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Abstract. Simple games are a mathematical concept used to model a
wide range of situations from decision making in committees [18] to reliability of real life systems made from unreliable components [19] and
McCulloch-Pitts units in threshold logic [17]. Weighted voting games are
a natural and practically important class of simple games, in which each
agent is assigned a numeric weight, and a coalition is winning if the
sum of weights of agents in that coalition is above a certain threshold.
The concept of dimension in simple games was introduced by Taylor and
Zwicker in [22] as a measure of the remoteness of a given game from
being weighted. In [23] they demonstrated that the dimension of a simple game can grow exponentially in the number of players. However, the
problem of worst-case growth of the dimension in complete games was
left open. Freixas and Puente [12] showed that complete games of arbitrary dimension exist and, in particular, their examples demonstrate
that the worst-case growth of dimension in complete games is at least
linear. In this paper, using a novel technique of Kurz and Napel [16],
we demonstrate that the growth of dimension in complete games can be
polynomial in the number of players. Whether or not it can be exponential remains an open question.

1

Introduction

The past two decades have witnessed an explosion of interest in computational
and representational issues related to coalitional games (see, e.g., [5, 14]) and
simple games, in particular (see, e.g., [4, 7, 8]). Simple games were introduced
in their present form by von Neumann and Morgenstern [24] for applications
in economics but found a wide range of applications across several disciplines,
including multi-agent systems. A simple game consists of a finite set of players
and a set of winning coalitions that satisfies the monotone property asserting
that all supersets of a winning coalition are also winning.
One of the most important classes of simple games is the class of weighted simple games. In a weighted simple game every player is assigned a non-negative real
weight so that a coalition is winning if the total weight of its players is at least
some predetermined threshold. From the computational perspective weighted
games are especially important since they can be succinctly represented by a
finite sequence of integers [9]. If we allow the weights and the threshold to be

vector-valued, then every simple game becomes weighted [23] and the smallest dimension of vectors which makes this representation possible is called the
dimension of the game.
Another important class of simple games is the class of complete games [2]. In
a complete game it is always possible to say which player among any two players
is more desirable (influential) as a coalition partner and this desirability relation
is a total order. This is a much broader class of games than weighted games which
includes, for example, conjunctive and disjunctive hierarchical games which appear as the access structures of popular secret sharing schemes [20, 21]. Both
disjunctive and conjunctive hierarchical games are seldom weighted [13].
Freixas and Puente [12] studied conjunctive hierarchical games (under the
name of games with a minimum) and found that their dimension grows linearly
in the number of players and asked a question as to whether or not in the class
of complete games the dimension can grow polynomially or even exponentially.
In the present paper we show that the growth of dimension of disjunctive hierarchical games is at least polynomial, partly answering their question.

2

Preliminaries

Simple Games. Let P be a set consisting of n players. For convenience P can
be taken to be [n] = {1, 2, . . . , n}.
Definition 1. A simple game is a pair G = (P, W ), where W is a subset of the
power set 2P which satisfies the monotonicity condition:
if X ∈ W and X ⊂ Y ⊆ P , then Y ∈ W .
Elements of the set W are called winning coalitions. We also define the set
L = 2P \ W and call elements of this set losing coalitions. A winning coalition
is said to be minimal if every proper subset of it is a losing coalition. Due to
monotonicity, every simple game is fully determined by the set of its minimal
winning coalitions Wmin or the set of maximal losing coalitions Lmax .
Weighted Simple Games and Criteria of Weightedness.
Definition 2. A simple game G is called a weighted (majority) game if there
exist non-negative reals
Pw1 , . . . , wn , and a positive real number q, called the quota,
such that X ∈ W iff i∈X wi ≥ q. Such a game is denoted [q; w1 , . . . , wn ]. We
also call [q; w1 , . . . , wn ] a voting representation for G.
Example 3. Let now n = 2k − 1 be odd and W be all subsets of P of cardinality k or greater. There are exactly 2n−1 elements in W . This game is called
the simple majority voting game. It is weighted and [k; 1, 1, . . . , 1] is its voting
representation.
A more interesting example is

Example 4. The UN Security Council consists of five permanent and 10 nonpermanent members (which are sov-ereign states). A passage requires approval
of at least nine countries, subject to a veto by any one of the permanent members.
This is a weighted simple game with a voting representation
[39; 7, 7, 7, 7, 7, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1].
A sequence of coalitions
T = (X1 , . . . , Xj ; Y1 , . . . , Yj )
of simple game G is a trading transform if the coalitions X1 , . . . , Xj can be
converted into the coalitions Y1 , . . . , Yj by rearranging players. It can also be
expressed as
|{i : a ∈ Xi }| = |{i : a ∈ Yi }|

for all a ∈ P .

A trading transform T is called a certificate of non-weightedness for G if X1 , . . . , Xj
are winning in G and Y1 , . . . , Yj are losing. The absence of certificates of nonweightedness of any length is a necessary and sufficient condition of weightedness
[6, 23] of the game G.
Definition 5. Let G = (P, W ) be a simple game, A ( P and Ac is the complement of A in P . Let us define subsets
Wsg = {X ⊆ Ac | X ∈ W },

Wrg = {X ⊆ Ac | X ∪ A ∈ W }.

Then the game GA = (Ac , Wsg ) is called a subgame of G and GA = (Ac , Wrg )
is called a reduced game of G.
It is easy to show that every subgame and every reduced game of a weighted
game is also a weighted game.
Let G = (P, W ) be a simple game and L be the set of its losing coalitions.
We define the game G∗ = (P, W ∗ ) dual to G by setting
W ∗ = {P \ X | X ∈ L},
i.e., the winning coalitions of G∗ are complements to the losing coalitions of G.
Complete and Hierarchical Simple Games. Given a simple game G =
(P, W ), after Isbell [15], we define a relation G on P by setting i G j if for
every set X ⊆ P not containing i and j
X ∪ {j} ∈ W =⇒ X ∪ {i} ∈ W.

(1)

In such a case we will say that i is at least as desirable (as a coalition partner) as
j. This relation is reflexive and transitive but not always complete (total) (e.g.,
see [2]). The corresponding equivalence relation on [n] will be denoted ∼G and
the strict desirability relation as G . If this can cause no confusion we will omit
the subscript G.

Definition 6. Any simple game whose desirability relation is complete is called
complete.
Example 7. Any weighted game is complete.
Later we will have more examples. Complete simple games are a very natural
generalisation of weighted games. This class is much larger however so measures
of non-weightedness, e.g., the dimension, for such games are important and interesting.
In a complete game G = (P, W ) the set of players P is partitioned into
equivalence classes P = P1 ∪ . . . ∪ Pm with respect to ∼G . Any coalition X ⊆ P
defines a multiset {1`1 , . . . , m`m }, where `i is the number of elements from Pi
in X. Due to completeness, the status of X, i.e.,whether it is winning or losing, can be deduced from this multiset. The multisets corresponding to winning
coalitions will be called models of winning coalitions. We also define models of
losing coalitions, respectively.
In a complete game G = (P, W ) a winning coalition X is shift-minimal if any
coalition (X \ {i}) ∪ {j} is losing for any i ∈ X and j ∈
/ X such that i G j, i.e.,
it ceases to be winning after any replacement of its player with a less desirable
one. A losing coalition Y is called shift-maximal if it becomes winning after a
replacement of any player with a more desirable one. A complete simple game
is fully defined by the set of its shift-minimal winning coalitions or the set of its
shift-maximal winning coalitions.
Suppose now that the set of players P is partitioned into m disjoint subsets
P = ∪m
i=1 Pi and let k = (k1 , . . . , km ) be a sequence of positive integers with
k1 < k2 < . . . < km . Then we define the game H = H∃ (P, k) by setting the set
of winning coalitions to be



W∃ = X ∈ 2P | ∃i X ∩ ∪ij=1 Pi ≥ ki .
Such a game is called a disjunctive hierarchical game. It has m thresholds and
at least one of them must be reached for the coalition to be winning.
Suppose now that the set of players P is partitioned into m disjoint subsets
P = ∪m
i=1 Pi , and let k1 < . . . < km−1 ≤ km be a sequence of positive integers.
Then we define the game H∀ (P, k) by setting the set of its winning coalitions to
be



W∀ = X ∈ 2P | ∀i X ∩ ∪ij=1 Pi ≥ ki .
Such a game is called a conjunctive hierarchical game. It has m thresholds and
all of them must be reached for the coalition to be winning.
Both classes of hierarchical games are complete. Gvozdeva et al [13] give a
sufficient and necessary conditions for having all m classes of players of different
desirability, i.e.,
P1 G P2 G . . . G Pm
(2)
is satisfied in which case the game G is called m-partite. In this case P1 , . . . , Pm
are exactly the equivalence classes with respect to the equivalence relation ∼G .
We denote |Pi | = ni . For a conjunctive hierarchical game [13] give the following
necessary and sufficient conditions:

(a) k1 ≤ n1 , and
(b) ki < ki−1 + ni for every i ∈ {2, . . . , m}.
Moreover, G has veto players iff k1 = n1 , in which case P1 is the set of veto
players, and G has dummies iff km−1 = km , in which case Pm is the set of
dummies.
We note that these conditions imply
ki ≤ n1 + . . . + ni − (i − 1).

(3)

In particular, the equation ki = n1 + . . . + ni can be satisfied only when i = 1.
Lemma 8. Let G = (P, W ) be an m-partite simple game with P = P1 ∪ P2 ∪
. . . ∪ Pm , where P1 consists of veto players and Pm of dummy players. Let A =
P1 ∪Pm . Then the reduced game GA is defined on the set of players P2 ∪. . .∪Pm−1
and does not have veto or dummy players.
Proof. Due to Proposition 5 of [13] GA is an (m − 2)-partite conjunctive hierarchical game with n0 = (n2 , . . . , nm−1 ) and with the vector of thresholds
k0 = (k2 − k1 , . . . , km−1 − k1 ).
Since n2 > k2 − k1 this game does not have veto players and since km−2 − k1 <
km−1 − k1 it does not have dummies.

2.1

Definition of the Dimension. The Criterion of Kurz and Napel

The dimension of a simple game G is the minimum dimension of the vectors
required to express it as a vector-weighted game [22]. That is, a simple game has
dimension k if it can be represented as a vector-weighted game with weights from
Rk , but not with weights from R` for ` < k. In practice it is more convenient to
work with the following equivalent definition.
Let Gi = (P, Wi ), i = 1, . . . , n, be simple games with the same set of players
P . Then the intersection of these games is the simple game G = (P, W ), where
W = W1 ∩ W2 ∩ · · · ∩ Wn . In other words, a coalition is winning in G if and only
if it is winning in (P, Wj ) for each j = 1, . . . , n. We write G = G1 ∧ . . . ∧ Gn for
reasons that will be revealed later.
Definition 9. A simple game has dimension d if it can be represented as the
intersection of d weighted games but cannot be represented as the intersection of
` weighted games for ` < d. We will denote the dimension of G by dim(G).
Examples of games of dimension 2 include the United States Federal System and the procedure to amend the Canadian Constitution [23]. Freixas [10]
proved that two European voting systems under the Nice rules (two complete
simple games) had dimension 3, which became the first real-world example of
dimension 3. Cheung and Ng [3] proved that the voting system in Hong Kong

(which is not a complete simple game) has also dimension 3. In a recent result
Kurz and Napel [16] have found that the revised voting rules of the Council of
the European Union (EU Council) mean that a simple game representation of
that voting body must have dimension at least 7. This is significantly larger than
that of any other known simple game that occurs in the real world.
To calculate the dimension of a game exactly is not an easy task. Deı̆neko and
Woeginger [4] proved that the following problem is NP-hard: given k weighted
majority games, decide whether the dimension of their intersection is exactly k.
To bound the dimension of a game from above the following observation can
be used [23].
Proposition 10. The dimension of a simple game G = (P, W ) is at most the
cardinality of the set |Lmax | of its maximal losing coalitions.
To bound the dimension of a game from below we will use the following useful
criterion, which is Observation 1 in Kurz and Napel [16].
Theorem 11. Let G = (P, W ) be a simple game, and let S = {Y1 , . . . , Yk } be
a set of losing coalitions such that for each pair {Yi , Yj } with i 6= j, there is no
possible weighted simple game for which every coalition in W is winning but Yi
and Yj are both losing. Then the dimension of G is at least |S| = k.
Kurz and Napel refer to these elements of S as pairwise incompatible. One
way to use this theorem to prove that a simple game G has dimension at
least k is to find, for every pair {Yi , Yj } ⊆ S, a certificate of non-weightedness
1
2
1
2
(Xi,j
, Xi,j
; Yi , Yj ), where Xi,j
, and Xi,j
are both winning in G.

3

The Main Results

Dimension. Freixas and Puente [12] studied a class of games, that they called
games with minimum, which, as was proved in [13], is nothing other than the
class of conjunctive hierarchical games. They formulated the following theorem.
However their proof of the lower bound was inaccurate (which is explained in
the next section where we clarify the concept of dimension in complete games).
We will give a simpler proof of the upper bound as well.
Theorem 12. The dimension d of an m-partite conjunctive hierarchical game
without veto or dummy players satisfies the inequalities d m
2 e ≤ d ≤ m.
Proof. Let H = H∀ (P, k), where P = P1 ∪ . . . ∪ Pm , k = (k1 , . . . , km ), and the
game is m-partite. Let us denote n = |P |. Let us define m weight functions on
P by

1, if p ∈ P1 ∪ . . . ∪ Ps
ws (p) =
0, if p ∈ Ps+1 ∪ . . . ∪ Pm
and m thresholds qs = ks , s ∈ [m]. We define game Gs on P by the voting
representation [qs ; ws (1), . . . , ws (n)].


It is clear that a coalition X wins in Gs if and only if X ∩ ∪sj=1 Pi ≥ ks ,
hence H = G1 ∧ . . . ∧ Gm and d ≤ m.
To prove the lower bound we assume that there are ` < d m
2 e weighted games
H1 , . . . , H` such that H = H1 ∧ . . . ∧ H` . Then, in each game Hi , all winning
coalitions of H are winning.
Let |Pi | = ni , i = 1, . . . , m. By Lemma 2 and Theorem 6 of [13] we have ni ≥
2. Any shift-maximal losing coalition of H corresponds to one of the following
m models:
Mi = {1a1 , . . . , iai , (i + 1)ni+1 , . . . , mnm }

(i = 1, . . . , m),

where a1 , . . . , ai satisfy the following conditions:
(i) aj ≤ nj for all j ≤ i and ai ≤ ni − i;
(ii) If 0 < at , then as = ns for all s < t;
(iii) a1 + . . . + ai = ki − 1.
Here (i) follows from (3) and the rest are clear.
We remind the reader that there are ` < m/2 games H1 , . . . , H` and m shiftmaximal losing coalitions. Hence, due to the pigeonhole principle there exist
an index i such that in Hi at least three shift-maximal losing coalitions of H,
belonging to different models, are losing in Hi . Then there are two coalitions
among these, say L1 and L2 , whose models, say Mi and Mj , satisfy i + 2 ≤ j.
Then
L1 = C1 ∪ . . . ∪ Ci ∪ Pi+1 ∪ . . . ∪ Pm ,
L2 = D1 ∪ . . . ∪ Dj ∪ Pj+1 ∪ . . . ∪ Pm ,
where Ci ⊆ Pi , Di ⊆ Pi , moreover, |C1 |+. . .+|Ci | = ki −1 and |D1 |+. . .+|Dj | =
kj − 1 with |Ci | < ni and |Dj | < nj . We note that |Cs | ≤ |Ds | for s ∈ [i]. If
only |Cs | > |Ds | for some s ∈ [i], and we can take s the smallest with this
property, then |Ds | < ns and |Ds+1 | = . . . = |Dj | = 0. Since |Cs | > 0 by (ii)
we have |C1 | + . . . + |Cs−1 | = n1 + . . . + ns−1 . This implies |C1 | + . . . + |Cs | >
|D1 | + . . . + |Ds | = kj − 1 ≥ ki , a contradiction.
Let s ∈ [j] be the largest positive integer with Ds 6= ∅. Then |D1 |+. . .+|Ds | =
|D1 | + . . . + |Dj | = kj − 1. Suppose s ≤ i. As kj − 1 ≥ kj−1 > ki , we have
|Cs | < |Ds |. If s > i, then Di = Pi and |Ci | < |Di | is true. Thus, a transfer of
a player x, from Ds to Cs in the first case and from Di to Ci in the second, is
possible.
After the transfer the conditions |D1 |+. . .+|Dt | ≥ kt for t ∈ [j −2] would not
be violated. And if kj−1 > kj − 1, then the condition |D1 | + . . . + |Dj−1 | ≥ kj−1
would not be violated either. If, however, kj−1 = kj −1, then after the transfer we
will have |D1 |+. . .+|Dj−1 | = kj−1 −1. And, of course, |D1 |+. . .+|Dj | = kj −2.
We claim that in such a case Dj−1 6= Pj−1 . Indeed, if Dj−1 = Pj−1 , then D` = P`
for all ` ∈ [j − 1]. But then by (3) |D1 | + . . . + |Dj−1 | = n1 + . . . + nj−1 > kj−1
which gives us a contradiction.
Now since i < j −1 we have L1 ⊃ Pj−1 ∪Pj . Since Dj−1 6= Pj−1 and Dj 6= Pj
and min(nj−1 , nj ) ≥ 2, we can transfer y ∈ Pj−1 and z ∈ Pj from L1 to L2 . This

will make (L2 \ {x}) ∪ {y, z} winning. Let us also notice that for L1 before the
transfer we had
|C1 | + . . . + |Ci | + |Pi+1 | + . . . + |Ps | ≥ ks + (s − i)
for any s ≥ i + 1. Indeed,
|C1 | + . . . + |Ci | + |Pi+1 | + . . . + |Ps | = ki − 1 +

s
X

nt

t=i+1

≥ ki − 1 +

s
X

(kt − kt−1 − 1) = ks + (s − i).

t=i+1

This means that (L1 ∪ {x}) \ {y, z} is winning as well. We obtained a certificate
of non-weightedness
((L1 ∪ {x}) \ {y, z}, (L2 \ {x}) ∪ {y, z}; L1 , L2 )
which gives us a contradiction.
To enhance this theorem we prove the following lemma.
Lemma 13. Let G = (P, W ) be a weighted voting game. Let P1 and P2 be
disjoint sets which are also disjoint with P . We extend the set of players to
P 0 = P1 ∪ P ∪ P2 and modify the set of winning coalitions so that
0
Wmin
= {X ∪ P1 | X ∈ Wmin }.

Then the new game G0 = (P 0 , W 0 ) is again weighted, players of P1 are veto
players and players of P2 are dummy players in G0 .
Proof. Let w : P → R be the weight function for G and let q be the corresponding
threshold. Let u be a sufficiently large number (u > w(P ) would be sufficient).
We leave weights for elements of P unchanged, we give weight u to all players
from P1 and weight 0 to all players from P2 . The new threshold for G0 will be
q 0 = u|P1 | + q. It is straightforward to check that the new system of weights
defines G0 .
We can now prove our first main result.
Theorem 14. The dimension d of an m-partite conjunctive hierarchical game
satisfies d m
2 e − 1 ≤ d ≤ m.
Proof. Let G be an m-partite conjunctive hierarchical game. Due to Lemmata 1
and 2 the dimension of G is equal to the dimension of m0 -partite game where
m0 ≥ m − 2. The result now follows from Theorem 12.

We have to acknowledge though that the original version of this theorem
in [12] gives an algorithm of computing the dimension of H from parameters
k = (k1 , . . . , km ) and n = (n1 , . . . , nm ), where ni = |Pi |.
The only way we can grow the dimension in hierarchical conjunctive games
is to increase the number m of equivalence classes. This is not the case where
disjunctive hierarchical games are concerned. Let us consider a non-weighted
example of a disjunctive hierarchical game with the ‘smallest’ possible vector k.
This would be k = (2, 4) (as in non-trivial cases we have k1 ≥ 2 and the games
with k = (2, 3) are weighted [13]).
Proposition 15. Let d ≥ 2 be a positive integer. Let P = P0 ∪ P1 with |P0 | = d,
|P1 | = 2d, and k = (2, 4). Then the disjunctive hierarchical game H = H∃ (P, k)
has dimension at least d.
Proof. Let P0 = {a0 , . . . , ad−1 } and P1 = {b0 , . . . , b2d−1 }, define the sets Yi =
{ai , b2i , b2i+1 }, i = 0, . . . , d − 1, and let S = {Y0 , . . . , Yd−1 }. All coalitions from
S lose in H. Then S satisfies the conditions of the Kurz-Napel criterion since if
i 6= j
({ai , aj }, {b2i , b2i+1 , b2j , b2j+1 }; Yi , Yj )
1
is a certificate of non-weightedness for H as the coalitions Xi,j
= {ai , aj } and
2
Xi,j = {b2i , b2i+1 , b2j , b2j+1 } are both winning (the first achieves the first threshold and the second achieves the second). By the criterion, the dimension of H is
at least d.

We have shown here that we have dimension at least |P0 | when |P1 | = 2|P0 |.
If |P1 | > 2|P0 |, then we have the same result, as we can use exactly the same
set of pairwise incompatible losing coalitions. In this case our coalitions will
not include all the members of P1 , however. Finally, if |P1 | < 2|P0 |, then we can
again use the same set of pairwise incompatible coalitions,
k but in this case we will
j
not use every member of P0 . We will end up with |P21 | pairwise incompatible
losing coalitions in this case, since if |P1 | is odd we will have only |P12|−1 pairs
of members from |P1 |. We must have that |P1 | > 2 so that we can form the pair
{b2i , b2i+1 }. Thus we have the following result.
Corollary 16. The (2, 4)–disjunctive
hierarchical game with P = P0 ∪ P1 has a
n
j
ko
dimension of at least min |P0 |,

|P1 |
2

when |P1 | > 2.

This result is interesting from several perspectives. Firstly, due to [13], we
know that the game H in the proposition is roughly weighted. Hence we see that
a roughly weighted game can have an arbitrary dimension. Secondly, we showed
that we can get linear growth in the number of players without increasing the
number of classes. If we start increasing both we will get a growth faster than
linear.

Theorem 17. Let P = P0 ∪ P1 ∪ . . . ∪ Pm−1 with |P0 | = k, |P1 | = |P2 | = · · · =
|Pm−1 | = 2k and k = (2, 4, 6, . . . , 2m). Then the disjunctive hierarchical simple
game H = H∃ (P, k) has dimension d satisfying
k m−1 ≤ d ≤ k m (2k − 1)m−1 .
(j)

Proof. We will denote by pi the jth player from part Pi , and as above, we will
(j)
(2j) (2j+1)
let Pi = {pi , pi
}, where here j ∈ {0, . . . , k − 1} and i ∈ [m]. Then all
coalitions of the form
(i1 )

{ai0 } ∪ P1

(i2 )

∪ P2

(i

(i0 )

)

m−2
∪ Pm−1 ,
∪ · · · ∪ Pm−2

(4)

where i0 = i0 + i1 + . . . + im−2 (mod k) will form the set S to be used in the
Kurz-Napel criterion. Firstly, we note that all the coalitions in S are losing as
no threshold is achieved. Let us show that any two of them are incompatible.
Let
(i1 )

∪ P2

(j1 )

∪ P2

Y1 = {ai0 } ∪ P1

Y2 = {aj0 } ∪ P1

(i

)

(i0 )

(j

)

(j 0 )

(i2 )

m−2
∪ · · · ∪ Pm−2
∪ Pm−1 ,

(j2 )

m−2
∪ · · · ∪ Pm−2
∪ Pm−1 ,

be two coalitions from S. There are two cases.
– If i0 = j0 , then there is at least one ` ∈ {1, . . . , m − 2} for which i` 6= j`
(i )
(j )
(otherwise the coalitions would be identical), so P` ` is disjoint from P` ` .
0
0
If ir = jr for all r ∈ {1, . . . , ` − 1, ` + 1, . . . , m − 2}, then i 6= j , thus we
may assume that there exists also r ∈ [m − 1] such that r 6= ` and ir 6= jr .
Without loss of generality assume that ` < r. Then we get a certificate of
non-weightedness
(2j` )

(Y1 ∪ {p`

(2j` )

} \ Pr(ir ) , (Y2 \ {p`
(2j )

} ∪ Pr(ir ) ; Y1 , Y2 ).
(i )

by swapping one element {p` ` } of Y2 for two elements Pr r of Y1 . After the
swap the first coalition will be winning since the `-th threshold is achieved
and the second will be also winning since the r-th threshold is achieved.
– If i0 6= j0 but ir = jr for all r ∈ {1, . . . , m − 2}, then i0 6= j 0 , hence we may
assume that there exists r ∈ [m − 1] such that ir 6= jr . In this case we get a
certificate of non-weightedness
(Y1 ∪ {aj0 } \ Pr(ir ) , (Y2 \ {aj0 } ∪ Pr(ir ) ; Y1 , Y2 )
(ir )

by swapping {aj0 } and Pr

.

Since |S| = k m−1 , this means that the dimension of such a game is at least k m−1 .
The upper bound is easily calculated with the help of Proposition 10 taking
in consideration that each maximal losing coalition consists of one member from
P0 and two members from each of the P1 , . . . , Pn .

This result answers directly the question from [12] about possibility of a polynomial growth in complete games.
Theorems 12 and 14 demonstrate inter alia that the dimension is not preserved under duality. Indeed, it is known [13] that the duality takes us from
disjunctive hierarchical games to conjunctive ones and vice versa.
Codimension. A concept closely related to dimension is that of the codimension.
Definition 18. The codimension of a simple game is the minimum number of
weighted simple games whose union forms the given game. That is, the simple
game G = (P, W ) has codimension n if W = W1 ∪ · · · ∪ Wn , where each of
(P, W1 ), . . . , (P, Wn ) is weighted, and W cannot be represented as the union of
fewer than n weighted games. We will denote the codimension of G by codim(G).
This concept emerges in relation to duality of games.
Theorem 19 (Freixas-Marciniak, 2009). If G is a simple game, then
codim(G∗ ) = dim(G).
Proof. This is a simplification of Theorem 3.2(ii) in [11], in which we take C to
be the class of weighted simple games, along with their observation that this
class is closed under duality.
Due to Freixas-Marciniak theorem we can extract some consequences from
our results with respect to codimension.
Corollary 20. The codimension d of an m-partite disjunctive hierarchical game
satisfies d m
2 e − 1 ≤ d ≤ m.
Proof. Follows from Theorem 14 and the fact that the dual game to a disjunctive
hierarchical game is conjunctive hierarchical [13].
Corollary 21. There is a sequence of disjunctive hierarchical games whose codimensions grow polynomially in the number of players.

4

Problems with the concept of dimension

There are several disturbing properties of the concept of dimension. One of
those can be observed from the results of this paper, namely, that the dimension
is not preserved under duality. Indeed, in [13] it was proved that the dual of
a disjunctive hierarchical games is a conjunctive hierarchical games and vice
versa. However, Theorems 14 and 17 show that the dimensions of games in these
classes are very different. Another problem with this concept is illustrated in the
following example.

Motivating example.1 It shows that when one represents a complete game
G as an intersection of weighted games, it may be impossible to choose the
weightings in a way that faithfully represents the desirability order G .
Let P = P1 ∪ P2 with |P1 | = 2 and |P2 | = 5. Consider a disjunctive hierarchical game H = H∃ (P, k) with k = (2, 5). Frstly, let us consider P as a
multiset {12 , 25 }, i.e., consisting of two identical players of type 1 and five of
type 2. We ask if it is possible to find games H1 , . . . , Hk , where the ith game has
voting representation [qi ; wi (1), wi (2)], i.e., assigning weight wi (1) for players of
the first type, weight wi (2)] to players of the second type and having threshold
qi .
Considering all coalitions as submultisets we see that the minimal winning
ones are {12 }, {1, 24 }, {25 }. We can graphically depict them on the following
diagram where the area of winning coalitions is presented in grey.

Figure 1: Vertical axes shows the number of players of the first type and
horizontal of the second.
This grey area is not convex; its convex hull also contains the point corresponding to the only maximal losing coalition {1, 23 }. This means that the games
H1 , . . . , Hk cannot be found. What can be done?
Let P1 = {b1 , b2 } and P2 = {c1 , c2 , c3 , c4 , c5 }. Consider the two following
representations:
First representation. We define two weighted games G1 = (P, W1 ) and
G2 = (P, W2 ) as follows:
w1 (b1 ) = 4, w1 (b2 ) = 1.1,
∀j∈[5] w1 (cj ) = 1 and quota = 5.
and
w1 (b1 ) = 1.1, w1 (b2 ) = 4,
∀j∈[5] w1 (cj ) = 1 and quota = 5.
Obviously, H = G1 ∩ G2 and, since H is not weighted, we have dim H = 2.
Second representation. The above representation failed to represent the
‘equivalence’ part of ∼H for the players of P1 , but did succeed with the P2 players
(in that they did get equal weight for each of the two weightings).
Next, we look at a representation that switches roles: it similarly represents
the strict part of ∼H for all players, and it gives the P1 players equal weight
1

The example we present in this section is the result of an email discussion with Bill
Zwicker.

for each of the weightings (but the five players of P2 get different weights). For
every subset X ⊂ [5] such that |X| = 3 we define a game GX = (P, WX ) by
wX (b1 ) = wX (b2 ) = 3,
∀i∈X wX (ci ) = 2, ∀i∈X
wX (ci ) = 0,
/
quota = 6
There are 10 such sets X of cardinality 3, and thus 10 weighted games, and
it is easy to show that their intersection is the hierarchical game H. The nice
property of this particular vector of weightings is that it respects the ‘strict’ part
∼H of the individual desirability order of H in the following sense: x ≺H y iff
wX (x) < wX (y) holds for each three-element subset X of [5].
This example explains why the lower bound in the theorem of Freixas and
Puente (Theorem 2) had to be reproved. In their proof of the lower bound
they allowed only weighted games that assign equal weights to players who are
equivalent in the original game. We see that it is not sufficient to claim that the
lower bound in their theorem holds.
Boolean dimension of simple games. Boolean dimension of a simple
game was introduced in [8]. Let Φ = {p, q, . . .} be a set of propositional variables
and let L denote the set of (well-formed) formulas of the first-order propositional
logic over Φ containing only logical connectives ∧ and ∨2 . For a formula φ ∈ L let
|φ| be the number of variables used to express φ. Suppose also > is a tautology
and ⊥ is a contradiction. Let Gi = (P, Wi ), i = 1, . . . , q, be simple games with
the same set of players P . We will define the game G = (P, W ) by setting for a
coalition C ⊆ P
C ∈ W := φ(C ∈ W1 , . . . , C ∈ Wq ) = >.
We will denote this game φ(G1 , . . . , Gq ). We illustrate this definition with the
following simple games which plays an important role in the theory of secret
sharing [1]. They are called there tripartite.
Example 22. Let n = (n1 , n2 , n3 ) and k = (k1 , k2 , k3 ), where n1 , n2 , n3 and
k1 , k2 , k3 are positive integers. The game ∆1 (n, k) is defined on the set P =
P1 ∪ P2 ∪ P3 which is a union of disjoint sets P1 , P2 , P3 of cardinalities n1 , n2 , n3 ,
respectively,. A coalition C = C1 ∪ C2 ∪ C3 , where Ci ⊆ Pi , i = 1, 2, 3, is winning
iff
(|C1 | ≥ k1 ) ∨ [(|C1 | + |C2 | ≥ k2 ) ∧ (|C1 | + |C2 | + |C3 | ≥ k3 )] = >,
where k1 < k3 , k2 < k3 , n1 ≥ k1 , n2 > k2 −k1 and n3 > k3 −k2 . Obviously,
it is organised as G1 ∨ (G2 ∧ G3 ), where G1 , G2 , G3 are weighted games.
Definition 23. Let G be a simple game. The smallest positive integer d such
that G can be represented as G = φ(G1 , . . . , Gn ), where G1 , . . . , Gn are weighted
simple games, and |φ| = d is called the Boolean dimension of G.
2

In paper [8] negations were also allowed, however, the authors of that paper considered also non-monotonic simple games which we do not consider.

The Boolean dimension of the game ∆1 (n, k) from Example 22 is obviously 3
while its classical dimension may (and certainly will) depend on the parameters
n and k..
Apart from a better ability to reflect the descriptive complexity of games, the
Boolean dimension has some nice properties absent in the classical dimension.
Proposition 24. The Boolean dimension of a simple game is equal to the Boolean
dimension of its dual.
Proof. Let Gi = (P, Wi ), i = 1, 2, be a simple game and G∗i = (P, Wi∗ ), i = 1, 2,
be their dual games. Taylor and Zwicker in [23] (see, e.g., Proposition 1.4.3)
showed that the following two de Morgan laws are satisfied
(W1 ∪ W2 )∗ = W1∗ ∩ W2∗ ,
(W1 ∩ W2 )∗ = W1∗ ∪ W2∗ .
From here it immediately follows that
(G1 ∨ G2 )∗ = G∗1 ∧ G∗2 ,
(G1 ∧ G2 )∗ = G∗1 ∨ G∗2 ,
which imply the statement.
However, some features of Boolean dimension are the same as the corresponding features of dimension. In particular, as is the case for dimension, in general
the calculation of the exact Boolean dimension of a simple game is NP-hard [8].

5 Conclusion and open questions
We have answered a question of Freixas and Puente [12] by showing that the
dimension of a complete simple game can grow polynomially in the number of
players. The games used to demonstrate this are the so-called disjunctive hierarchical games. We have discussed the pitfalls of the concept of dimension and
found some disturbing features of it which led us to reproving and strengthening
the theorem of Freixas and Puente about the range in which the dimension of
a conjunctive hierarchical game may lie. This research prompts the following
questions:
– Can the dimension of a complete simple game grow exponentially in the
number of players?
– Can anything be said about the Boolean dimension of a complete game?
– Let G = (P, W ) be a complete game with equivalence classes for the desirability relation P1 , . . . , Pm so that P = P1 ∪ . . . , ∪Pm . Then for each i ∈ [m]
does there exist a representation of G as an intersection of weighted games
such that each game in this representation assigns equal weights to players
from Pi and respects the strict part of the desirability order G ?
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Abstract. Within characteristic function games, agents have the option of joining one of many different coalitions, based on the utility value of each candidate
coalition. However, determining this utility value can be computationally complex since the number of coalitions increases exponentially with the number of
agents available. Various approaches have been proposed that mediate this problem by distributing the computational load so that each agent calculates only a
subset of coalition values. However, current approaches are either highly inefficient due to redundant calculations, or make the benevolence assumption (i.e. are
not suitable for adversarial environments). We introduce DCG, a novel algorithm
that distributes the calculations of coalition utility values across a community
of agents, such that: (i) no inter-agent communication is required; (ii) the coalition value calculations are (approximately) equally partitioned into shares, one
for each agent; (iii) the utility value is calculated only once for each coalition,
thus redundant calculations are eliminated; (iv) there is an equal number of operations for agents with equal sized shares; and (v) an agent is only allocated those
coalitions in which it is a potential member. The DCG algorithm is presented and
illustrated by means of an example. We formally prove that our approach allocates all of the coalitions to the agents, and that each coalition is assigned once
and only once.
Note: This paper originally appeared in AAAI-15 [7].

1

Introduction

Coalition formation is the process by which a number of agents partition themselves
into temporary teams (i.e. coalitions), where each coalition collaborates to achieve mutually beneficial results. Coalition formation is a well studied research area in multiagent systems and has a wide range of potential applications, including: electronic
auctions/market places; communication networks; the smart grid; grid computing; distributed vehicle routing; sensor networks; multi-agent planning; and computational trust
[3].
Coalition formation can be divided into a three stage process [8]: (1) calculating
the utility value of each possible coalition; (2) finding a satisfiable set of coalitions;
and (3) dividing the utility values of the coalitions into a stable distribution (where no
agent can object to its assigned payoff). The first stage of coalition formation requires
the agents to calculate the utility value of each coalition, which can be computationally
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complex as the number of coalitions that can form given a population of n agents is
2n − 1. Furthermore, the complexity of calculating an individual coalition’s value can
vary, and potentially be exponential [9]. Thus, even if each agent only calculates the
n
value of those coalitions that it can potentially form (i.e. 22 ), then this can still result in
a significant overlap of calculations, such that this redundancy can converge to 100%,
n
−1
as limn→∞ n22 (n−1)
= 0.
Various studies have explored how to distribute coalition value calculations amongst
agents, to reduce the computation cost for each agent, and possibly reduce the overall
computation time [10–12, 6, 13]. Furthermore, as the agents themselves can potentially
determine the value of the coalitions in which they participate, this eliminates the need
for a trusted central authority/independent third-party responsible for determining the
value calculations. However, existing approaches are not necessarily efficient: some
only guarantee that every coalition value will be calculated at least once, potentially
resulting in redundant calculations [10–12]; while others distribute the calculations unequally amongst the agents [13]. The approach given in [6] does not suffer from these
deficiencies but allocates some coalitions to agents that do not appear in them, which
can be undesirable in adversarial environments where deception may occur.
We present a novel algorithm for distributing coalition value calculations, named the
Distributed Coalition Generation (DCG) algorithm, that addresses these limitations by
allocating all coalitions to agents that appear in them and balancing the computational
load approximately evenly (wrt. share size and number of operations) across the agents.
This process is completed without inter-agent communication in a way that eliminates
redundant coalition value calculations.
Furthermore, the DCG algorithm can be combined with other approaches to complete the coalition formation process. For example, if agents want to find a core/-core
stable solution [5], then DCG can be used as input to algorithms, such as [2, 14], that
determine such solutions.
In this paper, the distributed coalition value calculation problem is presented and
related work critiqued in Section 2. Section 3 describes the underlying coalition ordering mechanism and provides an example, while the DCG algorithm is presented in
Section 4. Proofs for the properties of this work are presented in Section 5 which focus
on how: (a) all coalitions are assigned; and (b) all coalitions are assigned once and only
once. After the DCG algorithm and related theory has been fully introduced, comparisons with related work are made in Section 6. Possible lines of future work are detailed
in Section 7 and the paper concludes in Section 8.

2

Related Work

The characteristic function game model of coalition formation [5] is denoted: G =
hN, vi where N = {1, 2, ..., n} is the set of agents, and v is the characteristic function
(v(2N ) → R) which assigns every possible coalition a real numeric payoff. To find an
outcome of a characteristic function game, the value of each coalition needs to be calculated and the coalitions compared. As it assumes that each coalition’s value is static,
deterministic and independent of the other coalitions that could form, a characteristic
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function game has the property that each coalition’s value needs to be calculated only
once.
This property was originally exploited by Shehory and Kraus [10–12] to reduce the
number of redundant calculations. Instead of each agent calculating each coalition value
in which it is a member, they introduced an algorithm (referred to here as SK) where
each agent negotiated over which coalitions (that also comprised that agent) should be
allocated to its value calculation share. However, this algorithm suffers from several
limitations [6]: (i) many messages need to be sent between the agents to facilitate the
negotiation; (ii) there is no guarantee that the number of coalition value calculations
performed by each agent is approximately equal; and (iii) there is no guarantee that
every coalition value is calculated once and only once (SK only guarantees that every
coalition value will be calculated at least once).
Rahwan and Jennings argued that the SK algorithm utilised the resources of the
system inefficiently, and addressed this by proposing the Distributed Coalition Value
Calculation algorithm (DCVC) [6]. Their algorithm grouped coalitions into lists, and
divided the lists into shares, one for each agent. They showed that: (i) no inter-agent
communication was necessary; (ii) the agents’ coalition value calculation shares were
approximately equal; and (iii) each coalition value was calculated once and only once.
However, a weakness of DCVC is that a coalition assigned to an agent i’s share may
not include i.
More recently, Vinyals et al. [13] proposed an algorithm (referred to as VBFR)
that distributes the coalition value calculations to agents when they are connected in
a network, with the property that each coalition must include member agents that are
connected together in a graph. However their algorithm failed to evenly distribute the
coalition value calculations (for a fully connected graph), because the number of calculations that an agent had to perform was correlated with an ID associated to each
agent.

3

Preliminaries and Introductory Example

The DCG algorithm (in Section 4) exploits a novel method for representing and ordering
coalitions, such that different coalitions can be allocated to each agent, in such a way as
to facilitate the construction of shares (one per agent) that eliminate redundant coalition
value calculations.
3.1

Ordering and Integer Partitions

In this paper, a coalition C ⊆ {1, 2, ..., n} is represented as an ordered sequence of
identifiers (IDs) that form a coalition array, where no agent appears more than once
in any coalition, and where the coalition size s = |C|. An integer increment value between two contiguous agents i and j in a coalition array corresponds to the difference
in the agents’ IDs1 . For example, if we have a coalition array [3, 6, 1], then there is
1

As agent IDs are in the range [1, n], IDs modified using an integer increment will result in
an ID modulo n. The agent ID n will be returned when the ID 0 is found because 0 ≡ n
(mod n).
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L3
L3,h3,0,0i L3,h2,1,0i L3,h2,0,1i L3,h1,1,1i
CV1 1,5,6
1,4,6
1,4,5
CV2 2,6,1
2,5,1
2,5,6
CV3 3,1,2
3,6,2
3,6,1
CV4 4,2,3
4,1,3
4,1,2
4,6,2
CV5 5,3,4
5,2,4
5,2,3
5,1,3
CV6 6,4,5
6,3,5
6,3,4
Table 1. Coalition value calculation shares (CV ) for all coalitions of size s = 3, when there are
n = 6 agents.

one integer increment value between the ID pair 3, 6 and one between 6, 1. There is an
additional increment between the last and the first agent IDs in the array; i.e. the ID
pair 1, 3. The integer increment value between two agents i and j can be decomposed
into a baseline increment (which is assumed to be 1, since agent IDs are unique) and
an offset increment, denoted ti = (j − i) − 1 mod n (i.e. integers modulo n). Thus, if
ti = 0, the difference between the IDs for agents i and j corresponds only to the baseline increment; whereas if ti 6= 0, then ti represents an additional offset increment. An
increment array (IA) denoted t = ht0 , t1 , . . . , ts−1 i therefore represents the offset increments between the identifiers of the coalition array. For example, given the coalition
array [3, 6, 1], the corresponding IA will be h2, 0, 1i.
An integer partition of x is a combination of positive integers that add up to exactly
x. The DCG algorithm uses integer partitions to identify the offset increments between
consecutive pairs of IDs in the coalition array. The full set of integer partitions is denoted I(n−s); for example, given n = 6 and s = 3, I(n−s) = {{3}, {2, 1}, {1, 1, 1}}.
Increment arrays can be formed from an integer partition I for coalitions of size s, only
when I ∈ I(n − s) and |I| ≤ s, by including additional zero values to satisfy the
property:
s−1
X
ti = (n − s)
i=0

For example, when n = 6 and s = 3, the integer partition {2, 1} could be used to form
various possible increment arrays: h2, 1, 0i, h2, 0, 1i, etc. The integer increment values
corresponding to the increment array h2, 1, 0i result from the two following coalition
arrays [1, 4, 6] and [2, 5, 1], as the ID pairs 1, 4 and 2, 5 share (2 + 1), whereas the ID
pairs 4, 6 and 5, 1 share (1 + 1). As IAs are shared between coalition arrays, the new
ordering method introduced in this paper divides the coalitions into 2-dimensional lists
Ls,t .
Each increment array t represents the necessary offset increments from one agent
ID of the coalition array to the next. For agent i to generate a coalition C assigned to
itself using t, the first element of the coalition array will be i to motivate i to compute
the coalition’s value. The second agent ID j in the coalition array will be = (i + t0 +
1) mod n; and the third agent ID k will be = ((i + t0 + 1) + t1 + 1) mod n. This
continues until the coalition’s size s limit has been reached.
Table 1 presents a subset of the coalition arrays, grouped by IAs of size s = 3 for
n = 6 agents. Each column represents a single list Ls,t for some IA t, whereas the rows
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present the coalition value calculation shares (CVs) comprising the different coalition
arrays with a common first element (where CVi is agent i’s share). The table represents
all coalition arrays necessary for coalitions of size s = 3. To assign all of the coalitions,
multiple IAs are needed; however, every coalition is assigned once and only once. Note
that an integer partition may form more than one increment array; for example the two
increment arrays h2, 1, 0i and h2, 0, 1i are formed from the {2,1} integer partition.
Four different IAs are required for all the coalitions to be allocated in the above
example. The IA tx = h2, 0, 1i is valid as {2, 1} is a candidate integer partition of
I(6 − 3) that satisfies |{2, 1}| ≤ s = 3. Yet as |{2, 1}| =
6 3, additional zeros are needed
to fill up the IA to make the IA the required size s. If agent 2 used tx , the coalition array
would comprise:
= {i, (i + tx0 + 1) mod n, ((i + tx0 + 1) + tx1 + 1) mod n}
= {2, (2 + 2 + 1) mod 6, ((2 + 2 + 1) + 0 + 1) mod 6}
= {2, 5, 0} ≡ {2, 5, 6}
In the above example, the ID 0 was generated. As 0 ≡ n (mod n), this is replaced with
ID = n = 6 in this coalition.
Each IA should be used n times (once for each agent) unless the IA includes a
sequence that is repeated throughout the IA. In Table 1, h1, 1, 1i is the only IA with a
repeated sequence, with {1} being repeated m = 3 times. The number of times an IA
with a repeating sequence should be used relates to the size of the repeating sequence
and is given by r (introduced in the next subsection). The choice of agents that should
use this type of IA will depend on the allocation of other coalitions, and is described in
Section 4.
If any other IA was used other than the ones listed in Table 1, it would result in a
coalition’s value being calculated more than once. For example, if agent 6 used ty =
h1, 2, 0i, the coalition array [6, 2, 5] would be generated despite this coalition being
generated by agent 2 using tx = h2, 0, 1i.
3.2

A Distributed Method for Coalition Generation

The period of t, denoted by π(t) is defined as:
min t =ht0 , t1 , ..., tp−1 , t0 , t1 , ..., tp−1 , ..., t0 , t1 , ..., tp−1 i

1≤p≤s

Hence, t is formed by m identical copies of a sequence of length π(t). Given C ⊆
{1, 2, . . . , n}, an agent ID ag generates C from ag if C = {ag1 , ag2 , . . . , ags } and:

if i = 1
 ag
agi = (ag + φi ) mod n if (ag + φi ) mod n 6= 0

n
if (ag + φi ) mod n = 0
where:
φi =

i−2
X

tk + (i − 1)

k=0

Additionally, C(ag, t) denotes the subset of {1, 2, . . . , n} generated by the IA t
from agent ag. It is possible to demonstrate that each t only needs to be used by r =
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(n × π(t))/s different agents. If more than r agents use t to generate a coalition, then
repeated coalitions will be generated. For example, if the chosen IA from Table 1 is
tq = h1, 1, 1i then r = (n × π(tq ))/s = (6 × 1)/3 = 6/3 = 2 agents should use
tq , which is true as any other agent using tq would repeat either coalition {1, 3, 5}
or {2, 4, 6}. Finally, if tx and ty generate the same coalition C for two different agents
i, j ∈ C (i.e. C(i, tx ) = C(j, ty )), then tx and ty are classified as belonging to the same
equivalence class, denoted tx ≈ ty . For example, the IAs in the following equation
belong to the same equivalence class: C(2, h2, 0, 1i) = C(6, h1, 2, 0i) = {2, 5, 6}. We
write tx ≈ ty when tx = htyk , ..., tys−1 , ty0 , ..., tyk−1 i for some 0 ≤ k ≤ s − 1. Section 5
proves that rather than considering every possible IA, it suffices only to consider a single
representative from each equivalence class ≈.

4

The Distributed Coalition Generation Algorithm

The DCG algorithm used by each agent i to generate all of its coalitions in its coalition value calculation share is presented in Algorithm 1. The balance pointer is initialised, and references the next agent to calculate a coalition’s value. It is similar to
the α pointer in [6], and its use by SingleSize ensures that all the agents’ shares
are either equal in size or have a difference in size of +/− 1. Line 21 allows only the
next r agents to calculate a coalition, starting from the agent referred to by the balance
pointer, and continuing in an ascending order. If agent n (i.e. the agent with the highest
ID) is assigned to calculate a coalition’s value, and z more coalition value calculations
are required, then line 21 also allows agents 1 to z to calculate a coalition’s value.
The DCG algorithm calls SingleSize for every possible size of the coalitions.
This function returns all coalitions of size s in agent i’s share. The while loop (lines
18-30) uses a black box function, named build (lines 17 and 29), to determine the
next IA of a new equivalence class. This new IA is used to generate another coalition
for agent i, if i is one of the next r agents to be assigned a coalition (lines 19 to 23).
Regardless of who uses the new IA, the balance pointer is updated (lines 24-27). When
the build function returns null, this indicates that all the coalitions of size s for agent
i’s calculation share have been found.
A possible implementation of the black box build function is presented in Algorithm 2. It relies on an indexing scheme that defines the function place : t → N0 to
map an IA t = ht0 , . . . , ts−1 i to a non-negative integer; i.e.
place(ht0 , t1 , . . . , ts−1 i) =

s−1
X

(ti × (n − s + 1)i )

i=0

Informally, place(t) treats t as an integer expressed in base n − s + 1. With this
convention, the number of distinct IAs is bounded by (n − s + 1)s . For example, using
the place function for the IA tx = h2, 1, 0i, would give the value val = 2 + 4 + 0 = 6
because: (tx0 = 2) × (6 − 3 + 1)0 = 2; (tx1 = 1) × (6 − 3 + 1)1 = 4; and (tx2 =
0) × (6 − 3 + 1)2 = 0.
This build function finds the next index value k ( > y) of a representative of an
equivalence class not used so far, while decode returns the s-tuple corresponding to
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Algorithm 1: The Distributed Coalition Generation (DCG) Algorithm
1:
2:
3:
4:
5:

global int balance := 1;
function DCG (int n,i) returns hCs in
s=1 ;
Input: hn, ii (1 ≤ i ≤ n); where n is the number of agents and i the agent ID.
s
s
s
s
s
s
s n
Output: hCs in
s=1 ; C = {C1 , C2 , . . . , Ck }, Cj ⊆ {1, 2, . . . , n}, |Cj | = s; where hC is=1
is the collection of coalitions, of all sizes 1 ≤ s ≤ n, assigned to agent i’s share.
begin
for (int s = 1; s ≤ n; s + +) do
Cs := SingleSize(n,s,i);
end for
return hC1 , . . . , Cn i;
end;

6:
7:
8:
9:
10:
11:
12:
13: function SingleSize (int n,s,i) returns Ci ;
14: Input: hn, s, ii (1 ≤ s ≤ n); where n is the number
of agents, s the size of the coalitions and i the
agent ID.
15: Output: Ci ; Ci = {C1i , C2i , . . . , Cki }, Cji ⊆ {1, 2, . . . , n}, |Cji | = s; where Ci is the
collection of coalitions (of size s) assigned to agent
i’s share.
16: begin
17: ty := build(n,s,0);
18: while (ty 6= null) do
19:
p := π(t);
20:
r := (n × p)/s;
21:
if (balance ≤ i < balance + r) or (balance + r
> n and 1 ≤ i < balance + r − n) then
22:
C := C(i, t);
23:
Ci := Ci ∪ C;
24:
balance := balance + r;
25:
if balance > n then
26:
balance := balance − n;
27:
end if
28:
end if
29:
ty := build(n,s,y+1);
30: end while
31: return hCi1 , . . . , Cik i;
32: end

the index value val = k. Each element of the s-tuple returned by decode is at least
0 and at most n − s; however, the s-tuple is not necessarily an IA as defined earlier
(as it may not sum to n − s). This build function filters out any s-tuples returned by
the decode function (lines 19-20) that either: (i) do not sum to n − s; or (ii) are a
member of an equivalence class previously used. This build function knows which
equivalence classes have been used so far since all the indexes of IAs of the same
equivalence class are marked as used in the Boolean U sed array (lines 21-25). When
this build function finds an s-tuple that is not filtered out by (i) and (ii), then this
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Algorithm 2: One possible method to find representative IAs from equivalence
classes of ≈.
1: function decode (int n,s,k) returns s-tuple;
2: Input: hn, s, ki; where n is the number of agents,
s is the size of the coalition (1 ≤ s ≤ n) and k is
the index position to convert to an
Ps-tuple.
i
3: Output: ht0 , t1 , . . . , ts−1 i with s−1
i=0 ti × (n − s + 1) = k
4: begin
5: val := k;
6: for (int index = 0; index < s; index + +) do
7:
tindex := remainder(val, n − s + 1);
8:
val := (val − tindex )/(n − s + 1);
9: end for
10: return ht0 , t1 , . . . , ts−1 i;
11: end;
12:
13: function build (int n,s,y) returns s-tuple;
14: Input: hn, s, yi; where n is the number of agents,
s is the size of the coalition (1 ≤ s ≤ n) and y is
the index position to start searching from (0 ≤ y < (n − s + 1)s+1 ).
15: Output: htk0 , tk1 , . . . , tks−1 i; the next IA of a class
[≈]i not used so far.
16: begin
17: for (int k = y; k < (n − s + 1)s+1 ; k + +) do
18:
tk = htk0 , . . . P
, tks−1 i := decode(n,s,k);
s−1 k
19:
int tot :=
i=0 ti ;
20:
if tot = n − s and ¬U sed[k] then
21:
U sed[k] := true
22:
p := π(tk );
23:
for (z = p − 1; z > 0; z − −) do
24:
U sed[place(htkz , ..., tks−1 , tk0 , ..., tkz−1 i)]
:= true;
25:
end for
26:
return tk ;
27:
end if
28: end for
29: return null;
30: end;

s-tuple is an IA of an equivalence class not previously used, and is returned (line 26).
If no IA of a new equivalence class can be found, then null is returned (line 29).
To illustrate how the decode function works: decoding val = 6 gives as expected
tx = h2, 1, 0i, as: tx0 = remainder(6, 6 − 3 + 1) = remainder(6, 4) = 2 while val
becomes val := (6 − 2)/(6 − 3 + 1) = 4/4 = 1; tx1 = remainder(1, 6 − 3 + 1) =
remainder(1, 4) = 1 while val becomes val := (1 − 1)/(6 − 3 + 1) = 0/4 = 0; and
tx2 = remainder(0, 6 − 3 + 1) = remainder(0, 4) = 0.
Finally, if all the agents are required to only store one coalition in memory at a time
(i.e. perform DCG with minimal memory requirements), then the following modifica-

Distributing Coalition Value Calculations to Coalition Members

tions to Algorithm 1 need to be made: (a) do not use the hCs ins=1 data object of line 3
and 10; (b) do not use the Ci data object of line 15 and 31; and (c) replace line 23 with
perform v(C).

