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Abstract Under a simple superpopulation model for an arbitrary sampling design
we derive optimal linear unbiased estimators/predictors of a mean in a domain. They
can be viewed as synthetic and composite estimators of small area estimation theory
when no auxiliary variable is available. Moreover, we show that the only requirement
for optimality of a sampling strategy is to use any sampling plan of fixed sample size
together with traditional estimators (as designed for simple random sampling without
replacement). Finally, for symmetric sampling plans, simplified formulas (based on the
first two moments of sample sizes) for optimal synthetic and composite estimators and
their MSE’s are derived. Throughout the paper we consistently use the model-design
setup.

Keywords Small area estimation - Model-design setup - Optimality of BLUE
and BLUP

1 Introduction

The basic problem of small area estimation is concerned with providing reliable esti-
mates for parameters of domains for which the sample size does not permit to use
standard estimates provided by the survey sampling theory due to their prohibitive
levels of errors.
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498 W. Niemiro, J. Wesotowski

The simplest heuristic idea then is to believe that the parameters of small areas
are the same as the respective parameters in the whole population and to use the
estimators designed for the population parameters (or their simple transformations) to
estimate respective small area quantities. This idea is an informal basis of so called
synthetic estimators which goes back to Gonzalez (1973), see also Rao (2003, p. 46).
In the case the population parameters and small area parameters are different such an
approach may lead to heavily biased estimators, therefore the heuristic approach is
to take a weighted average of the estimate for the whole population and the design
based estimate for the small area. Such a procedure is often referred to as “borrowing
the strength” and leads to so called composite estimators. For more information on
synthetic and composite estimation we refer to Ghosh (2001), Rao (2003, Sects. 4.2
and 4.3) or a review paper by Marker (1999, Sects. 2.1.6 and 2.1.7).

In this note our aim is to present rigorous derivations of synthetic and composite
estimators under a superpopulation model combined with arbitrary non-informative
sampling designs. The model we consider here is described in Sect. 2. It is very
simple, with no auxiliary variables and with no autocorrelation, as considered e.g. in
the classical monograph Cassel et al. (1977, Sect. 5.3) or in lecture notes of Ghosh
(2001, Sect. 0.3). The very simplicity of the model makes it a good starting point for a
discussion of relations between model- and design-based approaches. In our paper, we
consistently use the model-design setup: in defining the class of linear and unbiased
estimators as well as in the criterion of optimality (MSE).

Many authors considered similar problems of optimal unbiased linear estima-
tion/prediction under purely model-based approaches. Standard references in this
setting are several papers of Royall and co-authors starting with Royall (1970). A
review can be found in Cassel et al. (1977, Chap. 5). For more recent results one can
consult e.g. Bellhouse (1984) or Chambers (2005).

The task of deriving optimal strategy is split into two stages.

First, under an arbitrary sampling design we find optimal linear unbiased (synthetic)
estimators and predictors (composite estimators). This is the main result of Sect. 3.
The derivation is based on a technical lemma on constrained minimization given in
Appendix A.1. In the special case of fixed size sampling designs our formulas agree
with those known in the literature, e.g. in Scott and Smith (1969), Cassel et al. (1977,
Chap. 5) or Ghosh (2001, Sect. 0.3).

Second, we find the family of optimal sampling designs. The main result of Sect. 4
says that the only requirement for optimality of a sampling strategy is to use BLUE
and BLUP together with any design of a fixed sample size. The argument is based
on inequalities for functionals of positive definite matrices which are proved in
Appendix A.2.

Let us emphasize that the problem we solve is of the same nature as e.g. those
considered in Royall (1970) or Cassel et al. (1977, Chaps. 4 and 5). However, we
consider optimality within a different class of estimators. Among the distinctive fea-
tures of our approach the most notable is the definition of linearity (we consider
estimators/predictors with weights which do not depend on the sample).

