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Rachunek lambda Zbiory i funkcje
» Abstrakcyjna teoria funkgji. o
> Alternatywa dla teorii zbioréw w podstawach Sposob uzycia: o o
matematyki.! acA (nalezenie) F(a) (aplikacja)
» Aparat uzyteczny w .teorll obl{czeﬁ (teorii obliczalnosci). Tworzenie:
» Model programowania funkcyjnego. {x | W(x)} (wycinanie?) Ax W(x) (abstrakcja)
> Jezyk dla semantyki programoéw.
» Model programowania z typami, model polimorfizmu. Ewaluacja:
> Jezyk dowodéw konstruktywnych i teorii typéw. ac x| Wx)} < W (Ax W(x))(a) = W(a)
» Jezyk narzedzi wspomagajacych dowodzenie (Coq, .. .).
1To sie nie do konca udato, ale. .. moze nie wszystko stracone? 2separation
3
Ekstensjonalnos¢ dla zbioréw Ekstensjonalnosé dla funkgji
. Dla zbioréw:
A=B wtedy i tylko wtedy, gdy Vx(x € Ae xeB)
A=B wtedy i tylko wtedy, gdy Vx(x e Ae x € B)
A={x|xeA} (*)
Dla funkgji:
Example: let A= {y | y < x}. Then: F=G  wtedyitylko wtedy, gdy  Vx (F(x) = G(x))
A={x|xeAl={x|xe{y|ly<x}}={x|x<x}=0
Dla zbioréw: A={x|xeA}
What's wrong? The variable x in (*) must be “fresh”, Dla funkgji: F = Xx F(x)
so that A nie zalezy od x.
gdy x nie wystepuje wolno w F.
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Ekstensjonalnosé¢ (7) Zbiory i funkcje

> Teoria mnogosci: teoria w logice 1. rzedu:

» Nalezenie jest pojeciem pierwotnym;

» Wycinanie (ograniczone) jest jednym z aksjomatéw;
1. Jako przyporzadkowanie, wykres, relacje, zbiér par. .. > Ekstensjonalnos¢ jest pierwszym aksjomatem.

2. Jako regufe, przeksztatcenie, algorytm, metode. ..

Statyczne i dynamiczne rozumienie funkgji:

» Rachunek lambda: system formalny
Teoria zbioréw nie nadaje sie do opisu aspektu (2). (a raczej rodzina systeméw):
» Aplikacja i abstrakcja sa bazowymi operacjami;
» Ekstensjonalnos¢ nie jest obowiazkowa.



Historia

» Logika kombinatoryczna:
Abstrakcyjna teoria funkcji z aplikacja jako jedyna
operacja. Eliminacja pojecia zmiennej.
» Moses Schonfinkel, 1924;
» Haskell B. Curry, 1930.
» Rachunek lambda:
» Alonzo Church, 1930;
» S.C. Kleene, B. Rosser, 1935: sprzecznos¢ logiczna;
> Pojecie funkgji obliczalnej, teza Churcha, 1936;
» John McCarthy, 1958: Lisp;
» Dana Scott, Ch. Strachey, 1969: semantyka denotacyjna.
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O czym ma by¢ ten wyktad
» Rachunek lambda jako system redukcyjny:
» Wtasnos¢ Churcha-Rossera, standaryzacja. ..
» Rachunek lambda jako teoria réwnosciowa:
» Drzewa Bdhma, modele Scotta. ..
> Sita wyrazu:
» Punkty state, reprezentowanie funkcji obliczalnych. ..
» Rachunek kombinatoréw:
» Jak sobie poradzi¢ bez lambdy?
» Rachunki z typami:
(typy proste, iloczynowe, polimorficzne, rekurencyjne)
» Twierdzenia o normalizacji;
» Formuty-typy (izomorfizm Curry'ego-Howarda);
» Problemy decyzyjne.
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Beztypowy rachunek lambda
13

Sktadnia: lambda-wyrazenia

Lambda-wyrazenia:
—Zmienne X, y, z, ...
- Aplikacje (MN);
— Abstrakcje (Ax M).
Konwencje:
— Opuszczamy zewnetrzne nawiasy;
— Aplikacja wigze w lewo: MNP oznacza (MN)P
— Skrét z kropka: Axi ... x,.M oznacza Axi(...(Ax,M)- ).
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Historia

> Typy:

» Curry, Church, od poczatku;
N.G. de Bruijn, od 1967: system Automath;
William Howard, 1968: izomorfizm Curry'ego-Howarda;
J. Roger Hindley, 1969: algorytm Hindleya-Milnera;
Robin Milner, 1970: ML (polimorfizm);
Per Martin-L6f, od 1970: teoria typéw Martina-Léfa;
Jean-Yves Girard, 1970: system F;
John Reynolds, 1974: polimorficzny rachunek lambda;
Okoto 1984: Coq (poczatki);
Okoto 1987: Haskell;
Okoto 2006: Homotopijna teoria typéw.
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Literatura

» Barendregt,
The Lambda Calculus. Its Syntax and Semantics.

» Hindley, Seldin,
Lambda-Calculus and Combinators, an Introduction.

» Girard, Proofs and Types
» Krivine, Lambda-Calculus, Types and Models

> Barendregt, Dekkers, Statman,
Lambda Calculus with Types.

» Sgrensen, Urzyczyn,
Lectures on the Curry-Howard Isomorphism.

» Hindley, Basic Simple Type Theory.
» www.mimuw.edu.pl/~urzy/Lambda/erlambda.pdf
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Beztypowy rachunek lambda

Funkcja rozumiana jako dziatanie.

Kazdemu obiektowi mozna przypisaé dziatanie, wiec. ..
... nie ma innych obiektéw niz funkgje.

Przedmiotem dziatania moze by¢ cokolwiek, zatem. . .

>
| 2
>
>
» ... funkcja nie ma a priori ograniczonej dziedziny.
>

Funkcja moze by¢ np. aplikowana sama do siebie.
Analogia: Kazdy cigg bitéw mozna zinterpretowac

— jako program;
— jako dane.

14

Przyktady

| = Ax.x

= AXxy.x

= Mxyz.xz(yz)
= Mx. f(fx)
AX.XX

= ww

= M. (Ax.f(xx))(Ax.f(xx))

< R0 & v n X
I
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Zmienne wolne (globalne)

FV(x) = {x};
FV(MN) = FV(M) U FV(N);
FV(Ax M) = FV(M) — {x}.

Na przyktad:

FV(Ax x) = &;
FV(Ax.xy) = {y};
FV((Ax. xy)(A\y-xy)) = {x, y}.

Termy jako grafy:

— Jeden wierzchotek poczatkowy;

— Zmienne wolne jako wierzchotki koncowe (liscie).

Termy jako grafy: aplikacja

Termy jako grafy: abstrakcja

Zmienne zwiazane sa niepotrzebne.

17

19

21

23

Alfa-konwersja

Wyrazenia Ax.xy i Az.zy oznaczaja te sama operacje
(.zaaplikuj dany argument do y").

Nalezy je uwazaé za identyczne.
Alfa-konwersja: Wyrazenia rézniace sie tylko wyborem
zmiennych zwiazanych utozamiamy.

Lambda-termy to klasy abstrakcji tego utozsamienia.

tatwiej powiedzieé, niz zrobié. . .

18
Termy jako grafy: zmienna
|
T
20
Termy jako grafy: abstrakcja
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Przyktad:

Ax
\
Q
/\y/ \@
@\ )\Z/ \X
N /
X y Q
LN,

To jest graf wyrazenia Ax.(Ay. xy)((Az. zy)x)
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Przyktad

A
0
/\/ \@
@\ )‘\/ \o
o/ \o /@
SN
o y

To jest graf termu Ax.(\y. xy)((A\z. zy)x)
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Podstawienie

> x[x:=N]=N;

> =N =y,
gdy y jest zmienna ré6zna od x;
> (PQ)[x := N] = P[x := N]Q[x := NJ;
» (\y P)[x := N] = A\y.P[x := N],
gdy y # x oraz y ¢ FV(N).

Wykonanie podstawienia na konkretnej reprezentacji termu
moze wymagac¢ wymiany zmiennych:

(Ay P)[x := N] = Az Ply := z][x := N], gdzie z jest ,nowe".
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Lemat o podstawieniu
M[x := N]ly := R] = M[y := R][x := N[y := R]]
gdy x € FV(R) lub y & FV(M)

M

A

29

Relacje pochodne:

Dowolna liczba krokéw: —5 lub —%;
Niezerowa liczba krokéw: —/;
Co najwyzej jeden krok:  —;

Réwnowaznos¢ (beta-konwersja):  =g.

31

Podstawienie G[x := T]

Podstawienie termu T do termu G w miejsce wolnych
wystapien zmiennej x.
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Lemat o podstawieniu

Lemat
Jesli x # y oraz albo x ¢ FV(R) albo y ¢ FV(M), to
M[x := N]y := R] = M[y := R]|x := N[y := R]].
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Beta-redukcja

Najmniejsza relacja — 4, spetniajaca warunki:
> (MAxP)Q —4 Plx = Q)J;

> jesli M —5 M, to:
MN —5 M'N, NM — 5 NM' oraz AxM — 5 AxM'.

Term postaci (AxP)Q to [-redeks.

Relacja — 5 to zredukowanie jednego dowolnego redeksu.
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Przyktad: SKK —» 5 |

SKK = (Axyz.xz(yz))(Axy.x)(Axy.x)
—5 (Ayz.(Axy.x)z(yz))(Axy x)
—g Az.(Axy.x)z((Axy.x)z)

—5 Az.(A\y.z)((Axy.x)z)
—5 Az.(\y.2)(\y.2)
—g Az.z = |

32



Rachunek lambda jako teoria réwnosciowa Wotanie przez nazwe

Termy M i N s3 beta-réwne (M =5 N) wtedy i tylko wtedy,
gdy réwnosé ,,M = N mozna udowodnié w systemie:

(B) (AxM)N = M[x := N] X =x (AxP)Q = Plx:= Q]

M=N M=N ©) M=N Ewaluacja procedury o parametrze formalnym x i tresci P,
MP = NP PM = PN Ax M = Ax N gdy parametrem aktualnym jest Q:

Nalezy wstawi¢ parametr aktualny do tresci procedury,

M= N M=N,N=P wymieniajac, jesli trzeba, lokalne identyfikatory na nowe.
N=M M=P
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Kompozycjonalnos¢ Normalizacja

Posta¢ normalna to term bez redekséw.

Nie da sie go redukowac.

Lemat
(1) Jesli M — 5 M', to M[x := N] =5 M'[x := N];
(2) Jesli N —s5 N/, to M[x := N] —5 M[x := N], Term M ma postac¢ normalna (jest normalizowalny),

gdy redukuje sie do pewnej postaci normalnej.
Dowdd:  Indukcja ze wzgledu na dtugos¢ M. O . .

Nazywamy ja postacig normalna termu M.
Whiosek Term M jest silnie normalizowalny (M € SN),
Jesli M =5 M' i N 5 N, to M[x := N] =5 M'[x := N']. gdy nie istnieje nieskonczony ciag

M:Mo —3 M1 —3 Mg —g
Inaczej: kazdy ciag redukcji prowadzi do postaci normalnej.
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Przyktady Jaja aligatorow

» Term S = Axyz.xz(yz) jest w postaci normalne;j.

» Term SKK jest silnie normalizowalny i ma postaé
normalna .

http://worrydream.com/AlligatorEggs/
» Term Q = (Ax. xx)(Ax. xx) nie ma postaci normalnej.

» Term (Ax.y)2 ma posta¢ normalna y, ale nie jest
silnie normalizowalny.
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Beta-redeks (AxP)Q Beta-redukcja (AxP)Q — P[x := Q)]

i |

/ \Q /\ix/ \Q
(-
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http://worrydream.com/AlligatorEggs/

Beta-redukcja w grafie
(1) = 1)
!
@)
VAR '
|
(2)
b

(3) | |
» @) @)
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Beta-redukcja nieco wyidealizowana
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Abstrakcyjne systemy redukcyjne

Abstrakcyjny system redukcyjny:
para (A, —), gdzie — jest relacja binarng w A.

Oznaczenia:
—*  domkniecie przechodnie;
—» dombkniecie przechodnio-zwrotne;

—~  domkniecie zwrotne.

Posta¢ normalna: takie a € A, ze Vb.a /4 b.

Inne definicje stosuja sie odpowiednio.
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Whasnos¢ Churcha-Rossera (CR)

Jeslia — bia—» c, to istnieje takie d, ze b+ d i c — d.
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Beta-redeks w grafie

4

Whasnosci redukcji
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Normalizacja

Normalizacja (WN): Kazdy element ma posta¢ normalna.

Silna normalizacja (SN):
Kazdy cigg redukcji ag — a; — a, — - - - jest skonczony.

(Wtedy relacja « jest dobrym ufundowaniem.)

Fakt: Beta-redukcja nie ma wtasnosci normalizacji:

QH_SQ*)\@Q‘)@"'
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Wtasnos¢ rombu (diamond property)

Jeslia — bia— c, toistnieje takie d, ze b — d i c — d.

48



Wtasnos¢ rombu implikuje CR

Witasnosé rombu?

Fakt: Beta-redukcja nie ma wtasnosci rombu.

/XX)((AX_X))/)\
()\x.x)y((/\xz()y) /()\x.xx)y
S ” e

Staba wiasnos¢ Churcha-Rossera (WCR)

Jeslia — bia— c, to istnieje takie d, ze b — d i c — d.

Fakt: Beta-redukcja ma staba wtasnos¢ Churcha-Rossera.

Lemat Newmana:
WCR A SN = CR

a
Dowdd: / \
b1 (5]
/ N 7 \
AN 7/
N 7/
N 4

Indukcja ze wzgledu na «.
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Czy beta ma wtasnos¢ rombu?

Staba wtasnos¢ Churcha-Rossera (WCR)

Jeslia — bia— c, toistnieje takie d, ze b — d i c — d.

Czy beta-redukcja ma staba wtasnos¢ Churcha-Rossera?

WCR nie implikuje CR

Przykfad:

a<—b+—>c—d

Twierdzenie Churcha-Rossera: Beta ma witasnosé CR

Definicja (complete development):

Term M* to petne rozwiniecie termu M.

x* = x;
(Ax M)* = Ax M*;

(MN)* = M*N*, gdy M nie jest abstrakcja;
(Ax M)N)* = M®[x := N°].

Sens: jednoczesna redukcja wszystkich istniejacych redekséw.
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: , 1
Relacja pomocnicza —

-x5 x, gdy x jest zmienng;

—jesli M 5 M, to AxM 5 \xM';

—jedi M5 M iN S N, tor
MN % M'N', oraz
OXM)N 5 M'[x == N'].

Sens: jednoczesna redukcja kilku redekséw
juz obecnych w termie.

57
1 y
Relacja — ma wiasnos¢ rombu
M
/ \
M/ M//
N Ve
AN Ve
1N 7 1
P
M.
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Whioski z twierdzenia Churcha-Rossera
(1) Jesli M =5 N, to M —5 Qz« N, dla pewnego Q.
Q1 @ Qn
YN XN N
M M, M, M1 N
N Y N e
By V3 \\ e
(] \\ //
N N 2
N N 7
N N Ve
N N e
AN RN ¥
N
N [ ]
\\ +
[ ]
61

Whioski z twierdzenia Churcha-Rossera

(4) Beta-konwersja jest niesprzeczna teorig réwnosciowa

Dowdd: Na przyktad ¥ x = y, poniewaz x #g y.

63

. L1
Whasnosci relacji —

(1) Jesli M 5 M, to FV(M') C FV(M).
(2) Dla dowolnego M zachodzi M % M oraz M 2 Me.
(3) Jesli M5 M i N 5 N/, to M[x := N] 5 M'[x == .

(4) Jesli M 5 M/, to M 2 Me.

Dowéd twierdzenia Churcha-Rossera

L 1 o ’
1) Poniewaz relacja = ma wtasno$¢ rombu, wiec tym

1
bardziej jej domkniecie przechodnio-zwrotne — ma
wiasnosé rombu.

MIH,H.HMZ

J.’ Y ! Y
| v
M3 >Y >Y >M4

. . 1 . L ,
2) Poniewaz —3 C — C —3, wiec —» i —» 3 s3 réwne.

3) Wtasnos¢ rombu dla — to wtasnos¢ CR dla —.

Whioski z twierdzenia Churcha-Rossera

(2) Kazdy term ma co najwyzej jedna posta¢ normalna
(3) Jesli M =4 N i N normalny, to M — 45 N

Dowod (3):
Jesli M =5 N, to M —5 Qp« N.
Skoro N normalne, to N = Q.

Eta-redukcja

58
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Eta-reduction

The least relation —,, satisfying the conditions:
> \x.Mx —, M, when x & FV(M);

» jesli M —, M', to MN —,, M'N, NM —,, NM’
oraz AxM —,, AxM'.

Symbol — g, stands for the union of relations —5 and —,,.

Other definitions and notation are applicable respectively.

65

Ekstensjonalnosc i staba ekstensjonalnosé

Mx = Nx
M=N

Jesli M = Ax P i N = Ax Q, to wystarczy:

(ext) (when x & FV(M) U FV(N))

P=Q

© “P=xo

Staba ekstensjonalnos¢ dla zbioréw to taka zasada
FW(x) < V(x)

{x [ W)} = {x | V(x)}

67

Eta-reduction

Fakt

Eta-reduction is strongly normalizing.