5

Theoretical Evaluation

To evaluate the DCG algorithm, we prove that the algorithm will generate all of the
coalitions possible for a community of n agents; and that each coalition is assigned
once and only once, thus eliminating redundancy. We start with the following Lemma
that shows that all coalitions will be generated:
Lemma 1. Let C ⊆ {1, 2, . . . , n} with |C| = s. There is an IA t and i ∈ C such that
C = C(i, t).
Proof. Let C = {x, x0 , x1 , . . . , xs−2 }. Without loss of generality we may assume:
x < x0 < x1 < · · · < xi < xi+1 < · · · < xs−2
Ps−1
It suffices to find t = ht0 , . . . , ts−1 i with C(x, t) = C and i=0 ti = n − s, i.e.:
t0 = x0 − (x + 1)
···
tk = xk −

k−1
X

!
ti + x + k + 1

i=0

···
ts−1 = n −

s−2
X

ti

i=0

The next Lemma shows that IAs of an equivalent class generate the same coalitions:
Lemma 2. If t ≈ u then
n
[

{ C(i, t) } =

i=1

n
[

{ C(i, u) }

i=1

Proof. Without loss of generality we may assume that t ≈ u is witnessed by the choice
k = s − 1, i.e.
hu0 , u1 , . . . , us−1 i = hts−1 , t0 , t1 , . . . , ts−3 , ts−2 i
Define ϕr for 1 ≤ r ≤ s + 1

0
Pr−2
ϕr =

k=0

if r = 1
tk + (r − 1) if 2 ≤ r ≤ s + 1

Note that ϕs+1 = n. Define ψr for 1 ≤ r ≤ s + 1 via

0
if r = 1
Pr−3
ψr =
ts−1 + k=0 tk + r−1 if 2≤ r ≤ s+1
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Comparing respective terms we see that for all 2 ≤ k ≤ s:
ψk = ϕk + (ts−1 − tk−2 )
This leads to the following:

C(n − ts−1 + i–1, u) if 1≤ i ≤ ts−1 +1
C(i, t) =
C(i − ts−1 −1, u)
if ts−1 +2≤ i ≤ n
To see this, consider when 1 ≤ i ≤ ts−1 + 1. We have,
s
[

C(i, t) =

{i + ϕk }

k=1

When λ = n − ts−1 + i − 1 the above is claimed to be:
C(λ, u) =

s
[

{λ + ψk }

k=1

= {λ} ∪

s
[

{λ + ϕk + ts−1 − tk−2 }

k=2

Consider the terms:
n − ts−1 + i − 1 + ϕk + ts−1 − tk−2
Pk−2
For 2 ≤ k ≤ s, from the fact that ϕk = j=0 tj + k − 1, these are equal to:
n − ts−1 + i − 1 +

k−3
X

tj + k − 1 + ts−1 = n + i + ϕk−1

j=0

In total we have, for 1 ≤ i ≤ ts−1 + 1:
C(i, t) =

s
[

{i + ϕk }

k=1

C(λ, u) = {n − ts−1 + i − 1} ∪
s
[
{n + i + ϕk−1 }
k=2

Given that n + i + ϕk−1 and i + ϕk−1 are congruent modulo n, which are elements
of C(i, t), the only terms unaccounted for are {n − ts−1 + i − 1} ∈ C(λ, u) and
{i + ϕs } ∈ C(i, t). For these, however,
i + ϕs = i +

s−2
X

tj + s − 1

j=0

= i + (n − s − ts−1 ) + s − 1
= i + n − ts−1 − 1
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When ts−1 + 2 ≤ i ≤ n and ω = i − ts−1 − 1, it is claimed that
s
[

C(i, t) =

{i + ϕk }

k=1

corresponds to:
C(ω, u) =

s
[

{ω + ψk }

k=1

= {ω} ∪

s
[

{ω + ϕk + ts−1 − tk−2 }

k=2

Now inspecting the terms for 2 ≤ k ≤ s:
i − ts−1 − 1 + ϕk + ts−1 − tk−2
These, again, simplify to i + ϕk−1 , so that
C(i, t) =

s
[

{i + ϕk }

k=1

C(ω, u) = {ω} ∪

s
[

{i + ϕk−1 }

k=2

When 1 ≤ k ≤ s−1, the term i+ϕk appears in both C(i, t) and C(ω, u). For the terms
i + ϕs ∈ C(i, t) and ω ∈ C(ω, u) we have already seen that i + ϕs = i + n − ts−1 − 1
is congruent modulo n with i − ts−1 − 1 = ω. This establishes the claim of the Lemma.
Lemma 2 shows that IAs belonging to the same equivalence class of ≈ generate exactly
the same set of coalitions. Our next two results establish that this is the only way in
which two distinct IAs can produce the same coalition.
Lemma 3. Let C = {x1 , x2 , . . . , xi , . . . , xs } and C = C(xi , t) with xi < xi+1 for
all 1 ≤ i < s. There is an IA u, for which t ≈ u and C(x1 , u) generates C in strictly
increasing ordering of xi , i.e. ∀ 2 ≤ i ≤ s:
)
(
i−2
i−2
X
X
ui + i − 1, x1 +
ui + i − 1 − n
xi ∈ x1 +
k=0

k=0

Proof. Given t, suppose:
C(xi , t) = {x1 , x2 , . . . , xi , . . . , xs }
First observe that the terms
xi +

r−2
X
k=0

tk + r − 1 = xi + ϕr
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are strictly increasing. It follows that if xi 6= x1 there must be a unique index, p, for
which:

≤ n if r < p
xi + ϕr is
> n if r ≥ p
In consequence, x1 = xi + ϕp − n otherwise we cannot have x1 ∈ C(xi , t). More
generally, it must hold that:
xk = xi + ϕp+k−1 − n ∀ 1 ≤ k ≤ s − p + 1
xk = xi + ϕp−(s−k)−1 ∀ s − p + 2 ≤ k ≤ s
This, however, corresponds to the behaviour of the IA u, whose definition is:
u = htp+1 , tp+2 , . . . , tp+k , . . . , ts , t0 , . . . , tp i
Clearly u ≈ t and C(x1 , u) = C(xi , t) as claimed.
As a consequence of Lemma 3 we obtain:
Lemma 4. Let t and u be IAs for which t 6≈ u, then:
n
[

{C(i, t)}

n
\ [

{C(i, u)} = ∅

i=1

i=1

Proof. Suppose the contrary and that C = {x1 , . . . , xs } can be generated by C(xi , t)
and C(xj , u) for choices of t and u of different equivalence classes of ≈. As a consequence of Lemma 3 we know that there are IAs, t0 and u0 for which:
t ≈ t0 , u ≈ u0 and
C(x1 , t0 ) = C(xi , t) = C(xj , u) = C(x1 , u0 )
Furthermore, C(x1 , t0 ) and C(x1 , u0 ) produce the elements of C in increasing ordering
of xi ∈ C. This, however, is only possible if
xi = x1 +

i−2
X

t0k + i − 1 = x1 +

k=0

t0i

i−2
X

u0k + i − 1

k=0

u0i

that is, = for each 0 ≤ i ≤ s − 1. This, however, implies that t ≈ u, in contradiction to our starting premise.
Finally, the following Theorem states that each IA chosen by the DCG algorithm is
required to be used r times.
Theorem 1. For any IA t, and for all 1 ≤ i ≤ j ≤ n,
C(i, t) = C(j, t) ⇔
(n − i)s
∃0 ≤ r ≤
:j =i+r
nπ(t)



nπ(t)
s



Proof. We show that if and only if j = i + (rnπ(t)/s) for r in the range stated, then
C(i, t) and C(j, t) are identical. This is completed using the previously introduced
Lemmas. The proof is omitted for brevity.
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Property
SK DCVC VBFR DCG
Eliminates Comms.
No Yes
Yes
Yes
Approx. Equal Shares
No Yes
No
Yes
Eliminates Redundancy No Yes
Yes
Yes
Equal Operations
No
No
No
Yes
Coalition Self Assessed Yes No
Yes
Yes
Table 2. A comparison of the properties of the DCG algorithm and the three related algorithms
(Section 2).
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Comparison to Related Work

Table 2 shows that unlike related approaches (Section 2), the DCG algorithm satisfies
all of the following properties:
i Communication is eliminated as the algorithm determines the allocation of coalitions to each agent. Thus, no further coordination between the agents is necessary.
ii The inclusion of the balance pointer ensures that agents calculate approximately
equal shares of coalitions, as it minimises the maximum difference between the
size of any two agents’ shares (to one).
iii Redundancy is eliminated as: (a) only one IA of each equivalence class is used; (b)
each IA of a new equivalence class is used only r times; and (c) IAs of different
equivalence classes cannot generate the same coalition.
iv An equal number of operations will be performed by agents that are allocated equal
sized shares, as each IA requires the exact same number of operations of additions
to find the corresponding coalition.
v Every coalition is assessed by one of its member agents as the first agent generated
for each coalition in agent i’s allocated share is agent i itself.
The DCG algorithm is better suited for adversarial environments compared to the related approaches, as one of the agents in each coalition will be allocated that coalition’s
value calculation, while DCG additionally balances the value calculations efficiently
across the community of agents in a manner that incurs no communication overheads.

7

Future Work

There are many intriguing avenues for future work. The DCG algorithm could be exploited by distributed coalition structure generation (CSG) algorithms to find the optimal coalition structure. The first such algorithm for solving the CSG problem optimally
was D-IP [4], which used the DCVC algorithm [6] as input. Using DCG as input to a
distributed CSG algorithm could result in new and interesting properties compared to
D-IP.
In competitive or adversarial environments, there is a possibility that self-interested
agents may attempt to deceive others to gain an advantage. Within our DCG algorithm,
an agent may benefit by artificially increasing the value of one (or more) of its coalition
value calculations; however, we considered deception out of scope for this paper, and
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focussed instead on the properties of the DCG algorithm itself. An interesting line of
research would be to investigate how to make DCG incentive compatible2 or nearincentive compatible3 [1].
Finally, an investigation is underway to determine an optimal approach (in terms
of efficiency) for the black box build function that is used within DCG. Preliminary
results suggest that the optimal approach will run in time according to the number of
equivalence classes of IAs and with storage requirements according to the number of
agents.

8

Conclusions

In this paper, the Distributed Coalition Generation Algorithm was presented that distributes the coalition value calculations across a community of agents. This algorithm is
based on a mechanism that exploits integer partitions to generate increment arrays that
represent the difference between agent IDs when a coalition is represented in an ordered
sequence. The algorithm has been evaluated theoretically, resulting in the proofs that:
(a) all coalitions are assigned; and (b) each coalition is assigned once and only once.

9
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Abstract. Hedonic games are a well-studied model of coalition formation, in which selfish agents are partitioned into disjoint sets and agents
care about the make-up of the coalition they end up in. The computational problems of finding stable, optimal, or fair outcomes tend to
be computationally intractable in even severely restricted instances of
hedonic games. We introduce the notion of a graphical hedonic game and
show that, in contrast, on classes of graphical hedonic games whose underlying graphs are of bounded treewidth and degree, such problems become
easy. In particular, problems that can be specified through quantification
over agents, coalitions, and (connected) partitions can be decided in
linear time. The proof is by reduction to monadic second order logic. We
also provide faster algorithms in special cases, and show that the extra
condition of the degree bound cannot be dropped. Finally, we note that
the problem of allocating indivisible goods can be modelled as a hedonic
game, so that our results imply tractability of finding fair and efficient
allocations on appropriately restricted instances.

1

Introduction

Hedonic games, first studied by Banerjee et al. [2001] and Bogomolnaia and
Jackson [2002], provide a general framework for the study of coalition formation.
Hedonic games subsume the well-studied matching problems (stable marriage,
stable roommates, hospital-residents), but are able to express more general preference structures. They have been applied to problems in public good provision,
voting, and clustering, and, as we show below, they also encapsulate a variety of
allocation problems.
A hedonic game consists of a set N of agents, each of whom has a preference
ordering over all coalitions S ⊆ N containing her. The outcome of such a game is
a partition of the agent set into disjoint coalitions, with agents preferring those
partitions in which they are in a preferred coalition.
Unfortunately, it has turned out that many key questions about hedonic games
are computationally hard to answer. For example, it is typically NP-complete
to decide whether a hedonic game admits a Nash stable outcome; it is typically
?
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NP-hard to maximise social welfare; and it is often even Σ2p -complete to identify
hedonic games with non-empty core. See Ballester [2004], Sung and Dimitrov
[2010], Woeginger [2013], and Peters and Elkind [2015] for a selection of such
results.
A standard criticism of hardness results such as these is that they apply only
in the worst case. Instances arising in practice can be expected to show much
more structure than the highly contrived instances produced in 3sat-reductions.
In non-cooperative game theory, graphical games [Kearns et al., 2001] are an
influential way to allow formalisation of the notion of a ‘structured’ game. In
a graphical game, agents form the vertices of an undirected graph, and each
agent’s utility function only depends on the actions taken by her neighbours. The
underlying graph can guide algorithms in finding a stable outcome, and imposing
restrictions on the graph topology can yield tractability [Gottlob et al., 2005].
A particularly successful restriction on graph topology is bounded treewidth.
The treewidth of a graph [Robertson and Seymour, 1986] measures how ‘tree-like’
a given graph is. Many NP-hard problems become fixed-parameter tractable with
respect to the treewidth of some graph naturally associated with the problem
instances. Indeed, dynamic programming over a given tree decomposition often
yields algorithms that are exponential in the treewidth, but linear in the problem
size. See Bodlaender’s (1994) ‘tourist guide through treewidth’ for an introduction
to this area.
The treewidth approach was first applied to the domain of hedonic games
by Elkind and Wooldridge [2009], who propose a representation formalism for
hedonic games called hedonic coalition nets that expresses agents’ preferences by
weighted boolean formulas. They also introduce a notion of treewidth for hedonic
games—very close to ours—and show that (when numbers in the input are
polynomially bounded) it is fixed-parameter tractable with respect to treewidth
to decide whether a given partition is core-stable.
In this paper, we study graphical hedonic games, which we define in analogy
to graphical games. Here, agents are again arranged in an underlying graph, and
need to be partitioned into coalitions. Every agent only cares about which of
her neighbours are in the same coalition as her. Every hedonic game can be
made graphical by introducing edges whenever one agent’s utility depends on
the other’s presence. We will then consider graphical hedonic games whose agent
graphs have bounded treewidth and bounded degrees.
In the context of hedonic games, restricting treewidth and also degrees in
the underlying social network seems particularly natural. Consider for example
Dunbar’s number [Dunbar, 1992], a suggested limit on the number of individuals
that a single human being can maintain stable social relationships with. This
number has been suggested to lie between 100 and 250, which gives us a natural
bound on the degree of any social network. Intuitively, it also seems sensible to
suppose that social networks have relatively small treewidth, though see Adcock
et al. [2013] who find mixed empirical support for this proposition.
We show that when restricted to a class of graphical hedonic games whose
agent graphs have bounded treewidth and bounded degrees, many standard

problems related to these hedonic games become linear-time solvable. More
precisely, by a somewhat involved translation to monadic second-order logic and
by appealing to Courcelle’s theorem, it follows that we can decide in linear time
whether a given such hedonic game satisfies any logical sentence of what we
call HG-logic, which allows quantification over partitions, coalitions, and agents.
Using this approach and on this restricted domain, we can efficiently find stable
or fair outcomes of a hedonic game for all notions of stability that are commonly
discussed in the literature.
We also show that HG-logic is expressive enough to capture problems that
would at first appear to lie outside the domain of hedonic games, such as the
problem of fair and efficient allocation of indivisible goods. This implies that
questions regarding those problems can also be answered efficiently when we
restrict treewidth and degree.
Our appeal to Courcelle’s meta-algorithmic result, while powerful, comes at
the cost of the hidden ‘constant factor’ growing dramatically as the treewidth and
degree of the hedonic game increase (indeed, this growth cannot be bounded by
an elementary function unless P = NP). To show that despite this the restriction
to bounded treewidth is useful in practice, we present a variety of more specific
2
problems that can be solved in the more manageable runtime Õ(2kd n), where k
is the bound on treewidth, d is the bound on the degrees, and n is the number of
agents. Such results suggest that finding good outcomes of hedonic games should
be tractable on instances arising in practice.
Many standard NP-complete problems defined on graphs become easy when
bounding treewidth, without requiring a further restriction on the degrees of
the graph. In the last section we show that this is not the case for graphical
hedonic games: we give reductions showing that finding a core-stable partition
and similar problems remain NP-hard even on games of treewidth 1 or 2 (but
when degrees are unbounded).

2

Preliminaries

A hedonic game hN, (<i )i∈N i is given by a finite set N of agents, and for each agent
i ∈ N a complete and transitive preference relation over Ni = {S ⊆ N : i ∈ S}.
We let i and ∼i denote the strict and indifference parts of <i . The outcome
of a hedonic game is a partition π of the agent set into disjoint coalitions. We
write π(i) for the coalition S ∈ π that contains i ∈ N . We are interested in
finding partitions that are stable, optimal, and/or fair. There are multiple ways
of formalising these goals. For example, a partition π is Nash stable if no agent
wants to join another (possibly empty) coalition of π, that is π(i) <i S ∪ {i}
for all S ∈ π ∪ {∅} and all i ∈ N . It is individually stable if there is no agent
i and coalition S ∈ π ∪ {∅} such that S ∪ {i} i π(i) and S ∪ {i} <j S for all
j ∈ S. We say π is core-stable if there is no non-empty blocking coalition S ⊆ N
such that S i π(i) for each i ∈ S. We say π is strict-core-stable if there is no
non-empty coalition S ⊆ N such that S <i π(i) for each i ∈ S, with at least one
preference strict. For fairness, we say that π is envy-free if no agent prefers taking

another agent’s place: π(i) <i π(j) \ {j} ∪ {i} for all i, j ∈ N with π(i) 6= π(j).
We will only consider the concept of envy-freeness for hedonic games where every
coalition is acceptably to every player, i.e., if S <i {i} for all S ∈ Ni , so that a
player never envies a player being alone.
Note that the preference relations <i have an exponentially sized domain of
2n−1 coalitions. For computational purposes, we need to use a language that
represents such preferences succinctly, so that the representation preferably uses
only poly(n) symbols, where n is the number of agents. An attractive such
representation is given by additively separable hedonic games, in which each agent
specifies a valuation function vi : N → P
R assigning each
P agent a numeric value.
We then say that S <i T if and only if j∈S vi (j) > j∈T vi (j). An additively
separable game is thus given by n2 numbers.
A more expressive representation is proposed by Elkind and Wooldridge [2009].
They define hedonic coalition nets (or HC-nets) in which each agent specifies
a set of weighted propositional formulas, called rules, with propositional atoms
given by the agents. For example, the rule i2 ∧ i3 ∧ ¬i4 7→i1 5 means that agent
i1 derives utility 5 when i1 is together with i2 and i3 but not together with i4 .
If an agent specifies multiple rules, the agent obtains the sum of the weights of
those formulas that are satisfied in the given coalition. By taking rules of form
j 7→i vi (j), we see that HC-nets can encode additively separable games. Elkind
and Wooldridge [2009] show that many other standard representations can also
be encoded in HC-nets.
In hedonic games with cardinal (numeric) utilities (such as those given by
HC-nets), P
we can define the social welfare of a given partition π. Its utilitarian
welfare is Qi∈N ui (π(i)), its egalitarian welfare is mini∈N ui (π(i)), and its Nash
product is i∈N ui (π(i)). A partition that maximises a chosen welfare notion is
seen as optimal. Another optimality notion is that of a perfect (sometimes called
wonderfully stable) partition in which every agent belongs to a most preferred
coalition. Finally, a partition π is Pareto optimal if for no partition π 0 we have
π 0 (i) <i π(i) for all i ∈ N , with at least one preference strict.
Let us now define the treewidth of a graph. Given a graph G, we write V (G)
for its set of vertices, and E(G) for its set of edges. A tree decomposition of an
undirected graph G is given by a tree T and a map β : V (T ) → 2V (G) which
assigns to each vertex w ∈ V (T ) of the tree T a bag β(w) ⊆ V (G) of vertices of
G, satisfying the following two conditions:
1. For each v ∈ V (G), the set β −1 (v) of bags containing v is non-empty and
connected (in T ).
2. For each edge {u, v} ∈ E(G) in G, there is a bag containing both u and v,
i.e., there is w ∈ V (T ) with {u, v} ⊆ β(w).
The width of a tree decomposition is maxw∈V (T ) |β(w)| − 1, that is, one less than
the maximum size of the bags. Then, the treewidth of G is the minimum width of
a tree decomposition of G. Bodlaender [1994] gives more intuition and examples.

3

Graphical Hedonic Games

We now introduce the main notion of this paper:
Definition 1. A graphical hedonic game is a pair of a hedonic game hN, (<i
)i∈N i and an undirected graph G = (N, E) that jointly satisfy the following
condition: for each agent i ∈ N and all coalitions S, T ∈ Ni , we have
S <i T if and only if S ∩ Γ (i) <i T ∩ Γ (i),
where Γ (i) ⊆ N is the set of neighbours of i in G.
We will call any graph G0 = (N, E) satisfying this condition an (agent)
dependency graph for the hedonic game hN, (<i )i∈N i.
Thus, in a graphical hedonic game, how much an agent i likes a coalition
depends only on the presence of the neighbours of i in the dependency graph.
Example 1. Pairing any hedonic game with the complete graph over the agent
set yields a graphical hedonic game. The complete graph over the agent set is
the unique agent dependency graph for anonymous hedonic games, where agents
only care about the cardinality of their coalition. The same is true for fractional
hedonic games [Aziz et al., 2014].
In additively separable hedonic games, the graph with
{i, j} ∈ E ⇐⇒ vi (j) 6= 0 or vj (i) 6= 0
is the edge-minimal dependency graph.
For a hedonic game given by an HC-net, we could take
{i, j} ∈ E ⇐⇒ i appears in a rule of j or vice versa,
though this might not be edge-minimal.

t
u

We are usually interested in dependency graphs with as few edges as possible,
so that the vertex-neighbourhoods and the treewidth of the graph are small.
Lemma 1. For each hedonic game, there exists a unique edge-minimal agent
dependency graph.
Proof. We show that if edge sets E1 , E2 ⊆ N (2) induce a dependency graph for a
hedonic game hN, (<i )i∈N i, then so does the edge set E1 ∩ E2 . Let i ∈ N be an
agent, and let S, T 3 i be coalitions. Then using the definition of a dependency
graph once for E1 and once for E2 , we see that
S <i T ⇐⇒ S ∩ Γ1 (i) <i T ∩ Γ1 (i)
⇐⇒ S ∩ Γ1 (i) ∩ Γ2 (i) <i T ∩ Γ1 (i) ∩ Γ2 (i).
The neighbourhoods Γ1 (i) ∩ Γ2 (i) are induced by E1 ∩ E2 . Hence E1 ∩ E2 is the
edge set of a dependency graph.

It is often easy to find the minimal dependency graph, as in the case of
additively separable hedonic games. On the other hand, finding the minimal
graph of an HC-net is coNP-hard, since it is hard to decide whether some variable
is redundant in a boolean formula.
Definition 2. Let (hN, (<i )i∈N i, G) be a graphical hedonic game. Its treewidth
is the treewidth of G, and its degree is the maximum degree of G.
We will show that many computational problems concerning hedonic games
become easy when restricting attention to graphical hedonic games of small
treewidth and small degree.
Example 2. The class of hedonic games in which agents can be placed in a cycle
and only care about the presence of their immediate neighbours is of bounded
treewidth and degree.
A crucial observation about graphical hedonic games is that, as far as the
agents’ preferences are concerned, we can often restrict our attention to connected
coalitions.
Definition 3. In a graphical hedonic game with dependency graph G, a coalition
S ⊆ N is connected if G[S] is connected, that is if S induces a connected subgraph
in G. A partition π of N is connected if each S ∈ π is connected.
Notice that given a non-connected partition π 0 , we can split each coalition
S ∈ π 0 into its connected components, obtaining a connected partition π. Then,
from the definition of dependency graphs, every agent is indifferent between π
and π 0 : so π(i) ∼i π 0 (i) for all i ∈ N .
Representation. In our computational study of graphical hedonic games, we
will require games to be represented in some reasonably concise fashion. As we
mostly deal with classes of graphical hedonic games that have bounded degree d,
where we regard d to be small, it can be sensible to explicitly list every agent’s
preferences over all subsets of her neighbourhood, taking O(22d · n) space. If the
preference relations <i can be evaluated in time only depending on d, but not on
n, this will be just as well for our FPT results. In other cases, we assume that
we have oracle access to the <i .

4

A Logic for Hedonic Games

In this section, we define a logic that captures standard properties of hedonic
games, for example the existence of stable partitions. The logic uses variables
i, j, k, . . . ranging over agents, variables S, T, . . . ranging over coalitions, and
variables π, π 0 , . . . ranging over partitions of the agents.
Definition 4. The formulas of hedonic game logic (HG-logic) are defined
recursively as

1.
2.
3.
4.
5.

atomic formulas: i = j, i ∈ S, S = π(i) , S <i T .
boolean combinations of formulas: ¬φ, (φ ∨ ψ), (φ ∧ ψ).
quantification over agents: ∀i φ, ∃i φ.
quantification over coalitions: ∀S φ, ∃S φ.
quantification over partitions: ∀π φ, ∃π φ.

We will use standard abbreviations in writing formulas of HG-logic. For
example,
–
–
–
–

S <i π(i) means ∃T (T = π(i) ∧ S <i T ),
S ⊆ T means ∀i (i ∈ S → i ∈ T ),
∃i ∈ S φ means ∃i (i ∈ S ∧ φ),
S i T means (S <i T ∧ ¬T <i S).

A sentence of HG-logic is a formula in which no variable occurs free. In
general, every hedonic game can form a model of a sentence in HG-logic in the
natural way. In our approach, however, the models of HG-logic are graphical
hedonic games. A given sentence φ of HG-logic is true in a given graphical hedonic
game (hN, (<i )i∈N i, G) if it is true when the formula is evaluated according to
the obvious semantics using the universe N and relations <i as specified by the
hedonic game model, but where quantifications over partitions range only over
connected partitions (according to the dependency graph G). Thus, according to
our graphical semantics, the sentence ∀i ∀j ∃π π(i) = π(j) is not valid, since i
and j might not be together in any connected partition.
Let us give some examples of properties of hedonic games and partitions
expressible in HG-logic.
–
–
–
–
–
–
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a core-stable partition exists: ∃π ∀S ∃i ∈ S π(i) <i S
π is Pareto-optimal : ¬∃π 0 (∀i π 0 (i) <i π(i) ∧ ∃j π 0 (j) j π(j))
π is Nash stable: ∀i (π(i) <i {i} ∧ ∀S (∃j S = π(j) → π(i) <i S ∪ {i})).
π is perfect: ∀i ∀S 3 i S 6i π(i).
π is envy-free: ∀i ∀j π(i) <i π(j) \ {j} ∪ {i}.
π 0 is reachable from π by actions of S: ∀i ∀j (i 6∈ S ∧ j 6∈ S → (π(i) = π(j) ↔
π 0 (i) = π 0 (j))).

Main Result

An important computational problem we wish to solve is the model-checking
problem of HG-logic.
φ-hedonic games
Instance: a graphical hedonic game (hN, (<i )i∈N i, G) and a formula φ of HGlogic
Question: does (hN, (<i )i∈N i, G) |= φ, i.e. is the graphical hedonic game a
model of the formula φ?
The perhaps most important special case of this problem is deciding the existence
of stable partitions in a hedonic game.

Theorem 1. The problem φ-hedonic games is fixed-parameter tractable with
respect to the length |φ| of the formula φ, and the treewidth k and degree d of the
graph G. That is, the problem can be solved in time O(f (|φ|, k, d) · n) where f is
a computable function, and n is the number of agents. Here we assume that the
relation “S <i T ” can be decided in time only depending on d, but not on n.
This means that for any formula φ and any class C of graphical hedonic games
of bounded treewidth and bounded degree, we can decide in linear time whether
φ is true in a given game (hN, (<i )i∈N i, G) ∈ C. In case computing “S <i T ”
takes time depending on n, we will need 22d · n calls to an oracle deciding this
relation during a pre-processing step, after which the linear-time bound applies
again.
Let us make explicit some special cases of Theorem 1.
Corollary 1. For every class of graphical hedonic games of bounded treewidth
and degree, there exist linear-time algorithms that can decide whether a given such
game admits a partition that is (i) core-stable, (ii) strict-core-stable, (iii) Paretooptimal, (iv) perfect (v) Nash-stable, (vi) individually stable, (vii) envy-free, or
that satisfies any combination of these properties.
Proof. This would follow immediately from Theorem 1 and the formulas in
Section 4, except that we need to check that the fact that our semantics only
quantify over connected partitions makes no difference. For (i)-(iv), this is
immediate, since a partition π satisfies the relevant criterion if and only if the
connected partition π 0 obtained from π by splitting its coalitions into their
connected components satisfies the same property.
For (v)-(vii), we can achieve a similar behaviour by adding extra edges to the
dependency graph G of the input game to obtain a new dependency graph G0 .
Precisely, whenever there are edges {u, v} ∈ E(G) and {v, w} ∈ E(G), then we
add the edge {u, w} to G0 (note that this is different from taking a transitive
closure since we do not apply this step repeatedly). It can then be seen that
splitting a Nash- or individually stable partition into its G0 -components preserves
stability, and similarly for envy-freeness under the additional assumption that all
coalitions are individually rational. Further, note that G0 has treewidth at most
kd and degree at most d2 , so that both parameters are still bounded.
By calling such an algorithm repeatedly, we can adaptively build up a connected partition satisfying any of these properties (if it exists).
Theorem 1 is proved by reducing φ-hedonic games to the model checking
problem of monadic second-order logic, which by Courcelle’s theorem is fixedparameter tractable with parameter the treewidth of the underlying logical
structure and the length of the input formula. We will explain this reduction in
the following two sections.
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MSO and Courcelle’s Theorem

Here we give a statement of Courcelle’s theorem (1990) and introduce monadic
second-order logic (MSO).

First, we need some definitions. A signature σ is a finite collection of relation
symbols (R1 , . . . , Rk ), with each symbol Ri ∈ σ being endowed with an arity
ar(Ri ) > 1. A σ-structure A := hA, (R1A , . . . , RkA )i is given by a finite set A, the
universe of A, as well as a realisation RiA ⊆ P
Aar(Ri ) for each relation symbol Ri .
The size of A is given by kAk = |σ| + |A| + Ri ∈σ |RiA | · ar(Ri ).
Given a signature σ, the language MSO[σ] of monadic second order logic is
given by the grammar
φ ::= x = y | Ri x1 . . . xar(Ri ) | Xx | (φ ∨ φ) | (φ ∧ φ) | ¬φ
| ∃x φ | ∀x φ | ∃X φ | ∀X φ,
where x, y, x1 , x2 , . . . are first-order variables, and X denotes set variables. Notice
that MSO allows quantification only over unary relations, i.e. over subsets of
the universe A. For a formula φ of MSO[σ] and a σ-structure A, we define the
semantic notion of A |= φ in the obvious way.
Next, let us define the notion of treewidth for a σ-structure. A tree decomposition of a σ-structure A is given by a tree T , each vertex v of T being
associated with a subset β(v) ⊆ A of the universe, called a bag, satisfying the
following two conditions: (1) each a ∈ A is contained in some bag, and the set
β −1 (a) of bags containing a forms a connected subtree of T , and (2) for each
Ri ∈ σ and all a1 , . . . , aar(Ri ) ∈ A such that (a1 , . . . , aar(Ri ) ) ∈ RiA , we have
that {a1 , . . . , aar(Ri ) } ⊆ β(v) for some vertex v of T . The width of such a tree
decomposition is the maximum cardinality of the bags minus 1, and the treewidth
tw(A) of A is the minimum width among tree decompositions of A. The (usual)
treewidth of a graph is a special case of this definition: just take σ to consist of a
single binary relation, namely the adjacency relation of the graph.
We are now ready to state Courcelle’s (1990) theorem.
Theorem 2 (Courcelle). Given a formula φ of MSO[σ] and a σ-structure A,
we can in time g(|φ|, tw(A)) · |A| + O(kAk) decide whether A |= φ, where g is a
computable function.
Courcelle’s theorem is often stated for fixed formulas φ, but the more general
statement as we are stating it here is true: the model checking problem for MSO
is fixed-parameter tractable with respect to the joint parameter consisting of the
formula length |φ| and the treewidth of A. We will use this stronger result in
what follows.
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Encoding of HG-logic into MSO

In this section we prove Theorem 1. Suppose we are given a formula φ of HG-logic
and a graphical hedonic game (hN, (<i )i∈N i, G), where G has treewidth k and
max-degree d. In the following, we will generate a relatively large (in d, not n)
σ-structure containing all information about the game, and then rewrite the
formula φ into a formula of MSO.

Step 1: σ-structure. Our signature σ will have four relation symbols: unary
symbols VERT and EDGE, a binary symbol INCI, and a (2d + 1)-ary symbol
PREF.
We build a σ-structure G with universe N ∪E ∪{∗}, and relations VERT = N ,
EDGE = E, the vertex-edge incidence relation INCI = {(i, e) : i ∈ N, e ∈ E, i ∈
e}, and for each i ∈ N , let (i, i1 , . . . , id , id+1 , . . . , i2d ) ∈ PREF if and only if
is ∈ N ∪ {∗} for all 1 6 s 6 2d, and each is ∈ N is a neighbour of i in G, and
{i1 , . . . , id } \ {∗} <i {id+1 , . . . , i2d } \ {∗}.
That is, we use the defining property of dependency graphs to encode every agent’s
essential preferences in the relation PREF. The structure G can be computed in
O(22d · n) calls to an oracle deciding <i . For convenience, let us define within
MSO[σ] the adjacency relation between vertices as
adj(u, v) ≡ u 6= v ∧ ∃e (INCI ue ∧ INCI ve).

Step 2: bounding treewidth. By assumption, the agent dependency graph
G has treewidth at most k. We show that the σ-structure G constructed above
has treewidth at most k · (d + 1) + 1, which is still bounded for bounded d and
k. First find in time linear-in-n a tree-decomposition of G of width at most k
using Bodlaender’s (1993) algorithm. For each of the O(n) edges e = {u, v} of G,
find a bag β(w) that contains both u and v, and introduce a new bag {e, u, v}
that gets attached as a leaf to w in the tree underlying the tree decomposition,
not increasing its width. For each vertex v and every bag β(w) of the original
tree decomposition containing v, add to β(w) the set ΓG (v) of the at most d
neighbours of v in G. This operation increases the width by at most k · d. Finally,
add ∗ to every bag, increasing the width by 1, for a total width of at most
k + kd + 1. As is easy to see, this is a tree decomposition of G.

Step 3: encoding partitions. In our encoding, a partition π of the agent set
will be a ‘transitive’ subset E 0 ⊆ E of the edge set of the dependency graph.
(The set E 0 represents the equivalence relation associated with the partition π,
in the sense that the two endpoints of an edge e ∈ E 0 are in the same coalition
of π.) Formally, a set variable X represents a partition if X ⊆ E and whenever
e1 = {x, y}, e2 = {y, z}, e3 = {x, z} are edges in E with e1 , e2 ∈ X, then also
e3 ∈ X. This condition can clearly be expressed in MSO[σ]. We can also express
the relation “two agents have an edge between them, and this edge is part of
X” by a formula. It is well-known that MSO can express the transitive closure
of every binary relation it can express [Courcelle and Engelfriet, 2012]. Hence
we can express the transitive closure of the preceding relation, which is “two
agents are connected by a path of edges that are in X”, which is equivalent in
our understanding to “two agents are in the same coalition in partition X”. This
we can use to express “S = π(i)”.

Step 4: encoding preference. We now encode the relation S <i T . This
depends crucially on the definition of the agent dependency graph, so that we
actually encode the equivalent relation S ∩ Γ (i) <i T ∩ Γ (i). To do this, we use
d variables for S and d variables for T which will represent the agents from Γ (i)
that are present in S and T respectively. If there are fewer than d such agents,
we assign ∗ as a placeholder. Note that the relation x ∈ N ∪ {∗} is expressible in
MSO[σ] as ¬EDGE x. With this, we can express S <i T as
∃x1 , . . . , xd , y1 , . . . , yd ∈ N ∪ {∗}
∀x ∈ S (adj(i, x) → x = x1 ∨ · · · ∨ x = xd )
∧ ∀y ∈ T (adj(i, y) → y = y1 ∨ · · · ∨ y = yd )
∧ PREF i x1 . . . xd y1 . . . yd .
Step 5: encoding HG-syntax. Using steps 3 and 4, we can translate φ (a
formula of HG-logic) into a formula φ0 of MSO[σ]. Here, we replace quantifications
over partitions by quantifications over edge sets, as indicated in step 3.
This finishes our translation of HG-logic into MSO[σ]. Using Courcelle’s algorithm,
we can now check whether G |= φ0 . We achieve the claimed time bound by noting
that any blow-ups in formula size and treewidth are still bounded whenever k
and d are bounded.
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Faster Algorithms in Special Cases

In the algorithms arising through our use of Courcelle’s theorem, the dependence
on k and d in their runtime is quite bad; indeed, we cannot bound the function
f (|φ|, k, d) by an elementary function unless P = NP [Frick and Grohe, 2004].
This phenomenon is especially bad in our case as we are using multiple quantifier
alternations in our MSO-encoding. Clearly, we cannot just ignore this as a merely
‘constant factor’. In this sense, Theorem 1 should be seen as an existence result,
but not as providing an actually usable algorithm.
In this section, we use an alternative approach due to Bodlaender [1988] that
produces algorithms with more manageable dependence on k and d for some
important stability and optimality problems. Bodlaender [1988] defines the very
general class of local condition composition problems (short LCC or 1-LCC) and
shows that they are linear-time solvable on classes of graphs of bounded treewidth
and degree. In the following, we will give a definition of an LCC-problem, suitably
specialised for our purposes.
Let G = (V, E) be a graph with max-degree d for which a tree decomposition
of width k is given. Let E2 (v) be the set of edges from E whose endpoints are
both within distance 2 of v. For maps f : E → {0, 1}, let P (v, f |E2 (v) ) be a 0/1property, and let W (v, f |E2 (v) ) be an integer-valued function, both computable in
time polynomial in their input length. Finally, let ⊕ denote the binary operation
of a totally ordered commutative monoid over the integers. Examples include

taking ⊕ to be the sum, product, or minimum of the values. Now consider the
following computational problem:
Instance: Graph G = (V, E), additional data about G, target value K.
f : E → {0, 1} such that for each v ∈ V the
Question: Does there exist a mapL
property P (v, f |E2 (v) ) is true, and v∈V W (v, f |E2 (v) ) > K?
2

Bodlaender [1988] shows that any problem of this form can be solved in Õ(2kd n)
time. Here, the soft-Õ hides factors polynomial in k and d which will depend on
the runtime of evaluating P and W .
Using this apparatus, we can encode hedonic games problems in a similar
fashion as before. Again, a connected partition π of N will be represented by
a set E 0 ⊆ E of edges, where E 0 = f −1 (1) = {e ∈ E : f (e) = 1}. Using the
property P , we can enforce transitivity of E 0 . We can also calculate in P the
utility of a given agent in the partition described by E 0 (since f |E2 (v) tells us
which relevant players are in the same coalition as v), and we know who is in the
coalition of every agent w adjacent to v. For example, we can thus let P (v, f |E2 (v) )
express that (i) E 0 is transitive at v and (ii) v does not want to Nash deviate
under the partition specified by E 0 . Hence deciding the existence of a connected
Nash-stable partition is an LCC problem. Since we can calculate players’ utilities
in E 0 , maximising utilitarian or egalitarian or Nash social welfare is also an LCC
problem. Using this general technique, we find the following.
2

Theorem 3. There is an Õ(2kd n) algorithm that, given a graphical hedonic
game and a tree decomposition, decides whether there exists a connected partition π
of the agent set that satisfies (a combination of ) (i) individual rationality, (ii) Nash
stability, (iii) individual stability, (iv) envy-freeness. Subject to any combination
(or none) of the preceding conditions, we can also maximise utilitarian, egalitarian,
or Nash social welfare under π.
A perfect partition can be found in slightly worse time. We can always modify
the dynamic programming implementation to actually return a partition π (if it
exists) in the same time bound. By using the technique of Corollary 1, we can
drop the condition that π is connected in exchange for a worse time bound of
5
Õ(2kd n).
We can also use the LCC approach to get the following result about verifying
whether a given partition satisfies a stability or optimality criterion.
2

Theorem 4. There is an Õ(2kd n) algorithm that given a hedonic game, an
associated dependency graph, a tree decomposition, and a partition π of N , decides
whether π is (i) Pareto optimal, (ii) core-stable, (iii) strict-core-stable.
While the method of reduction to LCC problems is evidently quite powerful,
it does not seem to capture Σ2p -questions like whether a core-stable outcome
exists.
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Allocation of Indivisible Goods

In the problem of allocating indivisible goods, we are given a set O = {o1 , . . . , om }
of objects that need to be allocated to agents N who have preferences over
bundles B ⊆ O of objects (see Bouveret et al. [2016] for a survey). Throughout,
we will assume that no bundle is unacceptable to any agent (a weak free-disposal
assumption). This setting can quite naturally be captured as a hedonic game
with agent set N ∪ O, where no coalition containing 2 different agents from N is
allowed, and i ∈ N likes a coalition S ∈ Ni just as much as i likes the bundle
S \{i}. The objects, on the other hand, are indifferent between all outcomes. With
this implementation, the hedonic-game- and allocation-notions of envy-freeness,
Pareto-optimality, and of maximising social welfare coincide perfectly.
This hedonic game is also a graphical hedonic game whose dependency graph
is bipartite with N on one side and O on the other, with an edge from i to o
whenever i cares about whether o is part of i’s bundle. Note that this graphical
hedonic game does not capture the requirement that coalitions may only contain
a single agent from N , but we will enforce this condition later.
Let us now take a class of allocation problems whose associated bipartite
graphs have bounded treewidth and bounded degree. The latter condition implies
that every agent desires a bounded number of objects, and every object is desired
by a bounded number of agents. The results developed over the preceding sections
will imply that on such a restricted class, we can efficiently find allocations that
are fair and/or efficient, in contrast to many hardness results in the unrestricted
case.
Using HG-logic, we can identify agents that belong to O as those agents
that are indifferent between all coalitions containing them. Hence HG-logic is
expressive enough to require that a given coalition contains at most 1 non-object
agent. Hence, using HG-logic, we have an algorithm that decides the existence
of a Pareto-optimal and envy-free allocation, which is Σ2p -complete for general
preferences represented in a logic representation [Bouveret and Lang, 2008] and
even for additive utilities [de Keijzer et al., 2009]. Similarly, there is an algorithm
that decides the existence of an envy-free and complete allocation (where every
object must be allocated); this problem is NP-hard for general additive utilities
[Lipton et al., 2004]. We can also use an LCC-based algorithm to find an allocation
that maximises social welfare among envy-free ones, or an algorithm that finds a
complete allocation of minimum envy. Looking at the allocation problem from a
hedonic game perspective, we can also readily define intriguing notions of stable
allocations in which agents don’t want to swap items (possibly even in larger
swap cycles). Many such properties can be described in HG-logic.
In the context of combinatorial auctions, Conitzer et al. [2004] provide a
different way of exploiting a tree decomposition to efficiently allocate objects.
Here, the objects are arranged in an item graph of bounded treewidth, and agents
are assumed to only demand bundles inducing a connected subgraph of the item
graph. With this restriction, winner determination becomes feasible in polynomial
time. Note, however, that constructing a suitable item graph of small treewidth
is computationally hard [Gottlob and Greco, 2007].
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Necessity of the Degree Bound

In this section, we show that a variety of problems of type φ-hedonic games are
NP-hard for games of bounded treewidth but unbounded degree. This establishes
that unless P = NP it is necessary for our fixed-parameter tractability result that
we bound the degree of the hedonic games. The bound on the treewidth is also
necessary; this follows from slight modifications of standard hardness reductions
(e.g., those of Sung and Dimitrov [2010]).
Theorem 5. core-existence is NP-hard even for graphical hedonic games of
treewidth 2 that are given by an HC-net.
Proof. By reduction from 3sat. Given a formula φ which we may assume not to
be satisfied by setting all variables false, introduce one agent x1 , . . . , xn for each
variable occurring in φ, and add 3 other agents a, b, c. The variable agents are
indifferent between all outcomes (no associated rules). The preferences of agents
a, b, c are cyclic and given by the net
φ 7→a 3,

b 7→a 2,

c 7→a 1,

b ∧ c 7→a −10;

c 7→b 2,

a 7→b 1,

c ∧ a 7→b −10;

a 7→c 2,

b 7→c 1,

a ∧ b 7→c −10.