Despite the fact that designs with random domain sample size are not optimal,
they often occur in practice. The general formulas for BLUE and BLUP and their
MSE’s for any sampling design are analytically simple but they can be difficult to
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Synthetic and composite estimation under a superpopulation model 499

apply numerically, due to the fact that they involve inverting large matrices. However,
when the attention is restricted to symmetric designs, the respective formulas are quite
elementary functions of the first two moments of the sample sizes. They are derived
in Sect. 5.

2 The model-design setup

Denote a population by U = {1, ..., N}. Consider a sampling plan (p) on U with
() and (;rz;) being inclusion probabilities, respectively, of the first and second order.

Denote 7 = (7, ..., wy)! and IT = diag(r), ie. [11 = 7, where 1 = (1, ..., )T.
Also let P = [m;;] (in particular 7;; = 7;). Let S denote the sample drawn from
U according to (p). Let Ix(S) = 1if k € Sand Ix(S) = 0ifk € U\ S. Let
I=([1(S),...,In(S))T. Then E(I) = 7 and the covariance matrix of Iis P — w7z ”.

We consider the following superpopulation model (Ghosh 2001, p. 57). The values
of the variable of interest corresponding to all the population units are regarded as
realizations of random variables Y, ..., Yy. From now on we assume that Y =
(Y1, ..., Yy)T is arandom vector with square integrable independent identically dis-
tributed components with the expectation ;& > 0 and the coefficient of variation y.
Recall that y = o/, where o2 is the common variance of ¥;s. Thus E(Y) = 1 and
the covariance matrix of Y is 021, where I denotes the identity matrix.

We assume that the random vectors Y and I are independent (the sampling plan is
noninformative). Consider therandom vector Z = diag(1)Y,i.e.Z = (Z1, ..., Z T =
(1 (S), ..., YNIn(S)T. Thus we regard Z as the vector of observations while the
random vector Y is not fully observed. In the calculations below we are using basic
properties of conditioning. Note that

E(Z) = E (diagME(Y|)) = pr.

Let us stress that the symbol E in the above formula (and indeed in all the formulas
in this paper) denotes expectation with respect both to the sampling plan (p) and the
superpopulation model Y. Thus for a function f,

Ef(Y,S) = / D> (.9 pls) Py(dy),

RN sCcU

where Py denotes the probability distribution of the random vector Y. Note that in
some papers, frequently cited in the literature, instead of [E authors use a notation of
the type E¢ E,, where E¢ stands for the expectation with respect to the model while
E, stands for the expectation with respect to the design.

Let V denote the covariance matrix of the random vector Z, i.e.

V=E|@- 0@~ )]
= E {[diag(Y = u1) + (1 = )] [diagD(Y — p1) + p@ - 1)1 }

—E [diag(I)E [(Y — uI)(Y — MI)T|I] diag(I)] + 1R [(I — - n)T] .
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500 W. Niemiro, J. Wesotowski

Consequently
V =0+ u*(P —axnl). (1)

The parameters of our model are i and y. We assume that y is known and p is
unknown. Therefore, we prefer to write formulas in terms of the matrix

s _ Vo p T
V=" =M+y 2P -nx"). )
o

For future reference, let us note that V and thus also V are invertible. It follows from
the fact that IT is positive definite (under the standard assumption that all 7r;s are
strictly positive) and P — ! is semi-positive definite.

Consider an arbitrary domain D C U. We are interested in the domain mean,

Yp = N—lD > iep Yi, where Np = #(D) denotes the cardinality of D. It will be

convenient to write Yp = NLDYTeD, where ep = (e1,...,en) Withe; = 1ifi € D
and ¢; = 0if i ¢ D. Notice that in our setting ¥p is a random variable so we should
rather speak of predicting, not estimating this quantity. The auxiliary task, which
is perhaps also of independent interest, is to estimate the superpopulation (model)
mean (.

