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DiMiTER VAKARELOV A Duality Between Pawlak’s
Knowledge Representation
Systems and
BI-Consequence Systems

Abstract. A duality between Pawlak’s knowledge representation systems and certain
information systems of logical type, called bi-consequence systems is established. As an
application a first-order characterization of some informational relations is given and a
completeness theorem for the corresponding modal logic INF is proved. It is shown that

INF possesses finite model property and hence is decidable.

Introduction

This work is a continuation of the research line of the papers [22], [23], [25],
[26], [27], [28], concerning some problems of logical foundation of knowledge
representation, initiated by Orlowska and Pawlak in [11] and [12]. The main
topic in the above series of papers is a study of some concrete informational
relations between objects in Pawlak’s knowledge representation systems like
indiscernibility, different kinds of similarities and informational orderings.
Such informational relations are used as a semantic base of some modal
logics, aimed to provide a formal account for reasoning about objects in
knowledge representation systems. The main difficulty here is connected
with the axiomatization of the corresponding modal logics. The essence is
the following. There are standard methods in Modal Logic for axiomatizing
modal operations interpreted in classes of relational systems, characterized
by some abstract first-order conditions. The informational relations however
are concretely defined relations between objects in knowledge representation
systems, using the specific form of the represented information. So, one main
step towards the problem of modal completeness theorems is to find and
abstract characterization of the considered informational relations by some
first-order conditions. Let us mention that there is no a unique universal
method for this. In the above mentioned papers the reader can find several
examples of such abstract characterizations, based on common ideas. The
main aim of this paper is to present a new method, which is based on a
duality-like connection systems between Pawlak’s knowledge representation
systems and some information system of logical type, called bi-consequence
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206 D. Vakarelov

systems.

The information in Pawlak’s knowledge representation systems is repre-
sented in terms of objects, attributes (like ”color”) and values of attributes
(like ”green”) and consists of listing for each object z and attribute a the set
f(z,a) of all values of a possessed by z. I will call these systems attribute sys-
tems (A-systems for short). Several variations of A-systems under the name
of information systems have been introduced by Pawlak in [13], [14]. In O1-
lowska and Pawlak [11], [12] they are studied under the name of knowledge
representation systems, The notion of A-system is one of the fundamentals
of the so called Rough Sets methodology in AI ([15], [20]). Since the notions
of object, attribute and value of attribute have an ontological nature, we
may say that A-systems are knowledge representation systems of ontological
type.

The information in knowledge representation systems of logical type is
represented by collections of sentences, equipped with some deductive mech-
anisms for yielding a new information from an old one. As a logical coun-
terpart of the notion of A-system we introduce the notion of bi-consequence
system (B-system for short) as an abstract system in the form (Sen,t, >),
where Sen is a nonempty set, whose elements are called sentences and - and
>— are tworelations between finite set of sentences, called respectively strong
and weak consequence relations and satisfying some axioms like structural
rules in Gentzen systems. The first who introduced abstract syustems of a
similar nature was Scott [17]. Other examples are given in [28]. One of the
main results of the paper is a representation theorem for B-systems in A-
systems, which generalizes the well-known Stone representation theorem for
distributive lattices [21]. In this way we establish a duality-like connection
between B-systems and A-systems, similar to the duality between Boolean
algebras and set. This representation theorem extends a result from [28],
where a representation theorem for simpler information systems of logical
type was proven.

The representation theorem of B-systems in A-systems is applied to
obtain a first-order characterization for some informational relations in A-
systems: weak and strong versions of informational ordering, and positive
and negative similarities. As a consequence a complete modal logic for these
relations is introduced.

1. Attribute and bi-consequence systems

Attribute systems

By an attribute system, A-system for short, we mean any system of the
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A duality between Pawlak’s. .. 207

form S = (0b, At,{Val(a)/a € At}, f), where:
e Ob # 0 is a set, whose elements are called objects,
e At is a set, whose elements are called attributes,

o for each a € At,Val(a)is a set, whose elements are called values of the
attribute a,

e fis a two-argument total function, called information function, which
assigns to each object z € Ob and attribute a € At a subset f(z,a) C
Val(a), called the information of z according to a.

The components of a given A-system S will be written with subscript S:
Obs, Ats,Vals(a) and fs.

An example of attribute is a= "official language”. Then the set of values
of a is Val(a) = {English, German, French, Russian}. If z is a person who
knows only English and German then the information of z according to a is
f(z,a) = {English, German}. It is possible however for z to speak neither
of the four official languages, then f(z,a) = @ and this is a very definite
information for z.

Now we shall give a set-theoretical construction of A-systems. Since
attributes can be considered as sets of properties and the set-theoretical
analog of a property is a set of objects, then the set-theoretical analog of an
attribute is a set of sets of objects. This leads to the following construction.

Let (W, V) be a pair with W # @ and V C P(P(W)),i. e. the elements of
V are sets of subsets of W. Define an A-system § = A(W, V) as follows: put
Obs = W, Ats = V,for each a € Ats define Vals(a) = a,and for each z €
Obs and a € Ats put fs(z,a) = {A € a/z € A}. The system S = A(W,V)
will be called the set-theoretical A-system over the pair (W, V).

