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Abstract. We deal with a variant of the well-known Longest Com-
mon Subsequence (LCS) problem for weighted sequences. A (biological)
weighted sequence determines the probability for each symbol to occur at
a given position of the sequence (such sequences are also called Position
Weighted Matrices, PWM). Two possible such versions of the problem
were proposed by (Amir et al., 2009 and 2010), they are called LCWS
and LCWS2 (Longest Common Weighted Subsequence 1 and 2 Problem).
We solve an open problem, stated in conclusions of the paper by Amir et
al., of the tractability of a log-probability version of LCWS2 problem for
bounded alphabets, showing that it is NP-hard already for an alphabet
of size 2. We also improve the (1/|Σ|)-approximation algorithm given by
Amir et al. (where Σ is the alphabet): we show a polynomial-time ap-
proximation scheme (PTAS) for the LCWS2 problem using O(n5) space.
We also give a simpler (1/2)-approximation algorithm for the same prob-
lem using only O(n2) space.

1 Introduction

We consider (biological) weighted sequences, in which for each position we know
the probability of an occurrence of any symbol from the alphabet Σ (more formal
definition follows). Weighted sequences are also referred to in the literature as
p-weighted sequences or Position Weighted Matrices (PWM) [2,16]. The notion
of weighted sequence was introduced as a tool for motif discovery and local align-
ment, and is extensively used in computational molecular biology. In particular,
binding sites, profiles of protein families and complete chromosome sequences,
that have been obtained using a whole-genome shotgun strategy [15,17] can be
modelled as weighted sequences [10].
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Multiple algorithmic results related to combinatorics of weighted sequences,
i.e., repetitions, regularities and pattern matching, have already been presented.
The basic concepts (including pattern matching, repeats discovery and cover
computation) were studied using three different approaches: weighted suffix trees
[11], Crochemore partition [7] utilized in [13] and Karp-Miller-Rabin algorithm
[8] utilized in [6]. There are also results dealing with: approximate and gapped
pattern matching [3,20], property matching [1], swapped matching [19], all-covers
and all-seeds problem [18,21], and extracting motifs (repeated motifs, common
motifs and all maximal pairs) from weighted sequences [14]. On the practical
side, there are recent results concerning massive exact and approximate pattern
matching for mapping short weighted sequences to a reference genome [4], also
in the parallel setting [12].

Recently Amir et al. [2] extended another well-known string problem, the
Longest Common Subsequence problem [5], to weighted sequences. They in-
troduced two versions of the Longest Common Weighted Subsequence problem,
LCWS and LCWS2. Despite their similarity the complexity status of these prob-
lems is dramatically different, the first has a polynomial time solution, while the
latter one is NP-hard. The results from [1,3] are also related to the LCS problem
for weighted sequences, however none of the papers considers the LCS prob-
lem explicitly (the first one defines and considers weighted Hamming and edit
distances, while the second considers a general property matching setting). More-
over, all these papers are limited by the assumption that patterns are ordinary
strings.

The main problem considered in this paper is LCWS2. We solve an open
problem stated by Amir et al. [2] and show that a log-probability version of
LCWS2 is NP-hard for a bounded alphabet, moreover, even for alphabet of
size 2 — the proof can be found in Section 3. We also improve the (1/|Σ|)-
approximation algorithm for LCWS2 proposed in [2] by providing a polynomial-
time approximation scheme (PTAS) for LCWS2. Note that obtaining a fully
polynomial-time approximation scheme (FPTAS) for the LCWS2 problem is
not possible, since this would imply tractability of LCWS2. Additionally we give
a simpler (1/2)-approximation algorithm with smaller space requirements — it
uses O(n2) space instead of O(n5) space needed by PTAS. Both algorithms are
described in Section 4. We start by recalling the definitions of the respective
problems, for which we propose a novel, more abstract formulation.