An agent dependency graph of this game is given by a triangle on {a, b, c} plus n
leaves attached to a; this is easily seen to have treewidth 2 (and actually even
pathwidth 2).
We show the game admits a core-stable outcome if and only if φ is satisfiable.
Suppose φ is satisfied by some assignment. Then take the partition π where
a is together with all true variable agents, with {b, c} ∈ π, and with all false
variable agents together. Then π is core-stable, because the variable agents (being
indifferent) are not part of any blocking coalition, so that a does not obtain
utility larger than 3 in any blocking coalition.
Conversely, suppose that the game admits a core-stable partition π. We show
that a obtains utility 3 in π, which implies that a is together with variables
that satisfy φ so that φ is satisfiable, as required. Suppose not. By individual
rationality, a, b, c are not all together, so one of them is not together with either
of them, say b. But then {a, b} blocks. Such a blocking coalition exists for any
choice of lonely agent as a obtains utility 6 2, so π is not stable, contradiction.
This result cannot be improved to apply to HC-nets of treewidth 1, which
follows from results of Igarashi and Elkind [2016]. By adapting the reduction of
Peters [2015], this problem should be Σ2p -complete, at least for treewidth 4.
Theorem 6. nash-stable-existence is NP-hard even for graphical hedonic
games of treewidth 1 that are given by an HC-net.
Proof. By reduction from x3c. Given an instance with elements x1 , . . . , xn and
sets s1 , . . . , sm , we construct an HC-net where the agents are given by the

elements xi and an extra stalker agent. Every element hates the stalker, but
the stalker loves every coalition of elements—except coalitions of form sj . Note
that the dependency graph of this game is a star with the stalker in the center.
If the x3c-instance has a solution, then partitioning the xi as in the solution
and putting the stalker in a singleton is Nash stable. Conversely, in every Nash
stable partition, the stalker needs to be alone by individual rationality for the
elements. By Nash stability, the stalker does not want to join any coalition, and
so every coalition must be of form sj ; thus the partition of the elements gives an
x3c-solution.
A similar construction works for individual stability for treewidth 2, see also
Peters and Elkind (2015, Thm. 2). A reduction from 3sat gives hardness for
perfect-existence on trees (agents for literals, complementary ones hate each
other, a formula agent is satisfied iff the formula is satisfied).
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Conclusions and Future Work

We have shown that restricting treewidth and degree of hedonic games is a potent
avenue to obtaining tractability results for a broad array of important computational problems concerning hedonic games. Our application to the problem
of allocating indivisible goods shows how useful tractability results for hedonic
games can be: because hedonic games are a very general model encompassing
far more than just ‘how to find friends’, a possibility result for hedonic games
translates to easiness for any problem that involves partitions with some elements
having preferences over who gets what. It will be interesting to see whether this
idea can be further applied elsewhere.
The notion of a graphical hedonic game suggests a wide variety of interesting
questions for future work: Are there alternative conditions on graph topology that
yield tractability? Examples could be bipartiteness, planarity, or H-minor freeness.
Can we say anything about the structure of stable outcomes in dependence on
the structure of the graphical hedonic game?
An open problem more closely related to this paper is the problem of finding
faster algorithms than those provided through HG-logic for Σ2p -type questions like
the existence of a core-stable partition or of finding a Pareto-optimal partition. We
should also note that the hardness results in the preceding section are not easily
generalised to, say, additively separable hedonic games. It would be interesting
to know if we can dispense with the degree bound on this more restricted class.
Some results for welfare-maximisation can be found in Bachrach et al. [2013].
Acknowledgements Thanks to four anonymous AAAI reviewers whose feedback improved this paper considerably, and to Edith Elkind for advice and
guidance. I am supported by EPSRC.
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Abstract. The problem of voting outcome manipulation is both a fundamental theoretical problem in social choice, as well as a major practical concern to
democratic institutions. Consequently, this issue has received considerable attention, particularly as it pertains to different voting rules. In contrast, the problem
of how election control can be prevented or deterred has been largely ignored. We
introduce the problem of optimal protection against election control, where manipulation is allowed at the granularity of groups of voters (e.g., voting locations),
through a denial-of-service attack, and the defender allocates limited protection
resources to prevent control. We show that for plurality voting, election control
through group deletion to prevent a candidate from winning is in P, while it is
NP-Hard to prevent such control. We then present a double-oracle framework for
computing an optimal prevention strategy, developing exact mixed-integer linear
programming formulations for both the defender and attacker oracles (both of
these subproblems we show to be NP-Hard), as well as heuristic oracles. Experiments conducted on both synthetic and real data demonstrate that the proposed
computational framework can scale to realistic problem instances.
Keywords: Election Control, Stackelberg Game, Double Oracle

1

Introduction

Democratic institutions rely on the integrity of the voting process. A major threat to
this integrity is the possibility that the process can be subverted by malicious parties to
their own goals. Indeed, actual incidents of vote manipulation and control, sometimes
through violence, bear out this concern. For example, the 2013 election in Pakistan was
marred by a series of election-day bombings, resulting in over 30 dead and over 200
injured, in an overt attempt to subvert the voting process [5], and the 2010 Sri Lanka
election exhibited 84 major and 202 minor incidents of poll-related violence [4]. Moreover, with the dawn of electronic and internet voting, the additional threat of election
control and manipulation through cyber means has emerged, with a number of documented demonstration attacks [8, 11, 9, 12, 10].
The problem of election control and manipulation has received considerable attention in prior literature [13, 6, 16, 17, 14, 15, 18, 7, 19, 20]. For example, it is known
that while most voting rules are NP-Hard to control, plurality—which is widely used
and is of particular relevance to our work—can be controlled through voter deletion in
polynomial time [6]. In the context of election control, which is most relevant to our
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work, the results typically focus on studying hardness of control through means such
as adding or deleting voters. In this literature, a voting rule is viewed as resistant if
control is NP-Hard, and vulnerable otherwise. Moreover, control is almost unversally at
the granularity of individual voters, and protection, when considered, is at the form of
designing voting rules which are resistant in this sense [15]. While these considerations
are crucial if one is to understand vulnerability of elections, they are also limited in
several respects. First, as the incidents of control described above attest, control can be
exercised for groups of voters through a single attack, such as a denial-of-service attack
on a voting station or a polling center (of which bombing is an extreme example); we
are the first (to our knowledge) to consider this generalization. Second, NP-Hardness
of control is insufficient evidence for resistance: it is often possible to solve large instances of NP-Hard problems in practice (see, e.g., [21] in the case of SAT). Resistance
to election control in the broader sense, such as through allocation of limited protection
resources to prevent attacks on specific voter groups, has, to our knowledge, neither
been modeled nor investigated to date.
To address these limitations, we consider the problem of optimally protecting elections against control. We model control as a denial-of-service (deletion) attack on a
subset of voter groups, which may represent polling places or electronic voting stations, with the goal of preventing a specific candidate from winning. We then show
that, for plurality voting, optimal election control under this model can be computed in
polynomial time. Next, we consider the problem of protection against election control,
modeling it as a Stackelberg game in which an outside party deploys limited protection
resources to protect a collection of voter groups, allowing for randomization, and the
adversary responds by attempting to subvert (control) the election. Protection resources
may represent actual physical security for polling centers or voting stations, or resources
devoted to frequent auditing of specific electronic voting systems. In this model, we assume that the defender’s goal is to ensure that the same candidate wins with or without
an election control attack. We show that the problem of choosing the minimal set of
resources that guarantee that an election cannot be controlled is NP-Hard. For the more
general problem, we propose a double-oracle framework to compute an optimal protection, given limited security resources. We prove that both the defender, and attacker
oracles are NP-Hard when randomized strategies are allowed. On the positive side, we
develop novel mixed-integer linear programming formulations for both oracles that enable us to compute a provably optimal solution for protecting elections. Moreover, we
develop heuristic defender and attacker oracles which significantly speed up the framework. Our experiments demonstrate the effectiveness and scalability of our algorithmic
approach.
In summary, we make the following contributions:
– A new model of election control whereby groups, rather than individual voters, can
be deleted in a single action,
– A new model of protecting elections from group-level election control attacks,
– A polynomial-time algorithm for group-level election control,
– Complexity analysis of guaranteeing that an election cannot be controlled,
– A scalable double-oracle framework for choosing optimal allocation of protection
resources.
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Election Control by Deleting Voter Groups

A common question in election control is whether it is possible to prevent a specific candidate from winning by deleting a subset of voters. We begin by generalizing this control problem to allow attackers to delete (or deploy a denial-of-service attack against)
groups of voters, which may represent polling locations. Formally, suppose that there
is a set I of n non-overlapping groups of voters and a set of candidates C over which
voters have preferences. Throughout, we focus on plurality voting, in which only a single candidate is selected by each voter, and the candidate with the most votes wins (we
assume that the tie-breaking rule is adversarial to the defender).
P For each group i ∈ I,
let vic be the number of votes for candidate c, and let vc = i vic be the total vote tally
for c ∈ C. Let ω ∈ C be the candidate who would have won with the original set of
voters: ω = arg maxc vc . We now consider the problem of election control in which
the attacker may choose to delete a subset of at most k ≤ n groups, with the goal of
preventing ω from winning.1
It is well known that optimal control of plurality by deleting individual voters can
be computed in polynomial time [6]. Allowing the attacker to select specific groups
may appear to significantly complicate the problem. Surprisingly, we show that optimal
control can still be computed in polynomial time, significantly generalizing the previous
result. Intuitively, control succeeds as long as there exists a candidate c ∈ C who has
at least as many votes as ω after k groups are removed. Consequently, the attacker can
consider one candidate c at a time, checking if k groups can be deleted so that c has a
higher vote count than ω. Moreover, if we fix c ∈ C, it is easy to check whether it is
possible to get more votes for c than ω: we would just delete the k groups in which ω is
most favored over c.
Formally, let dc = hdci : i ∈ Ii be a vector with dci = vic − viω , that
Pis, the vote
advantage of c over ω in group i ∈ I. For a vector dc , define sum(dc ) = i dci . Then,
sum(dc ) is the total difference of votes between c and ω. For example, suppose that
dc is h−3, −2, 1i. This means that ω has more votes than c in the first two groups, but
fewer (by 1) in the third. If the attacker can attack 2 groups, he will succeed by attacking
the first two, leading c to have 1 more vote left than ω. The following proposition shows
that it is, in fact, sufficient to delete k groups with smallest dci to verify whether it is
possible to make c have a larger vote count than ω. For convenience, define dc−k to be
the portion of the vector dc remaining after the k groups with smallest dci have been
deleted.
Proposition 1 For a given candidate c ∈ C, it is possible to delete k groups to ensure
that vc > vω iff sum(dc−k ) > 0.
Proof (Proof Sketch). The ⇐ direction is straightforward: if sum(dc−k ) > 0, then by
definition of dc−k we have accomplished our goal and vc > vω . For the ⇒ direction, if
deleting the smallest k elements in dc still leaves sum(dc−k ) < 0, then it is impossible
to find any other subset of groups G ⊆ I to delete and have vc > vω , since we chose
the k groups with the largest vi,ω − vi,c , and, consequently, added the largest possible
1

Note that “traditional” election control by deleting votes is a special case of our setting, where
each group contains a single voter.
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vi,ω − vi,c to sum(dc ). Since the remaining tally difference is still negative, it is not
possible to make c have more votes than ω.
P

i

The process of computing a group-level election control approach is shown in Algorithm 1. For each candidate c ∈ C \{ω}, denoted by C −ω , Lines 1 - 4 check whether

Algorithm 1: Optimal Election Control by Group Deletion

4

for c ∈ C −ω do
dc−k ← Sort dc in ascending order, delete the first k elements in dc ;
if sum(dc−k ) > 0 then
return Attack voter groups corresponding to deleted elements;

5

return No control approach;

1
2
3

there exists an attack where c beats ω (based on Proposition 1). If no such attack exists
for all candidates in C −ω , election control is not possible. It is not difficult to see that
the complexity of Algorithm 1 is O(|C|n log n), which yields the following:
Theorem 1 Election control preventing a candidate ω from winning by deleting k voter
groups can be accomplished in O(|C|n log n) time.

3

Protecting Elections

Given that plurality is extremely vulnerable to control by deleting voter groups, we
now pose the dual question: is it possible for a party interested in maintaining election
integrity (henceforth, defender) to ensure that plurality is resilient to control? To address this question, we consider the following model of protection. The defender can
deploy m ≤ n protection resources (e.g., physical protection, electronic auditing, etc)
to protect individual voter groups from attacks. If a group i is protected, we assume that
it cannot be deleted by the adversary. We now ask: how hard is it for the defender to
guarantee that a given set of resources m is sufficient to protect the election, that is, to
ensure that it is impossible for an attacker to make ω lose by deleting unprotected voter
groups?
Definition 1 (Hitting Set Problem) A set G, a set U consisting of subsets Ĝ of G.
Question: does there exist a ‘hitting set’ G0 ⊆ G with |G0 | = m, so that ∀Ĝ ∈ U, G0 ∩
Ĝ 6= ∅.
Theorem 2 Checking whether m protection resources is sufficient to prevent control is
NP-Complete.
Proof. It is easy to see that this decision problem is in NP. To show that it is NP-Hard,
we reduce from the hitting set problem. Specifically, we show that for any hitting set
problem, we can construct an election with n voter groups, so that there exists a hitting
set G0 iff it is possible to prevent any control with m resources.
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Given a hitting set problem, we construct a corresponding election as follows. There
are n = |G| voter groups and |U | + 1 candidates. Each i ∈ G corresponds to a voter
group. Each Ĝ ∈ U corresponds to a candidate other than ω. For candidate c corresponding to Ĝ, for any voter group i, if i ∈ Ĝ, then dci = −1, i.e., c has 1 less vote than
ω in group i; otherwise dci = 0, i.e., c and ω ties in group i. Assume that the attacker
can attack up to k = n − m groups.
The ⇐ direction: If there exists a defender strategy which protects m voter groups,
i.e., G0 ⊂ G with |G0 | = m, so that the attacker has no way to control the election, it
indicates that for each candidate c, i.e., an element Ĝ ∈ U , at least one voter group i in
which dci = −1 is protected, i.e., G0 ∩ Ĝ 6= ∅. This is because if there exists a candidate
c, all voter groups with dci = −1 are unprotected, then the attacker can successfully
attack all such groups and c will tie with ω in the left votes. Thus the protected voter
groups satisfy that ∀Ĝ ∈ U, G0 ∩ Ĝ 6= ∅, which is a required hitting set.
The ⇒ direction: Given a hitting set G0 ⊂ G, the defender can protect all voter
groups i ∈ G0 . Thus, even if the attacker attacks all the unprotected voter groups, each
candidate c ∈ C −ω still has at least 1 vote less than ω. Therefore, no attacker strategy
can control the election.
Theorem 2 leaves us with two questions: 1) does this mean that we cannot protect
elections in practice, and 2) is all hope lost if m is insufficient to protect an election?
In answering question 2, clearly we cannot protect the election if protection resources
are allocated deterministically. However, when resources are limited, randomized allocation can offer tremendous value, increasing uncertainty and raising the stakes for
attackers [22]. We propose to address both of these questions through a single framework: a Stackelberg game model in which the defender (of the election) first chooses
a randomized allocation of m protection resources, and the attacker follows by choosing k groups to attack. Formally, let s denote a pure strategy of the defender, where
si ∈ {0, 1} indicates whether a voter group i is protected. Similarly, the attacker’s
pure strategy is a vector a where ai indicates whether group i is attacked. We use S
and A to represent the strategy space of the defender and the attacker respectively. Let
P (s, a) ∈ {0, 1} be an indicator denoting whether an attack a succeeds when a pure
protection strategy s is played. Implicitly, we have assumed that both the attacker and
defender know the net voting tallies for each location i. We relax this assumption in
Section 5. Utilities of the attacker and defender are then defined by uA (s, a) = P (s, a)
and uD (s, a) = −P (s, a), respectively, so that the game is zero-sum. Since we allow
randomization for the defender, let x denote its randomized (mixed) strategy, with xs
the probability that a pure strategy s ∈ S is used.
Since the game is zero-sum, the Stackelberg equilibrium strategy for the defender
is equivalent to its Nash equilibria [23]. Consequently, one can use a well-known linear
programming formulation, shown as a Linear Program 1 (henceforth, Core-LP) below,
for solving zero-sum normal-form games [24].
Core-LP(S, A):
p≥

minx p
X
s∈S

xs P (s, a),

(1a)
∀a ∈ A.

(1b)
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The central challenge with this approach is that it requires one to explicitly enumerate all pure strategies for both the defender and attacker. Since in our cases the strategy
space for both players is combinatorial, this is a non-starter. We therefore develop a
Double Oracle approach for addressing this scalability issue.

4

Double Oracle Approach

The double oracle framework is a common approach for solving zero-sum games with
exponential strategy spaces of both players [3, 2]. The idea is to start with a small set of
strategies for both players, compute equilibrium in this restricted game using Core-LP,
and check whether either player has a best response in the full strategy space that improves their payoff. If such a strategy exists for either player, it is added to the Core-LP,
which is re-solved. Otherwise, we have proven that the resulting restricted equilibrium
is a Stakcelberg / Nash equilibrium of the full game.
The Double-Oracle approach is not itself an algorithm, as it does not specify how
to compute a best response for each player in the full strategy space. Indeed, in general
this would require full enumeration of player strategies. The key is to develop effective
approaches to compute such best responses—that is, effective oracles for both players—
which is problem dependent. For example, none of the prior approaches (e.g., [2]) are
applicable in our case, because of modeling differences. Our central contributions in this
section are therefore: 1) novel mixed-integer linear programming (MILP) formulations
for both oracles, and 2) heuristic algorithms to speed up the computation of the oracles.
Our full double-oracle method is shown in Algorithm 2. Line 3 computes the mixed
strategy equilibrium of the restricted game, (x, y), where y is the dual solution of CoreLP representing attacker’s mixed strategy. We then make use of two types of oracles:
heuristic oracles, which allow us to quickly check the existence of better responses
(AO-Better and DO-Better, for attacker and defender, respectively), and exact oracles
(AO-MILP and DO-MILP), which are optimal.

Algorithm 2: Double Oracle Approach
1
2
3
4
5
6
7
8
9
10
11

Input: S 0 ⊂ S; A0 ⊂ A;
while do
(x, y) ← Core-LP(S 0 , A0 );
a ← AO-Better(x);
if a = ∅ then a ← AO-MILP(x);
s ← DO-Better(y);
if s = ∅ then s ← DO-MILP(y);
if a ∈ A and s ∈ S then
return x;
else
A0 ← A0 ∪ {a}, S 0 ← S 0 ∪ {s};
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Next, we describe both the exact and heuristic oracles for the defender and attacker,
observing in the process that both best response problems are NP-Hard.
4.1

Attacker Oracle

Complexity: It would seem that in Theorem 1 we had already shown that controling election in our model is in P. However, this result assumed that no protection is
deployed (equivalently, that protection is deterministic). Surprisingly, when protection
is randomized, election control, which we also refer to as the attacker’s best response
or oracle, is NP-Hard, as the following result attests (in this result, S 0 represents the
support of the defender’s mixed strategy).
Theorem 3 Let S 0 be a set of defender strategies. Checking whether there exist k
groups an attack on which would control an election no matter which s ∈ S 0 is played
by the defender is NP-Complete, even with only two candidates.
Proof. It is easy to see that this decision problem is in NP. To show that it is NP-Hard,
we reduce from the hitting set problem shown in Definition 1. Specifically, we show
that for any hitting set problem, we can construct an election with n voter groups, 2
candidates, and a set S 0 of defender strategies, so that there exists a hitting set G0 iff
there exists an attacker strategy which can control the election no matter which defender
strategy s ∈ S 0 is played.
Given a hitting set problem as is shown in Definition 1, we construct an election
with |G| + 1 voter groups, two candidates, ω and another candidate c. Each i ∈ G
corresponds to a voter group, in which dci = −1, i.e., c has one less vote than ω in
voter group i. In the extra voter group j which does not correspond to any element in
G, dcj = |G| − 1. Thus c has 1 less vote than ω in total. Each Ĝ ∈ U corresponds to a
defender pure strategy, in which voter group j and voter groups i ∈ G\ Ĝ are protected.
For example, still assume that G = {1, 2, 3} and U = {{1, 2}, {2, 3}, {2}, {3}}. Then
the vote states of the candidate c under all defender strategies are shown in Table 1, e.g.,
P in position (3, s{1,2} ) means that in defender strategy corresponding to {1, 2} ∈ U ,
voter group 3 ∈ G is protected. Assume that the attacker can attack up to m groups.

1
2
3
4

s{1,2} s{2,3}
-1
P
-1
-1
P
-1
P
P

s{2}
P
-1
P
P

s{3}
P
P
-1
P

Table 1. Votes under defender strategies

The ⇐ direction: If there exists an attacker strategy which attacks m voter groups
i.e., G0 ⊂ G with |G0 | = m, so that he can control the election no matter which defender
strategy s ∈ S 0 is played, it indicates that for each defender strategy s, i.e., an element

8

Optimally Protecting Elections

Ĝ ∈ U , at least one voter group i ∈ G with dci = −1 is attacked, i.e., G0 ∩ Ĝ 6= ∅.
Otherwise the attacker cannot control the election if s is played. Therefore, G0 is a
required hitting set.
The ⇒ direction: Given a hitting set G0 ⊂ G, the attacker can attack all voter groups
i ∈ G0 . Thus no matter which s ∈ S 0 is played by the defender, at least one unprotected
voter group with dci = −1 is attacked. Since ω only has 1 more vote than c in the
original voting, the attacker can prevent ω from winning no matter which s ∈ S 0 is
played.
Exact Solution: Although computing attacker’s best response (oracle) is NP-Hard, we
now develop an exact compact mixed-integer linear program (MILP) for it, which we
term AO-MILP. Formally, the attacker’s best response involves solving
X
P (s, a)xs
(2)
max
a∈A

s∈S 0

for a given mixed strategy x. Our first step is to formulate the attacker oracle as a mathematical (non-linear) program. The main technical challenge involved is representing
P (s, a), which is a non-trivial function of s and a. We do this implicitly in AO-MP by
using an auxiliary binary variable zs .
X
AO-MP :
maxa
zs · xs
(3a)
s∈S 0
X
ai ≤ k
(3b)
i
X
ecs = 1, ∀s ∈ S 0
(3c)
c∈C −ω

X
X
zs
ec
dci (1 − (1 − si )ai ) ≥ 0, ∀s ∈ S 0
(3d)
−ω s
c∈C

i

ai , zs , ecs ∈ {0, 1}.

(3e)

Constraint (3b) enforces feasibility of the attacker’s strategy vector a. Next we explain
Constraints (3c)-(3d). Given a strategy pair (s, a), votes in group i are deleted only if
si = 0 and ai P
= 1. Thus
c ∈ C −ω , the vote difference between c
Pfor each candidate
c0
c
c
and ω is d = i di − i (1 − si )ai di . Note that zs = 1, i.e., attacker succeeds given
strategy pair (s, a), as long as there exists one candidate who has no fewer votes left
than ω given (s, a), i.e., dc 0 ≥ 0. Variables ecs are thus introduced to check whether there
exists such a candidate. Constraints (3c), (3d), and the objective together ensure that if
∗
there exists such a candidate c∗ for some s, the
ecs will be set as 1 and ecs
Pcorresponding
P
for all other candidates will be set as 0. Thus, c∈C −ω ecs ( i dci (1 − (1 − si )ai )) ≥ 0,
and the associated zs = 1, yielding, in combination with Constraint (3b) a pure strategy
for the attacker that maximizes its success probability given x.
While AO-MP includes non-linear constraint (3d), because all variables involved
are binary, this constraint can be linearized in a standard way using McCormick inequalities [25], yielding an MILP for computing the attacker’s best response.
Heuristic “Better” Response: The main issue with AO-MP is its poor scalability.
However, note that we need only compute a better response for the attacker in each
iteration of the Double-Oracle method to make progress; by doing so quickly, even if
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heuristically, we can considerably speed up equilibrium computation. As long as we
ultimately fall back on the MILP to check optimality, we lose no solution guarantee in
the process.
We take twoP
steps to find a better response for the attacker. First, we look for a subset
S 00 ⊂ S 0 with s∈S 00 xs > p, where p is the objective value of Core-LP restricted to
a small subset of attacker strategies A0 in the previous iteration. Second, we look for
an attacker pure strategy a which can successfully affect voting result no matter which
pure strategy s ∈ S 00 is played by the defender, i.e., P (s, a) = 1 ∀s ∈ S 00 . If we can
successfully find suchP
a set S 00 and a pure strategy a, the attacker P
will succeed with a
probability of at least s∈S 00 xs if he plays pure strategy a. Since s∈S 00 xs > p, a is
a better strategy than any a0 ∈ A0 .
The full heuristic approach, AO-Better, is shown in Algorithm 3. We first sort the
defender strategies in S 0 in decreasing order of xs , obtaining a sorted vector S̄ with sρ
the ρth largest element (Line 3). We then look for set S 00 consisting of adjacent strategies
in S̄ (Lines 5 - 6). For each S 00 , we check that if there exists a candidate c, such that if
the attacker attacks k areas which are not protected by any strategy s ∈ S 00 , c will have
more votes remaining than ω. If there exists such a candidate, then the corresponding
attacker strategy leads to success no matter which s ∈ S 00 is played by the defender, and
is better than any in A0 (Lines 8 - 11). If no better strategy is found, then AO-Better
returns an empty set.

Algorithm 3: Attacker’s Better Response (AO-Better).
1
2
3
4
5
6
7
8
9
10
11
12

13

4.2

input: S 0 , x, p;
S̄ = hsρ , ρ ∈ 1, 2, 3, · · · i ← sort s ∈ S 0 by decreasing xs ;
for ρ in 1..|S̄| do
p0 ← xsρ , S 00 ← {sρ }, ρ0 ← ρ + 1;
while p0 ≤ p and ρ0 ≤ |S̄| do
0
p0 ← p0 + xsρ0 , S 00 ← S 00 ∪ {sρ }, ρ0 ← ρ0 + 1;
if p0 > p then
for c ∈ C −ω do
dc0 ← hdci : i with si = 0, ∀s ∈ S 00 i;
0
d(c−k) ← delete the smallest k elements in dc0 ;
0
if sum(d(c−k) ) ≥ 0 then
return attack the k groups corresponding to deleted elements;
return ∅;

Defender Oracle

We now proceed to analyze the NP-Hard defender oracle (Theorem 2).
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Exact Solution: The defender’s oracle, or best response, can be defined as
max
s∈S

X

(1 − P (s, a))ya .

(4)

a∈A0

Just as in the attacker oracle formulation, we proceed to develop the (non-linear) mathematical integer program to compute the defender’s best response.
DO-MP:

maxs

X

za · ya

(5a)

a∈A0

X

si ≤ m
i
X
za
(dci (1−(1−si )ai )+1) ≤ 0, ∀c ∈ C −ω, a ∈ A0

(5b)

si , za ∈ {0, 1}.

(5d)

i

(5c)

There is an important difference from the attacker oracle: in particular, za = 1 (that
is, the defender successfully blocks an attack strategy a ∈ A0 , where A0 is the attacker
strategy from the previous iteration of Double-Oracle) only if all candidates c ∈ C −ω
have fewer votes
than ω. Constraint (5c) ensures that za = 1 only when
P remaining
P
∀c ∈ C −ω , i dci − i (1 − si )ai dci < 0, while Constraint (5b) enforces feasibility
of the defender’s strategy. The resulting DO-MP thereby chooses the defender strategy which minimizes the probability of a successful attack for a fixed attacker mixed
strategy y. We can then linearize the nonlinear constraint (5c) by using McCormick
inequalities [25], obtaining an MILP formulation of the defender oracle.
Heuristic “Better” Response (Algorithm 4): We first look for a subset A00 ⊂ A0 with
P
a∈A00 ya > 1 − p. Then we look for a defender pure strategy s which can “block”
all attacker strategies a ∈ A00 , ensuring that the attacker will succeed with probability
less than p. If such a strategy is found, then it is a better response for the defender.
Algorithm 4 presents the full heuristic procedure.

Algorithm 4: Defender Oracle with Better Response
1
2
3
4
5
6
7
8
9
10

s = hsi = 0 : ∀i ∈
P{1, · · · , n}i, res = 0;
for each A00 with a∈A00 ya > 1 − p do
for c ∈ C −ω do
dc0 ← hdci : i with ai = 0, ∀a ∈ A00 or si = 1i;
while sum(dc0 ) ≥ 0 and res < m do
dc00 ← dc \ dc0 , i∗ ← argmini {dci 00 };
dc0 ← dc0 ∪ {dci∗ }, si∗ ← 1, res ← res + 1;
if ∀c ∈ C −ω , dc0 < 0 then
return s;
return ∅;
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Uncertainty about Voter Preferences

Our entire treatment of the problem so far assumed complete information about voter
preferences for both the attacker and defender. We now show that this assumption is
relatively straightforward to relax (from a technical perspective). Specifically, we retain
the assumption that attacker has complete information, but assume that the defender is
uncertain about voter preferences. Formally, let V denote a particular voting preference
outcome, with RV the defender’s prior distribution over V . The defender’s goal in this
setting is to minimize the expected probability that the attacker can successfully control
the election. Since the attacker knows V , this gives rise to a Bayesian Stackelberg game
with V the attacker’s type. Let pV (s, a) be a binary indicator representing whether the
attacker can successfully control the voting given voting preferences V and a strategy
pair (s, a). The optimal mixed strategy for the defender can then be computed by solving the following LP, which is a Bayesian extension of the Core-LP above:
X
Baysian-LP(S, A):
min
RV PV
(6a)
x

PV ≥

X

V

xs pV (s, a),

∀a ∈ A, ∀V

(6b)

s∈S

Note that this formulation is amenable to the same double oracle framework that was
used to solve the complete information game. The primary difference is that now the
attacker oracle must be run for each V , whereas the defender oracle requires a modified
objective involving expected probability of election being controlled with respect to
RV . In practice, since the space of relevant voting preferences V is extremely large, we
can take a collection of samples from this distribution and solve the linear program (6)
solely using these samples to obtain an approximately optimal defense.

6

Evaluation

We evaluate the proposed algorithms on both synthetic and real data with respect to
solution quality as well as scalability. Solution quality of our approach is compared to
two baselines. The first, termed Random, is a uniformly random defense strategy. The
second, terms Greedy is a “greedy” defender strategy in which security resources are
assigned to protect voter groups in order of relative advantage ω has over the second
ranked candidate in that group. Linear and mixed integer programs were solved using
CPLEX 12.6.1.
We generated synthetic data by creating 30 voter groups and 5 candidates, and then
randomly generated a tally for each candidate within each group uniformly in [0, 100].
Each data point is an average over 30 such samples. As we can observe from Figure 1(a) and 1(b), the Stackelberg equilibrium solution always outperforms both baselines above, in most cases quite dramatically. In addition, we compared solution quality
of our approach extended to account for defender’s uncertainty about voter preferences
with the two baselines. The results were qualitatively the same: the Bayesian Stackelberg game approach significantly outperformed the alternatives. In addition, we consider the effect of the number of samples from the entire voter preference outcome
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space used in the Bayesian Stackelberg game to compute an approximate defense under uncertainty. We model uncertainty by taking baseline voting tallies (generated as
described above), and adding zero-mean Gaussian noise. We study two cases: low uncertainty, where the variance of Gaussian noise is 10, and high uncertainty, where tallies
of candidates are drawn uniformly in [1, 400] and variance is 20. In both cases, we take
60 attacker types (drawn from this distribution) to be the ground truth. In Figures 2(a)
and 2(b), the x-axis is the number of samples taken by the defender to solve Baysian-LP,
while the y-axis indicates the optimal expected success probability of attackers. We observe that in both treatments very few samples (≤ 6) suffice to achieve a near-optimal
solution. Additionally, we performed several robustness experiments, considering the
impact of errors in problem parameters (e.g., voter preferences, in the complete information case and probability distribution over types in Bayesian games) on solution
quality. We found that solutions are robust to such errors.

1
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Fig. 1. Comparison of solution quality on synthetic data. “Stackelberg Equi” is the Stackelberg
equilibrium solution.
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Fig. 2. Bayesian-LP: Impact of the number of samples on solution quality.

Next we compare the scalability of the Core-LP algorithm (“Core-LP only”) with
the two proposed double oracle approaches: the first using only MILP oracles (DORA),
and the second leveraging the heuristic methods as well (DORABE). The results in Figures 3(a) and 3(b) show that as we increase problem size, either in terms of the number
of voter groups or defender resources, the double oracle approaches significantly out-
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Fig. 3. Scalability on synthetic data.

perform Core-LP. Moreover, DORABE offers significant computational savings compared to DORA.
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Fig. 4. Solution quality on real data

Finally, we evaluate our algorithms on the 2002 French president election dataset [1],
consisting of 2597 votes for 16 candidates by voters in 6 districts (voter groups). Figures 4(a) and 4(b) again compares the baselines to our algorithmic approach in terms of
solution quality. As in the experiments with synthetic data, our approach demonstrates
substantial improvement in defender’s performance compared to baselines: in an extreme case, the attack success probability drops from 1 to nearly 0. (Thus Figure 4(b)
only shows 2 lines with 3 resources.)

7

Conclusion

We study the problem of optimally protecting an election against group-deletion-control.
We show that although plurality voting is vulnerable to control, it is NP-Hard to protect
an election against it. We propose a double-oracle framework for computing an optimal
protection strategy and develop compact mixed integer linear programs for both oracles,
even though these are NP-Hard. We also propose heuristic oracles to further speed the
double oracle framework up. Experimental results show that our algorithms outperform
baseline alternatives, and scale to realistic problem instances.
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Abstract. We develop a strategyproof matching mechanism called PriorityList based Deferred Acceptance mechanism with Minimum Quotas (PLDAMQ). Although minimum quotas are important in many real-world markets, existing strategyproof mechanisms require an unrealistic assumption that all students consider all schools acceptable (and vice-versa).
PLDA-MQ can work under more realistic assumptions: (i) a student
considers (at least) one particular school, which we call her initial endowment school, acceptable, and vice-versa, and (ii) the initial endowments
satisfy all the minimum quotas. We require a matching to respect initial
endowments; each student must be assigned to a school that is at least as
good as her initial endowment. These assumptions are reasonable in public school choice programs and student reallocation problems. In general,
standard stability is incompatible with minimum quotas. Thus, we introduce an alternative condition called Priority-List based (PL)-stability.
Since the initial endowments satisfy all required properties (respecting
minimum quotas/initial endowments and PL-stability), our research goal
is to develop a strategyproof mechanism that improves students’ welfare
while satisfying these properties. We show that PLDA-MQ is theoretically optimal in terms of students’ welfare; it obtains the student-optimal
matching within all matchings that satisfy these properties.

1

Introduction

The theory of matching has been extensively developed for markets in which
schools1 have maximum quotas that cannot be exceeded [18]. However, in many
real-world markets, minimum quotas are also present. For example, school districts may need at least a certain number of students in each school for the school
to operate [2]. In a study on the market for Japanese medical residents [12], the
Japanese government wants to assign more doctors to rural hospitals, and imposing minimum quotas is one possible approach. The United States Military
Academy solicits cadet preferences over assignments to various Army branches,
1

For concreteness, we use the terms of school choice throughout the paper, but our
results can be applied to many other two-sided matching problems.

each of which has manning requirements [21, 22], which can be implemented as
minimum quotas.
Although minimum quotas are relevant in many real-world settings and strategyproofness (i.e., no student has an incentive to misreport her preference) is
important to many policymakers, there is a lack of strategyproof mechanisms
that consider them. A notable exception is [6], in which they develop strategyproof mechanisms that can handle minimum quotas.
However, to guarantee that these mechanisms obtain feasible matchings (which
respect minimum quotas), it is required that all students consider all schools acceptable and vice-versa. This requirement seems unrealistic in many applications.
For example, in a public school choice program, it is not likely that a student is
willing to attend a public school located very far away from her residence, unless
the school oﬀers some very appealing characteristics.
In this paper, we develop a mechanism that works under much more realistic
assumptions. We require that a student consider at least one particular school
acceptable, which we call her initial endowment school. In a public school choice
program, this initial endowment school corresponds to the school that is closest
to her residence, and by default, she is going to attend it unless she has special
interest in other schools. We assume each school can consider some students unacceptable. However, we require that each school consider its initial endowment
students acceptable. We also assume that the matching corresponds to the initial
endowments is feasible, i.e., it satisfies all minimum/maximum quotas.
These assumptions are reasonable for a public school choice program. Before
the school choice program was introduced, the only option for a student was to
attend her nearby default school. The school choice program is introduced in
order to provide her more options. Thus, it is reasonable to consider she will
accept her default school, which was the only option without the program. Here,
the introduction of the school choice program never hurts any student, i.e., a
student is guaranteed to have a seat in her default school. On the other hand,
to apply the mechanisms in [6], a student is not allowed to declare some schools
unacceptable. Thus, the introduction of the school choice program can hurt some
student, i.e., she might be assigned to a school that is worse than her default
school.
Another application domain where these assumptions are appropriate is a
student reallocation problem. Assume a feasible initial allocation is determined,
and students experience a trial period. After it, each student has a chance to
apply to another school if her interest changes. In this reallocation problem, it
is natural to require that no student is reallocated to a school that is worse than
her current assignment. Also, it is natural to assume the current allocation is
feasible. We require a matching to respect initial endowments, i.e., each student
must be assigned to a school that is at least as good as her initial endowment.
Our newly developed mechanism, which we call Priority-List based Deferred
Acceptance mechanism with Minimum Quotas (PLDA-MQ), is an instance of
the generalized Deferred Acceptance (DA) mechanism [10]; its skeleton resembles
the well-known DA mechanism. Thus, our mechanism would be easy to adopt

for policymakers and schools/students. This is a major advantage compared to
applying a completely new/unfamiliar mechanism.
In general, fairness and standard nonwastefulness, both of which compose
stability, are incompatible when minimum quotas are imposed [4]. Thus, in this
paper, we introduce alternative definitions called Priority-List based (PL-) fairness and PL-nonwastefulness. They compose PL-stability.
There are two simple extensions of existing mechanisms that can work in our
setting: (i) Artificial Cap Deﬀered Acceptance mechanism (ACDA) is a mechanism that artificially reduces the maximum quota of each school so that minimum quotas are automatically satisfied, and (ii) Top Trading Cycles mechanism
(TTC), which is modified from the standard TTC [20] to respect initial endowments. ACDA is fair but it is neither PL-fair nor PL-nonwasteful. TTC does not
satisfy any of these properties. Also, a trivial mechanism that simply returns the
initial endowments is strategyproof, PL-stable, and respects minimum quotas.
Thus, we set our research goal to develop a strategyproof mechanism that
improves students’ welfare while satisfying the required properties. We show that
PLDA-MQ is theoretically optimal in terms of students’ welfare, i.e., it obtains
the student-optimal matching within all matchings that satisfy these properties.
Thus, as long as a mechanism satisfies these properties, it cannot obtain a better
matching than that of PLDA-MQ.
We also conduct quantitative evaluation via computer simulation, which
show that PLDA-MQ significantly improves students’ welfare compared to other
mechanisms.
The rest of this paper is organized as follows. We first discuss related works
(Section 2). Next, we define the model of two-sided matching problem with minimum/maximum quotas and initial endowments (Section 3). Then, we describe
two simple mechanisms; ACDA and TTC (Section 4). Next, we show our newly
developed mechanism PLDA-MQ and its properties (Section 5). Finally, we conduct quantitative evaluation via computer simulation (Section 6).

2

Related Literature

In the context of school choice, minimum quotas are often imposed on diﬀerent types of students (e.g., gender, socioeconomic status) [3, 4, 9, 14, 16, 23]. The
crucial diﬀerence between our setting and these works is that minimum quotas
are hard constraints that must be satisfied by any matching, while these works
treat minimum quotas as “soft” constraints that may or may not actually be
satisfied.
Ehlers et al. [4] show that if the constraints are interpreted as hard constraints, no mechanism that is fair and satisfies a definition they call constrained
nonwastefulness can simultaneously be strategyproof. Due to this impossibility
result, Fragiadakis et al. [6] develop two strategyproof mechanisms that renounce
fairness or nonwastefulness. One is called Extended Seat Deferred Acceptance
mechanism (ESDA), which is fair but wasteful, and the other is called MultiStage Deferred Acceptance mechanism (MSDA), which is nonwasteful but not

Table 1. Properties of mechanisms
resp.
PLPLinitial
fairness
fairness
NW
endow.
PLDA-MQ yes
yes
yes
yes
ESDA
no
no
yes
no
MSDA
no
no
no
yes
TTC
yes
no
no
no
ACDA
yes
no
yes
no

NW
no
no
yes
no
no

fair. Based on their work, Goto et al. [7] develop a strategyproof mechanism that
can handle hierarchical minimum quotas. We cannot use these mechanisms in
our setting since they do not respect initial endowments.
The problem of matching with minimum quotas has also been addressed in
the computer science community [2, 5, 11]. These works examine the complexity
of verifying the existence of some types of stable matchings, but they do not
provide explicit mechanisms or consider incentive issues.
A standard way to improve students’ welfare with initial endowments is using Top Trading Cycles mechanism (TTC) [20]. However, we need to handle the
indiﬀerence in students’ preferences. This is not trivial in general [19]. However,
in our setting, all students consider all of the seats in the same school as indifferent. Thus, we can use a mechanism based on Algorithm III in [13], which uses
a simple common tie-breaking order. With it, the number of students assigned
to each school does not change. Thus, the reallocation obtained by it is feasible.
However, in our setting, a school may have empty seats, i.e., it can accept
more students than the initial endowment students. By allocating empty seats,
the welfare of students can be improved. Although there exist mechanisms that
can simultaneously handle initial endowments and empty seats [1], to the best
of our knowledge, there exists no TTC-based mechanism that can handle both
initial endowments and empty seats, while respecting minimum quotas.
If we modify the maximum quota of each school to the number of its initial
endowment students, and also modify the priority in each school over students
such that initial endowment students have higher priorities over other students,
the matching obtained by the standard DA is feasible. We call this mechanism
Artificial Cap Deferred Acceptance mechanism (ACDA). However, it is not PLstable.
Table 1 summarizes the properties of mechanisms that respect minimum
quotas (“NW” stands for nonwastefulness). Here, for ESDA and MSDA, we
assume all students consider all schools acceptable and vice versa. Without this
assumption, they cannot satisfy minimum quotas.
We utilize a general framework for developing strategyproof matching mechanisms under various distributional constraints [15]. Although they provide a
useful toolkit for this purpose, developing a concrete mechanism that works for
new types of constraints remains challenging; we need to appropriately design a

choice function of schools so that their framework is applicable while the required
design goals can be achieved.

3

Model

A matching market is given by (S, C, X, ω, ≻S , ≻C , ≻P L , qC , pC ). The meaning
of each element is as follows.
– S = {s1 , s2 , . . . , sn } is a finite set of students.
– C = {c1 , c2 , . . . , cm } is a finite set of schools.
– X ⊆ S × C is a finite set of contracts. Contract x = (s, c) ∈ X represents
that student s is assigned to school c. For any X ′ ⊆ X, let Xs′ denote
{(s, c) ∈ X ′ | c ∈ C}, i.e., the sets of contracts related to student s. Also, let
Xc′ denote {(s, c) ∈ X ′ | s ∈ S}, i.e., the sets of contracts related to school c.
– ω : S → C is an initial endowment function. ω(s) returns c ∈ C, which
is s’s initial endowment. When ω(s) = c, ∪
we say student s is school c’s
initial endowment student. Let X ∗ denote s∈S {(s, ω(s))}, i.e., X ∗ is the
set of contracts, where each element is a contract between a student and her
initial endowment school.
– ≻S = (≻s1 , ≻s2 , . . . , ≻sn ) is a profile of the students’ preferences. For each
student s, ≻s represents the preference of s over Xs . We assume ≻s is strict
for each s. We say (s, c) ∈ Xs is acceptable for s if (s, c) ≻s (s, ω(s)) or
c = ω(s) holds. We sometimes use such notations as c ≻s c′ instead of
(s, c) ≻s (s, c′ ).
– ≻C = (≻c1 , ≻c2 , . . . , ≻cm ) is a profile of the schools’ priorities. For each school
c, ≻c represents the priority of c over Xc ∪ {(ϕ, c)}, where (ϕ, c) represents
an outcome such that c is unmatched. We assume ≻c is strict for each c.
Contract (s, c) is acceptable for c if (s, c) ≻c (ϕ, c) or ω(s) = c holds. We
assume each contract x in Xc is acceptable for c. This is without loss of
generality because if some contract is unacceptable to a school, we assume it
is not included in X. We sometimes write s ≻c s′ instead of (s, c) ≻c (s′ , c).
– ≻P L is a serial order over X called priority list (PL), which represents a
tie-breaking order among contracts.2 We assume ≻P L respects the initial
endowments, i.e., for each x ∈ X ∗ and x′ ∈ X \ X ∗ , x ≻P L x′ holds. Also, we
assume ≻P L respects ≻C , i.e., for any (s, c), (s′ , c) ∈ X \X ∗ , (s, c) ≻P L (s′ , c)
holds iﬀ (s, c) ≻c (s′ , c) holds.
– qC = (qc1 , qc2 , . . . , qcm ) is a vector of the schools’ maximum quotas. Also,
pC = (p∑
is a vector of the schools’ minimum quotas. We
c1 , pc2 , . . . , pcm )∑
assume c∈C pc ≤ n ≤ c∈C qc holds.
With a slight abuse of notation, for two sets of contracts, X ′ and X ′′ , we
denote Xs′ ≻s Xs′′ if either (i) Xs′ = {x′ }, Xs′′ = {x′′ }, and x′ ≻s x′′ for some
x′ , x′′ ∈ Xs that are acceptable for s, or (ii) Xs′ = {x′ } for some x′ ∈ Xs that
is acceptable for s and Xs′′ = ∅. Furthermore, we denote Xs′ ⪰s Xs′′ if either
Xs′ ≻s Xs′′ or Xs′ = Xs′′ . Also, for Xs′ ⊆ Xs , we say Xs′ is acceptable for s if
Xs′ = {x} and x is acceptable for s.
2

A similar technique is used for handling regional maximum quotas in [8].

Definition 1 (feasibility). X ′ ⊆ X is student-feasible if for all s ∈ S, Xs′ is
acceptable for s. X ′ is school-feasible if for all c ∈ C, pc ≤ |Xc′ | ≤ qc holds. X ′
is feasible if it is student- and school-feasible. We call a feasible set of contracts
a matching.
We assume X ∗ is feasible, i.e., for each c ∈ C, pc ≤ |Xc∗ | ≤ qc holds.
For set of matchings X , X ′ ∈ X is student-optimal within X if Xs′ ⪰s Xs′′
holds ∀X ′′ ∈ X , ∀s ∈ S. There is a chance that no student-optimal matching
exists in X . If a student-optimal matching does exist in X , it must be unique.
A mechanism is a function that takes a profile of students’ preferences as
input and returns a matching. We say a mechanism is strategyproof if no student
ever has any incentive to misreport her preference, regardless of what the other
students report.
Definition 2 (fairness). We say student s has justified envy toward s′ ̸= s
in matching X ′ , where (s, c) ∈ X ′ , (s′ , c′ ) ∈ X ′ \ X ∗ , and (s, c′ ) ∈ X \ X ′ , if
(s, c′ ) ≻s (s, c) and (s, c′ ) ≻c′ (s′ , c′ ) hold. Matching X ′ is fair if no student has
justified envy. A mechanism is fair if it always gives a fair matching.
In words, student s, who is allocated to c, has justified envy toward another
student s′ who is allocated to c′ , if s prefers c′ over c, s has a higher priority
than s′ in c′ , and c′ is not the initial endowment of s′ .
Definition 3 (nonwastefulness). We say student s claims an empty seat of
c′ in matching X ′ , where (s, c) ∈ X ′ and (s, c′ ) ∈ X \ X ′ , if (s, c′ ) ≻s (s, c),
|Xc′ ′ | < qc′ , and |Xc′ | > pc hold. Matching X ′ is nonwasteful if no student claims
an empty seat. A mechanism is nonwasteful if it always gives a nonwasteful
matching.
In words, student s, who is allocated to c, claims an empty seat of c′ , if s
prefers c′ over c, and the set of contracts obtained by moving s from c to c′ is
school-feasible.
There exists a case where no matching is simultaneously fair and nonwasteful,
as shown in the following example.3
Example 1. Assume S = {s1 , s2 }, C = {c1 , c2 , c3 }, where ω(s1 ) = ω(s2 ) = c1 .
qc = 2 for all c ∈ C. pc1 = 1, pc2 = pc3 = 0. The preferences of students are
given as follows: c2 ≻s1 c3 ≻s1 c1 , c3 ≻s2 c2 ≻s2 c1 . The priorities of schools
and ≻P L are given as: s1 ≻c1 s2 , s2 ≻c2 s1 , s1 ≻c3 s2 , (s1 , c1 ) ≻P L (s2 , c1 ) ≻P L
(s2 , c2 ) ≻P L (s1 , c3 ) ≻P L (s1 , c2 ) ≻P L (s2 , c3 ).
Here, c1 is the least popular school for both s1 and s2 , but at least one
student must be assigned to c1 since pc1 = 1. Assume s1 is allocated to c1 .
Then, s2 must be allocated to her most preferred school c3 , or otherwise, s2
claims an empty seat of c3 . However, then s1 has justified envy toward s2 since
s1 ≻c3 s2 . Similarly, assume s2 is allocated to c1 . Then s1 must be allocated
to her most preferred school c2 , or otherwise, s1 claims an empty seat of c2 .
However, then s2 has justified envy toward s1 since s2 ≻c2 s1 .
3

This example is based on the example used in the proof of Theorem 1 in [4].

Given this impossibility result, we first introduce a weaker definition of nonwastefulness.
Definition 4 (PL-nonwastefulness). Student s claims an empty seat of c′ in
matching X ′ based on PL, where (s, c) ∈ X ′ and (s, c′ ) ∈ X \ X ′ , if (s, c′ ) ≻s
(s, c), |Xc′ ′ | < qc′ , |Xc′ | > pc and (s, c′ ) ≻P L (s, c) hold. Matching X ′ is PLnonwasteful if no student claims an empty seat based on PL. A mechanism is
PL-nonwasteful if it always gives a PL-nonwasteful matching.
This definition weakens standard nonwastefulness, i.e., the claim of student
s who is assigned to c to obtain an empty seat of c′ is considered legitimate only
if the tie-breaking rule supports this, i.e., (s, c′ ) ≻P L (s, c).
Next, we introduce a stronger condition than standard fairness.
Definition 5 (PL-fairness). We say student s has justified envy toward s′ ̸= s
in matching X ′ based on PL, where (s, c), (s′ , c′ ) ∈ X ′ and (s, c′′ ) ∈ X \ X ′ , if
(s, c′′ ) ≻s (s, c), |Xc′ ′′ | < qc′′ , |Xc′ ′ | > pc′ , and (s, c′′ ) ≻P L (s′ , c′ ) hold. Matching
X ′ is PL-fair if no student has justified envy or justified envy based on PL. A
mechanism is PL-fair if it always gives a PL-fair matching.
In words, if student s is assigned to c even though she hopes to be assigned to
c′′ , and c′′ can accept one more student, while another student s′ is assigned to
c′ even though c′ already satisfies its minimum quotas, then s can have justified
envy toward s′ if the tie-breaking rule supports this, i.e., (s, c′′ ) ≻P L (s′ , c′ )
holds.
Intuitively, PL-fairness requires that if we need to reject a contract to satisfy
the minimum quota of some school, and there exist several candidate contracts
to reject, the mechanism should reject the one in a fair way based on PL, i.e.,
the contract with the lowest priority according to PL should be rejected.
We say a matching is PL-stable if it is PL-fair and PL-nonwasteful. We say
a mechanism is PL-stable if it always gives a PL-stable matching.
Let us consider the situation of Example 1, but all the schools prefer s2 over
s1 , and ≻P L is given as follows (which respects schools’ priorities): (s1 , c1 ) ≻P L
(s2 , c1 ) ≻P L (s2 , c2 ) ≻P L (s2 , c3 ) ≻P L (s1 , c2 ) ≻P L (s1 , c3 ). Since pc1 = 1, at
least one student must be assigned to c1 even though c1 is the least popular
school for both students. A mechanism needs to decide which contract should
be rejected, e.g., among {(s1 , c3 ), (s2 , c2 )}. Here, since both schools c2 and c3
unanimously prefer s2 over s1 , it is natural to assume (s1 , c3 ) is rejected. Indeed,
PL-fairness requires the mechanism to reject (s1 , c3 ) that has the lowest priority
according to PL (which respects schools’ priorities).
Note that from these definitions, X ∗ is PL-stable. Since a student cannot
have justified envy toward another student allocated to her initial endowment,
X ∗ is fair. Also, for any x ∈ X ∗ and x′ ∈ X \ X ∗ , x ≻P L x′ holds. Then, a
student cannot have justified envy based on PL, or can claim an empty seat
based on PL. Thus, X ∗ is PL-stable. Therefore, there always exists at least one
PL-stable matching.

4

Simple extensions

In this section, we introduce two simple extensions of existing mechanisms that
can work in our setting. First, we introduce ACDA. The idea of ACDA is used in
the Japan Residency Matching Program, i.e., reducing maximum quotas of hospitals in urban areas such as Tokyo, so that more doctors will apply to hospitals
in rural areas [12].
Definition 6 (ACDA).
For each school c, the original maximum quota qc is decreased to |Xc∗ |, i.e., the
number of its initial endowment students. Also, the original school priority ≻c
is modified so that each of its initial endowment contracts has a higher priority
than any contract that is in Xc \Xc∗ . Then, the mechanism performs the standard
DA procedure described as follows, which repeats the following steps.
Step t (≥ 1) A student applies to her most preferred school from which she is
not rejected so far. Then, each school deferred accepts students applying to it
up to its maximum quotas. The rest of students are rejected. If no student is
rejected, then return the current assignment as a final matching. Otherwise,
go to Step t + 1.
Next, we show TTC-based mechanism, which is one instance of Algorithm
III in [13]. We assume there exists a common strict ordering ≻M L over students
called the master list. Note that the master list is completely diﬀerent from the
priority list, which is a serial order over X. Without loss of generality, we assume
≻M L is defined as: s1 ≻M L s2 ≻M L . . . ≻M L sn .
Definition 7 (TTC).
Step t (≥ 1) For each school c, choose one remaining initial endowment student s as its representative, who has the highest priority according to ≻M L .
If there is no remaining initial endowment student, c has no representative.
If there is no representative students from any school, the mechanism terminates. Otherwise, among these representative students, run the standard
TTC procedure, i.e., each student points to a student who is endowed with
her most favorite school (a student can point to herself ). Then, there exists
at least one cycle. Students in a cycle exchange seats of their schools and
they leave the mechanism. Then, go to Step t + 1.

5

New mechanism

In this section, we develop the Priority-List based Deferred Acceptance mechanism with Minimum Quotas (PLDA-MQ) and clarify its properties.

5.1

Definition of PLDA-MQ

We utilize the general framework for developing a strategyproof mechanism with
various distributional constraints recently developed by Kojima et al. [15]. Their
framework exploits choice functions for students (ChS ) and schools (ChC ),
which are defined as follows:
Definition 8 (students’ choice function). For each student s, her choice
function Chs is defined as follows. Given X ′ ⊆ X, let Ys denote {x ∈ Xs′ |
x is acceptable for s}. Chs (X ′ ) returns {x}, s.t. x ∈ Ys and x is the most preferred contract in Ys for s. If Ys = ∅, then Chs (X ′ ) returns
∅. Then the choice
∪
function of all students ChS is defined as ChS (X ′ ) := s∈S Chs (X ′ ).
Definition 9 (schools’ choice function). Given X ′ ⊆ X, the choice function
of schools returns set of contracts ChC (X ′ ), which is defined as follows:
ChC (X ′ ) := arg max
f (X ′′ ).
′′
′
X ⊆X

Here, f is an evaluation function that aggregates the schools’ priorities and
distributional constraints. We assume f is unique-selecting, i.e., for all X ′ ⊆ X,
there exists a unique X ′′ ⊆ X ′ that maximizes f (X ′′ ).
Based on these choice functions, the generalized Deferred Acceptance (DA)
mechanism is defined as follows:
Definition 10 (generalized DA).
Step 1 Re ← ∅.
Step 2 X ′ ← ChS (X \ Re), X ′′ ← ChC (X ′ ).
Step 3 If X ′ = X ′′ , then return X ′ , otherwise, Re ← Re ∪ (X ′ \ X ′′ ), go to
Step 2.
Here, Re represents a set of contracts that are proposed by students and
rejected by schools. Students are not allowed to propose a contract in Re, which is
initially empty. Thus, they can choose their most preferred contracts and propose
them to the schools. This set is X ′ . Then schools choose the most preferred subset
X ′′ from X ′ . If no contract is rejected, the mechanism terminates. Otherwise,
the rejected contracts are added to Re, and the mechanism repeats the same
procedure.
Theorem 1, which is identical to Theorem 1 in [15], clarifies conditions so
that the generalized DA satisfies several desirable properties.
Theorem 1 (Theorem 1 in [15]). Suppose that the preference of the schools
can be represented by an M♮ -concave function f . Then,
1. the generalized DA mechanism is strategyproof and the obtained matching is
student optimal in all Hatfield-Milgrom (HM)-stable matchings, and
2. the time complexity of the generalized DA mechanism is O(T (f ) · |X|2 ),
assuming f can be calculated in T (f ) time.

