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1. Introduction

The classical pattern matching problem is to find all the occurrences of a given patternP = P[1..m] of
lengthm in a textT = T [1..n] of lengthn, both being sequences of characters drawn from a finite char-
acter setΣ. In the indexing version of the problem, the textT is preprocessed beforehand to construct an
index data structure so as to efficiently handle a batch of subsequent queries. The pattern matching prob-
lem is interesting as a fundamental computer science problem and is a basic need of many applications,
such as text retrieval, music information retrieval, computational biology, data mining, network security,
to name a few. Several of these applications require, however, more sophisticated forms of searching.
As a result, most recent works in pattern matching have considered‘inexact matching’. Many types
of differences have been defined and studied in the literature, namely, errors (Hamming distance [12],
LCS [24,25,29,38], edit distance [12,33]), wild cards or don’t cares [12,13,19,28,36,37,39], degenerate
strings [20,26,40], rotations [3,7], scaling [4,5], permutations [11] among others.

Contemporary research on pattern matching has taken many other different and interesting directions
ranging from position restricted pattern matching [16,34]to pattern matching with address error [2] and
property matching [6, 27]. In this paper, we are interested in pattern matching in given intervals and
focus on building index data structures to handle this problem efficiently. This particular variant of the
classic pattern matching problem is motivated by practicalapplications depending on different settings.
For example, in many text search situations one may want to search only a part of the text collection, e.g.
restricting the search to a subset of dynamically chosen documents in a document database, restricting
the search to only parts of a long DNA sequence, and so on. In these cases, we need to find a pattern
in a text interval where the interval is given with the query pattern. On the other hand, in a different
setting, the interval or a set thereof may be supplied with the text for preprocessing. For example, in
molecular biology, it has long been a practice to consider special genome areas by their structure. Ex-
amples are repetitive genomic structures [31] such as tandem repeats, LINEs (Long Interspersed Nuclear
Sequences) and SINEs (Short Interspersed Nuclear Sequences) [32]. In this setting, the task may be
to find occurrences of a given pattern in a genome, provided itappears in a SINE, or LINE. Finally a
combination of these two settings is also of particular interest: find occurrences of a given pattern in a
particular part of a genome, provided it appears in a SINE, orLINE.

Note that, if we consider the ‘normal’ (non-indexing) pattern matching scenario, the pattern matching
in given intervals becomes straightforward to solve: we solve the classic pattern matching problem
and then output only those that belong to the given intervals. However, the indexing version of the
problem seems to be much more complex. Depending on whether the intervals are given a priori for
pre-processing (Problem PMGI), or during the query along with the pattern (Problem PMQI) or, even
in both the cases (Problem PMI), we develop solutions for different variants of this problem. A slightly
different variant of Problem PMGI was studied in [6, 27], whereas Problem PMQI was introduced and
handled in [34] and a variant of it was studied in [16] (See Section 2 for details).

The contribution of this paper is as follows. We first handle the more general problem PMI (Section 3)
and present an efficient data structure requiringO(n log3 n) time andO(n log2 n) space with a query
time ofO(m+log log n+K) per query, whereK is the size of the output. We then solve Problem PMGI
(Section 4) to achieve optimal query time (O(m + K) query time on a data structure withO(n log σ)
time andO(n log n)-bit space complexity). Finally, we improve the query time of [34] for Problem
PMQI (Section 5) to optimal, i.e.,O(m + K) per query. The corresponding data structure, however,
requiresO(n1.5) time and space due to the preprocessing of an intermediate problem, which remains as
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the bottleneck in the overall running time. We also show how the query time of Problem PMI can be
made optimal, albeit, at the cost of an increased preprocessing time.

Problems Preprocessing Query Time Reference

PMI O(n log3 n) time O(m + log log n + K) *

O(n log2 n) space

PMI O(n1.5) time OptimalO(m + K) *

O(n1.5) space

PMGI O(n log σ) time OptimalO(m + K) *

O(n log n) space

PMQI O(n log1+ǫ n) time O(m + log log n + K) [34]

O(n log1+ǫ n) space

PMQI O(n1.5) time OptimalO(m + K) *

O(n1.5) space

Figure 1. Results of the Problems handled in this paper. An ‘*’ in the Reference column indicates our contribution

The rest of the paper is organized as follows. In Section 2, wepresent the preliminary concepts. The
contributions of this paper are presented in Section 3 to 6. Finally, we conclude this paper briefly in
Section 7.

