follows. In Section 2 we introduce the model which
is considered in the sequel. Section 3 describes the main part of our algorithm,
namely the estimation step. In Section 4 we complete the description of the algo-
rithm. Section 5 contains the results of some small scale experiments. The aim of
this simulation study is to evaluate the performance of the imputation/estimation
algorithm proposed in our paper. We use artificial data and also real data from a big
allergological survey. Our methodology is the following. We artificially introduce
missing values. Then we apply our algorithm to impute missings and simulta-
neously estimate parameters from incomplete data. Finally we check correctness
of our imputations. We also compare estimates computed from incomplete and
complete data.
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2 Autologistic model

Let x D .x1; : : : ; xd /
> be a random vector with binary components. Assume

a Gibbs probability distribution on X D ¹0; 1ºd ,

pˇ .x/ WD
1

Z.ˇ/
eHˇ.x/; (2.1)

where

Hˇ .x/ WD

dX

i;jD1

ˇijxixj :

As usual for this type of models, the norming constant,

Z.ˇ/ WD
X

x2X

eHˇ.x/;

is typically intractable. We say that x has autologistic distribution, x � AL.ˇ/. It
depends on a matrix of coefficients B D .ˇij /. For identifiability assume that B is
symmetric, ˇij D ǰ i . It is more convenient to arrange elements of B in a vector
of dimension d.d C 1/=2, say

ˇ D .ˇ11; : : : ; ˇ1d ; ˇ22; : : : ; ˇ2d ; : : : ; ˇdd /
>

and write i th row of the matrix as

ˇi D .ˇi1; : : : ; ˇid /
>:

It is easy to verify that for every i D 1; : : : ; d ,

pˇ .xi D 1 j x�i / D
exp

�
ˇi i C

P
j¤i xjˇij

�

1C exp
�
ˇi i C

P
j¤i xjˇij

� ; (2.2)

where x�i D .xj ; j ¤ i/. This means that the full conditional distributions are
the same as in the standard model of logistic regression. For our purposes it is
important that

� simulation of x can be easily implemented using Gibbs sampler,

� parameters ˇ can be efficiently estimated using standard GLM methods com-
bined with MCMC techniques.

Simulation via GS is straightforward using (2.2). We proceed to discuss meth-
ods of estimation.

AUTHOR’S COPY | AUTORENEXEMPLAR 

AUTHOR’S COPY | AUTORENEXEMPLAR 



424 M. Zalewska, W. Niemiro and B. Samoliński

3 Estimation

We assume that the set of data X consists of n independent rows, each row having
identical auto-logistic distribution

X D

0

BB@

x.1/>

:::

x.n/>

1

CCA D

0

BB@

x1.1/; : : : ; xd .1/
:::

x1.n/; : : : ; xd .n/

1

CCA ;

with x.k/ D .x1.k/; : : : ; xd .k//> � AL.ˇ/ for k D 1; : : : ; n. In the applications
we have in mind, the dimension d is moderately high while the sample size n is
large enough to make asymptotic approximations work.

3.1 Maximum pseudo-likelihood via GLM

Let us first discuss a method of estimation based on the idea of maximum pseudo-
likelihood and some approximations. Given vector x � AL.ˇ/, we consider par-
tial log-likelihoods

Li .ˇjx/ D Li .ˇi jx/ WD logpˇ .xi jx�i /: (3.1)

Note that the above expression depends only on ˇi but will be regarded as a func-
tion of whole d.d C 1/=2-dimensional ˇ.

Since the rows x.k/ of X are i.i.d., the partial log-likelihoods are additive:

Li .ˇjX/ D

nX

kD1

Li .ˇjx.k//;

where the summands are given by (3.1). Pseudo-log-likelihood is defined as

Lps.ˇjX/ D

dX

iD1

Li .ˇjX/:

Note that each off-diagonal element ˇij appears in this sum twice: in Li .ˇjX/
and Lj .ˇjX/. Diagonal elements ˇi i appear once.