In Sect. 3, for a fixed but arbitrary sampling plan (p), we will consider the problem of
deriving the best linear unbiased estimator (BLUE) /i of u and the best linear unbiased
predictor (BLUP) Yp of Yp. Let us stress that by linear estimators/predictors we mean
statistics which are linear functions of the observed variables Z;, i.e. they are of the
form

WTZ = Zw,’Z,’,

ieU

where the coefficients w; are fixed numbers (they do not depend on the sample S).
Note that we can write w/ Z = > ies wiY;. Our approach and terminology used
here are different from those prevailing in the model-based literature: for example
Scott and Smith (1969) as well as Royall (1970) consider, under the name of “linear
estimators”, a different family of statistics (namely those of the form >"; _¢ w; (S)Y;,
where the weights are allowed to depend on §). Note also that the purely design-based
linearity may be understood in yet another sense (namely as linearity with respect
to the indicator variables /;) and in such a setting the 7 -estimator is the only linear
unbiased one.

3 Optimal estimation and prediction

As it has been already announced, in this section we derive optimal linear unbiased
estimators/predictors for an arbitrary fixed sampling plan. At the same time, it is the
first step in deriving optimal strategy, which consists of a pair: an estimator/predictor
and a sampling plan. These estimation and prediction problems can be embedded in
a minimization scheme which is solved in Lemma 1 (see Appendix A.l). Therefore
Lemma 1 is the basic tool of the proof of Theorem 1 given below.
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Synthetic and composite estimation under a superpopulation model 501

Theorem 1 Let (p) be an arbitrary sampling plan.
The best linear unbiased estimator (BLUE) [ of i has the form

Ty—1
' V7L
A=—=". 3)
alTv-lg
The variance of BLUE is
2
o
Var(ii) = ———. 4)
alTv-lg
The best linear unbiased predictor (BLUP) ?D of Yp has the form
~ 1 [Np—nm)Vln .- Tyr—1
Yp=— | ———=——n' V' Z+na,V'Z|, 5)
Np |: alTv-lg b
where mp = Tlep and Np = #(D). The MSE of BLUP is
2 Ty —1.-.\2
~ - \2 o (ND—JTDV 7'[) T -1
E(Yp —Yp) = — = —apV 'wp+ Np|. (6)
( ) N2 [ 7T V-lx P

Proof Inthe case of BLUE wetake X = pinLemma l. Thenr = 7,¢ =0,X = o2V
and the formulas (3) and (4) follow from (22) and (21), respectively.
2
o

In the case of BLUP we take X = Yp in Lemma 1. Thenr = 7, ¢ = N D
¥ = o2V and the formulas (6) and (5) follow from (22) and (21), respectively. O

Remark 1 Let us note that for D = U the formulas (5) and (6) reduce to

~  glv-iz -~ - 1 1
y=—" and E(Yy — Yy =02(~———). (7
alTv-lg ( ) aTv-lg N

To the best of our knowledge even in the simplified situation when D = U, the for-
mulas in (7), which hold for any sampling design, are new. In this context, apart from the
results which cover only the case of designs with fixed sample sizes, we should mention

Theorem 5.4 of Cassel et al. (1977), which asserts that (T — Yy )2 > o2 (ﬁ - %)
for any model-unbiased (not necessarily linear in any sense) predictor 7.
In the remaining part of this section we specialize the general result of Theorem 1

to the case of fixed sample sizes.

Corollary 1 Assume that (p) is a sampling design with the fixed (nonrandom) sample
size #S = n.

(i) Then the BLUE assumes the form

=

S| =

>y ®)
ieS
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and its variance equals
. o
Var(p) = P )

(i) Assume additionally that the size of the part of the sample from D is also fixed
and equal to #(S N D) = np. Then the BLUP assumes the form

Vp = nDlZY—i—— >y (10)

ieS tESﬂD
and its mean square error is
- - N
E(¥p — ¥p)? = =22 (Np —np +n)o>. (11)
nND

Let us remark that the formula (10) is known; it can be found e.g. in Ghosh
(2001, p. 58).

Proof Let us note that for a sampling plan with fixed sample size n, we have
nf1=n (12)

and
P1 = nm, (13)

see Chapter 2.6, Siarndal et al. (1992).

(i) Note that V1 = o2I11 + u?(P1 — 7w "1). Thus by (12) and (13) we get

V1 = o?x. Consequently, V~'7 = L1 and z7V~-lx = 2. Now, (8) and (9)
o o
follow from (3) and (4).

