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a b s t r a c t

We consider Monte Carlo algorithms for computing an integral
θ =


fdπ which is positive but can be arbitrarily close to 0. It is

assumed that we can generate a sequence Xn of uniformly bounded
random variables with expectation θ . Estimator θ̂ = θ̂ (X1, X2, . . . ,
XN ) is called an (ε, α)-approximation if it has fixed relative pre-
cision ε at a given level of confidence 1 − α, that is it satisfies
P(|θ̂ − θ | ≤ εθ) ≥ 1 − α for all problem instances. Such an es-
timator exists only if we allow the sample size N to be random and
adaptively chosen.

We propose an (ε, α)-approximation for which the cost, that
is the expected number of samples, satisfies EN ∼ 2 lnα−1/(θε2)
for ε → 0 and α → 0. The main tool in the analysis is a new
exponential inequality for randomly stopped sums.

We also derive a lower bound on the worst case complexity of
the (ε, α)-approximation. This bound behaves as 2 lnα−1/(θε2).
Thus the worst case efficiency of our algorithm, understood as
the ratio of the lower bound to the expected sample size EN ,
approaches 1 if ε → 0 and α → 0.

An L2 analogue is to find θ̂ such that E(θ̂ − θ)2 ≤ ε2θ2. We de-
rive an algorithmwith the expected cost EN ∼ 1/(θε2) for ε → 0.
To this end, we prove an inequality for the mean square error of
randomly stopped sums. A corresponding lower bound also be-
haves as 1/(θε2). The worst case efficiency of our algorithm, in the
L2 sense, approaches 1 if ε → 0.
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0. Introduction

Typical Monte Carlo (MC) algorithms aim at approximating an integral

θ =


Y

f (y)p(y)dy, (0.1)

where p is a probability density and f is a real function on Y ⊂ Rd (alternatively, Y can be a large
finite space and the integral should be replaced by a sum). Assume f is bounded, say 0 ≤ f ≤ 1. The
crude MC method is to generate i.i.d. samples Y1, . . . , Yn, . . . from the probability density p and use
the fact that θ = EXn, where Xn = f (Yn). In particular, if f = IE , then we obtain a Bernoulli scheme
with the probability of success P(Xn = 1) = θ . In the sequel we need not refer to the samples Yn in
the ‘‘original’’ space Y and will work only with variables Xn in [0, 1]. The i.i.d. assumption will later be
relaxed.

If the order of magnitude of θ > 0 is unknown then the absolute error |θ̂ − θ | is meaningless
and the relative error |θ̂ − θ |/θ should be considered. The main motivation comes from rare event
simulation; see e.g. [2, Chapter 6] or [1,3,4,32,40,41]. We say that MC estimator θ̂ = θ̂ (X1, . . . , XN) is
an (ε, α)-approximation of θ (see e.g. [25] or [19, Section 2.5]) if

P(|θ̂ − θ | ≤ εθ) ≥ 1 − α (0.2)

holds for all instances of the problem. Here ε is a bound on the relative error and 1−α is a given level
of confidence.

If θ is not bounded away from zero, then no estimator which uses a number of samples N fixed in
advance can satisfy (0.2) for all i.i.d. sequences Xn satisfying EXn = θ and 0 ≤ Xn ≤ 1. This fact is not
surprising and it follows frommuch stronger resultswhichweprove in this paper. Therefore, to ensure
(0.2), in general we have to use algorithms with adaptive stop criteria. This means that we allow the
number N of generated samples to be random and to depend on the results of previous computations.
In the statistical literature, procedures which use adaptively chosen numbers of samples are known
as sequential methods [44]. Throughout this paper, the terms ‘‘adaptively stopped’’ and ‘‘sequential’’
are treated as synonyms.

Fixed relative precision estimation was considered by Nádas [36] in 1969. His solution follows
earlier work of Chow and Robbins [12] and it is asymptotic. More precisely, the procedure proposed
in [36] only guarantees that the probability in (0.2) approaches 1 − α in the limit, as ε → 0. The
asymptotics with α → 0 and ε fixed is considered in [43].

An exact solution of the (ε, α)-approximation problem appeared in 1995 and was given by Dagum
et al. [15]. They prove an elegant theorem about the complexity of the problem and optimality of the
proposed procedure. Specifically, they show that the relative efficiency of their algorithm AA versus
an arbitrary (ε, α)-approximation BB is bounded by a universal constant, in their notation equal to
(c/c ′): the expected number of samples used by in AA is at most (c ′/c) times as big as in BB.

The main aim of our paper is to show the worst case optimality of an (ε, α)-approximation with
the stopping rule Nr = min{n : Sn ≥ r}, where Sn =

n
i=1 Xi (this rule is also considered in [15]). An

upper bound for the cost of our algorithm, given in Theorem 3.1, has the form

θENr ≤ Up(ε, α),

where Up(ε, α) ∼ 2 lnα−1/ε2 for ε → 0 and α → 0. This result plays an analogous role to Theorem
AA in [15]. Ourmain tool is a sequential analogue of Hoeffding’s inequality [22], given in Theorem2.3.

We also prove a lower bound for theworst case complexity of the problem.We consider an arbitrary
(ε, α)-approximation with the number of samples N . Theorem 3.2 shows that, when the algorithm is
applied to the Bernoulli schemewith the probability of success θ , then

lim inf
θ→0

θEN ≥ Low(ε, α).

This result plays a role analogous to the ‘‘Lower Bound Theorem’’ concerning algorithm BB in [15].
The main difference is that our bounds satisfy Low(ε, α)/Up(ε, α) → 1 for ε → 0 and α → 0.
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Roughly speaking, our counterpart of the constant (c ′/c) of [15] approaches 1 for the most difficult
problems, if great precision and high confidence level are required. In this way we improve upon the
results of [15].

An alternative way of formalizing the notion of fixed relative precision is to use the mean square
error (MSE) and require that

E(θ̂ − θ)2 ≤ ε2θ2. (0.3)

The mean square criterion is widely accepted in complexity theory and thus (0.3) is in our paper
considered in parallel with (0.2). To our knowledge, there are no earlier nonasymptotic results
concerning fixed relative precision estimation in theMSE sense. Bounds forMCMC algorithms derived
in [30,31,28,29,34,35,42] are nonasymptotic but they concern absolute, not relative, error.

In Theorem 4.1 we prove an upper bound for the MSE of an estimator based on the stopping rule
Nr . From this we deduce that the sample size sufficient to ensure (0.3) satisfies

θENr ≤ UpL2(ε),

where UpL2(ε) ∼ 1/ε2 for ε → 0, Corollary 4.4. This can be compared with a lower bound given
in Theorem 4.5 which shows that, when an algorithm satisfies (0.3) for every Bernoulli scheme with
probability of success θ , then

lim sup
θ→0

θEN ≥ LowL2(ε),

where LowL2(ε) ∼ 1/ε2 for ε → 0. Since LowL2(ε)/UpL2(ε) → 1 with ε → 0, the algorithm based
on Nr samples is worst case optimal also in the L2 sense.