Proof

Because terms shrink under eta. O

Fakt

Eta-reduction is Church-Rosser.

Proof

Because it is WCR (easy), Newman's lemma applies. O
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Beta-eta critical pairs

A
/ |
(A \ [©
%\ )\/ \o
/N l
(Ax Mx)N Ax (Ay M)x

Critical pair occurs when two redexes use the same resource.
Proving WCR amounts to resolving critical pairs.

71

Eta-conversion

Axiom (7): Ax.Mx = M, when x ¢ FV(M).

Rule (ext): H (when x & FV(M) U FV(N))
Fakt

Axiom () and rule (ext) are equivalent.

Proof

(1) Assume () and let Mx = Nx. Then Ax Mx = Ax Nx,
by rule (£), whence M = N.
(2) Since (Ax.Mx)x = Mx, one has Ax.Mx = M by (ext).

Eta-reduction graphically

@
M/\

Eta-reduction amounts to removing a small loop in a graph.

Beta-eta-redukcja

Relacja —4, to suma —5 i —,,.

Notacja —g,, =g, itd. stosuje sie odpowiednio.

Beta-eta critical pairs

(Ax Mx)N — MN

Ax (Ay M)x = Ay M = dx. My := x|

Morat

Beta-eta reduction is weakly Church-Rosser.

O
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Towards Church-Rosser (57)

Lemma
If P = M —4 Q then there is N such that P =3 N« Q.

73

Beta-eta is Church-Rosser

75

Eta-postponement (odkfadanie eta-redukcji)

Theorem 1: If M —g, N then M — 43 P —, N, for some P.

Theorem 2:
A term has a [3-normal form iff it has a [S1)-normal form.

Proofs: Omitted.

Uwaga: Thm. 2 nie wynika natychmiast z Thm. 1.

7

Standard reduction:

Never reduce to the left of something already reduced.

Standard reduction:

(Axxx)((Azy.z(zy))Av.u)(Aw.w)) —
(Axxx)(Ay.(Au.u)(Au.u)y))(Aw.w)) —
(Axxx)((Av.w)(Au.u) Aw.w))) —
(Axxx)((Av.v)(Aw.w)) = (Axxx)(Aw.w).

Non-standard reduction:

(Axxx)((Mzy.z(zy)
(Axxx)((Ay.(Au.u)

(veaoe) (-
(Axxx)((Ay.y)(Aw.w

u.u)(Aw.w)) —
w.0)y)Oww)) -
Aw.w)) —

) = (Axxx)(Aw.w).

)(A
((A
(
)

79

Towards Church-Rosser

Lemma
Relations — 5 and —, commute:
if Pj«~ M —4 Q then there is N such that P —5 N ,« Q.

M
AN
P Q@

8\ sn

N 4
N

74
Beta-SN versus beta-eta-SN
Theorem 0: A term is $1-SN if and only if it is 3-SN.
Proof: (=) Obvious.
(<) Cwiczenia?
76
Standaryzacja
78

Standardization

Theorem:

If M —5 N then there is a standard reduction from M to N.

Corollary:
If M has a [3-normal form then the leftmost reduction
leads to the normal form.

Slogan:
The leftmost reduction strategy is normalizing.

80



Redukcje czotowe i wewnetrzne

A term AX.zR is in head normal form.3
A term AX.(\y.P)QR has a head redex (\y.P)Q.

A reduction step of the form
M = A\%.(\y.P)QR =4 AX.Ply == QIR = N

is called head reduction. Write M 2 N.

Other reductions are internal. Write M — N.

3Posta¢ normalna jest wtedy, gdy R sa normalne.

81
Dygresja
Lemat fatwy:
Jesli M = N 2 P, to M LN Q —p P, dla pewnego Q.
Whiosek: If M has a reduction with infinitely many head
steps then it has an infinite head reduction.
83
Redukcje quasi-lewostronne
Theorem: A normalizing term has no quasi-leftmost
reduction sequence.
Proof: Ale co to za indukcja?
Suppose M has a quasi-leftmost reduction. If there is infinitely
many head steps, then M has an infinite head (thus leftmost)
reduction and cannot normalize.
Thus almost all reductions are internal. (W szczegélnosci,
od pewnego miejsca mamy czotowe postaci normalne.)
AZyPy . Py NZyP, . PL S \ZyPy . Pl ..
Infinitely many leftmost steps are within the same P;.
By induction, P; cannot normalize.
But then M cannot normalize.
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Praca domowa
1. Poda¢ przyktad takich P i Q, Ze ani P ani Q nie ma postaci
normalnej, ale PQ ma posta¢ normalna.
2. Udowodnic, ze jesli M > M i N -5 N/, to
M(x := N] N M'[x := N'].
87

Main Lemma

Lemma: If M -5 N then M A P = N, for some P.

Warning: A naive proof attempt fails. The assumption:
ARy P)QR 5 A% (\y.P)QR B APy = QIR
does not imply

AR Oy P)QR B AZ.Ply = QIR > \.P[y == QIR
/N
T

N 7
\ /s

This diagram is wrong.
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Standaryzacja: jesli M —4 N, to istnieje standardowa redukcja

Lemma: If M -5 N then M A P = N, for some P.
(Dowdéd lematu opuszczamy)

Dowdd standaryzacji:

Najpierw wykonujemy same redukcje czotowe. Dostajemy
term P = AX. M{M, ... My, i dalej wszystkie redukcje s3
wewnatrz terméw My, M, ... M. Mozna je fatwo
przepermutowac tak, aby najpierw redukowa¢ wewnatrz My,
potem wewnatrz M, i tak dalej. Do tych redukcji mozna
zastosowac indukgje. . . ze wzgledu na dtugosé N.
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Redukcje quasi-lewostronne

Theorem: A normalizing term has no quasi-leftmost
reduction sequence.

Proof: Induction wrt the length of the normal form of M.

Suppose M has a quasi-leftmost reduction. If there is infinitely
many head steps, then M has an infinite head (thus leftmost)
reduction and cannot normalize.

Thus almost all reductions are internal. (W szczegdlnosci,
od pewnego miejsca mamy czotowe postaci normalne.)

NZyPy . P NZyP, . PL S \ZyPY . Pl

Infinitely many leftmost steps are within the same P;.
By induction, P; cannot normalize.
But then M cannot normalize.
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The Ml-calculus

The Al-terms:

— variables;

— applications (MN), where M and N are Al-terms;

— abstractions (Ax M), where M is a Al-term, and x € FV(M).

Terms S = Axyz.xz(yz) and | = Ax.x are Al-terms,
but K = Axy.x is not.

88



Question

Are Al-terms closed under reductions?
Yes, if M — 4, N, and M is a Al-term, then so is N.

Ale wtasciwie dlaczego? Jak to udowodnié?
Zrébmy to na tablicy.

89
Theorem: If a M-term has a normal form then it is SN.
Lemma: If M € Al and M —* N € SN then M € SN.
Proof: Induction wrt the length of the normal form of N.
Case 2:
M =A% (\y P)QR, ... Ry =4 \%. Ply := Q|Ry ... R = N.
Rozpatrzmy dowolna redukcje termu M.
All terms P, Q, Ry, ..., R, are SN. Therefore internal
reductions of M must terminate, but this can happen:
M 5% Ay PYQRL.R, 5 A% Ply = QIR}... R — -
But N =4 AX. P'ly :== Q']R; ... R}, and N is SN.
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Theorem: If a M-term has a normal form then it is SN.
Proof: Let M € Al have normal form M'.
Then M —¢ M’ € SN.
By induction wrt number of steps show that M is SN.
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Sita wyrazu rachunku lambda
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Theorem: If a M-term has a normal form then it is SN.

(Write —* for leftmost beta-reduction.)

Lemma: If M € Al and M —' N € SN then M € SN.

Proof: Induction wrt the length of the normal form of N.

Case 1: M = \X.yRiR, ... R,. Then N = A% yR| . .R],
with R; — R/, for some i, and R; = R/, otherwise.

Since N € SN, also R! € SN, with shorter normal form.
Thus all R; are SN, and so is M.

Question

Does the proof use the assumption that M is a A\-l-term?
Where?

Yes, otherwise Q is not necessarily normal.
W istocie mamy taka obserwacje:

Jesli A% P[y := Q]R € SN, oraz Q € SN,
to AX. (\y P)QR € SN.

Jeszcze jedno proste éwiczenie

Jak wygladaja postaci normalne?

» Zmienne;
> Abstrakcje A\x M, gdzie M normalne;
» Aplikacje? Tylko takie xM, gdzie M normalne.

Ogdlnie: \X.yM, gdzie M normalne.

Curry's fixed point combinator Y

Y = M. (Ax.F(xx))(Ax.f(xx))

Fact: YF =5 F(YF), for every F.

Proof: YF —5 (Ax.F(xx))(Ax.F(xx)) =5
F((Ax.F(xx))(Ax.F(xx))) s+ F(YF)
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Comment YF =5 F(YF)

Lambda calculus is a fantastic world: every function has
a fixpoint (every equation X = Anything(X) has a solution)!
Example: Find an M such that Mxy =5 MxxyM.

The moral sense is: every recursive definition is well-formed.
Solution: No problem, M = Y (Am Axy. mxxym).

The price we pay for it is non-termination.
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Turing's fixed-point combinator Problems

1. Is there a term M such that M =3 MSM ?

2. Can you solve non-fix-point equations like
MxxM =g MxM ?

O = (Axf. f(xxf))(Axf. f(xxf))

Fact: OF —, F(OF), for all F. 3. Can you solve any equation at all?

4. What are the fixpoints of the operator Sl
Proof: @F = (Axf. f(xxf))(\xF. F(xxF))F —55 (where S and | are the standard combinators)?
(M. F(OXF. F(xf))(AXF. F(xxF))F)F —4 5. ls there a fixpoint combinator in normal form?
F((AXF. f(xxf))(Axf. f(xxf))F) = F(OF) 6. Is Y beta-equal to ©7

7. Can you solve systems of equations with 2 or more
Note the — g rather than =p. unknowns like {P = QSP, Q = PKQP}?
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Example Ordered pair

Consider a combinator day = hour hour - - - hour,
where each hour is defined as
Aabcdefghijklmnopstuwyzr. r(itisafikspointcombinator).

(M,N) = Xx.xMN,;

T = AX1X2.Xi (i=1,2);
How many hours should a day have to be a fixpoint M = Ap.pmi (i=12).
combinator, i.e., to satisfy day F =5 F(day F) 7

It works:
Do domu: dobry przyktad po polsku. MM, NY =5 (M, Ny, —5 M.
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Question Conditional

(M, Ny = Ax.xMN, T = AX1X0.X, M; = A\p. pm;

true = Axy.x false = A\xy.y
Will this work:  (MyM,N,M) =5 M?

if P then Q else R = PQR.

Not when M is not a pair; take e.g. M = x.
Comment: This pairing is not surjective. And one cannot It works:
do better: Church-Rosser fails with surjective pairing! if true then Q else R —5 Q

if false then Q else R —5 R.
Note the similarity with eta.
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Do domu: zdefiniowa¢ operacje logiczne

Define Boolean logic conjectives: \/, A\, —, — as \-terms.
For example, define a term C so that

C truefalse =4 C false true = C false false = false
C truetrue =g true
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Ordered tuples

Tuple = Selector:
(My,....,M,) = AxxMy...M;
T = AXL . Xp X (i=1,...,n);

I'I,- = )\t.tﬂ,‘ (I:].,...,n).

It works:
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Definable functions

A partial function f : N¥ —o— N is \-definable
if there is a term F such that for all n;...., n, € N:

> If f(ng,..., ng) = m, then Fny...nx =5 m;
» If f(ny,...,ng) is undefined
then Fn;...n, does not normalize.

Function F is well-definable when, in addition:

» If f(ny,...,ng) is defined then Fny...n, € SN.
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Some well-definable functions
» Successor: succ = Anfx.f(nfx);
We have succn —5 n+ 1, please check.
Now try to define addition!
> Addition: add = Amnfx.mf (nfx);
» Multiplication: mult = Amnfx.m(nf )x;
» Exponentiation: exp = Amnfx.mnfx;
» Test for zero: zero = Am.m(\y false)true;

» Constant zero (with k arguments): Z, = Am; ... m,.0;

» Projection on the /-th coordinate: I'IL = Amy...me.mj.
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A generalization: finite sets

Coding elements of a finite set {ai,...,a,}:

a; = AXy ... Xp. X;

Selection operator:

case aof (Fi,...,F,) = aF...F,

It works:

case a; of (Fy,....F,) —g F;
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Church's numerals

Cn = n = Ax.f"(x),

AX.X;

Mx.fx;

= Mx.f(fx);
Mx.f(f(fx)), etc.

W N~ o
|
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Comment

1. There are other definitions of numerals.
But the main results are the same.

2. There are other definitions of lambda-definability.
They may slightly differ in the undefined case.
But the main results are the same.

3. The notion of “well definable” is not as common,
but it proves technically useful.
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A challenge: predecessor

Diggression: They say Kleene invented this definition
while his tooth was being extracted.

And that Church formulated Church Thesis
when Kleene came back from the dentist’s.

Because this construction generalizes
to all primitive recursive functions.
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Predecessor is definable

p(n+1)=n, p(0)=0

Step = Ap.(succ(pmy), pm1)
pred = An. (nStep(0,0))m>

How it works:

and so on. (Evaluate pred 4.)

113

Nierozstrzygalnos¢ / Undecidability

115

Turing machine

It is convenient to represent machine IDs so that we can
have a direct access to head position,
and to the symbol at the left of tape head.

So if the tape contents is abrakadabra, with machine scanning
the letter d (at position 6) in state g, we represent it
as the quadruple (akarba, q, dabra, 6).
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Encoding a Turing Machine

The set of states {qo, g1. ..., q,} is finite.

States are encoded as projections: q; = A\xp ... X,.X;.

The alphabet {ag, a1, ..., an} is finite.
Symbols are encoded as projections: a; = Axp . .. Xp. X;.

Empty word ¢ is encoded as nil = (B, ).

Blank-free word aw (list a :: w) is encoded as (a,w).

List manipulation: head = Iy, tail = T,.
(Check how it works)
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Problems

Some of the problems have solutions in the file zadlam.
1. Define the function n+ 2n® +2n + 4.

2. Let f(0,x) = g(x) and f(n+1,x) = h(n. x, f(n, x)). Assume
h and g are lambda-definable, show how to lambda-define f.

3. Define the function n s 2n> — 2n + 4.

Turing machine

We consider deterministic single-tape Turing Machines
computing functions from N to N. We assume that:

» The machine is deterministic.
» There is one tape infinite to the right.
» The machine never writes a blank.

» The machine head never moves beyond the left tape end.

The input number is the length of input word and the output
number is represented by the head position.

Turing machine

"Superkonfiguracja”.

(wR q,v,0)

(Notation: wR is w written backwards, e.g. 0117 = 110.)
» The tape contentsis “wvBB..." (where B is blank);
» The head reads the first cell after w.

» The machine state is g;

» The length of w is /.
Final configuration when g € Final. The result is (.
Initial configuration: C, = (£, go, ®",0).

Machine computes a partial function from N to N.

Encoding a Turing Machine

Superconfiguration (wR. g, v, n) is encoded
as a quadruple (w® q,v,n).

Initial configuration: Init = Ax. (nil, qg, x(\y. (e, y))nil,0).
Then Initn — (nil,qo, ®", 0).

Stop test: Halt = Ac.Mcdy . .. d, = case Mic of (dy,...,d,),
where d; = true, for g; € Final, and d; = false, otherwise.

Result extraction: Out = Ac. [Tc.
(Check how it works)
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Encoding a machine step Encoding a machine step

Superconfiguration: (wR q,v,n). (Superconfiguration: (wR, q,v,n).)
We need a term Next s.t. Next(code of C;) —4 (code of C2) We take Next = Ac.MM4cR%. .. R", where R’ codes the next
whenever the machine can move from C; to C,. We take: configuration when the machine state in c is g;.

Next = Ac.case Mic of (R°,...,R") = Ac.M3cR... R,

where R’ codes the configuration to be obtained if the
machine state in the given configuration c is g;.

How to define R7? As a case selector on the scanned symbol:
R" = Xc. head(M4c)R] ... R,

where R/ is obtained according to the transition §(gq;, a;)
determined by state g; and symbol a;.
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Encoding transitions Special case: aj = B
Given code c of configuration C = (wF. g;, a;v, n),
we need a term Rj’ representing the next configuration, Let C = (wR, q;, a;v, n) oraz a; = B.
depending on the transition table 0. (Na razie a; # B.) Then a;v is “empty”, i.e. Mic = nil = (B, ).
If 0(g:,a;) = (b, 0, p) (no move) then take If 5(qi, a;) = (b0, p) (no move) then take
R = (Mic.p, (b, tail(M4c)). Mic) R = (e, p, (b, nil), Mic)
If 9(q,3;) = (b, +1, p) (right move) then take If 6(g,a) = (b, +1, p) (right move) then take
Ri = ({b, (M{c)), p, tail(N§c), succ(Mgc)), Ri = ({b, (M{c)), p, nil, succ(M3c)),
If (g, a;) = (b, —1, p) (left move) then take If 6(g,a) = (b, —1, p) (left move) then take
Ri = (tail(N{c), p, (head(N{c), (b, (tail(M5c)))), pred(Mic)). Ri = (tail(N{c), p, (head(N{c), (b, nil)), pred(M3c)).
(The head never goes beyond the left tape end.)
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Encoding a Turing Machine Rozwigzanie 2

We have a term Next s.t.