If sample size n is large then partial log-likelihoods Li are approximately qua-
dratic in the neighborhood of the true values of model parameters. Consequently,
so is Lps. We start with the following approximation:

Li .ˇi jX/ ' �
n

2
.ˇi � Ǒi /

>I�1i .ˇi � Ǒi /C const;
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where Ii is the partial Fisher information matrix of dimension d � d (obtained
by regarding i th coordinate as response variable and conditioning on the remain-
ing coordinates) and Ǒi is the maximizer of the partial likelihood Li . To rewrite
Li as a quadratic function of ˇ, suppose for a moment that ˇ is rearranged as
ˇ> D .ˇ>i ; ˇ

>
�i /, with ˇi containing d coordinates of i th row of B and ˇ�i , all

remaining d.d � 1/=2 coordinates. Accordingly, let Q̌>i D . Ǒ>i ; 0
>/ and define

a block matrix

Ki D

0

BB@

I�1i � � � 0
:::

: : :
:::

0 � � � 0

1

CCA :

Now we can write

Lps.ˇjX/ ' �
n

2

dX

iD1

.ˇ � Q̌i /
>Ki .ˇ � Q̌i /C const;

D �
n

2
.ˇ � Ň/>K.ˇ � Ň/C const;

(3.2)

where

Ň D K�1
dX

iD1

Ki Q̌i ; K D

dX

iD1

Ki : (3.3)

Standard theory of generalized linear models (for example [7]) ensures that the
partial ML estimates are asymptotically normal, if the sample size n goes to infin-
ity: Ǒi �approx: N .ˇi ; I

�1
i =n/. Equivalently, Q̌i �approx: N .ˇ;K�1i =n/.

Matrices Ii (or equivalentlyKi ) are unknown but can be consistently estimated
from data. Therefore we can use an analogue of formula (3.3) to compute an
estimator

ˇ�ps D
OK�1

dX

iD1

OKi Q̌i : (3.4)

For our purposes it is sufficient to note that ˇ�ps is a
p
n-consistent estimator. It

follows from the fact that ˇ�ps a weighted sum of asymptotically normal vectors.

Note that matrix OK is nonsingular with probability going to one, because K is
nonsingular. In fact, ˇ�ps is also asymptotically normal, but we will not use this
property.
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3.2 Maximum likelihood via MCMC

Let us consider a parametric family of Gibbs measures as in (2.1) and write the
log-likelihood in the following form:

L.ˇjx/ D logpˇ .x/ D Hˇ .x/ � logZ.ˇ/

D Hˇ .x/ � log
X

x�2X

eHˇ.x
�/:

Geyer and Thompson in the influential paper [4] put forward the idea of using
Monte Carlo (MC) to approximate the sum in the above formula. For a fixed ˇ�,

L.ˇjx/ D Hˇ .x/ � log
X

x�2X

�
e.Hˇ.x

�/�Hˇ� .x
�// 1

Z.ˇ�/
eHˇ� .x

�/

�
C logZ.ˇ�/

D Hˇ .x/ � logEe.Hˇ.x
�/�Hˇ� .x

�// C const;

where random variable x� has the probability distribution pˇ� . This change-of-
measure identity allows us to apply an importance sampling MC scheme to ap-
proximate the ratio Z.ˇ/=Z.ˇ�/, which is expressed as the expectation in the last
display. The method is particularly appealing if the densities pˇ form an exponen-
tial family, that is if

Hˇ .x/ D ˇ
>T .x/;

where T .x/ is a vector of sufficient statistics. The formula for the log-likelihood
becomes

L.ˇjx/ D ˇ>T .x/ � logEe.ˇ�ˇ
�/>T.x�/ C const:

