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1. Introduction

The present paper is essentially a collection of :nown, but perhaps unpub-
lished, results on the approximability of posterior distributions by Gaussian ones.
The initial result is due to Laplace (1809) but the most common appellation is
“Bernstein-von Mises theorem'’. The paper came about as an answer to two
questions. The first, posed by Albert Lo, is whether the differentiability in qua-
dratic mean conditions that, in the i.i.d case, insure the validity of the LAN con-
ditions also yield the Bernstein-von Mises phenomenon. The second, posed by
David Blackwell was complex but related to the query: ‘‘What are necessary and
sufficient conditions for the Bernstein- von Mises theorem?”’

The fact that non-trivially tautological conditions do not seem to be known
prompted the writing of the paper. In it, after stating the problem in Section 2,
we start by an example of sufficient conditions in the i.i.d case. This is for two
reasons: to answer Albert Lo’s question and to prepare the reader for the
remainder by pointing out the various features that have to be checked. Indeed,
the proof involves three steps: 1) a global step where one proves a consistency
type of a result, 2) a semi local step where one proves that the posterior distri-
butions concentrate on sets that have diameter of the order of 1/vn and finally,
3) a strictly local study on these sets. The details of the proofs are not given.
They can be found in the author’s forthcoming monograph (Le Cam, 1986).

This constitute Section 3. Section 4 gives necessary and sufficient conditions
for the validity of what corresponds to the strictly local arguments. However, it
does so under some restrictions that are not too terrible but not actually neces-
sary for the validity of Gaussian approximations.

Section 5 gives some sufficient conditions for the case of independent observa-
tions that, individually, contain a negligible amount of information. Here we can
carry out the first two steps described in Section 3 at one stroke, but at the price
of fairly severe assumptions.

In all sections we refer for many proofs or parts of proofs to (Le Cam 1986).
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It will be seen that the third, strictly local part of the argument can be car-
ried out under the LAN or LAMN conditions. The latter are often satisfied when
observations are taken on stochastic processes instead of independent sequences.
However we have refrained from saying anything about such dependent cases
because it is difficult to write out nice, simple and general conditions that permit
to carry out the global and semi-local steps of the proofs. There do exist such
conditions in the literature. See for instance I. Basawa and B. L. S. Prakasa Rao
(1980).
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2. Notations and statement of the problem.

Let X and © be two sets. Let A be a o-field of subsets of X and let B be a
o-field of subsets of ©. Let S be a positive measure on AXB. Assuming some
regularity conditions one can disintegrate S, writing it in the form

S(dx,d6) = S{(dx)Fy(df) = P,(dx)p(do)

where each F, and each P, is a probability measure and where S’ and p are the
corresponding marginal measures. The general question one could ask: ‘“Under
what conditions on the family {P,: € ©} and the measure p can one approxi-
mate the posterior distributions F; by Gaussian ones?”

For this to make sense the space (6,B) must be suitable for the definition of
Gaussian distributions. This can be done for all linear spaces and for certain
groups.

Here we shall concern ourselves only with the cases where © is a finite dimen-
sional vector space except that we shall say a few words about subsets of such
spaces.

To make the question precise, one must specify the type of approximation
sought. We shall concern ourselves only with approximation for the total varia-
tion norm, also called L;-norm. Thus if G, is the presumed approximation, the
distance will be measured by

IFy - Gl = sgplf #(0)[F4(d6) - G,(do)]|

taken over all B-measurable ¢ such that |¢| < 1.

There is also the matter of the fact that in F, the variable x moves through
X. We shall consider the convergence to zero of integrals such as
[1IFx - G,lIS(dx) or [||F, - G,||Pyfdx) for a selected point 6. This means, in
particular, that we shall not bother with statements such as: ||F, - G,|| tends to
zero almost surely for P,. These may be nice, but for the situations described in
Sections 4 and 5, they do not make sense. Thus, to simplify life, we have omit-
ted them.