Next(code of C1) —5 (code of Cs),

We have a term Next s.t.

Next(code of C1) —4 (code of Cy),
whenever the machine can move from C; to C». .
whenever the machine can move from C; to Cs.

Teraz trzeba powtarza¢ Next az do skutku. .
P The function computed by the machine is A-definable as:

Rozwiazanie 1: Definiujemy taka funkcje F, ze: Ax. W (Init x)W,
F(c) = if Halt c then Out c else F(Next c) where
The function computed by the machine is \-definable as W = Ac.if Halt ¢ then Aw.Out c else Aw.w(Next c)w.

Ax. F(Init x).
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Computing: Co=C1=C = - = Cp Question

F=Xx.W(Initx)W,

W = Xc. if Halt c then Aw.Out c else Aw.w(Next c)w. We have defined F = Jx.W(Init x)W, and

W = Xc. if Halt c then Aw.Out c else Aw.w(Next c)w.

Fn — W(lnitn)W — WCoW —

[if Halt Co then Aw.Out Cy else Aw.w(Next Co)w]W — Suppose we replace this definition by:

[Aw.w(Next Co)w]W — Aw.wCiw]W — WCW —

[if Halt C; then Aw.Out C; else Aw.w(Next Ci)w]W —

[Aw.w(Next C)w|W — [Aw.wCow]W — WCW — ) )
_________ s WC, W — Will anything change?

[if Halt C,, then Aw.Out C,, else Aw.w(Next C,,)w]W —

[Aw.Out C,]W — Out C,, — f(n). Answer: yes, the term W CoW would never be SN.

W = Acw. if Halt ¢ then Out c else w(Next c)w.
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Computability < Definability

Twierdzenie

A partial function f : N —o— N is \-definable
if and only if it is partial computable.

Dowdd (=):

Let f be \-definable by F.
To compute f(n) reduce Fn to normal form.
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The following are undecidable problems:
» Given M and N, does M —5 N hold?
» Given M and N, does M =5 N hold?
» Given M, does M normalize?
Proof: Let A C N be recursively enumerable, not recursive.
Let x4 be the partial characteristic function of A, i.e.,
Xa(x) =if x € A then 0 else undefined
Let H lambda-define the function y 4.
To decide if n € A, ask any of the questions:
» does Hn — 5 0 hold?
» does Hn =4 0 hold?
» does Hn have a normal form?
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Some numbering tricks
Let n be the number of a term M. Write M for n.
This is the Church numeral for the number of M.
There are computable functions app and num such that
app(number of M)(number of N) = number of MN
num(n) = number of the numeral n.
There are terms App and Num such that
App M N =5 MN and Numn =g n.
Example: If the numeral 2 = \fx. f(fx) has number 9,
then num(2) =9, 2=9, and Num2 =4 9.
Now if 2 is the number of some M then Num M =4 M=o,
So M is the Church numeral for. ..
the number of the numeral for the number of M.
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Rice's theorem (Scott)
Theorem
Let A be a set of (numbers of) \-terms, which is:
» Nontrivial, i.e., not empty and not full;
» Closed under =.
Then A is undecidable.
Warning: Not every interesting set is closed under =5.
For instance, the set SN and sets of typable terms.
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Computability < Definability

Twierdzenie

A partial function f : N —o— N is \-definable
if and only if it is partial computable.

Dowdd («): Zat. f : N —o— N jest czesciowo obliczalna.
We encode the appropriate Turing Machine, and then:

» If f(n) is defined then Fn reduces to f(n).
» Otherwise we have an infinite quasi-leftmost reduction:

Fn — WCOW —» [/\WWC1W]W% WC1W*>?
PwwCw]W — WCW — - --

Therefore Fn does not normalize.
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Undecidability

The following problem is undecidable:
» Given M, does M € SN hold?

Proof as before. To decide if ya(n) is defined,
ask if Hn is strongly normalizable.

But that requires a stronger result:
Every partial computable function is well-definable.

Our coding has this property (proof omitted).
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A fixed-point theorem

Theorem B
For every term F, there is a term X such that F(X) =5 X.

Proof
Take X = ZZ, where Z = \x. F(App x(Num x)). Then:
X =27 =5 F(AppZ (Num Z)) =5

F(AppZ Z) =5 F(ZZ) = F(X).

(Compare X = ZZ to Yf = (Ax. f(xx))(Ax. f(xx)).)
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Proof idea

Suppose A is decidable, nontrivial, and closed under =;.
We prove that there is no lambda-term F such that:

FM =30, for M € A and FM =45 1, for M & A.

(If such an F existed, the set A would be decidable.)
(But otherwise it is not enough.)

Take M; € A, M, ¢ A and define
G = Ax.if zero(Fx) then M, else M.
Let N =YG. Then G(N) =4 N.
If N € Athen N =5 G(N) =5 M, & A.
If N ¢ Athen N =4 G(N) =4 M, € A, contradiction.
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Proof of Rice's theorem

Suppose A is decidable, nontrivial, and closed under =.
Let F define the total characterictic function of A:

FM =30, for Mec A and FM =51, for M ¢ A.
Take M, € A, M, ¢ A and define
G = Ax.if zero(Fx) then M, else M.
Let N be such that G(N) =4 N.
If N e Athen N =5 G(N) =5 My & A.
If N ¢ Athen N =5 G(N) =3 M, € A, contradiction.

Réwnosé w rachunku lambda
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Adding equational axioms Bohm's Theorem

Example 1: Recall that 1 = Afx.fx. Add the axiom | = 1
to the equational theory of \-calculus. Let M, N be 3-normal combinators with M # 4, N.

Then MP = true and NP =; false, for some P.
Then, for every M, one proves:

M =1IM = 1M = Ax. Mx.

Moral: Any consistent lambda-theory must discriminate

Example 2: Now add the axiom K = S. between beta-eta normal forms.

Then, for every M, one proves:
M = SI(KM)I = KI(KM)I = I.

This extension is inconsistent.
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Bohm Trees (finite case) Bohm Trees: the difference

AXy. x

yx\ }X\ /\z.x%)(\y /\zv.x/ \y
N AN

z y z X v
M = Axy.x(A\z.xzy)y N = Axy.x(Azv.xzxv)y M = xy x(Az.xzy)y N = My x(Azv.xzxv)y
Trick: Applying M to Auv. (u,v) gives \y. (A\z.{z,y),y).
And components can be extracted from a pair.
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Discriminating terms Twierdzenie Bohma: szkic dowodu
M = Axy.x(Az.xzy)y N = Axy.x(Azv.xzxv)y

Applying M and N to P = Auv. (u, v), then to any Q yields: > Tuple creation operator

(A\z.(z,Q), Q) (Azv.(z, P)v, Q) To =M1 Xp. (X1, Xp) = AX1 . Xp AT XL X

Next appply both to true, I, false to obtain: » Substitution S = [x; := T}, ]i=1, ., is an m-substitution,
when p;, ..., p, > m, and all numbers p; are different.

?}Zé)? @ izvk(lz;f;)v » Terms M i N are m-discriminable, whenfor every

Q7 Pv; ;\uv?u v) m-substitution S there are combinators L with:

M[S]L —»gtrue  and  N[S]L — false.
Choose @ = Auvw. true and apply both sides to false, |, true:

true false.
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Twierdzenie Bohma: main lemma

If M i N are normal and M #g4, N,
then M i N are m-discriminable for almost every m.

Czyli:
for every m-substitution S, there are E s.t.

MI[S]L = true oraz N[S]L — false.
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Twierdzenie Bohma: gtéwny lemat

Jesli M i N sg w postaci normalnej oraz M #4, N,
to M i N sa m-rozréznialne dla prawie wszystkich m.

Dowéd:  Indukcja ze wzgledu na sume dtugosci terméw.
Mozna zatozyé, ze M = xP; ... Py i N = yQ; ... Q,. Wtedy:
M[S] = T,P1[S]...Pc[S] =5 Ad(P1[S], ..., Pk[S], un, .y Up—k)
N[S] = To@[S]...Qu[S] =5 AV(Qu[S], ... Qi[S). vi, ... vg—s)
Przypadki bazowe: x # y lub x = y ale k # (: ¢Ewiczenia.

Jeslix =y i k=1{, to P; #4, Q; dla pewnego .
Rzutujemy krotke na i-ta wspétrzedna i stosujemy indukcje.

O
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The Meaning of “Value" and “Undefined”

First idea: Value = Normal form.
Undefined = without normal form.

Can we identify all such terms?

No: for instance Ax.xKQ = Ax.xSQ implies K = S
(apply both to K).

Moral: A term without normal form can still behave
in a well-defined way. In a sense it has a "value".

Better idea: Value = Head normal form.
Undefined = without head normal form.
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The standard theory

We identify all unsolvable terms as “undefined”.
Which solvable terms may be now be consistently identified?

We cannot classify terms by their head normal forms.
Too many of them!

We can only observe their behaviour.
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Twierdzenie Bohma: gtéwny lemat

Jesli M i N sg w postaci normalnej oraz M #4, N,
to M i N sa m-rozréznialne dla prawie wszystkich m.

Dowéd:  Indukcja ze wzgledu na sume dtugosci terméw.
Mozna zatozy¢, ze M = xPy ... P i N = yQ; ... Q, bo:

» rozrézni€é Ax M i Ax N to to samo, co rozrézni¢ M i N;
» jak zabraknie lambdy, to zamiast M bierzemy Ax Mx.
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The standard theory
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Solvability (rozwigzalnosc)

A closed term is solvable iff MP =4 |, for some closed P.
If FV(M) = X then M is solvable iff AxX M is solvable.
Theorem

A term is solvable iff it has a head normal form.

Proof for closed terms:

(=) If MP =4 | then MP — 4 |. If MP head normalizes
then also M must head normalize.

(<)M =5 x1x...x,. xR ... Ry, then MP...P =41,
for P=Ay1...yml.
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Observational equivalence

Terms M, N with FV(M) U FV(N) = X, are observationally
equivalent (M = N) when, for all closed P:

P(AX.M) is solvable <= P(\x.N) is solvable

Put it differently: for any “context” C[ |:
C[M] is solvable <= C[N] is solvable

Note: If M =, N then M = N.
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Bohm Trees

BT(A\X.yPy...P,) M.y

BT(P)) BT(P) - . BT(P)

If M has a hnf N then BT (M) = BT(N).
If M is unsolvable then BT (M) = L.
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Example 2: M = Y (Amx. x(mx)(mx))

Let M = Y(Amx. x(mx)(mx)). Then M =5 Ax. x(Mx)(Mx).

BT(M)

/

X

\

X

j//\xx\ X
NS
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Example 3: J = Y(Afxy. x(fy))

The tree BT (J) consists of one infinite path:

AXyo. X A Yo Ay2. y1 Ays. y2
The tree BT(I) consists of a single node: Ax x

The first can be obtained from the second by means of
an infinite sequence of 7)-expansions:

AXX  pé=  AXYo.- XY g AXYo. X——AY1. Yo

1
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Logika kombinatoryczna
Combinatory Logic

159

Example 1: any fixed-point combinator Z

Since Zf = f(Zf) for a fresh variable f, it must be
the case that Z =4 A\f.f T, for some T. Therefore:

fT =5 Zf =5 f(Zf) = f(MFFT)F) =5 F(FT).

Hence fT =5 f(fT) =5 f(F(fT)) =5 F(F(F(FT)))---

The term Z unfolds into an “infinite term” Af.f(f(f(...

Its Bhm tree has one infinite branch:
Mo e
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Example 3: J = Y(Afxy. x(fy))

Write ® for Afxy. x(fy). Then:

J =Y =45 &J =5 Axyo. x(Jyo) =5 Axyo. x(PJyo)
=5 Axyo- X(Av1- yo(dy1)) =5 Axvo. x(Ayr yo(®Iy1)) =5 - ..

The tree BT (J) consists of one infinite path:

Axyo- X Ay1- Yo Ay2- 1 Ay3. ¥2
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When are terms observationally equivalent?

Bohm trees B i B’ are 1)-equivalent (B =, B'), if there are
two (possibly infinite) sequences of n-expansions:

B:Bo n< Bl n< 82 n< B3 pi
! ! ! / /
B' = By < By < By < By -

converging to the same (possibly infinite) tree.

Theorem (Wadsworth)

Terms M and N are observationally equivalent
if and only if BT (M) ~, BT(N).
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Combinatory Logic,
or the calculus of combinators

Terms:

» Variables;
» Constants K and S;

» Applications (FG).
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The “weak” reduction

» KFG —,, F;
> SFGH —,, FH(GH);

» If F—, G, then FH —, GH and HF —,, HG.

Notation —,,, =,, etc. used as usual.
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Examples of combinators

» B =S(KS)K

BFGH —,, KSF(KF)GH —,, S(KF)GH —,,
— KFH(GH) =, F(GH)

> C = S(BBS)(KK)
CFGH —»,, FHG

» B =CB
B'FGH —»,, G(FH)

Remark: Each of those can be added as a new constant.
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Fixed point combinators

Y = WS(BWB)

© = WI(B(SI)(WI))
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From CL to lambda

( X

(K)a = Axy.x;
(S)a = Axyz.xz(yz);
(

FG)an = (F)A(G)a.

Properties:

> If F —Fw G, then (F A 78 (G)/\
» If F =, G, then (F)/\ =8 ( )/\.
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Examples of combinators

> | = SKK
IF =, KF(KF) =, F

> Q=SIi(Sl)
Q =, I(S(I(SIN)) =,

> W = SS(KI)
WFG —,, SF(KIF)G —,, SFIG —,, FG(IG) —»,, FGG
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Examples of combinators
> 0=KI 0FG -, G
> 1= SB(KI) 1FG —,, FG
> 2 = SB(SB(KI)) 2FG —»,, F(FG)
164
Good and bad properties
» Church-Rosser;
» Standardization;
» Definability of computable functions;
» Undecidability.
166
From CL to lambda
If F = G, then (F)/\ =3 (G)/\
This is a “morphism” from CL/_ to A/_,.
Ale nie monomorfizm: (F)x =3 (G)a nie implikuje F =, G.
Na przyktad (KA =5 Axy.y =5 (S(K(KI)))a
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From CL to lambda

Twierdzenie (Jarostaw Tworek, 2010)

Istnieje efektywna redukcja ¢ : CL — A o wfasnosci:

F =, G, wtedyitylko wtedy, gdy ¢(F)=5¢(G).

Sens: Relacja =,, redukuje sie do relacji =5.
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Lemma 1: (A\*x.F)G —,, F[x := G]

Case 1: If x & FV(F) then
(Mx.F)G =KFG —,, F = F[x := G].

Case 2: If F = x then (\*x.F)G =1G —,, G = x[x := G].

Case 3: If F = F'F” then

(A*x.F)G = S(N*X.F)(A*x.F")G —,,
—w (Mx.F)G((A\*x.F")G) =, F'[x := G]F"[x := G].
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From lambda to CL

> (x)e=x;
> (MN)e = (M)c(N)c;
> ()\XM)C = )\*X(M)c

Good property: ((M)e)ar =5 M.

Proof: Induction with respect to M, using Lemma 2:
()\*X.F)/\ =B )\X. (F)/\

Moral: Translation from CL to lambda is “surjective”.
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Translation from CL to lambda is surjective

Corollary: Terms K and S form a basis of lambda-calculus:
every term (up to (3-equality) can be obtained from K, S,
and variables, by means of application.

Proof: M =5 ((M)c)a.
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From lambda to CL: combinatory abstraction

> \*x. F = KF, when x ¢ FV(F);
> \Nx.x =1,
> \'x. FG = S(A*x.F)(A\*x.G), otherwise.

Lemma 1: (\*x.F)G —,, F[x := G].

Lemma 2: (A\*x.F)x =5 Ax. (F)a.

Combinatory completeness

Lemma 1: (\*x.F)G —,, F[x := G].

Theorem (Combinatory completeness)
Given any x and F, there is H such that, for all G,

HG —,, Fx := G]

Translation from CL to lambda is surjective

» Ztozenie (( )c)a jest identycznoscia.

» Ztozenie (( )a)c nie jest identycznoscia. Na przyktad
((K)a)e = S(KK)I #,, K.

Bad property

» M =5 N does not imply (M)c =,, (N)c. For example:
(Ox.Klx)e =y S(K(KN)I 2, Kl = (Ax 1.

W rzeczy samej, bo Ax.Klx —5 Ax |, ale:

(AKX = S(x. (KD (Vxx) = S(K((K)e(e))l =
S(K(S(KK)INI =, S(K(KNI #4 KI = (Ax1)c.

Moral:

» This is not a morphism from A/_, to CL/_.
>  Weak" equality is stronger than beta-equality.
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The guilty one

The combinatory abstraction \* is not weakly extensional.
Rule (&) is not valid for \* and =, :

M=N
AxX.M = Ax.N, (©)

Indeed, A*x.Klx = S(K(KI))I %, KI = \x.I.