2. Preliminaries

A text, also called astring, is a sequence of zero or more symbols from an alphabetΣ. A textT of length
n is denoted byT [1..n] = T1T2 . . . Tn, whereTi ∈ Σ for 1 ≤ i ≤ n. The lengthof T is denoted by
|T | = n. A stringw is a factor or substringof T if T = uwv for u, v ∈ Σ∗; in this case, the stringw
occurs at position|u| + 1 in T . The factorw is denoted byT [|u| + 1..|u| + |w|]. A prefix (suffix) of T
is a factorT [x..y] such thatx = 1 (y = n), 1 ≤ y ≤ n (1 ≤ x ≤ n).

In traditional pattern matching problem, we want to find the occurrences of a given patternP[1..m] in
a textT [1..n]. The patternP is said to occur at positioni ∈ [1..n] of T if and only ifP = T [i..i+m−1].
We useOccPT to denote the set of occurrences ofP in T .

The problems we handle in this paper can be defined formally asfollows.
Problem “PMQI” (Pattern Matching in a Query Interval). Suppose we are given a textT of length
n. PreprocessT to answer following form of queries.
Query: Given a patternP and a query interval[ℓ..r], with 1 ≤ ℓ ≤ r ≤ n, construct the set

OccPT [ℓ..r] = {i | i ∈ OccPT andi ∈ [ℓ..r]}.

Problem “PMGI” (Pattern Matching in Given Intervals). Suppose we are given a textT of lengthn
and a set of disjoint intervalsπ = {[s1..f1], [s2..f2], . . . , [s|π|..f|π|]} such thatsi, fi ∈ [1..n] andsi ≤ fi,
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for all 1 ≤ i ≤ |π|. PreprocessT to answer following form of queries.
Query: Given a patternP construct the set

OccPT ,π = {i | i ∈ OccPT andi ∈ ̟ for some ̟ ∈ π}.

Problem “PMI” (Generalized Pattern Matching with Interval s). Suppose we are given a textT of
lengthn and a set of intervalsπ = {[s1..f1], [s2..f2], . . . , [s|π|..f|π|]} such thatsi, fi ∈ [1..n] andsi ≤ fi,
for all 1 ≤ i ≤ |π|. PreprocessT to answer following form of queries.
Query: Given a patternP and a query interval[ℓ..r] such thatℓ, r ∈ [1..n] andℓ ≤ r, construct the set

OccPT [ℓ..r],π = {i | i ∈ OccPT andi ∈ [ℓ, r]
⋂

̟ for some ̟ ∈ π}.

Problem PMQI was studied extensively in [34]. The authors in[34] presented a number of algorithms
depending on different trade-offs between the time and space complexities. The best query time they
achieved wasO(m + log log n + |OccPT [ℓ..r]|) against a data structure exhibitingO(n log1+ǫ n) space
and time complexity, where0 ≤ ǫ ≤ 1. A restricted version of Problem PMQI, where the query interval
can only be either a prefix or a suffix, was handled very recently in [16]. For this problem optimal query
time was achieved in [16] against a simpler data structure. In particular, the space and time complexity
of the data structure presented in [16] is dominated by that of a suffix tree (or array). However, this data
structure can not be used to handle the general problem and hence the query time for the general version
of Problem PMQI remains non-optimal.

A slightly different variant of Problem PMGI was studied in [6]. In particular, the difference lies
in the fact that the problem handled in [6], looks for the occurrences of the given pattern completely
confined in the given set of intervals,π, whereas in Problem PMGI, only the occurrences that start inπ
are of interest. In [6] a data structure requiringO(n log Σ + n log log n) time was presented to support
optimal O(m + K) time query, whereK is the output size. Later in [27] a faster index was devised
without loosing the optimal query time. However, neither the data structure presented in [6] nor the one
in [27] can be used to solve Problem PMGI.

Problem PMI, as is evident from the definition, is the combination of Problem PMQI and PMGI and
hence is a more general problem in this regard. To the best of our knowledge, this is the first attempt to
provide a solution for Problem PMI.

In traditional indexing problem one of the basic data structures used is the suffix tree data structure. In
our indexing problem, we make use of this suffix tree data structure. A complete description of a suffix
tree is beyond the scope of this paper, and can be found in [35,43] or in any textbook on stringology
(e.g. [17,22]). However, for the sake of completeness, we define the suffix tree data structure as follows.
Given a stringT of lengthn over an alphabetΣ, the suffix treeSTT of T is the compacted trie of all
suffixes ofT $, where$ /∈ Σ. Each leaf inSTT represents a suffixT [i..n] of T and is labeled with the
indexi. We refer to the list (in left-to-right order) of indices of the leaves of the subtree rooted at nodev
as the leaf-list ofv; it is denoted byLL(v). Each edge inSTT is labeled with a nonempty substring ofT
such that the path from the root to the leaf labeled with indexi spells the suffixT [i..n]. For any nodev,
we letℓv denote the string obtained by concatenating the substringslabeling the edges on the path from
the root tov in the order they appear. Given the suffix treeSTT of a textT we define the “locus”µP

