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a b s t r a c t

We consider compound Poisson processes or, more generally, Lévy processes X(t) with
positive bounded jumps. The problem is to estimate the ‘‘growth rate’’ µ = EX(t)/t
with fixed relative precision, i.e. to construct an estimator µ̂ such that P(|µ̂ − µ| <

µε) ≥ 1 − α, for a given precision parameter ε and confidence parameter α, given a
trajectory X(t) for 0 ≤ t ≤ T . Such an estimator must be sequential, i.e. the length T of
the observed trajectory must be random and chosen adaptively. Assume that the upper
bound on jumps is known (w.l.o.g. equal to 1). We consider the estimator µ̂r = r/Tr ,
where Tr = min{t : X(t) ≥ r}, with a suitably chosen r = r(ε, α). We show that this
estimator is ‘‘nearly worst case optimal’’ in a certain asymptotic sense, for ε → 0 and
α → 0. The ‘‘worst case’’ turns out to be the process with jumps 1, i.e. the Poisson
process with intensity µ.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

The main motivation of this work is an estimation problem for compound Poisson processes. Let

X(t) =

N(t)∑
i=1

Yi,

where N(t), t ≥ 0 is a homogeneous Poisson process with intensity λ and Yis are i.i.d.positive random variables with
EYi = m, independent of N(·). Such processes have various applications, in particular in classical models of insurance
mathematics. An important characteristic of X(·) is its ‘‘growth rate’’ or ‘‘drift parameter’’,

µ = EX(t)/t = λm.

In the insurance models Yis are interpreted as subsequent losses incurred by a company. Therefore µ is the mean value
of losses per unit time. Problem of estimation of this quantity is clearly of great practical interest. We consider estimation
with fixed relative precision ε at a given level of confidence 1−α. Thus we stipulate that an estimator µ̂ must satisfy the
condition P(|µ̂ − µ| < µε) ≥ 1 − α. (Note that the inequalities are understood in the rigorous, nonasymptotic sense. In
the theoretical computer science literature, such an estimator is referred to as ‘‘ε-α-approximation’’, see e.g. Dagum et al.
(2000).) Clearly, relative precision is important if µ is small (for example because the ‘‘loss’’ events are rare), but also if
µ is big.

We assume that an estimator µ̂ is based on the trajectory X(t) for 0 ≤ t ≤ T . It is rather obvious (and will be proved
rigorously in the course of our considerations) that the length T of the observed trajectory cannot be fixed a priori and
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must be a random stopping time. A natural measure of efficiency of an estimator is ET , the mean observation time needed
to meet the fixed relative precision requirement.

We focus on the case when the jumps are positive and bounded, i.e. 0 < Yi ≤ h. If h is known then, without loss of
generality, we can and will assume that h = 1. In this case, in Section 3 we propose a simple estimator µ̂r = r/Tr for
Tr = inf{t : X(t) ≥ r}. (Note that µ̂r is close to the average value X(Tr )/Tr .) For µ̂r we prove exponential inequalities,
analogous to the Hoeffding inequalities for bounded random variables. These inequalities allow us to choose r such that
µ̂r is an ε-α-approximation and ETr ∼ logα−1/µε2 for ε → 0 and α → 0. Details are given in Section 3. On the other
hand, we show that the best possible sequential ε-α-approximation must, in the least favourable case, use the trajectory
of length T , where

ET ∼
logα−1

µε2 .

Thus our estimator µ̂r is an ‘‘asymptotically minimax’’ ε-α-approximation. The least favourable case turns out to be a
process with all jumps equal to 1, i.e. the Poisson process with intensity µ. Details are given in Section 4.

Actually, we consider not only compound Poisson processes but also a more general class of Lévy processes. We assume
that X(·) is a pure jump time-homogeneous process with independent increments which has positive and bounded jumps.
The expected number of jumps of size x at time t is described by a measure ν(dx)×dt , where ν is called the Lévy measure.
In the special case of a compound Poisson process, we have ν(dx) = λρ(dx), where ρ is the probability distribution of a
single summand Yi and λ is the intensity of the Poisson process N(·). Clearly, µ =

∫
xν(dx).

In this paper we construct a sequential estimator of µ with fixed relative precision and show it is in some sense nearly
worst case optimal. Our main results, Theorems 3.1, 3.2 and 4.1 are analogues of the theorems established in Gajek
et al. (2013) for sums of i.i.d. summands. In the setup of Lévy processes, the proofs are based on an auxiliary result
of independent interest (Corollary 3.1, an analogue of Bennett inequality). Considering Levy processes instead of i.i.d.
sequences not only allows for new important applications (e.g. to classical models of the risk theory), but also sheds new
light on the previous results in Gajek et al. (2013). In particular, we highlight the key role of the Poisson process as the
‘‘worst case’’ and its relation to the Bennett inequality.