177
Open problem
Define a computable translation T from lambda to CL with:
M=sN =  T(M)=, T(N).
179
NCL - Axioms and rules
Axioms:
F=F KFG = F SFGH = FH(GH)
F=F (F=(F=G)=(F=0G)
Rules:
M=N M=N
MQ = NQ QM = QN
M=nN M=NN=Q
N=M M=Q
M, M=N M, M= N
N N
181
Modele
183

Extensional CL

» If G=, Hthen G =, H;
» If Gx =4« Hx and x € FV(G) UFV(H) then G = H;
» If G =. G' then GH =, G'H and HG =.,, HG'.

Properties:
> G =¢ H ifand only if (G)r =g, (H)a;
> M=z, N if and only if (M)ec =exe (N)c.
» ((G)A)e =ext G, forall G.

NCL - “Naive Combinatory Logic"

Terms: If F, G are terms then PFG is a term.
Write F = G for PFG.

Formulas:
— Every term F is a formula;
— Equations F = G are formulas.

Curry's Paradox

Take any term F and define N = Y(\*x. x = F).
Then N =N = F in NCL.

Using axiom N = N it follows that N = (N = F).
Thus N = F, using (N = (N = F)) = (N = F).
This proves N, because N = N = F.

Eventually, F follows by modus ponens.

Moral: System NCL is logically inconsistent.

Semantics

Goal: Interpret any term M as an element [M] of some
structure A, so that M =5 N implies [M] = [N].

More precisely, [M] may depend on a valuation:
v: Var — A.
Write [M],, for the value of M under v.
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Lambda-interpretation: A = (A,-,[])

Application - is a binary operation in A;
[1:Ax A% — A
Write [M], instead of [ J(M, v).

Postulates:

@) [xlv = v(x);

(b) [PQ], =[P]. - [Ql.:

(c) [Mx.P],-a=[Plipa), for any a € A;
(d) If vlpv(p) = ulpv(p), then [P], = [P]..
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Extensionality

Write a~ b when a-c = b-c, for all c.
Extensional interpretation: a ~ b implies a = b, for all a, b.

Weakly extensional interpretation:

[Ax.M], = [Ax.N], implies [Ax.M], = [Ax.N],, for all N, v.

Meaning: Abstraction makes sense algebraically.
(N.B. [xx.M], = [Ax.N], iff [M]yjxsa) = [N]vjxsa), all a.)
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“Trivial" examples

MA) = (A= [ 1),
where [M], = [M[X := v(X)]]z and [M]5 - [N]z = [MN]s

Similarly:

MAn) = (N =g, [ 1
MmN =N/, I
MO(Nn) = (A=, [ 1),

gdzie A° oznacza zbiér wszystkich kombinatoréw.
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Very Important Lemma

Lemma

In every lambda-model,  [M[x := N]], = [M],{xen.)-
Proof:  Induction wrt M. First assume that x & FV(N).
Krok indukcyjny dla abstrakcji M = Ay P:

[Oy P)lx = N - @ = Py Plx = N, - 2

= [Plx == Nlupysa) = [PLoiymsales Mg

= [Plpyatpemtvng = Dy-Pluogny,) - 2, for all a.
Therefore [(Ay P)[x := N[, = [(Ay-P)]vpxpng]-
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Dygresja

Jesli znamy [P], i [Q]., to znamy [PQ], = [P]. - [Q].-
Znaczenie aplikacji zaleZy tylko od znaczenia jej sktadowych.
To samo chcemy mie¢ dla abstrakcji.

Kiedy powinno zachodzi¢ ([Ax P], =[x Q],)?
Roéwnos¢ [P], = [Q]. to troche za mafo.
Warunek Vv ([P], = [Q].) to troche za duzo.
Nalezy wymagac [P,z = [Qlvix—a), dlaa € A.

Lambda-algebra and lambda-model

Lambda-algebra: a lambda-interpretation satisfying beta:
M =5 N implies [M], = [N],

Lambda-model: Weakly extensional lambda-interpretation:
[Mx.M], = [Ax.N], implies [Xx.M], = [Ax.N],

“Trivial" examples

Fact
Structures () and DM (A\n) are lambda-models.
Structures M°(\) and 9MO°(A\n) are lambda-algebras,
but not lambda-models.

It may happen that MP =4 NP for all closed P,
(i.e. [Ax. Mx] = [Ax. Nx]),

but Mx #5 Nx
(i.e. [Ax. Mx] # [Ax. Nx]).

(Gordon Plotkin)

Very Important Lemma

Lemma
In every lambda-model,  [M[x := N]], = [M],jxsn.)

Proof.

In case x € FV(N) take fresh z and let w = v[z — [N],].
[M[x := N]], = [M[x := z][z := N]], = [M[x = 2]]w =
IMlwixs 1) = IMLupes 1) = IMDvp v -
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Soundness

Proposition
Every lambda-model is a lambda-algebra:
M =5 N implies [M], = [N],

Proof.

Induction wrt M =5 N. Non-immediate cases are two:

(Beta)

[(x-P)QLy = [Pl - [Qly = [Plvx—te1 = [Plx = QI
(Xi) Let P =5 Q and let M = Ax.P, N = Ax.Q. Then

[M], - a=[Plux—a = [Qlvixma) = [N]y - a, for all a. O
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Modele Scotta

Semantyka w zbiorach czesciowo uporzadkowanych

195

Complete partial orders

Let (A, <) and (B, <) be cpos, and f : A — B.
Then f is monotone if a < & implies f(a) < f(a').

And f is continuous if sup f(C) = f(sup C)
for every nonempty directed C C A.

Fact: Every continuous function is monotone.

[A — B] is the set of all continuous functions from A to B
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Continuous functions

Lemma

A function f : A x B — C is continuous iff it is continuous
wrt both arguments, i.e. all functions of the form \a. f(a, b)
and \b. f(a, b) are continuous.
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Completeness

Theorem
The following are equivalent:

].) M =3 N,'
2) A= M = N, for every lambda-algebra A;
3) A= M =N, for every lambda-model A.
Proof.
1)=(2) Z defnicji lambda-algebry.

(1)=(
(2)=(3) Bo kazdy lambda-model jest lambda-algebra.
(3)=(1) Bo M(\) jest lambda-modelem. O

Complete partial orders

Let (A, <) be a partial order.

A subset B C A is directed (skierowany) when
for every a, b € B there is ¢ € B with a,b < c.

The set A is a complete partial order (cpo) when
every directed subset has a supremum.

It follows that every cpo has a least element | = sup &.

Complete partial orders

If (A, <) and (B, <) are cpos then:
» The product A x B is a cpo with
(a,b) < (a,b)iffa<ad and b<b.

» The function space [A — B] is a cpo with
f < giff Ya.f(a) < g(a).

Continuous functions

Lemma
The application App : [A — B] x A — B is continuous.

Proof hint: Use the previous lemma.
Lemma

The abstraction Abs : [(Ax B) — C] — [A— [B — C]],
given by Abs(F)(a)(b) = F(a, b), is continuous.
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Reflexive cpo

The cpo D is reflexive iff there are continuous functions

F:D—[D— D]and G:[D— D] — D,

with Fo G = id[D‘)D].

Then F must be onto and G is injective.

The following are equivalent conditions:

“"GoF =idp", "G onto”, "F injective”.

Reflexive cpo

Theorem
A reflexive cpo is a lambda-model.

Proof.
Nalezy udowodni¢ stabg ekstensjonalnos¢.
Zatézmy, ze [Ax.M], - a = [Ax.N], - a, dla kazdego a.
Inaczej, )}\a.ﬂM]IV[XHa] = /)‘\a'[[N]IV[)O—)a]'
Chcemy [Ax.M], = [Ax.N],. Ale:
DMl = G(Aa.[M]ypesa)
[\x.N], = G(/)\a-llN]lv[xHa])-

A reflexive cpo: Model P, = (P(N), C)

Notation P, = P(N).
Every set is a directed union of its finite subsets.

Lemma

A function f : P, — P,, is continuous iff
f(a) = U{f(e) | e finite and e C a},

forall a € P,,.

Moral: A continuous function is fully determined
by its values on finite arguments.

P, is reflexive

graph(f) ={(n,m) | m € f(en)};
fun(a)(x) ={m | 3n € N(e, C x A (n,m) € a)}.

Lemma: Functions graph and fun are continuous, and
fun o graph = idp, p,).

Proof: fun(graph(f))(x) =

={m | 3neN(e, C xA(n,m) e graph(f))}

={m|3IneN(e, CxAmef(e))}

=U{f(en) | & C x} = f(x).
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Reflexive cpo

F:D—[D—D], G:[D-D]—D, FoG=id.

Define application as a- b = F(a)(b) so that G(f) - b = f(b).

Define interpretation as

> [x]. = v(x);
> [PQ]. =[P]. - [Q].:
| 2 |I)\XAP]|V = G(»\JIIP]]\/[)O >a])-

Fact: This is a (well-defined) lambda interpretation.
(Use continuity of App and Abs.)

Reflexive cpo

The cpo D is reflexive iff there are continuous functions
F:D—[D—D]and G:[D— D] = D,
with Fo G = id[DaD]-

Theorem
A reflexive cpo is a lambda-model.

Ale jak takie zrobi¢?

Encodings in P,

Pairs:

(n+m)(n+m+1)

(m1 n) = 2

Finite sets: ¢y = &, and

en = {ko, ki, ..., k—1}, forn= 22"’.

i<r

Przyktady w P,, (¢wiczenie)

» [I] = graph(id) = {(n,m) | m € e, };
> [K] = {(m,(k0) | L€ en}i
» [w] ={(x,m) | In(e, Ce.A(n,m)€e)};

> [Q =2 =1
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P, is not a model of n-conversion

graph(f) ={(n,m) | m € f(e.)}:
fun(a)(x) ={m | 3n € N(e, € x A (n,m) € a)}.

Every nonempty graph(f) is infinite:
If (n, m) € graph(f) then also (k. m) € graph(f), for e, C e.
(Thus graph o fun # idp,.)

Fact: P, is not a model of 7-conversion: P,, [~ x = \y.xy.
In particular, P, is not extensional.

Proof: Let v(x) = a, where a # & is finite.
Then [x], = a'is finite. But [Ay.xy], = graph(...) is infinite.
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Trzy wtasnosci modeli denotacyjnych

» Poprawno$c¢: Jesli M =4 N, to [M] = [N].
» Adekwatnosé: Jesli [M] = [N], to M = N.

> Pefna abstrakcyjnosé: Jesli M = N, to [M] = [N].

Uwaga: Adekwatnosé to ,staba petnos¢”,
a petna abstrakcyjnosc to ,silna poprawnos¢’.
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Towards a fully abstract model

A projection of B onto A is a pair of continuous functions
p:A—=B and ¢:B—= A,
such that

Yop=idy and ot <idg.
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Raising a projection

Let (¢, 1)) be a projection of B onto A.
Then (¢*,1*) is a projection of [B — B] onto [A — A[:

e (f)=pofory and 4*(g)=vogoyp,

A“’IAS‘ A—* -B
|
| |
f ! ! g
| |
| |
| Y
A~—Pp—B A~—Pp—B

215

Theory of P,

Theorem (Hyland)
PLEM=N < BT(M)=BT(N)
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Trzy wtasnosci modeli denotacyjnych

» Poprawno$c¢: Jesli M =4 N, to [M] = [N].
» Adekwatnosé: Jesli [M] = [N], to M = N.

> Petna abstrakcyjnosé: Jesli M = N, to [M] = [N].

Uwaga: Model P, jest poprawny i adekwatny,
ale nie jest w petni abstrakcyjny.
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Example

Let D be any cpo. For example D = { L, T}. Functions
wo:D—=[D—D] i p:[D— D]— D,
given by
pold)(@) = d, oraz  wolf) = F(L)

make a projection of [D — D] onto D.
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Towards D,

Take any fixed Dy, for instance Dy = { L, T}.
Define by induction D,1 = [D, — D,].

Define projections (¢, 1,) of D,.1 onto D, by induction:

*

(Ons1, V1) = (5, ¥5)-
Two-way transmission:
Dy 2% Dy 25 D, B4

P2

P P
Dy <% Dy ¢~ Dy <2 ...
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Ku pamieci Cwiczenie

wo(a) = Ax.a Yo(f) = f(L)

Pn+1(f) = pno foiy Pn+1(8) = ¥nog o @ Jak wygladaja Do, Dy, Da?

e1(f)(g) = Ax.fg(L))  ¢a(F)(a) = F(Ax.a)(1)
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Scott's D Scott's D

For n < m define projections (©nm, ¥nm) of D onto D,,:

Thread (ni¢): ciag (xn)nen, gdzie x, € D, oraz x, = {n(Xp41). ) ) ) )
Onm = Pm-10"0Pp,  Upm=1pp 00 Wn 1.

X()(in(inﬁ"'
Define projections (©pec, ¥nso) of Du onto D,:

Denote the set of all threads by D.,. Ordering: ). dy i
. Yin(x), gdy i < n;
xsy it ¥n€ NG < y). (Pre())i =4 % gyi=nm  uely) =y
oni(x), gdy i>n.
Fact: The set D, is a cpo.

Convention:
Proof: For directed X C D, take X, = {x, | x € X}.

Then (sup X,,), is a thread and (sup X,,), = sup X. Dy C Dy C D, C -+ C Dy,
Element x € D, identified with an almost constant thread.
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Application Some properties

v

Every thread is mononotone: xp < x; < x < ...
and x = sup x,,.
x -y = sup{Xu1(yn) | n € N}

v

The bottom is unique: Lp, = 1p, = Lp_.

Fact: Application is a continuous function.
» If x € Dyyq then x -y = x(y,).

Proof: One shows continuity wrt both arguments. If also y € D, then x -y = x(y).
N.B. The sequence x,1(y,) does not have to form a thread. > Ify € D, then (x - y)n = xnsa(y).
But it is monotone: x,(y»-1) < Xp11(yn), and has a supremum.

> Always (x - L)y = xo.

Proofs happily omitted.
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Extensionality Scott's D, model
Theorem
Lemma The cpo D, is reflexive.
Ifx-z=y-z forall z, then x = y.
Proof.
Proof. Define F : Dy, — [Doo — Do by F(x)(y) = x - y.
One shows that We know that F is continuous and injective.
if Yz€ Dy(x-z<y-z) then x,<y,, foralln. Take any f € [D., — D.].
Begin with xo = (x - L)o < (¥ - L)o = yo- Define (") : D, — D, by f("(y) = f(y),, for y € D,.
Then x,41(2) = (X 2)a < (¥ - 2)n = Yn11(2), for z€ D,. [ The sequence (") is monotone. Define G(f) = sup, f(").
Then F(G(f)) = f. Details omitted. O
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Scott's Dy, model

Corollary

The cpo D, is an extensional lambda-model.
It is isomorphic to [D., — D]

Przyktad: Co to jest [Ax x]?
To taki element e, ze a=e-adlaac D.
W szczegdlnosci dla a € D, jest a = a, = (e - a), = e,11(a).

No to e,,1 = idp,, czyli e = (L, id,id, ...
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Wieloznacznosé w Do,
Funkcje ciagte
F:Dy —[Dew—Dsx] i G:[Dx— Ds]— Do
s3 wzajemnie odwrotnymi izomorfizmami.
To znaczy, ze kazdy element a € D, mozna utozsamiac
z funkeja ciagty F(a) € [D — Do), a nawet z funkcja
FoF(a)o G € [[Dsx — D] — [Ds — D]
Aplikacja a - b to to samo co F(a)(b) i mozna pisa¢ a(b).
| to samo co (F o F(a)o G)(F(b)) = F(F(a)(G(F(b))) =
F(F(a)(b)) = F(a- b).
227
Scislej:
Twierdzenie (Hyland, Wadsworth)
Nastepujace warunki s3 réwnowazne:
1. Termy M i N s3 obserwacyjnie rownowazne.
2. BT(M) ~, BT(N).
3. Do =M= N.
Implikacja (1) = (2) to w istocie twierdzenie Bohma.
Naszkicujemy (3) = (1) (adekwatnosc) i (2) = (3).
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Twierdzenie o aproksymacji

M1, = sup{[A], | A € A(M)}.

Intuicje (czyli machanie rekami):

Znaczenie [M], to ni¢ x € Dy, czyli w istocie ciag
funkcji xp+1 : Dy — D, opisujacych zachowanie [M],
na skonczonym zbiorze D, elementéw rzedu n.

To zachowanie jest zdeterminowane przez skonczony
fragment poczatkowy drzewa Béhma BT (M).
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Przyktad

Kombinator Y jest interpretowany jako operator najmniejszego
punktu statego, tj.:

[Y] - a jest najmniejszym elementem b o wiasnosci a - b = b.

Scott's D, model

Twierdzenie (Hyland, Wadsworth)

The model D, is “adequate” and “fully abstract’:
Terms M i N are observationally equivalent iff D, =M = N.

Definicje

Niech B, B’ beda drzewami Bohma. Napis B C B’ oznacza,
ze B’ powstaje z B przez wstawienie jakich$ poddrzew
w miejsca, w ktérych w B wystepuje | .

Aproksymant to skoriczone drzewo Béhma (term w postaci
normalnej), w ktérym moze wystepowac stata ).