2 Preliminaries

Let Σ be a finite alphabet, Σ = {σ1, σ2, . . . , σK}. We will be assuming for
simplicity, as in most applications, that K = |Σ| = O(1). By Σ∗ we denote the
set of all words over Σ. By Σd we denote the set of words of length d.

Definition 1 (Weighted sequence). A weighted sequence X = x1x2 . . . xn of
length |X| = n over an alphabet Σ = {σ1, σ2, . . . , σK} is a sequence of sets of
pairs of the form:

xi = {(σj , p(X)
i (σj)) : j = 1, 2, . . . ,K}.



If the considered weighted sequence is unambiguous, we will write pi instead of
p
(X)
i . Here pi(σj) is the occurrence probability of the character σj at the position
i, these values are non-negative and sum up to 1 for a given i.
By WS(Σ) we denote the set of all weighted sequences over the alphabet Σ.

x1 x2 x3 x4

p1(a) = 1/3 p2(a) = 1 p3(a) = 0 p4(a) = 1/2
p1(b) = 1/3 p2(b) = 0 p3(b) = 1/2 p4(b) = 1/4
p1(c) = 1/3 p2(c) = 0 p3(c) = 1/2 p4(c) = 1/4

Fig. 1. A weighted sequence X = x1x2x3x4 over the alphabet Σ = {a, b, c}

Now we recall the definitions of two versions of the Longest Common Weighted
Subsequence problem [2]. We simplify their formulation by introducing an aux-
iliary notion of α-subsequence.

Let X ∈ WS(Σ). Let Seq|X|d be the set of all increasing sequences of d
positions in X. For a string s ∈ Σd and π ∈ Seq|X|d , define PX(π, s) as the
probability that the substring on positions corresponding to π in X equals s.
More formally, if π = (i1, i2, . . . , id) then

PX(π, s) =
d∏
k=1

p
(X)
ik

(sk). (1)

Denote SUBS (X,α) =
{
s ∈ Σ∗ : ∃

(
π ∈ Seq|X||s|

)
PX(π, s) ≥ α

}
. (2)

In other words SUBS (X,α) is the set of deterministic strings which match a
subsequence of X with probability at least α. Every s ∈ SUBS (X,α) is called
an α-subsequence of X. An α-subsequence of length d is also called an (α, d)-
subsequence.

Example 1. Consider the weighted sequence from Fig. 1. The string a is its α-
subsequence for any α ∈ (0, 1], the string aba is its 1

4 -subsequence, while the
string aaaa is not its α-subsequence for any α > 0.

Definition 2 (α-LCWS problem).
Input: Two weighted sequences X,Y ∈ WS(Σ) and a cut-off probability α.
Output: The longest string s ∈ Σ∗ such that

∃
(
π ∈ Seq|X||s| , π

′ ∈ Seq|Y ||s|
)
PX(π, s) · PY (π′, s) ≥ α.

Equivalently, s is the longest string in SUBS (X,α1) ∩ SUBS (Y, α2) for some
α1 · α2 ≥ α.



Definition 3 ((α1, α2)-LCWS2 problem).
Input: Two weighted sequences X,Y and two cut-off probabilities α1, α2.
Output: The longest string s ∈ SUBS (X,α1) ∩ SUBS (Y, α2).

The complexity status of these problems is dramatically different, the α-LCWS
problem has a polynomial time solution, while a log-probability version of the
(α1, α2)-LCWS2 problem is NP-hard.

Theorem 1. [2]
(a) The α-LCWS problem can be solved in O(n3) time and O(n2) space. If we are
only interested in the length of the output, the problem can be solved in O(Ln2)
time, where L is the length of the solution.
(b) The log-probability version of the (α1, α2)-LCWS2 problem is NP-hard over
unbounded alphabets and admits a (1/|Σ|)-approximation algorithm (thus the
problem itself admits the same approximation algorithm).