of a patternP as the node inSTT such thatℓµP has the prefixP and |ℓµP | is the smallest of all such
nodes. Note that the locus ofP does not exist, ifP is not a substring ofT . Therefore, givenP, finding
µP suffices to determine whetherP occurs inT .
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Several algorithms exist that can construct the suffix treeSTT requiring linear space inO(n log σ)
time, whereσ = min(n, |Σ|) [35, 43]. Notably, this means that, for bounded alphabet theconstruction
time isO(n). Furthermore, in [18], Farach presented anO(n) time algorithm for suffix tree construction,
which works even for larger alphabets. In particular, Farach’s algorithm works in linear time even if we
haveΣ = {1, . . . nc}, wherec is a constant. Given a suffix treeSTX and a patternY = Y [1..m], one
can find its locus and hence the fact whetherX has an occurrence ofY in O(m log |Σ|) time. In addition
to that, all such occurrences can be reported in constant time per occurrence. Finally, we note that the
optimal query time ofO(m+K) (K is the output size) can be achieved with a suffix tree withO(n log n)
bits of space [8].

3. Problem PMI

In this section, we handle Problem PMI. Since this is a more general problem than both PMQI and PMGI,
any solution to PMI would also be a solution to both PMQI and PMGI. Our basic idea is to build an index
data structure that would solve the problem in two steps. First, it will (implicitly) give us the setOccPT .
Then, the index would ‘select’ some of the occurrences to provide us with our desired setOccPT [ℓ..r],π.

We describe now the idea we employ. We first construct a suffix treeSTT . According to the definition
of suffix tree, each leaf inSTT is labeled by the starting location of its suffix. We do some preprocessing
on STT as follows. We maintain a linked list of all leaves in a left-to-right order. In other words, we
realize the listLL(R) in the form of a linked list, whereR is the root of the suffix tree. In addition to
that, we set pointersv.left andv.right from each tree nodev to its leftmost leafvℓ and rightmost leaf
vr (considering the subtree rooted atv) in the linked list. It is easy to realize that, with these pointers at
our disposal, we can indicate the set of occurrences of a patternP by the two leavesµP

ℓ andµP
r because

all the leaves between and includingµP
ℓ andµP

r in LL(R) correspond to the occurrences ofP in T . In
what follows, we define the termsℓT andrT such thatLL(R)[ℓT ] = µP

ℓ andLL(R)[rT ] = µP
r , where

R is the root ofSTT .
Now recall that our data structure has to be able to somehow “select” and report only those occur-

rences that lie in the intersection of the query interval andone of the given intervals. To solve this we use
the following two interesting problems.
Problem “CRSI” (Colored Range Set Intersection Problem). SupposeV [1..n] andW [1..n] are two
permutations of[1..n]. Also, assume that eachi ∈ [1..n] is assigned a not necessarily distinct color.
PreprocessV andW to answer the following form of queries.
Query: Find the set of distinct colors of the intersection of the elements ofV [i..j] andW [k..ℓ], 1 ≤ i ≤
j ≤ n, 1 ≤ k ≤ ℓ ≤ n.
Problem “CRSG” (Colored Range Search Problem on Grid). SupposeA[1..n] is a set ofn colored
points on the grid[0..U ] × [0..U ]. PreprocessA to answer the following form of queries.
Query: Given a query rectangleq ≡ (a, b) × (c, d), find the set of distinct colors of points contained
in q.

Our idea is to first reduce Problem PMI to Problem CRSI and thento the much more studied Problem
CRSG. Recall that, we have an arrayLL(R) and an interval [ℓT ..rT ], which implicitly gives us the set
OccPT . Recall also that, our goal is to select thosei ∈ OccPT such thati occurs in one of the intervals of
π and also in[ℓ..r]. We first construct an arrayM = M[1..n], such that for allk ∈ [1..n],M[k] = k.
Also, we construct a ‘color array’C to assign colors to eachk ∈ [1..n] as follows. For eachk ∈ [1..n]
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we assignC[k] = ck, if there exists ani such thatsi ≤ k ≤ fi, [si..fi] ∈ π; we then say that the color
of k is ck. Any otherk ∈ [1..n] is assigned a fixed different color, saycfixed. In other words, all the
positions of the textT , not covered by any of the intervals ofπ are given a fixed colorcfixed and every
other position carries a distinct color each. We also realize the inverse relation in the form of the array,
C−1, such thatC−1[ck] = k, if and only if, C[k] = ck andck 6= cfixed. Note that, there may exist more
than one positions having colorcfixed. We defineC−1(cfixed) = ∞.