Here and in the sequel we adopt the convention that expectation is computed with
respect to x� � pˇ� while x is kept fixed. For brevity we will write T D T .x/ and
T � D T .x�/. The derivatives of the log-likelihood can be expressed as follows:

rL.ˇjx/ D T �
ET �e.ˇ�ˇ

�/>T �

Ee.ˇ�ˇ�/>T �
D �

E.T � � T /e.ˇ�ˇ
�/>.T ��T /

Ee.ˇ�ˇ�/>.T ��T /

r2L.ˇjx/ D �
E.T � � T /.T � � T />e.ˇ�ˇ

�/>.T ��T /

Ee.ˇ�ˇ�/>.T ��T /

C

"
E.T � � T /e.ˇ�ˇ

�/>.T ��T /

Ee.ˇ�ˇ�/>.T ��T /

#"
E.T � � T /e.ˇ�ˇ

�/>.T ��T /

Ee.ˇ�ˇ�/>.T ��T /

#>
:

Now let us consider an i.i.d. sample X D .x.1/; : : : ; x.n//> � pˇ and sup-
pose that an approximation to the log-likelihood is computed using a Monte Carlo
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sample X� D .x�.1/; : : : ; x�.n�//> � pˇ� . Write T �
k
D T .x�.k// and NT D

n�1
P
T .x.k//. We obtain the MC approximation L� by replacing, in the for-

mula for L, expectation by an average with respect to the generated sample X�.
The same applies to the derivatives and thus we get the following formulas:

L�.ˇjX/ D nˇ> NT � n log
n�X

kD1

e.ˇ�ˇ
�/>T �

k C const;

rL�.ˇjX/ D �n

P
.T �
k
� NT /e.ˇ�ˇ

�/>.T �
k
� NT /

P
e.ˇ�ˇ

�/>.T �
k
� NT /

r2L�.ˇjX/ D �n

P
.T �
k
� NT /.T �

k
� NT />e.ˇ�ˇ

�/>.T �
k
� NT /

P
e.ˇ�ˇ

�/>.T �
k
� NT /

C n

"P
.T �
k
� NT /e.ˇ�ˇ

�/>.T �
k
� NT /

P
e.ˇ�ˇ

�/>.T �
k
� NT /

#"P
.T �
k
� NT /e.ˇ�ˇ

�/>.T �
k
� NT /

P
e.ˇ�ˇ

�/>.T �
k
� NT /

#>
;

where every ‘
P

’ stands for ‘
Pn�

kD1’. The derivatives in the above formulas are
understood with respect to ˇ, with ˇ� fixed. The formulas simplify if we evaluate
derivatives at ˇ D ˇ�:

rL�.ˇ�jX/ D �
n

n�

X
.T �k �

NT /

r2L�.ˇ�jX/ D �
n

n�

X
.T �k �

NT /.T �k �
NT />

C n

�
1

n�

X
.T �k �

NT /

� �
1

n�

X
.T �k �

NT /

�>
:

(3.5)

Now assume that ˇ� is a
p
n-consistent estimator of ˇ. An obvious choice

in our model is to use the maximum pseudo-likelihood estimator given by (3.4):
ˇ� D ˇ�ps. Consider one-step maximum likelihood (ML) estimator computed
according to the Newton–Raphson formula

Ǒ
1-step D ˇ

� � r2L.ˇ�jX/�1rL.ˇ�jX/:

It is well known [10, par. 5.7] that Ǒ1-step has similar asymptotic properties as
the genuine ML estimator ǑML. In particular, Ǒ1-step is asymptotically normal and
efficient. We have Ǒ1-step � ǑML D oP.1=

p
n/ and therefore

Ǒ
1-step �approx: N .ˇ; I�1=n/;
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where I is the Fisher information matrix and ˇ denotes the true value of the pa-
rameter. Let us stress that to compute Ǒ1-step exactly, we have to generate a Monte
Carlo sample of size n� D 1. For finite n� we have to take into account extra
variability introduced by random number generation. Let ˇ�MC be given by

ˇ�MC D ˇ
� � r2L�.ˇ�jX/�1rL�.ˇ�jX/; (3.6)

where L� is an MC approximation of L based on generated sampleX� of size n�.
Conditionally, given the real sample X , we have

ˇ�MC �approx: N . ǑML; I
�1=n�/: (3.7)