The main problem considered in this paper is LCWS2 (however, we also utilize
the polynomial time solution of LCWS problem). We tackle its version with
a single cut-off probability, stated in the following Definition 4, which is, by
Lemma 1, equivalent to the general version with two parameters.

Definition 4 (α-LCWS2 problem).
Input: Two weighted sequences X,Y ∈ WS(Σ) and a cut-off probability α.
Output: The longest string s ∈ SUBS (X,α) ∩ SUBS (Y, α).

The following lemma shows that the (α1, α2)-LCWS2 and α-LCWS2 problems
are equivalent.

Lemma 1. The (α1, α2)-LCWS2 problem can be reduced in linear time to the
min(α1, α2)-LCWS2 problem.

Lemma 1 is a consequence of the following claim.

Claim 2 Let X,Y ∈ WS(Σ) and let α1, α2 ∈ (0, 1], α1 < α2. Then there exist
X ′, Y ′ ∈ WS(Σ′), where Σ′ = Σ ∪ {#} is the original alphabet extended by a
symbol # /∈ Σ, such that for any string s:

s is a solution to the (α1, α2)-LCWS2 problem for X and Y ⇔
s is a solution to the α1-LCWS2 problem for X ′ and Y ′.

In particular, no solution to the α1-LCWS2 problem for X ′ and Y ′ contains the
symbol #.

Moreover, |X ′| = |X|, |Y ′| = |Y | and both weighted sequences can be con-
structed from X and Y in O(n) time.

Proof. First assume that α2 < 1. Let γ = logα2
α1. Recall thatΣ = {σ1, . . . , σK}.

We define weighted sequences X ′ and Y ′ over Σ′ by the following probabilities:

p
(X′)
i (σj) = p

(X)
i (σj), p

(X′)
i (#) = 0

p
(Y ′)
i (σj) = p

(Y )
i (σj)γ , p

(Y ′)
i (#) = 1−

k∑
j=1

p
(Y ′)
i (σj).



It is easy to see that the conditions on the probabilities imposed by Definition 1
are satisfied — observe that γ > 1 (since 1 > α2 ≥ α1). We will prove that the
following equality holds for this definition of X ′ and Y ′:

SUBS (X,α1) ∩ SUBS (Y, α2) = SUBS (X ′, α1) ∩ SUBS (Y ′, α1). (3)

Note that the left side of the equality (3) is a subset of Σ∗, while the right side
is a subset of (Σ′)∗. We prove (3) by showing two inclusions.

(⊆) Let s ∈ SUBS (X,α1) ∩ SUBS (Y, α2), s = s1s2 . . . sd. Then obviously
s ∈ SUBS (X ′, α1). Let π ∈ Seq|Y |d , π = (i1, i2, . . . , id), be a sequence of positions
for which PY (π, s) ≥ α2. Then the same sequence of positions shows that s ∈
SUBS (Y ′, α1):

PY ′(π, s) =
d∏
j=1

p
(Y )
ij

(sj)γ = PY (π, s)γ ≥ αγ2 = α1.

(⊇) Let s ∈ SUBS (X ′, α1) ∩ SUBS (Y ′, α1), s = s1s2 . . . sd. First note that
s ∈ Σ∗, otherwise s would not be an α1-subsequence of X ′ (since p(X′)

i (#) = 0
for all i). Hence, s ∈ SUBS (X,α1). Let π ∈ Seq|Y

′|
d , π = (i1, i2, . . . , id), be

a sequence of positions for which PY ′(π, s) ≥ α1. Then the same sequence of
positions shows that s ∈ SUBS (Y, α2):

PY (π, s) =
d∏
j=1

p
(Y ′)
ij

(sj)1/γ = PY ′(π, s)1/γ ≥ α2.