Now we can reduce our problem to Problem CRSI as follows. We have two arraysLL(R) andM
and, respectively, two intervals [ℓT ..rT ] and [ℓ..r]. Also we have color arrayC, which associates a (not
necessary distinct) color to eachi ∈ [1..n]. Now it is easy to see that, if we can find the distinct colors
in the set of intersections of elements ofLL(R)[ℓT ..rT ] andM[ℓ..r], then we are (almost) done. The
only additional thing we need to take care of is that if we havethe colorcfixed in our output, we need to
discard it. So, the Problem PMI is reduced to Problem CRSI.

On the other hand, we can see that Problem CRSI is just a different formulation of the Problem
CRSG. This can be realized as follows. We setU = n. SinceV andW in Problem CRSI are permuta-
tions of [1..n], every number in[1..n] appears precisely once in each of them. We define the coordinates
of every numberi ∈ [1..n] to be(x, y), whereV [x] = W [y] = i. Thus we get then colored points
(courtesy toC) on the grid[0..n] × [0..n], i.e., the arrayA of Problem CRSG. The query rectangleq is
deduced from the two intervals[i..j] and [k..ℓ] as follows: q ≡ (i, k) × (j, ℓ). It is straightforward to
verify that the above reduction is correct and hence we can solve Problem CRSI using the solution of
Problem CRSG.

To solve Problem CRSG, we are going to use the data structure of Agarwal et al. [1]1. This data
structure can answer the query of Problem CRSG inO(log log U + K) time, whereK is the number of
points contained in the query rectangleq. The data structure can be built inO(n log n log2 U) time and
requiresO(n log2 U) space. Algorithm 1 formally states the steps to build our data structure. In the rest
of this paper, we refer to this data structure as IDSPMI. One final remark is that, we can use the suffix
array instead of suffix tree as well with some standard modifications in Algorithm 1.

3.1. Analysis

Let us now analyze the cost of building the index data structure IDS PMI. To build IDS PMI, we first
construct a traditional suffix tree requiringO(n log |σ|) time, whereσ = min(n, |Σ|). The preprocessing
on the suffix tree can be done inO(n) time by traversingSTT using a breadth first or an in order traversal.
The color arrayC can be setup inO(n) time becauseπ is a set of disjoint intervals and it can cover, at
most,n points. The construction of the setA of points in the grid[0..n] × [0..n], on which we will
apply the range search, can also be done inO(n) as follows. Assume thatL is the linked list realizing
LL(R). Each element inL is the label of the corresponding leaf inLL(R). We constructL−1 such that
L−1[L[i]] = i. It is easy to see that, withL−1 in our hand, we can easily constructA in O(n). After A
is constructed, we build the data structure to solve ProblemCRSG, which runs inO(n log3 n) time and
O(n log2 n) space, because,U = n. Therefore, the index IDSPMI can be constructed inO(n log3 n)
time.

1To the best of our knowledge, this is the only data structure that handles the colored range query exploiting the grid property
to gain efficiency.
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Algorithm 1 Algorithm to build IDS PMI
1: Build a suffix treeSTT of T . Let the root ofSTT is R.
2: Label each leaf ofSTT by the starting location of its suffix.
3: Construct a linked listL realizingLL(R). Each element inL is the label of the corresponding leaf

in LL(R).
4: for each nodev in STT do
5: Storev.left = i andv.right = j such thatL[i] andL[j] corresponds to, respectively, (leftmost

leaf) vℓ and (rightmost leaf)vr of v.
6: end for
7: for i = 1 to n do
8: SetM[i] = i
9: end for

10: for i = 1 to n do
11: SetC[i] = cfixed

12: end for
13: for i = 1 to |π| do
14: for j = si to fi do
15: C[j] = cj

16: end for
17: end for
18: for i = 1 to n do
19: SetA[i] = ǫ
20: end for
21: for i = 1 to n do
22: if there exists(x, y) such thatM[x] = L[y] = i then
23: SetA[i] = A[i]

⋃
(x, y)

24: end if
25: end for
26: PreprocessA (andC) for Colored Range Search on a Grid[0..n] × [0..n].

Algorithm 2 Algorithm for Query Processing

1: FindµP in STT .
2: Seti = µP .left, j = µP .right.
3: Compute the setB, whereB is the set of distinct colors in the set of points contained inq ≡

(i, ℓ) × (j, r)
4: return OccPT [ℓ..r],π = {C−1[x] | x ∈ B andx 6= cfixed}

3.2. Query Processing

So far we have concentrated on the construction of IDSPMI. Now, we discuss the query processing.
Suppose, we are given a query patternP along with a query interval[ℓ..r]. We first find the locusµP in
STT . Let, i = µP .left andj = µP .right. Then, we perform a colored range search query onA with
the rectangleq ≡ (i, ℓ) × (j, r). Let B be the set of those colors as output by the query. Then, it is easy
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to verify that,OccPT [ℓ..r],π = {C−1[x] | x ∈ B andx 6= cfixed}. The steps are formally presented in the
form of Algorithm 2.