Although in this paper the emphasis is on lower bounds, our upper bounds do not require that
Xn must be i.i.d. Instead we make a much weaker martingale-type assumption, Assumption 1.1.
To explain the motivation, recall (0.1). The crude MC method uses i.i.d. samples Xn = f (Yn), with
Yn being drawn from the probability density p. To enhance efficiency, importance sampling (IS) is
usually applied. We generate i.i.d. samples Yn from some other probability density q and compute
Xn = f (Yn)p(Yn)/q(Yn) so that to have EXn = θ . Ingenious ways of choosing q in specific problems are
described in virtually everymonographonMC.Weobtain the adaptive version of importance sampling
(AIS) if we allow the current sampling distribution q to depend on previous samples; see e.g. [7,17,23,
26,27,39,45]. The idea is to ‘‘learn what the optimal or good q should look like’’ from past experience.
More precisely, at stage nwe generate a sample Yn from a probability density qn = qn(·|Y1, . . . , Yn−1).
Random variables Xn = f (Yn)p(Yn)/qn(Yn) are neither independent nor have the same distribution.
However, it is still true that EXn = θ and Xn − θ are martingale differences. In this setting we state
our main results.

Uniform boundedness of variables Xn is, unfortunately, essential for our optimality results. The
case of unbounded i.i.d. samples is also considered, but in this setting we are only able to prove upper
bounds. We consider estimators based on the median trick of Jerrum et al. [24], optimized in [38]. We
discuss the relation between the efficiency of rigorous (ε, α)-approximation and that of its asymptotic
counterpart, which is based on the normal approximation.We construct an adaptively stopped (ε, α)-
approximation under the assumption that Var Xn/θ is bounded. Note that this condition is much
weaker than ‘‘logarithmic efficiency’’, i.e. boundedness of Var Xn/θ

2−δ for every δ > 0.
Let us point out some possible applications of our results. Much work in theoretical computer

science has been devoted to finding (ε, α)-approximations for problems where exact computation is
NP-hard. Examples include approximating the permanent, solving the Ising model or other problems
of statistical mechanics, computing the volume of a convex body and solving for network reliability;
see [15] and the references therein. Another example is approximating posterior probabilities in
Bayesian networks [9–11,16]. Several families of MCMC algorithms aimed at specific problems do not
use adaptive stopping but instead require lower bounds, known in advance, on the target quantity
θ . Formulas for the cost essentially depend on these lower bounds; see e.g. [38]. Adaptively stopped
procedures, e.g. those based on our results, can substantially reduce overestimation of the cost.

The paper is organized as follows. In Section 1 we gather definitions and assumptions. Section 2
contains our main probabilistic tools, i.e. sequential inequalities. The main results are given in
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Sections 3 and 4. In the former we derive an optimal (ε, α)-approximation, in the latter, an optimal
relative MSE approximation. Theoretical results are complemented by a numerical study in Section 5.
In Section 6 we consider extensions to the case of unbounded samples. For the convenience of the
reader, necessary probabilistic results which play a crucial role in our paper are given in the Appendix.

1. Preliminaries and definitions

We assume that theMC algorithms considered in this paper take as an input a (potentially) infinite
sequence of samples X1, X2, . . . . They are regarded as random variables defined on a probability space
(Ω, F , P) equipped with a filtration, that is a sequence of σ -fields {∅, Ω} = F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂

F . Let us make the following basic assumption.

Assumption 1.1. For some θ > 0 the following holds: Xn is Fn-measurable, E (Xn|Fn−1) = θ a.s. and
0 ≤ Xn ≤ 1 a.s. for n = 1, 2, . . . .

Note that if the Xn are independent (not necessarily identically distributed), 0 ≤ Xn ≤ 1 a.s. and
EXn = θ then Assumption 1.1 holds with Fn = σ(X1, . . . , Xn).

An adaptive stop criterion is usually specified by a sequence of Borel measurable mappings sn :

[0, 1]n → {0, 1}. The number of generated samples is determined via N = inf{n ≥ 1 : sn(X1, . . . ,
Xn) = 1} and itmust satisfy P(N < ∞) = 1 for all input sequences Xn. In the terminology of statistical
sequential analysis, N is a stopping rule [13].

Definition 1.2. A random variable N : Ω → {0, 1, . . .} is called a stopping rule if {N ≤ n} ∈ Fn for
n = 1, 2, . . . and P(N < ∞) = 1.

Consider another sequence of Borel measurable mappings θ̂n : [0, 1]n → R, where θ̂n is inter-
preted as an estimator of θ depending on X1, . . . , Xn. If N is a random variable, we can define
θ̂ = θ̂N(X1, . . . , XN).

Definition 1.3. An adaptively stopped MC algorithm is a pair (N, θ̂ ), where N is a stopping rule and
θ̂ = θ̂N(X1, . . . , XN).

In statistical parlance, θ̂ is a sequential estimator. Let us now formally define two concepts which
play central roles in our paper. Consider a class ℑ of sequences X1, X2, . . . regarded as inputs of the
algorithm.

Definition 1.4. An adaptively stopped MC algorithm (N, θ̂ ) is an (ε, α)-approximation on ℑ if (0.2)
holds for every input sequence belonging to ℑ.

Definition 1.5. An adaptively stoppedMCalgorithm (N, θ̂ ) is an ε-bounded relative rootmean square
error (ε-RRMSE) approximation on ℑ if (0.3) holds for every input sequence belonging to ℑ.

Of course, at each reference to Definition 1.4 or 1.5 we have to specify the class ℑ, i.e. make clear
what conditions are imposed on the sequence X1, X2, . . . .

The definition of ε-RRMSE approximation resembles that of the ‘‘bounded relative variance
estimator’’ (BRV-estimator); see e.g. [46,47]. However, in Definition 1.5 we consider possibly
sequential estimators and we do not require unbiasedness. Note that in recent literature the term
‘‘bounded relative error estimator’’ is often treated as a synonym of ‘‘BRV-estimator’’; see e.g. [2]. In
our context this terminologymight bemisleading, because in older papers the term ‘‘bounded relative
error estimator’’ was used instead of (ε, α)-approximation [18,21].

The algorithmswhichwill be later shown to beworst case optimal use the following stopping rule.
Let Sn =

n
i=1 Xi. Fix r > 0 and define Nr by

Nr = min{n : Sn ≥ r}. (1.1)
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We have Nr < ∞ a.s. because Sn → ∞ a.s. This latter fact follows e.g. from Lemma 2.1 in [37] or from
standard results on bounded martingale differences. We will consider the following two sequential
estimators, both based on the stopping rule Nr :

θ̄(r) =
SNr
Nr

, (1.2)

θ̃(r) =
r
Nr

. (1.3)

The behavior of these estimators is very similar and analogous results could be proved for both of
them. However, in Section 3 we focus on θ̃(r) while in Section 4 we focus on θ̄(r), just because it makes
formulas simpler.

2. Sequential probability inequalities

The following theorem is an analogue of the Chebyshev inequality for sequential estimators.

Theorem 2.1. Assume that Xn are nonnegative i.i.d. random variables with EXn = θ > 0 and Var Xn =

σ 2. If Nr and θ̄(r) are given by (1.1) and (1.2), respectively, then

P

|θ̄(r) − θ | ≥ εθ


≤


1 + ε

ε

2
σ 2

θr


1 +

σ 2

θr
+

θ

r


. (2.1)

Proof. Observe that

P

θ̄(r)/θ − 1 ≤ −ε


+ P


θ̄(r)/θ − 1 ≥ ε


= P


1

1 − ε
≤

Nrθ

SNr


+ P


1

1 + ε
≥

Nrθ

SNr


= P


ε

1 − ε
≤

Nrθ

SNr

− 1


+ P


−ε

1 + ε
≥

Nrθ

SNr

− 1


≤ P


ε

1 + ε
≤

Nrθ

SNr

− 1


+ P


−ε

1 + ε
≥

Nrθ

SNr

− 1


= P
Nrθ

SNr

− 1
 ≥

ε

1 + ε


= P


|SNr − Nrθ | ≥

εSNr

1 + ε


≤ P


|SNr − Nrθ | ≥

εr
1 + ε


≤


1 + ε

ε

2 1
r2

E

SNr − Nrθ

2
,

where the last inequality follows from Chebyshev. Now we can apply the second Wald identity (A.9)
and then the first Wald identity (A.8), obtaining

E

SNr − Nrθ

2
= σ 2ENr =

σ 2

θ
ESNr .