Bi-consequence systems

First we shall introduce the notion of a Consequence system (C-system)
(see [28]) which is more intuitive. This is an abstract system of the form
S = (Sen,t) where Sen # () is a set whose elements are called sentences and
F is a binary relation between finite subsets Py;,(Sen) of Sen, called Scott
consequence relation, satisfying the following axioms coming from classical
logic.

e (Refly IfANB#0then A+ B,
¢ (Mono) If A B,AC A" and B C B’ then A’ + B/,
e (Cut) If Ak BU{z} and {z} UA} B then A+ B.
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208 D. Vakarelov

S is called non-trivial C-system if @ I/ @, otherwise .S is called trivial.

If S is a C-system then the components of § sometimes will be denoted
by Seng and tFg.

Following the usual practice, instead of {ay,...,an} F {b1,...,b,} and
AU{z1,...,2m} F BU{y1,...,yn} we will write ay,...,a, & b1,...,bn
and A,zq,...,Zm,F B,y1,...,Yn. We assume that for n = 0 we have
{z1,...,2,} = 0.

For a set A € Py;n(Sens) and z,y € Seng we say that:

e z implies y in S iff z kg vy,
¢ A is inconsistent (contradictory) in S iff A g 0,
o A is consistent in S iff A /s 0,

e A is complete (tautological) in S iff ) F A,

A is incomplete in S iff ) /s A.

The axioms (Refl), (Mono) and (Cut) are known under the names of
Reflexivity, Monotonicity and Cut.

Typical example of a C-system is a logical theory L, based on the classical
logic. In such an example the elements of Sen are real sentences and the
relation ay,...,a, F by,...,by holds if the implication (a1,A... A a,) =
(b1 V...Vby)is truein L.

Let S be a C-system. A subset ¢ C Seng is called a prime filter in S if
the following condition is satisfied

(VA, B € Pjin(Sen))(AFs B& ACz — BNz #£0)
The set of all prime filters of S will be denoted by PrF'il(S). The fol-

lowing lemma is proved in [28].

LEMMA 1. 1. (Separation lemma for C-systems) Let S be a C-system and
for A, B € Pfin(Sens) we have A Vs B. Then there exists a prime filter ©
of S such that AC z and BNz = 0.

Now we can give the definition of bi-consequence system.

By a bi-consequence system, B-system for short, we will mean a system

S of the following form S = (Sen,t, >), where:

e (Sen,t)is a C-system and | is now called a strong consequence relation

This content downloaded from 193.0.118.39 on Thu, 19 Feb 2026 10:47:30 UTC
All use subject to https://about.jstor.org/terms



A duality between Pawlak’s. .. 209

e > is a binary relation in the set Py;n(Sen), called weak consequence
relation and satisfying the following axioms for any A, B,A’, B’ €
Pgin(Sen):

(Refl >) If AN B # 0 then A>—,

(Mono >-) If A>B,AC A’ and B C B’ then A’>B’,
(Cut >-1) If A+ z,B and A,z> B then A>B,
(Cut >-2) If A,z+ B and A>=z, B then A>B,
(Incl) If A+ B then A>B.

Let us note that the axiom (Incl) is equivalent on the base of the remain-
ing axioms to the following more simple axiom

(Incl 0) If @ + @ then 0>0.

The following example of a B-system will give the main intuition of this
notion. Let S; = (Sen,tF;) ¢+ € I be a non-empty set of C-systems with
one and the same set of sentences Sen. Define the relations + and > in
Pin(Sen) as follows:

AFBiffViel A+; BA>-B iff 3i € IA>,;B.

Then it is easy to see that the system (Sen,F,>) is a B-system. It is now
clear why F and > are called strong and weak consequence relations re-
spectively.

LEMMA 1. 2. Let S be a B-system. Then the following Cut condition is true
in S for any X,Y, A, B € Pyi,(Sens)

(Cut>) If X>~s5Y and for anyz € X andy € Y we have A s z, B
and A,ytgs B then A>gs B.

ProoF. Let X = {z1,...,zn} and Y = {y1,...,¥,}. Then prove by
induction that for any ¢ and j, 0 <7 < m, 0 < j < m the following is true:
T1,...,Ti, A>5Y,...,Y;, B. Then the assertion is obtained from i = j = 0.

]

The next example of a B-system is connected with A-systems and will
be of a great importance.

Let S be an A-system. We shall construct a system B(S), called the
B-system over 5, in the following way. Put Seng(s)y = Obs and for any
finite sets A = {z1,...,2} and B = {y1,...,yn} of Obs define
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210 D. Vakarelov

A Fpsy Biff (Ya € Ats)(fs(z1,¢)N...N fs(zm,a) C fs(y1,a)U ... U
fS(y'ma))a

A>p(syB iff (Ja € Ats)(fs(z1,a)N...N fs(zm,a) C fs(y1,a)U... U
fS(y'n, a’))

LEMMA 1. 3.

(i) Let S be an A-system. Then the system B(S) defined as above is a
B-system.

(ii) Let S = A(W,V) be set-theoretical A-system over the pair (W,V) and
A,BC Pﬁn(W). Then:

Atps) Biff (YaeV)(VC€a)(ACC —»BNC #£0).
A>p(sBiff (3a€V)(VC €a)(ACC - BNC #0).