As mentioned above, we need some regularity conditions to insure the
existence of disintegrations of the measure S. It usually comes in the form
S(dx,dd) = P,(dx)p(d6). So there is no problem on that part. For the other side,
S'(dx)F,(d6), we shall always assume that © is a Borel set in a Polish space and
that S is o-finite.
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2. Sufficient conditions for the i.i.d case

In the standard i.i.d. case, one considers probability measures {p,: 6 € ©} on
some o-field, say F, and, for each integer n, one takes n replicates of the system
{F.{py: 0€©}}. The measures under study are the product measures P,,
correspondinig to n independent identically distributed observations. Note that
the system {p,: 0 € ©} remains fixed, independent of n. The case where one
takes n replicates of systems {p,,: 0 € ©}, (a 6 € ©,) that change as n changes
and goes to infinity is different. It will be treated under other assumptions in
Section 5.

A possible set of assumptions is as follows.

(Al) 6y = 0 and O is the intersection of a closed set with an open set. (The
0y = 0 is to avoid excess of indices.)

(A2) The equality p, = p, implies s = t.
(A3) 1If t, —t for the Euclidean topology of © then [¢dp,, — [¢dp, for every
bounded measurable ¢.

(A4) There is a compact K C ©, an € < 1/2, and an integer n such that there is
a test function w, 0 < w, <1, based on n observations with

J(1-w,)dPg, < € and fw,dP,, < € for all § e K".
(A5) A process § with covariance kernel E§(s)&(t) = [+/dp,dp, admits at § = 0
a derivative in quadratic mean that has a non singular covariance matrix.

(A6) If p, is the part of p, that is p, singular, then #llp; || tends to zero as

t—0.
(A7) The prior measure g is independent of n. It is a probability measure that
" has a density f with respect to the Lebesgue measure \.

(A8) Let B(e) be the ball of radius € centered at zero. There is some number
a € (0,00) such that

) X[B( 1l ~rr S () - alM(dt) = o.

Furthermore
. . +AB(e)NO
> 0.
TXBEr

Under these conditions, consider estimates T, and I', defined on the first n
observations, such that the values of T, are in R* and that those of I', are posi-
tive definite matrices on BR*. Let H, , be the measure defined by

Heo(B) = [ exp{-5(t- To)la(t - To)}Mdt),
Bné



and let
Gx.n = ”Hx,n”-le,n

Theorem 1. Let all the conditions (A1) to (A8) be satisfied. Let F,, be the
posterior distribution of # given the value x of the first n observations. Then
there exist estimates T, and I';, such that

f“Fx,n - Gx,nllpo,n(dx)

tends to zero as n — oo.

Proof. See Le Cam (1986) Chapter 17, Section 7. The proof involves several
steps. The first one is as follows. Let C be the complement of a neighborhood of
zero. One first shows that F, (C) — 0 in Py ; probability. For this the first four
assumptions are used as well as assumptions (A7) and (A8). These latter imply
that g is not too thin around zero.

b
The next step is to consider sets C, of the type {0: €O, |6] > T“-} where
n

b, tends to infinity as n — co. One shows that F, (C,) also tends to zero in pro-
bability. This allows one to reduce the considerations to sets ® NV, with

V, = {0: 9] < —}E-} for fixed b. To these one applies an argument similar to

the one described in Section 4. One shows that

Iy - G, allS(dx) — 0
for measures S, = —=—— (Vn) f Pyo#(d0). Then one replaces S, by Poa by a con-
tiguity argument. This local part uses restriction (A5) to obtain a linear + qua-
dratic approximation to the logarithms of likelihood ratios.

Note that we have not assumed that zero is interior to 6. Thus our G, , are
not necessarily Gaussian, but Gaussian truncated to ©. This is a small
refinement that is sometimes useful. We shall not bother with such refinements
in the sequel. We shall, however, need to consider in Section 5 subsets of

Euclidean spaces defined otherwise than the V, = {6: |6] < %} and we shall
n

have to assume that they look like the V,’s.

