Category theory

for computer science

e generality e abstraction e convenience e constructiveness e

Overall idea

look at all objects exclusively through relationships between them

capture relationships between objects as appropriate morphisms between them
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(Cartesian) product I

e Cartesian product of two sets A and B, is the set
A x B ={{a,b) | a € A,b € B} with projections m : A x B — A and
w1 A X B — B given by 71 ({a,b)) = a and w1 ({a, b)) = b.

e A product of two sets A and B, is any set P with projections 7 : P — A and
mo : P — B such that for any set C' with functions f; : P — Aand fo: P — B
there exists a unique function h : C' — P such that h;m; = f; and h;my = f5.

A<t p_T2 . p

Fact: Cartesian product (of sets A and B) is

a product (of A and B). J1 Hh Jo

Recall the definition of (Cartesian) product of Y-algebras.
Define product of X-algebras as above. What have you changed?
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Pitfalls of generalization'

the same concrete definition ~» distinct abstract generalizations

Given a function f : A — B, the following conditions are equivalent:
e fis a surjection: Ya € A-3b € B-f(a) = b.
e f is an epimorphism: for all hi,hy : B — C, if f;h1 = f;ho then hy = hs.
e f is a retraction: there exists g : B — A such that g;f = udp.

BUT: Given a ¥-homomorphism f: A — B for A, B € Alg(X):

f is retraction = f is surjection <= f is epimorphism

BUT: Given a (weak) 3-homomorphism f: A — B for A, B € PAlg(%):

f is retraction — f iIs surjection =— f is epimorphism
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Categories I

Definition: Category K consists of:
e a collection of objects: |K|

e mutually disjoint collections of morphisms: K(A, B), for all A, B € |K
m: A — B stands form € K(A, B)

7

e morphism composition: form: A — B andm': B — C, we have m;m': A — C;
— the composition is associative: for my : Ag — Ay, mo : Ay — Ag and
mg3 : Ay — Az, (mi;ma);ms = my;(meo;ms)
there is idy : A — A such that
for all my : Ay — A, my;idg = mq, and mo : A — Ao, ida;mo = meo.

— the composition has identities: for A € |K

BTW: “collection” means “set”, “class”, etc, as appropriate.

K is locally small if for all A, B € |K|, K(A, B) is a set.
K is small if in addition |K]| is a set.
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Presenting finite categories'

0:
1: o
2 o ——————p O

(identities omitted)
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Generic examples'

Discrete categories: A category K is discrete if all K(A, B) are empty, for distinct
A, B € |K|, and K(A, A) = {ida} for all A € |K]|.

Preorders: A category K is thin if for all A, B € |K|, K(A, B) contains at most one
element.
Every preorder < C X x X determines a thin category K< with |[K<| = X and
, K<(x,y) is nonempty iff x < y.

for x,y € | K<
Every (small) category K determines a preorder < C |K| x |K
A, B € K|, A <k B iff K(A, B) is nonempty.

- where for

Monoids: A category K is a monoid if |K]| is a singleton.
Every monoid X = (X, ;, id), where ; : X x X — X and id € X, determines a
(monoid) category Ky with |K<| = {x}, K(*,%) = X and the composition
given by the monoid operation.
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Examples I

e Sets (as objects) and functions between them (as morphisms) with the usual
composition form the category Set.

Functions have to be considered with their sources and targets

e For any set S, S-sorted sets (as objects) and S-functions between them (as
morphisms) with the usual composition form the category Set”.

e For any signature 3., Y-algebras (as objects) and their homomorphisms (as
morphisms) form the category Alg(>).

e For any signature 3, partial Y-algebras (as objects) and their weak
homomorphisms (as morphisms) form the category PAlg(>).

e For any signature X, partial X-algebras (as objects) and their strong
homomorphisms (as morphisms) form the category PAlgg(X).

e Algebraic signatures (as objects) and their morphisms (as morphisms) with the
composition defined in the obvious way form the category AlgSig.
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Substitutions '

For any signature X = (5, (2), the category of Y-substitutions Substy; is defined as
follows:

— objects of Substy, are S-sorted sets (of variables);

— morphisms in Substy; (X, Y) are substitutions 6 : X — |[Tx(Y)|,

— composition is defined in the obvious way:
for 1 : X — Y and 65 : Y — Z, that is functions 6, : X — |Tx(Y)| and
0 : Y — |Tx(Z)|, their composition 01;05 : X — Z in Substy; is the function
01:05 : X — |Tx;(Z)| such that for each = € X, (01;02)(x) = 0% (61 (x)).
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Subcategories I

Given a category K, a subcategory of K is any category K’ such that
e K'| C K|,
e K'(A,B) CK(A,B), forall A,B € |[K/|,

e composition in K’ coincides with the composition in K on morphisms in K’, and
e identities in K’ coincide with identities in K on objects in |K'|.

A subcategory K’ of K is full if K'(A, B) = K(A, B) for all A, B € |K/|.

Any collection X C |K]| gives the full subcategory K‘X of K by \K‘X| — X.
e The category FinSet of finite sets is a full subcategory of Set.

e The discrete category of sets is a subcategory of sets with inclusions as
morphisms, which is a subcategory of sets with injective functions as morphisms,
which is a subcategory of Set.

e The category of single-sorted signatures is a full subcategory of AlgSig.
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Reversing arrows'

Given a category K, its opposite category K°P is defined as follows:

— objects: |KP| = |K]|

— morphisms: K°?(A, B) = K(B, A) for all A, B € |[K°?| = |K|

— composition: given m; : A — B and my: B — C in K°?, thatis, m; : B — A

and my : C' — B in K, their composition in K°?, my;mq : A — C, is set to be

their composition mo;my : C' — A in K.
Fact: The identities in K°P coincide with the identities in K.

Fact: Every category is opposite to some category:

(K*7)” =K
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Duality principle I

If W is a categorical concept (notion, property, statement, ... )

then its dual, co-W, is obtained by reversing all the morphisms in .

Example:

P(X): “for any object Y there exists a morphism f: X — Y
co-P(X): "for any object Y there exists a morphism f:Y — X"
NOTE: co-P(X) in K coincides with P(X) in K°P.

Fact: [f a property W holds for all categories then
co-W holds for all categories as well.
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Product categories'

Given categories K and K’, their product K x K’ is the category defined as follows:

— objects: |[K x K'| = |K| x |K/|

— morphisms: (K x K")({A4,A"),(B,B")) =K(A,B) x K'(4’, B") for all
A, B e |K|and A, B’ € |K/|

— composition: for (my,m}): (A, A") — (B, B’) and (ms,m5) : (B, B") — (C,C")
in K x K’, their composition in K x K’ is

(my,m7);{me, my) = (Mmq3ma, mi;msy)

mq,1M2
C4< T py Mo >>(t’\

Define K™, where K is a category and n > 1.