3.3 Bayesian approach

Now let us equip additionally the autologistic model with Bayesian structure. For
simplicity choose a flat, uniform prior: �.ˇ/ / const. Then the posterior is pro-
portional to the likelihood: �.ˇjX/ / pˇ .X/. For large n the posterior is approx-
imately normal [10, par. 10.2]

ˇjX �approx: N . ǑML; I
�1=n/: (3.8)

We can exploit the similarity of (3.7) and (3.8). If we choose n� D n then
the distribution of ˇ�MC is approximately equal to the posterior. We thus use to
advantage the extra random variability of Monte Carlo estimates. Instead of max-
imizing the likelihood we produce samples from the posterior distribution. It is
very convenient for our purposes. Summing up, the proposed sampling scheme is
the following:

(i) Compute ˇ�ps according to formula (3.4) using GLM methodology. In prac-
tice we suggest the R functions glm() or glm.fit().

(ii) Compute ˇ�MC according to formula (3.6) with ˇ� D ˇ�ps, using an MC sam-
ple of size n� D n.

Although the algorithm described above is very appealing, let us describe a sim-
plified heuristic alternative, which is much faster and not significantly less efficient
in practice. To lighten computational burden, let us replace the true likelihood
by pseudo-likelihood and use quadratic approximation (3.2). Then distribution
N .ˇ�ps; K

�1=n/ takes over the role played by N . ǑML; I
�1=n/ in (3.8) and we

arrive at the algorithm with a simplified second step:

(ii)0 Sample ˇ�simpl from N .ˇ�ps;
OK�1=n/. Estimator OK is obtained along with

ˇ�simpl using GLM methods at the first step.
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4 Imputation

Now suppose that some elements of the data matrix X are missing:

X D .Xobs; Xmis/:

In the Bayesian setup described at the end of Section 3, we apply the usual scheme
of model-based imputations. Start with some initial imputed values of Xmis. Then
iterate the following two steps of Gibbs sampler:

(i) Generate ˇ from �.ˇjXobs; Xmis/.

(ii) Generate Xmis from �.XmisjXobs; ˇ/.

When generating ˇ we can use the normal approximation described in the pre-
vious subsection and consequently ˇ�MC. In our experiments we settled for the sim-

plified version of the algorithm and ˇ�simpl. Estimators Ǒi and matrices OIi , needed
to compute ˇ�ps and OK, are computed using standard GLM algorithms. Generation
ofXmis, given ˇ is in principle straightforward. Here we make one or several steps
of standard Gibbs sampler on X based on the formula (2.2) for full conditionals.
Of course, the sampler is restricted to Xmis and keeps Xobs unaltered.

5 Simulation experiments

5.1 Experiments artificial data

Let us report results of a small scale simulation study. First series of experiments
was conducted on artificial data. Data sets were generated according to the autolo-
gistic model AL.ˇ/. The chosen parameters ˇ (arranged in the symmetric matrix
B as explained in Section 2) are given in the left upper part of Table 1, “Model
parameters”. In each single experiment the following steps were performed.

(i) Generation of an i.i.d. sample X (n D 1000 binary vectors of dimension
d D 4). It was done by a GS using formula (2.2).

(ii) Estimation of parameters. We computed ˇ�ps using formula (3.4) and R func-
tion glm.fit(). Apart from the estimates themselves, we also computed
estimates of their standard errors. Average values are given in the upper right
part of Table 1, “Estimated mean errors”.

(iii) Introduction of missings, by erasing completely at random a given percent of
data (entries of matrix X ).

(iv) Application of our algorithm to incomplete data. At the output of the al-
gorithm, we obtained estimates of the parameters (ˇ�simpl) and also imputed
values of missing data.
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Since we worked with artificial data, we were able to compare the obtained
estimates with the ground truth. We repeated steps (i)–(iv) one hundred times
to assess estimation errors. For each of the 100 generated samples (each of size
1000), estimates of parameters ˇ were computed using our method, first for com-
plete and then for incomplete data. Results are summarized in Tables 1–5 below.
Monte Carlo approximations of mean values of estimators, “Mean estimates” and
their standard errors, “Mean errors of estimates” were computed using 100 repeti-
tions, as explained above. Everything was done for four levels of incompleteness.
Table 1 corresponds to complete data.