ProorF - straightforward, following the relevant definitions. [ |

Lemma 1. 3. shows that in some abstract sense A-systems constitute
a correct ”semantics” for B-systems. The next theorem shows that each
B-system can be represented as a B-system over some A-system.

THEOREM 1. 4. (Representation theorem for B-systems)
Let S be a B-system. Then there exists an A-system S’ = A(S) such that
S = B(A(S)).

PRrooF. The system S’, which we are going to define will be a set theoret-
ical A-system A(W,V) over a pair (W, V). Since we want that the equality
S = B(A(W,V)) to hold, we have to put W = Seng. It remains to show
how to define the set V (recall that V' C P(P(W))). We will do this by
finding a characteristic property of the elements of V, which will separate it
from the set P(P(W)). Suppose for the moment that the set V is defined.
Then by the equality S = B(A(W,V)) and lemma 4. 2. (ii) we will have

AbgBiff (VaeV)VC €a)(ACC —BNC #0),
A>s Biff (3aeV)(VC €a)(ACC - BnNC #0).

If a is an arbitrary element of V, then it will satisfy the following two
conditions for any two sets A, B € P ¢ (W):

(*) Abs B— (YC €a)(ACC - BNC #0),
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A duality between Pawlak’s. .. 211

(**) A>s B — (3C € a)(AC Cand BNC =0).

The required characteristic property for a will be to satisfy (*) and (**).

So we define: a set of subsets of Seng is called a good set in S if it
satisfies (*) and (**). Note that condition (*) says that the elements of a
good set are prime filters in (Seng,Fg).

Now we can start the proof of the theorem.

Put W = Seng and V be the set of all good sets in S. Since we have
V C P(P(W)) put S’ to be the set-theoretical A-system A(W, V) over the
pair (W,V) and denote S’ by A(S). A(S) will be called the canonical A-
system over S.

To prove the theorem we need some lemmas.

LEMMA 1. 5. Let A, B, X,Y € Py;n(Sens). Then:

(1) If X /s Y, then there exists C € PrFil(S), denoted by C(X t/sY),
such that X CC and Y NC = 0.

(i) If A>£s B then there exists C € PrFil(S), denoted by C(A>£¢ B),
such that ACC and BNC = 0.

(i) If X>-5 Y and A>£g B then there exists C € PrFil(S) denoted by
C(X>sY,A>tg B) such that:

1) either X £ C or Y N C # 0,
2) ACC and BN C = .

ProOOF.

(i) is exactly the Separation lemma for C-systems.

(ii) Let A>fg B. Then by (Incl) A t/s B and by (i) there exists a C €
PrFil(S) such that AC C and BNC = 0. Put C(A>+¢4 B) =C.

(ili) Suppose X>—g5 Y and A>f¢ B. Then by lemma 1. 2 either 3z € X
such that A t/s z, B or 3y € Y such that A,y /s B.

Case 1: 3z € X Al/s z, B. Then by (i) there exists Cy € PrFil(S) such
that A C X and ({z}UB)NC; =0,hence z ¢ C;, BNCy =0
and X ¢ C;. This yields the conditions 1) and 2) of the assertion.
Put in this case C(X>s Y, A>-¢ B) = C;.
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Case 2: 3y € Y A,y /s B. Then by (i) there exists C; € PrFil(S) such

that AU {y} C C, and BNCy = 0. Then A C Cy, y € C5 and
cosequently Y N Cy # (0. This yields the conditions 1) and 2) of
the assertion. In this case put C(X>5Y, A>-¢ B) = C,.

LEMMA 1. 6. For any X,Y € Pin(W) the following holds:
(i) XFsYiff VaeV)(VC€a)( X CC->YNC #0),
(ii) X>-sYiff (JaeV)VC €a)( X CC-YNC#0D).

PRrOOF.

(i) (—) Suppose X kg Y, a € V. Then a satisfies (*) and consequently

(VCea)(X CC—YNC#0).

(<) Suppose X /s Y. We shall define a good set a € V such that
(IC€a)(XCCandYNC =0).

Put a = {C(X /s Y)}U{C(A>;-g B)/A, B € P 4;n(W) and A>/-4 B}
and let C = C(X /s Y). We have C € a and by lemma 1. 5(i)
that X € C and Y N C = (. It remains to show that a is a good
set. By lemma 1. 5 all elements of a are prime filters of S so (*) is
fulfilled. To prove (**) suppose A>f-¢ B. Then by the construction of
a C =C(A>) ¢ B) € a and by lemma 1. 5(ii)) AC C and BNC # 0.
So (**) is fulfilled and hence a € V.

(ii) (—) Suppose X>gs Y. We shall construct a € V such that (VC €

(X CC—>YNC#D). Puta = {C(X>s5 Y,A>-5 B)/A,B €
Psin(W) and A>fg B}. LEMMA 1. 5(iii) guarantees that a € V' and
that it satisfies the assertion.

(<) Suppose X>f¢5 Y and a € V. Then by (**) 3C € a such that
XCCandYNC=0.