> B/ oL Extend this definition to n = 0.

A/
~ mimh K
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Morphism categories I

Given a category K, its morphism category K™ is the category defined as follows:

— objects: |[K™| is the collection of all morphisms in K

— morphisms: for f: A— A’ and g: B — B’ in K, K7 (f, g) consists of all
(k,k"), where k : A — B and k' : A" — B’ are such that k;g = f;k' in K

— composition: for (k,k") : (f: A— A") - (¢ : B — B’) and

(7,7 : (g: B— B") — (h: C — C") in K7, their composition in K™ is

(ks k)3 (5,07) = (ksg, K37)- e s |
A E__»p ¢
Check that the composition is well-defined.
f g lh
./
N—FE s T Lo
\_ k55"
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Slice categories'

Given a category K and an object A € |K|, the category of K-objects over A, K| A,
is the category defined as follows:

— objects: K| A is the collection of all morphisms into A in K

— morphisms: for f: B— Aand g: B"— Ain K, (K|A)(f,g) consists of all
morphisms k : B — B’ such that k;g = f in K

— composition: the composition in K| A is the same as in K

( kij

k J
Check that the composition is well-defined. B > B >B"
. f g h
View K| A as a subcategory of K.
A
Define KTA, the category of K-objects under A.
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Fix a category K for a while.

Simple categorical definitions'

e f: A— B s an epimorphism (is epi):
forall g,h: B — C', f;g= f;h implies g =~h

In Set, a function is epi iff it is surjective

e f: A— Bisa monomorphism (is mono):
forall g,h: C — A, g;f = h;f implies g = h

In Set, a function is mono iff it is injective

-

A

N

-

C

\

/39
Y
> B . C
h )

fih

g;f
> A / > B
Y

h; f
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Simple facts'

e If f:A— Bandg:B — C are mono then f;g: A — C'is mono as well.

e If f;9: A— C is mono then f: A — B is mono as well.

Prove, and then dualise the above facts.

NOTE: A morphism f is mono in K iff f is epi in K°P.

mono = co-epi

Give “natural” examples of categories where epis need not be “surjective”.

Give “natural” examples of categories where monos need not be “injective”.
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Isomorphisms I

f: A— B is an isomorphism (is iso)
if thereis g : B — A such that f;g = ida and g;f = idp. Then g is the (unique)
inverse of f, g = f~1.

In Set, a function is iso iff it is both epi and mono

Fact: If f is iso then it is both epi and mono. Give counterexamples to show that
the opposite implication fails.

Fact: f: A — B isiso iff
e f is a retraction, i.e., there is g1 : B — A such that gy;f = idg, and

e f is a coretraction, i.e., there is g5 : B — A such that f;go = id4.

Fact: A morphism is iso iff it is an epi coretraction.
Dualise!

Fact: Composition of isomorphisms is an isomorphism.
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Universal constructions:

limits and colimits

Consider and arbitrary but fixed category K for a while.
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Initial and terminal objects'

An object I € |K| is initial in K if for each object A € |K| there is exactly one
morphism from [ to A.

Examples:
e () is initial in Set.
e For any signature X € |AlgSig|, Ty is initial in Alg(X).

e For any signature X € |AlgSig| and set of >-equations ®, the initial model of
(32, ®) is initial in Mod (3, ®), the full subcategory of Alg(3:) determined by the
class Mod (X, ®) of all models of ®.

Look for initial objects in other categories.

Fact: Initial objects, if exist, are unique up to isomorphism:
e Any two Initial objects in K are isomorphic.

e If 1 isinitial in K and I’ is isomorphic to I in K then I’ is initial in K as well.
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Terminal objects I

An object I € |K| is terminal in K if for each object A € |K| there is exactly one
morphism from A to I.

terminal = co-initial

Exercises: Dualise those for initial objects.

e Look for terminal objects in standard categories.
e Show that terminal objects are unique to within an isomorphism.

e Look for categories where there is an object which is both initial and terminal.
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Products '

A product of two objects A, B € |K|, is any object A x B € |K]| with two morphisms
(product projections) m1 : A x B — A and w3 : A X B — B such that for any object
C' € |K| with morphisms f; : C'— A and f5 : C' — B there exists a unique morphism

h:C — A X B such that h;m; = f1 and h;my = f5.

!

A
In Set, Cartesian product is a product

We write (f1, f2) for h defined as above. Then:

(1, f2);m1 = f1 and (f1, f2);m2 = f2. Moreover,
for any h into the product A x B: h = (h;my, h;ma).
Essentially, this equationally defines a product!

fi

AxB—22 4+ B
A
=L
f2
C

Fact: Products are defined to within an isomorphism (which commutes with

projections).
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Exercises '

e Product commutes (up to isomorphism): A x B~ B x A
e Product is associative (up to isomorphism): (A x B) x C =2 A x (B x C)
e What is a product of two objects in a preorder category?

e Define the product of any family of objects. What is the product of the empty
family?

e For any algebraic signature 3 € |AlgSig]|, try to define products in Alg(X),
PAlgs(X), PAlg(3). Expect troubles in the two latter cases. ..

e Define products in the category of partial functions, Pfn, with sets (as objects)
and partial functions as morphisms between them.

e Define products in the category of relations, Rel, with sets (as objects) and
binary relations as morphisms between them.

— BTW: What about products in Rel°??
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Coproducts I

A coproduct of two objects A, B € |K|, is any object A + B € |K]| with two
morphisms (coproduct injections) 11 : A — A+ B and 13 : B — A + B such that for
any object C' € |K| with morphisms f; : A — C and f; : B — C there exists a
unique morphism h : A4+ B — C such that h;t; = f1 and hjio = f.

coproduct = co-product

U1 %)
In Set, disjoint union is a coproduct A - A+ D B
We write [f1, f2] for h defined as above. Then: =1
v13Lf1, f2] = f1 and w5 f1, f2] = f2. Moreover, for h f2
any h from the coproduct A + B: h = [h;t1, hjto]. Y
Essentially, this equationally defines a product! ¢

Fact: Coproducts are defined to within an isomorphism (which commutes with
injections).