The running time of the query processing is deduced as follows. Finding the locusµP can be done
in O(m) time. The corresponding pointers can be found in constant time. The construction of the set
B is done by performing the range query inO(log log n + |B|) time. Note that|B| is either equal to
|OccPT [ℓ..r],π| or just one unit more than that. The latter happens when we have cfixed ∈ B. So, in total

the query time isO(m + log log n + |OccPT [ℓ..r],π| + 1) = O(m + log log n + |OccPT [ℓ..r],π|). We state
the results of this section in the form of following theorem.

Theorem 3.1. For Problem PMI, we can construct the IDSPMI data structure inO(n log3 n) time and
O(n log2 n) space and we can answer the relevant queries inO(m + log log n + |OccPT [ℓ..r],π|) time per
query.

4. Problem PMGI

In Section 3, we have presented an efficient index data structure, namely IDSPMI, to solve Problem
PMI. In this section, we consider Problem PMGI. Since PMI is ageneralized version of PMGI, we can
easily use the solution in Section 3 to solve PMGI as follows.We use the same data structure IDSPMI.
During the query, since PMGI doesn’t have any query interval, we just need to assume the query interval
to be[1..n]. So we have the following theorem.

Theorem 4.1. For Problem PMGI, we can construct the IDSPMI data structure inO(n log3 n) time
andO(n log2 n) space and we can answer the relevant queries inO(m + log log n + |OccPT ,π|) time per
query.

However, as it turns out, we can achieve better results for Problem PMGI. And in fact, as we show
below, we can solve Problem PMGI optimally. We first discuss how we construct the data structure,
namely IDSPMGI, to solve PMGI. As before, we start by constructing a suffix tree (or suffix array)
STT . Then we do all the preprocessing done onSTT as we did to construct IDSPMI. We also construct
the color arrayC. This time however, we do a slightly different encoding as follows. For eachk ∈ [1..n],
we assignC[k] = −1, if there exists ani such thatsi ≤ L[k] ≤ fi, [si..fi] ∈ π. For all otherk ∈ [1..n]
we assignC[k] = 0. In other words, all the positions of the textT , not covered by any of the intervals of
π gets0 as their color and every other positions gets the color−1. Now we make use of the following
interesting problem.
Problem “RMIN” (Range Minima Query Problem). We are given an arrayA[1..n] of numbers. We
need to preprocessA to answer following form of queries:
Query: Given an intervalI = [is..ie], 1 ≤ is ≤ ie ≤ n, the goal is to find the indexk (or the valueA[k]
itself) with minimum (maximum, in the case of Range Maxima Query) valueA[k] for k ∈ I. This query
is called aRange Minima Query (RMQ).

Problem RMIN has received much attention in the literature.To the best of our knowledge, it all
started with Harel and Tarjan [23], who showed how to solve another interesting problem, namely the
Lowest Common Ancestor (LCA) problem with linear time preprocessing and constant time queries.
Problem LCA has as its input a tree. The query gives two nodes in the tree and requests the lowest
common ancestor of the two nodes. It turns out that, solving Problem RMIN is equivalent to solving



M. Crochemore et al. / Finding Patterns In Given Intervals 181

the LCA problem [21]. The Harel-Tarjan algorithm was simplified by Schieber and Vishkin [42] and
then by Berkman et al. [10], who presented optimal work parallel algorithms for the LCA problem. Fi-
nally, Bender and Farach-Colton eliminated the parallelism mechanism and presented a simple serial data
structure [9]. Notably, the data structure in [9] requiresO(n log n) bits of space. Recently, Sadakane [41]
presented a succinct data structure, which achieves the same time complexity usingO(n) bits of space.
In all of the above papers, there is an interplay between Problems LCA and RMIN. Very recently, Fischer
and Heun [30] presented the first algorithm for Problem RMIN with linear preprocessing time, optimal
2n + o(n) bits of additional space, and constant query time that makesno use of Problem LCA.

