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PREFACE 

Making decisions under uncertainty and imprecision is one of the most challenging 
problems of our age, which for a long time have been tackled by philosophers, logicians and 
others. Recently AI researchers have given new momentum and flavor to this area. 

Expert systems, decision support systems, machine learning, inductive reasoning, pat­
tern recognition, are areas where decision making under uncertainty is of primary impor­
tance. 

There are known sever al mathematical models of uncertainty (e.g. fuzzy sets, theory 
of evidence), however, there is widely shared view that the problem is far from being fully 
understood. 

The concept of a rough set has been proposed as a new mathematical tool to deal 
with uncertain and imprecise data, and it seems to be of significant importance to AI and 
cognitive sciences both from theoretical and practical points of view. 

A special attention should be paid to the decision support systems, basic topic of this 
book - where the rough sets approach offers a new insight and efficient algorithms. 

The rough sets philosophy means a specific view on representation, analysis and manip­
ulation of knowledge as well as a new approach to uncertainty and imprecision. 

Knowledge is understood here as an ability to classify objects (states, events, processes 
etc.), i.e. we assume that knowledge is identified with a family of various classification 
patterns. Objects being in the same class are indiscernible by means of knowledge pro­
vided by the classification and form elementary building blocks (granules, atoms) which are 
employed to define alI basic concepts used in the rough sets philosophy. 

In particular, the granularity ofknowledge causes that some notions cannot be expressed 
precisely within available knowledge and can be defined vaguely only. This leads to the so 
called "boundary-line" view on imprecision, due to Frege who writes (ef. Frege (1903)): 

The concept must have a sharp boundary. To the concept without a sharp boundary 

there would correspond an area that had not a sharp boundary-line ali around. 
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In the rough sets theary each imprecise concept is replaced by a pair of precise concepts 
calIed its lower and upper approximation; the lower approximation of a concept consists 
of alI objects which surely belong to the concept whereas the upper approximation of the 
concept consists of alI objects which possibly belong to the concept in question. Difference 
between the lower and the upper approximation is a boundary region of the concept, and 
it consists of alI objects which cannot be classified with certainty to the concept or its 

complement. These approximations are fundamental tools of reasoning about knowledge. 

For algorithmic reasons, i.e. in order to provide easy processing and manipulation of 

knowledge, suitable representation of knowledge is needed. To this end the tabular farm, 
known as an information system, attribute-value system or knowledge representation system 

- is used. Attributes in the information system represent various classification patterns. In 

this way knowledge can be replaced by data and knowledge processing can be replaced by 

data manipulation. In particular, concepts (subsets of objects) can now be defined (exactly 
or approximately) in terms of attribute-values, and a variety of other concepts needed 
for reasoning about knowledge can by expressed in attribute-value terms. Mostly, we are 

interested in discovering various relations between attributes, like exact or approximate 
dependency of attributes (cause-effect relations), redundancy of attributes and significance 
of attributes, and in generat ion of decision rules from data. 

The rough sets philosophy turned out to be a very effective, new tool with many success­
fuI real-life applications to its credit. It is warthwhile to stress that no auxiliary assumptions 
about data, like probability ar membership function values, are needed, which is its great 

advantage. 

The rough set concept has an overlap with other ideas developed to deal with uncertainty 

and imprecision, in particular with fuzzy sets (ef. Dubois and Prade (1990)), evidence 
theory (ef. Skowron and Grzymala-Busse (1992)), statistics (ef. KrusiÎlska, SlowiÎlski and 
Stefanowski (1992)) albeit it can be viewed in its own rights. 

The book edited by Prof. Roman SlowiÎlski shows a wide spectrum of applications of 
the rough set concept, giving the reader the flavor of, and the insight in, the methodology 
of the newly developed discipline. 

Although the book emphasizes applications, comparison to other related methods and 

further developments receive due attention. In this sense, the book can be seen as a con­

tinuation of the book on theoretical foundations ofrough sets (ef. Pawlak (1991 )). 

I am sure that the re ader will benefit from studying the book by gaining a new tool to 

solve his or her problems as well as a new exciting area of research. 

Zdzislaw PA WLAK 
Warsaw, April1992 
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SCOPE AND GOALS OF THE BOOK 

Roman SLOWINSKI 
Institute of Computing Science 
Technica/ University of Poznan 

60-965 Poznan, Po/and 

Intelligent decision support is based on human knowledge understood as a family of 
classification patterns related to a specific part of a real or abstract world. When the 
knowledge is gained in the process of learning by experience, it is induced from empirical 
data. The data are ofteu presented as a record of objects (events, observations, states, pa­
tients, ... ) described by a set of multi-valued attributes (features, variables, characteristics, 
couditions, ... ). The objects are associated with some decisions (actious, opinions, classes, 
diagnoses, ... ) taken by an expert (decision-maker, operator, doctor, diagnostician, ... ). 
Such a record is called information system. 

A natural problem of knowledge analysis consists then in discovering relationships be­
tween objects and decisions, so as to get a minimum representation of the information 
system in terms of decis ion rules. 

The rough sets theory created by Z. Pawlak in early 80's provides a tool for such 
an analysis. The observation that one cannot distinguish objects on the basis of given 
information about them is the starting point of the rough sets philosophy. In other words, 
imperfect information causes indiscernibility of objects. The indiscernibility relation induces 
an approximation space made of equivalence classes of indiscernible objects. A rough sets is 
a pair of a lower aud an upper approximation of a set in terms of these equivalence classes. 

Using the rough sets approach, one can obtain among others the following results: 

• evaluate importance of particular attributes in relationships between objects aud de­
cisions; 

• reduce all redundant objects and attributes, so as to get minimal subsets of attributes 
(reducts) ensuring a satisfactory approximation of the classification made by decisions; 

• create models of the most representative objects in particular classes of decisions; 

• represent the relationships between objects, described by a reduct, and decisions, in 
the form of a set of decision rules (if ... then ... ) called decision algorithm. 
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The decision algorithm represents knowledge gained by the expert on aH the set of 
objects. This representation is free of redundancies, so typical for real data bases, which 
cover the most important factors of experience. The algorithm and the models of objects 
can be used to support decisions concerning new objects. 

Since its foundation, the rough sets theory has been applied with success in many 
domains. The success is mainly due to the foHowing features: 

• it analyses only facts hidden in data, 

• it does not need any additional information about data, 

• it does not correct inconsistencies manifested in data; instead, produced rules are 
categorized into certain and possible, 

• it finds a minimal knowledge representation, 

• it is conceptually simple and needs simple algorithms. 

The theory has gained the degree of maturity and acceptance which urges to make 
a synthesis of experience with rough sets. After the monograph on foundations of the 
rough sets theory (ef. Z. Pawlak, Rough Sets - Theoretical Aspects of Reasoning about 
Data, Kluwer Academic Publishers, TDL.D, Dordrecht, 1991), the present volume is a 
first tentative of such a synthesis. It is thought of as a handbook, i.e. a source book of 
applications, new developments and comparisons with related methodologies. 