Exercises: Dualise!
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Equalisers I

An equaliser of two “parallel” morphisms f,g: A — B is a morphism e : . — A such
that e;f = e;g, and such that for all h: H — A, if h;f = h;g then for a unique

morphism k : H — F, k;e = h. 5 e - / >
e Equalisers are unique up to isomorphism. H'Tk ?
e Every equaliser is mono. . h
e Every epi equaliser is iso. H

B

In Set, given functions f,g: A — B, define

E={a€ Al f(a) =g(a)}

The inclusion e : £ — A is an equaliser of f and g.

Define equalisers in Alg(3).
Try also in: PAlgs(2), PAlg(Y), Pfn, Rel, ...
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Coequalisers I

A coequaliser of two “parallel” morphisms f,g: A — B is a morphism c: B — C
such that f;c = g;c, and such that for all h: B — H, if f;h = g;h then for a unique

morphism k : C' — H, c;k = h. A ﬁ > 3 c . C
e Coequalisers are unique up to isomorphism.
e Every coequaliser is epi. h H R
e Every mono coequaliser is iso. H

In Set, given functions f,g: A — B,
let = C B x B be the least equivalence such that | f(a) = g(a) foralla € A

The quotient function | |= : B — B/=is a coequaliser of f and g.
Define coequalisers in Alg(3). Most general unifiers are
Try also in: PAlgs(2), PAlg(Y), Pfn, Rel, ... coequalisers in Substs;
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Pullbacks'

A pullback of two morphisms with common target f: A— C and g: B — C'is an
object P € |K| with morphisms j: P — A and k : P — B such that j;f = k;g, and
such that for all P’ € |K| with morphisms ' : P’ — A and k' : P’ — B, if

4" f = k’;g then for a unique morphism h : P’ — P, h;j = 5’ and h;k = K'.

In Set, given functions f: A— C and f: B — C,
define | P = {{a,b) € Ax B | f(a) = g(b)}
Then P with obvious projections on A and B,
respectively, is a pullback of f and g.

Define pullbacks in Alg(X).
Try also in: PAlgs(2), PAlg(Y), Pfn, Rel, ...

Wait for a hint to come. ..

Andrzej Tarlecki: Abstract Specificiation Theory, 2008



Few facts'

e Pullbacks are unique up to isomorphism.

e If K has all products (of pairs of objects) and all equalis-
ers (of pairs of parallel morphisms) then it has all pull-
backs (of pairs of morphisms with common target).

e If K has all pullbacks and a terminal object then it
has all binary products and equalisers. HINT: to build
an equaliser of f,g : A — B, consider a pullback of

<idA,f>, <idA,g> : A — A X B.

e Pullbacks translate monos to monos: if the following is

a pullback square and f is mono then f’ is mono as well.
O <4—0°

11

o <4—0©
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Pushouts ' pushout = co-pullback

A pushout of two morphisms with common source f: C — Aand g: C — Ais an
object P € |K| with morphisms j: A — P and k: B — P such that f;j = g;k, and
such that for all P’ € |K| with morphisms j': A — P’ and k' : B — P/, if

f:3" = g;k’ then for a unique morphism h: P — P’, j;h = j' and k;h = k',

P/
In Set, given functions f : A — C and f : B —
C', define the least equivalence = on A W B such that
f(c) = g(c) for all c € C'| The quotient (AW B)/= with k'
compositions of injections and the quotient function is a
pushout of f and g. k
Dualise facts for pullbacks! B
f 9
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Example I

{0,[1=1],[2=23],2,3}

{0— 0,1+ [1 =1], {1—[1=1],
25 [2=3],3— 3} &2,3._42,3]}
{0,1,2,3} PO {1,2,3}
{aHl,bl—x {a— 1,b+— 3}
{a,b}

Pushouts put objects together taking account of the indicated sharing
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Example in AlgSigI

sort String

ops a,...,z: String;
_ 7 _: String x String
— String
A
sort Elem

PO

Y

sorts String, Nat, Array|String]

ops a,...,z: String;

_ 7 _: String x String — String;

empty : Array|String|;

put : Nat x String x Array|String]
— Array[String|;

get : Nat x Array|String| — String

A

Y

sorts Elem, Nat, Array|Elem]

ops empty : Array[Elem];

put : Nat X Elem x Array|FElem]
— Array|Elem];

get : Nat x Array[Elem| — Elem
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Graphs I

A graph consists of sets of nodes and edges,
and indicate source and target nodes for each edge

Graph is any X grepn-algebra.

2 Graph = SOFts nodes, edges The category of graphs:

opns source : edges — nodes
target : edges — nodes Graph = Alg(Xgrapn)

For any small category K, define its graph, G(K)

For any graph G € |Graph)|, define the category of paths in G, Path(G):
— objects: |G|rodes

— morphisms: paths in G, i.e., sequences ngeiny ...Nng—_1€xnk of nodes

nos- -,k € |Glnodes and edges ei,...,ex € |G|edges such that
source(e;) = n;—1 and target(e;) =n; fori=1,... k.
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Diagrams'

A diagram in K is a graph with nodes labelled with K-objects

and edges labelled with K-morphisms with appropriate sources and targets.

A diagram D consists of:
— a graph G(D),
— an object D,, € |K]| for each node n € |G(D)|nodes.
— a morphism D, : Dgyyrce(e) — Diarget(e) for each edge e € |G(D)]cqges-

For any small category K, define its diagram, D(K), with graph G(D(K)) = G(K)

BTW: A diagram D commutes (or is commutative) if for any two
paths in G(D) with common source and target, the compositions
of morphisms that label the edges of each of them coincide.
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Diagram categories I

Given a graph G with nodes N = |G|04es and edges o °
E = |G|edges. the category of diagrams of shape G in 5
K, Diag$, is defined as follows: D.° —p
— objects: all diagrams D in K with G(D) =G
— morphisms: for any two diagrams D and D’ in K P M
of shape G, a morphism p : D — D’ is any family
p= (n, : Dy — Dy,), -y of morphisms in K such Hn Hrm
that for each edge e € E with sourceg(p)(e) = n
and targetgpy(e) = m, o .
:un;Dé = De;pim \/I D »_I /
Dy, Dy,
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Let D be a diagram over G(D) with nodes N = |G(D)|nodes and edges E = |G(D)|cdges-

Cones and cocones' //\\
A cone on D (in K) is an object X € |K]| together
with a family of morphisms (v, : X — D,), 5 such
that for each edge e € I with sourceg(py(e) = n and \/a” X)ém

target g py(e) = m, an;De = Q.