This completes the proof of the lemma. [ ]

Now the proof of theorem 1. 4 follows immediately from lemma 1. 5.

and lemma 1. 6. [ |

In some abstract sense theorem 1. 4 may by considered as ” completeness”

theorem for B-system with respect to their ”semantics” in the class of A-
systems.
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A duality between Pawlak’s. .. 213

2. Some informational relations in Attribute systems

Let S be an A-system and z,y € Obs. We introduce the following six
informational relations in S:

o Weak positive similarity

zXgy iff (Ja € Ats)fs(z,a) N fs(y,a) # 0,
o Weak negative similarity

zNsy iff (3a € Ats)fs(z,a) N fs(y,a) # 0,
e Weak informational inclusion

¢ <gs yiff (Ja € Ats)fs(z,a) C fs(y,a),
e Strong positive similarity

zogy iff (Va € Ats)fs(z,a)N fs(y,a) # 0,
¢ Strong negative similarity

zvsy iff (Va € Ats)fs(z,a)N fs(y,a) # 0,
e Strong informational inclusion

z <s y(Va € At)fs(z,a) C fs(y,a).

The intuitive meaning of this relations is clear from their definitions.

LEMMA 2. 1.
(i) Let S = A(W,V) be a set-theoretical A-system over the pair (W,V).
Then for any x,y € W the following is true:

o zXgy iff (Ja € V)(IA € a)(z € Aky € A),

zNgy iff (3a € V)(IA € a)(z ¢ A&y ¢ A),
e z<syiff aecV)(VA€a)(z e A—yecA),

zosy iff (Va € V)(34 € a)(z € Aky € A),
o zvgy iff (Va € V)(FA € a)(z ¢ A&y ¢ A),

z<syiff(VaeV)(VA€a)(z € A— y€ A).
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214 D. Vakarelov

PRrOOF - straightforward. |

LEMMA 2. 2.
(i) Let S be an A-system and S’ = B(S) by the B-system over S. Then
for any z,y € Obg the following is true:

o 2Xgyiff z,y s 0
ZN.S'y iff 0 |7,S' TY,

o r<gyiff z>—gq 0,

T0gy iff z, y>/'S' @,

zvsy iff 0>F g 2,9,
e z<gyiffz kg y.

(ii) Let S’ be a B-system and S = A(S') be the canonical A-system over
S’. Then for any z,y € Obg the following is true:

o zXgyiff z,y s O
a’NSy lﬁ@ VS’ Y,

z<gyiff z>—g vy,

zosy iff z,y>f4 0,

Tvsy iff mZLS' z,Y,
e z<syiffz kg y.

Proor - straightforward, following the relevant definitions. [ ]

Lemma 2. 2 attaches a new meaning of the relations ¥, N, <,0,v, < and
suggests how to define them in B-systems. Namely we have the following
definition.

Let S be a B-system. Then for z,y € Seng we define:
o z¥syiff z,yl/s 0
o zNsyiff O Vs z,y,

o z<gyiff z>gy,
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A duality between Pawlak’s. .. 215

e zogy iff z, y)LS ma
o zvsy iff 0>f5 z,y,
o x<gyiffztguy.

LEMMA 2. 3. Let S be an A-system (B-system). Then the following con-
ditions are true for any z,y,z € Obs (z,y,z € Seng): (the subscript S is
omitted)

Sl.z<z Jz bz, (Ref k)
S2.e<y&y<z—z<z [Jzty&kytzoztz (Cutt)
$3. zXy — yXz, [y, 20—z, yt0, (Permutation )
S4. z¥y — zXz, JtF Q- z,yt 0, (Mono +)
S5. 25y & y<z— zXz, [z,z2+ 0 & yt+ z then z,y 0, (Cut t)
S6.zXzorz <y JtFD -z by, (Mono +)
S7.zNy — yNz, /0y, z -0k z,y, (Permutation +)
S8.zNy — zNz, [0tz —>0Fa,y, (Mono +)
S9.2<y& yNz— zNz, JtFy&ObFz,z—>0Fy,z2 (Cut I)
510. yNyor z < y, Oty —azby, (Mono |-)
Sll.z¥zorzNzorz <y, [z,zFQ&0QF 2,2 >zt y, (Cut F)
512,z < z, [z>—z (Ref>-)
SIB.z<y&y<z-oz<z [tby&y>z—oa>2 (Cut>)
Sldz<y&y<zoz<z, [z>y&ytzoz>2 (Cut>)
S15. zoy — yoz, [T, y>=0>—y,z>—0 (Permutation>)
S16. rzoy — zoz, >0 — z,y>0 (Mono>)
S17. 20y & y< z — z02, [, z2>=0 & y+ 2z — z,y>0 (Cut>)
S518. zoz or = < ¥, >0 — z>y (Mono>)
519. 20y & y < z > zXz, [,z 0 & y>2z — z,y>0 (Cut>)
520. zozor yNzorz <y [T, z2>=0 & Qb y,z — z>—y (Cut>)
S21. zvy — yvz, [0>—y,z — O>—=z,y (Permutation>)
$22. zvy — zvz, [0>—z — O>—z,y (Mono>-)
S23.z <y & yvz — zv2, [0>—z,z2& s+ y— 0>y, z (Cut>)
S24. yvy or z < y, [O0>—y — z>—y (Mono>-)
525.z <y & yvz —» =Nz, [Obz,z& 2>y — 0>y, z (Cut>)
S§26.z¥zoryvzorz <y [,z 0 & 0>—y,z - a>—y (Cut>)

Proor - straightforward verification. [

Lemma 2. 3. suggests the following definition, which is the first step in
the abstract characterization of the relations <,X, N, <, 0,v.
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216 D. Vakarelov

Let W = (W,<,%,N,<,0,v) be a relational system with W # () and
<,X, N, <,o,v be binary relations in W. We call W a bisimilarity structure
if it satisfies the conditions S1-526 from lemma 2. 3.