Inspection of the results shows that the bias of estimates is negligible for com-
plete data and also for data with small percentage of missings. If the percentage of
missings is high, the estimates become biased and their standard errors becomes
worse, as should be expected. Nevertheless, the estimators work reasonably well.
Even for data with 40% missing values, the estimates are still quite meaningful.

Model parameters

3 �1 0 1

�1 0 2 3

0 2 -2 0

1 3 0 �1

Mean errors of estimates

0.58 0.63 0.34 0.49

0.63 0.66 0.35 0.28

0.34 0.35 0.45 0.26

0.49 0.28 0.26 0.53

Mean estimates

3.18 �1.11 �0.04 0.96

�1.11 0.08 2.08 3.02

�0.04 2.08 �2.05 0.01

0.96 3.02 0.01 �0.94

Estimated mean erorrs

0.58 0.47 0.22 0.33

0.47 0.67 0.23 0.19

0.22 0.23 0.43 0.20

0.33 0.19 0.20 0.49

Table 1. Estimators of parameters ˇ from complete data.

Mean estimates

3.31 �1.26 �0.04 0.96

�1.26 0.23 2.07 3.01

�0.04 2.07 �2.04 0.01

0.96 3.01 0.01 �0.93

Mean errors of estimates

1.65 1.72 0.4 0.57

1.72 1.75 0.43 0.31

0.4 0.43 0.55 0.33

0.57 0.31 0.33 0.61

Table 2. Estimators of parameters ˇ from data with 10% missings.

AUTHOR’S COPY | AUTORENEXEMPLAR 

AUTHOR’S COPY | AUTORENEXEMPLAR 



MCMC imputation 431

Mean estimates

3.92 �1.85 0.06 0.88

�1.85 0.82 2.04 2.93

0.06 2.04 �2.07 0.02

0.88 2.93 0.02 �0.79

Mean errors of estimates

3.54 3.58 0.48 0.7

3.58 3.57 0.5 0.44

0.48 0.5 0.62 0.44

0.7 0.44 0.44 0.77

Table 3. Estimators of parameters ˇ from data with 20% missings.

Mean estimates

3.68 �1.34 �0.04 0.65

�1.34 0.46 1.93 2.85

�0.04 1.93 �1.95 0.08

0.65 2.85 0.08 �0.59

Mean errors of estimates

2.86 2.49 0.54 1.89

2.49 2.42 0.61 0.45

0.54 0.61 0.82 0.51

1.89 0.45 0.51 1.86

Table 4. Estimators of parameters ˇ from data with 30% missings.

Mean estimates

3.35 �0.8 �0.01 0.41

�0.8 0.06 1.86 2.64

�0.01 1.86 �1.97 0.17

0.41 2.64 0.17 �0.29

Mean errors of estimates

3.7 2.39 0.77 2

2.39 2.38 0.63 0.7

0.77 0.63 0.88 0.58

2 0.7 0.58 2.06

Table 5. Estimators of parameters ˇ from data with 40% missings.

5.2 Experiments on real medical data

In the next series of experiments we used real data, collected in a big epidemio-
logical survey ECAP (prevalence of allergic diseases in Poland 2006–2008). The
full data set contains 18617 units (cases, respondents) and 1225 variables (mostly
binary, but also numeric). Unit nonresponse in the survey was 4086 cases (18%).
There was also significant item nonresponse.

To our experiments we selected a small portion of this large database, contain-
ing n D 2962 cases and d D 6 binary variables. At the present stage of our
research we are mostly concerned with examination of developed statistical and
computational tools. Therefore we adopted the following approach. We chose
a part of data which is complete, contains no missings. Then we artificially erased
some percentage of values and used our algorithm to refill them.
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Figure 1 and Table 6 below indicate the percentage of correctly and wrongly
imputed missing values for four different “levels of incompleteness”.