A cocone on D (in K) is an object X € |K]| together

o / \ ° with a family of morphisms (a,, : D,, — X)) 5 such
\/ozn . \Jém that for each edge e € I with sourceg(py(e) = n and
D. < >'.D

target g py(e) = m, an = Dejam.
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/

A limit of D (in K) is a cone (o, : X — D), .y on
D such that for all cones (a;, : X' — D,) .5 on D,

Limits and colimits' AT
M

for a unique morphism h : X' — X, h;a,, = o, for all / e’ /\ o
ne N. \ 'A{n \
! -
X X' D,
N .
Qn
vl 7\ RN A colimit of D (in K) is a cocone (o, : D, — X), -y
° < o
/ on D such that for all cocones (o, : D, — X’) 5 on
\ Gn D, for a unique morphism h : X — X', a,;h = o, for
D, e all n € N.
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Some limits '

diagram limit in Set
(empty) terminal object {x}
A B product Ax B
f
A B equaliser fac A| f(a)=g(a)} — A
g
AL, B pullback | {(a,b) € Ax B| fla) = g(b)}

Andrzej Tarlecki:
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. & coIimitsI

diagram colimit in Set
(empty) initial object )
A B coproduct AW B
A f: B coequaliser B — B/=
’ where f(a) = g(a) foralla € A
A«—C —B pushout (
)

AW B)/=
g

where f(c) = g(c) for all ce C

Andrzej Tarlecki:

Abstract Specificiation Theory, 2008




Exercises '

e For any diagram D, define the category of cones over D, Cone(D):

— objects: all cones over D

— morphisms: a morphism from (v, : X — D,,), -y to(a;, : X' — Dy), _n is
any K-morphism h : X — X' such that h;a!, = o, for alln € N.

e Show that limits of D are terminal objects in Cone(D). Conclude that limits are
defined uniquely up to isomorphism (which commutes with limit projections).

e Construct a limit in Set of the following diagram:

Ag L0 Ay o4, L2

e Show that limiting cones are jointly mono, i.e., if (ap, : X — Dy), -y is a limit
of D then forall f,g: A — X, f = g whenever f;a,, = g;a,, for alln € N.

Dualise all the exercises above!
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Completeness and cocompleteness'

A category K is (finitely ) complete if A category K is (finitely ) cocomplete if
any (finite) diagram in K has a limit. any (finite) diagram in K has a colimit.

e If K has a terminal object, binary products (of all pairs of objects) and equalisers

(of all pairs of parallel morphisms) then it is finitely complete.

e If K has products of all families of objects and equalisers (of all pairs of parallel

morphisms) then it is complete.

Prove completeness of Set, Alg(X), AlgSig, Pfn, ...

When a preorder category is complete?

BTW: If a small category is complete then it is a preorder.

Dualise the above!
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Functors

and

natural transformations

functors ~»  category morphisms

natural transformations  ~»  functor morphisms

Andrzej Tarlecki: Abstract Specificiation Theory, 2008
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Functors '

A functor F : K — K’ from a category K to a category K’ consists of:
e a function F : |K| — |K’|, and
e forall A, B € |K]|, a function F : K(A,B) — K'(F(A),F(B))

such that:

Make explicit categories in which we work at various places here

e F preserves identities, i.e.,

F(ida) = idp(a)

for all A € |K|, and

e F preserves composition, I.e.,

F(f;9) = F(f);F(g)

forall f:A— Bandg: B— Cin K.

We really should differentiate between various components of F
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Examples I

e identity functors: Idk : K — K, for any category K
e inclusions: Ix_ k' : K — K’, for any subcategory K of K’

e constant functors: C, : K — K/, for any categories K, K’ and A € |K’|, with
Ca(f) = ida for all morphisms f in K

e powerset functor: P : Set — Set given by
— P(X)={Y |Y C X} forall X € |Set)|
— P(f): P(X) - P(X') forall f:X — X’ in Set,
P(f)Y)={fy) lyeY} forally € X

e contravariant powerset functor: P_q : Set°” — Set given by
— P_1(X)={Y | Y C X}, for all X € |Set]
— P_1(f): P(X') = P(X) forall f: X — X’ in Set,
P (f)(Y)=4{xe X | f(zx)eY'} forall Y C X’
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Examples, cont’d. I

e projection functors: T : K xK' - K, m : K x K/ - K’
e /ist functor: List : Set — Monoid, where Monoid is the category of monoids

(as objects) with monoid homomorphisms as morphisms:

— List(X) = (X*, 7€), for all X € |Set|, where X™ is the set of all finite lists
of elements from X, ~ is the list concatenation, and ¢ is the empty list.

— List(f) : List(X) — List(X’) for f : X — X’ in Set,
List(f)((z1,...,2n)) = (f(x1),..., f(z,)) forall x1,...,2, € X

e totalisation functor: Tot : Pfn — Sety, where Setx is the subcategory of Set
of sets with a distinguished element * and x-preserving functions

— Tot(X) = X & {x} Define Setx as the category of algebras

~ Tot(f)(z) = f(z) ifitis defined

* otherwise
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Examples, cont’d. I

o carrier set functors: |_| : Alg(X) — Set”, for any algebraic signature & = (S, Q),
yielding the algebra carriers and homomorphisms as functions between them

o reduct functors: _|, : Alg(¥') — Alg(X'), for any signature morphism
o: % — Y, as defined earlier

e term algebra functors: Ty, : Set — Alg(X) for all (single-sorted) algebraic

signatures 3. € |AlgSig| Generalise to many-sorted signatures

— Tx(X) =Tx(X) for all X € |Set]
— Tx(f) = f7 : Ts(X) — Tx(X') for all functions f: X — X'
e diagonal functors: A : K — Diag% for any graph G with nodes N = |G|, 0des

and edges E = |G|cdges, and category K

— AL (A) = D4, where D# is the “constant” diagram, with D% = A for all
n € N and DA = idy forallec E

— AL (f)=p' : DA — DB forall f: A— B, where uf = f foralln € N
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Hom-functors '

Given a locally small category K, define

Homygk : K x K — Set

a binary hom-functor, contravariant on the first argument and covariant on the
second argument, as follows:

e Homgk ((A, B)) = K(A, B), for all (A,B) € |[K°? x K|, i.e., A, B € |[K|

e Homk ((f,9)) : K(A,B) — K(A', B’), for (f,qg) : (A,B) — (A", B’) in
K? xK,ie., f:A — Aand g: B— B’ in K, as a function given by

Homg ((f,9))(h) = fig:h. (A— N
K(4.5)| | | k(. m)
g
B /
Also: Homgk (A, ) : K — Set — u
Homgk( , B) : K7 — Set \_Homk(f,9) 4
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Functors preserve. .. I

e Check whether functors preserve:
— monomorphisms
— epimorphisms
— (co)retractions
— isomorphisms
— (co)cones
— (co)limits

e A functor is (finitely) continuous if it preserves all existing (finite) limits.