Now, we preprocess the arrayC for Problem RMIN. Note that, inC, we have only two values. So
to define a unique value in case of a tie, we consider the index along with the value. More formally, we
defineC[i] ≺ C[j], 1 ≤ i 6= j ≤ n if and only if C[i] ≤ C[j] andi < j. And we employ RMQ using
the relation≺. Finally, for eachC[i] = −1, we maintain a pointer toC[j] = −1 such thatj > i andj
is the smallest index with this property; if there doesn’t exist any suchC[j], thenC[i] points to ‘NULL’.
More formally, we maintain another arrayD[1..n] such that for alli ∈ [1..n] with C[i] = −1, we have
D[i] = j, if and only if, C[j] = −1 andC[k] = 0, i < k < j. For all other indices theD is given
a ‘NULL’ value. This completes the construction of IDSPMGI. Note that, the overall running time to
construct IDGPMGI remains dominated by the construction of the suffix treeSTT . As a result, the
construction time isO(n) for bounded alphabet andO(n log σ) otherwise2. Notably, the construction
time remainsO(n) even for alphabets that are natural numbers from1 to a polynomial inn.

Now we discuss how we perform the query on IDSPMGI. Suppose we are given a query patternP.
We first find the locusµP in STT . Let i = µP .left andj = µP .right. Now we basically have the
setOccPT in L[i..j]. Now we perform a range minima query onC with the query interval[i..j]. This
gives us, in constant time, the first indexk ∈ [i..j] such thatC[k] = −1. Then we follow the linked list
realized byD to report all the indices in the range[i..j] having color−1. More formally, we construct
the setB = {k | k ∈ [i..j] andC[k] = −1}. With the help ofD this can be done inO(|B|) time.
And it is easy to realize thatOccPT ,π = {L[i] | i ∈ B}. Therefore we can perform the query in optimal
O(m + |OccPT ,π|) time. The following theorem presents the results achieved in this section.

Theorem 4.2. For Problem PMGI, we can construct the IDSPMGI data structure inO(n log σ) time
(σ = min(n, |Σ|)) andO(n log n) bits of space and the relevant queries can be answered optimally in
O(m + |OccPT ,π|) time per query.

For alphabets that are bounded or are natural numbers from1 to a polynomial inn, we have the
following result.

Theorem 4.3. For Problem PMGI, we can construct the IDSPMGI data structure inO(n) time and
O(n log n) bits of space and the relevant queries can be answered optimally in O(m + |OccPT ,π|) time
per query.

4.1. A Simpler Index for Problem PMGI

In this section, we present a simpler indexing scheme to solve Problem PMGI. However, we don’t achieve
any improvement in the asymptotic behavior of the algorithm. The resulting data structure is referred to
as IDSPMGI*. Below we present the construction of IDSPMGI*.
2Recall that,σ = min(n, |Σ|).
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As before, we start with the suffix tree data structure. But wedo a slightly different preprocessing
on the suffix tree than we did before. Recall that, we realize the listLL(R) in the form of a linked list
L, whereR is the root of the suffix tree. This time however, we maintainL as a doubly linked list. Also,
recall that, we set pointersv.left andv.right from each tree nodev to its leftmost leafvℓ and rightmost
leaf vr (considering the subtree rooted atv) in the linked list. Now, we modify the pointerv.left so that
it points to the immediate left leaf ofvℓ (instead ofvℓ itself). Also, we maintain a listBleft

i , 1 ≤ i ≤ n,
for eachL[i] as follows: we putu ∈ Bleft

i , if, and only if, u.left points toL[i]. Similarly we maintain
Bright

i , 1 ≤ i ≤ n. Now, we traverseL from left to right and delete all nodesL[i] such that there exists
no j such thatsj ≤ L[i] ≤ fj, [sj ..fj] ∈ π. In other words, we delete those nodes ofL which don’t
fall within any of the ranges inπ. Note carefully that, while the deletion is done, the forward and back
pointers of the underlying doubly linked list structure hasto be updated correctly. Furthermore, ifL[i]

is deleted andBleft
i (Bright

i ) is non-empty, then for allu ∈ Bleft
i (u ∈ Bright

i ), we have to assign the
immediate left node ofL[i] to u.left(u.right). Note that, in this way, for every node in the suffix tree
we need to change the corresponding pointers at most once, ensuring the spending of no more thatO(n)
extra cost. This completes the construction of IDSPMGI*.

The query processing is done as follows. Suppose we are givena query patternP. We first find the
locusµP in STT . Let i = µP .left andj = µP .right. It is easy to realize that, we now directly have
the setOccPT ,π in L[i + 1..j]. One detail is that we should first check whetheri = j because in that case

OccPT ,π = ∅. Therefore, once the locus is located, the setOccPT ,π can be constructed spending optimal
O(1) time per occurrences.

It is easy to see that, the asymptotical construction time ofIDS PMGI* is identical to that of IDSPMGI.
Nevertheless, IDSPMGI* is a much simpler data structure than IDSPMGI because it doesn’t need the
RMQ data structure and hence should be preferable among the two. However, IDSPMGI has an inter-
esting feature that it still retains the capability to answer “normal” pattern queries, because, the original
suffix tree is still there in the data structure. Additionally, IDS PMGI can be combined with other data
structures presented in this paper to provide multi-functionality in the context of pattern matching. This
unique feature may turn out to be very useful in different settings, where different types of queries could
be of interest at the same time.