The book is composed of three parts: 

Part 1: 
Part II: 
Part III: 

Applications of the rough sets approach to intelligent decision support 
Comparison with related methodologies 
Further developments 

In Part 1, GRZYMALA-BUSSE presents the system LERS for rule induction. The sys­
tem handles inconsistencies in the input data due to its usage of rough set theory principle. 
It induces cert ain rules and posible rules which may be practically used by putting them 
into the knowledge base of rule-based expert system. 

MROZEK discusses the use of rough sets in computer implementation of a rule-based 
control of industrial processes. Decision rules are induced from control protocols describ­
ing a human operator control. The control process of a rotary clinker kiln is chosen for 
illustration. 

NOWICKI, SLOWINSKI and STEFANOWSKI apply the rough sets approach to di­
agnostic classification of mechanical objects on the basis of vibroacoustic symptoms. The 
rough sets analysis concerns: evaluat ion of diagnostic capacity of symptoms, comparison of 
different methods of defining symptom limit values, reduction of the set of symptoms, con­
struction of a classifier of the technical state. An example of rolling bearings is considered. 

SZLADOW and ZIARKO develop a process model of heavy oiI upgrading using a ma­
chine learning system based on rough sets. The key advantages of using the rough sets 
approach are: it allows the use of qualitative and quantitative process information in the 
model; it provides a unified description of temporal events and patterns; it permits the use 
of "raw" sensor data without preprocessing. 
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ZIARKO presents one more application of the rough sets approach to acquisition of con­
trol algorithms from process or device operation data. The presentation is illustrated with 
a comprehensive example showing the generat ion of the control algorithms from simulated 
data representing movements of a robot arm. 

SLOWIN-SKI describes his experience with a medical application of the rough set con­
cept. In particular, he analyses an information system containing patients with duodenal 
ulcer treated by highly selective vagotomy (HSV). Qualitative and quantitative attributes 
are used to describe the patients. Using the rough sets approach, alI superflous objects 
and attributes have been reduced from the information system and a decision algorithm 
has been derived in order to support decisions about the treatment of new duodenal ulcer 
patients by HSV. 

KANDULSKI, MARCINIEC and TUKALLO apply the rough sets analysis of data 
concerning some commonly considered factors of surgical wound infection. The aim is 
to establish a hierarchy of these factors with reference to a particular surgical clinic or 
department. 

TANAKA, ISHIBUCHI and SHIGENAGA present another medical application. They 
describe a method of constructing a fuzzy inference system by introducing fuzzy intervals 
representing fuzzified attribute values. The reason for using fuzzy intervals is that fuzzy 
if-then rules can cover the whole space of attribute values while it is not the case of rules 
derived from only lower approximations. The classification power of the proposed inference 
model is demonstrated on a diagnostic problem. 

KRYSIN-SKI applies the rough sets approach to analysis of relationships between chemi­
cal structure and antimicrobial activity of quaternary ammonium compounds. The decision 
algorithm derived from the information system can be used to support decisions concerning 
synthesis of new antimicrobial compounds. 

HADJIMICHAEL and WASILEWSKA present an interactive probabilistic inductive 
learning system based on the rough set concept. The system is used to study voter prefer­
ences in the 1988 U.S.A. presidential election. Results include an analysis of the predictive 
accuracy of the generated rules, and an analysis of the semantic content of the rules. 

REINHARD, STAWSKI, WEBER and WYBRANIEC-SKARDOWSKA report their 
experience with the use of rough sets to decision support concerning control of water condi­
tions on a polder. Two information systems composed of objects corresponding to periodic 
measurements of weather conditions, water surface levels and soil humidity are analysed. 

TEGHEM and CHARLET apply the rough sets approach to draw premonitory factors 
for earthquakes on the basis of radon emanation. The field of application concerns the Mons 
Basin (Belgium) with various geological environment, a geothermal system and a rather low 
seismic activity. The analysis has allowed to discriminate the sites with a particularly high 
sensitivity to a seismic event. 

LUBA and RYBNIK approach two seemingly different problems. One concerns informa­
tion systems theory and the other is connected to logic synthesis. An efficient algorithm for 
reduction of attributes (arguments) as well as functional decomposition of decision (truth) 
tables is presented. Using manipulations based on both rough sets and Boolean algebra, 
the decision table is reduced and decomposed so as to get an efficient implementation. 
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In Part II, DUBOIS and PRADE demonstrate that fuzzy sets and rough sets aim to 
different purposes and that it is natural to try to combine the two models of uncertainty 
(vagueness for fuzzy sets and coarseness for rough sets) in order to get a more accurate 
account of imperfect information. In result of the combination, a fuzzy rough set is defined 
whose properties and potential usefulness are indicated. 

NAKAMURA considers a concept of fuzzy-rough classification. Two logics based on 
fuzzy-rough classifications are proposed and compared with the indiscernibility relations. 
Decision procedures for the proposed logics are given in a tableau style, useful for an 
automated reasoning. 

KRUSINSKA, BABIC, SLOWINSKI and STEFANOWSKI make a comparison study 
of the rough sets approach and probabilistic techniques, in particular, discriminant analysis 
and probabilistic inductive learning, on a common set of medical data. A general discussion 
on similarities and differences among compared methods is given. In the comparative 
computational experiment, particular attention is paid to data reduction and construction 
of decision rules. 

TEGHEM and BENJELLOUN describe some experiments made to compare the rough 
sets method of data analysis with the Quinlan's method using the notion of entropy and an 
ordinal discriminant analysis method using the Benzekri's distance. Various pros and cons 
are derived from this comparison. 

LIN studies approximation theory via rough sets, fuzzy sets and topological spaces. 
Rough sets theory is extended to fuzzy sets and Frechet topological spaces which are shown 
to be equivalent. It is shown, moreover, that the three theories allow one to draw an exact 
solution whenever there are adequate approximations. 

POLKOWSKI is also dealing with topological properties of rough sets. He proposes 
metrics for rough sets that make them into a complete metric space and shows that the 
metric convergence encompasses and generalizes approximative convergence. 

In Part III, ORLOWSKA and ORLOWSKI show the role of reducts in the definitions 
and other fundamental notions of the information systems theory, such as functional de­
pendencies and redundancy. They demonstrate different ways of computing reducts and 
propose a new algorithm which improves the execution time and avoids repetition of the 
whole procedure for dynamically changing data. 

SKOWRON and RAUSZER introduce the notions of discernibility matrix and discerni­
bility function related to any information system. Several algorithms for solving problems 
related to the rough definability, reducts, core and dependencies follow from demonstrated 
properties of these notions. 

SLOWINSKI and SLOWINSKI analyse rough classification of patients after highly se­
lective vagotomy (HSV) for duodenal ulcer from the viewpoint of sensitivity of previously 
obtained results to minor changes in the norms of attributes. An extensive computational 
experiment leads to the general conclusion that original norms following from medical ex­
perience were well defined. 

LENARCIK and PIASTA consider the problem of norms for discretization of continu­
ous attributes from a probabilistic perspective. They introduce the concepts of a random 
information system and of an expected value of the quality of classification. The method 
of finding suboptimal norms based on these concepts is presented and illustrated with data 
from concretes' frost resistance investigations. 
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VAKARELOV develops a representation theory for Scott consequence systems in Pawlak's 
informat ion systems. 