Which of the above functors are (finitely) continuous?

Dualise!
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Functors compose. .. I

Given two functors F : K — K’ and G : K’ — K", their composition
F:G : K — K" is defined as expected:

e (F;:G)(A) =G(F(A)) for all A € K|

o (F;G)(f)=G(F(f)) forall f:A— BinK

Cat, the category of (sm)all categories

— objects: (sm)all categories

— morphisms: functors between them

— composition: as above

Characterise isomorphisms in Cat

Define products, terminal objects, equalisers and pullback in Cat

Try to define their duals
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Comma categories I

Given two functors with a common target, F : K1 — K and G : K2 — K, define
their comma category

(F,G)

— objects: triples (A;, f : F(A;) — G(A2), Az), where 4; € |[K1|, A; € |K2J, and
f:F(A4) - G(42) in K

— morphisms: a morphism in (F, G) is any pair
(hi,ho) : (A1, f : F(A1) —» G(A3),As) — (B1,9: F(B1) — G(Bs), By), where
hi: Ay — By in K1, hy : A5 — By in K2, and F(hy);9 = f;G(hs) in K.

K1: K: ¥ K2:
— composition: component-wise A1 F(Ay) G (Az) Ay
hll F(hl)l lG(hQ) lh2
B, F(B))—L—» G(Bs) By

Andrzej Tarlecki: Abstract Specificiation Theory, 2008 - 95 -



Examples I

e The category of graphs as a comma category:

Graph = (Idget, CP)

where CP : Set — Set is the (Cartesian) product functor (CP(X) = X x X
and CP(f)((z,z")) = (f(x), f(x'))). Hint: write objects of this category as
(E, (source, target) : E — N x N, N)

e The category of algebraic signatures as a comma category:

AlgSig = (Idget, (_)")

where (_)* : Set — Set is the non-empty list functor ((X)™ is the set of all
non-empty lists of elements from X, (f)"({(x1,...,2n)) = (f(x1),..., f(xn))).
Hint: write objects of this category as (2, {arity, sort) : Q — S, S)

Define K™, K| A as comma categories. The same for Alg(Y).
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Cocompleteness of comma categories'

Fact: /f K1 and K2 are (finitely) cocomplete categories, F : K1 — K is a (finitely)
cocontinuous functor, and G : K2 — K is a functor then the comma category (F, G)

is (finitely) cocomplete.
Proof (idea):

Construct coproducts and coequalisers in (F, G), using the corresponding

constructions in K1 and K2, and cocontinuity of F.

State and prove the dual fact,

concerning completeness of comma categories

Andrzej Tarlecki: Abstract Specificiation Theory, 2008 -97 -



Coproducts:

Ay F(A,)

PARN

>-GA2

/G LA2

Al—I—Bl (A1—|—Bl)—>-G A2—|—BQ

LB:\ F(LBly‘

\G L32

P-GBQ

> G(AQ)

\m

AQ—I-BQ

o

A

G(hg)l lG(h’z) hgl lhg

By F(B,)
Coequalisers:
q Aq F(A,)
hluhg F(h,) lF(h’)
By F(B,)
Cll F(Cl)l
Cy F(Ch)

> G(BQ)
lG(@)
- G(C3)

Bs

lcg

C
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Indexed categories I

An indexed category is a functor | C :Ind°” — Cat

Standard example: Alg : AlgSig®” — Cat

The Grothendieck construction: Given C : Ind°? — Cat, define a category Flat(C):
— objects: (i, A) for all ¢ € |Ind|, A € |C(3)]
— morphisms: a morphism from (i, A) to (j, B), (o, f) : (i, A) — (j, B), consists of

a morphism ¢ : i — j in Ind and a morphism f: A — C(o) in C(%)
— composition: given (o, f) : (i, A) — (i’, A") and (o', f") : (i’ A") — (i"", A”),
their composition in Flat(C), (o, f);{(c’, f') : (i, A) — (", A”), is given by

(o, f)i(a", [') = (a50", [iC(o)(f'))

Fact: /fInd is complete, C(i) are complete for all i € |Ind|, and C(o) are
continuous for all o : i — j in Ind, then Flat(C) is complete.

Try to formulate and prove a theorem concerning cocompleteness of Flat(C)
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Natural transformations'

Given two parallel functors F, G : K — K’, a natural transformation from F to G

T F—- G

is a family 7 = (7, : F(A) — G(A)) o¢ |k of K'-morphisms such that for all
f:A— Bin K (with A, B € |[K|), | 74;G(f) =F(f);7B

Then, 7 is a natural isomorphism if for K: K’

all A € |K|, 74 is an isomorphism. A F(A) A, G(A)
fl F(f) lG<f>
B F(B) —£ » G(B)
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Examples I

e identity transformations: idg : F — F, where F : K — K’ , for all objects
A € ‘K|, (idF)A — 1dy : F(A) — F(A)

e singleton functions: sing : Idgset — P (: Set — Set), where for all X € |Set
singy : X — P(X) is a function defined by sing (x) = {x} forx € X

e singleton-list functions: sing™St : Idget — |List| (: Set — Set), where
|List| = List;| | : Set — Monoid — Set, and for all X € |Set|,

sing 5t X — X* is a function defined by singst(z) = (z) for x € X

e append functions: append : |List|;CP — |List| (: Set — Set), where for all
X € |Set|, append  : (X* x X*) — X* is the usual append function (list
concatenation) polymorphic functions between algebraic types
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Polymorphic functions'

Work out the following generalisation of the last two examples:

— for each algebraic type scheme Vag ..., - T, built in SML using at least
products and algebraic data types (no function types though), define the
corresponding functor [T7] : Set™ — Set

— argue that in a representative subset of SML, for each polymorphic expression

E:Voy...ap - T — T its semantics is a natural transformation
[E] - [T] — [17]

Theorems for freel
(see Wadler 89)
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Yoneda lemma '

Given a locally small category K, functor F : K — Set and object A € |[K]|:

Nat(Homgk (A, ), F) 2 F(A)

natural transformations from Homyk (A, ) to F, between functors

from K to Set, are given exactly by the elements of the set F(A)

EXERCISES:
e Dualise: for G : K°? — Set,

Nat(Homgk( ,A),G) = G(A)

e Characterise all natural transformations from Homg (A, ) to Homgk (B, ), for
all objects A, B € |K|.
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| Proof.

e Fora € F(A), define 7* : Homk (A, ) — F, as the family of functions
% K(A,B) — F(B) given by 75(f) = F(f)(a) for f: A— B in K.