Here, matching X ′ is HM-stable if X ′ = ChS (X ′ ) = ChC (X ′ ) holds and
there exists no x ∈ X \ X ′ such that x ∈ ChS (X ′ ∪ {x}) and x ∈ ChC (X ′ ∪ {x})
hold.
Furthermore, they show a suﬃcient condition where f becomes M♮ -concave.
Assume f (X ′ ) is given by fb(X ′ ) + fe(X ′ ). fb represents a hard distributional
constraint; it returns −∞ if X ′ violates the hard constraint, and otherwise, it
returns 0. fe(X ′ ) represents the soft preference/priorities of schools. The eﬀective
domain of fb (denoted as dom fb) is defined as {X ′ ⊆ X | fb(X ′ ) ̸= −∞}.
Theorem 2, which is identical to Theorem 3 in [15], shows a suﬃcient condition so that f becomes M♮ -concave.
Theorem 2 (Theorem 3 in [15]). If (i) (X, dom fb) is a mathematical struc∑
ture called a matroid [17] and (ii) fe(X ′ ) is given as x∈X ′ v(x), then f = fb+ fe
is M♮ -concave.
Here, v : X → (0, ∞) is a function such that x ̸= x′ implies v(x) ̸= v(x′ ). We
can assume v(x) represents the value of contract x.
A matroid is defined as follows:
Definition 11 (matroid). Let X be a finite set and F be a family of subsets
of X. Pair (X, F) is a matroid if it satisfies the following conditions.
1. ∅ ∈ F.
2. If X ′ ∈ F and X ′′ ⊂ X ′ , then X ′′ ∈ F holds.
3. If X ′ , X ′′ ∈ F and |X ′ | > |X ′′ |, then there exists x ∈ X ′ \ X ′′ such that
X ′′ ∪ {x} ∈ F.
Given these results, we appropriately define fb and fe so that Theorem 2 can
be applied. Defining fe(X ′ ) is straightforward. Based on ≻P L , we can define v(·)
such that x ≻P L x′ implies v(x) > v(x′ ).
Next we show how to appropriately define fb.
Definition 12 (hard constraint). fb(X ′ ) is defined as follows:

′

qc for all c ∈ C,
0 if |Xc | ≤
∑
′
′
b
f (X ) :=
and
c∈C max(|Xc |, pc ) ≤ n,


−∞ otherwise.
Intuitively, if fb(X ′ ) = −∞ holds, there exists no X ′′ ⊇ X ′ such that X ′′ is
school-feasible.
With this definition of fb, we call the generalized DA, where f (X ′ ) is defined
∑
by fb(X ′ ) + x∈X ′ v(x), Priority-List based Deferred Acceptance mechanism
with Minimum Quotas (PLDA-MQ).
Let us show the execution of PLDA-MQ.
Example 2. Assume S = {s1 , s2 , s3 , s4 }, C = {c1 , c2 , c3 }, where ω(s1 ) = c1 , ω(s2 ) =
c2 , ω(s3 ) = ω(s4 ) = c3 . qc = 4 for all c ∈ C. pc1 = pc2 = 0, pc3 = 1. The

preferences of students are given as follows: s1 considers only c1 as acceptable, c1 ≻s2 c2 , c1 ≻s3 c2 ≻s3 c3 , and c2 ≻s4 c3 . The priorities of schools
and ≻P L are given as follows: s1 ≻c1 s2 ≻c1 s3 , s2 ≻c2 s3 ≻c2 s4 , s3 ≻c3 s4 ,
(s1 , c1 ) ≻P L (s2 , c2 ) ≻P L (s3 , c3 ) ≻P L (s4 , c3 ) ≻P L (s3 , c2 ) ≻P L (s2 , c1 ) ≻P L
(s4 , c2 ) ≻P L (s3 , c1 ).
First, each student chooses her most preferred acceptable contract. ∑
Thus,
X ′ = {(s1 , c1 ), (s2 , c1 ), (s3 , c1 ), (s4 , c2 )}. Here fb(X ′ ) = −∞ since
c∈C
max(|Xc′ |, pc ) = 3 + 1 + 1 = 5 > 4. (s3 , c1 ) is rejected since it has the lowest priority according to ≻P L within X ′ .
Next, s3 chooses her second preferred contract (s3 , c2 ), while other students
choose the same schools as before. Thus, X ′ = {(s1 , c1 ), (s2 , c1 ), (s3 , c2 ), (s4 , c2 )}.
∑
fb(X ′ ) = −∞ since c∈C max(|Xc′ |, pc ) = 2 + 2 + 1 = 5 > 4. Then (s4 , c2 ) is
rejected since it has the lowest priority according to ≻P L within X ′ .
Finally, s4 chooses her second preferred contract (s4 , c3 ). Then X ′ = {(s1 , c1 ),
∑
(s2 , c1 ), (s3 , c2 ), (s4 , c3 )}. fb(X ′ ) = 0 since c∈C max(|Xc′ |, pc ) = 2 + 1 + 1 = 4.
Since no contract is rejected, the mechanism terminates.
In the situation described in Example 1, the matching obtained by PLDAMQ is {(s1 , c1 ), (s2 , c2 )}. This is PL-stable; s2 cannot claim an empty seat of c3
based on PL since (s2 , c2 ) ≻P L (s2 , c3 ) holds.
5.2

Properties of PLDA-MQ

The following lemmas hold. We omit proofs for space reasons.
Lemma 1. (X, dom fb) is a matroid.
Lemma 2. ChC (X ′ ) is equivalent to the following procedure:
1. Y ← ∅.
2. Remove (s, c) from X ′ such that v((s, c)) is largest in X ′ . If there exists no
such contract, terminate the procedure and return Y .
3. If fb(Y ∪ {(s, c)}) = 0 then Y ← Y ∪ {(s, c)}. Go to 2.
Lemma 3. Student s is never rejected by her initial endowment school ω(s),
i.e., whenever (s, ω(s)) ∈ X ′ , (s, ω(s)) ∈ ChC (X ′ ) holds.
Lemma 4. Matching X ′ is HM-stable iﬀ it is PL-stable.
From these lemmas, we obtain the following theorems.
Theorem 3. PLDA-MQ obtains a feasible set of contracts.
Proof. Assume PLDA-MQ obtains set of contracts X ′ . If Xs′ = ∅, then (s, ω(s)) ∈
ChS (X ′ ∪{(s, ω(s))}) holds. Also, from Lemma 3, (s, ω(s)) ∈ ChC (X ′ ∪{(s, ω(s))})
holds. This violates the fact that the generalized DA obtains an HM-stable
matching. If Xs′ = {(s, c)} holds, it is clear that for each student s, (s, c) is
acceptable for s since (s, c) ∈ ChS (X ′ ). Thus, X ′ is student-feasible. Since each
student is accepted to some school, |X ′ | = n holds.

Next, we show that X ′ is school-feasible. It is clear that all contracts in Xc′
are acceptable for c. Also, for all c ∈ C, |Xc′ | ≤ qc holds, since otherwise, fb(X ′ ) =
−∞ and ChC (X ′ ) cannot be X ′ . Assume for contradiction, there exists c ∈ C
∑
such that |Xc′ | < pc . Then c∈C max(|Xc′ |, pc ) > |X ′ | = n. Thus, fb(X ′ ) = −∞
and ChC (X ′ ) cannot be X ′ .
Theorem 4. PLDA-MQ is strategyproof, PL-stable, and obtains the studentoptimal matching within all the PL-stable matchings.
Proof. From Lemma 1 and Theorem 2, the f used in PLDA-MQ is M♮ -concave.
Thus, from Condition 1 of Theorem 1, PLDA-MQ is strategyproof and obtains the student-optimal matching within all the HM-stable matchings. From
Lemma 4, HM-stability is equivalent to PL-stability. Thus, PLDA-MQ satisfies
these properties.
Theorem 5. The time complexity of PLDA-MQ is O(|X|3 ).
Proof. It is clear that f can be calculated in O(|X|), since both fb and fe can be
calculated in O(|X|). From the fact that PLDA-MQ is M♮ -concave and Condition 2 of Theorem 1, the time complexity of PLDA-MQ is O(|X|3 ).

6

Evaluation

In this section, we conduct quantitative evaluation via computer simulation. We
set n = 720, m = 36. The minimum and maximum quotas of each school are 5
and 60, respectively. We assume schools are located in a 6 × 6 grid space (Fig. 1),
where the right-end school is connected to the left-end school in each row, and
the lower-end school is connected to the upper-end school in each column (i.e.,
schools constitute a torus). We employ this structure to avoid boundary eﬀects.
We assume the residence of each student is also located in this grid space. We
allocate to each location 20 students who are initially endowed to the school in
the location.
Also, we assume a student considers only nearby schools acceptable, i.e., a
student considers school c acceptable only when the Manhattan distance between
her residence and c is at most 2, i.e., each student considers at most 13 schools
acceptable. For example, in Fig. 1, a student located in the black circle considers
13 schools located at the black and gray circles acceptable. We generate the
students’ preferences as follows. We draw one common vector v of the cardinal
utilities from set [0, 1]m uniformly at random. We then draw private vector us
of the cardinal utilities of each student s from the same set, again uniformly at
random. Next we construct cardinal utilities over all m schools for student s as
αv + (1 − α)us for some α ∈ [0, 1]. Here the i-th element of this vector represents
the cardinal utility for school ci . We then convert these cardinal utilities into
an ordinal preference relation for each student over the acceptable schools. The
higher the value of α is, the more correlated the students’ preferences are. In
this experiment, we vary α from 0.0 to 1.0 in increments of 0.1.
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The priority of school c for the students is determined as follows. We draw
one common vector u from set [0, 1]n uniformly at random. Here ui represents
the utility for student si . School c prefers student si over sj if si lives closer to
c than sj . If the distance between si and c is equal to the distance between sj
and c, then c prefers student si over sj if ui > uj holds. We create 100 problem
instances for each parameter setting. In ACDA, we set the maximum quota of
each school to 20. In TTC, we use ≻M L that is based on the common vector,
i.e., for two students si and sj , si ≻M L sj holds if ui > uj .
Figure 2 shows the ratio of students with justified envy or justified envy based
on PL. Since PLDA-MQ and the initial endowments are PL-fair, no student
has such envy. In TTC and ACDA, the number of students with envy quickly
increases as α increases.
Figure 3 shows the ratio of students who claim empty seats based on PL.
PLDA-MQ and the initial endowments are PL-nonwasteful. Thus, no student
claims an empty seat based on PL. In TTC and ACDA, on the other hand,
there exist students with PL-based claims. Note that when α = 1, all students
basically have the same preference. Then all the students are allocated to their
initial endowment schools in TTC and ACDA; the ratio of students with envy
(Fig. 2) and the ratio of students with PL-based claims (Fig. 3) becomes 0.
Figure 4 shows the students’ welfare by plotting the cumulative distribution
functions (CDFs) of the average number of students matched with their k-th
or higher ranked school under each mechanism when α = 0.6. The students’
welfare under PLDA-MQ is higher than their welfare under TTC and ACDA.
Also, PLDA-MQ significantly improves students’ welfare compared to the initial
endowments.
We also compare the average Borda score of students in by varying α (Fig. 5).
If a student is assigned to her k-th-choice school, her Borda score is m − k + 1.

Thus, a higher score is more desirable. We can see the Borda score of PLDA-MQ
is higher than other mechanisms regardless of α.
To illustrate the eﬃciency/fairness obtained by these mechanisms, we plot
the average point of obtained matchings in a two-dimensional space in Fig. 6
(when α = 0.6), where the x-axis shows the average Borda score of the students,
and the y-axis shows the ratio of students without envy. Thus, the point located
in the north-east is preferable. PLDA-MQ is PL-fair and much more eﬃcient
than TTC and ACDA.

7

Conclusions

In this paper, we developed a new strategyproof mechanism called PLDA-MQ
that can handle minimum quotas. This mechanism can work under more realistic assumptions than existing mechanisms, i.e., a student consider her initial
endowment school acceptable, and the initial endowments is feasible. We proved
that PLDA-MQ satisfies required properties (respecting minimum quotas/initial
endowments, PL-stability), and obtains the student-optimal matching within all
matchings that satisfy the required properties. We also conducted quantitative
evaluation via computer simulation, which show that PLDA-MQ significantly
improves students’ welfare compared to other mechanisms.
Our future works include developing a TTC-based mechanism that can allocate empty seats while respecting minimum quotas. We expect this mechanism
to be more eﬃcient than PLDA-MQ, although it is not fair.
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2. Biró, P., Fleiner, T., Irving, R.W., Manlove, D.F.: The college admissions problem
with lower and common quotas. Theoretical Computer Science 411(34-36), 3136–
3153 (2010)
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Abstract. Game theoretic models of security, and associated computational methods, have emerged as critical components of security posture
across a broad array of domains, including airport security and coast
guard. These approaches consider terrorists as motivated but independent entities. There is, however, increasing evidence that attackers, be
it terrorists or cyber attackers, communicate extensively and form coalitions that can dramatically increase their ability to achieve malicious
goals. To date, such cooperative decision making among attackers has
been ignored in the security games literature. To address the issue of
cooperation among attackers, we introduce a novel coalitional security
game (CSG) model. A CSG consists of a set of attackers connected by a
(communication or trust) network who can form coalitions as connected
subgraphs of this network so as to attack a collection of targets. A defender in a CSG can delete a set of edges, incurring a cost for deleting
each edge, with the goal of optimally limiting the attackers’ ability to
form effective coalitions (in terms of successfully attacking high value
targets). We first show that a CSG is, in general, hard to approximate.
Nevertheless, we develop a novel branch and price algorithm, leveraging
a combination of column generation, relaxation, greedy approximation,
and stabilization methods to enable scalable high-quality approximations
of CSG solutions on realistic problem instances.

1

Introduction

Recent decades have seen a number of major terrorist attacks, such as WTC 9/11
attack, Jemaah Islamiyahs Bali bombing, and 7/7 London bombing, that have
killed thousands of lives and caused significant economic losses. An important
reason for the increasing threat of terrorism is cooperation between terrorist
groups [21]. For example, three terrorist groups in Africa have been reported to
share funds, training, and explosive materials with each other [25], and Chechen
terrorists were reported to obtain weapons from terrorist organizations in the
Middle East [18]. Such sharing of skills and resources among terrorist groups is
?
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common because it significantly increases their capability of achieving malicious
goals, such as attacking high-value targets.
An important way to prevent individual terrorist groups from forming powerful coalitions is to cut off connections between them. This can be done by blocking their bank accounts, increasing surveillance of strategic exchange points,
setting sentries in arterial roads, etc. However, since it is impractical to block
all possible ways attackers can communicate, a central decision problem is to
choose a subset of such connections to block so as to minimize expected efficacy
of formed coalitions and resulting attacks. Addressing this problem entails several challenges: i) the set of possible combinations of edges to cut is exponential in
the number of connections among attackers; ii) the number of possible coalitions
to account for is exponential in the number of attackers; iii) coalition stability is
an important consideration in assessing which coalitions will form, and it significantly increases problem difficulty; iv) the decision space of attackers includes
the choice of targets to attack, which must also be accounted for by the defender.
While there is existing research on terrorist networks, it has been limited in
scope to either social network analysis of terrorist groups [12, 27, 20, 11], or using
cooperative game theory as a means for identifying key members of terrorist
networks [16, 17]. The related research in security games, on the other hand,
tends to model attackers as independent actors (indeed, only a single attack
by a single attacker or group is typically considered) [28, 10, 14]. The ability
and proclivity of attackers to form coalitions is thus largely ignored within the
security games research.
To address the problem of optimally inhibiting formation of attack coalitions,
we introduce a formal Coalitional Security Game (CSG) model. We show that
the associated problem is MAX SNP-hard for the defender, indicating no polynomial time approximation scheme unless P=NP, and the decision problem is
NP-hard for the attackers. To overcome the computational challenges, we develop a sophisticated branch and price algorithm, involving a novel combination of
column generation and linear programming relaxation. Since the slave problem
of column generation is formulated as a bilevel mixed-integer linear program
(BMILP), we further improve the performance of the algorithm by using a novel linear relaxation approximation to reformulate the slave problem as an easily
solvable single level MILP with formal constant factor approximation guarantee.
Furthermore, we provide an interior-point stabilization to improve convergence
properties of column generation by generating an interior dual optimal solution
of the master problem, and novel heuristics for generating multiple columns in
each iteration to support the linear relaxation approximation and further speed
up the column generation. Extensive experimental results show that our algorithms scale up to realistic-sized problems with high quality solutions.

2

Motivating Domain

Cooperation among terrorist groups is common and necessary for their survival.
During the past few decades, almost half of terrorist groups have had an ally [21].

Various kinds of cooperation are found among them, including transferring funds, weapons support, training, and other sharing of critical skills and resources.
For example, the Al-Taqwa banking system financed the activities of multiple
terrorist organizations, including Hamas [15]. Levitt [15] pointed out that there
is significant overlap and cooperation between Palestinian terrorist groups like
Hamas and other groups, such as al-Qaeda in the area of terrorist financing and
logistical support. In 2000, Al-Qaeda held training camps which served as open
universities, educating terrorists from a wide array of local and international
terrorist groups [23]. Terrorist groups also cooperate with each other to coordinate attacks. For example, the PRC is a conglomeration of members of Islamic
Jihad, Hamas and the various terrorist groups, and has conducted several infamous terrorist attacks, including the roadside bombing attack in February 14,
2002 [4]. Since cooperation among terrorist groups is achieved through commu-

Fig. 1. Mideast Terrorist Network [1].

nication channels, such as front companies, charities for transferring funds [15],
and transportation hubs including roadways, ports, and rivers for weapon supply,
training, and coordinated attacks, an important measure for preventing terrorist
groups from forming coalitions is to cut off connections among them. For example, FBI Assistant Director John Pistole testified to Congress that investigations
into the financial activities of terrorist supporters in the United States helped
prevent four different terrorist attacks abroad [22]. Moreover, the US strategy
for combating terrorism asserts that “The interconnected nature of terrorist organizations necessitates that we pursue them across the geographic spectrum to
ensure that all linkages between the strong and the weak organizations are broken,
leaving each of them isolated, exposed, and vulnerable to defeat” [6].
In order to cut connections among terrorist groups, security agencies can
shut down the front companies and charities, which are providing and transferring money for terrorist groups, to stem the flow of funds between terrorist
groups [15]. Besides, blocking critical transportation hubs can significantly reduce efficiency of coordination attempts such as weapon support and terrorist
training. Nevertheless, activities aimed at inhibiting communication among attackers, such as blocking roadways by setting sentries are costly, and it is in-

feasible to cut all the connections among terrorist groups. This motivates our
investigation of optimal allocation of security resources to block attacker linkages, taking into account the associated costs, as well as the nature of coalitions
that would form as a result.

3

Coalitional Security Games

A coalitional security game (CSG) is modeled based on the coalitional skill game [2], and consists of T types of targets, each with a large number of
copies, which is reasonable since there is a large pool of potential targets of terrorism around the world. There is a set N of terrorists (individuals or groups)
who want to attack these targets. Each terrorist i has a set Si of skills,
S and
attacking a target of type t ∈ T requires a set S(t) of skills. Let S = i∈N Si .
We assume S(t) ⊆ S for all t ∈ T without loss of generality. Each type t ∈ T
has a value pt > 0 for the terrorists. Typically, each terrorist i has a capacity
mis ∈ N for each of his skills s ∈ Si , so that he can use s in at most mis attacks.
For example, a terrorist can provide weapons for a number of terrorist attacks.
The terrorists form coalitions to share skills to launch more attacks. Similar
to existing work [17], we use a graph G = (N, E) to represent the cooperation
network of terrorists, where N is the set of terrorists and E is the set of edges
representing connections between pairs of terrorists. We denote by (i, j) an edge
connecting terrorists i and j. A set C ⊆ N of terrorists can form into a coalition
only when the induced subgraph GC = (C, E(C)) is connected, where E(C) =
{(i, j) ∈ E|i ∈ C, j ∈ C}. We use the set C to represent the coalition formed.
A terrorist coalition can choose multiple targets to attack simultaneously,
so long as it possesses sufficient required skills and resources. For example, in
2008, a group of terrorists carried out a series of twelve coordinated shooting and
bombing attacks in Mumbai [13], and in the September 11 attack, 4 airplanes
were hijacked to attack several targets in 3 different cities. We model these types
of threats through the definition of the value of a coalition. Formally, let a = hat i
be an attacking plan of a coalition C, where at is the number of targets of type
t that coalition C plans to attack.
An attacking plan a is feasible if
X
X
at ≤
mis , ∀s ∈ S,
(1)
t∈T, s∈S(t)

i∈C, s∈Si

The payoff u(a)
P for an attacking plan a is the sum of values of all targets attacked,
i.e., u(a) = t at pt . We assume that terrorists are utility-maximizers. Thus, once
a coalition is formed, they choose an attack plan which maximizes payoff over
all feasible plans.
v(C) = maxa: satisfying Eq.(1) u(a).
(2)
The value v(C) of a coalition C is defined as the maximum achievable payoff in
Eq.(2). We use a payoff vector y = hyi i≥ 0 to denote the payoff for each terrorist
i. A payoff vector represents how the value of every coalition is divided among
their members, so that for a coalition
structure CS (i.e., a partition of N into
P
disjoint coalitions) we require i∈C yi ≤ v(C) for any C ∈ CS. The pair (CS, y)
is called an outcome of a coalitional game.

3.1

Stable Coalition Structure

Since the terrorists are self-interested and profit driven, we assume that a coalition structure CS formed by attackers must be stable in the sense that any
subset of attackers has no (or little) incentive to break off into another coalition
for higher payoff. To enforce coalition structure stability, we adopt the widelyused solution concept of -core [7].
Definition 1 (-core) The -core, P
for  > 0, is the set of all outcomes (CS, y)
such that for any coalition C ⊆ N , i∈C yi ≥ v(C) − .
Attackers always prefer the outcome in -core with as lower  value as possible,
and the minimal value ∗ for which the -core is non-empty is called the leastcore value of the game, with the corresponding ∗ -core called the least-core.
For a coalition structure CS, if there exists an outcome (CS, y) in the leastcore, we call CS a stable coalition structure. Although computing the least-core
is extremely hard for general coalitional games [7], given the coalition value
function v defined in Eq.(2), the coalitional game turns out to be superadditive
(Lemma 1). In this case, the attackers are willing to form as large coalitions
as they can, and the coalition structure CS ∗ , whose induced subgraphs are all
connected components, is a stable coalition structure (Lemma 2).
Lemma 1 Given the value function defined in Eq.(2), the terrorists’ coalitional
game G = (N, v) is superadditive, i.e., v(C ∪ D) ≥ v(C) + v(D) for every pair
of disjoint coalitions C, D ⊆ N .1
Lemma 2 The coalition structure consisting of all coalitions whose induced subgraphs are connected components of graph G(N, E) is a stable coalition structure,
and it has the maximum total value among all coalition structures.
3.2

Defender Strategy

The defender’s goal is to optimally cut off connections within terrorists to minimize threat due to attacks by formed coalitions. We use a symmetric matrix
B = hBij i to represent the defender’s strategy, such that Bij = 1 if edge (i, j) is
blocked and Bij = 0 otherwise. We let Bii = 0 for all i ∈ N . Blocking an edge
(i, j) incurs a cost, λij . When the defender adopts strategy B, the blocked edges
are removed from the network, resulting in a new network G(B) = (N, E(B))
where E(B) = E\{(i, j) ∈ E|Bij = 1}. Given B, the attackers play a coalitional
skill game on the induced graph G(B) = (N, E(B)), and form a coalition structure CS ∗ (B) consisting of all coalitions whose induced subgraphs are connected
components of G(B). The defender’s utility is then
X
X
Ud (B) = −
v(C) −
Bij λij
∗
C∈CS (B)

1

(i,j)∈E

Please see online Appendix A for all the proofs available at: http://csgappendix.
weebly.com/

3.3

Complexity Analysis

We first investigate the computational complexity of finding the optimal strategies for both the defender and the attackers, and show that the defender’s and
the attackers’ decision-making problems are MAX SNP-hard and NP-hard.
Defender’s Decision-Making Problem We reduce the k-TERMINAL
CUT problem [8], whose MAX SNP-hardness has been proved for any fixed
k ≥ 3, to the defender’s decision-making problem by a linear reduction which
preserves the approximation property (MAX SNP-hardness) [19]. The following
definitions will be useful to introduce our key result (Theorem 1).
Theorem 1 Finding an optimal defender strategy for a coalitional security
game is MAX SNP-hard.
Theorem 1 indicates that computing an optimal defender strategy does not admit
a polynomial time approximation scheme unless P=NP. Indeed, what makes
the defender’s problem particularly challenging is the fact that the attacker’s
problem is hard as well, as we will demonstrate later.
Attackers’ Decision-Making Problem For a given coalition C, the attackers’ decision-making problem of choosing the optimal attacking plan a is
NP-hard, as the following theorem asserts.
Theorem 2 Computing the attackers’ optimal attacking plan is NP-hard.
Despite these rather negative results, we nevertheless undertake the task of devising a method for computing optimal CSG solutions, showing the challenges
can be overcome for realistic problem instances, even if not in the worst case.

4

Solution Approach

We now turn to the computational issues in CSGs. We first propose an integer
program (IP) to solve it exactly. Because the IP has an exponentially many
variables, we propose a branch and price algorithm to tackle it.
4.1

Coalition Enumeration Approach

We start with the IP computing the optimal solution. Suppose C is the set of
all coalitions for which the induced subgraphs on G = (N, E) are connected,
and Ck ∈ C is the k th coalition in C with coalition value denoted by vk . Let
αki = 1 if i ∈ Ck and αki = 0 otherwise. Let the binary variables x represent
the attackers’ strategy of forming a coalition structure CS, such that xk = 1 iff
Ck ∈ CS. If we suppose that all coalitions in C as well as their associated values
have been precomputed, the defender’s optimization problem can be formulated
as the following integer program, with the objective of minimizing the defender’s
loss and Eqs.(3b)–(3c) restricting the stable coalition structure:
X
X
min
vk x k +
Bij λij
(3a)
x,B

Ck ∈C

(i,j)∈E

s.t.

X
Ck ∈C

X
Ck ∈C

αki xk = 1

i∈N

(3b)

αki αkj xk ≥ 1 − Bij

(i, j) ∈ E

(3c)

x ∈ {0, 1}|C| , B ∈ {0, 1}|N |×|N |

(3d)

Eq.(3b) ensures that each attacker is in exactly one coalition, so that CS denoted
by x is a partition of N . Eq.(3c) means that once an edge (i, j) ∈ E is not
blocked by the defender, i.e., Bij = 0, then i and j must be in the same coalition
of CS. Let CB be the set of coalitions whose induced subgraphs are connected
components of G(B). According to Eqs.(3b)–(3c), for a feasible solution x, xk =
1 if and only if Ck ∈ CB or Ck is a superset of several coalitions in CB . With
the superadditive coalition’s value and the minimizing objective, the solution
x with xk = 1 for Ck ∈ CB is always optimal for a fixed defender strategy B,
corresponding with Lemma 2.
Although IP (3) can obtain the optimal defender strategy B∗ , it has exponentially many (|C|+|E|) variables, which makes it impossible to scale up to large game
instances with standard branch and cut method adopted by popular commercial
solvers, such as CPLEX. Therefore, we propose a branch and price framework,
which combines branch and bound and column generation.
4.2

Branch and Price Framework

Before we introduce our branch and price framework, the following lemma shows
that the exponentially large number of binary variables x in IP (3) can be relaxed without sacrificing optimality (note that B remains to be binary). This
observation will be useful to significantly reduce the size of the branch and bound
tree.
Lemma 3 The formulation (3) is equivalent to its relaxed formulation where x
is continuous.
Figure 2 shows the flow of the branch and price framework. The left part of the
figure shows the classic branch and bound tree of solving IP (3) (with x being
relaxed), where the root node in the tree corresponds to the IP (3) and it keeps
an upper bound (UB) on its optimal objective, which can be the objective value
of any feasible solution of IP (3). For each created node (an integer program),
a lower bound (LB) is obtained by further relaxing variable B. We refer to the
fully relaxed formulation LP relaxation, and denote by B̃∗ its optimal solution.
Two basic operators in branch and bound are pruning and branching. A node
is pruned once its LB is not less than UB or B̃∗ is integral. Otherwise, the
branching operator will be conducted on a fractional variable Bij in B̃∗ , and two
child nodes will be created, one by fixing Bij to 0 and the other with Bij = 1.
Once a node happens to obtain an LB with B̃∗ being integral, the UB of root
node will be updated as UB = min{LB, UB}. The method terminates when
all leaf nodes are pruned, and the final UB of root node will be equal to the
optimum of IP (3).

Fig. 2. Branch and Price Framework.

Since the LP relaxation of each node in the branch and bound tree has
an exponential number of variables, we use column generation to iteratively
compute LB and B̃∗ as illustrated by the right part of the Figure 2. Column
generation begins by a master LP with a small subset of variables, and solves
the slave problem to add new column(s) or variable(s) with negative reduced
cost(s) to the master LP, then resolves the master LP, repeating until no such
column(s) exists. The column generation approach terminates with the optimal
relaxed solution B̃∗ .
The central challenge and novelty of any column generation approach is how
to efficiently compute which columns to add, and to guarantee that when this
computation adds no new columns, the solution is optimal. The issues involved
in adapting a column generation method to our setting are sufficiently non-trivial
as to warrant a separate section.

5

Column Generation

The LP relaxation at each node in Figure 2 is decomposed into master and
slave problems for column generation. The former solves for the relaxed defender
strategy B̃, given a restricted set of coalitions C 0 ⊂ C. The objective for the slave
is updated based on the solution of the master, and the slave is solved to identify
the best new coalition to be added to the C 0 of the master problem, as measured
by reduced cost (explained later). If no new column can improve the solution the
algorithm terminates with an optimal solution.
5.1

Master Problem

The master problem (4) starts with a small set of coalitions C 0 and solves for
the optimal relaxed defender strategy B̃∗ . Note that Eqs.(4a)-(4c) have ensured
x ≤ 1 and B̃ ≤ 1.
X
X
min
v
x
+
B̃ij λij
(4a)
k
k
0
x,B̃

Ck ∈C

(i,j)∈E

s.t.

X
Ck ∈C 0

X
Ck ∈C 0

αki xk = 1

i∈N

(4b)

αki αkj xk ≥ 1 − B̃ij

(i, j) ∈ E

(4c)

x≥ 0, B̃≥ 0

(4d)

Let f and g be dual variables of master constraints (4b) and (4c) respectively.
After the master problem is solved, the optimal dual solution (f ∗ , g∗ ) is computed
and passed to the slave problem for finding the column (coalition) to add to the
current C 0 , as we will discuss later.
Interior Point Stabilization. Before the slave problem is introduced, it is
necessary to understand that the optimal dual solution (f ∗ , g∗ ) plays a critical
role in generating a good column. Since the standard technique computes an
optimal dual solution, which is an extreme point of the optimal dual polyhedron
and can be characterized by very large values for some dual variables, an Interior Point Stabilization (IPS) method [24] is adopted to compute an optimal
dual solution taking values in the center (or at least the interior) of the master
problem’s optimal dual polyhedron by averaging several extreme points of this
polyhedron. We provide the details of IPS in online Appendix B1 .
5.2

Slave Problem

The slave problem finds the best column (i.e., coalition) to add to the current
coalitions in C 0 . This is done using reduced cost, which captures the total change
in the defender’s utility if a candidate coalition is added to C 0 . The candidate
coalition with minimum reduced cost improves the defender’s utility most [5].
The reduced cost rk of coalition Ck , associated with variable xk , is given in
Eq.(5), where the dual solution (f ∗ , g∗ ) measures the influence of the associated
constraint on the objective and can be calculated using standard techniques or
the IPS method.
X
X
∗
rk = vk −
αki fi∗ −
αki αkj gij
(5)
i∈N

(i,j)∈E

The slave problem then boils down to solving mink rk (i.e., minimizing reduced
cost). Clearly, if we were to simply iterate through all coalitions k (of which
there are an exponential number), nothing would be gained by column generation. We then exploit the structure of this problem by first formulating the
reduced cost minimization problem as a bilevel mixed-integer linear program (BMILP) (6), where (f ∗ , g∗ ) is the optimal dual solution of the master problem (4).
What makes this problem bilevel is the fact that, in minimizing reduced cost, we
must also compute the value of an associated coalition, since we have avoided
precomputing all coalitions’ values with branch and price.
In the BMILP (6), the coalition C is represented by binary variable α such
that αi = 1 if i ∈ C and αi = 0 otherwise. The upper level constraints ensure
that the coalition C induced a connected subgraph, i.e., C ∈ C, while the lower
level program computes the coalition value v(C).

Eq.(6b) ensures that ξij = αi αj for edge (i, j) ∈ E. Eqs.(6c)–(6f) enforce α to
induce a connected subgraph of G using flow balance techniques [26]: According
to constraints (6c) and (6d), wi = 1 if and only if i is the smallest index such
that αi = 1, which will be set as the starting point of the flows h+ and h− ;
h+
lij denotes the amount of flow from starting point to ending point l, such that
passes through edge (i, j) in positive direction i → j, while h−
lij in negative
direction j → i; Eq.(6f) restricts the flow to pass through only edges that are in
the subgraph induced by C, i.e., (i, j) with ξij = 1; Eq.(6e) is the flow balance
constraint with N (i) denoting the set of vertices connected with i, making sure
there exists a path, in subgraph induced by C, from starting point i : wi = 1 to
any l ∈ C (αl = 1). Therefore the subgraph induced by C is connected.
The lower level program (6g) computes the coalition’s value v(C) where Eq.(6h) restricts C to have enough skill capacities to conduct the attacking plan
a according to Eq.(1).
X
min
pt at − f ∗T α − g∗T ξ
(6a)
α, ξ, w, h+ , h−

t∈T

s.t. ξij ≤ αi , ξij ≤ αj ,
ξij ≥ αi + αj − 1

∀(i, j) ∈ E

(6b)

wi ≤ αi ,
wi ≤ 1 − αj ∀i, j ∈ N : j < i
X
wi = 1
i∈N
X
X
h+
−
h−
lij
lij ≥

(6d)

wi − (1 − αl ),

∀i, l ∈ N : i 6= l

(6e)

h−
∀(i, j) ∈ E, l ∈ N
lij ≤ ξij ,
X
max
pt at
a
t∈T
X
X
s.t.
βts at ≤
αi γis mis

(6f)

j∈N (i)

(6c)

j∈N (i)

h+
lij ≤ ξij ,

t∈T

i∈N

(6g)
s∈S

(6h)

α ∈ {0, 1}|N | , ξ ∈ [0, 1]|E| , a ∈ N|T |
h+ ≥ 0, h− ≥ 0, w ≥ 0.

(6i)

The key challenge of the BMILP is that the inner maximization program described in (6g) has integer variables. If we were to relax the integrality constraint, we could reformulate the bilevel program into a single mixed integer
linear program, as we describe next.
Linear Relaxation Approximation. To reformulate the BMILP to an
MILP, we first relax the integer program (6g) of computing the coalition’s value
in the lower level, such that the decision variable a ∈ N|T | is relaxed to ã ≥ 0.
For this relaxed linear program (RLP), let u be the dual variable associated with
constraint (6h). A pair of feasible solutions ã and u are optimal for the primal
and dual RLPs if and only if the following complementary slackness conditions

are satisfied [5]:
X
(
X
(

i∈N

s∈S

βts us − pt ) · ãt = 0 ∀t ∈ T

αi γis mis −

X
t∈T

βts ãt ) · us = 0 ∀s ∈ S

(7a)
(7b)

Therefore, the RLP is equivalent with a set of constraints consisting of the primal
and dual constraints restricting the feasibility of ã and u and the complementary
slackness conditions ensuring optimality, and the relaxed BMILP is reformulated
as an MILP (8), with Eq.(8c) corresponding to the dual constraint of the RLP,
and Eqs.(8d)–(8e) equivalent with the complementary slackness conditions (7).
min
α, ξ, w, u, φ
h+ , h− , ã, ϕ

X
t∈T

pt ãt − f ∗T α − g∗T ξ

s.t. Eqs.(6b)–(6f), (6h)–(6i)
X
βts us ≥ pt , ∀t ∈ T
s∈S
X
X
αi γis mis −
βts ãt ≤ M (1 − φs ),
i∈N

(8a)
(8b)
(8c)

t∈T

us ≤ M φs ∀s ∈ S
X
βts us − pt ≤ M (1 − ϕt ),

(8d)

ãt ≤ M ϕt

(8e)

s∈S

∀t ∈ T

ã ≥ 0, u ≥ 0
φ ∈ {0, 1}|S| , ϕ ∈ {0, 1}|T | .

(8f)

Our next results show that the solution quality of MILP (8) and the resulting
branch and price framework achieves a competitive ratio only depending on |S|.
Lemma 4 The coalition value ṽ(C) computed by LP relaxation of IP (6g) is
bounded by ṽ(C) ≤ (1 + |S|)v(C).
Theorem 3 The branch and price approach, in which the slave problem of column generation is solved by the linear relaxation approximation, can obtain a
defender strategy B0 such that Ud (B0 ) ≥ (1 + |S|)Ud (B∗ ). Note that Ud (B) ≤ 0.
Greedy Approximation. Although the MILP of linear relaxation approximation can obtain an approximately-optimal coalition to add to C 0 of master
problem, it is still relatively slow. Observe, however, that in each iteration of
column generation we actually need not find a minimal reduced cost; rather,
any reduced cost that improves solution quality would suffice. Consequently, a
fast heuristic approach for generating columns would be satisfactory in most
iterations, except when the heuristic is unable to find a solution improving column, at which point we can fall back on the MILP. To this end, we propose a
Greedy with Multi-Start (GMS) heuristic (see Algorithm 1). This heuristic is
fast, and has an important advantage of enabling generation of multiple coalitions in a single iteration of the column generation algorithm (hence, the name
multi-start), significantly reducing the number of column generation iterations.

Algorithm 1: Greedy with Multi-Start (GMS)

1
2
3
4
5
6
7
8
9
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Input: optimal dual solution (f ∗ , g∗ ) of master problem, reduced cost function
r(C) defined in Eq.(5)
Output: a set of coalitions with negative reduced costs
CGM S = ∅;
for i ∈ N do
C = {i}, continue = true;
while continue do
î = arg mini∈N \C r(C ∪ {i}) − r(C);
if r(C ∪ {î}) − r(C) < 0 then C ← C ∪ {î};
else continue = f alse;
if r(C) < 0 then CGM S ← CGM S ∪ {C};
return CGM S ;

Experimental Evaluation

We demonstrate the effectiveness of our algorithmic framework through extensive
numerical evaluations. We use the CPLEX (version 12.6) to solve all linear programs. All computations were performed on a 64-bit PC with 16 GB RAM and
a quad-core 3.4 GHz processor. All values are averaged over 40 instances unless
otherwise specified. All scale-free graphs are generated by standard BarabásiAlbert model [3] widely used for simulating networks with realistic topological
properties, denoted by BA(d), in which d represents the average node degree.
All random graphs are generated by standard Erdős-Rényi model denoted by
ER(p) where p represents the probability of existence of an edge between any
pair of nodes [9]. According to the different approaches adopted for the slave
problem, the abbreviations of different branch and price algorithms are as follows: LR for Linear Relaxation Approximation, GLR for the combination of the
GMS with LR such that LR is called only when GMS returns empty set; The
optimal dual solution of the master problem is generated through Interior Point
Stabilization (IPS) for IGMS, ILR, and IGLR. IP (3) is represented by EXACT.
Our benchmark is a heuristic algorithm Genetic Algorithm (GA), and for the
ease of reading, we put the details of GA in online Appendix C1 . By default,
the instances are parameterized as follows: |T | = 10 and |S| = 20, the necessary
skills for each target type and the ones owned by each attacker drawn randomly
from S, mis ∼ {1, 2, 3, 4, 5}; pt ∼ [0, 1.0] and λij ∼ [0, r] where r ∼ [0, 1].
6.1

Scalability and Optimality

Runtime. We test different algorithms on 5 types of networks, and the results
are depicted in Figures 3(a)–3(e), from which we can observe the significant
efficiency improvement provided by the branch and price framework. The IPS
procedure and the GMS approach are shown to reduce the number of iterations
of column generation drastically as they further improve the branch and price

(a) BA(2)

(b) BA(3)

(c) BA(4)

(d) ER(0.1)

(e) ER(0.2)

(f) BA(2)

(g) BA(3)

(h) BA(4)

(i) ER(0.1)

(j) ER(0.2)

(k) BA(2)

(l) BA(4)

Fig. 3. Scalability: (a)–(e); Optimality: (f)–(j); Robustness: (k)–(l).

framework to scale up to realistic-sized problems. For example, Figure 1 contains
76 groups with mean degree 3.4, which is well within the scalability of IGLR.
Defender Utility. We compare the defender utility of IGLR and IGMS,
with EXACT and GA as benchmarks. The results are illustrated in Figures 3(f)–
3(j), from which we can see that IGLR can achieve an almost optimal solution
which outperforms GA significantly, in accordance with the theoretical analysis
of Theorem 3. The solutions obtained by IGMS, which also outperform GA, are
near-optimal especially for networks with higher connectivity, such as large-scale
networks of type ER(0.1) and ER(0.2). A tradeoff between runtime and solution
quality is observed for IGMS and IGLR, as IGMS shows the better scalability
while IGLR obtains the solution with higher quality, however, both of them
outperform the alternatives significantly.
6.2

Robustness

In the real world, the defender’s estimation of target value pt may not be perfect
from attackers’ perspective. Therefore, we analyze the performance of our algorithmic framework under the existence of noise of pt . Let p̄t be the defender’s
estimation of pt while pt is drawn uniformly within p̄t · [1 − δ, 1 + δ]. We compare
the defender utility of IGLR and IGMS under different degrees of uncertainty,
with the near-optimal solution of IGLR, denoted by EXACT* (IP (3) cannot
scale to N = 60), and heuristic solution of GA as comparison. The results are
shown in Figures 3(k)–3(l), from which a decreasing efficiency is observed for
IGLR and IGMS when δ increases. However, IGLR and IGMS solutions still
outperform GA significantly under the existence of uncertainty of pt , and IGLR
can obtain an almost optimal solution even when δ = 0.3, which shows the strong
robustness of our algorithmic framework.
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Conclusion

For the first time, this paper studies the problem of blocking attacker coalition through efficient allocation of security resources. This paper provides the
following key contributions: 1) We formally define and model coalitional security games. 2) We prove the MAX SNP-hardness of defender’s decision-making
problem and NP-hardness of attackers’ decision-making problem. 3) To address
the MAX SNP-hardness, we propose an exact integer program and provide a
branch and price algorithm, a linear relaxation based column generation with a
constant factor approximation bound, an interior point stabilization procedure,
and a greedy method to further improve the scalability. 4) Experiments demonstrate that our methods can scale up to realistic-sized instances and achieve
near-optimal performance.
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On the complexity of solutions for cooperative
games on cycle-complete graphs
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Abstract. We consider a cooperative transferable utility game where
cooperation among the players is restricted by a graph structure: a subset of players can form a coalition if and only if they are connected in
the given graph. The major issue in this line of research is the computational difficulty in proposed solutions. In this paper, we introduce
the relaxed notion of supermodularity, called quasi-supermodularity, and
show that various computational problems are tractable for the class of
quasi-supermodular games if the given graph is cycle-complete. We also
prove that without supermodularity, these problems become hard even
if the underlying graph is a tree.

Keywords: Cooperative games, complexity, coalition structure, cycle-complete

1

Introduction

The standard framework of transferable utility games expects that any subsets
of players can form a coalition. In many situations, however, we often encounter
restrictions on cooperation: for instance, a group of political parties may not be
able to cooperate without any help from intermediate parties. For the purpose
of modelling such situations, Myerson [17] proposed a transferable utility game
restricted by an undirected graph, or simply a graph game, where nodes correspond to players and edges represent communication links between them. Under
Myerson’s proposal, a subset of players can form a coalition if and only if they
are connected in the underlying graph structure.
The complexity of such graph-restricted games may vary depending on what
collaboration structure players have. Typically, tree-like structure appears to be
an attractive restriction that can decrease complexity; indeed, in the seminal
paper by Demange [4], an efficient procedure to obtain a specific core element
was presented for supperadditive games on trees. Several authors [3, 7] have also
observed that many solutions for graph games can be computed efficiently if
the number of connected coalitions in the underlying graph is bounded by a
polynomial in the number of players, as is the case for paths and cycles. Elkind
[7] unified these approaches, by giving a characterization of graph families with
polynomially bounded number of connected coalitions as well as by showing
that various solutions can be computed in time polynomial in the number of
connected coalitions.

In this paper, we consider computational complexity of games with treelike restrictions; specifically, we focus on cycle-complete1 graphs, which often
represent networks having distinct communicty structure. We focus on several
well-known solution concepts such as the core, the least core, the nucleolus, and
the kernel, and investigate which restriction on the characteristic function is a
necessary and sufficient condition for a game on a cycle-complete graph to have
an efficient algorithm to compute these solutions.
In the standard settings, supermodularity of a characteristic function allows
us to calculate various solutions in polynomial time. Notable results include the
greedy algorithm to find an element of the core [6] and the polynomial-time algorithm for the nucleolus [8]. One of the issues that arise when considering such
games under graph-restricted settings is that the standard definition of supermodular games is no longer applicable, since the set of connected coalitions is not
necessarily closed under union and intersection. We hence introduce a relaxed
notion of supermodularity, called quasi-supermodularity, by imposing supermodularity only on subsets of the family that are closed under union and intersection. In the existing literature on combinatorial optimization, it is known that
if a characteristic function satisfies a relaxed form of supermodularity and the
graph is cycle-complete, the so-called restricted game also has supermodularity
[10]. Utilizing this property, we derive polynomial-time solvability of computational problems related to the core, the least core, the nucleolus and the kernel
for quasi-supermodular games on cycle-complete graphs. Furthermore, we prove
that the hereditary property of supermodularity is unlikely to hold unless the
graph is cycle-complete.
It turns out that quasi-supermodularity is necessary for games on cyclecomplete graphs; we prove that without quasi-supermodularity, many complexity questions become intractable even if the underlying graph is a tree. Indeed,
a similar result concerning the core has been obtained by Chalkiadakis et al.
[3], who showed that many core-related questions are hard for games on trees or
graphs having bounded tree-width. Specifically, we show that the membership
and search problems related to the least core, the nucleolus, or the kernel are
co-NP-hard even if the characteristic function is cohesive, and the underlying
graph is a tree. We also prove that these problems become ∆p2 -hard if we allow
arbitrary values for characteristic functions (∆p2 is the class of all decision problems solvable in polynomial time by using an NP oracle). A summary of our
computational complexity results is presented in Table 1.
Related work The most closely related to ours is perhaps the work by Chalkiadakis et al [3]. However, there are a number of differences between this work
and our work: first, in their work, the membership and search questions for other
solution concepts such as the least core, the nucleolus, and the kernel are not
addressed; second, they explore games constrained by graphs with bounded treewidth, whereas we focus on a different class of tree-like graphs; and finally, they
do not explore the input of supermodularity.
1

The term “cycle-complete” is used in [20]; such graphs are also called block graphs
[15].

Complete (unrestricted cases) Cycle-complete

In-Core
Core-Existence
Core-Find

Trees

supermodular

general

q-supermodular

cohesive

general

P ([19])
O(1) ([6])
P ([6])

co-NP-c ([5])
co-NP-c ([5])
NP-h ([5])

P (Th. 6)
O(1) ([2])
P (Th. 5)

co-NP-c ([3])
O(1) (Lem. 5)
?

co-NP-c ([3])
co-NP-c (Th. 10)
NP-h (Cor. 3)

∆p
2 -c ([12])
NP-h ([9])

P (Th. 9)
P (Th. 7)

co-NP-h (Th. 11)
NP-h (Cor. 4)

∆p
2 -c (Th. 12)
∆p
2 -h (Cor. 5)

In-LeastCore
P ([8]+[19])
LeastCore-Find
P ([8])
In-Nucleolus
Nucleolus-Find

P ([8])
P ([8])

∆p
2 -c ([13])
NP-h ([9])

P (Th. 9)
P (Th. 7)

co-NP-h (Th. 11)
NP-h (Cor. 4)

∆p
2 -c (Th. 12)
∆p
2 -h (Cor. 5)

In-Kernel
Kernel-Find

P ([19])
P ([8])

∆p
2 -c ([12])
?

P (Th. 8)
P (Th. 7)

co-NP-h (Th. 11)
NP-h (Cor. 4)

∆p
2 -c (Th. 12)
∆p
2 -h (Cor. 5)

Table 1. Computational complexity for transferable utility games. The hardness results for search problems hold with respect to Turing reductions. Note that the existence
questions for the least core, the nucleolus and the kernel are trivial, since such solutions
are nonempty if and only if the imputation set is nonempty.

2

Preliminaries

We start by introducing basic notations and definitions of graph theory and set
systems.
Graphs An undirected graph, or simply a graph, is a pair (N, E), where N
is a finite set of nodes and E ⊆ { {a, b} | a, b ∈ N, a 6= b } is a collection of
edges between nodes. Given a set of nodes S, the subgraph of (N, E) induced
by S is the graph (S, ES ), where ES = {{a, b} ∈ E | a, b ∈ S}. For a graph
(N, E), a sequence of distinct nodes (a1 , a2 , . . . , ak ), k ≥ 2, is called a path in E
if {ah , ah+1 } ∈ E for h = 1, 2, . . . , k − 1. A path (a1 , a2 , . . . , ak ), k ≥ 3, is said to
be a cycle in E if {ak , a1 } ∈ E. A graph (N, E) is said to be a forest if it contains
no cycles. A subset S ⊆ N is said to be connected in (N, E) if for every pair of
distinct nodes a, b ∈ S there is a path between a and b in ES . The collection
of all connected subsets of N in (N, E) is denoted by FE . By convention, we
assume that ∅ ∈ FE . A forest (N, E) is said to be a tree if N is connected in
(N, E). A tree (N, E) is called a star if there exists a central node c ∈ N such
that E = { {c, a} | a ∈ N \ {c} }. A subset S ⊆ N of a graph (N, E) is said
to be a clique if for every pair of distinct nodes a, b ∈ S we have {a, b} ∈ E.
An undirected graph (N, E) is said to be cycle-complete if every cycle forms a
clique. Note that forests are clearly cycle-complete.
Subfamilies and set functions Let N be a finite set and F be a family of
subsets of N . We write F(a) = { S ∈ F | a ∈ S } for a ∈ N , and F(a \ b) =
F(a)\F(b) for a, b ∈ N . We say that F is an intersecting family if for all S, T ∈ F
with S ∩ T 6= ∅, S ∪ T ∈ F and S ∩ T ∈ F . The class of intersecting families
include the set of connected subsets of a cycle-complete graph.
Lemma 1 ([15]). Given a graph G = (N, E). The graph G is cycle-complete if
and only if FE is an intersecting family.
A family F is called a distributive lattice if it is closed under union and
intersection, i.e., for all S, T ∈ F , S ∪ T ∈ F and S ∩ T ∈ F . It is known that a

distributive lattice F can be fully characterized by the smallest set M and the
largest set L in F, together with a preorder2  on N defined by
a  b ⇐⇒ F(b) ⊆ F (a).