Przyjmujemy, ze [L] = Lp.

Zbiér aproksymantow drzewa/termu:
A(T) ={A | A jest aproksymantem oraz AC T}
A(M) = A(BT(M)).

Tw. o aproksymacji: [M], = sup{[A], | A € A(M)}.

Whiosek: Term M jest rozwigzalny wtedy i tylko wtedy,
gdy [M], # L, dla pewnego p.

Dowdd: (=) Jesli M =4 Axq .. .x,,.yl\7, gdzie y wolne,
to [M], # L, dla p(y) = Na.d, gdzie d # L.

Jesli M =5 Mxq .. Xp. xiN, to [M], # L, dla kazdego p.
Nalezy uzy¢ N\a.d jako i-tego argumentu dla [M],.
(<) Wtedy z tw. o aproksymacji istnieje nietrywialny
aproksymant, czyli jest czotowa postaé normalna.
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Adekwatnosé

Twierdzenie:

Jesli Do = M = N, to M = N.

Dowod: Jesli [M], = [N], to takze [C[M]], = [C[N]],.

Jesli jedno jest rézne od L, to i drugie. Zatem jesli jedno
rozwigzalne to i drugie.
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Typy
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Subtyping in a model

cNtCo cNtCrT cCoNo
ocCw wCw=w
(c=7m)N(c=p)Co=1Np

If o C ¢’ and 7 C 7’ then

cnNntCo' Nt od=17Co=171
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Intersection types (formal system)

Types:

» The constant w is a type.

» Type variables p,q,--- € TV are types. *)
» If o and 7 are types then (0 — 7) is a type. *
» If o and 7 are types then (o N 7) is a type.

Klauzule (*) definiuja typy proste.
Assumption:
Intersection is commutative, associative and idempotent.
Convention: Arrow is “right-associative”, that is,
7 — (00— p) is written T — o — p.
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Petna abstrakcyjnosé

Twierdzenie: Jesli M = N, to [M] = [N]

Szkic dowodu: Skoro M = N, to BT (M) =,, BT(N).
(To juz wiemy.)

Te drzewa s3 rézne ale ich aproksymanty s3 z grubsza
takie same (z doktadnoscia do 7-konwers;ji).

Zatem [M] = [N] wynika z twierdzenia o aproksymacji.
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Typy: motywacja semantyczna

Typ = podzbiér modelu (wtasnosé jego elementéw)

» Trivial property — the whole domain D, denoted by w;
» Intersection o N 7 of properties o and T;

» Function space:
c=>17={acD|VbeDbeco—a-ber)}
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Formal type assignment

A type assignment system derives judgements of the form
r=m:r,

where M is a M\-term, T is a type,
and I is a set of type declarations for free variables.

238

Subtyping (BCD)

Define < as the least quasi-order satisfying the axioms:
cnNt <o ocNt<T oc<oNo
oc<w w<w—=w
(c=7m)N(c—=p)<o—1Np

and closed under the rules:

oc<do <7 oc<do <7

=

cnt<o Nt o —s17<o0—=1
Przykfad: pn(a— b)N(c—d)<ancnp— b.

Napis ¢ = 7 oznacza 0 < 7 < 0.
Takie typy czasem sie utozsamia.
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Environments

An environment (also called “context” or “base” or...)
is a finite partial function I : Var — Type, identified
with the set of pairs x : ['(x), for x € Dom(I).

Assume [(x) = w, for x ¢ Dom(l).

Write ['(x : 7) for the environment " such that
"(x) = 7 and otherwise ["(y) = '(y).
Write ['; &I, for the environment [ such that

I"(x) = T1(x) N Ta(x).

Przyktad: T ={(x:7),(y: o)}, Ta={(x:p),(z:7)}.
Witedy I (x : 0)&To ={(x: 0 Ap),(y:0),(z:7)}.
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Example
Mx:o)FM:7 rNE-M:o—7 THEN:o
————— (Abs) (App)
FrEMXM:o—T F=MN: T
ZIT,X:T,y:0oFXx:T
Z:T,X:THEAyx:0—>T
zZ:TEMXYy.X:T =0T z:Thkz:T
z:tH(MAxy.xX)z:0 =T
243

Example

rEM:mn TEM:n FrEM:mnNmn

all ——F— (NE
r}*MZTlmTQ ( ) FFM:T,- ( )

x:pN(p—=q)kFx:pN(p—q) x:pN(p—=q)kx:pn(p—q)

x:pN(p—=q)kEx:p x:pN(p—=qg)bx:p—gq

x:pN(p—=q)kFxx:q

FXx.xx:pN(p—q)—q
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Example

r=M:o [o<7]
rEM:r

Let T={y:(pNng—r)—r, x:p—rns}.

Fcy:(png—r)—r lEx:p—rns
Fr-y:(p—=r)—r M-x:p—=r
Fyx:r
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Intersection type assignment (BCD)

M(x:0)Fx:0o (Var) Nr=M:w (w)
Mx:o)FM:7 rMN-M:c—=7 I-N:o
————— (Aby) (App)
FTEXXM:0c—T1 F'EMN:T

r’-M:mn TEM:n FrEM:mnNmn
(@l ——FFF (NE)
FrEM:mNn r=M:mn
rN-M:o [o<7]
—_— (%)
r=m:r
BCD = Barendregt, Coppo, Dezani
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Example
My:o)F-M:7 r’=M:0—7 ITEN:o
———— (Abs) (App)
Fr=AyM:o—r71 ' MN: 71
xX:T,y:okx:T
X:T,y:TEAyx:0—=T
YiTEAXY.X:T—=0—T yiThky:T
y:tE(\xy.x)y:oc—=7
Explanation: {(x: 7,y : 7)}(y:0) ={(x: 7,y :0)}
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Example
Aksjomat: r-=m:w
x:pFK:ip—w—p x:pkEx:p
x:pFKx:w—p x:pFQ:w
x:pEKxQ:p
246
Example
FK:(p—>g—=p)—=r—op—qg—op FK:p—=qg—p
FKK:r—=p—>qg—p
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Examples

> El:itNs—t;

> Hl:t—t

> E2:(t—=s)N(s—r)—=(t—r);

> E2:(tot)>t—t

> FK:t—s—t;
>ES:(tws—=r)=(t"—=s)={t'Nt")—n

> ES:(t—=s—=r)=(t—s)>t—r.
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Generation (Inversion) Lemma

> If T x:0thenT(x) <o.
> If THMN:othenT-M:7—o0and THN:T.

> If T Ax.M: o theno =(,(0; — 7).
(If 0 # w then 7 # w.)

> If TEMM:o— 7 then T(x:0)F M:T.

Proof: Induction wrt the number of nodes in the type
derivation. By cases depending on the last rule used.
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Przypadek abstrakgji?

> If T M.M: o +#w theno = (0, = 7).
(If 0 #w then 1, #w.)

> If TEMM:o—7then T(x:0)FM:7.
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Subject Reduction

Theorem: IfT =M : 7 and M —g, N then T = N : 7.
Proof: Induction wrt definition of —5,. Main cases:

M = (Ax.P)Q —4 P[x := Q] = N.

By inversion T Ax.P:o —7and [+ Q : 0.
Then I, x:0t P:7,whence ' - P[x:=Q]: 7

M = Ax.Nx —, N.

Then 7 = (;(0; = 7;) and T, x : 0y = Nx = 75, all 7.
It follows that ', x : o; = N : (; — 77 with o; < (.
But x € FV(N),so I = N:(,(¢ — 7)) <.
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“Beta-soundness”

Lemma
Jesli 0 — 17 #w oraz (N, p; N Niglor—=m)<o—7
to{i|o<oj}#Soraz (,., 7 <T.

o<o; "I —

Proof.
Indukcja ze wzgledu na definicje <. O
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Przypadek aplikacji
> [fl=MN:othenT-M:7—o0andl=N:T.
Proof: Induction wrt type derivation.
Example induction step: Last rule used is (NlI).
We have 0 =0, Noyand = MN : oy, and T = MN : o5,
with smaller derivations. Apply the induction hypothesis:
Fr-M:m — oy, FrEN:m
F'=M:m — oy, F=N:m.
Then THEM: (= o1)N(m2—02)and THN: 7N
But (1 = 01) N (2= 02) < (MmN —01) N (N7 — 02)
<7 N7 —01Noy, whence THM:7 N7 — 01N oy.
252
Correctness of substitution
Lemma
IfT(x:0)FM:7andT = N:o, thenT - M[x := N]: 7.
Proof.
Induction wrt M. For example, if M =\ y P and 7=y — p
then M(x : o)(y : u) = P : p by the inversion lemma.
By the induction hypothesis '(y : i) - P[x := N] : p,
whence ' = Ay P[x := N : u — p. O
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Subject Conversion, czyli na odwrét tez

Lemma: Let T+ M[x := N]: 7. Then there is o with
T'EN:o and T(x:o)bFM:T.

Proof: Induction wrt M. In case M = y # x take 0 = w.
Wtedy '+ N : w za darmo, oraz M(x : w) Fy : 7.

Jesli M = x, to x[x := N] = N i jako o bierzemy 7.
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Lemma: Let T+ M[x:= N]: 7. Then there is o with
M=N:o and T(x:0)FM:7.

Proof: Induction wrt M. W przypadku M = M, M,,

z lematu o generowaniu istnieje takie p, ze:

M=Mlx:=Nl:p—71 oraz T[F Mx:=N]:p.

Z zat. ind. mamy takie o1, 07, ze:

FEN: oy,
rFNZUQ,

Mx:o) M :p—r,
M(x:02) M, :p.

Mozna wiec przyja¢ o = o1 N oy
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Subject Conversion

Theorem: If M —4 N then in system BCD:
r=m:r iff r=N:r.

Dowod: Najwazniejszy przypadek wynika z poprzedniego
lematu: jesli ' = M[x := N] : 7, to istnieje takie o, ze
I'EN:oorazl(x:o)bF M:7. Wtedy = (Ax M)N : 7.

N.B. That won't work for eta: x: p¥ A\y.xy : p
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Semantics of type assignment

Write D, v, & |= M : 0 when [M], € [o]..
Write D, v, ¢ =T when v(x) € [[(x)]¢, for all x € Dom(I).
Write [ = M : o when, for all D, v, ¢,

D,v.{ =T implies D,v,é =M : o,

Theorem (Soundness)
IfTHEM:0 then TEM:o.

Proof: Easy induction wrt type derivation.
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Application: F1 - F, = {7 |0 — 7 € F, for some o € F,}

Lemma: If F; and F, are filters then F, - F, is a filter.

Proof: (1) Not empty, because w < w — w, and w € Fy, F7.

(2) Let 7,70 € Fy - Fy. There are 01— T1,00 > T € F
and 01,00 € F>. Then oy Moy € F, and

(o1 = m)N(oa =) <o1Nor > 711 N1 E F.
Hence N € Fi - F.
(3)Ifo—7€FandT <7 theno — 7 € F.
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Lemma: Let '+ M[x := N]: 7. Then there is o with
Fr'EN:o and T(x:0)FM:7.

Proof: Induction wrt M. Niech M = \y P.

Z lematu o generowaniu: 7 = [, (a; — ),
gdzie [(y :a;) F Plx == N]: g;, dlaie [

Saoi,zel(y:a)FN:ojorazlT(y:a;)(x:0)F P:f;.

Niech o = (;c, 0i. Wtedy ['(y : ai)(x : 0) = P : 3;,
skad ['(x : o) = Ay P : a; — f3; i dobrze.

No zaraz, ale dlaczego T+ N : 07

Interpreting types in a model

Type valuation & : TV — P(D) assigns sets to type variables.

Interpretation of types:

> [ple = &(p), for type variable p;
> [w]e =D;

> [on7le =[olenlr]s

> [o = 7le = [o]e = []e.

Easy lemma: If o < 7, then [o]¢ C [7]e.

Filter model

Definition: A set F of types is a filter when:
» F is not empty;
> Ifo,7€ FthenonNrteF,

» IfocFando <7thenteF.

Example: filtr gtowny (principal filter)
ot={r|o <7}

Model z filtréw: znaczenie termu

Idea: Znaczenie termu, to zbiér wszystkich typéw tego termu.
Ale term ma zmienne wolne.
Jego znaczenie zalezy od wartosciowania.

Otoczenie I: zmienne obiektowe — typy
Wartosciowanie v: zmienne obiektowe — filtry
An environment [ is consistent with object valuation v when

(x) € v(x), for all x € Dom(T).

Interpretation:
[M], ={o | T+ M : o, for some I' consistent with v}.
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Filter model Model z filtréw: znaczenie typu

Fi-Fo={7|0c— 7€ F forsome o € F,}.
[M], ={o | T+ M: o, for some I' consistent with v}.
Lemma: Let £(p) = {F | F filter, and p € F}. Then for all 7

Lemma: The filter model F is a lambda-model: [7]c = {F | F filter, and 7 € F}.

@) [xlv = v(x);

(b) [PQ]. =[P, - [Q].: Inaczej: 7€ F & F € [r]..
(c) [Mx.Ply - F =[Pl forany F € F;

(d) Ifv|pvpy = ulpv(p), then [P], = [P].. Dowéd opuszczamy

(e) If[Ax.M], = [Ax.N], then [Ax.M], = [Ax.N],.

Dowéd opuszczamy.
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Completeness of type assignment Jeszcze dwa twierdzenia

Theorem: If TEM:o then THM:o.
Proof: Let &(p) = {F | p € F} and v(x) = I(x)1.
Then I'(x) € v(x), thus v(x) € [I(x)]e.

Thatis, F, v, =T, whence F.v.{ =M :o.
Therefore [M], € [o]¢, i.e., o € [M].,.

There is [, consistent with v, such that ' M : o.

Twierdzenie: Term zamkniety ma ma typ 7 w BCD wtedy
/ o /
We have I"(x) € v(x) =T (x)1, whence [(x) < I"(x). i tylko wtedy, gdy jaki$ jego aproksymant ma typ 7.
It follows that ' M : o.

Twierdzenie:
Nastepujace warunki sa réwnowazne (dla systemu BCD):

» BT(M) = BT(N);

> Termy M i N maja te same typy w kazdym otoczeniu.
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Intersection types without omega Intersection types without subtyping

l(x:0)F x:0 (Var)
I(x:0)Fx:0 (Var)

Mx:o)F-M:7 Ab Fr’EkM:o—71 TEN:o A
rF/\XM:a%T( ) T MN: T (App) Mx:o)FM:T (Abs) r’M:0—-7 TEN:0o (App)
- S pp
FrEXxM:o—7 Fr=MN: 7
r’M:mn TEM:n FrEM:mnNmn
(@l —— (NE)
FrEM:nnn FEM:m r=Mm:mn H—M:Tz(l FrEM:mnNmn £)

n —— (N
rFMIO’ [0_<7_] r}_MZTlﬂTQ rFM:T,'
- = (<

r=M:r (<)
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With or without subtyping No omega and no subtyping
Generation (Inversion) Lemma:
Theorem
A type judgment is derivable in the system with rule (<) > If TEx:othenT(x)=onT.

if and only if it is derivable in the system with rule > If T+ MN : o then o — [, o;, where

()FFMZU, Mo N Fr=M:N(ri—oi)and THN:),7.
n
r-nN:o >/fr}_)\X.M:UthenU:ﬂi(O','ﬁT,‘),
where [(x:o;)F M: 7.
Example: x: (a = B8)N(a—=7) F Ay.xy:a— (BN7). Lemma:

fl,x:obM:7and T+ N:o, then T F M[x:=N]: 7.
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Subject Reduction (bez w i <)

Theorem: If T+ M:7 and M —5 N thenT = N : 7.
Remark: No more subject conversion, e.g., KIQ — I.

Remark: No more subject reduction for 7, e.g.,
xi(a=pB)N(a—=7) F Ay.xy:a—(6N7)
x:(a=B)N(a—7v) ¥ x:a—(BN7y)
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Strong normalization: Tait's proof method
Definition: Stable (computable,reducible. .. ) terms:
> [p] :=SN;
> [r— o] :={M|VYN(N € [r] = MN € [o])};
» [rno]:=[r]n[o].
Lemma: If 7 < o, then [7] C [o].
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Lemma: Let M[x:=Ng]N; ... N, € SN and Ny € SN.
Then also (Ax.M)NoN; ... Ny € SN. (To juz byto.)
Lemma: Let M[x:= No]N; ... N, € [r] oraz Ny € SN.
Then also (Ax.M)NoN; ... Ny € [7].
Proof: Induction wrt 7. Base case above.
For 7 = o N p apply induction. Let 7 = o — p.
Let M[x := No]Ny ... N € [o — p] and P € [o].
We want (Ax.M)NoN; ... NeP € [p].
Then M[x := No]N; ... NkP € [p].
Apply induction to p with Ny, = P.
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Strong Normalization

Theorem: If T+ M : 7 then M € SN.

Proof: Let FV(M) = X. Variables are stable, so we have
M = M[x :=x] € [r] € SN.
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Silna normalizacja

Termy typowalne nie maja nieskonczonych redukgji

Lemma:

1) [7] € SN;
2) If Ny,... Ny € SN then xNy ... Ny € [7].

In particular, variables are stable for every type.

Proof: Induction wrt 7. If 7 = p then (1) is immediate.
Also (2), because xN; ... N, € SN.