This is a natural transformation, since for g : B — C and then f: A — B,

F(g)(t5(f)) = F(9)(F(f)(a)) K: Set: ra
= F(J9)(a) = 7(J:0) B KB =)
= 76(Homgk (4, 9)(f)) gl (L)sg lHomK(A, q9) lF(g)
Then 74(id4) = a, and so for distinct a
a,a’ € F(A), 7 and 7 differ. C K(4,C) “—F(C)
e If 7: Homk(A, ) — F is a natural
transformation then 7 = 7%, where we A K(A4, A) A, F(A)

puta = 74(ida), since for B € |K| and
f A= B ra(f) = F(f)(ralida) ! l i ZlH"mK(A’ neFo)

by naturality of 7: B K (A, B) B, F(B)
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vertical composition:

From: F

K /?YK’
. "Pi M
K/ Ti0 \YK’

M

Compositions I

horizontal composition:

From: F

N § N
NI A
"
- F.G

N
/‘
Y
S
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F

Vertical composition I / ¢ F’\v
K > K’
\_

aé /A

F//

The vertical composition of natural transformations 7 : F — F' and o : F/ — F”

between parallel functors F, F' , F" :

K — K’

7.0 : F — F”

Is a natural transformation given by

for all A € |K]|.

(T:0)a = Ta;04
K’
F(A) —4
F(f)
F(B) —2

- F'(A) — 24 » F'(A)

J'F’(f ) J'F”(f )

~ F'(B) —28» F"(B)
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F G

Horizontal composition' K/ é \Y / o

NN

The horizontal composition of natural transformations 7 : F — F and 0 : G — G’
between composable pairs of parallel functors F,F' : K —- K’', G,G' : K/ — K"

~

70:F.G — F';G’

is a natural transformation given by | (7:0)4 = G(74):08/(4) = OF(4);G'(Ta) |for all

A < ‘K| K/_ K//.
Multiplication by functor: ' ' OF(A)
G, FA) GF(A) - G/(F(A))
i.e., (T-G)A = G(TA) .
— F0 =idpo: F;G — F;G, A G(74) (To)a G'(74)
le., (F-O‘)A:JF(A) OF/(A)

F'(A) G(F'(4)) - G'(F'(4))

Show that indeed, 7-0 is a natural transformation
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Functor categories'

Given two categories K, K’, define the category of functors from K’ to K, KK’ as
follows:

— objects: functors from K’ to K

— morphisms: natural transformations between them

— composition: vertical composition of the natural transformations

Exercises:
e View the category of S-sorted sets, Set”, as a functor category
e Show how any functor F : K” — K/ induces a functor (F;_) : KK — KK”
o Check whether KX’ is (finitely) (co)complete whenever K is so.

o Check when (F;_) : KXK' — KX" is (finitely) (co)continuous, for a given functor
F:K'— K’
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Diagrams as functors'

Each diagram D over graph G in category K yields a functor Fp : Path(G) — K

given by:

— Fp(n) = D, for all nodes n € |G|nodes

— Fp(noeiny ... ng_1exng) = Dey;...;De,, for paths ngeiny ... ng_1exng in G
Moreover:

— for distinct diagrams D and D’ of shape GG, Fp and Fp. are different
— all functors from Path(G) to K are given by diagrams over G

Diagram morphisms p : D — D’ between diagrams of the same shape GG are exactly

natural transformations i : Fp — Fp.

Diag% ~ K Path(G)

Diagrams are functors from small (shape) categories
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Double law '

Given: P
K/ s F\K/ 75w )
N B ARNS T
F// G_//
then:
(r-0);(1"-0") = (137")-(030")
F:G
/
K (T-0);(7"-0") §(1;77)-(0307)
N

o

F//;G_//

1

This holds in Cat, which is a
paradigmatic example of a two-
category.

A category K is a two-category
when for all objects A,B €
K|, K(A,B) is again a cate-
gory, with I-morphisms (the usual
K-morphisms) as objects and 2-
morphisms between them. Those
2-morphisms compose vertically
(in the categories K(A, B)) and
horizontally, subject to the double
law as stated here.

In two-category Cat, we have
Cat(K',K) = KX
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Equivalence of categories'

e Two categories K and K’ are isomorphic if there are functors F : K — K’ and
G : K’ — K such that F;G = Idk and G;F = Idk:.

e Two categories K and K’ are equivalent if there functors F : K — K’ and
G : K/’ — K and natural isomorphisms 7 : Idx — F;G and ¢ : G;F — Idgk-.

e A category is skeletal if any two isomorphic objects are identical.

e A skeleton of a category is any of its maximal skeletal subcategory.

Fact: Two categories are equivalent iff they have isomorphic skeletons.

All “categorical” properties are preserved under equivalence of categories
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Adjunctions
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Recall:

Term algebras I

Fact: For any S-sorted set X of variables, Y:-algebra A and valuation v : X — |A

7

there is a unique Y-homomorphism v¥ : T (X) — A that extends v, so that

idx ) 7y (x) ;07 =0

x| Ty (X))

X > |15 (X)) T5(X)
Set® > 7| [ Alg(X)
4] A
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Free objectsI

Consider any functor G : K’ — K

Definition: Given an object A € |K|, a free object over A w.r.t. G is a K'-object
A’ € |K'| together with a K-morphism s : A — G(A’) (called unit morphism) such
that given any K'-object B’ € |K'| with K-morphism f : A — G(B’), for a unique
K'-morphism f#* : A’ — B’ we have

na;G(f%) = f

; ; G ,
Paradigmatic example: K K
Term algebra Tx(X) with unit A A - G(4) A
ZdX‘—>|T2(X)| X — ‘TE(X” IS
free over X € |Set®| w.r.t. the f G(f#) 3| f#
carrier functor | | : Alg(¥) —
Set® G(B') B’
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Examples I

e Consider inclusion i : Int — Real, viewing Int and Real as (thin) categories,
and ¢ as a functor between them. For any real r € Real, the ceiling of r,
[7] € Int is free over r w.r.t. i.

What about free objects w.r.t. the inclusion of rationals into reals?

e For any set X € |Set|, the “free monoid” List(X) = (X™, 7, ¢) is free over X
w.r.t. | | : Monoid — Set.

, the category of its paths, Path(G) € |Cat]|, is free
over G w.r.t. the graph functor G : Cat — Graph.

e For any graph G € |Graph

e Discrete topologies, completion of metric spaces, free groups, ideal completion of
partial orders, ideal completion of free partial algebras, ...