(i1) From our additional assumption combined with (12) and (13) it follows that
nTep =npand Pep = npw. Thus Vep = o2Ilep +u?(Pep —nnlep) = o2np.
Consequently, Voigp = GlzeD and ngV_lnD = ngV_ln = ';—2’ Now, (10) and
(11) follow from (5) and (6). O

Remark 2 In the special case when D = U, formulas (10) and (11) reduce to
-~ 1
13
n-
ieS

and

~ _ 1 1
EYy -Yy)l=(--—)o%
Yy U) (n N)G

The predictor Yy from the above remark can be found e. g.in Scott and Smith (1969).
In fact, their theorem is valid for a larger class of estimators than we consider, namely
for estimators of the form >, ¢ w; (S)Y; (i.e. linear in ¥;s for each fixed sample S but
not necessarily linear in Z;s). See also Cassel et al. (1977, Sect. 5.2, Remark 1 (iii)).
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4 Optimal sampling strategy

We now tackle the problem of finding the optimal sampling strategies. An optimal
strategy is a pair: an estimator/predictor and a sampling plan, which together minimize
the mean square error. In Sect. 3 we derived the optimal estimators/predictors for an
arbitrary but fixed sampling design (p). What is left, is to find optimal sampling plans
(the second element of optimal strategies). We will show that an optimal strategy
consists of any design with a fixed sample size together with the BLUE/BLUP - thus
the strategies described in Corollary 1 in Sect. 3 are optimal. The main result of this
section compares any sampling plan (p) to another plan (p) with a fixed sample size(s)
equal to expected sample size(s) for the plan (p). The proof is based on inequalities
for positive definite matrices which are discussed in Appendix A.2.

Theorem 2 Let (p) be a sampling design with the sample size #S = n.

(i) Then
2

Var(ji) > %. (14)

Consequently, if (p) is a sampling design with the fixed sample size #S = it =
En then the BLUE for (p) has the variance less than or equal to that of the
BLUE for (p).

(i) For (p) denote additionally np = #(S N D). Then

— Enpy2.2 2 2
~ _ o (U=F2)0 o o
E(Yp—Yp) > —2>—— —Enp+—. (15)
( ) En N}, Np

Consequently, if (p) is a sampling design with the fixed sample sizes #S =i =
En and #(S N D) = np = Enp then the BLUP for (p) has the MSE less than
or equal to that of the BLUP for (p).

Proof (i) The formula (14) follows from (4) and (25) upon substituting K = V,
B = o*I1 and v = 7, taking into account that 771 = En for any sampling design.
Apparently, the right-hand side of (14) is the (p)-version of (9).

(i1) The proof of (15) is similar. We use (6) and (24) substituting K = V, B = o211,

v=mandu = 1‘\’,—271[), taking into account that 7lep = Enp. Again, note that the
right-hand side of (15) is the (p)-version of (11). O

5 Symmetric designs

The general formulas for BLUE and BLUP, developed in Sect. 3, which are valid
for arbitrary sampling plans, assume much simpler form for the class of symmetric

designs.
For a symmetric design (p), that is a design which is invariant with respect to
permutations of the population U = {1, ..., N}, we have

_ En(n—1)

En
= — i = —
YTNIN =1

T and fori #j,i,jeU. (16)
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504 W. Niemiro, J. Wesotowski

Proposition 1 Let (p) be a symmetric design. Then the best linear unbiased estimator
(BLUE) 1 of i has the form

En 4
ieS
The variance of BLUE is the following
Var(i) o2 n , Var(n)
ar = — .
W=5n ™% En)?