WOJCIK and WOJCIK present a novel methodology for high performance allocation 
of processors to tasks based on an extension of the rough sets to the rough grammar. 
It combines a global load balancing with a dynamic task scheduling on a multiprocessor 
machine. 

YASDI describes a method for learning classification rules from a data base. The rough 
sets theory is used in designing the learning algorithm. Knowledge representation is con­
sidered in the framework of a conceptual schema consisting of a semantic model and an 
event model. 

SLOWINSKI and STEFANOWSKI characterize two software implementations of the 
rough sets approach. The first one, 'RoughDAS', performs main steps ofthe analysis of data 
in an information system. The second, 'RoughClass', is intended to support classification of 
new objects. Some problems of sensitivity analysis of rough classification are also discussed. 

A glossary of basic concepts ofthe rough sets theory is appended to the book for reader's 
convenience. 

The book ends in a subject index. 

If the book can be considered as representative for the state-of-the-art in the rough sets 
theory and applications, this is due to a large participation of outstanding specialists in this 
field. 1 wish therefore to thank very much aU the Authors for their valuable contributions 
and active cooperation in this coUective work. 1 wish also to extend my thanks to Prof. 
Zdzislaw PAWLAK who kindly accepted to write the Preface to the book. 
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Part 1 
Chapter 1 

LERS-A SYSTEM FOR LEARNING FROM EXAMPLES 
BASED ON ROUGH SETS 

Jerzy w. GRZYMALA-BUSSE 
Department of Computer Science 

University of Kansas 
Lawrence, KS 66045, U.S.A. 

Abstract. The paper presents the system LERS for rule induction. The system handles 
inconsistencies in the input data due to its usage of rough set theory principle. Rough set 
theory is especialIy well suited to deal with inconsistencies. In this approach, inconsistencies 
are not corrected. Instead, system LERS computes lower and upper approximations of each 
concept. Then it induces certain rules and possible rules. The user has the choice to use 
the machine learning approach or the knowledge acquisition approach. In the first case, the 
system induces a single minimal discriminant description for each concept. In the second 
case, the system induces alI rules, each in the minimal form, that can be induced from the 
input data. In both cases, the user has a choice between the local or global approach. 

1. Introduction 

Research in machine learning, an area of artificial intelligence, has been much intensified re­
cently. Development of machine learning is so intensive that entire subareas have emerged, 
such as similarity-based learning, explanation-based learning, computationallearning the­
ory, learning through genetic algorithms, and learning in neural nets. 

The most research effort has been done in similarity-based learning, more specificalIy, 
in one of the sub-areas, machine learning from examples. Here, learning is based on es­
tablishing similarities between positive examples, representing the same concept, and dis­
similarities between positive examples and negative examples, representing other concepts. 
Similarity-based learning is also called empiricallearning, to emphasize the fact that it is 
based on inducing the underlying knowledge from empirical data. Thus, a priori knowl­
edge is not required for the similarity-based learning method, although it is biased by a 
corresponding, specific method of learning (e.g., a form in which the knowledge is finally 
expressed). 

Frequently, the goal of machi ne learning from examples is finding a discriminant de­
scription of the concept [40]. Thus, the task is to include in the description of the concept 
alI positive examples from the concept and to exclude from the description the complemen­
tary set, containing alI negative examples. Some of the systems of machine learning from 
examples induce a minimal discriminant description. 

Knowledge in the form of rules, decision trees, etc, induced by learning from training 
examples, is easy for humans to comprehend. Besides, such rules may be practicalIy used by 
putting them into the knowledge base of rule-based expert systems and used for inferences 
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made by the systems. However, after leaming from training data, knowledge must be 
validated. An example which was not used in the training input data for leaming may be 
incorrectly classified by rules. Therefore, knowledge should be moditied. 

Moreover, the leaming system is frequently forced to deal with uncertainty, or work 
with presence of noise [32, 39, 40, 42, 55, 64]. There are two main reasons for uncertainty: 
incomplete evidence or conflicting evidence [20]. The problem of inducing rules from 
attributes with incomplete values was discussed in [25, 32, 39, 54]. The main focus of this 
paper is rule induction from conflicting evidence, i.e., from inconsistent examples. 
Practically, it means that two examples, classified by the same values of attributes, belong to 
two different concepts. 

Most existing learning systems handling uncertainty are based on probability theory. 
Some of them use the subjective Bayesian approach [8, 15-17, 21, 22, 45, 57], while some 
add statistical tools [4, 5, 32, 39]. A popular method is to induce decision trees [7, 10, 35, 
62]. The most popular system from this class, ID3, uses the principle of information gain for 
the best choice of an attribute in constructing a decision tree. Although the original system 
ID3 was unable to deal with inconsistencies, its modified version bas an incorporated chi­
square test and can deal with uncertain data [33, 34,43,44,46,50-56]. The genuine system 
was enhanced in many ways by many authors and influenced many other systems. For 
example, incremental versions of ID3 were developed under names ID4 [60] and ID5 [65], 
system pruning trees, like C4 and C4.5 were introduced [14,55,56], and some systems, e.g., 
CN2 [18] that induce decision lists [58] or system PRG [37], were influenced by ID3. The 
performance of many systems is compared with that of ID3, see e.g., [1, 13, 60,63, 65, 66]. 
The main advantage of all of these systems is that their algorithm is relatively simple and 
efficient. The main disadvantage is that they produce decision trees, which must be 
transformed into rules in order to be utilized in production systems [53]. As a result, rules 
are not in their minimal discriminant form. The leaming system AQ15 [41] induces rules 
from not necessarily consistent data; if probabilities of inconsistent examples are given, they 
are classified according to the maximum likelihood. Another system inducing rules from 
inconsistent data is presented in [31]. Among other approaches to inductive leaming under 
uncertainty, human categorization was used in [28]. Fuzzy set theory, used in machine 
learning from examples [2, 38, 49], is another approach to deal with uncertainty. 

Recently, a lot of attention bas been paid to a study of machine learning algorithms 
using an approach called probably approximately correct leaming. The idea was introduced 
in [68] and developed in many papers, see e.g. [29, 30, 69]. Using this approach authors 
expect to get some answers for leamability in the presence of noise [3, 6, 9, 36, 59, 61]. 

In the early eighties Z. Pawlak introduced a new tool to deal with uncertainty, rough 
set theory [47, 48]. The main advantage of rough set theory is that it does not need any 
preliminary or additional information about data (like prior probability in probability theory, 
grade of membership in fuzzy set theory, etc.). Rough set theory is especially well suited to 
deal with inconsistencies. In this approach, inconsistencies are not corrected. Instead, lower 
and upper approximations of the concept are computed. On the basis of these 
approximations, two corresponding sets of rules are induced: certain and possible. This idea 
was presented for the tirst time in [23]. Certain rules are categorical and may be further 
employed using classicallogic. Possible rules may be further processed using either classical 
logic or any theory to deal with uncertainty. The rule induction system, producing certain 
and possible rule, is called LERS (Leaming from Examples based on Rough Sets). The tirst 
implementation of the system was done in 1988 [19,27]; further improvements of the system 
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and its perfonnance were reported, e.g., in [11, 12, 13, 24, 26]. Another approach to rule 
induction, also based on rough set theory, but not using the idea of certain and possible rules, 
was developed in [67, 70, 71]. 