In view of (1.1), random variable SNr − r is the ‘‘overshoot’’. An elegant result of Lorden [33], recalled
in Appendix A.3, allows us to bound its expectation. We have ESNr − r ≤ θ + σ 2/θ . Consequently,

E

SNr − Nrθ

2
= σ 2


r
θ

+ 1 +
σ 2

θ2


and (2.1) follows. �
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Remark 2.2. If we additionally assume that Xn ≤ 1 then the conclusion of Theorem 2.1 can be
strengthened to

P

|θ̄(r) − θ | ≥ εθ


≤


1 + ε

ε

2 r + 1
r2

.

Indeed, it is enough to use inequality (A.10) in Lemma A.2. However, the main advantage of (2.1) is
that it holds for unbounded variables.

Let us now turn to exponential inequalities. The main result of this section is the following
sequential analogue of Lemma A.1.

Theorem 2.3. Let Nr and θ̃(r) be given by (1.1) and (1.3), respectively. If Assumption 1.1 holds then for
every ε > 0,

P(θ̃(r) − θ ≥ εθ) ≤ exp

−r

ln(1 + ε) −

ε

1 + ε


(2.2)

≤ exp


−

r
2


ε

1 + ε

2


. (2.3)

If moreover r > max(2/ε, 2) then

P(θ − θ̃(r) > εθ) ≤ exp

−r

ln(1 − ε) +

ε

1 − ε


(2.4)

≤ exp

−

r
2

·
ε2

1 − ε


. (2.5)

Proof. To prove (2.2), observe that

P(θ̃(r) − θ ≥ εθ) = P


r
Nr

≥ (1 + ε)θ


= P


Nr ≤

r
(1 + ε)θ


= P


Nr ≤


r

(1 + ε)θ


= P (Sn ≥ r) for n =


r

(1 + ε)θ


. (2.6)

If n < r then the RHS of (2.6) is 0. Let us consider separately the cases when n > r and n = r . If
n > r then by Hoeffding inequality (A.1), with a = r/n − θ and X̄n = Sn/n, we get

P (Sn ≥ r) = P

X̄n − θ ≥

r
n

− θ


≤ exp

−n


r
n
ln

r
nθ

+


1 −

r
n


ln

1 − r/n
1 − θ


= exp


−r

ln

r
nθ

+

n
r

− 1

ln

1 − r/n
1 − θ


= exp


−rf

n
r
, θ


, (2.7)

where

f (y, θ) := − ln(θy) + (y − 1) ln
1 − 1/y
1 − θ

. (2.8)
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Put

n1 =
r

(1 + ε)θ

and observe that

1 <
n
r

≤
n1

r
<

1
θ
.

Function f (y, θ) is decreasing in y for 1 < y ≤ 1/θ , because

∂ f (y, θ)

∂y
= ln


1 −

1
y


− ln(1 − θ) < 0.

Consequently

f
n
r
, θ


≥ f
n1

r
, θ


= ln(1 + ε) −
1 − (1 + ε)θ

(1 + ε)θ
ln

1 − θ

1 − (1 + ε)θ

=: f1(θ). (2.9)

Function f1(θ) defined by (2.9) is increasing, because

f ′

1(θ) =
1

(1 + ε)θ2


− ln


1 −

εθ

1 − θ


−

εθ

1 − θ


> 0.

Thus, by the de L’Hôpital rule,

f1(θ) ≥ lim
θ→0

f1(θ) = ln(1 + ε) −
ε

1 + ε
=: k(ε). (2.10)

Combining (2.6), (2.7), (2.9) and (2.10) we get

P(θ̃(r) − θ ≥ εθ) ≤ exp{−rk(ε)},

and hence we obtain inequality (2.2).
To complete the proof of (2.2), it remains to consider the case n = r , which is much easier. Since

we can assume that (1 + ε)θ ≤ 1, it follows that (1 + ε)θ = 1. In view of (A.7), we have

P (Sn ≥ r) ≤ θ r
= exp{−r ln(1 + ε)} ≤ exp{−rk(ε)},

so (2.2) holds for this case, too.
Notice that the bound (2.2) could also be obtained using Bennett inequality (A.2) instead of

Hoeffding inequality (A.1).
Using Bernstein inequality (A.3) in a similar way, we obtain (2.3). We omit the details.
The proof of (2.4) is similar but technically more complicated. Observe that

P(θ − θ̃(r) > εθ) = P


r
Nr

< (1 − ε)θ


= P


Nr >

r
(1 − ε)θ


= P


Nr ≥


r

(1 − ε)θ


+ 1


= P (Sn < r) for n =


r

(1 − ε)θ


. (2.11)
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To bound the RHS of (2.11) we use Hoeffding inequality (A.4), with a = θ − r/n. We obtain

P (Sn < r) ≤ exp

−rf

n
r
, θ


, (2.12)

where f (y, θ) is defined by (2.8), exactly as in the first part of the proof. Function f (y, θ) is increasing
in y for y > 1/θ . Put

n2 =
r

(1 − ε)θ
− 1

and observe that
1
θ

<
n2

r
≤

n
r
,

where the first inequality is implied by rε > 1 and the second one is obvious. Therefore we have

f
n
r
, θ


≥ f
n2

r
, θ


=: f2(θ). (2.13)

If we denote r/(1 − ε) by R then we can express the function defined by (2.13) as follows:

f2(θ) = ln(1 − ε) + ln
R

R − θ
+

R − (r + 1)θ
rθ

ln
R − (r + 1)θ

(1 − θ)(R − θ)
.

It is easy to see, using the de L’Hôpital rule, that

lim
θ→0

f2(θ) = ln(1 − ε) +
ε

1 − ε
=: k(−ε), (2.14)

where the notation k(−ε) is consistent with (2.10). Taking into account (2.11)–(2.14), we can see that
to complete the proof of (2.4) it is sufficient to show that

f2(θ) ≥ lim
θ→0

f2(θ).

We will verify that f2(θ) is increasing for 0 < θ < 1. It will be more convenient to examine the
function

f3(θ) := rf2(θ) − r ln r =


R
θ

− r − 1

ln

R − (r + 1)θ
(1 − θ)(R − θ)

− r ln(R − θ)

and show that f3(θ) is increasing, which is clearly equivalent. Observe that

f ′

3(θ) = −
R
θ2

ln
R − (r + 1)θ

(1 − θ)(R − θ)
+

R − r − θ

θ(1 − θ)
≥ 0

if and only if

f4(θ) :=
θ2

R
f ′

3(θ) ≥ 0.

The last inequality will follow from the fact that f ′

4(θ) ≥ 0, because f4(0) = 0. We have

f ′

4(θ) =
θ f5(θ)

R(1 − θ)2(R − θ)(R − (r + 1)θ)
,

where

f5(θ) := (r + 1)θ3
− [R + 2(r + 1)]θ2

− [(R − r)2 − 4R + r]θ + (R − r − 2)R(R − r).