One could ask whether the conditions imposed here are necessary. The
answer is, of course, certainly not. We have worked at the rate vn. One can
obtain results for other rates. We have assumed the existence of uniformly con-
sistent tests in (A4) when it would be enough to assume existence of consistent

:{c) [Pyons(df). We have kept p independent of n. It
KG

tests of Py, against

could be made a measure of variable norm dependent of n, but tending to
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something that is, near zero, like the Lebesgue measure on 6, as long as one
imposes growth condition on its tails and so forth.

However, our aim here was not to look for utmost generality, but to point out
the types of arguments involved. As we shall see, the purely local arguments can
be generalized immensely. The semi-local and global arguments need a lot of
care. Conditions under which they can be carried out are not simple to formu-
late in more complex cases.



4. The local part of the theory

In this section it will be assumed that the parameter space © is a Euclidean
space, © = IRX. For each integer n, one considers an experiment {Pyn: 0€6} on
a o-field A, and a prior measure pg,. We shall also assume given a function I';
that is A -measurable and takes its values in the space of positive definite sym-
metric matrices on B*. As before, the conditional distributions of 8 given A, will
be denoted F, ;. The question is whether one can find A-measurable functions
T, such that if G, , is the Gaussian measure whose density with respect to the
Lebesgue measure ) is proportional to

exp{- (8- T,)T4(0- T)}

then the F, ; are approximable by the G, ;. Note that, here, the exponent in the
Gaussian density uses the matrices I'; themselves, not the n I'j of Section 3.
This means that we assume that all necessary normalizations and transformations
have already been carried out. We shall answer the question under the following
restrictions.

Let p,, be the prior measure p, shifted by s. That is, p,, is defined by the
equality
f”(o)l‘n,s(do) = f’r(o + s)"n(do)

(B1) The sequence ||p,|] is bounded. For every fixed c € (0,00), the quantity
sup{||pn s — Ball; Is| < ¢} tends to zero as n tends to infinity.
8

Let S, be the joint measure defined by S,(dx,df) = P, ,(dx)p,(d).
(B2) For each € > 0 there is an integer N and a number b < oo such that
n > N implies '
SaflITall + IS > b} <.
To state the result we shall use the following notation. Let S,, be S, shifted
by t. Explicitly S, , is defined by the equality
[ [u(x,6)8,,(dx,d8) = [ fu(x,0 + t)S,(dx,d6).
dS,
ds, -

Let A, , be the logarithm of likelihood ratio A, ; = log

Let S, be the marginal distribution of x for S,.

Theorem 2. Let condition (Bl) and (B2) be satisfied. Then the existence of
Gaussian kernels G, , with matrices I'; such that

f“Gx,n - Fx,n”SI:(dx)

tends to zero is equivalent to the combination of the following conditions:
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a) For every sequence {s,} such that s, — 0 the norms ||S,, - S,|| tend to zero.

b) For every t € R* the sequences {S,,} and {S,} are contiguous.
¢) For every pair (s,t) of elements of R¥ the difference

An,s+t - Au,s - An,t + s'rnt
tends to zero in S,-probability.

d) There are A -measurable functions 3,, such that for every ¢ > 0 there exist
integers N and b such that n > N implies S {|6, - 8] > b} < e.

The proof is long and tortuous. It can be found in Le Cam (1986). We shall
sketch some of its ingredients below, but first a few words about the assumptions
and the statement (a)-(b). Assumption (Bl1) is not necessary for the validity of
Gaussian approximations to posterior distributions. However, it helps. What it
says is that, asymptotically, the prior distributions behave somewhat like the
Lebesgue measure. Assumption (B2) says that, in an appropriate scale, the
presumed Gaussian approximations do not stray to infinity and do not degen-
erate. One can readily conceive of situations where Gaussian approximations do
exist but where the relevant matrices cannot be so controlled. The statements
(a) and (b) of the theorem are due in large part to this control over the size of
the matrices. Statement (c) in the theorem is an expression of the requirement
that log likelihoods must be approximately quadratic on ©. Finally, the require-
ment (d) says that if the posterior distributions are approximately Gaussian, with
well behaved matrices, then a Bayesian statistician who believes in his prior can
estimate 0 successfully. Thus, the requirements (a) to (d) are not surprising.
That they do imply the stated Gaussian approximability is not so easy to see.
One must first find the appropriate centering variables T,. This can be done by
correcting the 9,, in a manner that is very similar to the procedure used by the
present author (Le Cam, 1960) under the LAN conditions and by R. B. Davies,
(1985) and others under the LAMN conditions. See also Le Cam (1986), Chapter
11. The bound on the integrals of ||F, , - G, ,|| can be derived through the use
of a simple inequality as follows.