We are left with the case α2 = 1. If a string s ∈ Σ∗ is a 1-subsequence of the
sequence Y , it cannot use any position ij for a letter σj such that p(Y )

ij
(sj) < 1,

hence we set:

p
(X′)
i (σj) = p

(X)
i (σj), p

(X′)
i (#) = 0,

p
(Y ′)
i (σj) = 1 for p(Y )

i (σj) = 1 and p
(Y ′)
i (σj) = 0 otherwise,

p
(Y ′)
i (#) = 1−

k∑
j=1

p
(Y ′)
i (σj).

It is easy to check that s ∈ Σ∗ is a 1-subsequence of the sequence Y iff s is an
α1-subsequence of the sequence Y ′. This concludes the proof of the claim. ut

3 Integer LCWS2 over a Bounded Alphabet is NP-Hard

We recall the definition of the integer log-probability version of the LCWS2
problem as given by Amir et al. [2]. Define an I-weighted sequence X over the
alphabet Σ = {σ1, σ2, . . . , σK} as a sequence of sets of pairs of the form:

xi = {(σj , w(X)
i (σj)) : j = 1, 2, . . . ,K}, where w(X)

i (σj) ∈ Z+.



Let us introduce notations similar to (1) and (2). For an I-weighted sequence
X and s ∈ Σd, define:

WX(π, s) =
d∑
k=1

w
(X)
ik

(sk) for π = (i1, . . . , id) ∈ Seq|X|d .

For an I-weighted sequence X and α ∈ Z+, denote:

SUBS (X,α) =
{
s ∈ Σ∗ : ∃

(
π ∈ Seq|X||s|

)
WX(π, s) ≤ α

}
.

Using these notations, the LCIWS2 problem can be stated as follows:

Definition 5 (α-LCIWS2 problem).
Input: Two I-weighted sequences X,Y and a cut-off value α ∈ Z+.
Output: The longest string s ∈ SUBS (X,α) ∩ SUBS (Y, α).

The previously known proof [2] of NP-hardness of the α-LCIWS2 problem de-
pended on the assumption of an unbounded alphabet Σ. We show NP-hardness
of α-LCIWS2 over the alphabet Σ = {a, b}.

For this, we perform a reduction of α-LCIWS2 to the following NP-complete
problem [9] (the same NP-complete problem was utilized in [2]).

Definition 6 (Partition problem).
Input: A finite set S, S ⊆ Z+.
Binary output: Is there a subset S′ ⊆ S such that

∑
S′ =

∑
S \ S′.

We make the reduction from the Partition problem to the LCIWS2 problem as
follows. Let S = {q1, q2, . . . , qn} be an instance of the Partition problem. We
construct I-weighted sequences X = x1x2 . . . xn and Y = y1y2 . . . yn over the
alphabet Σ = {a, b} with the following weights of letters from Σ:

w
(X)
i (a) = qi + c, w

(X)
i (b) = c, w

(Y )
i (a) = c, w

(Y )
i (b) = qi + c.

Here c > 0 is an arbitrary positive integer. Finally let α = 1
2

∑
S + nc.

Lemma 3. The Partition problem for an instance S has a positive answer iff
the length of the solution to α-LCIWS2 for X and Y is n.

Proof. (⇒) Let π = (i1, i2, . . . , ik) be an increasing sequence of positions such
that S′ = {qi1 , qi2 , . . . , qik} is a solution to the Partition problem for S, let
π′ = (i′1, i

′
2, . . . , i

′
n−k) be the sequence of all remaining positions in S. Then the

string s ∈ Σn such that sij = a for ij in π and si′j = b for i′j in π′ is a solution
to the α-LCIWS2 problem for X and Y . Indeed, let idn = (1, 2, . . . , n). Then:

WX(idn, s) =
∑
i

w
(X)
i (si) =

∑
ij

(qij + c) +
∑
i′j

c =
∑

S′ + nc = α,

WY (idn, s) =
∑
i

w
(Y )
i (si) =

∑
ij

c+
∑
i′j

(qi′j + c) =
∑

(S \ S′) + nc = α,



thus s ∈ SUBS (X,α) ∩ SUBS (Y, α). Hence, s is a solution to the α-LCIWS2
problem for X and Y , since it is the longest string in this set.