Now Lemma 2. 3. says that if S is an A-system (B-system) then the sys-
tem BiSim(S) = (W,<s,%s,Ns,<s,05,vs) with W = Obs (W = Seng)
is a bi-similarity structure, called the bi-similarity structure over §.

The next lemma states some consequences from the axioms of a bi-
similarity structure.

LEMMA 2. 4. The following conditions hold in each bi-similarity structure
(i) Let S € {¥,N,o,v}. Then zSy and u,v € {z,y} imply uSv.

(i) a. zSy &z <u & y<v—uSv, §S€{%, 0},
.eSy&u<z &v<y—uSv, S€{N,v},

.zoy& ((z<u&y<v)or(z<ud& y<v))— ulo,
vy & (u<z & v<y)or(u<z & v<y))— ulNv,
.zoz & x<y— iz,

ywy& z<y—zNz.

o A0 o

(iii) a. zoy — zXy,
. zvy — zNy,

c.z2ly—z<y.

o

(iv) a. 28z & 2Nz — Vuv u < v,u < v,ulv, uNv, usv, uiv,
b. 25z & zNy — (yZy & yvy) & (yoy & yNy).

c. (zZz & zvz) or (z6z & zNz) — Vuv u < v, udv, ubv
PROOF — exercise. [ |
LEMMA 2. 5.

(i) Let S be an A-system and B(S) be the B-system over S. Then
BiSim(S) = BiSim(B(S)).

(ii) Let S be a B-system and A(S) be the canonical A-system over S. Then
Bi§im(S) = BiSim(A(S)).

PRrRooF — direct consequence of lemma 2. 3 and lemma 2. 4. [ |

THEOREM 2. 6. (Characterization theorem for bi-similarity structutres)
LetW = (W,<,%,N,<,o0,v) be a bi-similarity structure. Then:

(i) There ezists a B-system S such that W = BiSim(5).
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A duality between Pawlak’s. .. 217

(ii) There ezists an A-system S’ such that W = BiSim(S’).

PRrOOF. (i) Since we want to have W = BiSim(S) then we have to put
Seng = W. For the relations F and > we take the following definition.
Namely for X,Y € Py;,(W) define:

XFYiff (1) dJre X JyeY z<y,or
(II) 3Jz,y€ X zTy,or
(III) 3z,ye€Y zNy,or
(IV) 3Ja €W aZa & aNa.
X>Yiff (J) JeeX3dyeY z<y,or
(JJ) 3Jz,y€ X zoy,or
(JJJ) 3Fz,y€Y zvy,or
(JV) 3z ((z3z & ziz)or(zoz & zNz)).

The proof of (i) will follow from the following two assertions.
Assertion 1.

(W,F,>) is a B-system.
Assertion 2.

For any z,y € W the following holds:
(a) u<viffutb o,
(b) uXviff u,v /0,
(c) uNviff @ tf u,v,
(d) u<viff u>—w,
(e) uov iff u,v>,0,
(f) wvv iff 0>fu,v.

Proof of assertion 1 —long and routine checking the validity of the axioms
of B-system by applying the conditions S1-5S26 and lemma 2. 4. As an
example we shall verify only the axiom (Cut). For the remaining axioms the
reader can proceed in the same way.

For (Cut) suppose

(1) X,alY,
(2) XFaY
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and proceed to show
3) XFY.

For (1) and (2) we have to consider several cases following the definition
of . Then we shall combine each case for (1) with each case for (2).

(II) 3z € XU{a} Jy €Y z < y. If z € X then by (I) we get (3), so we
consider in this case that

z=a:a<ly, yev.

(1II) 3z,y € X U {a} zZy. If z,y € X then by (II) we get (3). So we
consider here three cases:
(i) z=a:aly,y € X,
(i) y=a:2%a,z € X.
(iii) z=y=a:ala.

(1III) 3z,y € Y zNy. Then directly by (III) we obtain (3). So this case will
not be combined with the other cases for (2).

(1IV) 3Ja aXa & aNa. By (IV) we get (3) so this case also will not be
combined with the other cases for (2).

(2I) Jue X v e {a}UY u <v. If v € Y then by (I) we get (3) so in this
case we consider

v=a:u<aand u€ X.

(2II) 3u,v € X uXv. Then by (II) we obtain (3). This case will not be
combined with the other cases for (1).

(2I01) Ju,v € {a}UY uNv. If u,v € V then we obtain (3) by (III), so we
will consider here three cases:

(j) u=a:aNv,veY,
(Gj) v=a:uNa,u€eY,
(jjj) v=v=a:aNa.