(2.1)

Given such representations, a subset S of N belongs to a distributive lattice
F if and only if M ⊆ S ⊆ L and S is a lower ideal in , i.e., S satisfies the
condition that a ∈ S whenever there exists b ∈ S such that a  b.
Throughout this paper, we only consider set functions f : F → R where
f (∅) = 0 whenever ∅ ∈ F. A set function f on a distributive lattice F is said to
be supermodular if for all S, T ∈ F ,
f (S) + f (T ) ≤ f (S ∪ T ) + f (S ∩ T ).

(2.2)

A set function f on an intersecting family F is said to be intersecting supermodular if for all S, T ∈ F with S ∩ T 6= ∅, the supermodular inequality (2.2) holds.
We say that f : F → R is superadditive if for all S, T ∈ F such that S ∩ T = ∅
and S ∪ T ∈ F, it holds that f (S) + f (T ) ≤ f (S ∪ T ). For a nonempty subset
S ⊆ N , a partition {Xi }i∈I of S is said to be an F-partition if Xi ∈ F for all
i ∈ I. We define F̂ as the collection of disjoint unions of sets in F, namely,
F̂ = { S ⊆ N | S 6= ∅, there exists an F-partition of S } ∪ {∅},
Notice that F̂ = 2N whenever {a} ∈ F for all a ∈ N . Also, it is not difficult to
show that if F is an intersecting family, then F̂ is a distributive lattice. For a
set function f : F → R, the Dilworth truncation, or simply the truncation of f
is the function fˆ : F̂ → R given by
fˆ(S) := max{

X

f (Xi ) | {Xi }i∈I is an F-partition of S }

(2.3)

i∈I

for any nonempty S ∈ F̂, and fˆ(∅) = 0. For a rational-valued set function f on
a family F ⊆ 2N , given by an oracle returning f (S) for each S ∈ F, we define
hf i as an upper bound on the encoding lengths of outputs of f .

3

TU-games with a graph structure

Definition 1. A cooperative transferable utility game with graph structure, or
simply a graph game, is a triple (N, v, E) where N is a finite set of players,
v : FE → R is a characteristic function, and E is the set of communication
edges between players.
The subsets S of N are referred to as coalitions. A coalition S ⊆ N is said to be
feasible if S ∈ FE . Throughout the paper, we assume that the grand coalition N
is connected, that is, N ∈ FE , and that v(∅) = 0. For a vector x ∈ Rn , we use
2

A preorder is a binary relation that is reflexive and transitive

P
notation x(S) = a∈S x(a) for any S ⊆ N . Here, x(∅) = 0 for convention. A
characteristic function v : FE → R is said to be cohesive if v(N ) = v̂(N ). We call
a graph game (N, v, E) superadditive (respectively, cohesive) if the characteristic
function is superadditive (respectively, cohesive).
3.1

Solution concepts

An imputation for a graph game (N, v, E) is a vector x ∈ RN satisfying efficiency
: x(N ) = v(N ), and individual rationality : x({a}) ≥ v({a}), for all a ∈ N . For a
graph game (N, v, E), let I(N, v, E) denote the set of imputations of (N, v, E).
Definition 2 (core). The core C(N, v, E) of a graph game (N, v, E) is the set
of all imputations x such that x(S) ≥ v(S), for all S ∈ FE \ {N, ∅} }.
Given an imputation x ∈ I(N, v, E) and a feasible coalition S ∈ FE \ {N, ∅},
we define e(x, S) := v(S) − x(S). We call e(x, S) the excess of S at x for a
graph game (N, v, E), which represents the loss (or gain, if it is negative) to the
coalition S at x. We denote e1 (x) by the maximum excess with respect to x,
i.e., e1 (x) = maxS∈FE \{N,∅} e(x, S).
Definition 3 (least core). The least core LC(N, v, E) of a graph game (N, v, E)
is the set of all imputations x such that e1 (x) ≤ e1 (y) for all y ∈ I(N, v, E).
For each imputation x ∈ I(N, v, E), we denote by θ(x) the sequence of
the components e(x, S) (S ∈ FE \ {N, ∅}) of x arranged in non-increasing order, i.e., θ(x) = (e(x, S1 ), e(x, S2 ), · · · , e(x, Sk )) with e(x, S1 ) ≥ e(x, S2 ) ≥
· · · ≥ e(x, Sk ), where FE \ {N, ∅} = {S1 , S2 , · · · , Sk }. For real k-sequences
u = (u1 , u2 , · · · , uk ) and v = (v1 , v2 , · · · , vk ), u is lexicographically smaller than
or equal to v (denoted by u ≤L v) if and only if u = v, or u 6= v and for the
minimum index j such that uj 6= vj we have uj < vj .
Definition 4 (nucleolus). The nucleolus N (N, v, E) of a graph game (N, v, E)
is the set of all imputations x such that θ(x) ≤L θ(y), for all y ∈ I(N, v, E).
Given x ∈ I(N, v, E) and a, b ∈ N (a 6= b), we define the surplus sab (x) of a
against b at x as sab (x) = max{ e(x, S) | S ∈ FE (a \ b) }. We say that player a
has stronger barganing power than b at x if sab (x) > sba (x).
Definition 5 (kernel). The kernel K(N, v, E) of a graph game (N, v, E) is the
set of all imputations x such that for all players b ∈ N , if there exists another
player a ∈ N \{b} who has stronger bargaining power than b, then x(b) = v({b}).
We remark the following containment relations among these classes of outcomes: N (N, v, E) ⊆ K(N, v, E) ∩ LC(N, v, E) and N (N, v, E) ⊆ LC(N, v, E) ⊆
C(N, v, E) whenever C(N, v, E) is nonempty. The containment of the nucleolus
in the kernel can be shown by a simple adaptation of the proof of Theorem 3 in
[18], whereas the other relations immediately follow from the definitions.
In case where E = { {a, b} | a, b ∈ N, a 6= b }, the game (N, v, E) is said to
have full coalition structure and is simply denoted by (N, v). The imputation set
(respectively, the core, the least core, the nucleolus, and the kernel) of a graph
game with full coalition structure is denoted by I(N, v) (respectively, C(N, v),
LC(N, v), N (N, v), and K(N, v)).

3.2

Computational setting

We address the following three natural complexity questions: for a solution concept S,
– In-S : given a graph game (N, v, E) and an imputation x, decide whether
x ∈ S(N, v, E).
– S-Existence : given a graph game (N, v, E), decide whether S(N, v, E) 6= ∅.
– S-Find : given a graph game (N, v, E), find an element x ∈ S(N, v, E) if
S(N, v, E) 6= ∅ or output “S(N, v, E) = ∅”.
Throughout the paper, we only consider a graph game G = (N, v, E) whose
characteristic function is an oracle computable in polynomial time in the size
||G|| of the game representation (e.g. see [3]). Formally, we assume that our
game encoding ||G|| includes the graph G = (N, E), and that the characteristic
function v is given by an oracle such that the value v(S) for any S ∈ FE can be
computed in time polynomial in ||G||.

4

Tractable cases: supermodular games

In this section, we introduce a relaxed notion of supermodularity, called quasisupermodularity, and show that a variety of computational problems are tractable
for the class of quasi-supermodular games on cycle-complete graphs.
Definition 6 (quasi-supermodularity). Let F be a family of subsets of a
finite set N . A set function f : F → R is called quasi-supermodular if for each
S, T ∈ F with S ∪ T ∈ F and S ∩ T ∈ F , the supermodular inequality (2.2)
holds.
A graph game (N, v, E) is said to be quasi-supermodular if the characteristic
function v is quasi-supermodular. Notice that by definition, if a set function
f : F → R such that ∅ ∈ F and f (∅) = 0 is quasi-supermodular, it is also
superadditive. A similar notion of supermodularity can be found in Bilbao et al.
[2], who defined quasi-convexity for games on convex geometries. In fact, these
two concepts coincide when the family of feasible coalitions is a convex geometry.
We shall prove our tractability results in the following two steps: first, we reduce our problems to those on supermodular games with full coalition structure;
and second, we derive polynomial solvability, by using results previously proven
for the class of supermodular games in the unrestricted settings.
4.1

Restricted games

Given a graph (N, E), notice that F̂E = 2N since each S ⊆ N is guaranteed
to have an FE -partition that consists of the singletons in S. For a graph game
(N, v, E), we define its restricted game as a pair (N, v̂), that is, the game with
full coalition structure whose characteristic function is v̂ : 2N → R. In what
follows, we will observe that one can reduce some computational problems on
quasi-supermodular graph games (N, v, E) on cycle-complete graphs, to those
on supermodular games with full coalition structure (N, v̂).

Theorem 1 ([1, 14]). Given a graph game (N, v, E), the following statements
hold.
(i) If v is cohesive, then C(N, v, E) = C(N, v̂).
(ii) If v is superadditive and C(N, v, E) 6= ∅, then N (N, v, E) = N (N, v̂).
Having observed that the core and the nucleolus of the restricted game coincide with those of the original game, we will see next whether the supermodularity of a characteristic function is also preserved to the restricted game. It
is known that the relaxed supermodularity of a set function on an intersecting
family leads to the supermodularity of the trunctation function.
Theorem 2 ([10]). Let N be a finite set and F be a family of subsets of N
with N, ∅ ∈ F. If F is an intersecting family and f : F → R is intersecting
supermodular, then fˆ is a supermodular function on a distributive lattice F̂.
A quasi-supermodular function f on an intersecting family F is intersecting
supermodular by definition; hence, its truncation is a supermodular function on
a distributive lattice due to the previous theorem.
Corollary 1. If (N, v, E) is a quasi-supermodular graph game whose underlying
graph (N, E) is cycle-complete, then v̂ : 2N → R is supermodular and C(N, v, E)
is nonempty.
Proof. The restricted game (N, v̂) is a supermodular game by Lemma 1 and
Theorem 2, and thereby C(N, v̂) is nonempty [6]. This implies that C(N, v, E) =
C(N, v̂) is nonempty.
It is natural to ask whether the condition for F ⊆ 2N to be an intersecting
family is necessary to preserve supermodulartiy of f . The next results will show
that it is indeed necessary.
Lemma 2. Let N be a finite set and F be a family of subsets of N with N, ∅ ∈ F
such that F̂ is a distributive lattice. If the truncation fˆ : F̂ → R is supermodular
for every quasi-supermodular function f : F → R, then F is an intersecting
family.
Proof (Sketch). Let F be a subset of 2N such that N, ∅ ∈ F and F̂ is a distributive lattice. Suppose that F is not an intersecting family. Then, there exists a
pair of nonempty subsets S, T ∈ F such that S ∩ T 6= ∅, and S ∪ T 6∈ F or
S ∩ T 6∈ F . We will show that there exists a quasi-supermodular set function on
F whose truncation is not supermodular. Too see this, we define a set function
f : F → R by f (X) = |X|−1 for each X ∈ F \{∅} and f (∅) = 0. One can readily
see that the function f is quasi-supermodular, but fˆ is not supermodular.
Combining Theorem 2 and Lemma 2 yields the following corollary.
Corollary 2. Let N be a finite set and F be a family of subsets of N with
N, ∅ ∈ F such that F̂ is a distributive lattice. Then, the following two statements
are equivalent.
(i) F is an intersecting family.
(ii) For every quasi-supermodular function f : F → R, its truncation fˆ : F̂ → R
is supermodular.

4.2

Supermodular function maximization

We introduce several celebrated results related to supermodular functions on
intersecting families.
Theorem 3 ([19]). Let N be a finite set and F ⊆ 2N . If F is a distributive
lattice represented by the smallest set M and the largest set L in F, together
with a preorder  satisfying (2.1), and f : F → R is a supermodular function
given by an oracle, one can find S ∈ F maximizing f (S) in strongly polynomial
time in |N |.
If F is an intersecting family and f : F → R is intersecting supermodular,
the restriction fa of f to F(a) is a supermodular function on a distributive
lattice; thereby, the previous theorem enables us to find a set maximizing f in
strongly polynomial time. Another nice property of an intersecting supermodular
function f : F → R is that each value fˆ(S) for S ∈ F̂ can be computed in
strongly polynomial time, having a value-giving oracle for f and a compact
representation for F, as we shall see below.
Theorem 4 ([11]). Let N be a finite set and F ⊆ 2N . If F is an intersecting
family where each F(a) for a ∈ N is represented by the smallest set Ma and
the largest set La in F(a), together with a preorder a satisfying (2.1), and
f : F → R is an intersecting supermodular function given by an oracle, one can
calculate fˆ(S) for each S ∈ F̂ in strongly polynomial time in |N |.
As we have seen before, the set of connected subsets of a cycle-complete
graph (N, E) forms an intersecting family; moreover, given such a graph, one
can construct suitable representations for a family FE in polynomial time (we
omit the proof due to space constraints).
Lemma 3. Given a connected cycle-complete graph (N, E) and a ∈ N , one can
construct the smallest set Ma and the largest set La in FE (a), together with a
preorder a on N satisfying (2.1) in time polynomial in |N |.
Lemma 4. Given a connected cycle-complete graph (N, E) and a, b ∈ N (a 6=
b), one can construct the smallest set Mab and the largest set Lab in FE (a \ b),
together with a preorder ab on N satisfying (2.1) in time polynomial in |N |.
4.3

Polynomial-time solvability

We are now ready to give polynomial-time solvability results in the following
theorems.
Theorem 5. For a quasi-supermodular graph game (N, v, E) where v is given
by an oracle and (N, E) is cycle-complete, an element of the core can be found
in strongly polynomial time in |N |.

Proof. Let (N, v, E) be a quasi-supermodular game on a cycle-complete graph
where v is given by an oracle. By Theorem 1, it suffices to find an element
x ∈ C(N, v̂) for the supermodular game (N, v̂). By Theorem 4 and Lemma 3
that each v̂(S) for S ⊆ N can be computed in strongly polynomial time in |N |.
Edmonds [6] presented a strongly polynomial-time algorithm to find an element
of the core for supermodular games with full coalition structure. Therefore, one
can also find x ∈ C(N, v, E) in strongly polynomial time in |N |.
Theorem 6. For a quasi-supermodular graph game (N, v, E) where v is given by
an oracle and (N, E) is cycle-complete, one can check whether a given imputation
x belongs to the core in strongly polynomial time in |N |.
Proof. Given a quasi-supermodular game (N, v, E) on a cycle-complete graph
and an imputation x ∈ I(N, v, E), checking whether x ∈ C(N, v, E) can be
reduced to the maximization of a supermodular function fa on a distributive
lattice FE (a) where a ∈ N and fa (S) = v(S) − x(S) for S ∈ FE (a): the imputation x ∈ C(N, v, E) if and only if for each a ∈ N , the maximum of fa is less
than or equal to 0. This can be checked in strongly polynomial time in |N | due
to Theorem 3 and Lemma 3.
The similar approach can be used to show the polynomial-time solvability
for the least core, the nucleolus and the kernel.
Theorem 7. For a quasi-supermodular graph game (N, v, E) where v is a rationalvalued function given by an oracle, and (N, E) is cycle-complete, an imputation
of the nucleolus can be found in time polynomial in |N | and hvi.
Proof. Let (N, v, E) be a quasi-supermodular game on a cycle-complete graph
where v is given by an oracle. Since v is superadditive and C(N, v, E) is nonempty,
it suffices to find x ∈ N (N, v̂) = N (N, v, E) by Theorem 1. We have seen that v̂
is supermodular, and each v̂(S) for S ⊆ N can be computed in strongly polynomial time in |N |. Faigle et al. [8] showed that the nucleolus can be computed in
time polynomial in |N | and hvi for supermodular games (N, v) with full coalition
structure. Hence, one can find x ∈ N (N, v̂) in time polynomial in |N | and hvi.
As noted in Section 3, the nucleolus always belongs to the least core and the
kernel. Hence, Theorem 7 also implies that finding these solutions can be done
in time polynomial in |N | and hvi for quasi-supermodular graph games (N, v, E)
on cycle-complete graphs.
Theorem 8. For a quasi-supermodular graph game (N, v, E) where v is given by
an oracle and (N, E) is cycle-complete, one can check whether a given imputation
x belongs to the kernel in strongly polynomial time in |N |.
Proof. Notice that if one can efficiently calculate each surplus sab (x) for each
pair of distinct players a, b ∈ N , checking if x ∈ K(N, v, E) is easy. Let (N, v, E)
be a quasi-supermodular game on a cycle-complete graph where v is given by an
oracle, and x ∈ I(N, v, E). For a, b ∈ N (a 6= b), computing the surplus sab (x) is
equivalent to the maximization of a supermodular function fab on a distributive
lattice FE (a \ b) where fab (S) = v(S) − x(S) for S ∈ FE (a \ b), which can be
done in strongly polynomial time in |N | by Theorem 3 and Lemma 4.

Theorem 9. For a quasi-supermodular graph game (N, v, E) where v is a rationalvalued function given by an oracle, and (N, E) is cycle-complete, one can check
whether a given imputation x belongs to the nucleolus or the least core in time
polynomial in |N | and hvi.
Proof. By Theorem 7, one can compute x∗ ∈ N (N, v, E) in time polynomial
in |N | and hvi. Recall that |N (N, v, E)| = |N (N, v̂)| = 1 [18]. Hence, one can
check whether a given imputation x belongs to the nucleolus by comparing each
element of the vectors x and x∗ . Notice that an imputation x ∈ LC(N, v, E) if
and only if max{ sab (x) | a, b ∈ N, a 6= b } = max{ sab (x∗ ) | a, b ∈ N, a 6= b }.
These values can be computed in strongly polynomial time in |N |, since each
surplus can be computed in strongly polynomial time, as we have seen in the
proof of Theorem 8.

5

Hardness results

So far, we discussed how supermodularity of the characteristinc function enables
an efficient computation of cooperative solutions for games on cycle-complete
graphs. In this section, let us turn our attention to the complexity questions for
non-supermodular games on trees, which are a natural subclass of cycle-complete
graphs. It seems natural to conjecture that tree restrictions help to decrease
complexity. However, we will see in this section that this may not be the case.
5.1

The core

Our first hardness result is the co-NP-completeness of Core-Existence for
games on trees. The result of Demange [4] regarding stability in cooperative
games on trees implies the following necessary and sufficient condition for a
game on a tree to have a nonempty core.
Lemma 5. For graph games (N, v, E) whose underlying graph (N, E) is a tree,
the core is nonempty if and only if v : FE → R is cohesive.
It follows from Lemma 5 that determining the non-emptiness of the core
of a game on a tree is equivalent to the problem of deciding whether the given
characteristic function is cohesive. By a simple reduction from Sat, one can prove
that the problem is co-NP-complete for games on trees. We omit the detail due
to space constraints.
Theorem 10. Core-Existence is co-NP-complete for graph games (N, v, E)
whose underlying graph (N, E) is a star.
Corollary 3. If one can find an element of the core for graph games (N, v, E)
whose underlying graph (N, E) is a star in polynomial time, then P=NP.

5.2

The least core, the nucleolus and the kernel

We now move on to the complexity analysis for the least core, the nucleolus and
the kernel of games on trees.
Theorem 11. In-LeastCore, In-Nucleolus, and In-Kernel are co-NPhard for cohesive graph games (N, v, E) whose underlying graph (N, E) is a
star.
Proof. We reduce from Sat. Given a Boolean formula φ over the set of variables
{α1 , α2 , . . . , αk }, we construct a graph game (N, v, E) as follows. Introduce one
player ah for each variable αh (h = 1, 2, . . . , k); and, introduce two other players
c and d. Let A = {a1 , a2 , . . . , ak }. We set N = {c, d} ∪ A and E = {{c, d}} ∪
{ {c, ah } | ah ∈ A }. Note that the graph (N, E) is a star with the center player
c. Hence, a feasible coalition of this game is either a singleton, or a coalition
including c. The value v(S) for S ∈ FE is given as follows. Firstly, v(S) = 1
when S = N ; v(S) = 0 when |S| = 1 or d ∈ S 6= N ; v(S) = 1 when S = T ∪ {c}
for a nonempty subset T ⊆ A such that φ is satisfied by setting the variables
{ αh | ah ∈ T } to true and the variables { αh | ah ∈ A \ T } to false; finally,
v(S) = 0 when S = T ∪ {c} for a nonempty subset T ⊆ A such that φ is
not satisfied by setting the variables { αh | ah ∈ T } to true and the variables
{ αh | ah ∈ A\T } to false. Observe that the characteristic function v is cohesive,
and that given a subset S ∈ FE , the value v(S) can be computed in polynomial
time. Also, it follows from the definition of v that φ is unsatisfiable if and only
if v(S) = 0, for all S ∈ FE \ {N }. Let n = |N | and x∗ = (1/n, 1/n, . . . , 1/n)> .
Clearly, x∗ ∈ I(N, v, E). We will now argue that the following statements hold:
(i) If φ is unsatisfiable, then {x∗ } = LC(N, v, E) = K(N, v, E).
(ii) If φ is satisfiable, then x∗ 6∈ LC(N, v, E) ∪ K(N, v, E).
(i) : Suppose that φ is unsatisfiable. We will first show that any imputation
different from x∗ belongs to neither the kernel nor the least core. Take any x ∈
I(N, v, E) where x 6= x∗ . Clearly, x(a) < 1/n < x(b) for some a, b ∈ N . Observe
that v(S) = 0, for all S ∈ FE \{N } by definition of v, and that x ≥ 0 by individual rationality, which follows that sab (x) = −x(a) > −1/n > −x(b) = sba (x).
Notice, however, that x(b) > 0 = v({b}). Hence, x 6∈ K(N, v, E). Furthermore,
we have e1 (x) ≥ e(x, {a}) > −1/n = e1 (x∗ ). Thus, x 6∈ LC(N, v, E) since x∗
gives a smaller maximum excess than x. It follows that x∗ is the unique imputation that belongs to the least core. Recall that the nucleolus is nonempty
whenever the imputation set is nonempty and always lies in the intersection of
the least core and the kernel. Therefore, x∗ is also in the nucleolus of the game,
and thereby belongs to the kernel.
(ii) : Suppose that φ is satisfiable. Then, there exists S ∗ ∈ FE such that
v(S ∗ ) = 1 and S ∗ = T ∪{c} for some T ⊆ A. Let y be an imputation of (N, v, E)
such that the central player c receives the whole value v(N ) = 1 and any other
player receives nothing, i.e., y(c) = 1 and y(a) = 0 for all a ∈ N \ {c}. Then, it
can be easily checked that e1 (y) ≤ 0. However, the maximum excess with respect
to x∗ is greater than 0 because e1 (x∗ ) ≥ v(S ∗ ) − x(S ∗ ) = 1 − |S ∗ |/n > 0. Hence,

x∗ 6∈ LC(N, v, E). We will next show that x∗ does not belong to the kernel.
Observe that c ∈ S ∗ and d 6∈ S ∗ , which implies that scd (x∗ ) ≥ e(x∗ , S ∗ ) =
1 − |S ∗ |/n > 0. On the other hand, sdc (x∗ ) = v({d}) − x∗ (d) = −1/n < 0 since
{d} is the unique coalition in FE (d \ c). Furthermore, x∗ (d) = 1/n > 0 = v({d}).
Hence, x∗ 6∈ K(N, v, E).
It follows from (i) and (ii) that the Boolean formula φ is unsatisfiable if and
only if x∗ belongs to the least core, the nucleolus, or the kernel of the game
(N, v, L).
Corollary 4. If one can find an element of the least core or the kernel for cohesive graph games (N, v, E) whose underlying graph (N, E) is a star in polynomial
time, then P=NP.
Proof. We will show that polynomial-time algorithms for our problems can be
used to decide Sat in polynomial time. Given a Boolean formula φ, we construct
the game (N, v, E) defined in the proof of Theorem 11. Let n = |N | and x∗ =
(1/n, 1/n, . . . , 1/n)> . Take any x ∈ LC(N, v, E) ∪ K(N, v, E). By the previous
proof for Theorem 11, it is clear that φ is unsatisfiable if and only if x = x∗ .
It follows that, by finding an imputation x of the least core or the kernel of the
game (N, v, E), and checking whether x = x∗ , we can decide in polynomial time
whether φ is satisfiable or not.
Our next theorem shows that ∆p2 -hardness holds for the least core, the nucleolus, and the kernel of general games on trees. We prove this by a reduction
from the problem of deciding whether the least significant variable is true in
the lexicographically maximum satisfying assignment, which was shown to be
∆p2 -complete [16]. The reduction behind the theorem is inspired by an argument
of Greco et al. [12], who showed that membership problems for these solutions
are ∆p2 -complete for games with full coalition structure.
Given a Boolean formula φ over the variables α1 , α2 , . . . , αk , recall that for
truth assignments u = (u1 , u2 , · · · , uk ) and v = (v1 , v2 , · · · , vk ) of φ where
ui , vi ∈ {0, 1} for i = 1, 2, . . . , k, u is lexicographically greater than v if and only
if for the minimum index j such that uj 6= vj we have uj = 1 and vj = 0.
Definition 7 (LeastLexSat). An instance of LeastLexSat is a satisfiable
Boolean formula φ over the variables α1 , α2 , . . . , αk . It is a yes-instance if αk is
true in the lexicographically maximum satisfying assignment of φ and a no-instance
otherwise.
Lemma 6. For u = (u1 , u2 , · · · , uk ) and v = (v1 , v2 , · · · , vk ) where ui , vi ∈
{0,
i = 1,P
2, . . . , k, u is lexicographically greater than v if and only if
P 1} for
k−i+1
≥ vi =1 2k−i+1 + 2.
ui =1 2
Lemma 6 follows immediately from the definition of lexicographical order.
Theorem 12. In-LeastCore, In-Nucleolus, and In-Kernel are ∆p2 -complete
for graph games (N, v, E) whose underlying graph (N, E) is a tree.

Proof. Membership in ∆p2 was proved in [12, 13]. We reduce from LeastLexSat.
Let φ be a satisfiable Boolean formula over the set of variables {α1 , α2 , . . . , αk }.
We assume that the formula φ is not satisfied by setting all the variables to true,
or setting all the variables to false.
We construct a graph game (N, v, E) as follows. Introduce one player ak
for αk ; introduce two players ah and ah for each of other variables αh (h =
1, 2, . . . , k−1); finally, introduce two other players c and c. Let A = {a1 , a2 , . . . , ak }
and A = {a1 , a2 , . . . , ak−1 , ak }. For a nonempty subset T ⊆ A, we denote
by T the dual of T , i.e., T = (T ∩ {ak }) ∪ { ah | ah ∈ A, h 6= k }. We set
N = A ∪ A ∪ {c, c} and E = { {c, a} | a ∈ A } ∪ { {c, a} | a ∈ A }. Note that
the graph (N, E) is connected since A ∩ A = {ak }. A feasible coalition of this
game is either a singleton, a coalition including the three players c, ak , and c, a
coalition of the form T ∪ {c} where T ⊆ A, or a coalition of the form T ∪ {c}
where T ⊆ A.
The values v(S) for S ∈ FE is given as follows. Firstly, v(S)
P = 1 when
S = N ; v(S) = 0 when |S| = 1 or {c, ak , c} ⊆ S 6= N ; v(S) = ai ∈T 2k−i+1
when S = T ∪ {c} or T ∪ {c} for some nonempty subset T ⊆ A such that φ
is satisfied by setting the variables { αh | ah ∈ T } to true and the variables
{ αh | ah ∈ A \ T } to false; finally, v(S) = 0 when S = T ∪ {c} or T ∪ {c} for
some nonempty subset T ⊆ A such that φ is not satisfied by setting the variables
{ αh | ah ∈ T } to true and the variables { αh | ah ∈ A \ T } to false. Note that
given a subset S ∈ FE , a polynomial-time oracle for v(S) can be constructed.
Let T ∗ ∈ argmax{ v(T ∪ {c}) | T ⊆ A } and T ∗ be the dual coalition of T ∗
(hence, v(T ∗ ∪ {c}) = v(T ∗ ∪ {c})). By Lemma 6 and the definition of v, the
truth assignment that sets the variables corresponding to the players in T ∗ to
true and the rest to false is the lexicographically maximum satisfying assignment
of φ. Thus, αk evaluates to true in the lexicographically maximum satisfying
assignment for φ if and only if ak ∈ T ∗ . Let S ∗ = T ∗ ∪ {c} and S ∗ = T ∗ ∪ {c}.
Before we proceed, we give the following lemma.
Lemma 7. For any x ∈ I(N, v, E) and S ∈ FE \ {N, ∅, S ∗ , S ∗ },
e(x, S ∗ ) > e(x, S) and e(x, S ∗ ) > e(x, S).

(5.1)

Proof. Take any x ∈ I(N, v, E) and S ∈ FE \ {N, ∅, S ∗ , S ∗ }. Observe that
x(S) − x(S ∗ ) ≥ −1, since x ≥ 0 and since x(N ) = v(N ) = 1. We will now show
that v(S ∗ ) − v(S) ≥ 2. Consider when |S| = 1 or {c, ak , c} ⊆ S. Then, v(S) = 0
by definition of v. In addition, v(S ∗ ) ≥ 2 since φ is a satisfiable formula not to
be satisfied by setting all the variables to false. Hence, v(S ∗ )−v(S) = v(S ∗ ) ≥ 2.
Consider when S = T ∪ {c} or S = T ∪ {c} for some T ⊆ A where T 6= T ∗ .
By Lemma 6, we have v(S ∗ ) − v(S) ≥ 2. Thus, e(x, S ∗ ) − e(x, S) ≥ 2 − 1 > 0.
Similarly, one can prove that e(x, S ∗ ) > e(x, S). Hence, the inequalities (5.1)
hold.
Let x∗ ∈ RN be an imputation such that player ak receives the whole value
v(N ) = 1, that is, x∗ (ak ) = 1 and x∗ (b) = 0 for each b ∈ N \ {ak }. We will now
argue that the following statements hold:

(i) If ak ∈ T ∗ , then {x∗ } = LC(N, v, E) = K(N, v, E).
(ii) If ak 6∈ T ∗ , then x∗ 6∈ LC(N, v, E) ∪ K(N, v, E).
(i) : Suppose that ak ∈ T ∗ . We will first prove that x∗ is the unique imputation that belongs to the kernel of the game (N, v, E). Observe that ak is the
only player that belongs to both S ∗ and S ∗ . By Lemma 7, player ak has stronger
bargaining power towards any other player. Hence, x∗ is the unique imputation
that belongs to the kernel of the game (N, v, E). We will next prove that x∗ is
the unique imputation that lies in the least core of the game (N, v, E). Observe
that e(x∗ , S ∗ ) = e(x∗ , S ∗ ) = v(S ∗ ) − 1. By Lemma 7, e1 (x∗ ) = v(S ∗ ) − 1. It
suffices to show that for any imputation x 6= x∗ ,
max{e(x, S ∗ ), e(x, S ∗ )} > v(S ∗ ) − 1.

(5.2)

Take any x ∈ I(N, v, E) such that x 6= x∗ . If x(S ∗ ) = 1 and x(S ∗ ) = 1, then
this would mean that x(ak ) = 1, contradicting the fact that x 6= x∗ . Hence,
we have x(S ∗ ) < 1 or x(S ∗ ) < 1, which implies that e(x, S ∗ ) > v(S ∗ ) − 1 or
e(x, S ∗ ) > v(S ∗ ) − 1. This gives (5.2).
(ii) : Suppose that ak 6∈ T ∗ . Then, player ak belongs to neither the coalition
S ∗ nor the coalition S ∗ , and hence x∗ (S ∗ ) = x∗ (S ∗ ) = 0. It follows from Lemma
7 that any imputation x such that x(S ∗ ) = x(S ∗ ) > 0 gives a smaller maximum
excess than that of x∗ . Thus, x∗ 6∈ LC(N, v, E). By Lemma 7, it also holds that
for any x ∈ I(N, v, E), scak (x) ≥ e(x, S ∗ ) > maxS∈FE (ak \c) e(x, S) = sak c (x),
because ak 6∈ S ∗ and ak 6∈ S ∗ . Thus, if x ∈ K(N, v, E), then we must have
x(ak ) = v({ak }) = 0. We conclude that x∗ 6∈ K(N, v, E).
It follows from (i) and (ii) that the least significant player ak belongs to T ∗ if
and only if x∗ belongs to the least core, the nucleolus, or the kernel of the game
(N, v, L).
Corollary 5. If one can find an element of the least core or the kernel for graph
games (N, v, E) whose underlying graph (N, E) is a tree in polynomial time, then
P=∆p2 .
Proof. The proof is similar to the previous one for Corollary 4. We omit the
details due to space restrictions.
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Abstract. Hedonic games are coalition formation games in which players have
preferences over the coalitions they can join. All models of representing hedonic
games studied so far are based upon selfish players only. Among the known ways
of representing hedonic games compactly, we focus on friend-oriented hedonic
games and propose a novel model for them that takes into account not only a
player’s own preferences but also her friends’ preferences under three degrees of
altruism. We study both the axiomatic properties of these games and the computational complexity of problems related to various stability concepts.
Keywords: hedonic games; coalition formation; stability; altruism

1

Introduction

Hedonic games, proposed by Drèze and Greenberg [17] and later formally modelled by
Bogomolnaia and Jackson [10] and Banerjee et al. [8], are coalition formation games
in which players have preferences over coalitions (subsets of players) they can be part
of. In the context of decentralized coalition formation, several stability concepts and
representations have been studied from an axiomatic and a computational complexity
point of view; see Woeginger’s survey [33] on this topic and the book chapters by Aziz
and Savani [6] and Elkind and Rothe [18] for an overview.
Dimitrov et al. [16] proposed a model that allows for compact representation of
hedonic games, namely, the friend-and-enemy encoding of the players’ preferences,
where each player divides the set of players into friends and enemies. Based on such
a network of friends, they suggest two models of preference extensions: appreciation
of friends and aversion to enemies. In friend-oriented hedonic games, a coalition A is
preferred to another coalition B if A contains either more friends than B or the same
number of friends as B but fewer enemies than B. This setting corresponds to a network
of players represented as a graph. Since we study symmetric friendship relations for
stability reasons, this graph is undirected. For example, suppose there are four players,
1, 2, 3, and 4, and let 1 be friends with 2 but neither with 3 nor with 4, while 2 and 3
are friends with each other but not with 4. The corresponding network is displayed in
Figure 1.

1

2

3

4

Fig. 1: Example of a network of friends
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Now, in the friend-oriented extension model player 2 prefers teaming up with 1 and
3 to forming a coalition with 1 and 4. Player 1, on the other hand, is indifferent between coalitions {1, 2, 3} and {1, 2, 4}. Intuitively, however, 1 would have an advantage
from being in a coalition with 2 and 3, since 2 and 3—being friends—can be expected
to cooperate better than 2 and 4. Also, 1 can be expected to care about her friend 2’s
interests and thus might prefer a coalition in which 2 is satisfied ({1, 2, 3}) to one in
which 2 is less satisfied ({1, 2, 4}). In order to model these kinds of preferences we
will introduce several degrees of altruism, starting from friend-oriented hedonic games.
Taking friends’ preferences into account does not contradict the idea of hedonic games:
In hedonic games player i’s utility function depends only on the coalitions that contain i.
Since player i is also interested in her friends’ satisfaction (with varying degrees), we
incorporate this notion into player i’s utility function. Note that player i’s utility is still
a function of the coalitions containing her, which in addition takes her friends’ preferences that are in the same coalition as player i into account.
Our Contribution and Related Work: Focusing on the friend-oriented encoding of
preferences and taking the idea of players caring about their friends’ preferences into
account, we propose hedonic games with altruistic influences. In particular, we define
three degrees of altruism, from being selfish first, over aggregating opinions of a player
and her friends equally, to altruistically letting one’s friends decide first. The latter is
the most altruistic case, as we assume that from a player’s perspective only friends can
be consulted, while agents further away (such as a friend’s friend that is one’s enemy)
cannot be communicated with or cannot be trusted. In a social network, for example,
the whole set of players other than friends might not even be known. The proposed
games are compactly representable but not fully expressive. However, they can express
other hedonic games than those representable by popular compact representations in the
literature. We study both the axiomatic properties of these games and the computational
complexity of problems related to common stability concepts.
From a noncooperative game-theoretic point of view, the interests of not only selfish, but altruistic agents have been modelled and studied by, for example, Hoefer and
Skopalik [24], Chen et al. [14], Apt and Schäfer [2], and Rahn and Schäfer [30]. SalehiAbari and Boutilier [31] study social choice with empathetic preferences. Their local
empathetic model is related to our model. Altruism has also been studied in (experimental) economics [27]. Brânzei and Larson [12] study social distance games: In contrast to
degrees of altruism as proposed here, a player’s opinion on her friends (players of distance one) has the highest weight while her opinion on players farther away counts less.
This is similar (but not equivalent) to our selfish-first model to be defined in Section 3.2.
Furthermore, the study of other agents’ influence on opinions has gained increasing
interest in collective decision making [22, 23]. In the context of voting scenarios, preference extensions and their properties have been studied by Endriss [20]. An overview
of axiomatic properties of preference orders can be found, e.g., in the book chapters
by Barberà et al. [9] and Lang and Rothe [26]. The work by Darmann et al. [15] combines aspects of voting theory and the theory of coalition formation games: They define
a model for selection scenarios for a number of group activities that can also be represented by hedonic games and they study the complexity of stability concepts in this
model. Aziz et al. [5] provide a survey of known results for additively separable he-

3

donic games; in particular, two impressive complexity results—NPNP -completeness for
the existence of (strictly) core-stable coalition structures—are due to Woeginger [34]
and Peters [28]. The concept of Pareto optimality has been studied by Aziz et al. [3]
for a number of encodings of hedonic games, while recent work of Brandl et al. [11]
is concerned with the complexity of various stability concepts in fractional hedonic
games [4]. Lang et al. [25] introduce a new type of hedonic game where agents rank
their friends and their enemies (and may, in addition, feel “neutral” about some other
players), and these preferences over players are extended to preferences over coalitions.

2

Preliminaries

A hedonic game is a pair (N, ), where N = {1, . . . , n} is a set of players and  =
(1 , . . . , n ) is a list of the players’ preferences. For i ∈ N, let N i = {C ⊆ N | i ∈ C}
denote the set of coalitions containing i. Player i’s preference relation i ∈ N i × N i
induces a complete, weak preference order over N i . For A, B ∈ N i , we say that player
i weakly prefers A to B if A i B, that i prefers A to B (A i B) if A i B but not B i A,
and that i is indifferent between A and B (A ∼i B) if A i B and B i A. We call C ∈ N i
acceptable for player i if C i {i}. A coalition structure
is a partition Γ = {C1 , . . . ,Ck }
S
of the players into k coalitions C1 , . . . ,Ck ⊆ N (i.e., kr=1 Cr = N and Cr ∩Cs = 0/ for all
r and s, 1 ≤ r 6= s ≤ k). The unique coalition in Γ containing player i ∈ N is denoted
by Γ(i).
In order to avoid exponentially large preference orders in the number of players, a
common way to represent players’ preferences is to consider a network of friends [16].
Each player i ∈ N has a set of friends Fi ⊆ N \{i} and a set of enemies Ei = N \(Fi ∪{i}).
Visually, let the players in N = {1, . . . , n} be represented by the vertices in a graph
G = (N, H), and let a directed edge (i, j) ∈ H denote that j is i’s friend, that is, the open
neighborhood of i represents the set of i’s friends Fi = { j | (i, j) ∈ H}. Since in the
context of stability it is reasonable to consider symmetric friendship relations [33], we
will focus on undirected graphs representing networks of friends. In the friend-oriented
preference extension [16] more friends are preferred to fewer friends, and in case of an
equal number of friends, fewer enemies are preferred. Formally, define
A Fi B ⇐⇒ |A ∩ Fi | > |B ∩ Fi | or

(1)

(|A ∩ Fi | = |B ∩ Fi | and |A ∩ Ei | ≤ |B ∩ Ei |).

Note that friend-oriented preferences can be represented additively, by assigning a
value of n = |N| to each friend and a value of −1 to each enemy [16]: For any player
i ∈ N and for any coalition A ∈ N i , define the value of a coalition by
vi (A) = n|A ∩ Fi | − |A ∩ Ei |.

Then, for A, B ∈ N i , we have A Fi B ⇐⇒ vi (A) ≥ vi (B).
Relatedly, other representations and their preference extensions are enemy-oriented
preferences [16], additively separable [32] and fractional hedonic games [4], and singleton encodings [13] (which each are compactly representable but not fully expressive or
complete), individually rational encodings [7], and hedonic coalition nets [19] (which
are fully expressive but not compact in the sense of polynomial-size representation).
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See Section 4 for a discussion of how our models differ from representations known
from the literature.

2.1

Properties of Preference Extensions

Below we give a selection of properties of preference extensions inspired by various
related topics such as voting theory and resource allocation. Let N = {1, . . . , n} be a
set of players and Fi and Ei the sets of player i’s friends and enemies, respectively. Let
G = (N, H) be the corresponding network of friends. Consider player i’s preference
relation i on N i . We say i is reflexive if A i A for each coalition A ∈ N i ; i is
transitive if for any three coalitions A, B,C ∈ N i , A i B and B i C implies A i C; i
is polynomial-time computable if for a given player i and two given coalitions A, B ∈ N i ,
it can be decided in polynomial time whether or not A i B; and i is anonymous
if renaming the players in N does not change i . Clearly, the first three properties
are necessary to have efficiently computable and rational preferences, and anonymity
means that only the structure of the friendship network is important. We further define
the following properties.
Weak Friend-Orientedness: If coalition A is acceptable for i, then A ∪ { f } is also
acceptable for i, where f ∈ Fi \ A.
Favoring Friends: If x ∈ Fi and y ∈ Ei then {x, i} i {y, i}.
Indifference between Friends: If x, y ∈ Fi then {x, i} ∼i {y, i}.
Indifference between Enemies: If x, y ∈ Ei then {x, i} ∼i {y, i}.
Note that these four properties hold for friend-oriented preferences, see the work of
Alcantud and Arlegi [1].
Sovereignty of Players: For a fixed player i and each C ∈ N i , there exists a network
of friends such that C ends up as i’s most preferred coalition.
Monotonicity: Let j 6= i be a player with j ∈ Ei and A, B ∈ N i , and 0i be the preference
relation resulting from i when j turns from being i’s enemy to being i’s friend (all
else being equal). We call i type-I-monotonic if it holds that (1) if A i B, j ∈ A∩B,
and A Fj B, then A 0i B, and (2) if A ∼i B, j ∈ A ∩ B, and A Fj B, then A 0i B. We
call i type-II-monotonic if it holds that (1) if A i B and j ∈ A \ B, then A 0i B,
and (2) if A ∼i B and j ∈ A \ B, then A 0i B.
Type-I-monotonicity ensures i’s preference of A over B not to become worse if an
enemy j who is contained in both coalitions, turns into i’s friend, while j is weakly
preferring A to B. Type-II-monotonicity, on the other hand, requires that j is only
in A (hence has no opinion on B), but still i’s preference of A over B should not
become worse.
Symmetry: Let j and k be two distinct players with j 6= i 6= k. We say that i is symmetric if it holds that if swapping the positions of j and k in G is an automorphism
then

∀ C ∈ N i \ (N j ∪ N k ) [C ∪ { j} ∼i C ∪ {k}].
Local Friend Dependence: The preference order i can depend on the sets of friends
F1 , . . . , Fn . Let A, B ∈ N i . We say that comparison (A, B) is
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– friend-dependent in i if (1) A i B is true (false) and (2) can be made false
(true) by changing the set of friends of some players (except for i);
– locally friend-dependent in i if (1) A i B is true (false), (2) can be made
false (true) by changing the set of friends of some players that are in A or B
and are i’s friends, and (3) changing the set of friends of all other players in
N \ ({i} ∪ (Fi ∩ (A ∪ B)) does not affect the status of the comparison.
We say i is locally friend-dependent if (1) there are A, B ∈ N i such that (A, B) is
friend-dependent in i and (2) every (A0 , B0 ) that is friend-dependent in i is locally
friend-dependent in i .
This property says that an agent’s preference over some coalition can change if the
set of a friend’s friends changes. This friend also has to be a member of a coalition that
is under consideration. Thus local friend dependence is a crucial property that tries to
capture the essence of the proposed approach to altruism in hedonic games.
Friend-Oriented Unanimity: Let A, B ∈ N i with A ∩ Fi = B ∩ Fi . We say that i is
friend-orientedly unanimous if A Fj B for each j ∈ (Fi ∪ {i}) ∩ A implies A i B.
Note that the definition of friend-oriented unanimity covers all cases where the same
subset of friends is consulted who all have a unanimous opinion in terms of friendoriented preferences, in particular the case considering all friends’ opinions: Fi ⊆ A ∩ B.
2.2

Stability Concepts

The following stability concepts are commonly studied in hedonic games.
Definition 1. Let (N, ) be a hedonic game and Γ be a coalition structure. A coalition
C ⊆ N blocks Γ if for each i ∈ C it holds that C i Γ(i). If there is at least one i ∈ C
with C i Γ(i) while C  j Γ( j) holds for the other players j 6= i in C, we call C weakly
blocking. A coalition structure Γ is said to be
1. individually rational if for all i ∈ N, Γ(i) is acceptable;
/ with Γ(i) 6= C, it holds that
2. Nash-stable if for all i ∈ N and for each C ∈ Γ ∪ {0}
Γ(i) i C ∪ {i};
/ it either holds that
3. individually stable if for all i ∈ N and for each C ∈ Γ ∪ {0},
Γ(i) i C ∪ {i} or there is a player j ∈ C with C  j C ∪ {i};
/ it either
4. contractually individually stable if for all i ∈ N and for each C ∈ Γ ∪ {0},
holds that Γ(i) i C ∪ {i}, or there is a player j ∈ C with C  j C ∪ {i}, or there is a
player k ∈ Γ(i) with i 6= k and Γ(i) k Γ(i) \ {i};
5. strictly popular if it beats every other coalition structure Γ0 6= Γ in pairwise comparison, that is, if |{i ∈ N | Γ(i) i Γ0 (i)}| > |{i ∈ N | Γ0 (i) i Γ(i)}|;
6. (strictly) core-stable if there is no (weakly) blocking coalition;
7. perfect if for all i ∈ N and for all C ∈ N i , it holds that Γ(i) i C.

3

Altruistic Hedonic Games

In this section, we introduce our new model that refines friend-oriented hedonic games
by taking altruistic influences into account. In this model, each player still wants to be
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with as many friends and as few enemies as possible, but in addition she wants her
friends to be as satisfied as possible. We omit proofs due to space constraints.
3.1

Naïve Approach

A first attempt to formalize this idea (that will turn out to fail) is the following. Consider the scenario where i ∈ N has a friend-oriented preference extension (according to
Equivalence (1)) except that, whenever the number of friends in A and B is the same
and so is the number of enemies in A and B (i.e., A ∼Fi B), i now prefers A to B if more
of i’s friends that are contained in A and B prefer A to B than B to A (according to
Equivalence (1)). Formally:
A NA
i B ⇐⇒ |A ∩ Fi | > |B ∩ Fi | or

(2)

(|A ∩ Fi | = |B ∩ Fi | and |A ∩ Ei | < |B ∩ Ei |) or
(|A ∩ Fi | = |B ∩ Fi | and |A ∩ Ei | = |B ∩ Ei | and
|{ j ∈ A ∩ B ∩ Fi | A Fj B}| ≥
|{ j ∈ A ∩ B ∩ Fi | B Fj A}|).

Intuitively, according to (2), a player is selfish first, but as soon as she is indifferent
between two coalitions in the sense of (1), she cares about her friends’ preferences.
A major disadvantage of this definition, however, is that irrational preference orders
can arise, i.e., preference orders that are not transitive in general: Consider, e.g., the
hedonic game (N, NA ) with N = {1, 2, 3, 4, 5, 6, 7} and the network of friends shown
in Figure 2a. For coalitions A = {1, 2, 3, 5}, B = {1, 2, 4, 7}, and C = {1, 3, 4, 6}, it holds
NA
NA
that A NA
1 B and B 1 C, yet C 1 A, violating transitivity.

1

2
3
4

5
6
7

1

2

5

3

4

(a) Used, e.g., in the proof of (b) Illustrating distinct degrees
Proposition 3
of altruism in Example 1

Fig. 2: Two networks of friends representing hedonic games

In order to ensure transitivity, we have to add an extra condition to Equivalence (2).
One idea would be to demand indifference between all coalitions that are involved in a
NA
i -cycle by (2). This, however, can lead to a comparison of all coalitions containing a
player, so determining a relation between two coalitions might comprise an exponential
number of steps in the number of players. Then it would have been easier to give an
arbitrary preference order as an input in the first place. Another idea would be to include
the preferences of all friends, not only of those contained in the considered coalitions,
but this would contradict the concept of hedonic game. In the following, we take a
different approach.
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3.2

Modelling Altruistic Influences

Given the failure of extending friend-oriented preferences by breaking ties with “majority voting,” we consider the following model instead: Player i ∈ N prefers coalition
A over B if the average value of i’s friends in A is larger than the average value of i’s
friends in B. In more detail, using the friend-oriented encoding, we obtain a friend j’s
opinion on a coalition containing both player i and j, which can have an influence on
i’s preference relation in the following ways. Since we consider friends to be equally
important and focus on the average valuation, assigning a weight to player i’s own contribution in comparison to her friends’ influence on her preference, we will distinguish
between three degrees of altruism: A player may (a) be selfish first and ask her friends
only in case of indifference, (b) treat her friends and herself equally, or (c) be truly altruistic by asking her friends first and deciding herself only in case of indifference. Next to
the definition we will show that the preferences capture the intuitive ideas behind them.
For i ∈ N and A ∈ N i , let
avgFi (A) =

va (A)
.
|A
∩ Fi |
a∈A∩Fi

∑

In each of the three cases below, a player’s utility ui of a coalition is used as a
measure of comparison combining the values vi and v j for j ∈ Fi . Note that ui = vi
under friend-oriented extensions.
(a) Selfish First: A player initially decides upon her preference over two coalitions
friend-orientedly (i.e., according to (1)) and, if and only if she is indifferent between
them, she asks her friends for a vote. For M ≥ n5 , we define:
A SF
i B ⇐⇒
M(n|A ∩ Fi | − |A ∩ Ei |) +

∑

n|A ∩ Fa | − |A ∩ Ea |
≥
|A ∩ Fi |

∑

n|B ∩ Fb | − |B ∩ Eb |
.
|B ∩ Fi |

a∈A∩Fi

M(n|B ∩ Fi | − |B ∩ Ei |) +

b∈B∩Fi

(3)

Theorem 1. For M ≥ n5 , vi (A) > vi (B) implies A SF
i B.
(b) Equal Treatment: A player and her friends “vote” friend-orientedly at the same
time, equally taking part in the decision:
A EQ
i B ⇐⇒

n|A ∩ Fa | − |A ∩ Ea |
≥
|A ∩ (Fi ∪ {i})|
a∈A∩(F ∪{i})

∑
i

n|B ∩ Fb | − |B ∩ Eb |
.
∑
|B ∩ (Fi ∪ {i})|
b∈B∩(F ∪{i})

(4)

i

(c) Altruistic Treatment: A player first asks her friends for their opinion on a
coalition they are contained in and adopts their average opinion; if and only if the consensus is indifference, the player decides for herself. For M ≥ n5 , we define:
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A AL
i B ⇐⇒
n|A ∩ Fi | − |A ∩ Ei | + M

∑

n|A ∩ Fa | − |A ∩ Ea |
≥
|A ∩ Fi |

∑

n|B ∩ Fb | − |B ∩ Eb |
.
|B ∩ Fi |

a∈A∩Fi

n|B ∩ Fi | − |B ∩ Ei | + M

b∈B∩Fi

Theorem 2. For M

≥ n5 , avgFi (A) > avgFi (B)

(5)

implies A AL
i B.

For consistency we choose M ≥ n5 . In all three cases in the proof of Theorem 2,
normalization by the number of i’s friends in a coalition prevents a “tyranny of the
many” (otherwise, large coalitions would be preferred merely by the fact that the total
number of friends is larger). The following example represents the different approaches
to altruism in hedonic games.