Makes precise these and other similar examples

Indicate unit morphisms!
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Free equational models'

e Recall: for any algebraic signature ¥ = (S, ), term algebra Tx(X) is free over
X € |Set®| w.r.t. the carrier functor | | : Alg(¥) — Set”.

e For any set of Y-equations ®, for any set X &€ |SetS|, there exist a model
Fgs(X) € Mod(®) that is free over X w.r.t. the carrier functor
| : Mod((Z, ®)) — Set®, where Mod((X, ®)) is the full subcategory of
Alg(X) given by the models of ®.

e For any algebraic signature morphism o : 3 — Y/, for any Y-algebra
A € |Alg(X)|, there exist a >'-algebra F,(A) € |Alg(>’)| that is free over A
w.r.t. the reduct functor _|, : Alg(¥') — Alg(>).

e For any equational specification morphism o : (3, ®) — (X', ®"), for any model
A € Mod(®), there exist a model F,(A) € Mod(®') that is free over A w.r.t.
the reduct functor _|, : Mod((X, ®)) — Mod({X', ®')).

Prove the above.
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Facts '

Consider a functor G : K’ — K, and object A € |K]|, and an object A" € |K’| free
over A w.r.t. G with unit ng : A — G(A4).

e A free objects over A w.r.t. G the initial objects in the comma category
(Ca,G), where C4 : 1 — K is the constant functor.

e A free object over A w.r.t. G, if exists, is unique up to isomorphism.
e The function (L)7 : K(A4,G(B’)) — K'(A’, B') is bijective for each B’ € |K'|.
e For any morphisms g1,92: A’ — B in K/, g1 = g2 iff n4;G(g91) = 14;G(g2).

Colimits as free objects'

Fact: In a category K, given a diagram D of shape G(D), the colimit of D in K is

a free object over D w.r.t. the diagonal functor AE(D) K — Diagi(D).

Spell this out for initial objects, coproducts, coequalisers, and pushouts
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Left adjoints'

Consider a functor G : K/’ — K.

Fact: Assume that for each object A € |K| there is a free object over A w.r.t. G,
say F(A) € |K'| is free over A with unit ny : A — G(F(A)). Then the mapping:
— (A€ [K]|) = (F(4) € [K'|)
— (f+ A= B)— ((fms)" : F(A4) — F(B))

form a functor F : K — K'. Moreover, n : Idx — F;G is a natural transformation.

K & K’
A A, G(F(A)) F(A)
F(f) =
/ GEDY - ppy#
B 5, G(F(B)) F(B)
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\ Proof.

F preserves identities: A A, G(F(A)) F(A)

F(ida) = (idasna)® = idp(a) z’dAl l fgéii;‘&))) 1dp ()
A—"— G(F(4)) F(A)
F preserves composition:
F(fi9) = (fignc)? = F(f);F(g)
1A
- GEA) ~ F(A) ~
fl J'G(F(f)) F(f)
B—" GF(B) |G FB [FOFE)
J’ lG(F(g)) lF(g)
¢ —"— G(F(C)) / F(C)<’
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Left adjoints'

Definition: A functor F : K — K/’ is left adjoint to (a functor) G : K/ — K with
unit (natural transformation) n : Idx — F;G if for all objects A € |K|, F(A) € |K/|
is free over A with unit morphism ny : A — G(F(A)).

Examples I

o The term-algebra functor T%; : Set® — Alg(X) is left adjoint to the carrier
functor |_| : Alg(X) — Set”, for any algebraic signature ¥ = (S, Q).

e The ceiling [ | : Real — Int is left adjoint to the inclusion i : Int — Real of
integers into reals.

e The path-category functor Path : Graph — Cat is left adjoint to the graph
functor G : Cat — Graph.

e ... other examples given by the examples of free objects above . ..
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Uniqueness of left adjoints'

Fact: A left adjoint to any functor G : K' — K, if exists, is determined uniquely up
to a natural isomorphism: if F : K — K’ and F' : K — K’ are left adjoint to G with
units n : Idx — F;G and 0’ : Idx — F';G, respectively, then there exists a natural
isomorphism T : ¥ — F’ such that n;(7-G) = n/'.

G Proof: For each A € |K|, 74 = (7/4)*.
% Put also 7,1 = (n4)%* .
G(7a) = T Then show:
/
Uy G

(F'(A)) F/(A) — 7:F — F’ is indeed a natural transfor-

(F(4)) F(A)

-1 : -1 :
— TAT, = idpa)y and 7, ;74 = idp/(4)

mation

— For f: A— B, F(f) = (fmp)".
— For g1,92 : F(A) — o, if n4;G(g1) = na;G(g2) then g1 = go.
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Left adjoints and colimits'

Let F : K — K’ be left adjoint to G : K/ — K with unit  : Idx — F;G.

Fact: F is cocontinuous (preserves colimits).

Proof:
K K’
x—3h , G(Y) F(X)—h" |y
A A A A
1 EANEE AN 1 EANEE AN
D \ %pn;(?b&g) \ %n \ F(D)
Dn. >0 Dn). >0
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Left adjoints and Iimits'

Let F : K — K’ be left adjoint to G : K/ — K with unit  : Idx — F;G.

Fact: G is continuous (preserves limits).

Proof:
K/
X<  F(Y)
i
[ o<« /\ )
G(D) \d /7 \ D
N "
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Existence of left adjoints'

Fact: Let K’ be a locally small complete category. Then a functor G : K — K’ has
a left adjoint iff

1. G is continuous, and

2. for each A € |K| there exists a set {f; : A — G(X;) | i € T} (of objects
X; € |K'| with morphisms f; : A — G(X;), 1 € ) such that for each B € |K’
and h: A — G(B), for some f: X; — B, i €I, we have h = f;;f.

Proof:

“=": Let F : K — K’ be left adjoint to G with unit n : Idx — F;G. Then
follows by the previous fact, and for just put Z = {x}, Xx = F(A), and
fx =na:A— G(F(A))

<"1 It is enough to show that for each A € |K| the comma category (C 4, G) has
an initial object. Under our assumptions, (C 4, G) is complete. The rest follows
by the next fact.
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On the existence of initial objects'

Fact: A locally small complete category K has an initial object if there exists a set
of objects T C |K]| such that for all B € |K|, for some X € T thereis f: X — B.