System LERS tests the input data for consistency. In the case of inconsistent data the 
system computes lower aud upper approximations of each concept. The user has a choice to 
use the machine learning approach or the knowledge acquisition approach. In the first case, 
the system induces a single minimal discriminant description for each concept. In the second 
case, the system induces all rules, in the minimal fonn each, that can be induced from the 
input data. In both cases, the user has a choice between local or global approach. In the local 
approach, a subsystem LEM2 (Leaming from Examples Module, vers ion 2) computes local 
coverings of attribute-value pairs [13]. Local coverings are constructed from minimal 
complexes. The minimal complex contains attrlbute-value pairs, selected on the basis of their 
relevancy to the concept. In the case of a tie, the next criterion is the maximum of 
conditional probability of the concept given the attribute-value pair. In the global approach, 
each concept is represented by a substitutional partition with two blocks: the first block is the 
concept, the second block is its complement. A minimal subset of the set of all attributes, 
such that the substitutional partition depends on it, is called a global covering. A global 
covering may be selected on the basis of lower boundaries [12]. The leaming system LERS, 
based on rough set theory, and producing certain and possible rules, is installed at the 
University of Kansas. It is implemented in Common Lisp aud runs on V AX 9000. 

2. LERS Preliminary Processing 

The input data fIle for the system LERS must follow the following fonnat. The first line of 
the input data file consists of a list, starting from '<', then a sequence of the following 
symbols: 'a', 'x', or 'd'; the last symbol of the list is '>'. Symbol 'a' stands for an attribute, 'x' 
means ignore the value, and 'd' denotes a decision. The user may assign priorities to attrlbutes 
by placing integers immediately following any character 'a'. Bigger integers correspond ta 
higher priorities. The assigned priorities may be changed after entering the program. 

Table'. Hypothermlc Post Anesthesia Patlents 

< a a a a d > 
[ Temperature Hemoglobin Blood_Pressure Oxygen_Saturation Comfort] 

low fair low fair low 

low fair normal poor low 

normal good low good low 

normal good low good rnedium 

low good normal good rnedium 

low good normal fair rnedium 

normal fair normal good medium 

normal poor high good verLlow 
high good high fair verLlow 
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System LERS will attempt to form rules primarily from attributes with highest priorities. 
Symbol 'x' means that the corresponding variable will be ignored in all following 
computations. The total number of symbols a, d, and x is equal to the total number of 
attributes and decisions in the input data flle or decision table. AlI symbols are separated by 
white space characters. 

The second line of the input data flle starts from '['; then comes a list of attribute and 
decis ion names, and then T. The following lines contain values of the attributes and 
decisions. Table 1 depicts a typical input data flle for system LERS. 

In computations of LERS the examples from the decision table are numbered. Thus, 

Table 1 is represented by the decision table presented as Table 2. 

Table 2. Hypothermlc Post Anesthesla Patlents 

Attributes Decision 

Temperature Hemoglobin Blood_Pressure Oxygen_Saturation Comfort 

low fair low fair low 

2 low fair normal poor low 

3 normal goOO low good low 

4 normal goOO low good rnedium 

5 low goOO normal good rnedium 

6 low gOoo normal fair rnedium 

7 normal fair normal good medium 

8 normal poor high good ve ry_1ow 

9 high gOoo high fair ve ry_1ow 

In Table 2, decision Comfort bas three values: low, medium, and very_low. Bach such 
value represents a concept, a subset of the set U of alI examples {l, 2, 3, 4, 5, 6, 7, 8, 9}. Table 
2 represents three concepts: {l, 2, 3J, {4, 5, 6, 7J, and {8, 9}. Let d denote a decision and let 
w denote its value. A concept is a set [(d, w)] of alI examples that have value w for decision d. 
In other words, [(d, w)] is a {d}-elementary set of U [47,48]. Similarly, the block of an 
attribute-value pair t = (q, v), denoted [t], is the set of alI examples that for attribute q have 
value v [13]. 

The system LERS first checks input data for consistency. This operation is done 
immediately after reading the input data flle. If the input data are inconsistent lower aod 
upper approximations are computed for each concept In local options of LERS the system 
induces certain aod possible rules from lower and upper approximations for each concept, 
respectively. In the case of global options of LERS new partitions on the set U are computed. 
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Say that the original decision table described k concepts, Le., decision has k values. Then 2k 
new partitions on U, called substitutional partitions [12] are created. Each substitutional 
partition has exactly two blocks, the first block is either lower or upper approximation of the 
concept, the second block is the complement of the first block. Substitutional partitions 
computed from lower approximations are called lower substitutional partitions; substitutional 
partitions computed from upper approximations are called upper substitutional partitions. 
Decisions, corresponding to lower and upper partitions, are called lower and upper 
substitutional decisions [12]. 

In the example from Table 2, concept [(Comfort, low)] = {l, 2, 3} has the following 
lower approximation: {I, 2} and the following upper approximation: {1, 2, 3, 4}. Thus, its 
lower substitutional partition is {{I, 2}, {3, 4, 5,6,7,8, 9}} and its upper substitutional 
partition is {{ 1,2,3,,4}, {5, 6, 7, 8, 9}}. 

3. Single Local Covering Option 

The singIe local covering approach algorithm described here is called LEM2. This algorithm 
represents the machine leaming approach, Le., it produces minimal discriminant description. 
Algorithm LEM2 is based on the following ideas [13]. Let B be a nonempty lower or upper 
approximation of a concept represented by a decision-value pair (d, w). Set B depends on a 
set T of attribute-value pairs if and on1y if 

o ~ [T] = (l [t]!;;;; B. 
tET 

Set T is a minimal complex of B if and on1y if B depends on T and no proper subset T 
of T exists such that B depends on T. Let 'II' be a nonempty collection of nonempty sets of 
attribute-value pairs. Then 'II' is a local covering of B if and on1y if the following conditions 
are satisfied: 

(1) each member T of 'II' is a minimal complex of B, 

(2) U [T] = B, and 
Te'll' 

(3) 'II' is minimal, Le., 'II' has the smallest possible number of members. 

The algorithm LEM2 is based on computing a singIe local covering for each of the 
concepts from the decision table. The user may select an option of LEM2 with or without 
taking into account attribute priorities. The procedure LEM2 with attribute priorities is 
presented below. The other option differs from the one presented below in the selection of a 
pair tE T(G) in the inner loop WHILE. In the option of LEM2 without taking attribute 
priorities into account the first criterion is ignored. 