C

{1, 2, 3}
{1, 2, 3, 4}
{1, 2, 3, 5}
N
{1, 2}
{1, 3}
{1, 2, 4}
{1, 2, 5}
{1, 3, 4}

Example 1. Consider the game with five players N = {1, 2, 3, 4, 5} and the network in
Figure 2b. Table 1 gives an overview of the relevant values and average values needed to
determine player 1’s utilities for different acceptable coalitions depending on the degree
of altruism. A dash indicates that a value does not exist.

v1 (C)

10 9 9 8 5 5 4 4 4

v2 (C)

4 3 9 8 5 − 4 10 −

v3 (C)

4 9 3 8 − 5 − − 10

avgF1 (C)

4 6 6 8 5 5 4 10 10

EQ: u1 (C) 6 7 7 8 5 5 4 7 7

Table 1: Values and average values of the players in Example 1

All four weak preference orders are different. Under the friend-oriented preference
extension (1), player 1’s weak preference order is given in the first line according to
the values of v1 . For the selfish-first extension (3), the order remains the same; however,
indifferences are dissolved, as is the case here with {1, 2, 5} SF
1 {1, 2, 4} by Theorem 1.
Under the equal-treatment extension (4), the grand coalition is the most preferred one;
intuitively, because all friends have a large number of friends at the same time. Finally,
under the most altruistic extension (5), player 1’s friends consider {1, 2, 5} and {1, 3, 4}
the best coalition. As they agree on that, player 1 altruistically adopts this opinion by
Theorem 2.
A player’s utility of a coalition can also be deduced from the corresponding network
of friends itself:
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Proposition 1. Let G be a network of friends, i a player, and C ∈ N i a coalition. Let
λ be the number of edges {i, j} where j ∈ C, i.e., λ = |Fi ∩ C|. Let µ be the number of
edges between i’s friends in C, i.e., µ = |{{ j, k} | j, k ∈ Fi ∩ C}|, and let ν denote the
number of edges between i’s friends in C and those friends of j in C who are i’s enemies,
i.e., ν = |{{ j, k} | j ∈ Fi ∩C, k ∈ Fj ∩C, k ∈
/ Fi }|. Then i’s utility of C under selfish-first
preferences is
M · λ(n + 1) + M + n + 2 − (M + 1)|C| +

(n + 1)(2µ + ν)
;
λ

under equal-treatment preferences it is
(2λ + 2µ + ν)(n + 1)
− |C| + 1;
λ+1

and under altruistic-treatment preferences it is
M(n + 2) + λ(n + 1) + 1 − (M + 1)|C| +

4

M(n + 1)(2µ + ν)
.
λ

Properties of Hedonic Games with Altruistic Influences

In this section, we show which of the desirable properties from Section 2.1 are satisfied
by our model. First, however, we start with a discussion of expressiveness, focusing on
model (4):
First, as the original definition of friend-oriented preferences is recovered for coalitions that only consist of enemies, our models are not fully expressive. This follows
from indifference between friends and enemies, respectively.
Second, we show that the expressiveness of model (4) is incomparable to (additively) separable hedonic games, fractional hedonic games, hedonic games with B - or
W -preferences, and B- and W -hedonic games (see, for example, the book chapter by
Aziz and Savani [6] for the definitions of these representations of hedonic games). In all
of the above models two players’ preference orders are independent but in our model
they might depend on each other. Players are independent in choosing friends; however,
the induced preferences depend crucially on friends’ relations to other players. In other
words, a player’s preference is constrained by her friends’ preferences. Hence, there is
a tradeoff between the expressiveness of preferences and the expressiveness of profiles.
Third, model (4) can express preferences that are not separable: Consider a game
with players N = {i, a, b, j} and Fi = {a, b, j}, Fa = {i, b}, Fb = {i, a}, Fj = {i}. Den|A∩Fa0 |−|A∩Ea0 |
|A∩(Fi ∪{i})| .
EQ
i {i, a, b, j} but

note the left-hand side of the inequality in (4) by u∗i (A) = ∑a0 ∈A∩(Fi ∪{i})

Then u∗i ({i, a, b}) = 2n and u∗i ({i, a, b, j}) = 2n − 1. Thus {i, a, b}
{i, j} EQ
{i}, because j is a friend. However, additively separable preferences can
i
express strict preferences over coalitions with a single friend, which is not possible in
model (4) because of indifference between friends. Similarly, fractional preferences can
express strict preferences over pairs. In addition, they can express nonseparable relations by losing the ability to express indifference between pairs. B - and W -preferences
can express indifference between pairs but this constraints the preferences over larger
coalitions. In this case, however, depending on the network of friends, model (4) can
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express every possible relation between some specific coalitions. For B- and W -hedonic
games, there is a simple example with two coalitions of size two only one of which is
acceptable, where the implied relation over the coalition with both players does not hold
under model (4).
Overall, neither is model (4) more expressive than any of the other considered models nor the other way around. Similar examples also exist for the other two models. It is
not hard to see that all three degrees of altruism are locally friend-dependent, because
(except for player i’s own preference) only her friends in the current coalition affect its
value. Note that this is a crucial property that distinguishes our model from previous
work.
Proposition 2. Under all three degrees of altruism (3)–(5), the following properties are
satisfied: reflexivity, transitivity, polynomial-time computability, as well as anonymity.
Theorem 3. Under all three degrees of altruism (3)–(5), weak friend-orientedness, favoring friends, indifference between friends, indifference between enemies, sovereignty
of players, symmetry, and friend-oriented unanimity are satisfied.
Regarding the property of symmetry, note that whenever two interchangeableplayers have a distance of at most two, then the statement ∀ C ∈ N i \ (N j ∪ N k ) [C ∪
{ j} ∼i C ∪ {k}] implies that swapping i and j in G is an automorphism.
Theorem 4. Selfish-first preferences (3) are type-I-monotonic and type-II-monotonic.
Proposition 3. Equal-treatment preferences (4) and altruistic-treatment preferences (5)
are not type-II-monotonic.

1

2

5

3

6

4

7

(a) Network of

G10
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2

5

3

6

4

7

(b) Network of G2

1

2

5

3

6

4

7

(c) Network of G20

Fig. 3: Network of friends in the proof of Proposition 3

Note that the above result is a desirable outcome since this behavior exactly captures
the intuition behind the definition of the equal treatment and the altruistic treatment.
Based on a similar line of thought we note the following: In addition to the axiomatic
properties in Section 2.1, one could consider notions of independence (see, e.g., [1] for
a characterization of friend-oriented preferences using an independence axiom). Classic
independence axioms say that a relation between two coalitions, A and B, continues to
hold even if a new (and the same) player is introduced to both coalitions. However,
independence axioms of this type are not desirable in our model because the new player
can be valued very differently in both coalitions. This would be the case, for example,
if the new player were an enemy to most of i’s friends in A but were loved by most
of i’s friends in B. Similarly, B - and W -preferences [13] are natural extensions from
singleton encodings that are not independent.
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5

Stability

In this section, we study several common stability concepts in our model. Questions of
interest are how hard it is to verify whether a given coalition structure satisfies a certain concept in a given hedonic game and whether stable coalition structures for certain
concepts always exist. If, for some concept, such a coalition structure does not always
exist, we are also interested in the computational complexity of deciding whether or
not some such coalition structure exists in a given hedonic game. Recently, Peters and
Elkind [29] established metatheorems that help proving NP-hardness results for stability concepts in hedonic games. However, their results do not seem to be immediately
applicable.
Observation 1. Under all three degrees of altruism (3)–(5), a coalition structure Γ is
individually rational if and only if for each i ∈ N, Γ(i) ∩ Fi 6= 0/ or Γ(i) = {i}.
Proposition 4. For all three degrees of altruism (3)–(5), it can be tested in polynomial
time whether a given coalition structure in a given game is Nash-stable, individually
stable, or contractually individually stable.
Lemma 1. For all three degrees of altruism the following hold:
1. For each i, each j ∈ Fi assigns a positive value to any coalition C ∈ N i ∩ N j .
2. If a player has at least one friend, her favorite coalition contains at least one
friend.
Theorem 5. For all three degrees of altruism (3)–(5), there always exist Nash-stable,
individually stable, and contractually individually stable coalition structures.
On the other hand, for all three degrees of altruism, there exists a game such that no
coalition structure is strictly popular.
Example 2. Consider Example 1 and the coalition structures Γ1 = {{1, 2, 5}, {3, 4}},
Γ2 = {{1, 3, 4}, {2, 5}},Γ3 = {{1, 2, 3, 4}, {5}}, Γ4 = {{1, 2, 3, 5}, {4}}, and Γ5 = {N}.
1. Under selfish-first preferences (3), Γ1 and Γ2 are more popular than all other
coalition structures, but are in a tie.
2. Under equal-treatment preferences (4), even three coalition structures are in a
tie: Γ3 , Γ4 , and Γ5 .
3. Under altruistic-treatment preferences (5), Γ2 is more popular than Γ3 , which
in turn is more popular than Γ5 . Γ5 and Γ2 are in a tie. Further, Γ1 is more popular
than Γ4 ; the two coalition structures behave analogously to Γ2 and Γ3 , respectively, due
to symmetries. There is no other coalition structure that is not beaten by any of the
above-mentioned coalition structures. Hence, no coalition structure is strictly popular.
We now turn to the complexity of the verification and the existence problem for strict
popularity in selfish-first hedonic games.
Theorem 6. Under selfish-first preferences (3), the problem of whether a given coalition structure in a given game is strictly popular is coNP-complete and the problem of
whether there exists a strictly popular coalition structure in a given game is coNP-hard.
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Theorem 7 is inspired by a result of Dimitrov et al. [16].
Theorem 7. In games with selfish-first preferences (3), there always exists a (strictly)
core-stable coalition structure.
Under selfish-first preferences, it is easy to figure out whether there exists a perfect
coalition structure: This is the case if and only if each connected component is a clique.
Lemma 2. Let C be player i’s most preferred coalition in a game with equal-treatment
preferences (4). If a friend j is in Fi ∩C, then Fj \ Fi ⊆ C.
Proposition 5. Whenever a perfect coalition structure exists under equal-treatment
preferences (4), it is unique and consists of all connected components.
Corollary 1. If there exists a perfect coalition structure under equal treatment (4), all
connected components have a diameter of at most two.
There do exist networks with a diameter of at most two that do not allow a perfect
coalition structure, e.g., stars (i.e., one central vertex connected to a number of leaves).
Proposition 6. Under equal treatment (4), trees with at least three vertices do not allow
a perfect coalition structure.

6

Conclusions and Future Work

We have introduced and studied hedonic games with altruistic influences where the
agents’ utility functions depend on their friends’ preferences. Axiomatically, we have
defined desirable properties and have shown that these are satisfied by our model,
depending on the degree of altruism. When tailored to other well-studied preference
models, such as friend-oriented, enemy-oriented, additively separable, and B - and W preferences, we note that all of these five extension principles fulfill the introduced
properties of anonymity, symmetry, and type-II-monotonicity, while only the former
three satisfy independence.
In terms of stability, hedonic games with altruistic influences always admit, e.g.,
Nash-stable coalition structures. However, both the verification and the existence problems of strictly popular coalition structures are computationally intractable.
We consider it important future work to completely characterize when certain properties hold or stable coalition structures exist (e.g., to characterize when the grand coalition is perfect). Also, it might be useful to extend the model and normalize by the size of
the coalition to consider only relative contributions of friend-of-a-friend relationships.
This can be compared to a friend-oriented restriction of a fractional hedonic game [4].
For example, one could define
EQf

A i

B ⇐⇒

n|A ∩ Fa | − |A ∩ Ea |
|A| · |A ∩ (Fi ∪ {i})|
a∈A∩(F ∪{i})

∑
i

≥

n|B ∩ F | − |B ∩ E |
∑ |B| · |B ∩b (Fi ∪ {i})|b .
b∈B∩(F ∪{i})
i

(6)
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This definition clearly extends to the altruistic case. For the selfish-first case, the
normalization is without effect. Hence, the fractional variant is equivalent to the selfishfirst case we have considered.
In addition, we propose considering restrictions of the input such as constraining
networks to special graph classes (such as interval graphs, where the width of an interval represents an agent’s “tolerance”), studying problems of strategic influence (e.g.,
misreporting preferences to friends, pretending to be a friend while one in fact is an
enemy, asserting control over the game as a whole). The model can be extended in multiple ways. To model more realistic situations, it would be suitable to allow for different
degrees of altruism for distinct players and other representations of preferences and aggregators. So far, a player takes only her friends’ preferences into consideration, that is,
a player tries to satisfy her friends with respect to their preferences. Since players derive utility based on their own preferences and their friends’ preferences, an interesting
model would be to consider players that try to maximize their friends utilities (see, e.g.,
[31]). In a similar vein, the model can be extended to edge-weighted graphs, where the
influence of a friend (or of a friend’s friend) diminishes with the distance as in, e.g.,
social distance games [12]. Moreover, a different representation of hedonic game with
such a weight function or a priority order over friends may lead to a different utility
function and interesting new models of altruism.
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Abstract. Hedonic games are coalition formation games where players only
specify preferences over coalitions they are part of. We introduce and systematically study local fairness notions in hedonic games by suitably adapting fairness
notions from fair division. In particular, we introduce three notions that assign
to each player a threshold coalition that only depends on the player’s individual
preferences. A coalition structure (i.e., a partition of the players into coalitions) is
considered locally fair if all players’ coalitions in this structure are each at least
as good as their threshold coalitions. We relate our notions to previously studied concepts and show that our fairness notions form a proper hierarchy. We also
study the computational aspects of finding threshold coalitions and of deciding
whether fair coalition structures exist in additively separable hedonic games. At
last, we investigate the price of fairness.
Keywords: coalition formation; hedonic games; fairness; game theory

1 Introduction
Coalition formation plays a crucial role in multiagent systems when agents have to
cooperate. A commonly studied model of coalition formation is the model of hedonic
game. These are coalition formation games with nontransferable utility, which were first
studied by Drèze and Greenberg [15] and later on by Banerjee et al. [7] and Bogomolnaia and Jackson [8]. A key feature of hedonic games is that the players’ preferences
depend only on coalitions they are part of. Since players specify their preferences over
an exponential-size domain (in the number of players), various compact representations
have been proposed, which either are fully expressive but may still have an exponential size in the worst case or restrict the preference domain, e.g., [6, 18, 8, 2, 22]. Most
of these studies are concerned with stability issues. Intuitively, they capture incentives
of (groups of) players to deviate by joining a different coalition so as to increase their
individual utility values. Thus stability-related questions address a decentralized aspect
of hedonic games.
A more recent approach to hedonic games is welfare maximization [11, 3, 4]. This
idea is different because welfare maximization usually presupposes a central authority
guiding the maximization process by eliciting preferences and suggesting or enforcing
an optimal solution. This enforcement may be necessary because the optimality of a
solution is determined by a global criterion, such as utilitarian or egalitarian social welfare, and may affect some players’ utility values negatively compared with the status
quo.

In this paper we will focus on the concept of local fairness. Fairness is an important
aspect besides stability and efficiency (see the related work section and, e.g., [14] for a
discussion of fairness in multiagent systems and [9, 23] for fair division of indivisible
goods). The only work that we are aware of considering fairness in hedonic games is
due to Bogomolnaia and Jackson [8], Aziz et al. [3], Wright and Vorobeychik [26], and
Peters [24, 25]. Fairness is related to both centralized approaches and stability issues.
On the one hand, the center may want to ensure a certain utility level for each player.
This goal can be achieved by a global fairness condition. However, fairness does not
per se presuppose the existence of a center. On the other hand, players may not consider their current coalition fair, given their individual preferences. While we agree
with Bogomolnaia and Jackson [8] that stability has a “ ‘restricted fairness’ flavor,” we
add that one can also take the complementary view that lack of fairness can be a major
cause of instability.
To make this more concrete, consider a situation where all players except a single
player in some coalition consider this coalition their favorite one, yet for that single
player this coalition is actually only marginally better than being alone. However, because everyone else prefers this coalition and thus is much better off than that player,
she rejects this coalition. This can be considered an unfair situation and is comparable
to an ultimatum game situation, where the proposal is very imbalanced and the second
player (responder) rejects the proposal because it is below her fair share (see, again,
[14]). Note that we would have to contrast the single player’s utility to the other players’ utility values in order to explain the predicament. This approach of balanced utility
values and inequality reduction requires either a center that knows all players’ utility
values or that players look at coalitions (and even other players’ well-being) outside
of their own. To some extent, however, this is at odds with the idea of hedonic game
because players in such games should only be interested in their own coalition.
The traditional fairness notion of envy-freeness requires players to inspect other
coalitions. If there is a large number of coalitions, that is something we would like to
avoid. Therefore, we propose and study notions of local fairness—restricted fairness
notions with the additional constraint that players only compare their current coalition
to some bound that solely depends on their individual preferences.1 We feel that this is
in the general spirit of the decentralized aspect of hedonic games.
Contribution: In order to achieve this goal of local fairness criteria, we introduce new
fairness notions for hedonic games that are inspired by ideas from the field of fair division of indivisible goods. Our main contributions are the following:
1. We introduce the idea of local fairness and three specific such fairness notions in
hedonic games. We show that these concepts form a (strict) hierarchy and relate
them to previously studied concepts. Surprisingly, the hierarchy strikingly differs
from the scale proposed by Bouveret and Lemaı̂tre [10] in the context of fair division of indivisible goods.
2. We systematically study the complexity of finding “threshold coalitions” and of determining whether a fair coalition structure exists in an additively separable hedonic
game. We also find that two of our notions coincide in such games.
1

In case of envy-freeness the bound would also depend on the whole coalition structure.

3. We initiate the study of price of fairness in hedonic games. In addition, we strengthen
a result by Brânzei and Larson [11] on coalition structures maximizing social welfare in symmetric additively separable hedonic games.
Related Work: Surveys and book chapters on hedonic games are, for example, due to
Aziz and Savani [5], and Elkind and Rothe [17]. Bogomolnaia and Jackson [8] already
mention envy-freeness in their work, but they focus on studying stability notions. Aziz
et al. [3] study the complexity of determining the existence of stable coalition structures
in additively separable hedonic games. They also consider the welfare maximization approach and the notion of envy-freeness. The work by Wright and Vorobeychik [26] is
related to ours. They study hedonic games under the perspective of mechanism design
and propose mechanisms for solving the team formation problem. A key difference is
that they consider additively separable hedonic games with nonnegative values only.
Since in this case the grand coalition is most preferred by every player, Wright and
Vorobeychik introduce cardinality constraints on feasible coalition sizes. They also consider envy bounded by a single teammate, which for the aforementioned reasons is not
suitable for our goals. In addition, they introduce the maximin share guarantee for team
formation, which is based on the idea of replacing players. This, however, leads to a
provably different notion than ours (see Theorem 6). More recently introduced stability
notions include strong Nash stability, proposed by Karakaya [21], and strictly strong
Nash stability, due to Aziz and Brandl [1]. Brânzei and Larson [11] study social welfare maximization and core stability in additively separable hedonic games. Moreover,
they consider the so-called stability gap.
Elkind et al. [16] investigate the price of Pareto optimality in various representations
of hedonic games. Peters [25] considers restrictions of hedonic games that admit fast
algorithms and he models allocating indivisible goods as hedonic game.
Surveys and book chapters on fair division are due, for example, to Lang and
Rothe [23], and Bouveret et al. [9]. Budish [12] introduces the max-min fair-share criterion, whereas Bouveret and Lemaı̂tre [10] introduce min-max fair share and propose
a scale of even more demanding fairness criteria. Caragiannis et al. [13] study the price
of fairness in fair division.
Organization of the Paper: In Sect. 2, we formally define hedonic games and relevant
notions of stability. In Sect. 3, we introduce our notions of fairness and relate them to
other stability, fairness, and optimality concepts. In Sect. 4, we study our notions in
additively separable hedonic games under computational aspects. The price of fairness
is considered in Sect. 5, followed by a discussion of our findings and the conclusions in
Sect. 6. We omit most proofs due to space constraints.

2 Preliminaries
We denote by N = {1, . . . , n} the set of players. A coalition is a subset of N and a
coalition structure π is a partition of N. The set of all coalition structures over N is
Π (N). We denote by π (i) the unique coalition with player i in coalition structure π and
by Ni = {C ⊆ N | i ∈ C} all coalitions that player i is part of. Every player i has a weak
and complete preference order i over Ni . For A, B ∈ Ni , we write A i B if player i

weakly prefers coalition A to B; we write A ≻i B if player i (strictly) prefers coalition
A to B, i.e., A i B but not B i A; and we write A ∼i B if A i B and B i A (i.e., i is
indifferent between A and B). Let  be the collection of all i , i ∈ N. A hedonic game
is a pair (N, ). It is an additively separable hedonic game (ASHG) if for every i ∈ N,
there is a valuation function vi : N → Q such that ∑ j∈A vi ( j) ≥ ∑ j∈B vi ( j) ⇐⇒ A i B.
We write (N, v) for an additively separable hedonic game, where v is the collection of
all vi , i ∈ N. We assume normalization of the valuation functions, that is, vi (i) = 0. We
overload the notation to mean vi (A) = ∑ j∈A vi ( j) for each coalition A ∈ Ni .
Now we define previously studied notions of stability that are relevant for this work.
We distinguish, as is common, between group deviations, individual deviations, and
other notions.
We consider the following notions of group deviations:
(1) A nonempty coalition C ⊆ N blocks a coalition structure π if every i ∈ C prefers
C to π (i). A coalition structure π is core-stable (CS) if no coalition blocks π .
(2) A coalition C ⊆ N weakly blocks a coalition structure π if every i ∈ C weakly
prefers C to π (i) and there is some j ∈ C that prefers C to π ( j). A coalition structure π
is strictly core-stable (SCS) if no coalition weakly blocks π .
(3) Given a coalition H ⊆ N, coalition structure π ′ is reachable from coalition structure π 6= π ′ by coalition H if for all i, j ∈ N \ H, we have π (i) = π ( j) ⇐⇒ π ′ (i) = π ′ ( j).
A nonempty coalition H ⊆ N weakly Nash-blocks coalition structure π if there exists
some coalition structure π ′ that is reachable from π by coalition H such that every i ∈ H
weakly prefers π ′ (i) to π (i) and there is some j ∈ H that prefers π ′ ( j) to π ( j). We say π
is strictly strong Nash-stable (SSNS) if there is no coalition that weakly Nash-blocks π .
As to individual deviations, we need the following definitions:
(1) A coalition structure π is Nash-stable (NS) if every i ∈ N weakly prefers π (i) to
/
C ∪ {i} for every C ∈ π ∪ {0}.
(2) A coalition structure π is contractually individually stable (CIS) if for every
i ∈ N, the existence of a coalition C ∈ π ∪ {0}
/ with C ∪ {i} ≻i π (i) implies that there
exists some j ∈ C such that C ≻ j C ∪ {i} or there exists some k ∈ π (i) such that π (k) ≻k
π (k) \ {i}.
Of the remaining notions we need the following:
(1) A coalition structure π is perfect if every i ∈ N weakly prefers π (i) to C for
every C ∈ Ni . In Figure 1 below, we write PERFECT to refer to this property.
(2) A coalition structure π ′ Pareto-dominates coalition structure π if every i ∈ N
weakly prefers π ′ (i) to π (i) and there is some j ∈ N that prefers π ′ ( j) to π ( j). A
coalition structure π is Pareto-optimal (PO) if no coalition structure Pareto-dominates
it.
(3) A coalition structure π is envy-free by replacement (EF-R) if π (i) i (π ( j) \ { j})∪
{i} for every i, j ∈ N.
(4) A coalition C ∈ Ni is acceptable for i ∈ N if C i {i}. A coalition structure π is
individually rational (IR) if π (i) is acceptable for every i ∈ N.
The following notions are defined only for ASHGs (N, v): A coalition structure
π ∈ Π (N) maximizes
(1) utilitarian social welfare (USW) if for every π ′ ∈ Π (N), ∑i∈N vi (π (i)) ≥
∑i∈N vi (π ′ (i));

(2) egalitarian social welfare (ESW) if for every π ′ ∈ Π (N), mini∈N vi (π (i)) ≥
mini∈N vi (π ′ (i)).
For the last two definitions we make the common assumption (see, for example, [3,
11]) in coalition formation that values are interpersonally comparable.
We also say that a coalition structure π satisfies some notion X if π is X or maximizes X.

PERFECT

ESW

EF-R

MAX-MIN

SSNS

GC

NS

MIN-MAX

USW
SCS
CS

PO

CIS
IR

Fig. 1. Relations between notions. A line from notion A to a lower notion B means that every
coalition structure that is A is also B. For example, every strictly core-stable (SCS) coalition
structure is core-stable (CS) and Pareto-optimal (PO).

Fig. 1 shows the relationships between these notions. We refer to the surveys, book
chapters, and papers mentioned in the related work section for more explanations of
these definitions and their interrelations. The notions are chosen such that our separation
results in the next section also apply to intermediate notions such as contractual strict
core stability and individual stability.

3 Fairness in Hedonic Games
We consider fairness notions of the following form: Given (N, ), a coalition structure
π is f -locally fair if π (i) i f (i ) for every i ∈ N. Note that f only depends on i’s
preferences. We start with the weakest fairness criterion. Individual rationality is the
most basic notion of stability. It is also the weakest fairness criterion. Similarly to the
example in the introduction, a player who is in a coalition not acceptable to her is exploited by the other players in that coalition if this coalition is acceptable to them. In
other words, this player has to be in a disliked coalition just for other players to benefit. In this case, a coalition structure consisting of singletons is more preferable for
this player. Lowering the bound of acceptable coalitions would make the situation even
worse. Note that individual rationality and perfectness are examples of local fairness criteria that only propose a threshold coalition a player has to be part of, i.e., f (i ) = {i}

and g(i ) = maxC∈Ni C, respectively, where maximization is with respect to i . In a
sense, we look for criteria situated between these two extreme notions. Because all fairness criteria have to satisfy individual rationality necessarily, we consider such fairness
criteria only. Following the definition of envy-freeness by replacement [8], it is not immediately clear which players to replace in the criteria that we will propose and how
to motivate this. Therefore, we will focus on definitions that are based on players joining coalitions (without replacing any players). This is also another reason for why we
do not consider the well-known fairness notion of envy-freeness (based on joining) because it coincides with Nash stability. Similarly, the maximin share guarantee for team
formation by Wright and Vorobeychik [26] is defined in terms of replacing a player
(and, therefore, is different from max-min fairness considered here).
3.1 Min-Max Fairness
Before we formally define the min-max threshold, we illustrate it with the following
situation: A player is arriving late and all other players have already formed a coalition
structure without her (where the specific form of the coalition structure is irrelevant
for this argument). Because the player could not participate in the coalition formation
process, the player is allowed to join any coalition. Clearly, this player joins her most
preferred coalition. This describes a fairness criterion because someone who was neglected should be allowed to adapt to the situation in the best possible way.
Definition 1. The min-max threshold of i ∈ N is defined as
MinMaxi =

min

max C ∪ {i},

π ∈Π (N\{i}) C∈π ∪{0}
/

where minimization and maximization are with respect to i . A coalition structure π
satisfies min-max fairness (MIN-MAX) if

π (i) i MinMaxi
for every i ∈ N.
This notion is the hedonic-games variant of min-max fair share, originally proposed
by Bouveret and Lemaı̂tre [10] in fair division. We relate min-max fairness to previously known notions of stability. By definition, min-max fairness satisfies individual
rationality. Clearly, since USW is not IR, it cannot satisfy min-max fairness. Similarly,
EF-R, PO, and CIS cannot imply min-max fairness. Later (in Section 3.3 on max-min
fairness) we will see that min-max fairness is independent of most stability notions in
the sense that it does not imply them. Now, we check which stability notions except for
perfectness imply min-max fairness.
Proposition 1. A strictly core-stable coalition structure does not necessarily satisfy
min-max fairness.
Corollary 1. An individually rational or core-stable coalition structure does not necessarily satisfy min-max fairness.

On the other hand, Nash stability does imply min-max fairness.
Theorem 1. Every Nash-stable coalition structure satisfies min-max fairness.
Proof. Let π be a Nash-stable coalition structure and i ∈ N. Then π (i) i C ∪ {i} for
every C ∈ π ∪ {0}.
/ Since MinMaxi is a best coalition in a worst coalition structure for i,
π (i) i MinMaxi .
⊓
⊔
The following example shows that min-max fair coalition structures do not always
exist (which is to be expected from any reasonable notion of fairness; envy-freeness is
a classic fairness condition in fair division of indivisible goods, but in conjunction with
completeness or Pareto optimality such partitions do not always exist either). This also
shows that coalition structures that maximize egalitarian social welfare do not necessarily satisfy min-max fairness.
Example 1. Consider the following additively separable hedonic game, defined via the
values vi ( j):
j
i

1

2 3

1
0 −10 15
0 20
2 −100
3
10 20 0
The individual min-max thresholds are MinMax1 = 5, MinMax2 = 0, and MinMax3 =
20. Therefore, player 1 has to be in coalition {1, 3} or {1, 2, 3}, player 2 in {2} or {2, 3},
and player 3 in {2, 3} or {1, 2, 3}. Hence, there is no min-max fair coalition structure.
3.2 Grand-Coalition Fairness
Bogomolnaia and Jackson [8] proposed the grand coalition as a notion of fairness. We
recover their idea in the context of local fairness. It can be seen as a special variant of
proportionality in the setting of hedonic games.
Definition 2. The grand-coalition threshold of i ∈ N is defined as
GCi = max{{i}, N},
where we maximize with respect to i . A coalition structure satisfies grand-coalition
fairness (GC) if
π (i) i GCi
for every i ∈ N.
Grand-coalition fairness is a notion of fairness because the grand coalition can be
interpreted as an average: Every player has to face both her friends and her enemies.
Note that a proportionality threshold is typically defined as the ratio of the valuation
for the whole to the number of players. Since players “share” their coalitions, it is not
clear which number the valuation of the whole should be compared to. Comparing to the
number of coalitions in a coalition structure, however, violates our locality requirement:
thresholds that should only depend on a player’s own preference.
First, we show that grand-coalition fairness is strictly stronger than min-max fairness.

Theorem 2. Every grand-coalition fair coalition structure satisfies min-max fairness,
yet a min-max fair coalition structure does not necessarily satisfy grand-coalition fairness.
Proof. Let i ∈ N. Every coalition structure serves as an upper bound of MinMaxi . Consider the coalition structure {N}. Then max{{i}, N} i MinMaxi .
Conversely, consider the following hedonic game:
{1, 2} ≻1 {1} ≻1 {1, 2, 3} ≻1 {1, 3},
{1, 2, 3} ≻2 {2, 3} ≻2 {1, 2} ≻2 {2},
{1, 2, 3} ≻3 {2, 3} ≻3 {1, 3} ≻3 {3}.
The players’ min-max threshold coalitions are MinMax1 = {1}, MinMax2 = {2, 3},
and MinMax3 = {2, 3}. Thus {{1}, {2, 3}} satisfies min-max fairness but not grandcoalition fairness.
⊓
⊔
It follows that a coalition structure that satisfies USW, ESW, EF-R, PO, or CIS
does not necessarily satisfy grand-coalition fairness (otherwise it would satisfy minmax fairness). Later we will see that grand-coalition fairness is independent of all other
considered notions except for perfectness. For now we show that these notions do not
imply grand-coalition fairness.
Proposition 2. A strictly strong Nash-stable coalition structure does not necessarily
satisfy grand-coalition fairness.
Corollary 2. An individually rational, Nash-stable, core-stable, or strictly core-stable
coalition structure does not necessarily satisfy grand-coalition fairness.
3.3 Max-Min Fairness
We motivate the next fairness notion with the following situation: Suppose some player
is allowed to partition all players excluding herself but does not know which coalition
she will be part of in the end. Since she had the right to choose a partition, she has to
live with all possible consequences. In other words, she could end up in any of these
coalitions, even the worst. Therefore, a player would partition all remaining players so
that the worst coalition among them is as good as possible for her.
Definition 3. The max-min threshold of i ∈ N is defined as
MaxMini =

max

π ∈Π (N\{i})

max{{i}, min C ∪ {i}},
C∈π

where maximization and minimization are with respect to i . A coalition structure π
satisfies max-min fairness (MAX-MIN) if

π (i) i MaxMini
for every i ∈ N.

Note that we cannot include the acceptability constraint into the minimization because then the definition would be weaker than IR. Max-min fairness is the hedonicgames variant of max-min fair share due to Budish [12]. We show that max-min fairness
is strictly stronger than grand-coalition fairness.
Theorem 3. Every max-min fair coalition structure satisfies grand-coalition fairness,
yet a grand-coalition fair coalition structure does not necessarily satisfy max-min fairness.
Proof. Let i ∈ N. The coalition structure π consisting of the grand coalition without
i is the one where maxC∈π ∪{0}
/ C ∪ {i} and max{{i}, minC∈π C ∪ {i}} become equal.
Since every coalition structure gives a lower bound for MaxMini and an upper bound
for MinMaxi , we have
MaxMini i GCi i MinMaxi .
Conversely, consider the following hedonic game:
{1, 2} ≻1 {1, 3} ≻1 {1, 2, 3} ≻1 {1},
{1, 2, 3} ≻2 {1, 2} ≻2 {1, 3} ≻2 {2},
{2, 3} ≻3 {1, 2, 3} ≻3 {3} ≻3 {1, 3}.
Coalition structure {{1, 2, 3}} satisfies grand-coalition fairness but not max-min fairness because player 1’s max-min threshold coalition is {1, 3}.
⊓
⊔
Theorems 2 and 3 give additional motivation of grand-coalition fairness: It is strictly
between max-min and min-max fairness. It follows that a USW, ESW, EF-R, PO, or CIS
coalition structure does not necessarily satisfy max-min fairness.
Max-min fairness is independent of all other considered notions except for perfectness.
Proposition 3. A max-min fair coalition structure does not necessarily satisfy contractually individual stability or core stability.
Corollary 3. 1. A grand-coalition fair or min-max fair coalition structure does not
necessarily satisfy contractually individual stability or core stability.
2. A max-min fair, grand-coalition fair, or min-max fair coalition structure does not
necessarily satisfy Nash stability, Pareto optimality, strictly strong Nash stability,
strict core stability, utilitarian social welfare, or perfectness.
Proposition 4. A max-min fair coalition structure does not necessarily satisfy envyfreeness by replacement or egalitarian social welfare.
Corollary 4. A grand-coalition fair or min-max fair coalition structure does not necessarily satisfy envy-freeness by replacement or egalitarian social welfare.
From Proposition 2 we have the following corollary.
Corollary 5. An individually rational, Nash-stable, core-stable, strictly strong Nashstable, or strictly core-stable coalition structure does not necessarily satisfy max-min
fairness.
See Fig. 1 for a summary of the results of this section.

4 Local Fairness in ASHGs
In this section we study the existence of fair coalition structures, the complexity of
computing fairness thresholds and of deciding whether a hedonic game admits a fair
coalition structure. Since additively separable hedonic games are a well-studied (see
[5] and the references therein) class of hedonic games, we will focus on this class.
In addition, it will be easier to compare our complexity results to some results in fair
division with additive utility functions. We begin with min-max fairness.
4.1 Min-Max Fairness
We start by computing min-max fairness thresholds. Since we have valuation functions
in ASHGs, we can compare to the value of threshold coalitions. In particular, we consider the decision problem M IN -M AX -T HRESHOLD: Given a set N of players, a player
i’s valuation function v, and a rational number k, does it hold that MinMaxi ≥ k?
By considering coalition structures consisting of either the grand coalition or only of
singletons, we have the following observations that show that M IN -M AX -T HRESHOLD
is easy to solve for certain restricted valuation functions.
Observation 1. If vi (N) ≤ 0, then MinMaxi = 0.
Observation 2. If vi ( j) ≥ 0 for every j ∈ N, then MinMaxi = max j∈N v( j).
For general valuation functions, however, we have this result:
Theorem 4. M IN -M AX -T HRESHOLD is coNP-complete.
Coming now to the question of existence of fair coalition structures, we first define
the decision problem that we study. The input of the problem M IN -M AX -E XIST consists of an additively separable hedonic game. The question is whether a min-max fair
coalition structure exists. We start with a simple observation.
Observation 3. If vi ( j) ≥ 0 for every i, j ∈ N, then {N} satisfies min-max fairness, i.e.,
min-max fair coalition structures always exist.
We say an additively separable hedonic game is symmetric if vi ( j) = v j (i) for every i, j ∈ N. Since there always exist Nash-stable coalition structures in symmetric
ASHGs [8], we have
Corollary 6. Symmetric ASHGs always admit min-max fair coalition structures.
For general additively separable hedonic games, we have NP-hardness as a lower
bound and membership in Σ2p (the second level of the polynomial hierarchy) as an upper
bound. We use a modified version of the game in Example 1 as a gadget.
p

Theorem 5. M IN -M AX -E XIST is NP-hard and in Σ2 .

4.2 Grand-Coalition & Max-Min Fairness
In this section, we can consider grand-coalition and max-min fairness at the same time
because of the following result:
Theorem 6. In additively separable hedonic games, for every i ∈ N we have
MaxMini = GCi .
Define the threshold and existence problems for grand-coalition and max-min fairness analogously to M IN -M AX -T HRESHOLD and M IN -M AX -E XIST. Since computing
the value of the grand coalition is easy in additively separable hedonic games, we have
Corollary 7. M AX -M IN -T HRESHOLD and G RAND -C OALITION -T HRESHOLD are in P.
However, checking whether there exists a grand-coalition fair or max-min fair coalition structure is hard.
Theorem 7. The problems G RAND -C OALITION -E XIST and M AX -M IN -E XIST are NPcomplete.

5 Price of Fairness
Now we study the price of fairness in additively separable hedonic games. Informally,
the price of fairness captures the loss in social welfare of a worst (best) coalition structure that satisfies some fairness criterion. We denote by SWG (π ) the utilitarian social
welfare of coalition structure π in an additively separable hedonic game G = (N, v), that
is, SWG (π ) = ∑i∈N vi (π (i)). We omit G when it is clear from the context.
Definition 4. Let G = (N, v) be an additively separable hedonic game and let π ∗ denote
a coalition structure maximizing utilitarian social welfare. Define the maximum price
of min-max fairness by
Max-PoMMF(G) =

SW(π ∗ )
π ∈Π (N),π is min-max fair SW(π )
max

if there is some min-max fair π ∈ Π (N) and SW(π ) > 0 for all min-max fair π ∈
Π (N); by Max-PoMMF(G) = 1 if SW(π ∗ ) = 0 and SW(π ) = 0 for some min-max fair
π ∈ Π (N); and by setting Max-PoMMF(G) = +∞ otherwise.
Define the minimum price of min-max fairness (Min-PoMMF) analogously.
Note that we have SW(π ∗ ) ≥ 0 and SW(π ) ≥ 0, where π ∗ maximizes utilitarian
social welfare and π is min-max fair.
Because the grand coalition maximizes utilitarian welfare under nonnegative valuation functions, the minimum and maximum price of grand-coalition fairness is one.
Since this bound is not really informative, we now make some suitable assumptions
to strengthen our results. Elkind et al. [16] argue that these notions are only sensible
if the set of coalition structures that we consider is large enough. Because of that we
only consider min-max fairness, the weakest fairness notion, in order to constrain the

set of feasible coalition structures as least as possible. In addition, Elkind et al. [16]
focus on Pareto optimality because such coalition structures always exist. Similarly, we
restrict our study to symmetric additively separable hedonic games so as to guarantee
the existence of min-max fair coalition structures.
Unfortunately, the maximum price of min-max fairness is not bounded by a constant
value even for nonnegative valuation functions.
Theorem 8. Let G = (N, v) be a symmetric ASHG of n players with vi ( j) ≥ 0 for every
i, j ∈ N. Then
Max-PoMMF(G) ≤ n − 1.
In addition, this bound is tight.
Proof. If SW(π ∗ ) = 0, then Max-PoMMF(G) = 1. Otherwise, there are i, j ∈ N, i 6= j,
such that vi ( j) > 0. We can upper-bound SW(π ∗ ) by ∑i∈N vi (N). By Observation 2, we
can lower-bound the value of every player i by max j∈N vi ( j). Thus
∑i∈N vi (N)
∑i∈N max j∈N vi ( j)
∑ (n − 1) max j∈N vi ( j)
≤ i∈N
∑i∈N max j∈N vi ( j)

Max-PoMMF(G) ≤

= n − 1.
To see that this bound is tight, consider a game with n players, n even. Every player
values every other player with a > 0. Thus the min-max threshold of every player is a.
Therefore, the coalition structure that consists of n/2 pairs satisfies min-max fairness
and has minimum utilitarian social welfare of na among all min-max fair coalition
structures. The coalition structure consisting of the grand coalition that maximizes utilitarian social welfare, however, has a utilitarian social welfare of n(n − 1)a.
⊓
⊔
To obtain a meaningful bound in the above result, we need the existence of a minmax fair coalition structure, which is guaranteed in symmetric ASHGs. We need the
following result before we can turn to Min-PoMMF.
Theorem 9. Let G = (N, v) be a symmetric ASHG. Then every coalition structure π
that maximizes utilitarian social welfare satisfies min-max fairness.
Proof. Suppose, for the sake of contradiction, that there is some i ∈ N with vi (π (i)) <
MinMaxi . By a result of Brânzei and Larson [11], we know that every coalition structure
maximizing utilitarian social welfare satisfies individual rationality. On the other hand,
considering π with respect to MinMax, we have
0 ≤ vi (π (i)) < MinMaxi ≤ max vi (C j ∪ {i}).
C j ∈π

(1)

Because of the strict inequality π (i) 6= Cℓ , where Cℓ is a maximizer of maxC j ∈π vi (C j ∪
{i}), we have vi (π (i)) < vi (Cℓ ∪ {i}). Since π maximizes utilitarian social welfare, the

social welfare of π should not be lower than the coalition structure where i joins Cℓ :

∑

vk (π (i)) +

k∈π (i)

∑

∑ vk (Cℓ ) ≥
k∈Cℓ

vk (π (i) \ {i}) +

k∈π (i), k6=i

∑ vk (Cℓ ) + 2vi(Cℓ ∪ {i}).
k∈Cℓ

Using symmetry, this is equivalent to the contradiction
vi (π (i)) ≥ vi (Cℓ ∪ {i}),
⊓
⊔

which completes the proof.

Since min-max fairness is strictly stronger than individual rationality, Theorem 9
strengthens the result by Brânzei and Larson [11] that we used in the proof. Note that
the above theorem also implies that we have an alternative proof of Corollary 6 (that
every symmetric additively separable hedonic game admits a min-max fair coalition
structure) that does not depend on the guaranteed existence of Nash-stable coalition
structures but on the guaranteed existence of coalition structures maximizing utilitarian
social welfare. From Theorem 9 we immediately have the following corollary.
Corollary 8. Let G be a symmetric ASHG. Then
Min-PoMMF(G) = 1.

6 Discussion & Conclusion
We have introduced three new notions of fairness in hedonic games and studied the
connection with previously studied notions. Our notions themselves form a strict hierarchy: Every max-min fair coalition structure is grand-coalition fair (but not vice versa),
and every grand-coalition fair coalition structure is min-max fair (but not vice versa).
Although our fairness criteria are inspired from the field of fair division, our results
are very different. Bouveret and Lemaı̂tre’s scale of fairness criteria for additive utility
functions [10] says that an envy-free partition of goods satisfies min-max fair share,
which in turn implies proportionality, which in turn implies max-min fair share. So our
strongest notion of fairness is the weakest notion in fair division of indivisible goods
(according to this scale). In addition, in additively separable hedonic games, we have
seen that grand-coalition fairness and max-min fairness coincide. This is not the case
in fair division (if one equates grand-coalition fairness with proportionality). Also note
that Nash stability (or, equivalently, a definition of envy-freeness based on joining) implies min-max fairness but none of the stronger notions. In the setting of indivisible
goods, envy-freeness even implies min-max fair share. So it is one of the strongest notions there. We consider these results surprising, as the intution from fair division of
indivisible goods is no longer valid in this different context. The main reasons are the
already mentioned difference between the number of allowed subsets of a partition and
that players can “share” coalitions. This missing intuition is also a reason of why we

have checked in detail whether any known stability notions imply one of our fairness
notions.
Then we have studied the complexity of computing threshold coalitions and deciding whether an additively separable hedonic game admits a fair coalition structure.
Although nearly all of these problems are intractable, our fairness criteria still have
some meaning. They give additional motivation to notions of stability, such as Nash
stability. Moreover, in a decentralized setting the hardness of a problem can be “distributed” (of course, the intractability cannot disappear). Giving players a yardstick for
fairness that only depends on their own preferences reduces the amount of communication that is necessary to check whether a coalition structure is fair. Our complexity
results are also comparable to the results by Bouveret and Lemaı̂tre [10] and Heinen et
al. [20] with the exception that no lower bound is known for deciding whether a maxmin fair-share allocation exists, whereas in ASHGs we know that the corresponding
problem is NP-complete. Also note that with min-max fairness we have found a notion
that is strictly stronger than individual rationality, but is still satisfied by every coalition
structure maximizing utilitarian social welfare in symmetric additively separable hedonic games. At last, we have initiated the study of price of fairness in hedonic games.
Our results here are unsatisfactory in the sense that either the price is unbounded or not
very informative.
Therefore, we consider finding suitable restrictions to players’ valuation functions
such that the maximum price of min-max fairness is bounded by a nontrivial constant an
interesting research question for the future. Interesting future work would also be identifying (other) sufficient conditions that imply the existence of a fair coalition structure,
determining the complexity of searching for a min-max fair coalition structure in symmetric additively separable hedonic games, and showing Σ2p -hardness of M IN -M AX E XIST.
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Abstract. Inspired by the study of control scenarios in elections and complementing manipulation and bribery settings in cooperative games with transferable
utility, we introduce the notion of structural control in weighted voting games. We
model two types of influence, adding players to and deleting players from a game,
with goals such as increasing a given player’s Shapley–Shubik or probabilistic
Penrose–Banzhaf index in relation to the original game. We study the computational complexity of the problems of whether such structural changes can achieve
the desired effect.

1 Introduction
A major task in computational social choice [42, 12, 13] is the complexity analysis of
the question of whether a certain form of influence is possible in an election under some
voting rule (see, e.g., [42, 13]). Bartholdi et al. [5] introduced and analyzed the notion
of manipulation in elections, where one or more voters strategically change their true
preference in order to make a distinguished candidate a winner. In a bribery scenario,
on the other hand, an external agent tries to pay voters for them to change their votes
such that a certain candidate becomes a winner, and the question is whether the briber
can be successful within a given budget. This idea has been introduced and analyzed by
Faliszewski et al. [24, 25]. In a third model, control, the chair of an election changes the
structure of an election by adding, deleting, or partioning either voters or candidates,
with the aim of making a distinguished candidate a winner [6]. In addition to these
constructive types of control, destructive control—the problem of whether a given candidate can be prevented from being a winner—has also been introduced and studied
by Hemaspaandra et al. [32]. Manipulation, bribery, and control have been studied for
many voting systems, and we refer the reader to the book chapters by Baumeister and
Rothe [10], Conitzer and Walsh [15], and Faliszewski and Rothe [27] for an overview
of numerous related results. In a nutshell, whenever successful manipulative actions
are generally possible, a high computational complexity may provide some protection
against them, or at least against detecting whether such actions are possible or not for
an election.
Similar ideas have been adapted to other fields, such as manipulation in preference
aggregation [21] and manipulation, bribery, and control in judgement aggregation [23,
8, 7] (see the book chapters by Endriss [22] and Baumeister et al. [9] for an overview).
In algorithmic game theory, the question of influencing the outcome of a game has
also been studied extensively. In particular, for weighted voting games, manipulation

by merging a coalition of players to a single player, or by splitting a player into several players in order to increase a player’s power, have been introduced by Elkind et
al. [2]. Here, “power” refers to the notion of power indices, such as the normalized
and the probabilistic Penrose–Banzhaf [37, 4, 17] and the Shapley–Shubik index [43],
measuring the significance of a player in a game (formal definitions will be given in
Section 2).
The computational complexity of beneficial merging, splitting, and annexation1
have been studied by Aziz et al. [1] who show, e.g., NP-hardness for the Shapley–
Shubik and the normalized Penrose–Banzhaf power index. An upper bound of PP for
the merging problem for the Shapley–Shubik index is provided by Faliszewski and
Hemaspaandra [26]. Rey and Rothe [40] prove PP-hardness for both beneficial merging and splitting in case of the Shapley-Shubik and the probabilistic Penrose–Banzhaf
index.
Weighted voting games are a well-known class of simple cooperative games that
are compactly representable by expressing a distribution of the players’ weights, which
then is additively extended to coalitions winning exactly if a given quota is reached
or exceeded. Besides merging, splitting, and annexation, other forms of manipulation
have been studied in weighted voting games. For example, Zuckerman et al. [48] study
manipulation of the quota. From an algorithmic point of view, this is different from
our model: In their model, the number of players and thus the denominator in a power
index (see Equations (1) and (2) in Section 2) remains the same but the same coalitions
can have different success due to different quotas, whereas with structural control the
number of players varies but all coalitions that remain in the game are equally successful
before and after the change. Relatedly, Zick et al. [46, 47] study algorithmic properties
of the quota. In dynamic weighted voting games, as presented by Elkind et al. [18], the
quota is changed as well, but dynamically over time.
The notion of bribery has been adapted from voting theory to a model in cooperative
game theory, bribery in so-called path-disruption games [3], where an external player
tries to bribe a coalition of players in order to reach a target vertex from a source vertex
in a graph [41]. Another perspective of persuation for weighted voting games has been
studied by Freixas and Pons [30].
Inspired by the notion of control in elections, we consider control scenarios in
weighted voting games. We define the problems of whether it is possible to change
the structure of a game by either adding or deleting players in order to achieve certain
goals. One could, for instance, think of a committee that needs a certain quota of votes
so as to decide upon an issue. In order to increase the significance of some participant, an organizer might invite further participants or might choose a certain meeting
schedule to make sure that originally existing participants are excluded. These structural changes could also be viewed as a change of the players’ participation over time
without malicious intentions.
Goals include increasing and decreasing the power of a distinguished player, in relation to the player’s power in the original game. Increasing and decreasing power in a
game by adding or deleting players can be seen as analogues of, respectively, construc1 While merging is an action of a manipulative coalition, annexation describes one manipulative player who takes over other players. This goes back to the bloc paradox [28].

tive and destructive control in elections by adding or deleting either candidates or voters.
Moreover, if an exact number of players is to be added, it might be desirable to maintain
an original player’s power index (or to keep it upper-bounded or lower-bounded by the
original value—we will say the index is nonincreasing or nondecreasing).
We show that all defined control types are possible in weighted voting games, and
we therefore analyze the computational complexity of whether control by structural
changes can be exerted successfully in a given game. The complexity depends on the
control type, the goal, and on whether the number of players that can be added or deleted
is fixed or given in the problem instance.
Table 1. Overview of complexity results of structural control problems in weighted voting games
with respect to the Shapley–Shubik and the probabilistic Penrose–Banzhaf index. Key: k is the
number of players to be added or deleted, respectively; PI stands for power index (either SS or
PB); SS (respectively, PB) indicates that these results are only known to hold for the Shapley–
Shubik index (respectively, for the probabilistic Penrose–Banzhaf index); the other results each
hold for both indices.
Control type
Goal

Adding players
k fixed

Deleting players
k given

k=1

Increase PI
Nondecrease PI

PP-complete (Thm. 3) PP-hard (Thm. 2)
PP-complete (Thm. 3) PP-hard (Thm. 2)

NP-hard (SS) (Thm. 4)

Decrease PI

PP-complete (Thm. 3) PP-hard (Thm. 2)

Nonincrease PI

PP-complete (Thm. 3) PP-hard (Thm. 2)

coNP-hard (PB)
(Thm. 5)
coNP-hard (PB)
(Thm. 7)

Maintain PI

coNP-hard,
in PP (Thm. 6)

PP-hard (Thm. 2)

coNP-hard (Thm. 7)

The paper is organized as follows. In Section 2, we introduce the needed notions
and notation. Section 3 deals with the main model of control in weighted voting games.
The goals of increasing or decreasing an index are studied in Section 4 and those of
maintaining (relatedly, of nonincreasing or nondecreasing) an index are studied in Section 5. In Section 6, we conclude and point out some open questions. Most proofs are
omitted due to space constraints.