5. Problem PMQI

This section is devoted to Problem PMQI. As is mentioned above, PMQI was studied extensively in [34].
The best query time achieved in [34] wasO(m+log log n+ |OccPT [ℓ..r]|) against a data structure exhibit-

ing O(n log1+ǫ n) space and time complexity, where0 ≤ ǫ ≤ 1. Note that, we can easily use IDSPMI
to solve PMQI by assumingπ = {[1..n]}. So, with a slightly worse data structure construction time, we
can achieve the same query time of [34] to solve PMQI using ourdata structure IDSPMI (that solves a
more general problem, namely PMI). However, as pointed out in [34], it would be really interesting to
get an optimal query time for this problem. In this section, we attain an optimal query time for PMQI.

The data structure, namely IDSPMQI, is constructed as follows. As before, we start by constructing
a suffix tree (or suffix array)STT . Then we do all the preprocessing done onSTT as we did to construct
IDS PMI and IDSPMGI. Recall that, withSTT in our hand, preprocessed as above, we can have the
setOccPT in the form ofL[i..j] in O(m) time. To achieve the optimal query time we now must ‘select’
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k ∈ L[i..j] such thatk ∈ [ℓ..r] without spending more than constant time per selection. To achieve this
goal we introduce the following interesting problem.
Problem “RNV” (Range Next Value Query Problem). We are given an arrayA[1..n], which is a
permutation of[1..n]. We need to preprocessA to answer the following form of queries.
Query: Given an integerK ∈ [1..n], and an interval[i..j], 1 ≤ i ≤ j ≤ n, the goal is to return the index
of the immediate higher (or equal) number (“next value”) than K from A[i..j], if there exists one. More
formally, we need to returnℓ (or A[ℓ] as the value itself) such thatA[ℓ] = min{A[q] | A[q] ≥ K andi ≤
q ≤ j}. If there exists no suchℓ, then we return−1.

We useRNVA([ℓ..r],K) to denote the range next value query onA[ℓ..r] for the valueK. We first
show how we can use it to answer the queries of Problem PMQI efficiently. To complete the construction
of IDS PMQI, we preprocess the arrayL for Problem RNV. The query processing is as follows. Recall
that, we can have the setOccPT in the form ofL[i..j] in O(m) time. Recall also that, as part of the PMQI
query, we are given an interval[ℓ..r]. Now, we perform an RNV query onL with the parametersℓ and
[i..j]. Suppose the query returns the indexq. It is easy to see that ifL[q] ≤ r, thenL[q] ∈ OccPT [ℓ..r].
And then, we repeat the RNV query with parametersL[q] and[i..j]. We stop, as soon as a query returns
an indexq such thatL[q] > r. Now, assume that, we can construct a data structure to solveProblem
RNV in f(n) time and achieve a query time ofg(n) per query. Then, we have the following theorem.

Theorem 5.1. For Problem PMQI, we can construct a data structure, namely IDS PMQI, inO(n log σ+
f(n)) time and space to answer the relevant queries in optimalO(m + Ψ(n)) time per query, where
Ψ(n) = |OccPT [ℓ..r]| × g(n).

As is evident from Theorem 5.1, to achieve optimal query timefor Problem PMQI, we must get a
solution to Problem RNV with optimal query time. Problem RNVwas introduced in [15], where a data
structure withO(n2) time and space complexity was presented to achieve the optimal O(1) query time.
Very recently, Crochemore et al. [14], presented an improved data structure to solve Problem RNV that
supports constant query time and can be built inO(n1.5) time and space. Therefore, we get the following
result for Problem PMQI.

Theorem 5.2. For Problem PMQI, we can construct IDSPMQI, in O(n1.5) time and space to answer
the relevant query in optimalO(m + |OccPT [ℓ..r]|) time.

6. Optimal Query Time for Problem PMI

In Section 3, we have presented the data structure IDSPMI to solve Problem PMI. Recall that IDSPMI
can be constructed inO(n log3 n) time. The query time isO(m + log log n + |OccPT [ℓ..r],π|) per query,
which is not optimal. Interestingly, we can achieve optimalquery time for Problem PMI albeit at the
cost of an increased construction time. Let us refer to this new data structure as IDSPMI*. The idea is
to combine the construction of IDSPMGI* with IDS PMQI. First we construct IDSPMGI*. Then we
preprocessL for Problem RNV, which completes the construction of IDSPMI*.