Proof Note that

E E E —1 E -1
T = —nl and P = - i ) I+ nn )llT.
N N N(N —1) N(N —1)

Consequently, in view of (1), we have

V =al +b117,
where
E En(N — En(n — 1 En\?
g2 2B =2 B =D (BT
N N(N = 1) N(N —1) N
Using the well-known formula
A~ lpbT A1
A+bbH)y =1 — — 17
(4 +bb") 1+bTA-b an

we get

1 b
vi=Z(1- 1u’).
a a+ Nb

Note thata + Nb = [0 *En + *>Var(n)]/N > 0. By Theorem 1 we get the result. O

_ Now let us turn to the best linear unbiased predictor (BLUP) ?D of the mean
Yp = NLDYTe p in adomain D C U. In this case it makes sense to consider designs
invariant with respect to all such permutations of the population U for which sets D
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Synthetic and composite estimation under a superpopulation model 505

and U \ D are invariant. Now the counterpart of the formula (16) is the following

n‘_’%’—g for i € D,
L En—E .
1,\1/——1\/"1;) for i ¢ D,
Enp(np—1) . .
m fori #j,i,j €D,
iy = Sell=en) fori eD, j¢Dori gD, jeD, (I8)

E(n—np)(n—np—1) . ..
(N—NDD)(N—NZL))—I) fori #j,1i,j¢D.

Proposition 2 Let (p) be a design satisfying (18). Then the best linear unbiased
predictor (BLUP) Yp of Yp has the form

~ o 1 1
Yp = : > Vit —— —Z (19)
a+p Enp =, OH_ﬁ En S
where
Enp 1 1 n 1 Var(n) Cov(n,np)
o= - — — ,
Np \Enp En y2En En Enp
and
= Np —Enp 1 1 1 Var(np) Cov(n,np)
- Np Enp En v2Enp Enp En '

The MSE of the BLUP is the following

E [(?D B ?D)Z] _ 2 [ND —Enp Cov(n,np) af i| . 20)

NpEn y2EnEnp a4+ p

Proof Let us introduce the following notations: £E = U \ D, Nt = N — Np,ng =
n —np. Let 1p and 1 be the Np-dimensional and Ng-dimensional vectors of 1s,
respectively. Denote by Ip, I the identity matrices indexed by the elements of D
and E, respectively (we can assume without loss of generality that units in D precede
those in E). Inserting the formulas preceding the formulation of this proposition into
(1) we obtain the matrix V with the following block structure:

aDID'f‘bDlDlE C1D1£
CIEIE aglgp -I-bElElg
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where

_ 2B oEnpWNp—np) Z(EnD(nD—n_[EnDT)

ap = l"’ ’
Np Np(Np — 1) Np(Np — 1) Np

2
_ UZE"E »Eng(Ng —ng) by = MZ(EHE(HE - [EnE] )’

aE - :u’ ’
Ng Ng(Ng — 1) Ng(Ng — 1) Ng
o 2C0v(nD,nE).
NpNg

To compute V! one can use the well-known formula for inverting a block matrix:

( A B)l (A—BC~IBT)~! —A"'B(C - BTA'B)™!
BT C - _(C_BTA—IB)—IBTA—I (C_BTA—IB)—I ’

Together with (17) it gives

Alp—[bp(ag+bgNg)—c*Ng|1p1h

_ T
V*l _ i ap C lDlE
A T Alg—[bg(ap+bpNp)—c?Np|1p1L
—C 1E1D az

where A = (ap + bpNp)(ag + bgNEg) — c2NpNg. Then, in view of (2), (5) and
(6), after elementary but tedious computation, we arrive at the desired results. O

Remark 3 Let us note that for D = U, from the limiting cases of formulas (19) and
(20), we obtain

~ 1 ~ - 2 2 f 1 1 Var(n)
Yy = — Y; d E(Yy —Yy) = ———+ =
gl e BT e (&~ v+ )

Appendix A

A.1 Minimization

Our main tool in Sect. 3 is the following general result on constrained minimization.

Lemma 1 Let X be a random variable, Y a random vector in RN and r € RN be
such that rEX = EY. Denote by ¥ the covariance matrix of Y, by ¢ — the (column)
vector of covariances of X and Y and by 0% — the variance of X. Then

inf . EwW'Y-—-X)?=Ew!,Y - X)?

weRN: wir=1 opt
(1—-cl'z"1r)?