2. Statement of the problem

Let X(t), t ≥ 0 be a pure jump Lévy process with Lévy measure ν concentrated on [0, 1]. Suppose that the process X(·)
is adapted to filtration {Ft} and X(t + h) − X(t) is independent of Ft for h > 0. We have

E exp{sX(t)} = exp
{
t
∫ 1

0
(esx − 1)ν(dx)

}
.

It is well-known that

EX(t) = tµ,

where

µ =

∫ 1

0
xν(dx)

must be finite.
Our objective is to estimate µ (the ‘‘growth rate’’ of the process), given a trajectory X(t), 0 ≤ t ≤ T . We will construct

an estimator µ̂ which has fixed relative precision in the following sense:

P(|µ̂ − µ| < µε) ≥ 1 − α, (2.1)

for a given precision parameter ε and a confidence parameter α. Every estimator satisfying the above requirement (for
all values of µ) has to be sequential, i.e. the length of trajectory T has to be an adaptively chosen random variable. This
fact, already noted in the Introduction, will be established later as an easy corollary to Theorem 4.1 in Section 4.

3. Construction of an ε-α-approximation

3.1. Auxiliary results

Our main tool is an exponential inequality for a class of Lévy processes, Corollary 3.1. We begin with the following
lemma.

Lemma 3.1. Under our standing assumptions on the process X(t), for all s > 0,

E exp {s[X(t) − tµ]} ≤ exp
{
tµ
(
es − s − 1

)}
,

E exp {s[tµ − X(t)]} ≤ exp
{
tµ
(
e−s

+ s − 1
)}

.
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Proof. We will show that the first inequality holds for all real s. Clearly,

E exp {s[X(t) − tµ]} = exp
{
t
∫ 1

0

(
esx − sx − 1

)
ν(dx)

}
.

Let q(dx) =
xν(dx)

µ
, so that∫ 1

0

(
esx − sx − 1

)
ν(dx) = µ

∫ 1

0

esx − sx − 1
x

q(dx).

Note that q is a probability measure on [0, 1] and thus the integral above is bounded by the maximum value of the
integrand. Now it is enough to notice that the maximum is attained at x = 1,

esx − sx − 1
x

≤ es − s − 1.

Indeed, it is easy to verify that the derivative of the integrand function is positive, because

d
dx

(
esx − sx − 1

x

)
> 0 iff e−sx > 1 − sx,

and the right hand side inequality is true for all s, both positive and negative.

It is worth noting the following interpretation of Lemma 3.1. The moment generating function E exp {s[X(t) − tµ]} is
maximum if X is the Poisson process with rate µ, i.e. all the jumps are of size 1. This fact sheds some light on our ‘‘worst
case result’’, Theorem 4.1.

Corollary 3.1. Under our standing assumptions on the process X(t), if 0 < ε < 1,

P(X(t) ≥ tµ(1 + ε)) ≤ exp {−tµ[(1 + ε) log(1 + ε) − ε]} ,

P(X(t) ≤ tµ(1 − ε)) ≤ exp {−tµ[(1 − ε) log(1 − ε) + ε]} .

Proof. Consider the first inequality. By Markov inequality combined with the first part of Lemma 3.1,

P(X(t) − tµ ≥ tµε) ≤ E exp {s[X(t) − tµ]} exp{−stµε)
≤ exp

{
tµ
(
es − s − 1 − sε

)}
.

Now it is enough to minimize es − s − 1 − sε with respect to s. It is easy to check that the minimum is obtained for
s = log(1 + ε) and is equal to −[(1 + ε) log(1 + ε) − ε] < 0.

The proof of the second inequality is analogous, using the second part of Lemma 3.1.

Corollary 3.1 is a continuous time version of the classical Bennett inequality for sums of i.i.d.random variables (Bennett,
1962). Note also that in Gajek et al. (2013, Lemma A.1), a role analogous to our Corollary 3.1 is played by one of the
Hoeffding inequalities (Hoeffding, 1963, Theorem 1).

3.2. The sequential estimator µ̂r

Let us fix a number r > 0 and put

Tr = inf{t > 0 : X(t) ≥ r} (3.1)

and

µ̂r =
r
Tr

. (3.2)

It is clear that Tr is a stopping time with respect to the filtration {Ft} and µ̂r is FTr -measurable. The pair (Tr , µ̂r ) defines
a sequential estimation procedure.