Procedure LEM2 
(input: a set B, 
output: a singIe local covering 'II' of set B); 
begin 



8 

G:=B; 
'lf':=0; 
whileG*0 

begin 
T:=0; 
T(G) := {t I [t] Iî G -:1: 0}; 
while T = 0 or [T] q. B 

begin 
select a pair t E T(G) with the highest attribute priority, if a tie occurs, select a 

pair tE T(G) such that I[t] Iî GI is maximum; if another tie occurs, select 
a pair t E T(G) with the smallest cardiDality of [t]; if a further tie occurs, select 
first pair; 

T :=T u It}; 
G:= [t] Iî G; 
T(G) := {t I [t] Iî G -:1: 0}; 
T(G) := T(G) - T; 

end {while} 
for each t in T do 

if[T- It}] ~ B then T :=T- It}; 
'lf' :='lf' u {T}; 

G :=B-U[T]; 
Te 'Il' 

end {while}; 
for each T in 'lf' do 

if U [S] = B then 'lf':= 'lf' - {T}; 
Se'Il'-{T} 

end {procedure}. 

For the decision table presented in Table 2, let a concept be defined by the value low 
of the decision Comfort. Also, we will assume that the user has chosen an option of LEM2 
without taking into account attribute priorities. Thus, [(Comfort, low)] = {l, 2, 3}. Let B be 
the lower approximation of the concept, Le., B = {l, 2}. Then the set T(G) from the 
procedure LEM2 is equal ta {(Temperature, low), (Hemoglobin, fair), (Blood_Pressure, low), 
(Blood_Pressure, normal), (Oxygen_Saturation. fair), (Oxygen_Saturation, poor)}. Initially, 
B = G = {l, 2}. Moreover, 

[(Temperature,low)] = {l, 2, 5, 6}, 
[(Hemoglobin, fair)] = {l, 2, 7}, 
[(Blood_Pressure,low)] = {l, 3, 4}, 
[(Blood_Pressure, normal)] = {2, 5, 6, 7}, 
[(Oxygen_Saturation, fair)] = {l, 6, 9}, 
[(Oxygen_Saturation, poor)] = {2}. 

Thus, (Temperature, low) and (Hemoglobin, fair) are selected because their blocks 
have the maximum intersection with set B. Since the tie occurred, the next criterion is used, 
and (Hemoglobin, fair) is selected because its block is of smaller cardina1ity. Set G is still 
equal ta B, because [(Hemoglobin, fair)] Iî G = G. Set T(G) becomes {(Temperature, low), 
(Blood_Pressure, low), (Blood_Pressure, normal), (Oxygen_Saturation, fair), 
(Oxygen_Saturation, poor)}. Since [(Hemoglobin, fair)] q. B, the second iteration is needed. 
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TIris time pair (Temperature, low) is selected, T = {(Hemoglobin, fair), (Temperature, low)}, 
and [11 = [B]. Therefore, the only induced certain rule is 

(Hemoglobin, fair) /\ (Temperature, low) ~ (Comfort, low). 

Remaining certain rules, induced by LEM2, are 

(Hemoglobin, good) /\ (Blood_Pressure, normal) ~ (Comfort, medium), 
(Temperature, normal) /\ (Hemoglobin, fair) ~ (Comfort, medium), 
(Bloo<CPressure, high) ~ (Comfort, very_Iow), 

and all possible rules, induced by LEM2, are 

(Blood_Pressure, low) ~ (Comfort, low) 
(Oxygen_Saturation, por) ~ (Comfort, low) 
(Oxygen_Saturation. good) /\ (Hemoglobin, good) ~ (Comfort, medium) 
(Oxygen_Saturation, fair) /\ (Blood_Pressure, normal) ~ (Comfort, medium), 
(Temperature, normal) /\ (Hemoglobin, fair) ~ (Comfort, medium), 
(Blood_Pressure, high) ~ (Comfort, very_Iow), 

4. Single Global Covering Option 

System LERS computes minimal discriminant description of the concept on the basis of a 
single global covering using procedure LEM. This procedure employs the following ideas. 

Let C denote the set of all attributes and let d denote a lower or upper substitutional 
decision. Let P be a subset of C. The family of all P-elementary sets will be denoted P*. We 
say that {d} depends on P if and only if P* S {d}*. A global covering of {d} is a subset P of 
C such that {d} depends on P and P is minimal in C. Thus, coverings of {d} are computed 
by comparing partitions P* with {d}*. The procedure LEM, option SINGLE_COVERING, 
used in LERS to compute a single global covering is presented below. 

Procedure LEM_SINGLE_COVERING 
(input: the set C of all attributes, partition {d}* on U; 
output: a single global covering R); 
begin 

compute partition C*; 
P·-C· 
R··'=- 0: 
if·C* S {d}* 

then 
begin 

for each attribute q in C do 
begin 

Q:=P-{q}; 
compute partition Q*; 
ifQ* S {d}* then P:= Q 

end {for} 
R:=P 
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end {then} 
end {procedure}. 

On the basis of global covering certain and possible rules may be computed. 
However, further processing in the form of dropping conditions [40] is necessary. System 
LERS uses two different forms of dropping conditions. The first one is called linear because 
its time complexity is linear. For a rule of the form 

linear dropping conditions means scanning the list of all conditions, from the left to the right, 
with an attempt to drop any of I condition, checking against the decision table where the 
simplified rule does not violate consistency of the discriminant description, where CI' C2, ••• , C, 
are conditioDS and A is an action. Another possibility of LERS is exponential dropping 
conditions, in which any subset of the set of alll conditioDS of the above rule is checked for 
dropping conditioDS. Single global covering option of system LERS uses linear dropping 
conditioDS. 

For the decision table presented in Table 2, let d be a lower substitutional decision, 
corresponding to the lower substitutional partition {{I, 2}, {3, 4, 5, 6, 7, 8, 9}}. All global 
coverings of {d} are the following sets {Temperature, Hemoglobin}, {Hemoglobin, 
Oxygen_Saturation}, and {Blood_Pressure, Oxygen_Saturation}. SINGLE_ COVERlNG 
option of LEM will select one of these three global coverings. The choice is affected by 
attribute priorities, assigned by the user. Default attribute priorities are in ascending order. 
Therefore, the selected global covering will be {Blood_Pressure, Oxygen_Saturation}. After 
linear dropping conditioDS, induced certain rules are 

(Oxygen_Saturation, fair) 1\ (Blood_Pressure, low) ~ (Comfort, low), 
(Oxygen_Saturation, poor) ~ (Comfort, low), 
(Oxygen_Saturation, good) 1\ (Blood_Pressure, normal) ~ (Comfort, medium), 
(Oxygen_Saturation, fair) 1\ (Blood_Pressure, normal) ~ (Comfort, medium), 
(Blood_Pressure, high) ~ (Comfort, very_Iow), 

and possible rules are 

(Blood_Pressure, low) ~ (Comfort, low), 
(Oxygen_Saturation, poor) ~ (Comfort, low), 
(Oxygen_Saturation, good) 1\ (Blood_Pressure, low) ~ (Comfort, medium), 
(Oxygen_Saturation, good) 1\ (Blood_Pressure, normal) ~ (Comfort, medium), 
(Oxygen_Saturation, fair) 1\ (Blood_Pressure, normal) ~ (Comfort, medium), 
(Blood_Pressure, high) ~ (Comfort, very_Iow). 