2 Preliminaries
A cooperative game with transferable utility G = (N, v) consists of a set of players N
and a coalitional function v : 2N → R assigning a value to each subset of players, called a
coalition. G is called simple if v it is monotonic (i.e., v(C) ≤ v(D) whenever C ⊆ D ⊆ N)
and if a coalition C is either winning (v(C) = 1) or losing (v(C) = 0).

Power indices are a common concept to measure a player’s significance in a simple
game. Two popular indices are the Penrose–Banzhaf index [37, 4] and the Shapley–
Shubik index [43].
Letting PenroseBanzhaf∗ (G , i) = ∑C⊆Nr{i} (v(C ∪{i})−v(C)) denote player i’s raw
index, we consider the probabilistic Penrose–Banzhaf power index proposed by Dubey
and Shapley [17]:
PenroseBanzhaf(G , i) =

PenroseBanzhaf∗ (G , i)
.
2n−1

(1)

We say that i is pivotal for a coalition C if the marginal contribution v(C ∪ {i}) − v(C)
of player i to coalition C in the definition above is 1, i.e., if C is losing but, after i has
joined, C ∪ {i} is winning. On the other hand, v(C ∪ {i}) − v(C) = 0 means that i is not
pivotal for C.
The raw Shapley–Shubik power index is ShapleyShubik∗ (G , i) = ∑C⊆Nr{i} kCk!(n−
1 − kCk)(v(C ∪ {i}) − v(C)), which is then normalized by
ShapleyShubik(G , i) =

ShapleyShubik∗ (G , i)
n!

(2)

to obtain the Shapley–Shubik power index.
Some simple games G = (N, v) can be compactly represented as weighted voting
games (w1 , . . . , wn ; q), where wi , 1 ≤ i ≤ n, is player i’s weight and q is a quota, and
a coalition C ⊆ N wins if ∑i∈C wi ≥ q and otherwise it loses. Note that this representation is not fully expressive, i.e., there are simple games that cannot be represented by
weighted voting games. For further background on cooperative game theory, see, e.g.,
the textbooks by Shoam and Leyton-Brown [44] and Peleg and Sudhölter [36] and, for
computational aspects, the book by Chalkiadakis et al. [14] and the book chapters by
Elkind et al. [19, 20].
For some background on computational complexity, see, e.g. the textbook by Papadimitriou [35]. We use the standard notions of hardness and completeness for a complexity class with respect to many-one polynomial-time reducibility. NP is the class of
decision problems that can be solved in nondeterministic polynomial time, and coNP is
the class of problems whose complements are in NP.
PARTITION is the following well-known NP-complete problem:
PARTITION
Given:

A set A = {1, . . . , n} and a function a : A → N r {0}, i 7→ ai , such that ∑ni=1 ai is even.

Question: Does there exist a partition into two subsets of equal weight, that is, does there exist
a subset A′ ⊆ A such that ∑i∈A′ ai = ∑i∈ArA′ ai ?

S UBSET S UM is also a well-known NP-complete problem:
S UBSET S UM
Given:

A set A = {1, . . . , n}, a function a : A → N r {0}, i 7→ ai , and a positive integer q.

Question: Is there a subset A′ ⊆ A such that ∑i∈A′ ai = q?

Let (a1 , . . . , an ; q) and (a1 , . . . , an ) denote S UBSET S UM and PARTITION instances,
respectively. A third well-known NP-complete problem that we will need is
E XACT C OVER B Y 3-S ETS (X3C)
Given:

A set B = {1, . . . , 3k}, k > 0, and a collection S = {S1 , . . . , Sn } of subsets Si ⊆ B
with kSi k = 3 for 1 ≤ i ≤ n.

Question: Is there an exact cover of B in S , that is, is there a subcollection S ′ ⊆ S such that
S
/ for each Si , S j ∈ S ′ , i 6= j?
S∈S ′ S = B and Si ∩ S j = 0,

We furthermore consider the function class #P, the class of functions that give the
number of solutions of NP problems. A function is #P-many-one-hard if there exists a
polynomial-time reduction from each function in #P; it is #P-parsimonious-hard if this
reduction preserves the number of solutions. If a #P function is #P-many-one-hard (#Pparsimonious-hard) it is said to be #P-many-one-complete (#P-parsimonious-complete).
For instance, #S UBSET S UM and #X3C are known to be #P-parsimonious-complete
functions. #P is closed under addition, i.e., if f , g ∈ #P then f + g ∈ #P.
From the literature [38, 16, 26] we obtain the following lemma.
Lemma 1 ([38, 16, 26]). Computing the raw Penrose–Banzhaf index is #P-parsimoniouscomplete. Computing the raw Shapley–Shubik index is #P-many-one-complete.
The complexity class PP (probabilistic polynomial time) was introduced by Gill [31]
via probabilistic Turing machines; equivalently, it can be defined as the class of all
decision problems X for which there exist a function f ∈ #P and a polynomial p such
that for all instances x: x ∈ X if and only if f (x) ≥ 2 p(|x|)−1. PP is considered to be
a rather large complexity class, since it contains both NP and coNP (and even PNP
k as
shown by Beigel et al. [11]) and since it is known to be at least as hard (in terms of
polynomial-time Turing reductions) as the polynomial hierarchy (i.e., PH ⊆ PPP ) by
Toda’s theorem [45]. Further, PP is closed under complement (which is easy to see)
and, far from being trivial, it is also closed under union and intersection [29]. We make
use of the following lemma by Faliszewski and Hemaspaandra [26, Lemma 2.3] in the
context of comparing a player’s power in weighted voting games with respect to the
probabilistic Penrose–Banzhaf and the Shapley–Shubik index.
Lemma 2 ([26]). Let F be a #P-parsimonious-complete function. Then, the problem
C OMPARE -F = {(x, y) | F(x) > F(y)} is PP-complete.
Since #X3C and #S UBSET S UM are #P-parsimonious-complete, C OMPARE-#S UB and C OMPARE-#X3C are PP-complete.
Moreover, we will use the following lemma that is due to Faliszewski and Hemaspaandra [26] and has been slightly adapted by Rey and Rothe [40].
SET S UM

Lemma 3. Every X3C instance (B′ , S ′ ) can be transformed into an X3C instance
(B, S ) where kBk = 3k and kS k = n, such that k/n = 2/3 without changing the number
of solutions (i.e., #X3C(B, S ) = #X3C(B′ , S ′ )).
Consequently, we can assume that the size of each solution in a S UBSET S UM instance is 2n/3, that is, each subsequence summing up to the given quota contains the
same number of elements.

We consider a restricted variant of the C OMPARE-#S UBSET S UM problem, namely
C OMPARE-#S UBSET S UM-RR as defined in [40]: Given a set A = {1, . . . , n} and a function a : A → N r {0}, i 7→ ai , is the number of subsets of A with values summing up
to (α/2) − 2, where α = ∑ni=1 ai , greater than the number of subsets of A with values
summing up to (α/2) − 1, i.e., is it true that
#S UBSET S UM((a1 , . . . , an ; (α/2) − 2)) > #S UBSET S UM((a1 , . . . , an ; (α/2) − 1))?
(3)
Let (a1 , . . . , an ) denote an instance of C OMPARE-#S UBSET S UM-RR. From [40, Lemma
4.5] we obtain the following lemma.
Lemma 4 ([40]). C OMPARE-#S UBSET S UM-RR is PP-hard.
Likewise, the analogous problem of whether < holds in (3), denoted by C OMPARE#S UBSET S UM- R R, is PP-hard [40].
The following lemma differentiates between players that are not part of a weighted
voting game and those who are part of the game but do not have any weight.
Lemma 5. For both the probabilistic Penrose–Banzhaf index and the Shapley–Shubik
index, given a weighted voting game, adding a player with weight zero does not change
the original players’ power indices, and the new player’s power index is zero.

3 Control Types and Goals
We define control by adding and by deleting players in weighted voting games. For
each control type, we consider goals, such as increasing or decreasing a distinguished
player’s power, in relation to the original game. We first define how adding and deleting a player affects the coalitional function for weighted voting games: For control
by adding players, from a given weighted voting game G = (w1 , . . . , wn ; q) with N =
{1, . . . , n} and a set M = {n + 1, . . . , n + m} of m unregistered players with weights
wn+1 , . . . , wn+m , we obtain a new game G∪M = (w1 , . . . , wn+m ; q).
For example, we consider the following decision problem for a power index PI:
C ONTROL BY A DDING P LAYERS TO I NCREASE PI
Given:

A weighted voting game G with players N = {1, . . . , n}, a set M of unregistered
players with weights wn+1 , . . . , wn+m , a distinguished player p ∈ N, and a positive
integer k.

Question: Can at most k players M ′ ⊆ M be added to G such that for the new game G∪M ′ it
holds that PI(G∪M ′ , p) > PI(G , p)?

Analogously, we can ask whether the game can be controlled so as to gain the opposite effect, and decrease a certain player’s index. In these cases, hardness in terms of
complexity can be seen as a shield to prevent a game from being controlled to improve
a player’s significance or to worsen a player’s significance. On the other hand, we also
consider the following control question: Is it possible to add players to a game without
changing the distribution of power among the original players?

We can ask analogous questions with the same aims for removing players from
the game. Deleting a subset M ⊆ N of m players from a weighted voting game G =
(w1 , . . . , wn ; q) yields a weighted voting game GrM = (w j1 , . . . , w jn−m ; q) with { j1 , . . . ,
jn−m } = N r M.2
For instance, we define the following decision problem for a power index PI:
C ONTROL BY D ELETING P LAYERS TO I NCREASE PI
Given:

A weighted voting game G with players N = {1, . . . , n}, a distinguished player p ∈ N,
and a positive integer k < kNk.

Question: Can at most k players M ′ ⊆ N r {p} be deleted from G such that in the new game
GrM ′ it holds that PI(GrM ′ , p) > PI(G , p)?

Again, we can analogously define the variations of this problem where the goal is
not to increase some player’s power index but to decrease or to maintain it.
Example 1. Let G = (N, v) be a weighted voting game with six players in N = {1, 2, 3, 4,
5, 6} represented by
(1, 2, 2, 3, 4, 5; 10).
Let k = 1, that is, one player can be removed from the game. Consider the Penrose–
Banzhaf index. Table 2 lists the players’ probabilistic Penrose–Banzhaf and Shapley–
Shubik power indices for the resulting games.
Player 1, 4, 5 and 6 with indices of 1/8, 5/16, 3/8, and 9/16, respectively, cannot improve from any other player being deleted. However, e.g., player 1’s index can be decreased to 1/16 when removing player 5 and is maintained in the other cases. Players 2
and 3 can benefit from the other one being removed, as the index increases from 3/16 to
1/4.
For the Shapley–Shubik index, due to normalization over the permutations of participating players, an increase of power is expected when deleting a player. As an example,
player 5 has an index of 13/60 in G which increases to 1/4 if either one of the players
2, 3, or 4 is deleted, and even to 7/20 if 6 is deleted. However, players can also have
a disadvantage, if a player leaves the game. For instance, player 1 loses power if 5 is
deleted, 2 and 3 lose power if 4 is deleted, 4 loses power if 2 or 3 are deleted, and 5
loses power if 1 is deleted. This suggests a symmetric dependence of the players. In the
same way, the power of players 2 and 3 remains the same if 6 is removed, and the other
way around.
From the opposite view, consider the weighted voting game represented by (2, 3, 4, 5;
10), two unregistered players with weights 1 and 2, and k = 2 (see the bottom rows for
the two indices). Note that adding them both ends up in G . Here, the four players have
probabilistic Penrose–Banzhaf indices of 1/4, 1/4, 1/4, and 1/2. The first player (with
weight 2) can only be worse off when adding any of the two players. The player with
weight 3 as well as the player with weight 5 can benefit from adding both players or
only the one with weight 2. The former keeps the same index, while the latter loses
power if the player with weight 1 is added. Finally, the player with weight 4 improves
2 One might also think of different ways to reasonably model the new game, and we will
eloborate on that in Section 6. Here, we focus on the notion just presented.

Table 2. Power distribution in the games of Example 1
Player i

1

2

3

6

6 10

12 18

6

6 10
8
8
8
4
6 10
4
8

10
12
12
12

PenroseBanzhaf(G , i)

· 32

4

PenroseBanzhaf(Gr{1} , i)
PenroseBanzhaf(Gr{2} , i)
PenroseBanzhaf(Gr{3} , i)
PenroseBanzhaf(Gr{4} , i)
PenroseBanzhaf(Gr{5} , i)
PenroseBanzhaf(Gr{6} , i)

· 32
· 32
· 32
· 32
· 32
· 32

4
4
4
2
4

8
4
6
4

PenroseBanzhaf(Gr{1,2} , i) · 32

8

ShapleyShubik(G , i)

· 60

4

ShapleyShubik(Gr{1} , i)
ShapleyShubik(Gr{2} , i)
ShapleyShubik(Gr{3} , i)
ShapleyShubik(Gr{4} , i)
ShapleyShubik(Gr{5} , i)
ShapleyShubik(Gr{6} , i)

· 60
· 60
· 60
· 60
· 60
· 60

5
5
5
3
6

ShapleyShubik(Gr{1,2} , i) · 60

4

5

6

18
16
16
16
14

8

8

8 16

6

6 11

13 20

7

7 12
10 10
10
5
8 13
6 21

21

10 10

10 30

10
5
8
6

12
15
15
15

22
20
20
30
28

in every situation when adding one or two players. The first and the fourth player (with
weight 2 and 5, respectively) cannot benefit from adding players with respect to the
Shapley–Shubik index. The other two can take advantage in the same cases as for the
probabilistic Penrose–Banzhaf index.
In particular, the example shows that these types of control are each possible. We
therefore turn to the question of how hard it is to find out whether they can be exerted
successfully in a given game.
Next to goals in relation to the old game, we can also compare an index either in
relation to the other players’ power, or in relation to a constant number. See Section 6
for initial results for this idea.
If a player i is deleted from a weighted voting game, any other player j gains the
same amount of power that i would gain if j were deleted [33].
The changes of power indices are bounded as follows.
Proposition 1. For both the Penrose–Banzhaf index and the Shapley–Shubik index, a
player’s power can increase by at most 1/2 and decrease by at least −1/2 when deleting
another player.
Theorem 1. After deleting the players of a subset M ⊆ N r {i} of size m ≥ 1 from a
weighted voting game G = (N, v), the difference of player i’s
1. Penrose–Banzhaf index is at most 1 − 2−m and is at least −1 + 2−m;
2. Shapley–Shubik index is at most 1− (n−m+1)!/2n! and is at least −1+ (n−m−1)!/2(n−2)!.

4 Increasing or Decreasing an Index
Similarly to control by adding or deleting voters or candidates in elections, adding and
deleting players are not merely inverse operations. This is due to the fact that when
adding players all original players are guaranteed to be part of the game before and
after the structural change, whereas when deleting players each player except the distinguished one can be removed from the game. Hardness in terms of complexity can
be seen as a shield to prevent a game from being controlled to improve or worsen a
player’s significance.
4.1 Control by Adding Players
From a computational complexity point of view, we distinguish the cases where an
upper bound of new players is given as defined above and where the number of new
players is fixed.
Theorem 2. Control by adding a given number of players in order to increase (decrease) a distinguished player’s probabilistic Penrose–Banzhaf or Shapley–Shubik index in a weighted voting game is PP-hard.
Remark 1. An upper bound of NPPP can be established whenever the number of players
to be added is given. We can guess the subset of new players to be added nondeterministically. Verifying whether the different goals are satisfied is encoded in the PP-oracle.
We conjecture that this problem is complete for this class.
Theorem 3. Control by adding a fixed number of players in order to increase (decrease) a distinguished player’s probabilistic Penrose–Banzhaf or Shapley–Shubik index in a weighted voting game is PP-complete.
4.2 Control by Deleting Players
Recall that although deleting a previously added player results in the same game, the
possibility to fulfill a certain goal by adding a player is not the complement of the
possiblity to fulfill the complement goal by deleting a player. Initially, we obtain the
following two results.
Theorem 4. Control by deleting players to increase a distinguished player’s Shapley–
Shubik index in a weighted voting game is NP-hard (even if only one player is deleted).
Theorem 5. Control by deleting players to decrease a distinguished player’s Penrose–
Banzhaf index in a weighted voting game is coNP-hard (even if only one player can be
deleted).
Proof We show coNP-hardness by means of a reduction from the complement of
PARTITION, denoted by PARTITION . Letting (a1 , . . . , an ) be a PARTITION instance with
α = ∑ni=1 ai , we construct the following control instance: Let G be represented by
(1, a1 , . . . , an , α/2; α/2 + 1) and consider distinguished player p = 1 and deletion limit

k = 1. For ξ = #PARTITION((a1 , . . . , an )), we show that ξ = 0 if and only if there exists
a player whose removal from the game causes player 1’s Penrose–Banzhaf power to
decrease.
Only if: Assume that ξ = 0. Then PenroseBanzhaf∗ (G , 1) = 1. However, if player n + 2 with weight α/2 is removed, there is no coalition left player 1 is pivotal for.
Therefore, control in order to decrease player 1’s Penrose–Banzhaf index is possible.
If: Assume that ξ ≥ 0. Then PenroseBanzhaf∗ (G , 1) = ξ + 1. If player n + 2 is
deleted, PenroseBanzhaf∗ (Gr{n+2}, 1) = ξ and
PenroseBanzhaf(Gr{n+2}, 1) − PenroseBanzhaf(G , 1)
=

ξ
ξ + 1 2ξ − ξ − 1 ξ − 1
−
=
= n+1 ≥ 0.
2n 2n+1
2n+1
2

Note that this difference is even greater than 0, since ξ is even. If a player j, 2 ≤ j ≤
n + 1, is deleted, PenroseBanzhaf∗ (Gr{ j} , 1) = 1 + ξ/2 and
PenroseBanzhaf(Gr{n+2}, 1) − PenroseBanzhaf(G , 1)
=

1 + ξ2 ξ + 1 2 + ξ − ξ − 1
1
− n+1 =
= n+1 > 0.
2n
2
2n+1
2

Consequently, a decrease of player 1’s Penrose–Banzhaf index is not possible by deleting any other player than 1.
❑

5 Maintaining an Index
In addition to constructive or destructive goals, we now consider situations in which an
exact number of players is to be added and the goal is to either maintain a distinguished
player’s power index in this new game, or at least to ensure that this player’s power
does not increase or decrease, compared with this player’s power in the old game. For
a real-world example, note that weighted voting games can be used to model decision
processes in legislative bodies such as the EU Commission, national parliaments, or
the United Nations Security Council. However, it may happen that such bodies have
to be expanded by adding a certain number of new members. In such a case, an old
member may be interested in maintaining the same power as before the new members
have joined the game. For instance, control by adding players with the goal to maintain
a given player’s power index PI is defined as follows. The other goals of nonincreasing
or nondecreasing a given player’s power by adding or deleting players can be defined
analogously.
C ONTROL BY A DDING P LAYERS TO M AINTAIN PI
Given:

A weighted voting game G with players N = {1, . . . , n}, a set M of unregistered
players with weights wn+1 , . . . , wn+m , a distinguished player p ∈ N, and a positive
integer k.

Question: Can exactly k players M ′ ⊆ M be added to G such that for the new game G∪M ′ it
holds that PI(G∪M ′ , p) = PI(G , p)?

Note that in the context of maintaining an index, we require that an exact (either fixed
or given) number of players is to be added to or to be deleted from the game. Otherwise
(i.e., if adding at most some given number of players—and thus, for instance, no player
at all—were allowed), the problem of whether it is possible to maintain an index would
be trivial.
At first glance, it might not make much sense to distinguish all five goals of control.
However, they each are differently motivated and they all are also different in their
algorithmic nature: While for all five goals in relation to the original game, for a fixed
number of players to be added, these problems are contained in PP (see Theorem 3),
a complexity lower bound for, say, the case of deleting players to nondecrease a given
player’s Shapley–Shubik index cannot immediately be obtained from NP-hardness for
the same case of deleting players so as to increase a given player’s Shapley–Shubik
index (see Theorem 4).
5.1 Control by Adding Players
Analogously to Theorem 2, since PP is closed under complement and by an alternative
reduction from the complement of C OMPARE-#S UBSET S UM- R R, control by adding
a given number of players in order to maintain a distinguished player’s probabilistic
Penrose–Banzhaf or Shapley–Shubik index in a weighted voting game is PP-hard. Similarly, whenever the number of players to be added is given in unary, these problems are
in NPPP .
Analogously to Theorem 3, control by adding a fixed number of players in order
to nonincrease or nondecrease a distinguished player’s probabilistic Penrose–Banzhaf
index or Shapley–Shubik index in a weighted voting game is PP-complete.
Theorem 6. Control by adding a fixed number of players to maintain a distinguished
player’s probabilistic Penrose–Banzhaf or Shapley–Shubik index in a weighted voting
game is coNP-hard and in PP.
5.2 Control by Deleting Players
Note again that deleting players in order to increase a power index is not the inverse of
adding players in order to nonincrease the same index.
Theorem 7. Control by deleting a player in order to maintain a distinguished player’s
probabilistic Penrose–Banzhaf index in a weighted voting game is coNP-hard (even if
only one player can be deleted).
In particular, if ξ ≥ 1 in the above proof, then deleting any player cannot lead to a
nonincrease. Therefore, it also holds that ξ ≥ 1 if and only if deleting any player but 1
does not nonincrease the probabilistic Penrose–Banzhaf index of player 1. Therefore,
we get coNP-hardness for the problem where the goal is to nonincrease the probabilistic
Penrose–Banzhaf by essentially the same proof.
Observe that from these constructions we cannot draw further conclusion about the
complexity of structural control by deleting players for neither the Shapley–Shubik nor
the probabilistic Penrose–Banzhaf index.

6 Conclusions and Future Work
For weighted voting games, we have studied two types of control, combined with the
following variants of goals: Strictly increasing or strictly decreasing a player’s power
index by adding or deleting at most a given number of players as well as maintaining,
nondecreasing, and nonincreasing a player’s power index by adding or deleting an exact
number of players. As a measure of a player’s power we have analyzed the well-known
Shapley–Shubik power index and the probabilistic Penrose–Banzhaf power index.
If the number of players to be added is given, the problems of adding players in
order to obtain a change in a player’s index (or at least allow a change in one direction)
is PP-hard. And if the number of players to be added is fixed, a corresponding PP upper
bound is valid, so we have PP-completeness. In the case of deleting players, we have
established NP- and coNP-hardness lower bounds, even for the case of deleting exactly
one player. The complexity results are summed up in Table 1.
The complexity of some control problems is left open; For instance, interesting
gaps remain, e.g., between NP-hardness and PP membership as well as PP-hardness and
NPPP membership, and we do not know the complexity of control by deleting players in
order to nondecrease a player’s index. Also, considering other measures of voter power
may provide further insights into the problem of structurally controlling a game.
So far we have only obtained results for goals in relation to the original game.
Alternatively, one might think of a situation where the goal is to increase a player’s
significance in comparison to the other players, which can also be achieved if players
are added or deleted; the distinguished player’s power index remains the same, but all
remaining players’ indices are distributed so that they are below this value.
Besides this, we can also model a scenario where a player is required to exceed a
certain constant power index, and we ask whether it is possible to control a game by
adding or deleting players in order to reach this index. So far, we can tell that if the
number of players to be added or deleted is k = 0, our value is 1/2, and the considered
power index is the Penrose–Banzhaf index, the problem is PP-complete. This might
change if k ≥ 0 is required. We might also study the variant of obtaining an exact value.
There seems to be a close connection to the notion of synergies in cooperative games
(see, e.g., [39]), and it will be interesting to have a closer look at related results here.
In addition to weighted voting games, other classes of cooperative games with transferable utility might of course be affected by control scenarios as well. In each case,
adding and deleting players has to be well-defined. As an example, consider general
(weighted) majority games. Let G = (w1 , w2 , . . . , wn ; α (n)) be a majority game, that is,
v(C) = 1 if ∑i∈C wi ≥ ⌊α (n)⌋ + 1, and v(C) = 0 otherwise, for each C ⊆ N. Now, if a
player is deleted, the number of players n is decremented, which changes the threshold α (n). The new coalitional function is computed as above. Adding a player requires a
set of unregistered players given by their weights, and n is increased. As we have seen,
for (weighted) threshold games, the new coalitional function is determined similarly,
with the only difference that the threshold does not change. One could alternatively
think of weights as a percentage, and change the weights of the remaining players proportionally. Thus the new game G∪M is defined differently, by normalizing the sum of
weights to the original value. Similarly to majority games, players here do not make an
absolute but a relative contribution to the game.

Adding and deleting players can be viewed in some sense as a change over time,
which has previously been analyzed only for changing the quota over time [18]. Similarly, studying a change of players dynamically over time is an interesting task for
future work.
Other games that will be interesting to study in this context include games in which
the Shapley–Shubik index is easy to compute, such as weighted graph games [16]. In
such games, two indices in two games can be compared in polynomial time and, therefore, if the coalition that is added to or removed from a game is known, the possibility of
control is easy to detect, rendering the problems trivial. If, on the other hand, there are
several possible coalitions to be added, this problem might become interesting again.
Eventually, if players correspond to an edge in a game, deleting an edge may be interesting in the context of Braess’s paradox for noncooperative congestion games (see,
e.g., [34, pp. 464–465]) where, informally, an extra fast lane might lead to congestion,
whereas without this lane traffic may split up to equally slower paths. Can we find a
connection to control by deleting a player in a cooperative game with transferable utility?
Acknowledgment: A two-page extended abstract of this paper is to appear in the proceedings of AAMAS-2016, and we thank the AAMAS and CoopMAS reviewers for
useful comments. This work was supported in part by DFG grant RO-1202/14-2.
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9. D. Baumeister, G. Erdélyi, and J. Rothe. Judgment aggregation. In J. Rothe, editor, Economics and Computation. An Introduction to Algorithmic Game Theory, Computational Social Choice, and Fair Division, chapter 6, pages 361–391. Springer-Verlag, 2015.
10. D. Baumeister and J. Rothe. Preference aggregation by voting. In J. Rothe, editor, Economics and Computation. An Introduction to Algorithmic Game Theory, Computational Social Choice, and Fair Division, chapter 4, pages 197–325. Springer-Verlag, 2015.

11. R. Beigel, L. Hemachandra, and G. Wechsung. On the power of probabilistic polynomial
time: PNP[log] ⊆ PP. In Proc. Structures’89, pages 225–227. IEEE Computer Society Press,
1989.
12. F. Brandt, V. Conitzer, and U. Endriss. Computational social choice. In G. Weiß, editor,
Multiagent Systems, pages 213–283. MIT Press, second edition, 2013.
13. F. Brandt, V. Conitzer, U. Endriss, J. Lang, and A. Procaccia, editors. Handbook of Computational Social Choice. Cambridge University Press, 2016. To appear.
14. G. Chalkiadakis, E. Elkind, and M. Wooldridge. Computational Aspects of Cooperative
Game Theory. Morgan & Claypool, 2011.
15. V. Conitzer and T. Walsh. Barriers to manipulation in voting. In F. Brandt, V. Conitzer,
U. Endriss, J. Lang, and A. Procaccia, editors, Handbook of Computational Social Choice,
chapter 6. Cambridge University Press, 2016. To appear.
16. X. Deng and C. Papadimitriou. On the complexity of comparative solution concepts. Mathematics of Operations Research, 19(2):257–266, 1994.
17. P. Dubey and L. Shapley. Mathematical properties of the Banzhaf power index. Mathematics
of Operations Research, 4(2):99–131, 1979.
18. E. Elkind, D. Pasechnik, and Y. Zick. Dynamic weighted voting games. In Proc. AAMAS’13,
pages 515–522. IFAAMAS, 2013.
19. E. Elkind, T. Rahwan, and N. Jennings. Computational coalition formation. In G. Weiß,
editor, Multiagent Systems, pages 329–380. MIT Press, second edition, 2013.
20. E. Elkind and J. Rothe. Cooperative game theory. In J. Rothe, editor, Economics and Computation. An Introduction to Algorithmic Game Theory, Computational Social Choice, and
Fair Division, chapter 3, pages 135–193. Springer-Verlag, 2015.
21. U. Endriss. Sincerity and manipulation under approval voting. Theory and Decision,
74(3):335–355, 2013.
22. U. Endriss. Judgment aggregation. In F. Brandt, V. Conitzer, U. Endriss, J. Lang, and
A. Procaccia, editors, Handbook of Computational Social Choice, chapter 17. Cambridge
University Press, 2016. To appear.
23. U. Endriss, U. Grandi, and D. Porello. Complexity of judgment aggregation. Journal of
Artificial Intelligence Research, 45:481–514, 2012.
24. P. Faliszewski, E. Hemaspaandra, and L. Hemaspaandra. How hard is bribery in elections?
Journal of Artificial Intelligence Research, 35:485–532, 2009.
25. P. Faliszewski, E. Hemaspaandra, L. Hemaspaandra, and J. Rothe. Llull and Copeland voting
computationally resist bribery and constructive control. Journal of Artificial Intelligence
Research, 35:275–341, 2009.
26. P. Faliszewski and L. Hemaspaandra. The complexity of power-index comparison. Theoretical Computer Science, 410(1):101–107, 2009.
27. P. Faliszewski and J. Rothe. Control and bribery in voting. In F. Brandt, V. Conitzer, U. Endriss, J. Lang, and A. Procaccia, editors, Handbook of Computational Social Choice, chapter 7. Cambridge University Press, 2016. To appear.
28. D. Felsenthal and M. Machover. Postulates and paradoxes of relative voting power – A
critical re-appraisal. Theory and Decision, 38(2):195–229, 1995.
29. L. Fortnow and N. Reingold. PP is closed under truth-table reductions. Information and
Computation, 124(1):1–6, 1996.
30. J. Freixas and M. Pons. Circumstantial power: Optimal persuadable voters. European Journal of Operational Research, 186:1114–1126, 2008.
31. J. Gill. Computational complexity of probabilistic Turing machines. SIAM Journal on Computing, 6(4):675–695, 1977.
32. E. Hemaspaandra, L. Hemaspaandra, and J. Rothe. Anyone but him: The complexity of
precluding an alternative. Artificial Intelligence, 171(5-6):255–285, 2007.

33. R. Myerson. Conference structures and fair allocation rules. International Journal of Game
Theory, 9(3):169–182, 1980.
34. N. Nisan, T. Roughgarden, E. Tardos, and V. Vazirani. Algorithmic Game Theory. Cambridge
University Press, 2007.
35. C. Papadimitriou. Computational Complexity. Addison-Wesley, second edition, 1995.
36. B. Peleg and P. Sudhölter. Introduction to the Theory of Cooperative Games. SpringerVerlag, second edition, 2007.
37. L. Penrose. The elementary statistics of majority voting. Journal of the Royal Statistical
Society, 109(1):53–57, 1946.
38. K. Prasad and J. Kelly. NP-completeness of some problems concerning voting games. International Journal of Game Theory, 19(1):1–9, 1990.
39. T. Rahwan, T. Michalak, and M. Wooldridge. A measure of synergy in coalitions. Technical
Report arXiv:1404.2954.v1 [cs.GT], CoRR, Apr. 2014.
40. A. Rey and J. Rothe. False-name manipulation in weighted voting games is hard for probabilistic polynomial time. Journal of Artificial Intelligence Research, 50:573–601, July 2014.
41. A. Rey, J. Rothe, and A. Marple. Path-disruption games: Bribery and a probabilistic model.
Theory of Computing Systems. To appear.
42. J. Rothe, editor. Economics and Computation. An Introduction to Algorithmic Game Theory,
Computational Social Choice, and Fair Division. Springer-Verlag, 2015.
43. L. Shapley and M. Shubik. A method of evaluating the distribution of power in a committee
system. American Political Science Review, 48(3):787–792, 1954.
44. Y. Shoham and K. Leyton-Brown. Multiagent Systems. Algorithmic, Game-Theoretic, and
Logical Foundations. Cambridge University Press, 2009.
45. S. Toda. PP is as hard as the polynomial-time hierarchy. SIAM Journal on Computing,
20(5):865–877, 1991.
46. Y. Zick. On random quotas and proportional representation in weighted voting games. In
Proc. IJCAI’13, pages 432–438. AAAI Press, 2013.
47. Y. Zick, A. Skopalik, and E. Elkind. The Shapley value as a function of the quota in weighted
voting games. In Proc. IJCAI’11, pages 490–496. AAAI Press, 2011.
48. M. Zuckerman, P. Faliszewski, Y. Bachrach, and E. Elkind. Manipulating the quota in
weighted voting games. Artificial Intelligence, 180–181:1–19, 2012.

Strategy-Proofness in the Stable Matching
Problem with Couples
Andrew Perrault? , Joanna Drummond, and Fahiem Bacchus
Department of Computer Science
University of Toronto, Toronto, Canada
{perrault,jdrummond,fbacchus}@cs.toronto.edu

Abstract. Stable matching problems (SMPs) arising in real-world markets often have complementarities in the participants’ preferences, which
break many of the theoretical properties of SMP and make it computationally hard to find a stable matching. In this paper, we provide some
key insights into the issue of strategy-proofness in SMP-C, which is SMP
with one such complementarity, the presence of couples. We relate the
set of resident Pareto optimal stable matchings (RP opt ) admitted by an
SMP-C instance to the ability of the residents to manipulate, showing
that an RP opt mechanism is immune to certain forms of manipulation.
We provide an algorithm for finding an RP opt matching when one exists.
And finally, we study empirically the frequency of multiple stable and
multiple RP opt matchings in a variety of settings, finding that SMP-C
becomes less susceptible to manipulation as both the market size increases and the fraction of couples in the market decreases.
Keywords: Stable Matching, Complementarities, Strategy-proofness,
SAT

1

Introduction

The Stable Matching Problem (SMP), where two sides of a market wish to be
matched with each other, is one of the most widely-studied economics problems.
SMP has extensive real-world applications of which residency matching is one
of the most well-known [18, 23, 1]. The National Resident Matching Program
(NRMP) in the US, and the Scottish Foundation Allocation Scheme (SFAS) in
Scotland, are two such real-world instantiations of such matching markets [17, 9].
The SMP framework however does not allow for complementarities between the
participants’ preferences. An important complementarity in resident matching
arises from couples where a resident’s preferences can depend on the match
received by their partner. To address this need for couples to coordinate their
placement, residency matching markets (including the NRMP and SFAS) began
allowing couples to express their preferences over residency programs jointly.
?
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This extension to SMP is called the Stable Matching Problem with Couples
(SMP-C).
As in SMP, the goal of SMP-C is to find a match such that no pair (one
from each side of the market) has an incentive to defect from their assignment.
A matching with this property is said to be stable. In standard SMP, there
always exists a resident-optimal stable matching (Ropt ) in which every resident
is as least as well off as in any other stable matching; and the simple Deferred
Acceptance (DA) algorithm [7] can find this Ropt matching in polynomial time.
These properties no longer hold for SMP-C. Finding a stable matching in SMP-C
becomes NP-complete [20]; a stable matching is not guaranteed to exist; and even
when one does exist, an Ropt matching may not exist.
While there are many strategy-proofness results for SMP, little work has
investigated analogous results for SMP-C. For SMP, no stable matching mechanism is strategy-proof for both sides of the market [22]. There are, however,
mechanisms that are approximately stable and approximately strategy-proof
where the approximation becomes better as the market size grows [10]. In SMP,
an Ropt matching always exists and a mechanism returning it is known to be
strategy-proof against manipulation by the residents [7].
Since SMP-C extends SMP there can be no stable mechanism for SMP-C that
is strategy-proof for both sides of the market. Furthermore, the limit result of [10]
is not known to hold for SMP-C. To the authors’ knowledge, no investigation of
strategy-proofness against residents in SMP-C has been published. This is a gap
in the literature since strategy-proofness on one side of the market is frequently
cited as an important property for real world matching mechanisms; e.g., there
is evidence that mechanisms lacking this property are often abandoned in favor
of strategy-proof ones [2].
In this paper we investigate the question of strategy-proofness against residents in SMP-C. We show that in general, no resident strategy-proof mechanism
exists for SMP-C, but there is a mechanism that is resident strategy-proof with
respect to truncations when the SMP-C instance has an Ropt matching. Furthermore, we provide an algorithm for implementing this mechanism. When no Ropt
matching exists this mechanism will return a resident Pareto optimal (RP opt )
matching when the instance has at least one stable matching. We show that
residents who have a unique match among the set of RP opt matchings cannot
manipulate this mechanism by truncating their preferences. We also show, however, that no stable mechanism can be strategy-proof when the residents can
use the more general manipulation of reordering their preferences, even in the
setting where a unique stable matching exists.
We empirically evaluate the set of stable and RP opt matchings in instances
drawn from two different synthetic markets (previously developed by Kojima et
al. and Biró et al. [13, 15]). For problem instances of similar size and percentage
of couples as the NRMP data investigated by Roth and Peranson, we find that
nearly all problem instances admit an Ropt matching, and the DA-style algorithm presented by Roth and Peranson almost always finds that Ropt matching.
Thus, in conjunction with our theoretical work, we provide an alternate hypoth-

esis for behaviour seen by Roth and Peranson: any mechanism that returns a
Ropt matching will be resident strategy-proof with respect to truncations. We
additionally find that the theoretical result of Immorlica and Mahdian [8] for
large markets appears to hold for SMP-C, even though that result was only
proved for SMP.
Section 2 formally defines SMP-C and RP opt matches. Section 3 discusses
strategy-proofness in SMP-C and provides some theoretical results for this question. Section 4 describes our algorithms for finding RP opt matchings in SMP-C.
These algorithms are extensions of a prior SAT based algorithm for SMP-C [6].
Section 5 provides our empirical results, investigating properties of the set of
RP opt matchings as the size and percentage of couples in the market varies. We
conclude in Section 6.

2

Background

The stable matching problem with couples (SMP-C) can be formalized in terms
of the residency matching problem [21]. In this problem doctors wish to be
matched with a hospital residency program, and programs wish to accept some
number of residents. Both doctors and hospitals have preferences over who they
are matched with, expressed as ranked order lists (ROLs). Some doctors are
members of a couple, and these couples provide a joint ROL. Both doctors and
hospitals ROLs can be incomplete: any alternative not listed in their ROL is
considered to be unacceptable. That is, they would rather not be matched at all
than be matched to an alternative not on their ROL. The SMP-C problem is
to find a stable matching, such that no doctor-hospital pair has an incentive to
defect from the assigned matching.
2.1

SMP-C

More formally, let D be a set of doctors and P be a set of programs. Since there is
a preference to be unmatched over an unacceptable match, we use nil to denote
this alternative: matching a program p to nil indicates that p has an unfilled
slot while matching a doctor d to nil indicates that d was not placed into any
program. Let D + and P + denote the sets D ∪ {nil } and P ∪ {nil } respectively.
The doctors are partitioned into two subsets, S ⊆ D and D \ S . S is the set
of single doctors and D \ S is the set of doctors that are in couple relationships.
Couples are specified by a set of pairs C ⊆ (D \ S ) × (D \ S ). If (d1 , d2 ) ∈ C we
say that d1 and d2 are each other’s partner. We require that every doctor who
is not single (i.e., every doctor in D \ S ) have one and only one partner in C .
Each program p ∈ P has an integer capacity capp > 0 specifying the maximum
number of doctors p can accept.
Everyone participating in the matching market has preferences over their
possible matches. Each participant a specifies their preferences in a ROL, rol a ,
which lists a’s preferred matches from most preferred to least preferred. The
ROLs of single doctors d ∈ S contain programs from P + ; the ROLs of couples

c ∈ C contain pairs of programs from P + × P + ; and the ROLs of programs
p ∈ P contain doctors from D + . Every ROL is terminated by nil (couple ROLs
are terminated by (nil , nil )) since being unmatched is always the least preferred
option, but is preferred to any option not on the ROL.
The order of items on a’s ROL defines a partial ordering relation where
x a y indicates that x appears before y on a’s ROL or x = y. We define a ,
a , and a in terms of a and equality in the standard way. We say that x is
acceptable to a if x a nil . (Note that unacceptable matches are not ordered by
a and that nil is always acceptable.)
We define a choice function Ch p () for programs p ∈ P . Given a set of doctors
R, Ch p (R) returns the subset of R that p would prefer to accept. In our setting
Ch p (R) returns the maximal subset of R such that for all d ∈ Ch p (R), d p nil ,
for all d0 ∈ R−Ch p (R), d p d0 , and |Ch p (R)| ≤ capp . That is, all doctors in
Ch p (R) are acceptable, are strictly preferred to all doctors not chosen, and p’s
capacity is not violated. It is also convenient to give the null program a choice
function as well: Ch nil (O) = O, i.e., nil will accept any and all matches.
We use the notation ranked (a) to denote the set of options that a could
potentially be matched with. For single doctors d and programs p this is simply
the ROLs of d (rol d ) and p (rol p ). For a doctor that is part of a couple (d1 , d2 ),
ranked (d1 ) = {p1 |∃p2 .(p1 , p2 ) ∈ rol (d1 ,d2 ) } and similarly for d2 . Note that nil ∈
ranked (a).
Finally, we will sometimes use rol a as an indexable vector (zero-based). We
define the function rank a (x) to find the index i of x in a’s rol : rank a (x) = i iff
rol a [i] = x. When x 6∈ rol a we let rank a (x) = |rol a | (an out of bounds index).
2.2

Stable Matchings

Definition 1 (Matching) A matching µ is a mapping from D to P + . We say
that a doctor d is matched to a program p under µ if µ(d) = p, and that p is
matched to d if d ∈ µ−1 (p).
We want to find a stable matching where no doctor-program pair has an
incentive to defect. We call the pairs that do have an incentive to defect blocking
pairs. First we define the condition willAccept(p, R, S) to mean that given the
set of doctors R ∪ S, p will accept a set that includes R: willAccept(p, R, S) ≡
R ⊆ Ch p (S ∪ R).
Definition 2 (Blocking Pairs) Let µ be a matching.
1. A single doctor d ∈ S and a program p ∈ P is a blocking pair for µ if
p d µ(d) and willAccept(p, {d}, µ−1 (p)).
2. A couple c = (d1 , d2 ) ∈ C and a program pair (p1 , p2 ) ∈ P + × P + with
p1 6= p2 is a blocking pair for µ if and only if (p1 , p2 ) (d1 ,d2 ) (µ(d1 ), µ(d2 )),
willAccept(p1 , {d1 }, µ−1 (p1 )), and willAccept(p2 , {d2 }, µ−1 (p2 )).
3. A couple c = (d1 , d2 ) and a program p ∈ P is a blocking pair for µ if
(p, p) (d1 ,d2 ) (µ(d1 ), µ(d2 )) and willAccept(p, {d1 , d2 }, µ−1 (p)).

Definition 3 (Individually Rational) A matching µ is individually rational if (a) for all d ∈ S , µ(d) d nil , (b) for all c = (d1 , d2 ) ∈ C , (µ(d1 ), µ(d2 )) c
(nil , nil ), and (c) for all p ∈ P , |µ−1 (p)| ≤ capp and for all d ∈ µ−1 (p), d p nil .
Definition 4 (Stable Matching) A matching µ is stable if it is individually
rational and no blocking pairs for µ exist.

2.3

Resident Preferred Matchings

The set of stable matchings can be quite large. In SMP, where there are no
couples this set is always non-empty [7] and has a nice structure: it forms a
lattice under the partial order R defined as follows [11].
Definition 5 (Resident Preferred) A matching µ1 is resident preferred
to another matching µ2 , denoted by µ1 R µ2 , if for all a ∈ S ∪ C we have that
µ1 (a) a µ2 (a). We also define R , ≺R , and R in terms of R and equality in
the standard way. In particular, µ1 R µ2 whenever µ1 R µ2 and for at least
one a ∈ S ∪ C we have that a strictly prefers µ1 to µ2 (µ1 (a) a µ2 (a)). When
µ1 R µ2 we say that µ1 dominates µ2 .
Definition 6 (Resident Optimal) We say that a matching µ is resident optimal, written Ropt (µ) if µ is stable and it dominates all other stable matches.
That is, for all stable matches µ0 with µ0 6= µ we have that µ R µ0 .
Note that we restrict the resident-optimal matching to be stable. It can be
observed that when a matching is resident optimal (Ropt (µ)) then for any a ∈
S ∪ C , µ(a) is the best match for a offered by any stable matching.
Resident optimality is generally cited as an important property for stable
matching algorithms (e.g., [7, 21]). In SMP the fact that the stable matchings
form a lattice under R implies that a resident-optimal matching always exists.
In the presence of couples however, stable matchings may not exist and even
when they do an Ropt matching might not exist. However, the R relation is
still well defined, and for SMP-C leads to potentially multiple (resident) Paretooptimal matchings.
Definition 7 (Resident Pareto Optimal) We say that a matching µ is resident Pareto optimal, written RP opt (µ) if µ is stable and there does not exist
another stable matching µ0 such that µ0 R µ.
It is easy to see that in SMP-C every stable matching µ is either an RP opt or
is dominated by an RP opt matching. This also means that an SMP-C instance
has an Ropt matching if and only if it has a unique RP opt matching.

2.4

Mechanisms and Strategy-Proofness

Definition 8 (Mechanisms) A mechanism for SMP-C is any algorithm that
takes an SMP-C instance as input and returns a matching. A stable mechanism is a mechanism that always returns a stable matching if one exists and
otherwise returns the empty matching (i.e., everyone is matched to nil ).1 A P
mechanism is one that always returns a matching satisfying property P if one
exists and the empty matching otherwise.
Definition 9 (Manipulation) Let rol ∗α be the complete, true preferences of
resident or couple α. rol ∗α consists of a number of programs or program pairs,
then the nil program, and then the remaining programs or program pairs. α
is truthful if their reported rol α is the same as rol ∗α up to and including the
nil program. α manipulates if they are not truthful. Any manipulation is a
reordering of rol ∗α . A manipulation is a truncation at rank i if the reported
rol α is the first i elements of rol ∗α followed by nil .
Definition 10 (Strategy-Proof ) A mechanism m for SMP-C is resident strategy-proof when for every SMP-C instance being truthful is a dominant strategy
for every resident and couple. That is, no resident or couple in any SMP instance
can improve their matching under m by manipulating. When no resident or couple can improve their matching using only truncation manipulations, we say that
m is resident strategy-proof against truncation.
Definition 11 (P programs) Let α be a resident or couple in an SMP-C instance I. A program p (pair of programs) is a P program for α in I if there
exists a matching µ for I such that µ satisfies property P and p = µ(α).

3

Strategy-proofness in SMP-C

The current NRMP mechanism was developed partly in response to concerns
that the previous mechanism could be manipulated by residents by misreporting their ranking of programs [21]. In one-to-one SMP, it is possible to achieve
strategy-proofness for either side of the market by using a mechanism that returns the resident or program-optimal matching2 [26]. The administrators of the
NRMP perceived that residents had a much higher average difference in utility between adjacent elements on their rol ; thus, the NRMP decided that they
wanted a mechanism that was as close to resident strategy-proof as possible.
Roth and Peranson hypothesized that since there is a relatively small fraction
of couples in the NRMP (4% in their historical data), the resident strategy1

2

An SMP-C instance might have no stable matchings, so we cannot define a stable
mechanism to be one that always returns a stable matching as in [22].
Strategy-proofness for both sides of the market is only possible for a small number
of instances of SMP [22]. In many-to-one SMP, only strategy-proofness on the side
of the residents is possible [24].

proof mechanism for SMP that returns the Ropt matching could be generalized
to SMP-C and the result would be similar [21]. Although their mechanism was
not in fact an Ropt mechanism it was quite successful empirically—less than 10
residents (out of 30,000) had an incentive to manipulate via truncation. While
not all manipulations are truncations, they tested for truncations for several
reasons: i) any outcome that can be achieved by manipulation in SMP can
be achieved by a truncation [27] ii) profitable truncations are computationally
inexpensive to check for, and iii) truncations are the kind of manipulations that
can be potentially identified with the least information about others’ preferences
[25].
To our knowledge, no theoretical strategy-proofness results exist for SMP-C.
We hypothesized that if we restricted our attention to SMP-C instances in which
an Ropt matching exists, then an Ropt mechanism would be resident strategyproof. As shown in Thm. 2 below, we found that this is not the case. We did find,
however, that such a mechanism is resident strategy-proof against truncations.
This is useful in practice. In particular, as we will show in Sec. 5, an Ropt
matching frequently exists in SMP-C instances that have a low proportion of
couples. Furthermore, truncations are an attractive way to manipulate because
of the computational and informational properties mentioned above. Hence, an
Ropt mechanism can at least block this simpler form of manipulation in many
practical cases.
We begin with a lemma that establishes a limit on the ability of truncating
agents to benefit from manipulation. All of the proofs from this section are
included in Appendix A.
Lemma 1 Let α be an agent who truncates their preferences at rank i in an
SMP-C instance I. Let Ω be the set of stable matchings before the truncation
and let Ω 0 be the set of stable matchings after the truncation. For any µ ∈ Ω 0 ,
either i) µ ∈ Ω or ii) µ(α) = nil .
Theorem 1 Let α be a resident or couple in an SMP-C instance I. For any
property P, if α has a unique P program in I, then for any P mechanism yP , α
cannot improve its matching under yP using only truncation manipulations (α
has no incentive to manipulate under yP ).
A corollary is that in an instance of SMP-C that has an Ropt matching,
a Ropt mechanism is resident strategy-proof against truncation. However, such
mechanisms are not resident strategy-proof, as reordering manipulations can still
be beneficial.
Theorem 2 Let yRopt be an Ropt mechanism for SMP-C. Then yRopt is strategyproof against residents who manipulate via truncation. However, yRopt is not
strategy-proof against residents who manipulate via reordering.
We can strengthen the latter result of Thm. 2.

Theorem 3 (Biró and Klijn [4]) No stable mechanism for SMP-C is resident
strategy-proof.
Thus, reorderings are a powerful way of manipulating in SMP-C. Reorderings
can remove old stable matchings and create new ones allowing great scope for
beneficial manipulations. In fact, for SMP-C, strategy-proofness is a very strong
requirement due to diversity of instances. Hence, we can further strengthen
Thm. 3 to show that even less general manipulations by truncations suffice to
foil strategy-proofness for stable mechanisms.
Theorem 4 No stable mechanism for SMP-C is resident strategy-proof against
truncations.
In this situation it is unclear what mechanism to use for SMP-C when an
Ropt matching does not exist. By extending the analogy with SMP, it would be
intuitive for RP opt mechanisms to be harder to manipulate via truncations than
other stable mechanisms. However, Lemma 1 states that a truncating agent a
may create new stable matchings where they are matched to nil . A stable mechanism might return one of these matching. Therefore, a might have a disincentive
to manipulate by truncation because the mechanism might now return a matching in which a is unmatched. However, these new matches of a to nil might not be
RP opt . In this case they would not be returned by an RP opt mechanism. Hence,
with an RP opt mechanism a might no longer have a disincentive to manipulate.
An instance where this occurs is shown in Figure 7 in the appendix. The instance
shown has stable mechanisms that are strategy-proof against truncations, but
some RP opt mechanisms are not.
Despite this difficulty in comparing the strategy-proofness of RP opt mechanisms with other stable mechanisms, we will show in Sec. 5 that empirically
Thm. 1 can be used to show that often a larger number of residents will have no
incentive to manipulate an RP opt mechanism than a stable mechanisms.

4

Algorithms for SMP-C

The standard approach to finding a stable matching in SMP-C has been to
extend the deferred acceptance algorithm so that it can handle couples (e.g., [21,
12, 3]). However, these extensions are incomplete: they are unable to determine
whether or not a stable matching exists, and even when a stable matching does
exist they might not be able to find one.
Since SMP-C is known to be NP-Complete [20] it is also possible to encode
it as another NP-Complete problem. For example, it can be encoded as a SAT
(satisfiability) problem or as IP (integer program) problem [6, 5]. The advantage
of doing this is that SAT and IP solvers have become very advanced and are
routinely able to solve large practical problems. Another advantage of these
solvers is that when given an instance for which no stable matching exists, they
are often able to prove this.