Theorem 3.1. For µ̂r defined above,

P(µ̂r − µ ≥ µε) ≤ exp{−rk(ε)},
P(µ − µ̂r ≥ µε) ≤ exp{−rk(−ε)},

where function k is defined (for all real ε ̸= 0) as

k(ε) = log(1 + ε) −
ε

1 + ε
. (3.3)
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Fig. 1. Graph of k(ε).

Proof. Write T = Tr and µ̂ = µ̂r . To show the first of the inequalities, we use (3.1), (3.2) and the first part of Corollary 3.1,
with t = r/(µ(1 + ε)). Indeed, the definition of Tr and the right continuity of sample paths of X(·) imply that

P(µ̂ − µ ≥ µε) = P
( r
T

≥ µ(1 + ε)
)

= P
(
T ≤

r
µ(1 + ε)

)
= P

(
X
(

r
µ(1 + ε)

)
≥ r

)
≤ exp

{
−

r
1 + ε

[(1 + ε) log(1 + ε) − ε]

}
= exp {−rk(ε)} .

To prove the second inequality, just use the second part of Corollary 3.1 in an analogous way.

We should mention that the inequalities in Theorem 3.1 are exactly the same as those derived in Gajek et al. (2013,
Th. 2.3) for sums of i.i.d. bounded random variables. However, in the Lévy process setup considered here, Corollary 3.1
leads to a more straightforward proof.

It is easy to see that k(ε) > 0, k(ε) ∼ ε2/2 for ε → 0 and k(ε) < k(−ε) for 0 < ε < 1. The graph of function k(ε) is
displayed in Fig. 1.

Theorem 3.1 gives bounds independent of µ. Thus it can be directly used to find a fixed relative precision estimator.
Let

r(ε, α) = inf {r : exp[−rk(ε)] + exp[−rk(−ε)] ≤ α} .

It is easy to see that

r(ε, α) ≤
log(α/2)−1

k(ε)
.

Indeed, if r̄ = log(α/2)−1/k(ε) then exp[−r̄k(ε)] + exp[−r̄k(−ε)] < α/2 + α/2 = α, so r(ε, α) ≤ r̄ . Note also that

r ≤ µETr < r + 1. (3.4)

Inequality (3.4) follows from a Lévy process version of the 1st Wald identity,

EX(T ) = µET ,

applied to the stopping time T = Tr . Our assumptions clearly imply r ≤ X(Tr ) < r +1. Combining Theorem 3.1 with (3.4),
we obtain the following result.

Theorem 3.2. If r = r(ε, α) then estimator µ̂r = r/Tr satisfies (2.1) and

µETr ≤
log(α/2)−1

k(ε)
+ 1.

4. Worst case lower bound for ET for an ε-α-approximation

Theorem 3.2 gives an upper bound for the expected time of observation Tr required by the ε-α-approximation µr
constructed in the previous section. We are going to prove that this bound is close to the necessary minimum. In this
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section we consider an arbitrary sequential estimation procedure (T , µ̂), where T is an almost surely finite stopping time
and µ̂ is FT -measurable (depends only on X(t) for t ≤ T ). We show that if µ̂ is an ε-α-approximation then the expected
value of T cannot be much smaller than that of Tr .

We consider the case when the process X(t) is simply a homogeneous Poisson process with intensity parameter µ (any
ε-α-approximation which works for Lévy processes satisfying our assumptions must work in this particular case). From
now on we use the following notations. For emphasis let us write X(t) = N(t). Since we will consider different probability
measures, let Pµ and Eµ correspond to the parameter µ (i.e. EµN(t) = µt for example).

Theorem 4.1. If (T , µ̂) is a sequential estimation procedure which satisfies (2.1), then in the case of Poisson processes we
have

µEµT ≥
log(2α)−1

k(−ε)
·

(
1 −

√
2 log(2α)−1 + 1 − 1

log(2α)−1

)
.

Note that both the upper bound in Theorem 3.2 and the lower bound in Theorem 4.1 are of the form b(ε, α), where
b(ε, α) ∼

1
2ε

2 logα−1 as ε → 0 and α → 0. In this sense, the procedure given in the previous section is nearly optimal
for small ε and α. The worst case (from the viewpoint of efficiency of ε-α-approximations) among Lévy processes with
jumps in [0, 1] turns out to be Poisson processes with jumps 1.

Proof. Fix µ and put

µ1 =
µ

1 + ε
, µ2 =

µ

1 − ε
.

Let

p(n, t, µ) = Pµ [N(t) = n] = e−µt (µt)n

n!
.