Since rε > 2, we have R − r − 2 > 0. It follows that f5(0) > 0 and

f5(1) = (R − 1)[(R − r)(R − r − 2) + 1] > 0.
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Moreover, f5(θ) is concave for 0 < θ < 1, because

f ′′

5 (θ) = 6(r + 1)θ − 2[R + 2(r + 1)]
< 6(r + 1) − 2[R + 2(r + 1)] < 0,

the last inequality being implied by r + 1 < R.
Therefore f5(θ) ≥ 0 for 0 < θ < 1 and consequently f ′

4(θ) ≥ 0, too. This implies that f4(θ) ≥ 0, so
f3(θ) increases. Equivalently, f2(θ) increases and the proof of (2.4) is complete.

Using Bennet inequality (A.5) or Bernstein inequality (A.6) in a similar way, we obtain (2.5). The
proof is quite analogous but easier, so we omit the details. �

Analogous inequalities for θ̄(r) can be easily deduced from those for θ̃(r).

Corollary 2.4. Inequalities (2.4) and (2.5) are still valid if we replace θ̃(r) by θ̄(r). If ε > 1/r then

P(θ̄(r) − θ ≥ εθ) ≤ exp

−r ln

r(1 + ε)

r + 1
+

rε − 1
1 + ε


(2.15)

≤ exp

−

3
2

(rε − 1)2

(1 + ε)[r(3 + ε) + 2]


. (2.16)

Proof. The first claim follows from the fact that θ̄(r) ≥ θ̃(r). To obtain (2.15) and (2.16), note that
θ̄(r) ≤ (r + 1)/Nr = θ̃(r)(1 + 1/r), so P(θ̄(r) − θ ≥ εθ) ≤ P(θ̃(r) − θ ≥ [(rε − 1)/(r + 1)] θ).
Consequently, we can apply inequalities (2.2) and (2.3) with ε1 := (rε−1)/(r+1). Condition ε > 1/r
is needed for ε1 > 0. �

3. (ε, α)-approximation

3.1. The upper bound

Theorem 2.3 allows us to construct an (ε, α)-approximation and to determine the expected
number of samples. Let us rewrite inequalities (2.2) and (2.4) as follows:

P(θ̃(r) ≥ (1 + ε)θ) ≤ exp{−rk(ε)}, (ε > 0),

P(θ̃(r) < (1 − ε)θ) ≤ exp{−rk(−ε)}, (0 < ε < 1),

where

k(ε) = ln(1 + ε) −
ε

1 + ε
, (ε > −1). (3.1)

It is easy to see that k(ε) < k(−ε) for 0 < ε < 1 and k(ε) ∼ ε2/2 for ε → 0. The graph of k(ε) is
displayed in Fig. 1.

Assume 0 < ε < 1 and 0 < α < 1. Choose r = r(ε, α) such that

exp{−rk(ε)} + exp{−rk(−ε)} = α. (3.2)

It is easy to see that r defined by (3.2) satisfies the inequality

lnα−1

k(ε)
< r <

ln(α/2)−1

k(ε)
. (3.3)

Indeed, if r1 = (lnα−1)/k(ε) then exp[−r1k(ε)]+exp[−r1k(−ε)] > α, so r1 < r . If r2 = (ln(α/2)−1)/
k(ε) then exp[−r2k(ε)] + exp[−r2k(−ε)] < α/2 + α/2 = α, so r < r2.
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Fig. 1. Graph of k(ε) = ln(1 + ε) − ε/(1 + ε).

Theorem 3.1. Let Nr and θ̃(r) be given by (1.1) and (1.3), respectively, with r defined by (3.2). Then
(Nr , θ̃(r)) is an (ε, α)-approximation on the class of input sequences X1, X2, . . . satisfying Assumption 1.1.
Moreover,

lnα−1

k(ε)
< θENr <

ln(α/2)−1

k(ε)
+ 1 =: Up(ε, α).

Proof. The result immediately follows from Theorem 2.3 and (3.3) via a version of the first Wald
lemma; see (A.8) in the Appendix. �

Note that ENr depends on the probability distribution of X1, X2, . . . , although this is not explicit in
our notation. Of course, the important part of Theorem 3.1 is the upper bound. It is immediately seen
that Up(ε, α) ∼ 2 lnα−1/ε2 as ε → 0 and α → 0.

3.2. The lower bound

In this section we consider an arbitrary algorithm which is an (ε, α)-approximation on a class of
inputs which contains (at least) every Bernoulli scheme, i.e. the sequence of i.i.d. random variables
with

P(Xi = 1) = θ, P(Xi = 0) = 1 − θ.

Theorem 3.2. If (N, θ̂ ) is an (ε, α)-approximation with α ≤ 1/2 and X1, X2, . . . is the Bernoulli scheme
with the probability of success θ , then

lim inf
θ→0

θEN ≥
ln(2α)−1

k(−ε)


1 +

1 −

2 ln(2α)−1 + 1
ln(2α)−1


=: Low(ε, α).

Here EN depends on θ through the probability distribution of X1, X2, . . . , just as in Theorem 3.1. Note
also that Low(ε, α) ∼ 2 lnα−1/ε2 as ε → 0 and α → 0.

Before proceeding to the proof of Theorem 3.2, let us examine its consequences. Begin with the
following simple observation.

Corollary 3.3. There exists no (ε, α)-approximation with nonadaptive stop that is based on a number of
samples N ≡ n fixed in advance, which works on the class of all Bernoulli schemes.

This is an immediate consequence of Theorem 3.2, because a constant N ≡ n is a special case of
stopping rule and certainly lim infθ→0 θn = 0. Of course Corollary 3.3 is very easy and can be proved in
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manydifferentways. However,we think that the argument given above is enlightening and reveals the
essence of the phenomenon. The necessary number of samples N must go to infinity if θ approaches
0, so it cannot be fixed without a prior information on θ .

The following corollary summarizes the main results of this section. It follows directly from
Theorems 3.1 and 3.2.

Corollary 3.4. Assume (Nr , θ̃(r)) is defined by (1.1), (1.3) and (3.2), whilst (N, θ̂ ) is an arbitrary other
(ε, α)-approximation. If both the algorithms are applied to the Bernoulli scheme with the probability of
success θ , then

lim inf
θ→0

EN
ENr

≥
Low(ε, α)

Up(ε, α)
,

where Low(ε, α)/Up(ε, α) → 1 as ε → 0 and α → 0.

The ratio EN/ENr is interpreted as the relative efficiency of the two algorithms. In this sense we can
say that (Nr , θ̃(r)) is worst case optimal, the worst case being the family of Bernoulli sequences with
θ → 0.

The rest of this subsection is devoted to the proof of Theorem 3.2. We assume that X1, . . . , Xn, . . .
is a Bernoulli sequence, so θ is the probability of success and Sn =

n
i=1 Xi is the number of successes

in n trials. First we need some new notation. Since our argument is based on the change of measure,
it will be helpful to explicitly indicate the dependence on θ . Let us therefore write Pθ and Eθ instead
of P and E. We begin with the following lemma.

Lemma 3.5. Assume N is a stopping rule and θ̂N = θ̂N(X1, . . . , XN) is an estimator based on N samples.
Fix θ < 1/2 and 0 < ε < 1 − θ . If we have

Pθ1


θ̂N ≥ θ


= α1 for θ1 =

θ

1 + ε
,

Pθ2


θ̂N < θ


= α2 for θ2 =

θ

1 − ε
,

then the expectation of N fulfills the following inequality:

− ln(α1 + α2) ≤


u2θEθN + kθEθN, (3.4)

where

u = − ln

1 −

ε

1 − θ


,

k = ln(1 − ε) −
1 − θ

θ
ln

1 −

θε

(1 − θ)(1 − ε)


.