5. AII Global Coverings Option 

The algorithm presented here is called LEM, option ALL_COVERINGS. This option of 
LEM represents the knowledge acquisition approach to rule induction. That means that the 
algorithm discovers the set R of all global coverings for every lower and upper substitutional 
partition of {d}* and then it induces rules using the exponential dropping condition 
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algorithm. The time complexity of the algorithm LEM, option ALL_COVERINGS is 
exponential. Hence, the user is asked ta enter the maximum size of the global covering (i.e., 
the number of attributes in a global covering). Only global coverings whose size does not 
exceed the maximum size will be generated and used to compute rules. 

Aigorithm LEM_ALL_COVERINGS 
(input: the set C of all attributes, partition {d}* on U; 
output: the set lR of all coverings of {d}); 
begin 

lR:= 0; 
for each attribute q in C do 

compute partition {q}*; 
k:= 1; 
while k ::;; ICI do 

begin 
for each subset P of the set C with IPI = k do 

if (P is not a superset of any member of lR) and (TI {q} * ::;; {d} *) 

then add P ta lR, 
k:= k+l 

end {while} 
end {procedure}. 

xeP 

After execution of LEM, ALL_COVERINGS option, system LERS executes the 
exponential dropping conditions algorithm. For the decision table presented in Table 2, the 
set of all induced rules is presented below. Certain rules, induced by all global coverings 
option of the system LERS are 

(Temperature, low) /\ (Hemoglobin, fair) ~ (Comfort, low), 
(Oxygen_Saturation, poor) ~ (Comfort, low), 
(Hemoglobin, fair) /\ (Oxygen_Saturation, fair) ~ (Comfort, low), 
(Blood_Pressure, low) /\ (Oxygen_Saturation, fair) ~ (Comfort, low), 
(Temperature, low) /\ (Hemoglobin, good) ~ (Comfort, medium), 
(Temperature. normal) /\ (Hemoglobin, fair) ~ (Comfort, medium), 
(Blood_Pressure, normal) /\ (Oxygen_Saturation, good) ~ (Comfort, medium), 
(Blood_Pressure, normal) /\ (Oxygen_Saturation, fair) ~ (Comfort, medium), 
(Blood_Pressure, high) ~ (Comfort, very_Iow), 
(Temperature, high) ~ (Comfort, very_Iow), 
(Hemoglobin, poor) ~ (Comfort, very_Iow), 

and possible rules are 

(Temperature, low) /\ (Hemoglobin, fair) ~ (Comfort, low), 
(Temperature, normal) /\ (Hemoglobin, good) ~ (Comfort, low), 
(Blood_Pressure, low) ~ (Comfort, low), 
(Oxygen_Saturation, poor) ~ (Comfort, low), 
(Temperature, normal) /\ (Hemoglobin, good) ~ (Comfort, medium), 
(Temperature, low) 1\ (Hemoglobin, good) ~ (Comfort, medium), 
(Temperature. normal) /\ (Hemoglobin, fair) ~ (Comfort, medium), 



12 

(Blood_Pressure, low) /\ (Oxygen_Saturation, good) -+ (Comfort, medium), 
(Blood]ressure, normal) /\ (Oxygen_Saturation, good) -+ (Comfort, medium), 
(Blood_Pressure, normal) /\ (Oxygen_Saturation, fair) -+ (Comfort, medium), 
(Blood_Pressure, high) -+ (Comfort, very_Iow), 
(Temperature, high) -+ (Comfort, very-Iow), 
(Hemoglobin, poor) -+ (Comfort, very_Iow) 

6. AII Rules Option 

This option of the LERS algorithm induces all rules that can be induced from the input data 
file; each rule is produced in the simplest form. Thus, that option represents the knowledge 
acquisition approach to rule induction. Although this option is the most demanding from the 
viewpoint of time complexity, the description of the algorithm is very simple. For every 
concept, represented by a decision-value pair, the lower and upper approximations are 
computed. Then rules are induced directly from the decision table. Thus, for each rule, the 
number of conditions is equal to the number of attributes. Finally, exponential dropping 
condition algorithm is used. Hence, all certain and possible rules are induced in their 
minimal form. 

For the decision table presented in Table 2, the set of all induced rules is presented 
below. Certain rules, induced by all rules option of the system LERS are 

(Oxygen_Saturation, poor) -+ (Comfort, low), 
(Temperature, low) /\ (Hemoglobin, fair) -+ (Comfort, low), 
(Temperature, low) /\ (Blood_Pressure, low) -+ (Comfort, low), 
(Hemoglobin, fair) A (Blood_Pressure, low) -+ (Comfort, low), 
(Hemoglobin, fair) /\ (Oxygen_Saturation, fair) -+ (Comfort, low), 
(Blood_Pressure, low) /\ (Oxygen_Saturation, fair) -+ (Comfort, low), 
(Temperature, low) /\ (Hemoglobin, good) -+ (Comfort, medium), 
(Temperature, normal) /\ (Hemoglobin, fair) -+ (Comfort, medium), 
(Temperature, normal) /\ (Blood_Pressure, normal) -+ (Comfort, medium), 
(Temperature, low) /\ (Oxygen_Saturation, good) -+ (Comfort, medium), 
(Hemoglobin, good) /\ (Blood_Pressure, normal) -+ (Comfort, medium), 
(Hemoglobin, fair) /\ (Oxygen_Saturation, good) -+ (Comfort, medium), 
(Blood_Pressure, normal) /\ (Oxygen_Saturation, good) -+ (Comfort, medium), 
(Blood_Pressure, normal) /\ (Oxygen_Saturation, fair) -+ (Comfort, medium), 
(Temperature, high) -+ (Comfort, very_Iow), 
(Hemoglobin, poor) -+ (Comfort, very_Iow), 
(Blood_Pressure, high) -+ (Comfort, very_Iow), 

and possible rules are 

(Blood_Pressure, low) ~ (Comfort, low), 
(Oxygen_Saturation, poor) -+ (Comfort, low), 
(Temperature, low) /\ (Hemoglobin, fair) ~ (Comfort, low), 
(Temperature, normal) A (Hemoglobin, good) ~ (Comfort, low), 
(Hemoglobin, fair) A (Oxygen_Saturation, fair) ~ (Comfort, low), 



(Temperature, normal) /\ (Hemoglobin, good) ~ (Comfort, medium), 
(Temperature, low) /\ (Hemoglobin, good) ~ (Comfort, medium), 
(Temperature, normal) /\ (Hemoglobin, fair) ~ (Comfort, medium), 
(Temperature, normal) /\ (Blood_Pressure, low) ~ (Comfort, medium), 
(Temperature, normal) /\ (Blood_Pressure, normal) ~ (Comfort, medium), 
(Temperature, low) /\ (Oxygen_Saturation, good) ~ (Comfort, medium), 
(Hemoglobin, good) /\ (Blood_Pressure, low) ~ (Comfort, medium), 
(Hemoglobin, good) /\ (Blood_Pressure, normal) ~ (Comfort, medium), 
(Hemoglobin, good) /\ (Oxygen_Saturation, good) ~ (Comfort, medium), 
(Hemoglobin, fair) /\ (Oxygen_Saturation, good) ~ (Comfort, medium), 
(Blood_Pressure, low) /\ (Oxygen_Saturation, good) ~ (Comfort, medium), 
(Blood_Pressure, normal) /\ (Oxygen_Saturation, good) ~ (Comfort, medium), 
(Blood_Pressure, normal) /\ (Oxygen_Saturation, fair) ~ (Comfort, medium), 
(Temperature, high) ~ (Comfort, very_Iow), 
(Hemoglobin, poor) ~ (Comfort, very_Iow), 
(Blood_Pressure, high) ~ (Comfort, very_Iow). 