Now consider the likelihood ratios

p(n, t, µ1)
p(n, t, µ)

= e−(µ1−µ)t
(

µ1

µ

)n

= exp
{

ε

1 + ε
µt − n log(1 + ε)

}
= exp {−(n − µt) log(1 + ε) − k(ε)µt}

and

p(n, t, µ2)
p(n, t, µ)

= e−(µ2−µ)t
(

µ2

µ

)n

= exp
{
−

ε

1 − ε
µt − n log(1 − ε)

}
= exp {−(n − µt) log(1 − ε) − k(−ε)µt} .

The processes

M1(t) = exp {− (N(t) − µt) log(1 + ε) − k(ε)µt}

and

M2(t) = exp {− (N(t) − µt) log(1 − ε) − k(−ε)µt}

are martingales with respect to measure Pµ, with EµMi(t) = 1. We have the following ‘‘change of measure’’ formulae:
Pµi (A) = EµMi(t)I(A), for A ∈ Ft , see e.g. (Asmussen and Albrecher, 2010, Prop. 1.2 in Ch. III). These formulae hold also
if we replace deterministic t by a stopping time T , see (Asmussen and Albrecher, 2010, Th. 1.3 in Ch. III). Consequently,
since the events {µ̂ ≥ µ} and {µ̂ < µ} belong to FT , we obtain

Pµ1 (µ̂ ≥ µ) = EµM1(T )I(µ̂ ≥ µ),
Pµ2 (µ̂ < µ) = EµM2(T )I(µ̂ < µ),

(4.1)

Clearly, (2.1) implies

Pµ1

[
µ̂ ≥ µ

]
≤ α and Pµ2

[
µ̂ < µ

]
≤ α.
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It is easy to check that k(ε) < k(−ε) and log(1 + ε) < − log(1 − ε) <
√
2k(−ε). Therefore, (4.1) and Jensen inequality

imply

2α ≥ Eµ min [M1(T ),M2(T )]

≥ Eµ exp
{
−

√
2k(−ε)

⏐⏐N(T ) − µT
⏐⏐− k(−ε)µT

}
≥ exp

{
−

√
2k(−ε)Eµ

⏐⏐N(T ) − µT
⏐⏐− k(−ε)µEµT

}
.

Equivalently,

− log(2α) ≤

√
2k(−ε)Eµ

⏐⏐N(T ) − µT
⏐⏐+ k(−ε)µEµT

≤

√
2k(−ε)Eµ (N(T ) − µT )2 + k(−ε)µEµT .

To complete the proof, notice that a Poisson process version of the second Wald identity gives

Eµ (N(T ) − µT )2 = µEµT .

To simplify notation, let z = µEµT , l = − log(2α) and k = k(−ε). We have shown that

l ≤
√
2kz + kz.

This is in fact a quadratic inequality with respect to y =
√
2kz. If we solve this inequality, we get y ≥

√
1 + 2l− 1. Hence

kz =
y2

2
≥

1
2

(√
1 + 2l − 1

)2
= l

(
1 −

√
2l + 1 − 1

l

)
,

which is equivalent to the conclusion of the theorem.

Remark 4.1. It is worth mentioning that k(ε)µt is the Kullback–Leibler divergence between Poisson distributions with
parameters µt and µ1t = µt/(1 + ε),

k(ε)µt = −Eµ log
p (N(t), t, µ/(1 + ε))

p (N(t), t, µ)
= −Eµ logM1(t).

Analogously, k(−ε)µt = −Eµ logM2(t).

Note that the conclusion of Theorem 4.1 is similar to its counterpart for Bernoulli schemes (Gajek et al., 2013, Th. 3.2).

Remark 4.2. In this paper we assumed that the upper bound on the size of jumps is known (it was set to 1 without loss
of generality). If we drop this assumption then ε-α approximation does not exist. To see this, it is enough to consider a
process X(·) with Lévy measure ν concentrated on [0, 1] and a ‘‘perturbed process’’ X1(·) = X(·)+ gN(·), where N(·) is an
independent Poisson process with (small) intensity γ and g is a (big) constant. Let µ = EX(1) and µ1 = EX1(1) = µ+γ g .
It is easy to see that no ε-α approximation can work correctly for both X(·) and X1(·). Indeed, if (T , µ̂) were an ε-α
approximation then for X(·) we would get P(µ̂ < µ(1+ ε)) ≥ 1− α. We could choose t such that P(T ≤ t) ≥ 1− α, then
γ such that P(N(t) = 0) = e−γ t

≥ 1 − α and finally g so big that µ(1 + ε) < µ1(1 − ε). If we now apply (T , µ̂) to X1(·)
then with probability at least 1− 2α we would get the same result as for X(·), thus obtaining P(µ̂ < µ1(1− ε)) ≥ 1− 3α,
which contradicts the requirement P(µ̂ > µ1(1 − ε)) ≥ 1 − α.
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