Let S; and S, be two finite positive measures on A, XB where B is the Borel
field of ©. Let Sy be another such measure that dominates both S, and S,. Each
S; admits a disintegration S;(dx,dd) = Si'(dx)F,'i(dO). A possible disintegration of
S;, for i = 1,2, is given by

i(x)F, i(d6) = ¢,(x,0)F, o(d6)

where ¢, = :—:; and ¢;(x) = [¢;(x,0)F, o(d0).

Now let r be defined by



_ #4x9 4i00
$1(x,0) g,(x)
on the set A; N A, with A; = {x: 0 < #:(x) < oo} this is also equal to
I¢2(x»9) $1(x,€)
$1(x,0) d4(x,§)

r(x,0)

Fy2(d§).

Then

“Fx,l - Fx,z” = 2f{1 - minllrr(xvo)]}Fx,l(de)
on AN Az. On the complement of A; one can define F,; arbitrarily and there-
fore make F,, and F,, coincide outside of A; N A;. Thus to prove that the
integrals f||F, - F,'zIIS,;,,(dx) are small, it is sufficient to show that the ratio r,
is close to unity in S, ; probability. 4

Once the appropriate centerings T, have been obtained it is possible, with
$2,0(x,0)

some effort, to look at the appropriate ratios ———
¢l,n(xvo)

and, even though effort is

needed, the argument is not terribly difficult.
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5. The case of independent observations

In this section we consider a situation where one has a finite or infinite
sequence of experiments E; = {p,;: 0€ 6} , j € J, and where, for a given 0, the
observations Xj; j € J are independent with X; distributed according to p,;. To
obtain an asymptotic theory, the entire system will be made to depend on an
integer n, so that © becomes 6, and p,; becomes p,; ,, for instance. Also there
will be a prior measure g, on®,. Our aim is to give certain conditions under
which the posterior distributions F,, can be shown to concentrate on small
neighborhoods of the true value 6, thus carrying out at the same time t.he’global
and semi-local steps described in Section 3. Then we pass to the task of describ-
ing conditions leading to asymptotic normality of the F, .

For the first part, we shall use definitions as follows omitting the index n for
simplicity. Take two elements s and t of ©. Let hjz(s,t) be the square Hellinger
distance

1
hs,t) = -2'f (v/dps; - Vdp )%
Let H? = Y h® We shall use H as a “distance” on © and assume that it is in

i
fact a distance, that is, that H(s,t) = 0 implies s=t and that 0 < H(s,t) < oo.
This last condition is always fulfilled if J is finite.

Let P, be the product measure Py = []p,;. There are cases where the experi-

ment {P,; 8 € ©} is infinitely divisible. Il: such a case instead of H? one can use
the expression K%(s,t) = -log [1/dP,dP,. The theorems given below for H are
also applicable to K.

Consider the metric space (©,H) and a number 7 > 0. The dimension of ©
for H at the level 7 is the smallest number D(7) such that every set of diameter
2a > 27 can be covered by 2P() or fewer sets of diameter a. We shall assume
here that the following condition is satisfied.

(C1) The function H is a metric for ©. For each 7 > 0 the dimension D(7) of ©
for H at the level 7 is finite. Furthermore © is complete for H.

This makes (9,H) a locally compact space. The completeness condition is
actually irrelevant. One can always complete the space. However together with
(C2) it will insure the existence of the desired disintegration.

(C2) The measure p gives finite mass to bounded subsets of © and the marginal
S = [Pyp(d9) is o-finite.

For any measurable set V C ©, let My = [P,u(d6) and Py = ”—(lv—)-Mv.
v
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The following result is proved in Le Cam (1986). It is a consequence of a
result of L. Birgé ((1981) unpublished) about test between balls of the type
{6: H(6,6) < b}, i=1.2.