The methodology of our experiments was quite analogous to that applied to
artificial data. We repeated steps (ii)–(iv) exactly as described in the previous sub-
section. Of course, the “true values of parameters” were unknown, but estimates
computed from complete data could be considered as some sort of ground truth.
They are given in Table 7 and compared with those based on incomplete data,
given in Tables 8–11. Each of these tables is based on one hundred repetitions.
Note that we generated missings at random one hundred times in the same dataset.
The tables report “Mean estimates” (averages computed from 100 repetitions) and
“Mean errors of estimates” (standard deviations computed from 100 repetitions).

10% 20% 30% 40%

wrong
correct

Percent of missings correctly and wrongly imputed

0

10

20

30

40

50

Figure 1. Results of imputations for different percents of missings.
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Percent of missings

missings 10% 20% 30% 40%

correct 7.7 15.09 22.79 29.89

wrong 2.3 4.91 7.21 10.11

Table 6. Results of imputations for different percents of missings.

Some caution is needed when interpreting “errors”. We just computed the square
root of mean square differences between estimates from complete and incomplete
data. Put differently, we assess only the “error due to incompleteness”. Simi-
larly, comparison of “Mean estimates” in Tables 8–11 with “Estimates” in Table 7
allows us to assess the “bias due to incompleteness”.

Figure 2 shows how the “errors due to incompleteness” depend on the percent-
age of missings. We indicate only 6 components of 21-dimensional vector ˇ. The
single horizontal bars corresponding to “0%” correspond to estimates from com-
plete data.

The study reported in this section had a preliminary character. We restricted
ourselves to moderate size datasets and used a simplified version of our algorithm.
However, the results obtained so far are encouraging. The performance of esti-
mators on incomplete data is satisfactory, even when the percent of missings in
significant. Let us emphasize the results concerning real data. We obtained a high
rate of successful, correct imputations. This is not only a positive result about our
algorithm but also an evidence in favour of using autologistic model in epidemio-
logical applications.

Further research is needed to examine the usefulness of our algorithm for large
datasets. Sampling from the posterior distribution, based on Monte Carlo approxi-
mation to the likelihood, is a method with sound theoretical justification. However,

Estimates

�3.02 0.19 1.07 1.64 0.95 0.6

0.19 �5.15 1.92 0.58 1.97 0.28

1.07 1.92 �3.52 0.98 0.98 0.28

1.64 0.58 0.98 �1.02 0.65 0.56

0.95 1.97 0.98 0.65 �2.37 0.7

0.6 0.28 0.28 0.56 0.7 �1.78

Table 7. Estimators of parameters ˇ from complete data.
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Mean estimates

�3.02 0.14 1.07 1.64 0.95 0.6

0.14 �5.17 1.91 0.58 2.05 0.27

1.07 1.91 �3.52 0.99 0.98 0.28

1.64 0.58 0.99 �1.02 0.65 0.57

0.95 2.05 0.98 0.65 �2.37 0.7

0.6 0.27 0.28 0.57 0.7 �1.79

Mean errors of estimates

0.06 0.17 0.1 0.09 0.11 0.09

0.17 0.16 0.16 0.19 0.19 0.14

0.1 0.16 0.08 0.1 0.11 0.09

0.09 0.19 0.1 0.03 0.09 0.08

0.11 0.19 0.11 0.09 0.06 0.07

0.09 0.14 0.09 0.08 0.07 0.04

Table 8. Estimators of parameters ˇ from data with 10% missings.

Mean estimates

�3.03 0.17 1.06 1.66 0.95 0.57

0.17 �5.15 1.94 0.62 1.96 0.23

1.06 1.94 �3.53 0.98 0.99 0.28

1.66 0.62 0.98 �1.02 0.66 0.57

0.95 1.96 0.99 0.66 �2.38 0.71

0.57 0.23 0.28 0.57 0.71 �1.79

Mean errors of estimates

0.1 0.26 0.15 0.12 0.13 0.13

0.26 0.25 0.24 0.29 0.29 0.24

0.15 0.24 0.11 0.17 0.16 0.15

0.12 0.29 0.17 0.04 0.13 0.1

0.13 0.29 0.16 0.13 0.07 0.12

0.13 0.24 0.15 0.1 0.12 0.07

Table 9. Estimators of parameters ˇ from data with 20% missings.
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Mean estimates