4.1

DA-Style Algorithms for SMP-C

The basic principle of DA algorithms [7] is that members of one side of the market
propose down their ROLs while the other side either rejects those proposals or
holds them until they see a better proposal: once all proposals have been made
the non-rejected proposals are accepted forming a match.
Roth and Peranson develop a DA algorithm, RP99, capable of dealing with
couples [21]. This algorithm has been used with considerable success in practice, including most famously for finding matches for the NRMP which typically
involves about 30,000 doctors [16]. RP99 employs an iterative scheme. After
computing a stable matching for all single doctors, couples are added one at a
time and a new stable matching computed after each addition. The algorithm
uses DA at each stage to find these stable matchings. Matching a couple can
make previously made matches unstable and in redoing these matches the algorithm might start to cycle. Hence, cycle checking (or a timeout) is sometimes
needed to terminate the algorithm.
Kojima et al. develop a simple “sequential couples algorithm,” which they
use to show that the probability of a stable matchings existing goes to one under
certain assumptions [12]. However, this simple algorithm is not useful in practice
as it declares failure under very simple conditions. Kojima et al. also provide a
more practical DA algorithm, KPR, that they use in their experiments. The
main difference between KPR and RP99 is that KPR deals with all couples at
the same time—it does not attempt to compute intermediate stable matchings.
Drummond et al. found that KPR was much more efficient than RP99 [6].
Finally, Ashlagi et al. extend the analysis of Kojima et al., developing a
more sophisticated “Sorted Deferred Acceptance Algorithm” and analyzing its
behaviour [3]. This algorithm is designed mainly to be amenable to theoretical
analysis rather than for practical application.
4.2

Solving SMP-C via SAT

Drummond et al. developed SAT-E, an effective encoding of SMP-C into SAT,
and evaluated its performance on synthesized SMP-C problem instances [6].
They found that their encoding, used in conjunction with a state-of-the art SAT
solver, scaled well, outperformed an IP encoding they also developed, and could
find solutions to problem instances that the DA-style algorithms could not.
Given an SMP-C instance hD, C , P , ROLsi, where ROLs is the set of all
participant ROLs, SAT-E(hD, C , P , ROLsi) can be viewed as a function that
returns a SAT encoding in CNF (conjunctive normal form), which is the input
format taken by modern SAT solvers.
We highlight three important things about SAT-E:
1. For any SMP-C instance I = hD, C , P , ROLsi, the satisfying models of
SAT-E stand in a one-to-one correspondence with the stable models of I.
2. SAT-E includes the set of propositional variables md [p]. In any satisfying
model, π, md [p] is true if and only if µ(d) = p in the stable matching µ
corresponding to π.

ALGORITHM 1: SAT-RP opt . Given an SMP-C instance return a
RP opt matching or the empty match if none exists.

1
2
3
4

5
6
7
8
9
10
11
12
13
14
15

Input: I = hD, C , P , ROLsi an SMP-C instance.
Output: An RP opt matching for I.
CNF ← SAT-E(I)
µ ← ∅
while true do
(sat?,π) ← SatSolve(CNF)
/* SatSolve returns the status (sat or unsat) and a satisfying model π if sat
*/
if not sat? then
return µ
// Return last match found.
µ ← stable matching corresponding to π
c ← {¬md [p] | µ(d) = p}
// Block this match
CNF ← CNF ∪ {c}
for d ∈ S do //d must get an equally good match
cd ← {md [p] | p d µ(d)}
CNF ← CNF ∪ {cd }
for c ∈ C do //c must get an equally good match
cc ← {mc [i] | i = rank c (µ(c))}
CNF ← CNF ∪ {cc }

3. SAT-E also includes the set of propositional variables mc [i]. In any satisfying
model, π, mc [i] is true if and only if in µ, the stable matching corresponding
to π, c is matched to a program pair they rank i or above in their ROL.
4.3

Finding RP opt matchings

To implement an RP opt mechanism we need to find an RP opt matching. Using
SAT-E and the above three facts, we provide SAT-RP opt (Algorithm 1) for
finding an RP opt matching. This algorithm will return an Ropt matching if one
exists (as an Ropt matching exists if and only if there is there is only one RP opt
matching).
SAT-RP opt takes an SMP-C instance as input and constructs the SAT-E
encoding for that instance. It finds a stable matching µ and then tries to find
a new matching that dominates µ. This is accomplished by adding a blocking
clause c to the SAT encoding. This clause c is a disjunction that says that no
future solution is allowed to return the same stable model (one of the mappings
µ(d) = p of all future solutions must be different, i.e., one of the variables md [p]
made true by µ must be false in every future matching). Along with the blocking
clause, other clauses are added to ensure that in the next matching no doctor
or couple receives a worse matching. For single doctors d a clause is added that
says that d must be matched to a program it ranks at least as high as µ(d), and
for every couple c a (unit) clause that says that c must be matched to a pair of
programs it ranks at least as highly as µ(c). This causes the new match to be

R µ, and since the new match cannot be equal it must be R µ. That is, the
new match must dominate µ. If no dominating match can be found, the current
match is RP opt and we return it. Note that an instance has no RP opt matching
if and only if it has no stable matching. So if the very first SAT call fails, there
is no RP opt matching and the empty matching will be returned.
In our experiments (Sec. 5) we also need to find all the stable matchings of
an instance. This can be accomplished with SAT-ENUM, which uses a similar
technique. The details are given in Appendix B.

5

Empirical Results

We use SAT-ENUM to find all stable matchings for two distributions of synthetic
data, which we call: i) impartial culture with geography (ic-geog), and ii) SFAStuned with geography (sfas-geog). ic-geog generates heterogeneous preference
profiles; each resident has an equal chance of drawing any program as her first
choice. sfas-geog generates more homogeneous profiles; certain programs are
much more likely to be in a given resident’s top 10. The models have slightly
different procedures for generating couples preferences, but both models assign
each program a geographic region and require that, for any program pair in a
couple’s ROL, the programs are in the same region. We describe the models in
detail in Appendix C. In both models, we set the number of positions as 87%
of the number of residents to match the 2015 NRMP data [17]. Each data point
represents the average of 50 instances. In the next section, we evaluate how
frequently these instances admit Ropt and unique stable matchings for various
parameters of the markets.
5.1

Results and Discussion

We begin by investigating the ability of residents to benefit by truncating their
preferences in SMP-C as the size of the market gets large. Roth and Peranson
found that, when using RP99 on historical NRMP data, very few residents had
an incentive to truncate [21]. They conjectured that this was due to two reasons:
i) as market size grows large relative to ROL length, the size of the set of all
stable matches gets smaller, and ii) as in SMP, residents have no incentive to
manipulate when a market has a unique stable matching. In Theorem 2, we
prove the latter point for truncations, but show that it is false for reorderings.
Immorlica and Mahdian proved the former point for SMP [8], and we address it
empirically for SMP-C in this section.
Figure 1 shows the average number of additional stable programs per resident
(i.e., in excess of one) for 10% and 30% residents in couples in ic-geog and sfasgeog models as the market size increases.3 Note that every resident has at least
one stable program because we restrict our attention to SMP-C instances that
3

Standard error in this graph is 0.003-0.005% for the 30% couples models with market
size under 1000 programs and less than 0.001% otherwise.

Fig. 1. Average number of additional stable programs per resident as market size
increases, only including satisfiable instances.

are satisfiable. The models with a larger percentage of couples have more stable
programs per resident, but the differences between ic-geog and sfas-geog are
small. We see that the average number of stable programs per resident drops
rapidly as the market size increases, irrespective of model, which shows that an
analog of Immorlica and Mahdian’s result may apply in this setting.

Fig. 2. Average number of additional RP opt matchings per resident divided by average number of additional stable matchings per resident as market size increases, only
including satisfiable instances.

In addition, we find that the residents’ ability to truncate is even more
strongly curtailed under an RP opt mechanism. Figure 2 shows the average number of additional RP opt programs per resident relative to the average number

of additional stable programs per resident. We see that generally residents have
much fewer additional RP opt programs than additional stable programs. Since
Figure 1 shows that the average number of additional stable programs is well
below 1, this means that many residents have a unique stable program and even
more will have a unique stable RP opt program. Hence, by Theorem 1 there will
be more residents with no incentive to manipulate an RP opt mechanism than
there are residents with no incentive to manipulate a stable mechanism.

Fig. 3. Average number of additional RP opt programs per resident, and overall percentage of satisfiable instances, as fraction of residents in couples increases. 20,000
programs.

Figure 3 provides a more detailed picture of what happens to the number of
additional RP opt programs per resident as the fraction of residents in couples
increases for a fixed market size of 20,000. We see that the two models behave
similarly, showing a superlinear growth. On the other axis, we see that although
the average number of RP opt programs per resident increases rapidly as the
fraction of couples increases, the percentage of instances with a stable matching
decreases. With 5% couples, almost all instances had at least one stable matching
for ic-geog and sfas-geog, while with 50% couples, fewer than 40% do. Thus,
mechanism designers in environments with a high fraction of couples will have to
contend with both the lack of existence of stable matchings and high incentives
to truncate among residents.
We can conclude from Figure 2 that, under an RP opt mechanism, residents
will have substantially fewer programs they can potentially be matched to as
the result of a truncation. Combining this result with Figure 3, this effect is
particularly strong for low percentages of couples in the market. We find that
both RP99 and KPR behave like RP opt mechanisms in instances with a fraction
of couples similar to that found in the NRMP in the 1990s (4% [21]). In particular, for instances with 20,000 programs and 5% couples and multiple stable
matchings, KPR found an RP opt matching 100% of the time and RP99 found an

RP opt matching more than 93% of the time.4 Thus, i) RP99 is nearly an RP opt
mechanism, ii) RP opt mechanisms can rarely be manipulated by resident truncations on markets with a low percentage of couples, and iii) when they can,
only an extremely small number of residents can benefit. We thus hypothesize
that the number of residents who could benefit by truncating observed by Roth
and Peranson was made lower by their exploitation of RP opt matchings rather
than a small number of stable matchings as they conjectured.

Fig. 4. Average number of residents with multiple RP opt programs as market size
increases, only including satisfiable instances.

However, there is a peculiar caveat to these results: the number of residents
per instance with multiple stable or RP opt programs does not seem to be affected by market size. Figure 4 shows the average number of residents with
multiple RP opt programs for 10% and 30% residents in couples in ic-geog
and sfas-geog models as the market size increases.5 We see that the number
of residents with multiple RP opt programs does not decrease as market size increases. We observed similar behaviour for the number of residents with multiple
stable matchings. Comparing ic-geog and sfas-geog, we see that sfas-geog
has more residents with multiple RP opt programs, which is consistent with the
higher fraction of RP opt programs in sfas-geog that we previously observed.
Unsurprisingly, the number of residents with multiple stable or RP opt programs
is higher when the fraction of couples is increased, since an instance with a
higher fraction of couples tends to have a larger number of stable and RP opt
matchings.
4
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There was a problem instance where an Ropt matching existed, and RP99 did not
find it.
Standard error in this graph is 0.3-0.5 for the 10% couples models and 2.5-3.5 for
the 30% couples models.

Since it only requires a single resident with multiple RP opt programs to prevent the existence of a Ropt matching, we likewise find that the frequency of
instances that have Ropt matchings is not affected by market size. Ropt matchings exist 94.2% and 70.1% of the time for ic-geog with 10% and 30% couples
and 91.1% and 62.9% of time for sfas-geog with 10% and 30% couples.
These results suggest that Roth and Peranson’s observation that few residents
could benefit by truncating, was not affected by the size of the market, further
suggesting their observation was only dependent on the percentage of residents
in couples. While there may be some residents that can benefit from truncating
irrespective of market size, we expect the fact that the number of them is so small
to be a strong disincentive to truncating in practice. It requires considerable
effort (i.e., learning the preferences of others) to be able to truncate effectively,
and these efforts will be very unlikely to yield any benefit in sufficiently large
instances. In addition, truncating carries the risk that a resident will become
unmatched even under an RP opt mechanism.

6

Conclusions

In this paper we examined strategy-proofness for SMP-C, showing that in general, no resident strategy-proof stable mechanism exists. We do show that, for
certain problem instances, a stable matching mechanism that always returns an
RP opt matching is strategy-proof w.r.t. residents truncating their preferences,
and we extend a previously developed SAT encoding to provide an RP opt mechanism. We empirically show, on two very different preference distributions based
on real-world markets, that when a low percentage of couples exist in the market, the RP opt mechanism is frequently resistant to truncations, suggesting a
new hypothesis for why there is little incentive for residents to truncate their
preferences in the NRMP.
Furthermore, our empirical results suggest new avenues for theoretical research: we hypothesize that an analogous SMP-C result exists for the Immorlica
and Mahdian large markets result for SMP [8]; we additionally hypothesize that
if the percentage of couples in the market grows slower than the size of the market, an Ropt matching exists with high probability (an analogous result to the
Ashlagi et al. large markets result [3]). We also wish to further use our extension to SAT-E to allow us to empirically explore different properties of SMP-C,
providing further insight into possible theoretical results.
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A

Proofs

Lemma 1 Let α be an agent who truncates their preferences at rank i in an
SMP-C instance I. Let Ω be the set of stable matchings before the truncation
and let Ω 0 be the set of stable matchings after the truncation. For any µ ∈ Ω 0 ,
either i) µ ∈ Ω or ii) µ(α) = nil .
Proof. Let µ0 be a matching in Ω 0 where α is not matched to nil . It must be the
case that µ0 (α) is ranked above i; otherwise µ0 (α) would be unacceptable to α
and µ0 would be unstable. Since rol α is the same as rol ∗α above rank i and the
rank order lists of all of the other agents and programs in the instance are the
same, µ0 must also be stable before α truncates. Thus µ0 ∈ Ω.
Theorem 1 Let α be a resident or couple in an SMP-C instance I. For any
property P, if α has a unique P program in I, then for any P mechanism yP , α
cannot improve its matching under yP using only truncation manipulations (α
has no incentive to manipulate under yP ).
Proof. The theorem says that there exists a program (or pair of programs) p
such that for all P matchings µ we have that µ(α) = p. Before truncation yP
returns p as α’s match. After truncation, by Lemma 1, yP must return either p
or nil as α’s match. Neither of these improve α’s match.
Theorem 2 Let yRopt be an Ropt mechanism for SMP-C. Then yRopt is strategyproof against residents who manipulate via truncation. However, yRopt is not
strategy-proof against residents who manipulate via reordering.
Proof. Part I: For any SMP-C instance I, if I has an Ropt matching then every
resident has a unique Ropt program. Then by Theorem 1 no resident has an
incentive to manipulate yRopt using truncation. Otherwise yRopt always returns
the empty match, and again no resident has an incentive to manipulate.
Part II: Reordering is not strategy-proof. We provide a counterexample in
Figure 5. The preferences provided show residents’ and programs’ true preferences. Couples are identified by their resident-resident pair, and give joint
preferences as expected. Given these true preferences, only one stable matching
exists: µ(r0 ) = c, µ((r1 , r2 )) = (b, e), and µ((r3 , r4 )) = (a, d). However, even
though only one stable matching exists (and thus this matching is Ropt ), the
single resident r0 has an incentive to manipulate via reordering. Instead of reporting a  b  c  d (r0 ’s true preferences) r0 can be matched to b instead of
c by reporting b  d  c  a. (All other participants in the market report their
true preferences.) The resulting matching is µ0 (r0 ) = b, µ0 ((r1 , r2 )) = (a, d), and
µ0 ((r3 , r4 )) = (c, e). µ0 was not stable under the original preferences, and single
resident r0 is better off than when they reported their true preferences.

Resident preferences
r0 : a  b  c  d

Program preferences
a : r3  r0  r1

(r1 , r2 ) : (b, e)  (a, d)

b : r1  r0

(r3 , r4 ) : (a, d)  (c, e)

c : r3  r0
d : r0  r2  r4
e : r4  r2

Fig. 5. An instance that is manipulable by r0 using reordering under any mechanism.
Each program has capacity 1.

Theorem 3 No stable mechanism for SMP-C is resident strategy-proof.
Proof. Since the instance of Figure 5 has only one stable matching before and
after r0 reorders, any stable mechanism is manipulable by r0 .

Resident preferences
(r0 , r1 ) : (d, b)  (a, c)

Program preferences
a : r0  r2  r4

(r2 , r3 ) : (e, c)  (b, d)  (a, c)

b : r2  r1

(r4 , r5 ) : (a, c)  (e, nil)

c : r1  r3  r5
d : r0  r3
e : r4  r2

Fig. 6. An instance that is manipulable for truncating residents under any stable mechanism. Each program has capacity 1.

Theorem 4 No stable mechanism for SMP-C is resident strategy-proof against
truncations.
Proof. Figure 6 shows an instance that can be manipulated by couple (r0 , r1 ) or
couple (r2 , r3 ). This instance has two stable matchings, µ and µ0 :
µ((r0 , r1 )) = (a, c), µ((r2 , r3 )) = (b, d), µ((r4 , r5 )) = (e, nil )
µ0 ((r0 , r1 )) = (d, b), µ0 ((r2 , r3 )) = (a, c), µ0 ((r4 , r5 )) = (e, nil )

(r0 , r1 ) prefers µ0 to µ and (r2 , r3 ) prefers µ to µ0 . By truncating their rank-order
list at rank 1, each couple can guarantee that their preferred stable matching is
selected by the mechanism. Thus, any stable mechanism is manipulable by at
least one of the two couples.

In this situation it is unclear what mechanism to use for SMP-C when an
Ropt matching does not exist. By extending the analogy with SMP, it would be
intuitive for RP opt mechanisms to be harder to manipulate via truncations than
other stable mechanisms. However, Lemma 1 states that a truncating agent a
may create new stable matchings where they are matched to nil . A stable mechanism might return one of these matching. Therefore, a might have a disincentive
to manipulate by truncation because the mechanism might now return a matching in which a is unmatched. However, these new matches of a to nil might not
be RP opt . In this case they would not be returned by an RP opt mechanism.
Hence, with an RP opt mechanism a might no longer have a disincentive to manipulate. Figure 7 shows an instance where this occurs. Initially, there are four
stable matchings and two RP opt matchings (not shown in the figure). By truncating, (r0 , r1 ) can eliminate one of the RP opt matchings while also creating a
new stable matching µ where they are matched to (nil , nil ). However, µ is not
RP opt , and so (r0 , r1 ) can freely manipulate an RP opt -mechanism without fear
of being matched to (nil , nil ). Hence there are stable mechanisms that are strategy-proof against truncations for this instance, but some RP opt mechanisms are
not.

Resident preferences
(r0 , r1 ) : (d, b)  (a, c)  (g, h)

Program preferences
a : r0  r2

(r2 , r3 ) : (a, f )  (b, e)

b : r8  r2  r2  r7  r1

(r4 , r5 ) : (c, e)  (d, f )

c : r1  r4

(r6 , r7 ) : (d, b)  (g, h)

d : r4  r0  r6

(r8 , r9 ) : (b, g)

e : r3  r5
f : r5  r3
g : r0  r6  r9
h : r7  r1

Fig. 7. An instance where the RP opt mechanism is weak to truncations. (r0 , r1 ) manipulates and each program has capacity 1.

B

Algorithm to Enumerate All Stable Matchings

In our experiments (Sec. 5) we also need to find all the stable matchings of
an instance. This can be accomplished with SAT-ENUM (Algorithm 2). SATENUM uses a sequence of SAT calls each one returning a stable match. After
each stable match is found we ensure that no future stable match is the same
by adding a blocking clause to the SAT encoding as described for SAT-RP opt .

ALGORITHM 2: SAT-ENUM. Find all stable models of an inputted
SMP-C instance

1
2
3
4
5
6
7
8
9
10

C

Input: I = hD, C , P , ROLsi an SMP-C instance
Output: Find all stable models of I
CNF ← SAT-E(I)
while true do
(sat?,π) ← SatSolve(CNF)
if sat? then
µ ← stable matching corresponding to π
output(µ)
c ← {¬md [p] | µ(d) = p}
CNF ← CNF ∪ {c}
// Block µ
else
return
// All stable matchings found.

Statistical Models of SMP-C Instances

ic-geog is the model presented Kojima et al. [12, 13]. It draws residents’ and
programs’ preferences from the impartial culture model (i.e., i.i.d. uniform). All
residents draw i.i.d. a ROL of size 10. For singles, this is their final ROL after
appending nil . To generate a couple’s joint ROL, all 112 pairs are scored via
a Borda-like scoring function, breaking ties according to an arbitrarily chosen
member of the couple’s preferences. However, as a couple’s preferences are constrained by geography, a pair of programs is only added to the joint ROL if
both programs are in the same geographic region (or one is nil ). Each program
is randomly assigned one of 5 regions. Each program ranks each resident that
ranks them, again with preferences i.i.d. uniform.
sfas-geog is a variant of the model presented by Biró et al. to mimic SFAS
[15]. All residents draw i.i.d. a ROL of size 10 from a Plackett-Luce model [19,
14], where the most popular program (resp., resident) is five times more popular
than the least popular program (resp., resident) as seen in the SFAS market. All
other programs’ popularity are linearly interpolated between the most and least
popular programs. Formally, given a reference ranking over all programs (resp.,
residents), the value of the ith element in the corresponding scoring vector is
m + 4i, where m is the number of programs (resp., residents) in the match.
For singles, this is their final ROL. For couples, all program-program pairs in
the same geographic region are ranked in reverse lexicographic ordering, with
arbitrary tie-breaking. Each program is randomly assigned one of 5 regions.
In order to ensure that the underlying preference distribution was responsible
for any variance shown in the experiments, sfas-geog is modified from Biró et
al.’s original description to mirror ic-geog in the following ways: i) we fix all
residents’ ROL to be length 10; ii) we allow programs to rank all residents who
rank them (again, drawing from a Plackett-Luce model with the scoring vector
as described above); and iii) we impose the same geographical restriction on
couples’ joint ROLs as Kojima et al. do for ic-geog. In addition to being more

directly comparable to ic-geog, imposing the geographical restriction on the
Biró et al. model allows us to better capture couples’ real-world preferences in
larger markets. (The SFAS market has roughly 800 program positions; we test
up to 30,000 program positions.)
In both models, we set the number of positions as 87% of the number of
residents to match the 2015 NRMP data [17]. Each data point represents the
average of 50 instances.
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Abstract
In this paper we introduce a weaker version of the balanced contribution property by Myerson (1980), and explore the class of solutions characterized by the
axiom. Our new axiom, the balanced contribution property for equal contributors,
states the if two players’ contributions to the grand coalition are the same, then
their contributions to each other’s payoﬀs are the same. We prove that this axiom, together with eﬃciency and weak strategic invariance, characterizes the class
of r-egalitarian Shapley values. This class includes the egalitarian Shapley values (Joosten (1996)) and the generalized solidarity values (Casajus and Huettner
(2014)) as special cases. We also provide a non-cooperative implementation of the
solution.

1

Introduction

The balanced contribution property by Myerson (1980) has been extensively discussed
in the literature. The property well captures characteristics of the Shapley value in that
the Shapley value is the unique eﬃcient solution that satisﬁes the property. Moreover,
the property enables us to interpret the Shapley value in terms of objections and counterobjections (see Osborne and Rubinstein (1994)). The balanced contribution property,
however, is “too strong” and tells us little about the diﬀerence between the Shapley value
and other solutions. To circumvent this diﬃculty, Kamijo and Kongo (2010) introduced
a weaker axiom, called the balanced cycle contributions property.
In this paper we introduce a new weaker version of the property and characterize a
new class of solutions. To clarify how to weaken the property, we revisit the original
∗
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statement. We say that a solution satisﬁes the balanced contribution property if for
any two players i and j, i’s contribution to j’s payoﬀ is the same as j’s contribution to
i’s payoﬀ. We argue that the requirement “for any two players” is a severe condition,
because two players are often in diﬀerent bargaining positions in a game.
Motivated by the above argument, we introduce a new axiom, the balanced contribution property for equal contributors. This axiom states that if two players’ marginal
contributions to the grand coalition are the same, then their contributions to each other’s
payoﬀs are the same. We prove that this property, together with eﬃciency and weak
strategic invariance, characterizes the class of r-egalitarian Shapley values. This class
includes the egalitarian Shapley values (Joosten (1996)) and the generalized solidarity
values Casajus and Huettner (2014) as special cases. Our characterization indicates that
the diﬀerence between the two variants of the Shapley value is pinpointed to the response
to strategically equivalent changes.
By slightly changing the deﬁnition of the r-egalitarian Shapley value, we deﬁne a new
solution, the r-discounted Shapley values, and provide an axiomatization. This solution
includes the discounted Shapley value by Joosten (1996) as a special case.
Finally, we provide a non-cooperative implementation of the new solutions. We generalize the bidding mechanisms by van den Brink et al (2013) and van den Brink and
Funaki (2015), who adapted Pérez-Castrillo and Wettstein’s (2001) bidding mechanism
to the egalitarian Shapley values and the discounted Shapley values, respectively. Our
result extends the scope for the implementable variants of the Shapley value.
The reminder of the paper is organizes as follows. Section 2 is preliminary. In Section
3, we introduce two weaker versions of the balanced contribution property and axiomatize
two classes of solutions. Section 4 presents new implementations. All proofs are provided
in Section 5.

2

Preliminary

Let N denote the set of natural numbers. In this paper, N represents the universe of
players. A player set N is a subset of N. For a player set N , a characteristic function
on N is a function v : 2N → R satisfying v(∅) = 0. A pair of a player set N and a
characteristic function v on N is called a game. Let Γ denote the set of all games, i.e.,
{
}
Γ = (N, v) : N ⊂ N, v is a characteristic function on N .
For notational simplicity, let n denote the size of a player set N , and let s denote the size
of coalition S.
A solution is a function that assigns an n-dimensional payoﬀ vector to each game
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(N, v) ∈ Γ. The Shapley value (Shapley (1953)) is deﬁned by
Shi (N, v) =

∑ (n − |S| − 1)!|S|! {
}
v(S ∪ {i}) − v(S) for all (N, v) ∈ Γ, i ∈ N.
n!

S⊆N \i

The equal division value is deﬁned by
EDi (N, v) =

v(N )
for all (N, v) ∈ Γ, i ∈ N.
n

For α ∈ [0, 1], the α-egalitarian Shapley value (Joosten (1996)) is deﬁned by
Shαi (N, v) = αShi (N, v) + (1 − α)EDi (N, v) for all (N, v) ∈ Γ, i ∈ N.
For δ ∈ [0, 1] and (N, v) ∈ Γ, we deﬁne the game (N, v δ ) by
v δ (S) = δ |N \S| v(S) for all S ⊆ N.
For δ ∈ [0, 1], the δ-discounted Shapley value (Joosten (1996)) is deﬁned by
Shδi (N, v) = Shi (N, v δ ) for all (N, v) ∈ Γ, i ∈ N.
For ξ ∈ [0, 1], the ξ-generalized solidarity value (Casajus and Huettner (2014)) is deﬁned
by
Soξi (N, v)

]
∑ s!(n − s − 1)! [
v(N )
= ξn ·
+
· (1 − ξs+1 ) · v(S ∪ i) − (1 − ξs ) · v(S)
n
n!
S⊆N \i

for all (N, v) ∈ Γ, i ∈ N,
where
ξ1 = ξ, ξk =

k·ξ
for all k = 2, 3, · · · n.
(k − 1) · ξ + 1

For a player set N ⊂ N and i ∈ N , we deﬁne (N, ui ) by

ui (S) =


1

if i ∈ S,

0

otherwise.

Adding ui to a game is often called a strategically equivalent change.
We deﬁne axioms satisﬁed by ψ:
∑
Eﬃciency (E).
i∈N ψi (N, v) = v(N ) for all (N, v) ∈ Γ.
Weak Strategic Invariance (WSI). For any (N, v) ∈ Γ, i ∈ N and λ, ψ(N, v + λui ) =
ψ(N, v) + λψ(N, ui ).
3

Strict Desirability (SD). Let (N, v) ∈ Γ and i, j ∈ N . If v(S ∪ i) > v(S ∪ j) for all
S ⊆ N \{i, j}, then ψi (N, v) > ψj (N, v).
WSI states that ψ is linear with respect to the addition of ui . SD is a strict version of
Desirability by Maschler and Peleg (1966).
Let S denote the set of sequences of real numbers, i.e.,
{
}
S = {rk }∞
k=1 : rk ∈ R for all k = 1, 2, · · · .
Let S+ denote the set of sequences of positive real numbers.

3
3.1

Axiomatizations
r-egalitarian Shapley values

In this section we introduce a weaker version of the balanced contribution property.
Let us ﬁrst revisit the original statement of the property. We say that a solution ψ
satisﬁes the balanced contribution property if for any (N, v) ∈ Γ, n ≥ 2, and i, j ∈ N ,
i ̸= j,
ψi (N, v) − ψi (N \j, v) = ψj (N, v) − ψj (N \i, v).

(1)

In words, we require that the two players’ contributions to each other’s payoﬀs are the
same. This property, however, is a strong requirement when two players i and j are in
diﬀerent bargaining positions in the game (N, v). For example if the worths of coalitions containing i are much larger than the worths of coalitions containing j, then their
contributions to the payoﬀs likely to diﬀer.
Motivated by the above argument, we restrict the requirement (1) to two players who
are in the same bargaining position under a certain criterion.
Axiom 1. We say that a solution ψ satisﬁes the balanced contribution property for the
equal contributors (BCEC) if the following condition is satisﬁed: let (N, v) ∈ Γ and
i, j ∈ N . If v(N \i) = v(N \j), then
ψi (N, v) − ψi (N \j, v) = ψj (N, v) − ψj (N \i, v).
This axiom states that if i and j’s contributions to the worth of the grand coalition are
the same, i.e., v(N ) − v(N \i) = v(N ) − v(N \j), then their contributions to the payoﬀs
are the same.
To describe the class of solutions characterized by this axiom, we introduce some
notations. For r ∈ S and (N, v) ∈ Γ, we deﬁne v r by
v r (S) = rs v(S) for all S ⊆ N.
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We deﬁne the r-egalitarian Shapley value EShr by
EShr (N, v) = (1 − rn ) ·

v(N )
+ Sh(N, v r ) for all (N, v) ∈ Γ.
n

(2)

Instead of directly applying the Shapley value, we ﬁrst rescale the worth of each coalition
by multiplying rs . We interpret this rescaling as a generalization of per-capita measure or
discounting. Note that v r (N ) is diﬀerent from v(N ) unless rn = 1. To achieve eﬃciency,
we equally divide the diﬀerence between them, (1 − rn ) · v(N ).
We are now in a position to state our main theorem.
Theorem 1. A solution ψ satisﬁes E, WSI and BCEC if and only if there exists r ∈ S
such that ψ = EShr .
The class of r-egalitarian Shapley values includes several variants of the Shapley value,
and the above characterization provides a new insight into the diﬀerence between them.
Note ﬁrst that the α-egalitarian Shapley value is an r-egalitarian Shapley value with the
sequence rk = α for all k = 1, 2, · · · . Moreover, the ξ-generalized solidarity value is also
an r-egalitarian Shapley value with the sequence
r1 = 1 − ξ, rk = 1 −

k·ξ
for all k = 2, 3, · · · .
(k − 1) · ξ + 1

Although the two solutions are deﬁned from diﬀerent perspectives, Theorem 1 indicates
that they share the same axiom, BCEC, and the diﬀerence is pinpointed to the response
to strategically equivalent changes.
In Theorem 1 we allow any sequence of real numbers. However, positive sequences
are more suited to the idea of rescaling the worths of coalitions. We can characterize the
class with positive sequences by adding one more axiom.
Corollary 1. A solution ψ satisﬁes E, WSI, SD and BCEC if and only if there exists
r ∈ S+ such that ψ = EShr .

3.2

r-discounted Shapley values

In this subsection we introduce a new class of solutions, r-discounted Shapley values,
which is a building block for implementing the r-egalitarian Shapley value in the next
section.
Let us ﬁrst go back to the deﬁnition (2) of the r-egalitarian Shapley value. Given an
inﬁnite sequence r and a game (N, v), we ﬁrst apply the sequence r to the game (N, v),
and then adjust the reminder (1 − rn ) · v(N ) in order to achieve eﬃciency.
There is another possible approach to deﬁne an eﬃcient solution. Fix the number of
players n and, instead of the sequence r1 , · · · , rn , consider the following sequence:
rn−1 rn
r1 r2
, ,··· ,
,
= 1.
rn rn
rn rn
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That is, we “normalize” the sequence so that the n-th entry, rn , is equal to 1. If we apply
this sequence to an n-person game (N, v), then the derived game has the same worth of
the grand coalition as v, and there is no need for adjusting the remainder.
We formally describe the above idea. For r ∈ S+ and (N, v) ∈ Γ, we deﬁne v̄ r by
v̄ r (S) =

rs
v(S) for all S ⊆ N.
rn

We deﬁne the r-discounted Shapley value DShr by
DShr (N, v) = Sh(N, v̄ r ) for all (N, v) ∈ Γ.
We remark that for δ ∈ (0, 1], the δ-discounted Shapley value is a special case of the
r-discounted Shapley value with the sequence rk = δ −k for all k = 1, 2, · · · .
Like the r-egalitarian Shapley value, we can axiomatize the r-discounted Shapley
value in a parallel manner by considering a weaker version of the balanced contribution
property.
Axiom 2. We say that a solution ψ satisﬁes the balanced contribution for equal recipients
(BCER) if the following condition is satisﬁed: let (N, v) ∈ Γ and i, j ∈ N . If ψi (N \j, v) =
ψj (N \i, v), then
ψi (N, v) − ψi (N \j, v) = ψj (N, v) − ψj (N \i, v).
This axiom states that if two players receive the same in the absence of the other
player, then their contributions to the payoﬀs are the same.1
Theorem 2. A solution ψ satisﬁes E, WSI, SD and BCER if and only if there exists
r ∈ S+ such that ψ = DShr .

4

Implementation

This section is devoted to non-cooperative implementation of the new solutions provided in Section 3. Our approach is based on the bidding mechanism developed by
Pérez-Castrillo and Wettstein (2001). The mechanism is subsequently adapted to the
egalitarian Shapley value and the discounted Shapley value by van den Brink et al (2013)
and van den Brink and Funaki (2015), respectively. We further extend previous mechanisms and analyze the scope for the implementable variants of the Shapley value.
Fix a natural number m ∈ N and we restrict our attention to games with no more

Note that BCEC is equivalent to the following condition: for any (N, v) ∈ Γ and i, j ∈ N , if
ψi (N \j, v) = ψj (N \i, v), then ψi (N, v) = ψj (N, v).
1
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than m players. Namely, we consider the class Γm deﬁned by
Γm = {(N, v) ∈ Γ : n ≤ m}.
We deﬁne S̄ by
{
}
S̄ = {rk }m
k=1 : rk ∈ (0, 1] for all k = 1, · · · , m .
In this section we restrict the domain of a solution to Γm . With a slight abuse notation
for r ∈ S̄, we deﬁne the r-egalitarian Shapley value and the r-discounted Shapley value
as we did in Section 3.
van den Brink and Funaki (2015) extended the bidding mechanism by incorporating
a discount factor δ at each round. The r-discounted Shapley value can be implemented
by generalizing the discount factor. We formally describe the bidding mechanism by
mimicking van den Brink and Funaki (2015). Let Nt be the player set with which round
t ∈ {1, · · · , m} starts. We deﬁne N1 = N . We also deﬁne
rt′ =

rt
rt+1

, for all t = 1, · · · , m − 1

r̃0 = 1, r̃t =

t
∏

′
rm−j
for all t = 1, · · · , m − 1.

j=1

Definition 1 (Bidding mechanism).
Round t, t ∈ {1, · · · , k − 1}.
Stage 1 Each player i ∈ Nt makes bids bij ∈ R for every j ̸= i. For each i ∈ Nt , let
∑
B i = j∈N \i (bij − bji ) be the net bid of player i. Let αt be the player with the
highest net bid of round t (In case of a non-unique maximizer we choose any
of these maximal bidders to be the “winner” with equal probability). Player αt
pays every other player j ∈ Nt \αt , its oﬀered bid bαj t . Player αt becomes the
proposer in the next stage. Go to Stage 2.
Stage 2 Player αt proposes an oﬀer yjαt ∈ R to every player j ∈ Nt \αt (This oﬀer is
additional of the bids paid at Stage 1). Go to Stage 3.
Stage 3 The players other than αt , sequentially, either accept or reject the oﬀer. If at
least one player rejects it, then the oﬀer is rejected. Otherwise, the oﬀer is
accepted. Go to Stage 4.
Stage 4 If the oﬀer is accepted, then each player j ∈ Nt \αt receives yjαt and player αt
obtains the remainder
r̃t−1 v(Nt ) −

∑
j∈Nt \αt
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yjαt .

′
If the oﬀer is rejected then player αt leaves the game and obtains r̃t−1 rn−j
v(αt ),
while the players in Nt \{αt } proceed to round t+1 to bargain over r̃t v(Nt \{αt }).

Theorem 3. The bidding mechanism implements DShr in any subgame perfect equilibrium.
van den Brink et al (2013) proved that the α-egalitarian Shapley value can be implemented by incorporating the probability α of breakdown of negotiation at Round 1.
By using this idea, we can implement the r-egalitarian Shapley value. For r ∈ S̄ and
(N, v) ∈ Γm , the following equation holds:
EShr (N, v) = (1 − rm ) ·

v(N )
+ rm · DShr (N, v).
n

Namely, like the egalitarian Shapley value, EShr can be represented by a convex combination of the ED value and DShr . Thus, by incorporating the probability of breakdown
rm to the mechanism deﬁned above, we implement EShr .

5

Proof of Theorem 1

If part: Since EShr is linear, EShr satisﬁes WSI. We prove that EShr satisﬁes E.
For any (N, v) ∈ Γ,
∑

EShri (N, v) = (1 − rn )v(N ) +

i∈N

∑

ϕi (N, v r )

i∈N

= (1 − rn )v(N ) + rn v(N )
= v(N ),
where the second equality follows from eﬃciency of the Shapley value.
We prove that EShr satisﬁes BCEC. Let (N, v) ∈ Γn , n ≥ 2, i, j ∈ N , i ̸= j.
] [
[EShri (N, v) − EShri (N \j, v) − EShrj (N, v) − EShrj (N \i, v)]
]
[
v(N \j)
v(N )
r
r
+ Shi (N, v ) − (1 − rn−1 )
− Shi (N \j, v )
= (1 − rn )
n
n−1
[
]
v(N )
v(N \i)
− (1 − rn )
+ Shj (N, v r ) − (1 − rn−1 )
− Shj (N \i, v r )
n
n−1
] [
r
r
r
=[Shi (N, v ) − Shi (N \j, v ) − Shj (N, v ) − Shj (N \i, v r )]
v(N \i) − v(N \j)
n−1
v(N \i) − v(N \j)
=(1 − rn−1 ) ·
,
n−1
+ (1 − rn−1 ) ·

where the last equality follows from the balanced contribution property of the Shapley
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value. Thus, if v(N \i) = v(N \j), we obtain
EShri (N, v) − EShri (N \j, v) = EShrj (N, v) − EShrj (N \i, v).
Only if part: We ﬁrst prove auxiliary lemmas.
Lemma 1. Let n ≥ 2. Suppose that ψ satisﬁes BCEC and A on Γn−1 . Then ψ satisﬁes
S on Γn .
Proof. Let (N, v) ∈ Γn and i, j ∈ N , i ̸= j, i ∼v j. Since v(N \i) = v(N \j), by BCEC,
ψi (N, v) − ψj (N, v) = ψi (N \j, v) − ψj (N \i, v).

(3)

Since i ∼v j, (N \j, v) is equivalent to (N \i, v). By A on Γn−1 , ψi (N \j, v) = ψj (N \i, v).
Together with (3), we obtain ψi (N, v) = ψj (N, v).
Lemma 2. Let n ≥ 2. Suppose that ψ satisﬁes WSI and S on Γn . Then for any N ⊂ N
with |N | = n and i, j ∈ N , ψi (N, ui ) = ψj (N, uj ).
Proof. Let x = ψi (N, ui ), y = ψj (N, uj ). Then,
1−y
,
n−1
E,S 1 − x
+ y.
ψj (N, ui ) + ψj (N, uj ) =
n−1
E,S

ψi (N, ui ) + ψi (N, uj ) = x +

Together with
WSI

S

WSI

ψi (N, ui ) + ψi (N, uj ) = ψi (N, ui + uj ) = ψj (N, ui + uj ) = ψj (N, ui ) + ψj (N, uj ),
we obtain
x+

1−y
1−x
=
+ y.
n−1
n−1

This equation implies x = y.
Lemma 3. Let n ≥ 2. Suppose that ψ satisﬁes BCEC and S on Γn . Then for any
N ⊂ N, |N | = n, i, j ∈ N , i ̸= j, and k ∈ N\N ,
)
(
ψi (N, ui ) = ψi (N \j) ∪ {k}, ui .
Proof. Let M = N ∪ {k}. Deﬁne v = ui + uM \i and consider the n + 1-person game
(M, v). Note that v(M \l) = v(M \l′ ) for all l, l′ ∈ M .
Let x = ψi (M \k, ui ), y = ψi (M \j, ui ). Then,
BCEC

(4)

BCEC

(5)

ψi (M, v) − ψj (M, v) = ψi (M \j, v) − ψj (M \i, v) = y − ψj (M \i, uM \i ),
ψi (M, v) − ψk (M, v) = ψi (M \k, v) − ψk (M \i, v) = x − ψk (M \i, uM \i ).
9

By taking (4) − (5),
BCEC

S

ψk (M, v) − ψj (M, v) = y − ψj (M \i, uM \i ) − x + ψk (M \i, uM \i ) = y − x.

(6)

On the other hand,
BCEC

ψj (M, v) − ψk (M, v) = ψj (M \k, ui ) − ψk (M \j, ui )
1−y
S 1−x
=
−
n−1 n−1
y−x
=
.
n−1

(7)

By (6) and (7), we obtain x = y.
For each n, s ∈ N0 , n ≥ 1, 0 ≤ s ≤ n − 1, we deﬁne
pn,s =

s!(n − s − 1)!
.
n!

To prove the only-if part, it suﬃces to prove that exists an inﬁnite sequence of real
numbers {rk }∞
k=1 such that, for any (N, v) ∈ Γ and i ∈ N ,
ψi (N, v) =rn ·

[
]
∑
v(N )
+
pn,s (1 − rs+1 )v(S ∪ i) − (1 − rs )v(S) .
n

(8)

S⊆N \i

For 1-person games, ψ is uniquely determined by E. We focus on 2-person games. Let
{i, j} ⊂ N. Since ψ satisﬁes A on Γ1 , by Lemma 1, ψ satisﬁes S on Γ2 . By E and S on
Γ2 , for any {i, j} ⊂ N and λ ∈ R,
ψ({i, j}, λuij ) =

(λ λ)
,
.
2 2

(9)

For each {i, j} ∈ N, by E and Lemma 2,
ψi ({i, j}, uj ) = ψj ({i, j}, ui ).
For each {i, j} ⊂ N, let r({i, j}) ∈ R denote the above equal value. For any {i, j} ⊂ N
and k ∈ N\{i, j},
E

L3

E

r({i, j}) = 1 − ψi ({i, j}, ui ) = 1 − ψi ({i, k}, ui ) = r({i, k}).

(10)

For any {i, j} ⊂ N, by replacing i and j with an outside player, we can obtain an arbitrary
2-person player set {i′ , j ′ } ⊂ N. This observation and (10) imply that r({i, j}) ∈ R does
not depend on the choice of {i, j} ⊂ N. Choose an arbitrary {i, j} ⊂ N and we deﬁne r1
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by
r1 = 2r({i, j}).

(11)

By WSI and E, for any λ ∈ R,
λr1 )
,
2
2
(
λr1 λr1 )
ψ({i, j}, λui ) = λ −
,
.
2
2

ψ({i, j}, λuj ) =

( λr

1

,λ −

(12)
(13)

Let ({i, j}, v) ∈ Γ2 . For each S ⊆ {i, j}, S ̸= ∅, let dS denote the dividend of S in
({i, j}, v). Then,
WSI

ψi ({i, j}, v) = ψi ({i, j}, dij uij ) + ψi ({i, j}, di ui ) + ψi ({i, j}, dj uj )
r1
r1
(9),(12),(13) dij
+ di − di · + dj ·
=
2
2
2
}
1{
r1
r1
=
v(ij) − v(i) − v(j) + v(i) − v(i) · + v(j) · .
2
2
2
Thus for any r2 ∈ R, we get
ψi ({i, j}, v) = r2 ·

]
v(ij) 1
1[
+ (1 − r1 )v(i) + (1 − r2 )v(ij) − (1 − r1 )v(j) .
2
2
2

Thus, when r1 is given by (11) and r2 is arbitrary, ψ coincides with (8) for 2-person
games.
We proceed by the induction on the number of players. It suﬃces to prove that for
each t ∈ N, t ≥ 3, the following claim holds:
Claim t . Suppose that there exist real numbers {r1 , · · · , rt−2 } such that, for any (N, v) ∈
Γ, 1 ≤ n ≤ t − 1, and any rt−1 ∈ R, ψ(N, v) coincides with (8).
Then, there exists rt−1 ∈ R such that, for any (N, v) ∈ Γ, n = t, and any rt ∈ R,
ψ(N, v) coincides with (8).
The proof of Claim t consists of two steps. In Step 1, we endogenously derive rt−1 .
In Step 2, we prove that the real number rt−1 derived in Step 1 satisﬁes the desired
condition.
Step 1: By the induction hypothesis, ψ satisﬁes A on Γn−1 . Thus, by Lemma 1, ψ
satisﬁes S on Γn . For any N ⊂ N with |N | = n, i, j ∈ N , i ̸= j, and i′ , j ′ ∈ N , i′ ̸= j ′ ,
E,S

ψj (N, ui ) =

1 − ψi (N, ui ) L2 1 − ψi′ (N, ui′ ) E,S
=
= ψj ′ (N, ui′ )
n−1
n−1

For each N ⊂ N, let r(N ) ∈ R denote the above equal value. For any N ⊂ N with
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|N | = n, i, j ∈ N and k ∈ N\N ,
(
)
1 − ψi (N, ui ) L3 1 − ψi (N \j) ∪ {k}, ui E,S (
)
r(N ) =
=
= r (N \j) ∪ {k} .
n−1
n−1
E,S

(14)

For any N ⊂ N, by repeatedly replacing an player in N with an outside player, we can
obtain an arbitrary n-person player set N ′ ⊂ N. This observation and (14) imply that
r(N ) ∈ R does not depend on the choice of N ⊂ N. Choose an arbitrary player set
N ⊂ N and we deﬁne rt−1 by
rt−1 = n(n − 1)r(N ) −

t−2
∑

rm .

(15)

m=1

Step 2: We prove that, when rt−1 is given by (15), ψ(N, v) coincides with (8) for all
(N, v) ∈ Γ, n = t.
For each game (N, v) ∈ Γ, n = t, we deﬁne the binary relation ∼∗ on N by
i ∼∗ j ⇔ v(N \{i}) = v(N \{j}).
The binary relation ∼∗ is an equivalent relation and induces a partition on N . Let
N (N, v) denote the partition and set
#(N, v) =

max |S|.

S∈N (N,v)

We proceed by the induction on #(N, v).
Induction base: Consider a game (N, v) ∈ Γ such that n = t and #(N, v) = n, i.e.,
v(N \{i}) = v(N \{j}) for all i, j ∈ N.
Fix i ∈ N . Then,
BCEC

ψi (N, v) − ψj (N, v) = ψi (N \j, v) − ψj (N \i, v) for all j ∈ N \{i},
ψi (N, v) − ψi (N, v) = 0.
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By taking the sum of both sides of the above equations, together with E, we get
nψi (N, v) − v(N )
]
∑[
=
ψi (N \j, v) − ψj (N \i, v)
j∈N \i
IH

=

∑[

∑

{
}
pn−1,s (1 − rs+1 )v(S ∪ i) − (1 − rs )v(S)

j∈N \i S⊆N \{i,j}

−

∑

S⊆N \{i,j}

=

∑[

{
}]
pn−1,s (1 − rs+1 )v(S ∪ j) − (1 − rs )v(S)

∑

pn−1,s (1 − rs+1 ){v(S ∪ i) − v(S ∪ j)}

j∈N \i S⊆N \{i,j}

=

∑

(n − s − 1)pn−1,s (1 − rs+1 )v(S ∪ i) −

S(N \i

]

∑

s · pn−1,s−1 (1 − rs )v(S)

S⊆N \i:S̸=∅

∑ s!(n − s − 1)!
∑ s!(n − s − 1)!
=
(1 − rs+1 )v(S ∪ i) −
(1 − rs )v(S)
(n − 1)!
(n − 1)!
S(N \i
S⊆N \i
]
∑ s!(n − s − 1)! [
(1 − rs+1 )v(S ∪ i) − (1 − rs )v(S) − (1 − rn )v(N ),
=n·
n!
S⊆N \i

where rt is an arbitrary real number. It follows that, for any rt ∈ R,
]
∑ s!(n − s − 1)! [
nψi (N, v) = rn v(N ) + n
(1 − rs+1 )v(S ∪ i) − (1 − rs )v(S) .
n!

(16)

S⊆N \i

Induction step: Suppose that the result holds for any (N, v) ∈ Γ, n = t, #(N, v) = l+1,
and we prove the result for (N, v) ∈ Γ, n = t, #(N, v) = l, where 1 ≤ l ≤ n − 1.
Let (N, v) ∈ Γ, n = t, #(N, v) = l. Choose a coalition T ∈ N (N, v), |T | = l. Since
l ≤ n − 1, N \T ̸= ∅. Choose players i ∈ T and j ∈ N \T . Deﬁne δ = v(N \j) − v(N \i)
and consider the game (N, v + δuj ). In this game,
(v + δuj )(N \j) = v(N \j),
(v + δuj )(N \k) = v(N \j) for all k ∈ T.
It follows that #(N, v + δuj ) = l + 1. Thus, we can apply the induction hypothesis. For
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any player k ∈ N \j,
ψk (N, v + δuj )

[
]
∑
v(N ) + δ
+
pn,s (1 − rs+1 )v(S ∪ k) − (1 − rs )v(S)
n
S⊆N \{j,k}
[
∑
(
)
(
)]
pn,s (1 − rs+1 ) v(S ∪ k) + δ − (1 − rs ) v(S) + δ

= rn ·
+

S⊆N \k:S∋j

[
]
∑
v(N )
= rn ·
+
pn,s (1 − rs+1 )v(S ∪ k) − (1 − rs )v(S)
n
S⊆N \k
]
[r
∑
n
+
pn,s (−rs+1 + rs ) .
+δ
n
S⊆N \k,S∋j

Since
rn
+
n

∑

pn,s (−rs+1 + rs )

S⊆N \k,S∋j

(
)
(
)
n−1
}
n−2
rn ∑{ n − 2
r1
rn
=
+
pn,q −
pn,q−1 rq +
−
n
n(n − 1)
n
q−1
q−2
q=2
=

n−1 {
∑
q=2

q
q−1 }
r1
−
rq +
n(n − 1) n(n − 1)
n(n − 1)

∑
1
rq ,
n(n − 1) q=1
n−1

=
we obtain

ψk (N, v + δuj ) = rn ·

[
]
∑
v(N )
+
pn,s (1 − rs+1 )v(S ∪ k) − (1 − rs ) · v(S)
n
S⊆N \k

+

δ
n(n − 1)

n−1
∑

rq .

(17)

q=1

By WSI,
ψk (N, v) = ψk (N, v + δuj ) − ψk (N, δuj )
[
]
∑
v(N )
(15),(17)
= rn ·
+
pn,s (1 − rs+1 )v(S ∪ k) − (1 − rs ) · v(S) .
n
S⊆N \k

Thus, the desired equation holds for all k ∈ N \j. E completes the proof.
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