Take a number z > 0 and an integer k. Let B, = {6: H*(0,8,) < z + k} and
let Ay = By, \ By
Theorem 3. Let V be the ball V = {6: H(6,6,) < a} and let D, be the dimen-

sion of © for the level i, = -%(z + k)2, Assume that (18a)? < z + n. Then

JFAADP) < ({2 2] 0 %((i:‘-,‘f,l} Xexp|-2(z + k)]

Actually the result stated and proved in Le Cam (1986) chapter 16, section 6,
uses the measure P, instead of Py. The substitution introduces another term,

bounded by 2a, that would be a nuisance here.

k + 11Dy2

Note that D, decreases as k increases. Thus the term in [-z-iT will

be of little importance for k or z large. Simple addition and the remark that Dy
decreases as k increases yields the following result
Proposition 1. Assume (18a)? < z and let C(z) = {#;H%(0,6,) > z}. Then

1
IFx[C(Z)]PV(dX) S [(72)( z+1 )1/2]D[f(g)| e—-‘zx

4 e/ 2 { "[AR:)] "‘“}

where 7(z) = -1—\/; and where we have written A,(z) instead of A, to remind the
18 k k

reader that it depends on z. Now let us pass to a situation where the experi-
ments and the prior measure depend on an integer n. Then every one of the
objects mentioned above acquires an extra subscript n. Since this make the nota-
tion more cumbersome we shall not write out the n. Instead, we shall say that
the objects that do not depend on n are fixed. With this agreement consider the
following conditions.

o pA(2)] -3k :
(C3) There is a fixed z and a fixed a such that 2 —————e %2 remains

k=0 H(V)
bounded ( by a fixed bound).

(C4) For a fixed a, the sequences {P,}, {P,} are contiguous whenever
H(0,6,) < a.

(C5) There is a fixed 7 such that D(7) remains bounded. We can then state the
following.



-12 -

Proposition 2. Let the conditions (C1) to (C5) be satisfied. Then for every
fixed ¢ > 0, there is a fixed b such that

JF,[C(b)]Py(dx) < .

The proof is easy. One applies Proposition 2 and use the contiguity of {P,}
and {Pv}.

This result means that the posterior distributions concentrate on the balls of
the type {6: H(6,0,) < b}. It is therefore analogous to the result mentioned in

Section 3 where the balls were of the type {0: |9 < —;—.—} If for instance the
n

Py; do not depend on j and if J, has n elements, the balls {6: H(6,6) < b} can
also be written in the form {6: vnh(6,6,) < b}, thus exhibiting the vn type of
convergence. :

Condition (C3) calls for some comments. Suppose for instance that © and u
are fixed. Restore the subscript n and assume, as is often the case, that as
n — oo, Hy(0,6p) — co for every fixed pair (0,6,). Then the neighborhood

1
V, = {6: H,(0,8y) < a} shrinks as n — co. The condition that io: “(—Ak-'l)-e z"
' k=0 I‘(vn)
remains bounded imposes a serious restriction on the rate of decrease of u(V,).
In the argument of Section 3 this restriction was easily met because, for the
Lebesgue measure, balls have a measure proportional to a fixed power of their

diameter.

There are many situations where for points such that Hg(6,,0,) remains
bounded each individual observation yield an asymptotically negligible amount of
information in the sense that suph,(0,,0y) tends to zero. Then, at least for such

; _

pairs, the metric Hy(6y,0) is an approximation to the - log f/dP, ,dP,, men-
tioned at the beginning of this section. At least in such cases, the result of Pro-
position 2 is reasonably satisfactory.

In such cases, and in many other (dependent) situations, the logarithms of
likelihood ratios can often be shown to admit linear-quadratic approximations.
Then a Bernstein-von Mises result can be obtained by the combination of Propo-
sition 2 with the local result of Section 4. For this to make sense, one needs to
have appropriate parametrization through a Euclidean space. A possibility is as
follows, dropping the subscript n again for simplicity.