(⇐) Let s ∈ Σn be a solution to α-LCIWS2 problem for X and Y . De-
note by π = (i1, i2, . . . , ik) and π′ = (i′1, i

′
2, . . . , i

′
n−k) the increasing sequences

of positions within s containing letters a and b respectively. Then, for idn =
(1, 2, . . . , n), the following inequalities must hold:

α ≥ WX(idn, s) =
∑
i

w
(X)
i (si) =

∑
ij

(qij + c) +
∑
i′j

c =
∑
ij

qij + nc,

α ≥ WY (idn, s) =
∑
i

w
(Y )
i (si) =

∑
ij

c+
∑
i′j

(qi′j + c) =
∑
i′j

qi′j + nc.

By recalling the definition of α and reducing equal addends, we obtain∑
ij

qij ≤
1
2

∑
S and

∑
i′j

qi′j ≤
1
2

∑
S. (4)

Note that both left sides of the inequalities (4) are non-negative and sum up to∑
S. Hence, both inequalities (4) are equalities, and therefore the set S′ defined

as S′ = {qi1 , qi2 , . . . , qik} is a solution to the Partition problem for the set S. ut

Due to Lemma 3, we have a reduction from the Partition problem to the LCIWS2
problem, and even more, to a decision version of LCIWS2 (asking whether there
exists a common subsequence of a given length). We conclude that the decision
version of LCIWS2 problem is NP-complete, and moreover:

Theorem 2. LCIWS2 problem over a binary alphabet is NP-hard.

4 Approximating LCWS2

Previous work on the α-LCWS2 problem [2] contained a (1/|Σ|)-approximation
algorithm. We start this section by presenting a (1/2)-approximation algorithm
for α-LCWS2 and then proceed to a polynomial-time approximation scheme
(PTAS) for this problem. The first algorithm is more space-efficient than the
presented general approximation scheme.

4.1 (1/2)-Approximation Algorithm for LCWS2

Let X,Y ∈ WS(Σ), n = max(|X|, |Y |), and α ∈ (0, 1]. By OPT(X,Y, α) we
denote the length of the solution to the α-LCWS2 problem for X and Y . In case
the length of the solution to α2-LCWS problem for X, Y is even, we obtain a
(1/2)-approximation of OPT(X,Y, α) simply by taking one half of the solution
to the α2-LCWS problem. In the case of odd length, we need to use the solutions
to the α′-LCWS problem for all prefixes of X and Y , for different values of α′,
as shown in the proof of the following theorem.



Theorem 3.
(a) We can compute a solution to the α-LCWS2 problem for X,Y ∈ WS(Σ) of
length at least bOPT(X,Y, α)/2c in O(n3) time and O(n2) space.
(b) There exists a (1/2)-approximation algorithm for the α-LCWS2 problem
which runs in O(n5) time and O(n2) space.

Proof. (a) Let L be the size of the solution to the α-LCWS2 problem for X and
Y and let d be the size of the solution to the α2-LCWS problem for X and Y .
We will show that

⌊
d
2

⌋
≤ L ≤ d. This suffices to prove point (a), since d can be

computed in O(n3) time and O(n2) space, see Theorem 1.
The inequality d ≥ L is a consequence of the following trivial inclusion:

SUBS (X,α) ∩ SUBS (Y, α) ⊆ {SUBS (X,α1) ∩ SUBS (Y, α2) : α1 · α2 ≥ α2},

in which the left side is the set of candidates for the solution of α-LCWS2 prob-
lem, while the right side are candidates for the solution to α2-LCWS problem,
both for the weighted sequences X and Y .