For 7 = o N p apply induction. Let 7 =0 — p.

(1) Take M € [o — p]. By the ind. hyp. (2), we
have x € [o], so that Mx € [p]. Thus Mx € SN, by the
ind. hyp. (1). Hence M € SN.

(2) We want xN; ... NP € [p], whenever P € [o].
But P € SN by the ind. hyp. (1), and we can apply
ind. hyp. (2) to p.

Lemma: Let T = M : 7 and N; € [T(x)], for i < n.

Then M[xg:= Ny, ..., x,:=N,] € [7].

Proof: Induction wrt derivation of ' M : 7.

Example case: TH Ay P: o — p, because [(y : o) F P : p.
We want (\y P)[< := N] € [o — p]. Let Q € [o].

By ind. hyp., P[< == N[y := Q] = PI% = N.y == Q] € [/,
so (\y.P[x := N])Q € [¢], by the previous lemma.

That's what we need.

(Uwaga: y & FV(N).)

Dygresja: sens moralny numeracji godlowskiej

Natural number — prototype of finite object.
Peano Arithmetic — prototype of finitary reasoning.

Godel's Incompleteness Theorem: There are arithmetical
statements unprovable in Peano Arithmetic.
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Strong Normalization

For every typable lambda-term M,
every reduction sequence of M is finite.

Using Kénig's Lemma:

For every typable lambda-term M, there exists k such that
every reduction sequence of M terminates in at most k steps.

Arithmetization:

For every number n of a type derivation for a lambda-term M
there exists m such that every number of a finite reduction
sequence of M is less than m.
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Typability
Definition
A term M is typable iff [ = M : 7, for some I and 7.
Question: Which exactly terms are typable?
Lemma
Every normal form is typable in intersection types.
Proof: Cwiczenie.
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Beta-expansion without w.
Lemma: LetTH M[x:=N]:7andT = N:p.
There exists o such that T =N : o andl.x: 0 M: T,
Proof: Induction wrt M.
Corollary
T EMx:=N]:7andT - N:pthenT b (AxM)N : 7.
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Proof continued

Case 2: M = xNy ... N,

Since 6(N;) < §(M) and |N;| < [M],
we have I; = N; : 7;, by induction.

Then 1 & - &T & {x:m7 — -7k > p} - M:p.
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Arithmetization of Tait's proof?

Bad News: The definition of stability is by induction:
> [p] =SN;
» [r = o] ={M|VN(N € [r] = MN < [o])};
» [rno] =[r1nle]
Formalizing this definition requires quantification over sets.

(Definiujemy relacje ,M € [7]" jako najmniejsza relacje
o wiasnosciach jw.)

Therefore Tait's proof is not arithmetical.

Good News: There are other proofs which are arithmetical
(for the system of intersection types).

SN = typability

Theorem (Garrel Pottinger)

A term is typable in intersection types (without w, <)
if and only if it is strongly normalizing.

SN = typability

Dowdod (Betti Venneri):

Dla M € SN, niech §(M) oznacza maksymalna dtugos¢
redukcji termu M do postaci normalnej
i niech |M| bedzie dtugoscia termu M.

Dowodzimy, ze M typowalny przez indukcje
ze wzgledu na dwa parametry (0(M), |M]).

For §(M) = 0 we use the lemma on normal forms.
Let (M) =n> 0.

Case 1: M = Ax.N. Poniewaz 6(N) < §(M) oraz |[N| < |M]|,
wiec N typowalny, zatem M tez.

Proof continued

Case 3: M = (Ax.P)QN;y... Ny = P[x:= Q|Ny... Ny =M.
Then Q € SN and §(Q) < §(M), so Q is typable in some T';.
Also M’ typable in some I';, so we have

MEPx:=Ql :pr—-—px—7and T N;:p;, all i,
Therefore:

M&MHLEPx=Ql:pp——pr—7and 1 &ML EQ:p.
By the “beta-expansion” lemma:

M&MHEMXP)Q:pr—-—pr— T,

whence [ &, = M : 7.
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Z nieréwnoscia i z omega Strong Normalization < Typability

Typability problem:
Given M, are there ', 7 such that [ = M : 77

Twierdzenie:  Term zamknigty M jest: Moral: Typability in intersection types is undecidable.
1. SN wtedy i tylko wtedy, gdy ma typ w systemie bez w;
2. normalizowalny wtedy i tylko wtedy, ma w systemie BCD Type-checking problem:

typ nie zawierajacy w; Given I, M, 7, does I = M : 7 hold?
3. rozwiazalny wtedy i tylko wtedy, gdy ma w systemie BCD

; Corollary:
typ rézny od w. y

Type-checking in intersection types is undecidable.

Proof: Reduction typability < type-checking.

Let FV(M) = X. To find out if M typable, ask if
x: pk Kx(AX.M) : p.
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A dual decision problem

Typy proste

Inhabitation problem:
Given I', 7, is there M such that T =M : 77

Fact: Inhabitation in intersection types is undecidable.
(Proof postponed)
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Simple types (Curry style) Simple type assignment

I(x:0)Fx:0 (Var)
Types:
» Zmienne i/lub state typowe, np. jedna stata 0.
» If o and T are types then (0 — 7) is a type. Mx:o)FM:7 (Abs)
Fr=AxM:o—r71

Konwencja:

» Zamiast (7 — (0 — p)) piszemy T — o — p. FeM Sy
L0 —T e

(App)

Kazdy typ ma postaé 7 — -+ — 7, — atom. F=MN:T

Note: This is a syntax-oriented system.
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Generation (Inversion) Lemma Subject Reduction

> If TFx:o thenT(x)=o.

> If TEMN:othenTHFM:7—oand THN:7T.
Theorem: If THM:7 and M —4, N then T = N : 7.
> If TEXMx.M:otheno=p—71and T(x:p)-M:7.

Proof: Easy induction or appeal to intersection types.
Proof: Can't be simpler.

Note: In a derivation of T = M : 7,
every subterm of M is assigned a unique type.
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Church vs. Curry

Curry style (type-assignment systems):

» Ordinary untyped lambda-terms.

» Types are derivable properties of terms.
» System of type assignment rules.

» A term may have many types or none.

» Typability not obvious.
Church style (typed systems):

» New syntax, built-in types.
» Every term has exactly one type.
» No “untypable” terms.
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Non-orthodox Church

Type-assignment with type annotations on bound variables.
M(x:0)Fx:0 (Var)

Mx:o)F-M:T
————— (Abs)
EAxioM:o—T
r'M:c—-7 TEN:o

r'=MN: 71

(App)

Fact: f TEFM:7and THM:othen T =0.
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Properties of type erasure

(Church is blue, Curry is green.)

LIfTEM:7thenl = [M| : 7.

2. If T = M : 7 then there exists M
such that [M| =M and '+ M : 7.

3. If M —4 N then [M| —4 |N|.

4. If M| —5 N then there exists N
such that [N| = N and M —5 N.

Proof: easy induction.

Whiosek: If M = |M]| then M € SN iff M € SN.
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Hindley-Milner

(Robinson)
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Church style syntax (orthodox)

Assume infinite sets V, of variables of each type 7.

Define sets T, of terms of type 7:

» A variable of type 7 is a term of type T;
> If Me T,,.and N € T, then (MN) € T ;

> If Me T, and x € V, then (AxM) € T,_,,.

Write M? for M € T, and define beta-reduction by
(A7 MT)N? = M[x? := N] € T..
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Relating systems

Orthodox Church terms are morally the same as:

» Non-orthodox terms in a fixed infinite environment.
» Curry-style type derivations.

Wycieranie typow:

Erasing types from (non-orthodox) Church terms:
> x| =x;
> |[MN|=|M||NJ;
> | A\x:o. M| = Ax|M]|.
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Informal type annotations

Well-typed Curry style terms can be informally
annotated by types, e.g. ((Ax“.N7)777P7)7.
Such annotations represent type derivations
and can be identified with Church-style terms.

In many cases it does not matter if we consider
Curry style or Church style, orthodox or not.
We always choose what is most convenient.

Warning: Sometimes one has to be careful. For instance,
Church-Rosser in Church style is not immediate.
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Unification (first order)

Assume a fixed signature of function symbols and constants.
At least one symbol is more than unary.

Substitution — a function from variables to terms which is
identity almost everywhere. Extended to terms:
S(fty...ty) =1FS(t1) - S(tn)-
An equation is a pair of terms, written "'t = u".
A system of equations is a finite set of equations.
Variables in equations are called unknowns.
A substitution S is a solution of an equation "t = u" iff 5(t)

and S(u) is the same term. It is a solution of a system E of
equations iff it is a solution of all equations in E.
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Example 1

The equation f(gxy)x = fz(fyy) has a solution S,
such that S(x) = fyy, S(y) =y, 5(2) = g(fy)y.
and S(v) = v otherwise.

VANVAN
A N
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Example 2

The equation f(gxy)c = fz(fyy), where c is a constant,
has no solution.

VANVAN
aN AN
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Principal solutions (rozwiazania gtéwne)

A substitution S is an instance of another substitution R
(written R < S) iff S = P o R, for some substitution P.

A solution R of a system E is principal iff the following
equivalence holds for all substitutions S:

Sis a solution of E  iff R <S.
Example: The solution S of f(gxy)x = fz(fyy), such that
S(x) = fyy, S(y) =y, S(z) = g(fyy)y, S(v) = v otherwise,

is principal.

Theorem: If a system of equations has a solution
then it has a principal solution.
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Type reconstruction

Fix a signature of one binary function symbol —
Terms over this signature are identified with simple types.

For every term M, define by induction

> a system of equations Ep;
> a type 7.

The goal: System Ej, has a solution iff M is typable,
and 7y is the type sought for M.
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Example 1

The equation f(gxy)x = fz(fyy) has a solution S,
such that S(x) = fyy, S(y) =y, 5(2) = &(fry)y,
and S(v) = v otherwise.

PAVEAN
AANAA
NN
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Example 2

The equation f(gxy)x = fx(fyy) has no solution.

VANVAN
VAN VAN
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Unification

The (first-order) unification problem is to decide
if a given (system of) equation(s) has a solution.

Theorem: The first-order unification problem is decidable
in polynomial time. More precisely, it is Ptime-complete
wrt Logspace-reductions.
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Type reconstruction

» If M is a variable x, then Ey, = @ and 7y = pu,
where p, is a fixed type variable.
Variables p, are called main variables.

» If M is an application PQ then

» 7y = p, where p is a fresh type variable;
> EM:EPUEQU{TP:TQGP},

assuming non-main variables in Ep and Eq are distinct.

» If M is an abstraction AxP, then Ey = Ep[p. := p],
and 7 = p — 7p[px := p|, where p is fresh.
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Type reconstruction

Lemma

1. If T M : p, then there exists a solution S of Ey
such that p = S(tm) and S(py) = [(x), for x € FV(M).

2. Let S be a solution of Ey;, and let T be such that
['(x) = S(px), for all x € FV(M). ThenT = M : S(7um).

Proof: Induction with respect to the length of M.
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Para gtéwna i typ gtéwny
A pair (I, 7) is a principal pair for M iff the following are
equivalent for all " and 7':
> 'EM: 7,
» S(I') C 1" and S(7) = 7/, for some substitution S.
Then 7 is the principal type of M.
Corollary: If a term M is typable, then there exists
a principal pair for M. This principal pair is unique
up to renaming of type variables.
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Definable functions
Liczebniki Churcha n = Afx. f"(x) maja kazdy typ postaci
wy = (0 = 0) = (60— o).
A function f : N — N is 3-definable in type w, if there is
a closed term F such that
> EFiw, = We — Wos
» If f(n,...,nk) = mthen Fny...ng =5 m.
Analogicznie mozna méwi¢ o [r)-definiowalnosci.
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Extended polynomials (wielomiany warunkowe)
The least class of functions containing:
» Addition;
> Multiplication;
» Test for zero;
» Constants zero and one;
» Projections,
and closed under compositions.
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Type reconstruction

Theorem: Typability is decidable in Ptime.

Proof: Reduction to unification.

Fact: The same holds for type-checking.

Proof: Similar.

Examples

» Principal type of Sis(p—~qg—r) = (p—>q) > p—r.
Another, non-principal, type of S:
(p=qg—=p)—=(p—a)=>p—p

» Type w = (p — p) — p — p is the principal type of
Church numerals n, for n > 2. For 0 and 1 the principal
types are respectively p — g — g and (p — q) = p — q.
Every Church numeral can also be assigned the type
Wpsg=((P=q)=pP=q) = (pP=>q —=p—q

Examples

> Addition:  An*7 Am*e Af7 77 \x7. nf (mfx);
» Multiplication:  An“s Am*“s A\f777 Ax7. n(mf)x;

» Test for zero (if n = 0 then m else k):
Ane Am@e Nke NFO7T X n( Ay 7. kfx)(mifx).

> Potegowanie?
> Poprzednik?

» Odejmowanie? Réwnos¢?

Wielomian warunkowy o 2 zmiennych

f(x,y) =if x =0 then if y =0 then pi(x,y) else
pa(x,y) else if y =0 then ps(x,y) else ps(x,y).

Przykfad:

f(x,y) = if x =0 then if y =0 then 3 else y>+1
else if y =0 then x> else x®+y.

Potegowanie, poprzednik, réwnos¢ itp.
nie sa wielomianami warunkowymi.
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Definable functions

Theorem (H. Schwichtenberg'76): For every o,
the functions beta-definable in type w, are exactly
the extended polynomials.

Example (M. Zakrzewski'07:) The following function
is 3n-definable in type w, for a certain o:

. g, if pis even;
ifeven(p,q.r) = { r, otherwise.
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Equality
Theorem (R. Statman'79): The equality problem
Are two well-typed terms beta-equal?
is non-elementary. That is, for no fixed k it is solvable in time
2"
2 }k
2
Exercise: How long is the normal form of 2...2xy?
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Maszyna alternujaca
Maszyna ma stany (konfiguracje, pozycje):
egzystencjalne i uniwersalne.
Konfiguracja akceptujaca (koncowa) jest wygrywajaca.
Konfiguracja niekoncowa C o nastepnikach G, ..., C,
jest wygrywajaca, gdy:
- C jest egzystencjalna i ktéras z Ci, ..., C, jest wygrywajaca;
- C jest uniwersalna i wszystkie G, ..., C, s3 wygrywajace.
Maszyna akceptuje, gdy konfiguracja poczatkowa
jest wygrywajaca.
Obliczenie akceptujace = drzewo.
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Ztozonos¢ alternujaca

ALoGsPAcE = PTIME
APTIME = PspPAcE
ApPsPACE = EXPTIME

AEXPTIME = EXPSPACE

i tak dalej.
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More definable functions

A function f is skewly (skosnie) definable if there is a closed
term F such that

> EFiw,, = = W, = We
» If f(m,...,nc) = mthen Fny...ng =g m.
Examples:

» The predecessor function p(n) = n- 1 and the
exponentiation function exp(m, n) = m" are skewly
definable. (Easy)

» The subtraction minus(m,n) = m - n and equality test
Eq(m,n) =if m = n then 0 else 1 are not definable
skewly. (Hard)
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Powtérzenie z teorii ztozonosci:
alternacja
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Maszyna alternujaca to gra

Pozycje w grze, to konfiguracje maszyny.
Zaczynamy w konfiguracji poczatkowej.

W pozycji niekoncowej C o nastepnikach Ci, ..., C,,
nastepna pozycje sposréd Ci, ..., C, wybiera:

- gracz egzystencjalny 3, jesli C egzystencjalna;
- gracz uniwersalny V, jesli C uniwersalna.

W pozycji koncowej gracz 3 wygrywa.

Obliczenie akceptujace = strategia gracza egzystencjalnego.

(Konfiguracje wygrywajace, to te, w ktérych 3 ma strategie.)
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Powtérzenie z logiki:
minimalny rachunek zdan

(implikacyjny)
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Naturalna dedukcja

Dowodzimy osadow postaci [ = A, gdzie [ jest zbiorem
formut, a A jest formuta. Sens: A wynika z zatozen .

» Reguty wprowadzania spéjnikéw logicznych: jak mozna
udowodni¢ formute danej postaci?

» Reguty eliminacji spéjnikéw: jak mozna wykorzystac
formute tej postaci do udowodnienia innej?

329

Naturalna dedukcja: notacja dla dowodoéw

MNx:o Fx:o

Mx:oc FM:7T
FTEXM:0—T

r’EM:0—-7 TEN:0o
r=MN:t

331

Hindley-Milner

(Robinson)

333

Curry-Howard isomorphism

Twierdzenie

Dla dowolnego typu 7, kombinator typu T istnieje wtedy
i tylko wtedy, gdy T jest twierdzeniem implikacyjnej logiki
minimalnej.

Dowdd:  Inhabitant typu 7 to nic innego jak dowéd
twierdzenia (ale z dodatkowymi adnotacjami). O

(Twierdzenie nadal zachodzi, jesli zamiast , minimalnej
implikacyjnej” napiszemy , intuicjonistycznej”.)
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Naturalna dedukcja: reguty dla —

Mot o (Ax)

Motk I
Nrro—r1

r~-oc—-7 I''ko

re=r

Curry-Howard isomorphism

(I-)

(E—=)

Types = Formulas

Terms = Proofs

Computation = Proof normalization

Naturalna dedukcja: notacja dla dowoddéw

MNx:o Fx:o

Mx:0c FM:

T

r=XAxM:o—r71

rM:c—-7 ITEN:o

TMN:T
Normalizacja
MNoko
: =
Motrt
lFo—r1 I'I;U
M=

(Ax:o MT)N? =

I')%U
FFT

MT[x == N7]
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Sens moralny normalizacji

Jesli 7 jest twierdzeniem, to istnieje taki term M w postaci
normalnej, ze = M : 7.