Now the query processing is as follows. Again, suppose that we are given a query patternP. We
first find the locusµP in STT as before. Leti = µP .left andj = µP .right. Recall that, now we
directly have the setOccPT ,π in L[i + 1..j]. To construct the setOccPT [ℓ..r],π, we just need to perform the
RNV queries onL just as we did for Problem PMQI with IDSPMQI*. The only difference is that the
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parameters of the first query would have to beℓ and[i + 1..j] (instead of[i..j]). The following theorem
summarizes the results we achieve here.

Theorem 6.1. For Problem PMI, we can construct the IDSPMI* data structure inO(n1.5) time and
space and we can answer the relevant queries in optimalO(m + |OccPT [ℓ..r],π|) time per query.

It is clear that the query time is optimal. However, note thatthe construction time of IDSPMI* is higher
than that of IDSPMI. The bottleneck here is the preprocessing time for Problem RNV.

7. Conclusion

In this paper, we have considered the problem of pattern matching in given intervals and focused on
building index data structures to handle different versions of this problem efficiently. We first handled
the more general problem PMI and presented an efficient data structure requiringO(n log3 n) time and
O(n log2 n) space with a query time ofO(m + log log n + |OccPT [ℓ..r],π|) per query. We then solved

Problem PMGI optimally (O(n) time andO(n log n)-bits space data structure andO(m + |OccPT ,π|)
query time). Finally, we improved the query time of [34] for Problem PMQI to optimal, i.e.,O(m +
|OccPT [ℓ..r]|) per query, although, at the expense of a more costly data structure requiringO(n1.5) time and
space. We also showed how to achieve optimal query time for Problem PMI at the cost of an increased
preprocessing time. It would be interesting to improve the preprocessing time of both Problem PMI and
PMQI and also the query time of the former without increasingthe preprocessing cost. Of particular
interest is the improvement of theO(n1.5) data structure of PMQI without sacrificing the optimal query
time. Furthermore, as is shown in [14], Problem RNV is of independent interest and could be investigated
further.

References

[1] Agarwal, P. K., Govindarajan, S., Muthukrishnan, S.: Range Searching in Categorical Data: Colored Range
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Sahinalp, S. Muthukrishnan, U. Dogrusöz, Eds.), 3109, Springer, 2004, ISBN 3-540-22341-X.

[8] Apostolico, A.: The Myriad Virtues of Subword Trees,Combinatorial Algorithms on Words, NATO ISI
Series, Springer-verlag, 1985.



M. Crochemore et al. / Finding Patterns In Given Intervals 185

[9] Bender, M. A., Farach-Colton, M.: The LCA Problem Revisited., Latin American Theoretical INformatics
(LATIN), 2000.

[10] Berkman, O., Breslauer, D., Galil, Z., Schieber, B., Vishkin, U.: Highly Parallelizable Problems (Extended
Abstract),STOC, ACM, 1989.

[11] Butman, A., Eres, R., Landau, G. M.: Scaled and permutedstring matching.,Inf. Process. Lett., 92(6), 2004,
293–297.

[12] Cole, R., Gottlieb, L.-A., Lewenstein, M.: Dictionarymatching and indexing with errors and don’t cares.,
STOC(L. Babai, Ed.), ACM, 2004, ISBN 1-58113-852-0.

[13] Cole, R., Hariharan, R.: Verifying candidate matches in sparse and wildcard matching.,STOC, 2002.

[14] Crochemore, M., Iliopoulos, C. S., Kubica, M., Rahman,M. S., Walen, T.: Improved Algorithms for the
Range Next Value Problem and Applications,STACS(S. Albers, P. Weil, C. Rochange, Eds.), 08001, Inter-
nationales Begegnungs- und Forschungszentrum fuer Informatik (IBFI), Schloss Dagstuhl, Germany, 2008.

[15] Crochemore, M., Iliopoulos, C. S., Rahman, M. S.: Finding Patterns in Given Intervals,MFCS(L. Kucera,
A. Kucera, Eds.), 4708, Springer, 2007, ISBN 978-3-540-74455-9.

[16] Crochemore, M., Iliopoulos, C. S., Rahman, M. S.: Optimal Prefix and Suffix Queries on Texts.,AofA
(P. Jacquet, Ed.), AH, DMTCS Proceedings, 2007.

[17] Crochemore, M., Rytter, W.:Jewels of Stringology, World Scientific, 2002.

[18] Farach, M.: Optimal Suffix Tree Construction with LargeAlphabets.,FOCS, 1997.

[19] Fischer, M., Paterson, M.: String matching and other Products, in Complexity of Computation, R.M. Karp
(editor), SIAM AMS Proceedings, 7, 1974, 113–125.

[20] Flouri, T., Iliopoulos, C. S., Rahman, M. S., Vagner, L., Vorácek, M.: Indexing Factors in DNA/RNA se-
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