Let My(©) be the space of finite signed measures m that have finite support

dP
on © and are such that m(©) = 0. Let A(s,0p) = log TP; Let us say that
b

{P,: 0 € 8} is under quadratic control near 0, if the following requirement is
satisfied:



-13-

(C6) There exist quadratic forms Q, possibly random (depending on the obser-
vations) that satisfy the following conditions:

1) They are defined on My and positive semi definite there.

2) If {m} is a sequence of elements m € My(8) such that the cardinality of the
support of m remains bounded (independently of n) and the support remains
at bounded distance of 6, then '

[ IAGs,8) + 2-Q(8, - &)lm(ds)

tends to zero in P, probability whenever Q(m) does.

The possibility of Euclidean parametrization then corresponds to the following
requirement.

(C7) There are measurable maps £ from © to a fixed Euclidean space (RX,| - |)
such that §0) = 0 and such that 1) |§(6)| remains bounded if and only if
H(0,6,) does, and, 2) the quadratic forms Q of condition (C6) may be
taken of the form 4

Q(m) = [M[¢(s)m(ds)]?

for some, possibly random, matrix M. Note that (C7) does not assume
that the maps § are injective or surjective. There may be subsets of very
large dimension in © that are mapped at a single point. An example will
be given below.

However, if one wants to have Gaussian distributions, one needs to fill out the

Euclidean space in some way. One possibility is as follows.

(C8) Let B= {veRk |v| < b} for a fixed b. Let W(c) be the image by & of
the ball {6: H(0,6,) < c}. Then, for each fixed b there is a fixed ¢ such
that the Hausdorff distance between B and B N W(c) tends to zero.

Finally, if we want to use the results of Section 4, we need to impose adequate
restrictions on the measures y. Let v be the image of p by § Let v, be its

translate by a vector q, and let v, g be the restriction of v, to B.

(C9) For each fixed ball B = {v € RE,|v| < b} the norms llvg - vopll tend to
zero as long as |q| remains bounded. Also ||y || remains bounded.

One can then state the following.
Theorem 4. Let the conditions (C1) to (C9) be satisfied. Let F~x,,l be the poste-
rior distribution of £(f). Then there are Gaussian G;, such that
J1IFxn = Gy lIPy, o(dx) tends to zero.
Proof. According to Proposition 2, it is sufficient to look at what happens on
balls of the type B(b) = {6: H(9,6,) < b}. The experiments E, = {P,; 0 € B(b)}
indexed by such a ball could be reparametrized by subsets of the Euclidean space
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RE at a cost that is asymptotically negligible. Indeed consider two points s and t
of B(b) (variable with n). Note that the contiguity imposed in (C4) implies that
Q(8, - &) will remain bounded in probability. Thus the same will be true of
[M&(s)| by (C6) and (C7). Now suppose in addition that |£(s) - §(t)] = 0. Then
M¢(s) - Mg(t) will tend to zero in probability. It follows then from (C6) that
A(t,0p) — A(s,0p) will tend to zero in probability. Thus ||P, - P,|| will tend to zero.
Thus replacing a P, by a P, such that §(s) = §(t) will not change the experiments
E(b) except by an amount that is asymptotically negligible. One can select
representatives in a measurable way, or at least in a way that is universally
measurable, by anyone of a number of procedures. Thus, eliminating parts of ©
whose distance to 6, tends to infinity, we can proceed as if the experiment was
indexed by Rk or a part of it.

Now refer back to Theorem 2, Section 4. If we consider only the modified (as
decided above) experiments E(b), the conditions (a) (b) (c) (d) of the theorem are
obviously satisfied. Now, it can be proved that these conditions already imply
the validity of condition (B2) of Section 4. (See Le Cam (1986) Chapter 12 Sec-
tion 4, Proposition 5). The condition (C9) is a modest variant of the condition
(B1) of Section 4. It can serve the same purpose and the proof can proceed in the
same way as that of Theorem 2.