Czyli ,,dowéd normalny”.

Whiosek: Logika minimalna jest niesprzeczna:
istnieja formuty, ktérych nie mozna udowodnié.

Dowéd: Na przyktad ¥ p, bo w pustym otoczeniu
nie ma termu normalnego o typie atomowym.
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Long normal forms (Church style)
> Ifx:a; —-a,—pand My : ay,... My : oy are long
normal forms then xM; ... My : p is a long normal form.
» If M : 3 is a long normal form, then Ax:a. M is a long
normal form of type o — [3.
Lemat 1: IfT F M : 7 then there exists a long normal
form M’ such that M' =z, M and T = M’ : 7.
Kontrakcja
Lemat 2: fT(x)=pandTU{y :p} - M:T
then T = M[y :=x] : 7.
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Alternation
> A solution of [ 7 : pis of the form M = xN/* ... N¥,
forsome x: 3 — -+ — B —pinl.
» Nondeterminism: because there can be more than one x.
» Branching (recursion): because I' = N; : 5; must be
solved in parallel.
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Przyktad (nieformalny): (p — —=q) = (-p — —q) = —q
(Negacja =« oznacza o — L)
(Assumptions: x : p— —q, y:—p— g, z:q. Goal: 1)
Opponent (V): Can you prove 17
Player (2): I will use assumption y !
Opponent (V): Can you prove the Ist assumption —p 7
That is, can you prove | using new asumption v : p ?
Player (2): Yes, | will use assumption x !
Opponent (V): Can you prove the 2nd assumption q 7
Player (2): Sure, take z |
Proof = strategy = inhabitant: Axyz.y(Av.xvz)z
343

The inhabitation problem

Inhabitation problem:
Given ', 7, is there M such that = M : 77

Twierdzenie (R. Statman): Inhabitation in simple types
is decidable and Pspace-complete.

Whiosek: To samo dotyczy minimalnego rachunku zdan.

Uwaga: Klasyczny rachunek zda# jest ...
..,,zaledwie” co-NP zupetny.

338
Searching for long normal forms
The Wajsberg/Ben-Yelles algorithm:
To answer [ = 7 : «, apply one of the following tactics:
> Fora = — v, ask TU{x: 3} F7:7 (fresh x).
(Solution M = Ax:3. N7.)
» For a = p, choose x : 31 — -+ — Bk — p from T,
then ask [+ 7: 3, for all i. Accept if k = 0.
(Solution M = xNJ* ... N*.)
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Ben-Yelles algorithm
To answer [ = 7 : «, apply one of the following tactics:
» Fora = — 7, ask TU{x:3} F7?:~ (fresh x).
(Solution M = Ax:3. N7.)
» For a = p, choose x: 31 — -+ — B, — p from T,
then ask 7 S,-’, for ally i. Success if kK = 0.
(Solution M = xN/* ... NJ.)
Ten alternujacy proces mozna objasnia¢ jako gre miedzy
graczem 3 (ktéry dowodzi tezy) i graczem V
(ktéry poszukuje btedu w dowodzie). Rozwiazanie istnieje
wtedy i tylko wtedy, gdy gracz 3 ma strategie zwycieska.
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Termination

» The question [ =7 : 3 — v leadsto T U {x:f} -7 :~.
The environment [ is extended by x : 3.

» Every such /3 is a subformula in the initial problem
(there is only a linear number of such formulas).

» New variables can be replaced by old ones,
i.e., [ must in fact stabilize (in polynomial time).

Po wielomianowej liczbie krokéw zadanie musi sie powtérzy¢.

Morat: Problem inhabitacji (czyli problem decyzyjny dla
minimalnego rachunku zdan) jest w klasie ApTIME = Pspace
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Konstrukcja dowodu jako obliczenie

Osad I I g (gdzie g — atom), mozna interpretowac
jako konfiguracje automatu:

» Cel atomowy g to stan maszyny;

» Otoczenie I to zawarto$¢ pamieci, w tym program.
» Zatozenie p — g umozliwia zmiane stanu z g na p.
>

Zatozenie (r — p) — g umozliwia zmiane stanu z g na p,
z jednoczesnym zapisaniem r w pamieci.

v

Zatozenie p — r — q to krok uniwersalny do p i r na raz.

v

Zatozenie p — r — g umozliwia zmiane stanu z ¢ na r,
gdy w pamieci jest zapisane p.

Uwaga: (1) nie mozna usuna¢ danej z pamieci;
(2) nie mozna sprawdzi¢, ze danej w pamieci nie ma.

Monotonic automata

Configuration: (g, S), where g € Q and S C R.
Final configurations are winning.

Transitions:
» for | = g : check S;;set Sy; jmp p:
(q.S) = (p,SUS,), provided S; C S;
If (p,SUS,) winning then (g, S) is winning
» for | = q: jmp p1 and py:
(q.5) =1 (p.S) and  (q.5) = (p2, S)
If (p1.S) and (p», S) are winning then so is (g, S).

Monotonic encoding of an ATM

Alternating time p(n).

Registers:  stan, lit},, pozt,

ia

Initial configuration:
0 /.0 L0 .0 -0
Co = (loopy, {lity,,, ... lith,  lity  1g, .o\ Nty g, Stand, poz3}).

represents initial ID of TM for input w = a;...a,.

Later:
C = (loop}, S) encodes the first t steps of TM computation,
eg., litg, €S iff after 5 steps, the 6th cell contains a.

Zakonczenie: loop; : check stan'; set @; jmp halt.

Instructions for (s,a) = (u, b, +¢)

When i < p(n):

loop;
check stant, pozt, lit},; set stan’™

u

check stant, pozt, lit},; set litt™; jmp loopt, ;

t41 ot t o,
pozj |, lity,™; jmp loop;_ ;;

When i = p(n):

loops

ot
check stant, pozt, lit}; set stan't? e

. Lt t4+1,
i Lt pozi o, ity jmp loop; ™

¢ set it jmp loopt™.

iar

check stang, pozf, lit
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Monotonic automata

Monotonic automaton: M = (Q, R, f,T),

> Q@ is a finite set of states, f € Q the final state.
> R is a finite set of registers;
» 7 is a finite set of instructions of the form:

(1) g: check Si;set Sy; jmp p,

(2) g: jmp p1 and p,

where p,p1,p € Q and 51,5, C R.
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Monotonic automata

Lemma

The halting problem for monotonic automata
Is a given configuration winning?

is PSPACE-hard.
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Instructions for (s, a) = (u, b, +¢)

Pierwszy pomyst: w stanie loop! powinnismy wykona¢:

pozt+!

el . 1
! set stantt! L it jmp loopy

iar u

check stant, poz}, lit

t+1

Bfad: rejestry lit;, " sa puste, a moga by¢ potrzebne.

Trzeba je tez ustawi¢: w stanie loop; ustalamy zawartosc
pozycji i w czasie t + 1.
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Example instructions: universal split

Assume that TM does not write nor move in universal states.

When i < p(n):

loop; : check stant, it} pozf; set lit}] L poz}“; jmp /oopfﬂ;

When i = p(n):
loop; : check stant, lit;,, pozt; set it

,pozj*t; jmp split!L;

s152"

t+1
s152

splitg,; : jmp got™ and gol™;

golt! : check @ set stan’tY; jmp loop;t;
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Programs into proofs!

Given M = (Q. R, f,Z) and Gy = (qo, So),
define a set of axioms [ so that

Mtqo iff G is winning.

Propositional variables: states and registers of M.
Put all of Sy into I, also f € T.

Other axioms represent instructions of M.
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Proof construction as computation
To prove I, S I g, one can:
» Note that g = f and observe f € T;
» Use axiom p; — p» — ¢ and prove in parallel:
Skpr and TI,Skp
» Use axiom s} — +++ — sf — (s3 — sy — p) = q,
provided S; = {si,...,sf} € S, and prove that
r.S.s},..sibp
355
Morat
Twierdzenie:
Minimalny rachunek zdan jest PSPACE-zupetny.
A klasyczny?
Tylko co-NP zupetny.
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Example proof

(p=2>@W—=9)=20) > (p2Y—=9) 2=
e = W= e) o

(p =Y —=¢)—=@—p (detach 2 from 1);
s A

. @ —= ¢ (detach 4 from 3).
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Instructions seen as axioms

Axiom for g : check Si;set Sy; jmp p,
where S, = {sl,...,sf} and S, = {s, ..., st}

(1) st s (st =Sy = p) = q

Axiom for ¢ : jmp p; and p,:
(2 pr— p2— Q.

The technical lemma we need

Lemma
ISkq iff (q,5US) is winning.

Proof.
(=) Induction wrt the size of proof.
(<) Induction wrt the definition of acceptance.

Hilbert style proofs

Hilbert style propositional axioms for implication:

> a— 08— aq;
> (a—= =)= (a—=0) > a—7.

Hilbert style proof rule: modus ponens (application).

Dowéd to po prostu cigg formut.

Deduction theorem:
If T,o b7 then T Fo—rT.

Proofs as combinators

Hilbert style propositional axioms for implication:

» Kia— 08—
>S:(a=F—=9)=>(a—=b)—=a—n.

Deduction theorem:

If T)xc EM:7 then T FXx.M:0— 7.
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Logical connectives

() H—w(l) I'i—gp/\w(E)I'l—gp/\w
FrEpAvy () M=y
M- (v =
FrEpvey FrFpvy
vy TekEd TykEd
o rfﬁ . (EV)

TEL gy
MN-¢
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Disjunction is the coproduct (suma prosta)

FrEM:p
FEinl(M): eV

Fr=Mm:v¢

W) Ty eve

TEM:oVY Tx:@)FP:9 T(y:¢)FQ:9
I+ case M of [x]P,[y]Q: ¥

(EV)

case inl(P) of [x]M,[y]N = M][x:=P]
case inr(Q) of [X]M,[y][N = N[y :=Q)].
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Absurd is the empty type (the thing which is not)

Ex falso quodlibet:

Fr=m: L

FEes(M): o (EL)

No introduction rule, no beta- or eta-reduction.
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Classical (unnatural) deduction
Mo - L
———— (Cheat)
r-o
Example: Peirce's Law
((p=a)=p)=p
is classically valid, but unprovable without rule (Cheat).
Indeed, there is no normal M with
x:(p—=>q)—=pt M:p
367

Conjunction is the product

rN-=M:p TEN:¥

F=(M,N): oAy (")
Fr=M:pAYy FTEM:pAY
O T R

7r1(<M, N)):>M, 7T2(<M, N)):>N
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Generalized eta-reductions

If we believe everything is canonical. . .
(m1 (M), ma(M)) = M

(case M of [x]inl x, [y]inr y) = M.
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Konserwatywnos¢

Twierdzenie

Intuicjonistyczny rachunek zdan IPC (ze wszystkimi spéjnikami
V, A, =, L, = i reguta ex falso) jest konserwatywny nad logika
minimalna: jesli formuta implikacyjna T jest twierdzeniem IPC,
to jest twierdzeniem logiki minimalnej.

Dowdd: Trzeba udowodni¢ normalizacje rozszerzonego
rachunku lambda.

Posta¢ normalna o typie implikacyjnym jest zbudowana
tylko z abstrakcji i aplikacji.
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Representing data types

» Natural numbers are generated by
» Constant 0 : int;
» Successor s : int — int.
They correspond to long normal forms of type
w=(0—0)—0—0

» Words over {a, b} are generated by
» Constant ¢ : word;
» Two successors Aw(a-w) and Aw (b- w)
of type word — word.
They correspond to long normal forms of type
word = (0 —+0) - (0—-0)—0—0
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Representing data types

» Booleans are two constants true, false.
They correspond to terms of type bool =0 — 0 — 0.
> Binary trees are generated by
» Constant nil : tree;
» Constructor cons : tree — tree — tree.

They correspond to long normal forms of type
tree=(0—-0—0)—0—0

Generalization:
Term algebras correspond to types of order two, i.e, of the form

(0™ —-0)—---— (0™ —0)—0
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Type reducibility

Definition: Type 7 is reducible to type o iff there exists
a closed term ® : 7 — o such that the operator AM:7. ®M
is injective on closed terms, i.e.,
d)Ml =8n q)MQ |mp||es Ml =8n M2
for closed My, M, : 7.

Examples:

» Type w is reducible to type word using ® = Anfgx.nfx.

» Types @« — (3 — 0 and  — a — 0 are reducible to each
other using ® = Axyz. xzy.

» Type word is reducible to type tree using
& = Awen.w(Ax. cnx)(Ax. exn)(cnn).
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Wazny przyktad: redukcja bool — word do tree.

Typ bool — word, czyli:
(0—-0—-0—0—-0—(0—0)—0—0
odpowiada algebrze terméw nad sygnatura
t:0-0—0 f,g:0—-0 c¢:0.
Trzeba je zakodowaé jako zwykfte drzewa nad sygnatura
t:0—-0—0, c:0.
Mozna to zrobi¢ uzywajac np. © : (bool — word) — tree:

© = AZ At970700. Zt(Ax tex) (Ax txc)(tcec)
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Krok pierwszy

Lemat: Kazdy typ nad 0 mozna zredukowa¢ do typu
J=(0—-0-0)—(0—-0)—0)—0.

Pomyst na dowdd:
Kombinatory typu 7 sa postaci A@ \A. W/, gdzie:
©:0—-0—0, A:(0—»0—0 F W:o.
Operatory @ i A moga nasladowa¢ aplikacje i abstrakcje.
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Representing data types

Types of order three and up define more complex structures.
For instance, long normal forms of type

((0—0)—0)—0
are as follows:

A F(OAxa. F(Axa. F(Axs F oo Axe. x¢) .. .)).

370

Example

Encoding word w = aab=a-a- b« as a tree,
corresponding to ®w = Acn.w(Ax. cnx)(Ax. cxn)(cnn).

7N
7N
c/ \n

n/ \n
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A nice theorem

Theorem (R. Statman):

Every type over a single type constant 0 is reducible to tree.

Idea dowodu wg Thierry’ego Joly w kilku krokach.

Redukcja do typu J

Majac ,state” @:0—-0—0 i A:(0—0)—0,
mozemy zakodowaé dowolny term jako term typu 0.

Na przykfad term 2 = Afx. f(fx) zakodujemy jako
Dwa = A(Af2. A(Ax0. @f(@fx)))

Bardziej sugestywna notacja:
— piszmy Ax zamiast A(Ax oraz M - N zamiast @VN.

Wtedy term Dwa napiszemy tak:  AfOAX? (- (f - x)).

Opuszczamy szczegoty.
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Krok drugi

Zredukowalismy dowolny typ do typu:
J=0—=0—-0)—((0—-0)—0)—0
czylido J = bool — ((0 — 0) — 0) — 0.

Teraz zredukujemy koncéwke ((0 — 0) — 0) — 0
do typu word = (0 —0) — (0 —0) — 0 — 0.

(Potem zredukujemy 7 do typu bool — word.)
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Krok trzeci
Mamy J = bool — 7, — 0, gdzie:
bool=0—-0—0 J>=(0—0)—0.
W kroku drugim zredukowalismy typ 7> — 0 do typu
word = (0 —+0) - (0—0)—=0—0
uzywajac ® = A\Z727ONf020g0=0,0 Z(ARO=0 £(h(g(hx))))
Teraz redukujemy bool — 7, — 0 do bool — word uzywajac
w _ AzboolajzHO)\tbool)\fOﬁOgOHOXO' Zt(/\hOﬁO f(h(g(hx))))
czyli Y = AzboolﬂJzaO)\tbool' ¢(Zt)
Uwaga: to nie jest oczywiste!
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Typy proste: semantyka
381
Standard model DM(A)
» Basic domain Dy = A;
» Function domains: D, ., = D, — D;
» Obvious semantics:
> [x]v = v(x);
> [MN], = [M](IN].):
> |[/\X7. M]]V = NdeD;. HM]]v[de]-
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¢:[((0—-0)—0)—0 — [(0=0)—(0—0)—0—0]

® = AZAFO0g00x0 Z(AhO=0_ £ (h(g(hx))))

Kombinatory typu [(0 — 0) — 0] — 0 sa takie:
M = @970 o(Ay1. o(Aya. ... o(Ayi- ))))-

Term M jest zdeterminowany przez liczby ki j.

Przyktad: M = Ap@=070 o(Ay1. (A2 (Ays. (Aya- 12))))-
Wiedy (M) = Mgx. F*(g(F2(x))).

Opuszczamy szczegoty.

Krok czwarty: redukcja bool — word do tree.

To juz byto.

Semantics for finite types

Assumptions:

» Orthodox Church style;
» Only one atomic type 0;

» Extensional equality =g,.

Completeness

Theorem (Harvey Friedman):

Terms are n-equal iff they are equal in 9(N).

Szkic dowodu: Definiujemy czesciowe surjekcje
0o o Dy —o T,,/:;,ﬁ7
o : N = To/s, — jakkolwiek.