Proof. Let p(x, θ) = Pθ (X1 = x) be the likelihood of a single observation, i.e.

p(x, θ) = θ x(1 − θ)1−x.

Now, for i = 1, 2, consider the likelihood ratios p(x, θi)/p(x, θ). The ratios can be expressed as
follows:

p(x, θi)
p(x, θ)

=


θi

θ

x 1 − θi

1 − θ

1−x

= exp[−ui(x − θ) − kiθ ], (3.5)

where

u1 = ln

1 +

ε

1 − θ


,

k1 = ln(1 + ε) −
1 − θ

θ
ln

1 +

θε

(1 − θ)(1 + ε)


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and

u2 = ln

1 −

ε

1 − θ


,

k2 = ln(1 − ε) −
1 − θ

θ
ln

1 −

θε

(1 − θ)(1 − ε)


.

Indeed, for i = 1, in view of the relation θ1 = θ/(1 + ε), formula (3.5) is equivalent to the following
system of equations:

u1(1 − θ) + k1θ = ln(1 + ε)

u1θ − k1θ = ln

1 +

ε

1 − θ


− ln(1 + ε).

Solving these two equationswith respect tou1 and k1 yields the first pair of expressions. The derivation
of the formulas for u2 and k2 is analogous.

Let S be the number of successes that occur up to the random time N:

S := SN =

N
i=1

Xi.

For every event A ∈ σ(X1, . . . , XN), we have the following ‘‘change of measure’’ formula:

Pθi(A) = Eθ

p(X1, θi)

p(X1, θ)
· · ·

p(XN , θi)

p(XN , θ)
I(A)

= Eθ exp [−ui(S − θN) − kiθN] I(A).

We are going to apply this formula twice: first for i = 1 and the event A = {θ̂N ≥ θ}, then for i = 2
and A = {θ̂N < θ}. Elementary computations show that u1 < −u2 and k1 < k2. Therefore, if we put
u = max(u1, |u2|) = −u2 and k = max(k1, k2) = k2, we can write

α1 = Pθ1(θ̂N ≥ θ) = Eθ exp [−u1(S − θN) − k1θN] I(θ̂N ≥ θ)

≥ Eθ exp [−u|S − θN| − kθN] I(θ̂N ≥ θ) (3.6)

and

α2 = Pθ2(θ̂N < θ) = Eθ exp [−u2(S − θN) − k2θN] I(θ̂N < θ)

≥ Eθ exp [−u|S − θN| − kθN] I(θ̂N < θ). (3.7)

Now, let us add the two sides of (3.6) and (3.7) and apply the Jensen inequality:

α1 + α2 ≥ Eθ exp [−u|S − θN| − kθN]
≥ expEθ [−u|S − θN| − kθN] .

Hence we obtain

− ln(α1 + α2) ≤ uEθ |S − θN| + kθEθN

≤ u


Eθ (S − θN)2 + kθEθN.

To complete the proof, notice that the second Wald identity gives

Eθ (S − θN)2 = θ(1 − θ)EθN ≤ θEθN. �

Remark 3.6. It is perhaps worth mentioning that kiθ in the preceding proof is nothing but the
Kullback–Leibler information:

−Eθ ln
p(X1, θi)

p(X1, θ)
= Eθ [ui(X1 − θ) + kiθ ] = kiθ.
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Proof of Theorem 3.2. Consider a sequential estimator θ̂N = θ̂N(X1, . . . , XN)which satisfies, for all θ ,

Pθ


(1 − ε)θ ≤ θ̂N < (1 + ε)θ


≥ 1 − α. (3.8)

(The strict inequality in (3.8) simplifies the argument below and can be assumed without loss of
generality.) Clearly, (3.8) implies Pθ


θ̂N ≥ θ(1 + ε)


≤ α and Pθ


θ̂N < θ(1 − ε)


≤ α. These

inequalities hold for every θ , so we can apply them to θ1 and θ2 defined as in Lemma 3.5, i.e.
θ1 = θ/(1 + ε) and θ2 = θ/(1 − ε). It follows that

Pθ1


θ̂N ≥ θ1(1 + ε)


= Pθ1


θ̂N ≥ θ


≤ α,

Pθ2


θ̂N < θ2(1 − ε)


= Pθ2


θ̂N < θ


≤ α.

Therefore the assumptions of Lemma 3.5 are fulfilled for every θ < 1/2 with α1 + α2 ≤ 2α. Let us
apply this lemma and pass to the limit with θ → 0. Set

ν = lim inf
θ→0

θEθN

and examine the limiting behavior of u and kwhich appear in (3.4). If θ → 0, then

u = − ln

1 −

ε

1 − θ


→ − ln(1 − ε),

k = ln(1 − ε) −
ε

1 − ε
·
(1 − θ)(1 − ε)

θε
ln

1 −

θε

(1 − θ)(1 − ε)


→ ln(1 − ε) +

ε

1 − ε
= k(−ε),

where the function k is given by (3.1).
Therefore, Lemma 3.5 implies the inequality

− ln(2α) ≤


[ln(1 − ε)]2ν + k(−ε)ν.

It is easily seen that [ln(1 − ε)]2 ≤ 2k(−ε). Consequently,

− ln(2α) ≤


2k(−ε)ν + k(−ε)ν.

This is in fact a quadratic inequality with respect to y =
√
2k(−ε)ν. If we solve this inequality, we get

y ≥
√
1 + 2l − 1, where l = − ln(2α). Since k(−ε)ν = y2/2 ≥ l + 1 −

√
2l + 1, we obtain

k(−ε)ν ≥ l


1 +

1 −
√
2l + 1
l


,

which is equivalent to the conclusion of the theorem. �

4. The relative mean square error

4.1. The upper bound

We examine the relative MSE of the sequential estimator θ̄(r) under Assumption 1.1. The notation
and assumptions will be the same as in Sections 2 and 3.1.

Theorem 4.1. Let Nr and θ̄(r) be given by (1.1) and (1.2), respectively. If the input sequence X1, X2, . . .
satisfies Assumption 1.1 and r > 3 then

E


θ̄(r) − θ

θ

2

≤
1
r

+
w(r)
r3/2

, (4.1)

where limr→∞ w(r) = 6
√
2π .
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The proof will be preceded by the following elementary lemma.

Lemma 4.2. We have


SNr

θNr
− 1

2

≤




θNr

SNr

− 1
2

for
θNr

SNr

≥ 1;
θNr

SNr

− 1
2

+ 2


SNr

θNr
− 1

3

for
θNr

SNr

< 1.

Proof. Put z = SNr /(θNr) − 1 and notice that 1 − θNr/SNr = z/(z + 1). If z ≤ 0 then

z2 ≤


z

z + 1

2

.