Ts—1 2
s~ X leto 1)
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Synthetic and composite estimation under a superpopulation model 507

and
l—cls Iy

r’'s-lr

Proof Letus define families of random variables X, and random vectors Y , as follows

Wopt = s Ir+ 27t (22)

Xy=X-EX+pu and Y, =Y-rEX+ru

indexed by a parameter 1 € R. Let us observe that
c c c
YM:m+;(xu—u)+(Y,L—?X,ﬁ;u—m). 23)

Note that (23) defines a mixed linear model with scalar fixed effect ; and random effect
X, — 1. One can easily see that the random effect is uncorrelated with the error term
Y, — 5 X, +-5u—rupbecause of the definition of ¢. Since WTYH —Xu = wi'Y—X
o o
for every p, our minimization problem is equivalent to finding the best unbiased
predictor of X, = u+ (X, — p) (the constraint w’r = 1 amounts to the requirement
of unbiasedness). The standard formula for the best predictor in a mixed linear model
(see for example Rao (2003, Chap. 6), gives the result. O

Let us mention that Lemma 1 can also be proved directly by a standard Lagrange
multiplier method, without any reference to linear models.

A.2 Inequalities for positive definite matrices

To prove Theorem 2 on the optimal strategy in Sect. 4, we need the following auxiliary
results on matrices.

Lemma2 I[f K = B + C where B and C are symmetric N x N matrices, B is
positive definite and C is nonzero nonnegative definite, then M = B~' — K~ is
positive definite.

Proof Note that M = B~1(K — B)K~! = B~'CK~!. Therefore for any u € RV

w'Mu=u'B 'ck lu=v'KB 'Cv= VT(B + C)B_ICV
=vIBB 'Ccv+vICB 'Cv
=viCcv+ WTB*IW,

with v = K 'uand w = Cv. Now if u # 0 then u/ Mu > 0 since w/ B~'w > 0
and v/ Cv > 0. O

Proposition 3 Let K = B + C where B and C are symmetric N x N matrices, B is

positive definite and C is nonzero nonnegative definite. Then for any non-zero vectors
N

u,velR

_al B-1y)2
—UTKilllZ(l u B7v)

T p-1
vIK-ly vIB-ly —wB 24)
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508 W. Niemiro, J. Wesotowski

Remark 4 Note that for any v € RV,

1 1
> .
vIK-ly = vIB-ly

(25)

This follows by taking u = «v for a real number « in (24).

Proof of Proposition 3 Let M = B~' — K~ !. Then v/ K~ 'v=0ad —a,u’ K~ lv =
b — B and w'Kla=c— y, where a = viB=lv.b = uT'B~lv,¢c = uT B lu,
o =vIMv, B =ul Mvand y = u” Mu. Denote additionally d = 1 — b. Then (24)

can be rewritten as

2 2
(d+_/3)+y>dz. (26)

a—ao

Note that a > 0 since B! is positive definite and ¢ — « > 0 since K~ is positive
definite. Therefore (26) is equivalent to

L=(+pB*a+ala—a)y—d*a—a)>0. (27)

To prove that L > 0 we consider separately two cases: (1) d*> < ay, (2) d*> > ay.

In the case (1) the inequality (27) holds since then L > (d + ,8)2a > 0.

In the case (2) we first note that if d = 0 then (27) holds since then L =
a (ﬂ2 + (a — a)y) > 0. Note that due to Lemma 2 the matrix M is positive defi-
nite and thus y > 0. If d # 0 we write the inequality (27) as

H(x) = d*(yx*> +2Bx +a) > a(ay — p°), (28)

where x = a/d. Note that the function H is quadratic with the positive coefficient
yd? of x2. Then it has the minimum

22
Ho = a2V =P~ (29)
y

To show that the inequality (28) holds it suffices to prove that
Ho = a(ay — B7).

Again we use Lemma 2: positive definiteness of M allows to use the Cauchy—Schwartz
inequality for the inner product (u, v) = u’ Mv. Consequently ay > B and either
both sides of (29) are zero or it takes the form d> > ay, which is trivially satisfied in
the considered case. O
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