Vor(d) = [M]g,, gdy dla kazdego N : o
jesli 2o (e) = [Nl to o.(d - €) = [MN];,
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Completeness proof Completeness proof

Dla ¢y (f) = [M]g, ten diagram ma by¢ przemienny: Naduzycie notacji:
Dla e € D, piszemy € = M, gdy ¢, (e) = [M]g,.
D, f D, Wtedy €3 =5, ¢ a.
or #o Lemma:

Take v so that ﬁ = x, for all x. Then M =g, [M],, all M.
Tl xewe ™ Tol = |
' Main Proof: Let 9(N) = M = N. Then [M], = [N]..

For any M, there exists such an f (not unique). for all v, in particular for v as above. Therefore

For a given f, such an M (if exists) is unique up to 1. M =g, [M], =5, [N], =5, N.
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Finite completeness Finite completeness
,Latwa" obserwacja: Theorem (R. Statman):
For every M and N there is k such that: For every M there is k such that, for all N:
M=s N iff  9M(k)=M=N. M=g, N iff  M(k) = M=N.
Corollary: Corollary:

Terms are [3n)-equal iff they are equal in all finite models. Terms are 3n-equal iff they are equal in all finite models.

(Konwencja; k = {0 1,...,k— 1}) (Konwencja: k= {0 1,....k— 1})
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Finite completeness proof Finite completeness for tree
It suffices to prove that Let p(m)(n) = 2™(2n+ 1). Then p € Dy_,0-0 in M(N).
for every closed M : tree there is k such that, for all N : tree: Observe that p(m)(n) > m, n, for all m, n.

M=, N iff  OM(K)=M=N.
Term zamkniety typu tree, to w istocie drzewo.

Indeed, for closed M : 7, consider ®(M),
where ® is a reduction of 7 to tree. Wartos¢ [M](p)(0) mozna uwaza¢ za numer tego drzewa.

For non-closed terms, consider appropriate lambda-closures.
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Cwiczenie
For M : tree, define k = 2+ [M](p)(0), i.e. 2+ numer(M).
p(m)() = 27(2n + 1)
Jaka liczba jest numerem drzewa Apx. px(p(pxx)x)? Let p': k — k — k be p ,truncated” to values less than k.
Then p’ € Dys0-50 in M(k).

Suppose M(k) = M = N. Then in the model M(k):
[M1(p')(0) = [N](F')(0) *)
All numbers needed to verify (*) are at most k — 2. Hence
[M1(p')(0) = [N)(P)(0) = k —2

and [M](p)(0) = [N](p)(0) also holds in M(N).
It follows that M =g, N.
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Equality is not definable in simple types

There is no E : w, — w, — w,, such that for all p,q € N:

Epq” =g, 00 iff  p=gq

Proof: By Statman’s thm., take k such that for all N : w,:
M) = 0% =N iff 0 =4, N.
There are p # g with [p“] = [q*7] in M(k). So in M(k):
[£p+-a*] = [ENpa~] = [EVla~Tla] =
[Eq“rq=] = [0+"]
Thus M(k) = Ep* g = 0“7, whence p = g.
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Twierdzenie Parysa

Definicja: Funkcje f, g : A — N s3 dominacyjnie réwnowazne
wtw, gdy dla dowolnego X C A:

zbiér (X)) jest ograniczony < zbiér g(X) jest ograniczony.
Twierdzenie (Pawet Parys, 2016): Dla kazdego typu 7,

wszystkie funkcje definiowalne typu 7 — w tworza tylko
skonczonie wiele klas dominacyjnej réwnowaznosci.

Uwaga: To dziata dla \Y i nie zalezy od definicji w.

Whiosek: Dla kazdego typu 7 istnieje takie n, ze dla k > n
zbioru N¥ nie mozna reprezentowa¢ w typie 7.

Przyczyna: Dla duzych k rzutowania 1% s3 dominacyjnie
parami nieréwnowazne.
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Undecidablility of lambda-definability

Theorem (Ralph Loader, 1993):
Plotkin's problem is undecidable.

Dowéd: Redukcja z problemu przepisywania stéw.

Kodujemy stowa w i v i reguty systemu jako elementy modelu.
Pytamy, czy v jest definiowalne z w i regut.

Szczegoty opuszczamy z braku czasu.
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Higher-order unification

Problem: Given Church-style (normal) terms M, N of the
same type with some variables x{*, ..., x7" called unknowns.

(There may be other variables called constants or parameters.)
Are there terms P/*, ..., P2 such that

Mxy == P1, ... Xy = Py] =g, N[x1 := P1,...x, 1= P,]?

Non-essential generalization to finite systems of equations.
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Dygresja: rachunek AY

Do rachunku A_, dodajemy state Y, : (¢ = o) = o
z reguty redukgji Y, = A7 F(Y,f).

Czy teraz mozna zdefiniowaé wiecej funkcji z N — N7

Odpowiedz (Plotkin'82): Nie mozna.

Przyczyna: Poprawnos¢ semantyki skonczone;.

System PCF: Rachunek \Y plus typ int z operacjami
poprzednika i nastepnika i stata zero.

System T: Jak PCF, ale zamiast Y, sa rekursory
(uogdlnienie rekursji prostej na wyzsze typy.)
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Plotkin's problem

Given d € D; in a finite model 901(X).
Is there a closed term M : 7 with [M] = d7

More generally:

Let v(xi) = €1 € Dy, ..., v(xy) = €, € D,
Is there M such that [M], = d?

(Is d definable from ey,....e,7)

Fact: These decision problems are reducible to each other.
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Inhabitation for intersection types

Theorem

The inhabitation problem for intersection types is undecidable.

Proof: Reduction from definability.

Encode elements d of M(X) as intersection types 74:

| 4 IfdeDothen Ty =d.
> Ifde D(\ N then Td = neeD0(Te — Tde)-

For a valuation v in 9(X), take I',(x) = 7).
Main Lemma: [M],=d iff T,-M:7,.
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Rzad (order)

Rzad typu:

» order(p) = 0;
» order(c — 7) = max{order(c) + 1, order(7)}.

Uwaga:

order(oy— + -+ —0,—p) = 1 + max{order(c,) | n=1,...,n}

Unification of order n has unknowns of order n — 1.
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Undecidability

Theorem 1 (C.L. Lucchesi'72, G. Huet'73):
The third-order unification is undecidable.

Theorem 2 (W. Goldfarb'81):
The second-order unification is undecidable.

Theorem 3 (A. Schubert'97):
Nierozstrzygalnosé drugiego rzedu nawet wtedy,
gdy niewiadome nie s3 zagniezdzone.
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Nierozstrzygalnos¢ unifikacji 3. rzedu

Dane réwnanie w;(X) = ws(X) o wspétczynnikach naturalnych.

Wielomiany w; i ws sa definiowalne w typach prostych
termami Wy, Ws typu w* — w.

Rozwigzanie réwnania istnieje wtedy i tylko wtedy, gdy
istniejg liczebniki " spetniajace réwnos¢ Win =g, Won.

To jest unifikacja 3. rzedu, bo niewiadome s3 typu

w=(p—=p) —=p—p
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Polimorfizm

405

Logika drugiego rzedu

Przyktad formuty: VP(P(x) — Q(x)) — Q(x)

Two ways to understand the quantifier VP:

1. Tarski: the variable P ranges over unary relations
(subsets of a domain).

2. Henkin: The variable P ranges over definable predicates.

The set of tautologies wrt (1) is not recursively enumerable.
There is no complete proof system.

We think in terms of (2).
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X problem Hilberta

Twierdzenie (Matjasiewicz)

Nastepujacy problem jest nierozstrzygalny:

Dane wielomiany wi(X) i wo(X) o wspdtczynnikach
naturalnych. Czy réwnanie wi(X) = wa(X) ma rozwigzanie
w liczbach naturalnych?
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Higher-order matching

(dopasowanie wyzszego rzedu)

Higher-order matching is higher-order unification restricted
to equations M =4, N, where no unknown occurs in N.

Long known to be decidable up to order 4.

Theorem (Colin Stirling, 20077)
Higher-order matching is decidable (over a single type atom).

Proof: Incomprehensible.

Complexity: Non-elementary (by Statman's theorem).

Theorem (Ralph Loader, 2003)
Higher-order 3-matching is undecidable.
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Logika pierwszego i drugiego rzedu

Logika pierwszego rzedu: kwantyfikatory wiaza tylko
zmienne indywiduowe. Symbole relacyjne s3 state.

Logika drugiego rzedu: kwantyfikatory moga wiaza¢
zmienne relacyjne.
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"Dependency erasure”

Example 1: VP(P(x) = Q(x)) — Q(x)

This is the same principle as  Vp(p — ¢) — q.

Example 2: Definition of natural numbers:
Nat(n) :  VR(Vx(R(x) — R(sx)) = R(0) — R(n))

Jak mozna udowodni¢ formute Nat(5)?

Deleting first-order layer:  Vr((r —r) —r —r).
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Second-order propositional logic
(AT ek

Mok FrFeo—9 ke
=) — () ——mm
Frp—1 =

Y o) (ve) L TPY

(1)
Vpp M- lp:=19]
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Polymorphic types

» Basic idea: Vp. p — p is a type of a generic identity.
» Church style (explicit polymorphism):

» Generic identity | admits a type argument.

» The application I7 is of type 7 — 7.
» Curry style (implicit polymorphism):

» Generic identity | has all types 7 — 7 at once.
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Girard's System F (Church style)
Mx:@)bEx:p
Mx:p)EM:y FTEM:p—y9 TEN:p
FE(xipM):p—) = (MN):
Fr=M:yp FEM:Vpp
——————— (p ¢ FV(N) —_—
= (ApM):Vpe = Md:plp =]
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A few examples (zamiast Ax:7 piszemy Ax")
> Term AgA\x""(P=P) x(q — q)(xq)
has type  Yq(Yp(p — p) = g — q);

» Term 2 = Ap AFPTPAXP.f(fx)
has type  Vp((p — p) = (p — p));

> Term \f7P(P9=P)Ap\xP f(q—p)(fpx)

has type Vp(p — g — p) — Vp(p = g — g — p).
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Two educated cliches

» Full comprehension: Propositional variables range
over all formulas:

The meaning of p in Vpp can be Vp ¢ itself.

» Impredicativity: The meaning of Vp ¢ is defined by
a reference to a domain to which Vp ¢ itself belongs.

Girard's System F (Church style)

Fx:p)Fx:p
Mx:p)EM: 9 FrEM:p—¢ TEN:p
FE(xpM):p—1 = (MN): vy
FrEM:p FrEM:Vpe

i s PEVO)

Reduction rules
Beta:
> (AT M)N =5 M[x := NJ;
» (Ap. M)T =>4 M[p := 1],
Eta:
> \xr.Mx =, M (x & FV(M));

» Ap.Mp =, M (p & FV(M)).

Subject reduction:
fr=M:7and M —g, Nthen [ N:7

Wycieranie typow

x| = x
IMN| = [M[|N|
[Ax:o. M| = Ax.|M]|

o.M = M|

Mr| = M|

M= M9 o[p:=1]
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Girard's System F (Church style)

Fx:p)Ex:p
Fx:e)EM: 4 FrEM:p—9¢ TEN:p
FE(xpM):p—1 I (MN):
Fr=Mm: Fr=M:v
(g Rv() P
F'E(ApM):Vpo M= Mo o[p =19
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Whycieranie redukcji

(AT M)N =5 M[x := NJ;
(Ax IMD)IN| == [M|[x := [N]] = [M[x := N]|

(Ap. M)r =5 M[p := 7],
M| = M|

Ax:T.Mx =, M,
Ax. [M|x =, |M|

Ap.Mp =, M;
|M| = [M]|
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Poprawnos¢ redukcji (Curry)

Twierdzenie:

JesliT=M: 7, orazM —5 M tol =M : 7.

Dowdd: Nie jest oczywisty.

421

Silna normalizacja

Twierdzenie (Jean-Yves Girard, 1972)

System F ma wtasnos¢ SN.

Whiosek
Zdaniowa logika intuicjonistyczna drugiego rzedu
jest niesprzeczna.
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System F w stylu Curry'ego

FMx:m)bFx:7
MMx:7)FM:0o rM:7—o TEN:T
TEXMXM:7—>0 r'ENM:o
r'=M:o r'EM:Vpo
VT (p g RU(T —— —M:VPT
FeM o vpo PERVO) F-M:olp—=r1]
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Properties of type erasure

(Church is blue, Curry is red.)

1LIf TEM:7then T |M|: 7.

2. If T+ M: 7 then there exists M
such that [M| =M oraz T =M : 7.

3. If M =4 N then [M] — |N].

4. If M| —5 N then there exists N
such that [N| = N and M —5 N.

Uwaga: Tym razem cze$¢ 4 nie jest oczywista,
a w czesci 3 jest tylko —», a nie —.
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Subject reduction. . . fails for n

Example:
x:p—=Vq(g—q) Fly.xy:p—qg—gq.

x:p=>Vq(lg—=q) V¥ x:p—=qg—q
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Silna normalizacja dla typéw prostych

Termy stabilne (obliczalne):

> [p] :=SN;
> [r— o] :={M|VYN(N € [r] = MN € [o])};

Naiwne uogdlnienie:

> [vpl = N{lrlp := o1l | 0 — dowolny typ}.

To nie jest dobrze ufundowana definicja.

424



Girarda metoda kandydatéw

Zbiér nasycony (Candidat de reductibilité)
to taki zbiér terméw (Curry'ego), ktéry ma trzy whasnosci:

1) X CSN.
2) Jesli Ny, ... Ny €SN, to xNy ... Ny € X .

3) Jesli M[x := No]N; ... N, € X, oraz Ny € SN,
to (Ax.M)Noh, ... Ny € X.

G - rodzina wszystkich kandydatéw (uwaga: SN € G).
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Silna normalizacja (Curry)

Gtéwny lemat: NiechT = M : 7, FV(M) = {x1,..., x}.

Jesli N; € [F(x)]e, dlai = 1.... K,
to M[x; == Ny, ..., X := Ni] € [7]e.

Dowéd twierdzenia:
JesliTEM: 7, to M e [r]e, bo x € [I(x)]e.
Teza wynika wiec stad, ze [7]¢ C SN.
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Zta wiadomosé

Dowéd Girarda nie jest wyrazalny nawet w jezyku arytmetyki
drugiego rzedu.

Jeszcze gorsza wiadomosc:

Witasnosc SN dla systemu F jest NIEZALEZNA od arytmetyki
drugiego rzedu.
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Nierozstrzygalnosc (1)

Twierdzenie (J.B. Wells, 1993)

Problem typowalnosci:

Dany term M, czy istnieja takie i, ze =M : 77
i problem sprawdzenia typu:

Danesa T, M it. CzyT+=M:77
sg dla systemu F nierozstrzygalne.
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Interpretacja Girarda

Wartosciowanie { : TV — G wyznacza interpretacje typu:

[rle = &(p)

[o — 7]e

{M |VYN(N € [o]e = MN € [r]¢)};

[vp.ole = QXGgllallé(pHX)-

Fakt: Zawsze [7]; € G.
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Silna normalizacja (Church)
Jesli
M:M[)A)Mlﬁ/\/lz‘)"'
to
[M| = [Mo| = [My| = |Mo] > - -
gdzie >~ oznacza — lub =.
Liczba wystapien — jest skonczona, bo mamy SN (Curry).
Liczba wystapien = tez, bo redukcje typowe usuwaja A.
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The typability problem
Examples: The following terms are strongly normalizable,
but untypable in system F:
> (Azy.y(z1)(zK))(Ax. xx);
> 22K.
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Nierozstrzygalnosc (2)

Twierdzenie (Lsb, 1976, Gabbay, 1974, Sobolew, 1977)
Problem inhabitacji:

Dany typ 7, czy istnieje term zamkniety M typu 77
Jest dla systemu F nierozstrzygalny.

Uwaga: To tyle, co nierozstrzygalnosé intuicjonistycznej
logiki zdaniowej drugiego rzedu.

Dowdd:  Redukgja logiki 1. rzedu:

Formuta ¢ jest twierdzeniem logiki 1. rzedu

wtedy i tylko wtedy, gdy

jej translacja @ jest niepustym typem systemu F. O
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Definability of integer functions Examples of representable functions:

Numerals  n = ApAfP7PAXP f(f(--- f(x)))
are of type  w =Vp((p — p) = (p — p)). » Add = Amn.\p.\fx.mpf (npfx);

» Mult = Amn.Ap.Afx.mp(npf)x;

A function f : N* — N is definable in system F
iff there is a term F : w — -+ — w — w such that > Exp = Amn.Ap.Mx.m(p — p)(np)fx.

Fri..ong=gm iff  f(n,....n) =m.
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Sita wyrazu polimorfizmu

Twierdzenie (Girard):

Funkcja jest definiowalna w systemie F wtedy i tylko wtedy,
gdy jest dowodliwie rekurencyjna w arytmetyce drugiego rzedu.

Idea dowodu (w uproszczeniu):

(=) Silna normalizacje dla terméw Fny...n, : w mozna
udowodni¢ w arytmetyce drugiego rzedu.

(«=) Dowéd formuty Yn3m P(n, m) ,wyciera sie”
do termu typu w — w.
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