(2IV) 3a € W aZa & aNa. Then by (IV) we get (3), so this case will not be
combined with the other cases of (1).
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Now we start to combine the possible cases for (1) and (2).

Case (1I) (2I): e < y,y € Y,u < a,u € X. By S1. we get u < v and by (I)
we get (3).

Case (1I) (2III). Here we have three sub-cases:

(j) @ £ y,y € Y,aNv,v € Y. By S9’ we obtain yNv and by (III) we
obtain (3).

(Gi) a < y,y € Y,uNa,u €Y - similar to (j).
(jij) a < y,y € Y,aNa. By S9 we obtain yNy and by (III) we obtain (3).
Case (1II) (2I) We have to consider three cases.

(i) a¥y,y € X,u < a,u € X. Then by S5 we get uZy and by (II) we
obtain (3).

(ii) zXa,z € X,u < a,u € X. Proceed as in (i).

(iii) aXa,u < a,uXa,u € X. By S5 we obtain uXu and by (II) we obtain
(3)-

Case (1II) (2III). We have to combine the cases (i)-(iii) with the cases (j)-
(33)-
(i) (j) eXy,z € X,aNv,v € Y. Then by S11 we get y < v and by (I) we

obtain (3). The cases (i) (jj), (ii) (j) and (ii) (jj) can be treated
similarly.

(iii) (jij) eZa,aNa. By (IV) we obtain (3).

Proof of assertion 2. As an example we shall verify (a).

(a) (—) Suppose u < v. Then by (I) we have u F v.

(a) (<) Suppose u v, i. e. {u} F {v}. We have to show u < v. For that
purpose we have to consider the possible cases of the definition of I-.

Case (I): 3z € {u} Jy € {v} < y. Then z = u, y = v and hence u < v.
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Case (II): 32,y € {u} zXy. Then z = y = u and uSu. By S6 we obtain
u < v.

Case (III): 3z,y € {v} zNy. Then 2 = y = v and vNv. By S10 we obtain
u <.
Case (IV): 3a aXa & aNa. By LEMMA 2. 4. (iv) we obtain u < v. [

This ends the proof of (i).

(ii) Put 8" = A(S). Then S’ is an A-system. By lemma 2. 5 BiSim(S) =
BiSim(A(s)). By (i) we have W = BiSim(S), hence W = BiSim(S5’). This
ends the proof of the theorem. ]

3. A modal logic INF for some informational relations

In this part we introduce a modal logic INF for the informational relations
in A-systems, considered in the previous section. The aim of this logic is
to provide a formal account for reasoning about objects in an A-system,
including different modalities corresponding to some similarity relations and
other kinds of informational relations. We shall discuss also the possibility to
give a “query” meaning of the considered modal language. The first modal
systems of this type have been introduced by Orlowska and Pawlak in [11]
and [12]. Later this line of investigations was continued by Orlowska [4], [5],
(6], [9], Vakarelov [22], [23], [25], [26] and [27]. The novelty of INF is that it
contains the full variety of positive and negative similarity relations, which
can not be characterized by the methods applied in the above mentioned
papers.

The main results in this section is a completeness theorem for INF with
respect to its standard semantics. The proof of the completeness theorem
is essentially based on the characterization theorem for the informational
relations, proved in section 2. Another result is the finite model property
for INF, which yields its decidability.

Syntax of INF
The language of INF contains the following primitive symbols:

e VAR - an infinite set, whose elements are called propositional vari-
ables,

e A,V,— - the classical Boolean connectives,
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b [S]v [Z]a [E]a [N]a [<]7 [>], [U]’ [V]v [U] - modal operations,

o () - parentheses.
The notion of formula is the usual one, namely:

e all propositional variables are formulas,

e if A and B are formulas then =A,(A A B) and (A V B) are formulas,
e if Aisaformulathen [R]Ais aformula, R = {<,>,X,N,<,>,0,v,U}.
e Abbreviations: A= B=-AV B,1=-4V A,0=-1,(R) = -[R]~

Semantics of INF

We interpret the language of INF in a bi-similarity structures as in the
usual Kripke semantics. Let W be a bi-similarity structure and for z,y € W
weputz > yiff y <z and z > y iff y < z. A function v: VAR - P(W) is
called a valuation if it assigns to each variable A a subset V(A) C W. Then
the pair M = (W, v) is called a model over W. The satisfiability relation
z I, A (the formula A is true in a point € W at the valuation v) is defined
inductively:

zl-y Aiff 2 € v(A) for a € VAR,

z k-, A z Iy, A,

zh, ANBifzl-, Aand z I+, B,
zl, AVBiffzl-, Aorzl-, B,

z I, [R]A ff (Vy € W)(zRy — y Ik, A) for R € {<,>,%,N,<,>,
o,v}.

z I, [UJAIff (Yy € W)y I, A.

Using the definition of (R) we obtain the following interpretation of (R)A
and (U)A:

zl, (RYAiff (Jy € W)(zRy and y I, A),

z - (U)Aiff (3y € A)(y - A).
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We say that a formula A is true in the model M if for any z € W we
have z I, A; A is true in a bi-similarity structure W if A is true in any
model over W.