As for the other inequality, L ≥
⌊
d
2

⌋
, let π ∈ Seq|X|d , π = (i1, . . . , id), and

π′ ∈ Seq|Y |d , π′ = (i′1, . . . , i
′
d), be the sequences of positions corresponding to the

solution s = s1 . . . sd of α2-LCWS. Thus s satisfies:

PX(π, s) · PY (π′, s) =
d∏
j=1

p
(X)
ij

(sj) ·
d∏
j=1

p
(Y )
i′j

(sj) ≥ α2. (5)

Let g =
⌊
d
2

⌋
. The left side of the inequality (5) can be written as A·B·C·D, where:

A =
g∏
j=1

p
(X)
ij

(sj), B =
g∏
j=1

p
(Y )
i′j

(sj), C =
d∏

j=g+1

p
(X)
ij

(sj), D =
d∏

j=g+1

p
(Y )
i′j

(sj).

Note that at most one of the numbers A,B,C,D can be less than α. Indeed,
otherwise the product of these numbers would certainly be less than α2, since
all of them are at most 1. Hence:

(A ≥ α ∧ B ≥ α) ∨ (C ≥ α ∧ D ≥ α).

Consequently, at least one of the strings s1 . . . sg or sg+1 . . . sd is a solution to
the α-LCWS2 problem, therefore L ≥

⌊
d
2

⌋
.

(b) If d is odd we need to additionally check if L ≥
⌈
d
2

⌉
. For this, we iterate

over all possibilities of the last positions of the α-subsequence of length L within
X and Y and all letters that could be the last letter of the resulting string.
For every such choice we obtain an instance of the (α1, α2)-LCWS2 problem for
some α1, α2, which we transform into an instance with a single cut-off probability
using Lemma 1. Recall that the alphabet is of a constant size. We have O(n2)
pairs of last positions, so the complexity grows by a quadratic factor. ut



4.2 Polynomial-Time Approximation Scheme for LCWS2

Let X,Y ∈ WS(Σ), n = max(|X|, |Y |), and α ∈ (0, 1]. We say that an instance
(X,Y, α) of the α-LCWS2 problem is a (γ, T )-power if all the weights in the
sequence X are powers of γ, where 0 < γ < 1 and γT−1 ≥ α > γT .

Lemma 4. The α-LCWS2 problem for (γ, T )-power instances can be solved in
O(n3T ) time and space.

Proof. Without the loss of generality, we can assume, that m = |Y | ≤ |X| = n.
We use the dynamic programming technique. Our approach is a generalisation
of the standard LCS algorithm. We have O(n3T ) states, each described by a
tuple (a, b, `, t), where:

– a is the position in the sequence X, 1 ≤ a ≤ n;
– b is the position in the sequence Y , 1 ≤ b ≤ m;
– ` is the length of the subsequence already chosen, 0 ≤ ` ≤ m;
– t is a γ-based logarithm of the product of pi(σj) values of the chosen subse-

quence of X; by the definition of the (γ, T )-power, we only consider integral
values of t from the interval [0, T − 1].

For a state (a, b, `, t) we store, as val(a, b, `, t), the greatest value β such that there
exists a string z = z1z2 . . . z` ∈ Σ` that is a (β, `)-subsequence of y1, . . . , yb, and
there exists a sequence of positions π ∈ Seqa` for which

logγ PX(π, z) = t.

If no such (β, `)-subsequence exists, we set val(a, b, `, t) = 0.
Intuitively, in a state (a, b, `, t) besides two positions a, b used in the classical

LCS algorithm we control the length of the subsequence using the parameter `
and with the parameter t we count the number of times the value γ is multiplied
in the product of probabilities used in the subsequence of the sequence X.

When computing the value for a state (a, b, `, t), it suffices to consider three
options: either drop the a-th position in the sequence X, or drop the b-th position
in the sequence Y , or use one of the |Σ| letters at the positions a, b in the sequence
X and Y respectively. Formally, we have the following recursive formula:

val(a, b, `, t) = max
(

val(a− 1, b, `, t), val(a, b− 1, `, t),

max
j

{
p
(Y )
b (σj) · val(a− 1, b− 1, `− 1, t− logγ(p(X)

a (σj)))
})
.