Now a few comments about the conditions (C1) to (C9). The local ones, (C6)
to (C9) are very much like the conditions of Section 4 and subject to the same
comments. For instance, one cannot claim that (C9) is necessary, only that it
helps. The conditions (C6) (C7) may seem peculiar. The wording of (C7) allows
some inverse images £7)(v) of points v € R¥ to have high cardinality. This is
because there are many ‘‘non parametric’’ situations where that could happen. A
natural example is obtainable from mixtures of Poisson distributions. There one

r
takes i.i.d observations X, - - -, X, where P, [X; = 1] = [ e‘*%—Pn(d)\) for some

probability measure P, on [0,00). Assume that there is a )\ such that
nf(X - 2g)°P,(d)\) remains bounded and such that, for some integer g, the
moments n f|\ - Xg|]"P,(d\) tend to zero. Here the parameter set ©, consists of a
class of probability measures. However it can be shown that locally, that is as P
concentrates around A\, the only relevant parameters are the first two moments
vh J(N=2o)Py(dN) and nf(X - Xo)*P,(d)\). This allows construction of a map €
from ©, to R? with the properties described in (C7). For a detailed description,
see Le Cam and Traxler (1978). There are very many examples of that type.
Note, however, that if one lets P, vary through all possible distributions, the
metric dimension condition (C1) is far from being satisfied.

That condition (C1) and the associated (C5) are not as simple and natural as
one might think. That balls {6: H (0,6,) < b} for b fixed would be required to
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satisfy such a requirement is all right. In fact the pair (C6) (C7) requires some-
thing that is essentially much more restrictive. Some difficulties occur for “large”
values of the distances H,(6,6,). To show what is involved, take the case of i.i.d.
observations X, - - -, X, that are normally distributed, N(6,1), on the line and
let © = R.- Then H (0,8)) < n. However the condition (C1) cannot be satisfied
since it would imply that B can be covered by a finite number of intervals of
length one. |

The finite dimension restriction (C1) is satisfied here if instead of H, one uses
the distance K defined by K¥s,t) = -log f/dP.dP, since VBK(s,t) = |s-t|.
Condition (C1) is also satisfied for H, if instead of taking for © the entire line R,
one restricts © to be a finite interval © = [a,b].

One could modify the conditions, requiring only that (C1) and (C5) hold for
suitable balls B, = {6: H,(0,6)) < b,} provided that one can show otherwise that
F, n(By) tends to zero in P, , probability. This is actually what condition (A4),
Section 3, is about. One could mimic its effect here, at least if the u, are finite,
by assuming that for some V, = {6: H,(0,8,) < b}, b fixed, there exist test func-
tions w, such that '

f(1-w,)dPy, and & "((3“)) fw,dPp

both tend to zero. This can often be verified directly in applications, but it is not
a very aesthetic requirement. Finally, note that we allowed the quadratic forms
Q of (C6) or the matrices M of (C7) to be random. This is as it should be, since
one needs to cover at least the cases where the LAMN conditions are satisfied.
These were discussed by many authors, but mostly as a phenomenon that occurs
naturally in the analysis of stochastic processes. Here we were interested in the
case of independent observations. That the phenomenon can occur there as well
is easy to see: Consider an experiment E = {P,' 0 € ©} where © = R and
where the log likelihoods are log;—P-; =tS- -2-t ‘Tt for some random vector S
and some random positive definite matrix I'. Assume that the P, are mutually
absolutely continuous and that, conditionally given I', the distribution of S is
Gaussian N(O,I') if the distributions are induced by P,. This is the standard
mixed normal case.

Now suppose in addition that the distribution of I' is infinitely divisible.
Then, for any given integer n, one can represent the experiment E as a direct
product of experiments E;, = {py;; j = l 2,...n}. To do this one just takes i.i.d
matrices I'; , whose distribution is the n* b root of that of I' and one reconstitutes
a version of S as a sum S = }’S;;, where S;, is conditionally N(0O,I'; ). We

i
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presume that even in the standard i.i.d case where phe Pyjn Would be indepen-
dent of j and n, one could construct examples that satisfy the LAMN conditions,
but not the more restrictive LAN. However, we do not have a natural example
of such a case.
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