7. Conclusions 
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The paper presents the system LERS for rule induction. The system handles inconsistencies 
in the input data due to its usage of rough set principle. Namely, the system induces certain 
rules and possible rules, on the basis of lower and upper approximations of each concept. 

The system gives many options to the user. The first choice is between using the 
machine leaming approach or the knowledge acquisition approach. In the first case, the 
system induces a single minimal discriminant description for each concept. PracticaUy that 
means that the system induces a set of sufficient rules, completely describing every concept, 
although only some attribute-value pairs are involved in rules. In the input data much more 
knowledge, not discovered by the machine leaming approach, may still exist. If the user 
wants to discover more rules, the knowledge acquisition approach should be used. The latter 
approach is used, e.g., for expert systems, when it is crucial to know as much about the 
problem as possible. However, time complexity for the first choice is polynomial, while it is 
exponential for the second choice. Thus, for big input data files the second choice may be 
not practical. 

Within the machine leaming approach, the user bas another choice, between local and 
global options of computing a single covering. The global option is less demanding 
computationally; however, the local option induces simpler rules. Again, the size of the input 
data file may dictate the choice. 

When using the knowledge acquisition approach, the user's choice is between 
inducing rules from aU global coverings or direct1y inducing aH rules using local 
computations. Although time complexity of both options is exponential, the ftrst one is less 
demanding. That may force the user to use it, in spite of the fact that only the aU rules option 
of system LERS truly induces aU rules. 
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Abstract. We discuss the use of elements of rough set theory in computer implementation 
of rule-based control of industrial processes. The notions of expert's inference model for 
industrial process control and of control protocol which registers the expert's decisions are 
introduced. The process of extraction of decision rules contained in the control protocol 
based on the rough set theory formalism is presented. An example of the analysis of control 
protocol concerning the control process of a rotary clinker kiln is chosen as an illustration. 

1. Introduction 

Elements of rough set theory can be constructively used in computer implementations 
of the rule-based control of industrial processes [2,3,5]. The essence of such controllies in 
intercepting and imitating by computer the way how the expert controls a chosen industrial 
process. 

It is also a way of implementation of real-time computer control in industry. This 
approach is of special importance when mathematical models of the industrial process in 
question are not obtainable or control algorithms related to them are numerically difficult. 
Naturally, the human operator control which is a basis for our approach should be satisfac­
tory. Practical realization of such computer control needs some formal description of the 
expert's decision process. 

A proposition of such formalization is presented below. Let us introduce the following 
notions: 

1. expert 's inference model, 

2. control protocol as an ordered record of expert's decisions, 

3. elements of rough set theory are needed to select decis ion rules contained in the 
control protocol. 

A set of decision rules, properly selected and describing expert's performance during 
the control may be then implemented in computer. 

An example of control of a rotary clinker kiln in a cement plant illustrates the above 
proposition. 
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2. The notion of expert's inference model 

The primary notion of every control is the one of control goal. This notion is difficult to 
formalize when expert's control process is considered. However, the expert can subjectively 
judge whether the control goal is achieved or not. The expert, when he controls an industrial 
process, first of alI focuses his attention on parameters of the process which are directly 
related to the imposed control goal. Following their values he can judge upon the states of 
the process and thus, indirectly, he knows whether he attains the control goal. Hence, from 
the expert's viewpoint, an industrial process is characterized by: 

1. the space of observations determined by measurable and observable variables; 

2. the space of control determined by control variables. 

The space of observations is explicitly determined by a finite set of coordinates that we 
call condition attributes and denote cI, C2,· .. ,cn • 

The space of control is explicitly defined by a finite set of coordinates that we call 
decision attributes and denote dt, d2 ,· .. ,dk. 

Experts's inference model is composed of the following steps: 

1. decomposition of the space of observations into areas called characteristic states 
of the industrial process; 

2. decomposition of the space of control into areas called characteristic controls; 

3. assignement of a proper characteristic control to each characteristic state. 

In the context of the inference model presented above, the control performed by the expert 
consists in repetitive execution of the following steps: 

1. evaluation of the current situation within the space of observations; 

2. assignement of this situation to the proper characteristic state of the object; 

3. choice and realization of the proper characteristic control within the space of control; 

A natural way of expert's knowledge representation is thus a construction of a set of deci­
sion rules having the following form: IF {set of conditions} TREN {set of decisions}. In 
such notation the decision rules represent dependencies between the set of conditions and 
the set of corresponding decisions. 

The selection of the set of decision rules needs a proper approach to the representation 
and analysis of data describing the expert's behaviour during the control process. 

3. The control protocol 

The selection of decision rules needs the proper characterization of the conditions and 
decisions sets. Each condition attribute Ci, i = 1,2,·· . ,n, has a finite domain of its values 
Ve; and each decision attribute dj,j = 1,2,· .. ,k, has its domain Vdj • 

In a finite time-horizon the expert's behaviour during process control can be written as 
a control protocol having structure presented in Table 1. 
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Time Values of condition attributes Values of decision attributes 
moments (t) CI .. . C2 . .. Cn dI .. . d J 

... dk 

tI V~, .. . V~i . .. VI 
In UI 

d, 
.. . UI 

dJ 
... UI 

d, 
" . .. . .. . . .. .. . .. . ... 

ti V~, .. . V~i .. . Vi UI .. . UI " . UI 
Cn d, dJ d, 

.. . .. . .. . . .. .. . .. . ... 

tN V~ .. . N .. . VN UN .. . UN ... UN Vei c n d, d d, 

Table 1. Structure of the control protocol. 

Remark: If the set of decision attributes contains only one element, e.g. the num­
ber (name) of characteristic state then the control protocol represents the classification of 
chracteristic states of industrial process performed by the expert with the use of the values 
of condition attributes. 

The control protocol can be analysed in order to obtain: 

1. selection of alI different decision rules; 

2. checking whether there is no contradictory decision rules, i.e. rules in which different 
values of decision attributes correspond to the same values of condition attributes; 

3. determination of the relevence between the set of values of condition attributes and 
decision attributes; 

4. elimination of these condition attributes which do not infiuence the relations between 
the set of values of condition attributes and decision attributes. 

In the case when the control protocol represents classification of characteristic states 
done by the expert, the analysis may have also the folIowing goals: 

1. evaluat ion of quality and accuracy of the classification; 

2. determination of the infiuence of the values of particular condition attributes on this 
classification; 

3. selection of the set of condition productions as a basis of the recognition of charac­
teristic states. 

4. Rough sets in analysis of control protocols 

A control protocol presented in Table 1 is formally equivalent to a decision table DT =< 
u,e uD, V,j > ,where: 

- U corresponds to a finite time-horizon of the control performed by the expert 
(in a particular case the time moments can be interpreted as situations of the 
industrial process described by a set of condition attributes); 
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C is a finite set of condition attributes; 

D is a finite set of decision attributes; 

V = UqECUD Vq, where Vq is the domain of the attribute q E C. 