We set val(a, b, 0, t) = 1, and for all remaining border cases val(a, b, `, t) = 0.
Thus we compute all the values val(a, b, `, t) in O(n3T ) time.

After computing values for all states we look for the greatest value of d for
which there exists t ∈ [0, T − 1] such that val(|X|, |Y |, d, t) ≥ α. By extending
the dynamic programming algorithm in a standard manner we can construct a
string s ∈ Σd and two sequences of positions π ∈ Seq|X|d , π′ ∈ Seq|Y |d such that
PX(π, s),PY (π′, s) ≥ α. ut



Lemma 5. For any ε > 0 we can compute in O(n4/ε) time and space a string
which is an α1+ε-subsequence of X and an α-subsequence of Y of length at least
OPT(X,Y, α).

Proof. We assume that α < 1, if α = 1 we can solve the problem using a
reduction to the standard LCS problem in O(n2) time and space.

We start by scaling and rounding probability distributions of the weighted
sequence X. Let T = n

ε and γ = α1/T . For all i, j we set:

p′i(σj) = γblogγ(p
(X)
i (σj))c.

Observe that:

p
(X)
i (σj) = γlogγ(p

(X)
i (σj)), p′i(σj) ≥ p

(X)
i (σj) ≥ p′i(σj)α

ε/n.

Hence, p′i(σj) is greater than p
(X)
i (σj) at most by a factor of α−ε/n. Now the

conclusion follows from Lemma 4, since with the new weight p′ for the sequence
X the instance (X,Y, α) is a (γ, T )-power and multiplication of at most n weights
differs from α by at most a factor of αε. Note that the new weight p′ is not a
probability distribution, as it does not satisfy the equality

∑K
j=1 p

′(σj) = 1,
however the algorithm from Lemma 4 does not use this assumption. ut

Lemma 6. Let (X,Y, α) be an instance of the LCWS2 problem. In O(n5) time
and space one can find a string s which is an (α, d − 1)-subsequence of both X
and Y such that no (α, d+ 1)-subsequence of both X and Y exists.

Proof. We set ε = 1/n and use the algorithm from Lemma 5 for the instance
(X,Y, α, ε). Thus in O(n5) time and space we obtain a string z ∈ Σd which
is an (α1+1/n, d)-subsequence of X and an (α, d)-subsequence of Y . Note that
no (α, d + 1)-subsequence of both X and Y exists. Now we remove exactly one
character of the string z which has the smallest value of p(X)

ik
(zk). Thus we obtain

the final string s ∈ Σd−1 which is an (α, d − 1)-subsequence of both X and Y ,
since:

α(1+1/n)(1−1/d) ≥ α(1+1/n)(1−1/n) = α1−1/n2
≥ α. ut

Theorem 4. For any real value ε ∈ (0, 1] there exists a (1 − ε)-approximation
algorithm for the LCWS2 problem which runs in polynomial time and uses O(n5)
space. Consequently the LCWS2 problem admits a PTAS.

Proof. The algorithm works as follows. Using the algorithm from Lemma 6 we
find a positive integer d and an (α, d− 1)-subsequence.

If d ≥ 1/ε then we are done since in that case we have (d− 1)/d = 1− 1/d ≥
1− ε which means that we have found a (1− ε)-approximation.

If d < 1/ε then we search for an (α, d)-subsequence using a brute-force ap-
proach, i.e., we try all

(|X|
d

)
,
(|Y |
d

)
subsets of positions in each sequence and all

|Σ|d possible strings of length d, which leads to nO(1/ε) running time. If we find
an (α, d)-subsequence we simply return it as the final answer. Otherwise we re-
turn the (α, d − 1)-subsequence found by the algorithm from Lemma 6. Either
way when d < 1/ε our answer is optimal. ut
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