If z > 0 then

z2 −


z

z + 1

2

= z3
z + 2

(z + 1)2
≤ 2z3. �

Proof of Theorem 4.1. From Lemma 4.2 it follows that

E


θ̄(r) − θ

θ

2

= E


SNr

θNr
− 1

2

≤ E


θNr

SNr

− 1
2

(4.2)

+ 2E


SNr

θNr
− 1

3

I


θNr

SNr

< 1


. (4.3)

We bound the first term, i.e. (4.2), using the generalizedWald identities. Since r ≤ SNr , by inequal-
ity (A.10) in Lemma A.2 we obtain

E


θNr

SNr

− 1
2

≤
E(θNr − SNr )

2

r2
≤

r + 1
r2

=
1
r

+
1
r2

. (4.4)

To bound (4.3), we use the exponential inequality (2.15) and integration by parts:

2E


SNr

θNr
− 1

3

I


θNr

SNr

< 1


= 6


∞

0
ε2P


SNr

θNr
− 1 ≥ ε


dε

= 6


∞

0
ε2P


θ̄(r) − θ ≥ εθ


dε

≤ 6


∞

1/r
ε2 exp


−r ln

r(1 + ε)

r + 1
+

rε − 1
1 + ε


dε + 6

 1/r

0
ε2dε

≤ 6


∞

0
ε2

r + 1
1 + ε

r

r−r exp

−

r + 1
1 + ε

+ r

dε +

2
r3

= 6r−rer


∞

0
ε2

r + 1
1 + ε

r

exp

−

r + 1
1 + ε


dε +

2
r3

=: I +
2
r3

. (4.5)
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Putting x = (r + 1)/(1 + ε) we can express the integral in (4.5) in the following form:

I = 6r−rer
 r+1

0


r + 1
x

− 1
2

xr−2e−x(r + 1)dx

≤ 6r−rer


∞

0


r + 1
x

− 1
2

xr−2e−x(r + 1)dx

= 6r−rer

(r + 1)3


∞

0
xr−4e−xdx − 2(r + 1)2


∞

0
xr−3e−xdx + (r + 1)


∞

0
xr−2e−xdx


.

Therefore

I ≤ 6r−rer

(r + 1)3Γ (r − 3) − 2(r + 1)2Γ (r − 2) + (r + 1)Γ (r − 1)


= 6r−rerΓ (r + 1)


(r + 1)3

(r − 3)(r − 2)(r − 1)r
−

2(r + 1)2

(r − 2)(r − 1)r
+

r + 1
(r − 1)r



= 6r−rerΓ (r + 1)
(r + 1)(r + 13)

(r − 3)(r − 2)(r − 1)r
.

By the Stirling formula

I ≤ 6
√
2πre1/(12r)

(r + 1)(r + 13)
(r − 3)(r − 2)(r − 1)r

.

Taking into account (4.2)–(4.5), we can see that (4.1) holds with w(r) defined by

w(r) = 6
√
2πe1/(12r)

r(r + 1)(r + 13)
(r − 3)(r − 2)(r − 1)

+
1

√
r

+
2

r
√
r

(4.6)

and the proof is complete. �

Remark 4.3. Theorem4.1 remains true ifwe replace estimator θ̄(r) by θ̃(r). However, the functionw(r)
is then different and strictly greater. We omit the details and focus attention on θ̄(r) in the rest of this
section.

Theorem 4.1 allows us to construct an ε-RRMSE approximation (Definition 1.5) with a tight bound
for the expected number of required samples. Choose r = r(ε) such that

1
r

+
w(r)
r3/2

= ε2, (4.7)

where w(r) is the function defined by (4.6). Note that r(ε) ∼ 1/ε2 for ε → 0. From Theorem 4.1 we
immediately obtain the following result.

Corollary 4.4. Let Nr and θ̄(r) be given by (1.1) and (1.2), with r = r(ε) defined by (4.7). Then (Nr , θ̄(r))
is an ε-RRMSE approximation on the class of input sequences satisfying Assumption 1.1 and

r(ε) ≤ θENr < r(ε) + 1 =: UpL2(ε).

4.2. The lower bound

The following theorem is an L2 analogue of Theorem 3.2.We consider an arbitrary algorithmwhich
is an ε-RRMSE approximation in the sense ofDefinition 1.5 on a class of inputswhich contains (at least)
every Bernoulli scheme.
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Theorem 4.5. If (N, θ̂ ) is an ε-RRMSE approximation and X1, X2, . . . is the Bernoulli sequence with the
probability of success θ , then

lim sup
θ→0

θEN ≥
1 − ε2

ε2
=: LowL2(ε).

Although Theorem 4.5 gives a bound only for the upper limit, in contrast with the bound for the
lower limit in Theorem 3.2, it is sufficient to establish the worst case optimality of (Nr , θ̄(r)).

Corollary 4.6. Assume (Nr , θ̄(r)) is defined by (1.1), (1.2) and (4.7), whilst (N, θ̂ ) is an arbitrary other
ε-RRMSE approximation. If both the algorithms are applied to the Bernoulli scheme with the probability of
success θ , then

lim sup
θ→0

EN
ENr

≥
LowL2(ε)

UpL2(ε)
,

where LowL2(ε)/UpL2(ε) → 1 as ε → 0.

In this sense (Nr , θ̄(r)) is worst case optimal. In the present L2 setting we can only say that the worst
case is some (unspecified) subfamily of Bernoulli schemes with parameters θ → 0.

In the following proof, just as in Section 3.2, we will explicitly write Eθ instead of E.
Proof of Theorem 4.5. Fix ε > 0 and assume that θ̂N is such that (0.3) holds. Using the Cramér–
Rao–Wolfowitz inequality (see [44]), we get

ε2
≥ Eθ


θ̂N − θ

θ

2

≥
b2(θ)

θ2
+

[1 + b′(θ)]2

θ2I(θ)EθN
,

where b(θ) = Eθ θ̂N −θ denotes the bias of θ̂N and I(θ) = [θ(1−θ)]−1 denotes the Fisher information
for a single Bernoulli observation (for a discussion of regularity conditions, see [6]). Thus

ε2
≥

b2(θ)

θ2
+

1 − θ

θ

[1 + b′(θ)]2

EθN

=

b′(θ)

2
+

1 − θ

θ

[1 − b′(θ)]2

EθN
+

b2(θ)

θ2
− [b′(θ)]2

≥
1 − θ

1 − θ + θEθN
+

b2(θ)

θ2
− [b′(θ)]2.

Using argumentation analogous to that in the proof of formula (2.6) in [20], we can find a sequence
θm → 0 such that

lim
m→∞


b(θm)

θm

2

−

b′(θm)

2
≥ 0.

Hence for arbitrary δ > 0 and sufficiently largem,

ε2
+ δ ≥

1 − θm

1 − θm + θmEθmN
,

which is equivalent to

θmEθmN ≥ (1 − θm)
1 − ε2

− δ

ε2 + δ
.

Consequently,

lim sup
θ→0

θEθN ≥
1 − ε2

− δ

ε2 + δ
.

Since δ is arbitrary, the conclusion of the theorem follows. �
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Table 1
Values of r(ε, α) and rL2 (ε).

ε α

0.0001 0.001 0.01 0.05 rL2

0.1 2.106e+03 1.595e+03 1.093e+03 7.510e+02
2.125e+03 1.613e+03 1.109e+03 7.652e+02 2.134e+02

0.01 1.982e+05 1.521e+05 1.060e+05 7.379e+04
1.983e+05 1.522e+05 1.061e+05 7.389e+04 1.141e+04

0.001 1.981e+07 1.520e+07 1.060e+07 7.378e+06
1.981e+07 1.520e+07 1.060e+07 7.379e+06 1.015e+06

0.0001 1.981e+09 1.520e+09 1.060e+09 7.378e+08
1.981e+09 1.520e+09 1.060e+09 7.378e+08 1.002e+08

5. Numerical results

The optimality results in Section 3 are of asymptotic type. To evaluate numerically the efficiency
of our estimators, we will adopt a slightly different approach. We compare the expected number of
samples needed by an adaptively stopped procedure with that needed by an ‘‘oracle’’ nonadaptive
algorithm, which is based on a priori knowledge which is in reality unavailable. This approach was
introduced in [12,36].