�3 0.2 1.07 1.64 0.92 0.59

0.2 �5.19 1.93 0.58 2.01 0.27

1.07 1.93 �3.51 0.98 0.98 0.27

1.64 0.58 0.98 �1.02 0.68 0.56

0.92 2.01 0.98 0.68 �2.38 0.71

0.59 0.27 0.27 0.56 0.71 �1.79

Mean errors of estimates

0.13 0.31 0.2 0.16 0.22 0.19

0.31 0.28 0.32 0.38 0.35 0.27

0.2 0.32 0.16 0.25 0.22 0.23

0.16 0.38 0.25 0.06 0.17 0.14

0.22 0.35 0.22 0.17 0.09 0.16

0.19 0.27 0.23 0.14 0.16 0.07

Table 10. Estimators of parameters ˇ from data with 30% missings.

Mean estimates

�3.01 0.1 1.04 1.64 1.01 0.57

0.1 �5.21 2 0.66 1.97 0.28

1.04 2 �3.54 1.02 0.99 0.26

1.64 0.66 1.02 �1.02 0.62 0.58

1.01 1.97 0.99 0.62 �2.39 0.7

0.57 0.28 0.26 0.58 0.7 �1.78

Mean errors of estimates

0.49 0.29 0.24 0.28 0.22

0.49 0.45 0.41 0.51 0.58 0.39

0.29 0.41 0.21 0.28 0.33 0.28

0.24 0.51 0.28 0.07 0.25 0.18

0.28 0.58 0.33 0.25 0.13 0.2

0.22 0.39 0.28 0.18 0.2 0.1

Table 11. Estimators of parameters ˇ from data with 40% missings.

AUTHOR’S COPY | AUTORENEXEMPLAR 

AUTHOR’S COPY | AUTORENEXEMPLAR 



436 M. Zalewska, W. Niemiro and B. Samoliński
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Figure 2. Boxplots of estimates computed from incomplete data.

for big datasets it may turn out to be computationally costly. Our experience shows
that the heuristic method based on pseudo-likelihood has comparable statistical
properties but is much faster. Finally let us note that several generalizations and
extensions of autologistic model are possible. It is not difficult to include covari-
ates (binary or numeric explanatory variables) in the autologistic model. Huffer
and Wu in [5] proposed this in an application to spatial statistics. Presence of
covariates should improve the imputation of missing values, but also poses new
problems, for example if covariates themselves are incomplete.
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6 Concluding remarks

The algorithm proposed in our paper aims at estimating the parameters of the au-
tologistic model from incomplete data and, simultaneously, imputing missing data.
Note that parameters of the autologistic model have clear and intuitive interpreta-
tion. Their estimates are thus valuable for the user. This is particularly true for
epidemiological studies, in which estimated parameters reflect interdependence of
various risk factors and occurrence of symptoms. On the other hand, imputed
values might be of independent interest, if the rate of correct guesses is high.

We consistently use model-based approach and Bayesian methodology, as op-
posed to predominantly heuristic character of many other imputation techniques.
Our algorithm is a complex version of Gibbs sampler. The output includes both
imputed missing values and estimated parameters, sampled from (approximately)
posterior joint distribution. The reliability of our method was tested on real epi-
demiological data with artificially generated missings. We think that this simula-
tion methodology, described in detail in Section 5, is a honest way of evaluating
the performance of the method in practice. The results were good and encourag-
ing. Moreover, the experiments performed on both synthetic and real data show
efficiency of our algorithm.

As a by-product of our considerations we developed a method of approximat-
ing the maximum likelihood or Bayesian estimates, which is more efficient than
maximum pseudo-likelihood even for complete data.

Further work is needed to develop a similar algorithm for data with auxiliary
variables. Such a generalization is important for many applications, especially in
epidemiology and clinical research.
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