Let S be a P-system, W be the similarity structure over S and M =
(W,v) be a model over W. For any formula A we put v(A) = {z € W/
z I, A}. The set v(A) may have different meanings. One is that it is the set
of all objects from W = Obg, for which A is true (at v). Another meaning is
that v(A) may be considered also as a query to S: "give the set of all objects
z € Obg, for which A is true”. This meaning leads to consider interpreted
propositional variables in a given model as a simple queries and formulas as
compound queries. Them modal formulas will be ”modal queries”. Let us
consider the following example. Suppose in the above model M that A is
a propositional variable such that v(A) = {z¢}. Then for v({X)A) we can
compute: v({X)A) = {z € Oby/(Fy € Obs)(zXy and y € {z0}) = {z € Obs/
zXzo}. This is the following query to S: "give all objects of S which are
positively weakly similar to z¢”.

Axiomatization of INF

Axiom schemes:

(Bool) All Boolean tautologies,

(K) [R]J(A= B)=[R]B),Re{<,>2,5,N,<,>,0,v,U}

A0, (S)[2)A= A, (2)[<]A= A, (<)[>]A = 4,
(<)[>]A = A,[U]A = A, (U)U]A = A,[U)A = [U][U]A,
[U]JA= [R]A,R€ {<,>,%,N,<,>,0,1,U}

Al. [L]A= A,

A2, [<]A > [<][<14,

A3. (T)[Z]A= A4,

A4, (D) = ([Z]A=> A),

45, [TIA = [Z][<)4,

46. [<]A= ([UIBV(SIB = B)),

A7. (N)[N]A= 4,

A8. (N)1= ([N]JA= A),

A9.  [N]A=[N][2]4,

A10. [>]A= ([U]BV([N]B = B)),

All. [K]AA[Z]B = ([U]BV [U)([N]B = A)),

Al12. [<]A= A,

Al13. [<]A = [K][<]4,

Al4. [<]A = [€][K],

Al5. (o)[o]A= A,
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Al6. (o)1 = [0]A => A),

Al7. [0]A = [0][<]A,

Al18. [<]A = ([U]BV ([¢]B = B)),

A19. [0]A = [0][<]A,

A20. [<]AA[o]B= ([U]BV([N]B= A)),

A21. (v)[v][A= A,

422 ()1 = (WI[3]A,

A23. [v]A = [V][>]A,

A24. [>]A= ([U]BV ([v]B = B)),

A25. [N]A= [V][>]A4,

A26. [<]JAAI[Z]B = ([U]BV [U]([v]B = A)).
Rules of inference: modus ponens (M P)A, A = B/B,

necessitation A/[R]A,R € {<,>,5,N,<,>,0,v,U}.

The logic INF is the smallest set of formulas, containing all axiom schemes
and closed under the rules of inference.

Let us note that the axioms A1-A26 are modal translations of the con-
ditions S1-526.

THEOREM 3. 1. (Completeness theorem for INF)

For any formula A of INF the following conditions are equivalent:
(i) A is a theorem of INF,
(ii) A is true in all bi-similarity structures,

(iii) A is true in all bi-similarity structures over A-systems.

Proor.

(i) — (ii) in a standard way by showing the validity of all axioms and that
the rules preserve validity.

(ii) « (iii) — by theorem 2. 6.

(ii) — (i) The proof can be done by the standard canonical-model-con-
struction (for the relevant definitions and facts see [HC 84] or [Seg
71)).

Let W be the set of all maximal consistent sets of INF. Define for z,y €
W and R € {<,>,%,N,<,>,0,0,U}, [Rlz = {A € FOR/[R]A € z},zRy
iff [R]z C y. It is easy to show by A0 that U is an equivalence relation con-
taining all R € {<,>,X,N,<,>,0,v} and that > and > are the converse
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relations of < and < respectively. For a € W let W, = {z/aUz} and R, be
the restriction of R in the set W,, R € {<,>,X,N,<,>,0,v,U}. Since U
is an equivalence relation, U, is the universal relation in W,. Then, using
the axioms of INF, one can prove in a standard way the following

LEMMA 3. 2. For any a € W the system W, = (W,, <4, >4, L4, Nu, <a) >a,
Oa,V,) 18 a bi-similarity structure.

Now, suppose that A is not a theorem of INF. Then there exists a max-
imal consistent set a € W such that A ¢ a. Take the canonical valuation
v(p) = {z € W,/p € z},p € VAR. Then in a standard way one can prove
by induction on the construction of B that for any z €¢ W, : z I, B iff
B € z. From here we get a Iff, A, so A is not true in the similarity structure
W,, which ends the proof of the theorem.

Finite model property of INF

Now we shall prove by means of the filtration method (see [18]) that
INF possesses finite model property in a sense that each non-theorem can
be falsified in a finite model. First we shall formulate some basic definitions
and facts about filtration, adapted to the logic INF.