Let us begin with the computation of a parameter r = r(ε, α) of the estimators θ̃(r) and θ̄(r). For
θ̃(r), we solve Eq. (3.2). For θ̄(r), by Corollary 2.4, r can be obtained by solving the following equation:

exp

−r ln

r(1 + ε)

r + 1
+

rε − 1
1 + ε


+ exp{−rk(−ε)} = α. (5.1)

Table 1 gives r(ε, α) computed from (3.2) and (5.1) (these are upper and lower entries, respec-
tively) for some pairs (ε, α) which seem to be realistic in practice. In the last column there are also
included the rL2(ε) computed from (4.7).

The values r = r(ε, α) obtained from (3.2) and (5.1) are very close. To study the efficiency of (ε, α)-
approximation, we focus on the estimator θ̃(r) defined by (1.1) and (1.3), with r = r(ε, α) given by
(3.2). The mean number of observations needed for this sequential procedure is ENr < (r + 1)/θ . If
we knew θ , we could determine n = n(ε, α, θ) such that P(|X̄n − θ | ≤ εθ) ≥ 1 − α, by using the
non-sequential Hoeffding inequalities (A.1) and (A.4):

exp{−nh(ε, θ)} + exp{−nh(−ε, θ)} = α,

where

h(ε, θ) = θ(1 + ε) ln(1 + ε) + (1 − θ(1 + ε)) ln
1 − θ(1 + ε)

1 − θ
.

Then X̄n would be a non-sequential estimator satisfying (0.2), if it were not for the vicious circle in
its construction. Nonetheless, n obtained in this way is a good point of reference for our bona fide
sequential estimator. For the purposes of the numerical study below, define the efficiency as

eff(α, ε, θ) =
n(ε, α, θ)

[r(ε, α) + 1] /θ
.

To study the efficiency of ε-RRMSE approximation, it will be more convenient to consider the
estimator θ̄(r) defined by (1.2),with r given by (4.7). The corresponding oracle-estimator is constructed
very simply. Clearly, E(X̄n − θ)2/θ2

≤ Var X1/(nθ2) ≤ (1 − θ)/(nθ). Therefore, if n = n(ε, θ) =

(1 − θ)/(θε2) then X̄n estimates θ with the relative mean square error bounded by ε2. It is natural to
define the mean square efficiency as

effL2(ε, θ) =
n(ε, θ)

[r(ε) + 1] /θ
=

(1 − θ)/ε2

r(ε) + 1
.
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Table 2
Efficiency of (ε, α)-approximation and ε-RRMSE approximation.

ε θ α

0.0001 0.001 0.01 0.05 effL2

0.1 0.1 0.8486 0.8591 0.8723 0.8830 0.4198
0.01 0.9343 0.9456 0.9600 0.9716 0.4618
0.001 0.9428 0.9542 0.9687 0.9804 0.4659
0.0001 0.9437 0.9551 0.9696 0.9813 0.4664
0 0.9438 0.9552 0.9697 0.9814 0.4664

0.01 0.1 0.8994 0.8995 0.8997 0.8998 0.7886
0.01 0.9893 0.9895 0.9897 0.9898 0.8675
0.001 0.9983 0.9985 0.9987 0.9988 0.8754
0.0001 0.9992 0.9994 0.9996 0.9997 0.8762
0 0.9993 0.9995 0.9997 0.9998 0.8763

0.001 0.1 0.9000 0.9000 0.9000 0.9000 0.8868
0.01 0.9900 0.9900 0.9900 0.9900 0.9754
0.001 0.9990 0.9990 0.9990 0.9990 0.9843
0.0001 0.9999 0.9999 0.9999 0.9999 0.9852
0 1.0000 1.0000 1.0000 1.0000 0.9853

0.0001 0.1 0.9000 0.9000 0.9000 0.9000 0.8986
0.01 0.9900 0.9900 0.9900 0.9900 0.9885
0.001 0.9990 0.9990 0.9990 0.9990 0.9975
0.0001 1.0000 1.0000 1.0000 1.0000 0.9984
0 1.0000 1.0000 1.0000 1.0000 0.9985

Table 2 gives eff(α, ε, θ) and effL2(ε, θ) for some chosen parameters α, ε and θ . We additionally
include entries corresponding to θ = 0, which are defined by the obvious conventions eff(α, ε, 0) :=

limθ→0 eff(α, ε, θ) and effL2(ε, 0) := limθ→0 effL2(ε, θ).

6. Unbounded samples

In many applications it is desirable to construct an (ε, α)-approximation for unbounded input
sequences Xn. Let us begin with a few remarks about a seemingly obvious case of bounded relative
variance (BRV).

Assumption 6.1. Xn is Fn-measurable, nonnegative, E (Xn|Fn−1) = θ a.s. and Var (Xn|Fn−1) /θ2
≤

V < ∞ a.s. for n = 1, 2, . . . . The constant V is independent of θ and known.

Note that Var (Xn|Fn−1) := E

(Xn − θ)2|Fn−1


. In the i.i.d. case Assumption 6.1 reduces to σ 2/θ2

≤

V , where σ 2
= Var Xn.

Proposition 6.2. There exists an (ε, α)-approximation (t, θ̂t) with nonadaptive stop criterion, which
works on the class of input sequences X1, X2, . . . satisfying Assumption 6.1. The number of samples is

t := 2

8.35 V

ε2


·

1.16 ln(2α)−1


.

Proof. First observe that for X̄n :=
n

i=1 Xi/n we have P(|X̄n − θ | > εθ) ≤ V/(nε2), because the
Chebyshev inequality holds also for martingale differences, i.e. under Assumption 6.1. Therefore if
n ≥ V/(aε2) then

P(|X̄n − θ | > εθ) ≤ a.

Now choose t = nm and considerm batches of samples, each of length n, and observe that each batch
satisfies Assumption 6.1. Let

θ̂t := Med (X̄ (1)
n , . . . , X̄ (m)

n ),
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where X (j)
n :=

nj
i=n(j−1)+1 Xi/n for j = 1, . . . ,m. If we choose a = 0.12 and let m be the least odd

integer which satisfiesm ≥ 2.31 ln(2α)−1 then P(|θ̂t − θ | > εθ) ≤ α. For details we refer the reader
to [38, Section 1], in particular Proposition 1.3 therein. �

Note that t defined in Proposition 6.2 satisfies

t ∼ 19.34
V
ε2

lnα−1 (6.1)

for ε → 0 and α → 0. For a comparison let us recall the standard error approximation based on the
Central Limit Theorem (CLT). If we take the sample average X̄t as the estimator, then it follows from
the CLT that P(|X̄t − θ | > ε) ≈ α for

t ≈
V
ε2


Φ−1(1 − α/2)

2
, (6.2)

where Φ−1 is the quantile function of the standard normal distribution. Since [Φ−1(1 − α/2)]2 ∼

2 lnα−1 for α → 0, the right hand side of (6.1) is bigger than (6.2) roughly by a constant factor of
about 10 (for small α). The important difference is that (6.1) is sufficient for an exact bound while
(6.2) is only for an asymptotic one. A similar discussion in [28, Section 10] is about bounds on the
absolute error.