Proof: Let P € |K]| be a products of Z, with projections px : P — X for X € 7. Let
e: E — P be an “equaliser” (limit) of all morphisms in K(P, P). Then F is initial in
K, since for any B € |K|:

e epx;f: FF— B, where f: X — B for some X € 1.

e Given ¢g1,¢g2 : E — B, take their equaliser ¢/ : E/ — E. As in the previous item,
we have h: P — E’. Then h;e;e’ : P — P, and by the construction of
e: E— P, ehe';e = e;idp = idg;e. Now, since e is mono, e;h;e’ = idg, and so

e’ is a mono retraction, hence an isomorphism, which proves g; = ¢».
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Cofree objectsI

Consider any functor F : K — K’

Definition: Given an object A’ € |K'|, a cofree object under A" w.r.t. F is a
K-object A € |K| together with a K-morphism €5/ : F(A) — A’ (called counit
morphism) such that given any K-object B € |K| with K'-morphism g : F(B) — A,
for a unique K-morphism g : B — A we have

G(g97")iea =g
K E - K’
A F(A) A - A/
Paradigmatic example:
Function spaces, coming soon EI!|g# F(g#)
g
B F(B)
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Examples I

e Consider inclusion i : Int — Real, viewing Int and Real as (thin) categories,

and ¢ as a functor between them. For any real » € Real, the floor of r,
|7| € Int is cofree under r w.r.t. i.

What about cofree objects w.r.t. the inclusion of rationals into reals?

e Fix a set X € |Set|. Consider functor Fx : Set — Set defined by:
— for any set A € |Set|, Fx(4) =Ax X

— for any function f: A — B, Fx(f): Ax X — B x X is a function given by
Fx(f)({a,z)) = (f(a),z).

Then for any set A € |Set|, the powerset A* € |Set| (i.e., the set of all functions

from X to A) is a cofree objects under A w.r.t. Fx. The counit morphism

eq: Fx(A%) = A% x X — A'is the evaluation function: e4({f,z)) = f(z).

A generalisation to deal with exponential objects will (not) be discussed later
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Facts '

Dual to those for free objects: Consider a functor F : K — K’, object A" € |[K’|, and
an object A € |K]| cofree under A" w.r.t. F with counit 4 : F(A) — A'.

e Cofree objects under A’ w.r.t. F are the terminal objects in the comma category
(F,C4s), where C4/ : 1 — K’ is the constant functor.

e A cofree object under A" w.r.t. F, if exists, is unique up to isomorphism.
e The function (L) : K'(F(B), A’) — K(B, A) is bijective for each B € |K]|.

e For any morphisms g1,g92: B— Ain K, g1 = g2 iff g1;64 = 9256 4.

Limits as cofree objects'

Fact: In a category K, given a diagram D of shape G(D), the limit of D in K is a

cofree object under D w.r.t. the diagonal functor A%D) K — Diagﬁ(D).

Spell this out for terminal objects, products, equalisers, and pullbacks
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Right adjoints'

Consider a functor F : K — K’.

Fact: Assume that for each object A" € |K'| there is a cofree object under A" w.r.t.
F, say G(A’) € |[K'| is cofree under A" with counit € o» : F(G(A")) — A’. Then the
mapping:

- (A e|K')) = (G(A) € [K])

~ (9:B"—= A') = ((ep39)" : G(B') — G(A"))

form a functor G : K/ — K. Moreover, ¢ : G;F — Idk is a natural transformation.

K & - K’
G(4) F(G(A) —= - A’
G(g) =
i B 7
G(B)  FGB) —L
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Right adjoints'

Definition: A functor G : K/ — K is right adjoint to (a functor) F : K — K’ with
counit (natural transformation) € : G;F — Idg if for all objects A’ € |K'|,
G(A") € |K| is cofree under A" with counit morphism €4/ : F(G(A")) — A’

Fact: A right adjoint to any functor F : K — K’, if exists, is determined uniquely
up to a natural isomorphism: if G : K' — K and G’ : K — K are right adjoint to F
with counits ¢ : G;F and €' : G';F, respectively, then there exists a natural
isomorphism 7 : G — G’ such that (7-F);e’ = ¢.

Fact: Let G : K' — K be right adjoint to F : K — K’ with counit e : G;F — Idk:.
Then G is continuous (preserves limits) and F is cocontinuous (preserves colimits).
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From left adjoints to adjunctions'

Fact: Let F : K — K’ be left adjoint to G : K' — K with unit n : Idx — F;G.
Then there is a natural transformation ¢ : G;F — Idk such that:

e (Gn):(eG) = ide G4 — S0, GR(G(A)  F(G(A)
1dG (A7) Glear) A
G(A") A’
o (0 F):(F-c) = idg G(F(4)  F(G(F(A)—2  F(a)
Proof (idea): " Fina) 1dF (A)
Put e4 = (idg(A/))#. A F(A)
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From right adjoints to adjunctions'

Fact: Let G : K’ — K be right adjoint to F : K — K’ with counit
e : G;F — Idk/. Then there is a natural transformation n : Idx — F;G such that:

e (Gn):(eG) = ide G4 — S, GR(G(A)  F(G(A)
id(;(A/) G(gA’) CA
G(A") A’
o (0 F):(F-c) = idg G(F(4)  F(G(F(A)—2  F(a)
T F :
Proof (idea): ’ ) Vi ()
Put na = (ZdF(A))# A F(A)
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From adjunctions to left and right adjoints'

Fact: Consider two functors F : K — K’ and G : K/ — K with natural
transformations 1 : Idx — F;G and ¢ : G;F — Idk' such that:

o (G)i(eG) =idg
o (nF);(F-e)=idp
Then:
e F is left adjoint to G with unit 7.
e G s right adjoint to F with counit €.

Proof: For A € |[K|, B’ € |K’'| and f: A — G(B’), define f# = F(f);ep,. Then

f# :F(A) — B’ satisfies n4;G(f”) = f and is the only such morphism in

K'(F(A), B"). This proves that F(A) is free over A with unit 14, and so indeed, F' is
left adjoint to G with unit 7.

The proof that G is right adjoint to F with counit ¢ is similar.
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Adjunctions I

Definition: An adjunction between categories K and K’ is

(F,G,n,¢)

where F : K — K’ and G : K/ — K are functors, and n : Idgx — F;G and
e : G;F — Idk natural transformations such that:

e (G1n);(eG)=1idg
o (n'F);(Fe)=idp
Equivalently, such an adjunction may be given by:

e Functor G: K’ — K and all 4 € |[K

, a free object over A w.r.t. G.
e Functor G : K’ — K and its left adjoint.
e Functor F: K — K’ and all A’ € |[K'|, a cofree object under A’ w.r.t. F.

e Functor F : K — K’ and its right adjoint.
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