Let T be a finite set of formulas, closed under subformulas and M =
(W, <,>,8,N,<,>,0,v),v) be a model over some bi-similarity structure
W. Define an equivalence relation ~ in W in the following way:

z~y iff (VAET) (zk, A oyl A).
Let for z € W |z|{y € W/z ~ y}, |W| = {|z|/z € W} and
v'(p) = {|z|/z € v(p)} for p€ VAR.
We say that the model M’ = ((|W|, </, ¥/, N’),v’) is a filtration of M

through T' if M’ is a model over similarity structure and the following con-
ditions are satisfied for any z,y € W and R € {<,>,X,N,<,>,0,v,U}.
(FR1) If zRy then |z|R'|y|,
(FR2) If |z|R'|y| then (V[R]A € T)(z IFy A — y Ik, A).

LeMMA 3. 3. (Filtration lemma)

(i) The following is true for any formula A €T andz € W: z I, A iff
|z| IH A.

(ii) The set |W| has at most 2" elements, where n is the number of the
elements of T'.
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The proof of (i) is the same as in the standard modal logic (see [18]) and
can be done by induction on the complexity of A. Conditions (FR1) and
(FR2) are used when A is in the form [R]B.

For (ii) let f be a function from |W]| to the set P(T') of all subsets of T’
defined as follows: f(|z|) = {B € I'/z I, B}. It is easy to see that f is
1-1-function from |W| into P(T'). Since P(T') has 2™ elements then |W| has
no more than 2" elements. |

THEOREM 3. 4. (Filtration theorem for INF)

For any model M = (W,<,>,%,N,<,>,0,v),v) over a bi-similarity struc-
ture W and formula A’ there ezist a finite set I' of formulas, containing A’
and closed under subformulas and a filtration M' = ((|W|, <", ¥/, N', o', "),v")
of M through T' such that Cardl’ < 8.n + 4, where n is the number of sub-
formulas of A’.

Proor. Let the model M and the formula A’ be given. Let I' be the
smallest set of formulas containing A, (X), (N)1, (o)1, (v)1, closed under sub
formulas and satisfying the following closure condition

(7) For any formula A, if one of the formulas [Z]A, [N]A4, [<]A4, [>]A,[0]A,
[v]A,[<]A,[>]A is in T, then the others are also in T.

Obviously T is a finite set of formulas containing no more than 8n + 4,
where n is the number of subformulas of A’. Define |W| and v’ as in the
definition of filtration. For |z|, |y| € |W| define:

(1) o] <"yl Hf (V[S]JAET) (2l [€]A -yl [<]A)&
(yIhy [2]A - z I, [>]A)&
(yIHy [Z]A - 2 Ik, [Z]A)&
(z Iy [N]A > y Ik, [N]A)&
(z 1y [<]A = y by [<]A)&
(yky >]A -z Ik, [>]A)&
(yIFy [0]A = z Iy, [0]A)&
(zlky V]A - y Ik, [V]A)&
(zlky (E)1 - y Ik, ())&
(yhy (N)1 > z I+, (N)1)&
(zlky (o)1 >yl (0)1)&
(ylFy (1)1 =y, (V)1),

(2) e 2" |yl i [y <" e,

(3) [z|Zfy| iff (V[E]A€T) (ziy[E]A—ylk, [<]A)&
(yy [E]A - 2 -, [<]A)&
zlk, (E)1 & y Ik, (E)1,
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(4) |e|N'ly| if (V[NJAET) (zl[N]A—ylk, [2]A)&
(y Iy [N]JA - z -, [>]A)&
zlky (N)1 &y, (N)1,
(5) || <"lyl iff (V[<]AET) (zly[<]A—ylky [<]A)&
(y Iy [>]A = y iy [2]A)&
(y Ik [E]A - 2z Ik, [0]A)&
(z Ik, [N]JA = y I, [V]A)&
(zlky (o)1 - y Ik, (2)1)&
(yIFy (V)1 - z Ik, < N)1)&
(6) || > |y| iff |y| <]z,
(1) lelo'lyl iff (V[o]A€T) (21 [0]A— yiky [<]A)&
(y Iy [0]A — z -, [<]A)&
(zF, [Z]A - y Ik, [<]A)&
(yIky [Z]A = z I, [<]A)&
zly, (o)1 & yl-, (o)1,
(8) lzlv'lyl iff (V[v]JA€T) (zly [v]A —ylky [2]A)&
(yIFy VA = z Ik, [>]A)&
(2l [NJA—> y I, [>]A)&
(yy [NJA > z Ik, [>]A)&
zly (V)1 & 2 -, (V)1,
The required model is M’ = ((|W|,<, ¥, N',<’,0’,v'),v’). The proof
that the conditions of filtration are satisfied and that M’ is a model over a
bi-similarity structure is long and routine and therefore is left to the reader.

THEOREM 3. 5. (Finite model property for INF)

(i) For any formula A of INF, if A is not theorem of INF then there
exists a model M = (W, v), such that CardW < 287%4 in which A is
not true.

(ii) INF is decidable.
Proor.

(i) Suppose that A is not a theorem of INF and let the number of sub-
formulas of A is n. Then A is falsified in some model M = (W,v).
So there exists zo such that zo If, A. Let M' = ((|W], <, ¥/, N', </,
o',v'),v') be the filtration of M existing by lemma 3. 4. and deter-
mined by A. By the filtration lemma the cardinality of |W|is < 28n+4,
so A is falsified in model with cardinality < 287+4,

(ii) The decidability of INF follows from (i). ]
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