To our knowledge, the best known upper bound on the cost of an (ε, α)-approximation under
Assumption 6.1 holds for the median of averages and is given by Proposition 6.2. However, we claim
that it is an open problem to find an (ε, α)-approximation which is worst case optimal for the class of
all BRV input sequences, with given V (even in the i.i.d. case).

Without a bound on relative variance, we cannot expect that an (ε, α)-approximation with
nonadaptive stop criterion exists. In the rest of this section we restrict attention to i.i.d. input
sequences but relax the assumption concerning the variance.

Assumption 6.3. Xn are i.i.d., nonnegative, EXn = θ ≤ A < ∞ a.s. and Var Xn/θ ≤ B < ∞ a.s. for
n = 1, 2, . . . . The constants A and B are known.

The restriction θ ≤ 1 is natural in the context of rare event simulation. Assumption 6.3 ismuchweaker
than the logarithmic efficiency condition [1,2], which stipulates that Var Xn/θ

2−δ is bounded for some
δ > 0. Under Assumption 6.3 we can combine Theorem 2.1 with the ‘‘median trick’’ to construct an
(ε, α)-approximation.

Proposition 6.4. There exists an (ε, α)-approximation (T , θ̂T ) with adaptive stop criterion, which works
on the class of input sequences X1, X2, . . . satisfying Assumption 6.3. For the expected number of samples
we have the following inequality:

rm ≤ θET ≤ (r + A + B)m,

where

r = r(ε) :=


8.35B


ε + 1

ε

2

+ A + B


, (6.3)

m = m(α) := 2

1.16 ln(2α)−1 . (6.4)

Proof. Let a = 0.12, so that 1/a = 8.35. If r is given by (6.3) then elementary algebra, similar to that
in [28, Section 4], shows that
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B
r


1 +

B + A
r


≤ a


ε

1 + ε

2

. (6.5)

Theorem 2.1 now implies

P

|θ̄(r) − θ | ≥ εθ


≤ a. (6.6)

The number of samples used to compute θ̄(r) is equal to Nr and we have r ≤ θENr ≤ r + θ + σ 2/θ ≤

r +A+B, as in the proof of Theorem 2.1. To obtain θ̂ , we repeatm times the computation of θ̄(r) (using
segments of the input sequence of random length) and take the median. Ifm is given by (6.4) then we
have P


|θ̄(r) − θ | ≥ εθ


≤ α, as in the proof of Proposition 6.2. The total number T of samples is the

sum of m independent copies of Nr . �

Note that for ε → 0 and α → 0,

θET ∼ r(ε)m(α) ∼ 19.34
B
ε2

lnα−1.

If Xn are i.i.d., 0 ≤ Xn ≤ 1 a.s. and EXn = θ then Assumption 6.3 holds with A = B = 1. In particular
this is true for Bernoulli schemes. Therefore the lower bound in Theorem 3.2 is applicable also under
Assumption 6.3. We can easily see that r(ε)m(α)/Low(ε, α) → 9.67 as ε → 0 and α → 0. The
algorithm described in the proof of Proposition 6.4 requires roughly ten times as many samples as
the optimal one if both are applied to Bernoulli inputs with small θ . In contrast with the case for
bounded inputs considered in Section 3, we do not know how to construct an (ε, α)-approximation
which is worst case optimal in the sense of Corollary 3.4. We even do not know whether Bernoulli
sequences are still the worst case under Assumption 6.3. We think that these are open questions. A
more important open problem, in our opinion, is that of constructing an optimal (ε, α)-approximation
which works under the assumption Var Xn/θ

2−δ
≤ C (with known δ > 0 and C < ∞). We conjecture

that there exists an algorithm for which the expected number of samples is bounded by

(absolute constant) ·
C

θ δε2
lnα−1.
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Appendix. Auxiliary results

A.1. The Hoeffding inequality

We recall a classical result of Hoeffding [22] in a form generalized to martingale differences. For a
new simpler proof we refer the reader to Bentkus [5].

Lemma A.1. If Assumption 1.1 is fulfilled and 0 < a < 1 − θ then

P

X̄n − θ ≥ a


≤ exp


−n


(θ + a) ln

θ + a
θ

+ (1 − θ − a) ln
1 − θ − a
1 − θ


(A.1)

≤ exp

−n

a
1 − θ


1 +

θ

a


ln

1 +

θ

a


− 1


(A.2)

≤ exp

−n

a2

1 − θ
·

1
2(θ + a/3)


. (A.3)
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If 0 < a < θ then

P

θ − X̄n ≥ a


≤ exp


−n


(θ − a) ln

θ − a
θ

+ (1 − θ + a) ln
1 − θ + a
1 − θ


(A.4)

≤ exp

−n

a
θ


1 +

1 − θ

a


ln

1 +

a
1 − θ


− 1


(A.5)

≤ exp

−n

a2

θ
·

1
2(1 − θ + a/3)


. (A.6)

Proof. From the discussion on page 20 in the Hoeffding’s paper [22] it follows that inequality (2.8)
in his Theorem 3 implies (2.1) in his Theorem 1. Therefore our (A.1) is an immediate consequence of
inequality (2.5) in Bentkus’ Theorem 2.1 in [5]. Upper bounds (A.2) and (A.3) for the RHS of (A.1) are
shown in the cited Hoeffding paper. Inequalities (A.4)–(A.6) are obvious, symmetric counterparts. �

In the classical case of i.i.d. random variables, (A.1)–(A.3) are known as Hoeffding, Bennett and
Bernstein inequalities, respectively.

Note that if we pass to the limit with a → 1 − θ in (A.1), we obtain

P

X̄n − θ ≥ 1 − θ


≤ θn. (A.7)

A.2. Wald identities

The following lemma gives martingale analogues of the two classical Wald identities. It is needed
in Sections 3 and 4.

Lemma A.2. If Assumption 1.1 or Assumption 6.3 holds then

ESNr = ENrθ, (A.8)

E

SNr − Nrθ

2
= E

Nr
i=1

Var (Xi|Fi−1). (A.9)

Moreover, under Assumption 1.1,

E

SNr − Nrθ

2
< r + 1. (A.10)

Proof. To show (A.8), notice that Sn−nθ is amartingale and thusESNr∧n = E(Nr ∧n)θ by the optional
sampling theorem. It is now enough to let n → ∞ and invoke the monotone convergence theorem.

If 0 ≤ Xn ≤ 1 then E
Nr

i=1(Xi − θ)2 < ∞, because the summands are bounded and ENr < ∞ in
view of (A.8). Thus we can use Theorem 7.4.7 in [14] to get

E

SNr − Nrθ

2
= E

Nr
i=1

(Xi − θ)2 = E
Nr
i=1

Var (Xi|Fi−1),

i.e. (A.9). If Xn are i.i.d. then (A.9) is well-known.
Under Assumption 1.1, Var (Xi|Fi−1) = E(X2

i |Fi−1) − E(Xi|Fi−1)
2

≤ E(Xi|Fi−1) − E(Xi|Fi−1)
2

=

θ(1− θ) ≤ θ , because Xi ≤ 1. Using first (A.9), then (A.8) and finally the fact that SNr < r +1 we infer
that E(θNr − SNr )

2
≤ Nrθ = ESNr < r + 1. �

A.3. The Lorden inequality

This useful result belongs to the renewal theory and was proved in [33]. For a newer proof see [8].
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Lemma A.3. If Assumption 6.3 holds and Nr is given by (1.1) then

ESNr − r ≤ θ +
σ 2

θ
.

Proof. Combine formulas (1.6) and (1.3) in [8]. �
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