Hence, the problems of control protocol analysis can be reduced to the investigation of 
properties of the equivalent decision table DT. Depending on the properties of semantics 
of decision attributes in the set D, one can distinguish two tasks of the analysis: 

1. evaluation of the classification of current situation to corresponding characteristic 
states performed by the expert; 

2. discovering decision rules from control protocol and investigation of their properties. 

Let, in the case of the first task, D = {d} and d is a class number. The family D = 
{DI, D2 ,··· Dn} of subsets U represents then the expert's classification of situations to n 
characteristic states of the considered industrial process distinguished by the expert. 

In this case, the analysis of the proper decision table is reduced to the investigation of 
the quality and accuracy of the expert's classification and of the infiuence of the condition 
attributes contained in the set C on this classification. It is the basis of the synthesis of 
the set of corresponding decision rules for characteristic states recognition. 

From the formal viewpoint, it corresponds to the determination for the family D* : 
G..D*, CD*, Posc(D*), Bnc(D*) Negc(D*), CORE(C), RED(C) and the calculation 
of ,c(D*), f3c(D*). 

One can determine the infiuence of each condition attribute from the set C on subset 
of the family D*, what has a practical importance. It can be done by introduction of the 
notion of decidability of sets by condition attributes. 
Let D; E D* and Cj E C. 

1. The set D;(cj) = G..Di \ C - {cj}Di is called positively decidable by condition 
attribute Cj E C; 

2. The set D;(cj) = C 
attribute Cj E C. 

{Cj}Di \ CDi is called negatively decidable by a condition 

In the same way the idea of decidability of sets by any subset of condition attributes in 
C can be defined. We also introduce two measures connected with the above notions: 

1. for sets positively decidable by condition attribute Cj E C, 

+ _ca_r~d(~C=-==={ C~j~} D~i) 
m· -I-

t - card(G..D;) ' 

2. for the sets negatively decidable by a condition attribute Cj E C, 

card(C - {cj}Di) - card(CD;) 
mi = card(U) - card(CD;) 

It is easy to see that these measures have the following properties: 
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1. O ~ mt ~ 1j 
mt = O if the removal of condition attribute ci E C does not change Posc(D;)j 
mt = 1 if after the removal of condition attribute ci E C, POSC_{ej}(Di) = 0 (Le. 
D; is internally C - {ci} undistinguishable). 

2. O ~ mi ~ 1j _ 
mi = O if the removal of condition attribute ci E C does not change C Dij 
mi = 1 if after the removal of condition attribute ci E C, C - {ci} D; = U (Le. 
D; is externally C - { ci} undistiguishable). 

In the case of the second task the analysis of the corresponding decision table is reduced 
to: 

- checking whether decision table is consistent, 

- generation of the corresponding decision rules, 

- finding the relative core and relative reducts for the set of condition attributes. 

From the formal viewpoint it corresponds to the investigation of dependencies between 

the set of decision attributes D and the set of condition attributes C determined as C .!:. D, 
where k = Îe(D*). Then the relative core CORED(C) and relative reducts REDD(C), if 
they exist, are found for the set C of condition attributes. 

5. Illustrative examples 

The process of burning clinker is an example of industrial process for which the approach 
described above was successfully applied [2,3]. We present below the way how to pass from 
the description of stoker's behaviour when he controls a rotary kiln to the synthesis of 
decision rules for real-time computer control of the process. 

5.1 Classification of situations 

From the technological point of view, a rotary c1inker kiln may be conventionally divided 
into some zones. The most significant of them is the burning zone. A stoker evaluates 
and classifies the state of burning zone and controls the kiln in order to obtain clinker with 
desired physical and chemical properties. Considered condition attributes are the following: 
CI - burning zone temperaturej 
C2 - burning zone colourj 
C3 - clinker granulation in burning zonej 
C4 - insi de colour of the kiln. 

In the language of stokers the characterictic states of a rotary clinker kiln are: 
I "very weak kiln", 
II "weak kiln", 
III "kiln weakening or becoming sharp" , 
IV "sharp kiln", 
V "oversharpened kiln". 

We shall assume that 
Ve! = {1,2,3,4}, where the numbers 1,2,3,4 denote temperature intervals, respectively: 
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1=[1380°C -1420°C], 2=[1420°C -1440°C], 3=[1440°C -1480°C], 4=[14800C -1500°C], 
VC2 = {1,2,3,4,5} where the numbers 1,2,3,4,5 denote burning zone colour, respectively: 
1= scarlet, 2= dark pink, 3= bright pink, 4= decidedly bright pink, 5= rosy whitej 
Vca = {1,2,3,4}, where the numbers 1,2,3,4 denote clinker granulation in burning zone, 
respectively: 1= fines, 2= fines with smalllumps, 3=distinct granulation, 4= lumpsj 
VCi = {1,2,3}, where the numbers 1,2,3 denote the inside colour of the kiln, respectively: 
1= distinct dark streaks, 2= in distinct dark streaks, 3= no dark streaks. 

Table 2 presents an exemplary stoker classification protocol during one shift. 
From the Table 2 we have D* = {DbD2,D3,D4,D5}, where: 

Dt = {1,2,3,}j 
D 2 = {4,5,6, 7}j 
D3 = {8,9,10,11,12,123,14,15,16,17,18,19,44,45} 
D 4 = {20,21,22,23,24,25,26,27,28,29,30,38,39,40,41,42,43}j 
Ds = {31,32,33,34,35,36,37}. 
It is easy to compute that ,e(D*) = 1, where C = {CbC2,C3,C4}. 

Aiso the investigation of the influence of particular condition attributes from the set C 
on the accuracy of approximation p,e( Di) of sets D* and on the quality of approximation 
,e(D*) and accuracy of approximation (3e(D*) of stoker's classification has its practical 
significance. It is illustrated in Table 3. 

When we analyse the results in Table 3, we see that the set of condition attributes has 
three relative reducts if classification of D* is concerned. They are 

With the aid of the relative reduct C3 = {C2, C3} one can present the stoker's inference 
model used during evaluation and classification of situations in rotary kiln as a tree of 
situations - Fig.l, [3,1]. 

5.2 Decisions made by the stoker 

The control of rotary clinker kiln performed by a stoker consists in observing the values of 
condition attributes characterizing the state of the burning zone and in determination of 
such values of the decision attributes which will bring the rotary klinker kiln to a desired 
state, i.e."sharp kiln". 

The following decision attributes vere distinguished in the discussed case: dt - kiln 
revolutions, d2 - coal worm revolutions. 

We shall assume that: Vd1 = {1,2}, where the numbers 1,2 denote the kiln rev­
olutions, respectively I=O.9[rpm], 2=1.22[rpm], Vd2 = {1, 2, 3,4}, where numbers 
1,2,3,4 denote coal consumption measured in revolutions of the coal worm, respectively, 
I=O[rpm], 2=15[rpm], 3=20[rpm], 4=40[rpm]. 

We display in Table 4 a control protocol registered during one shift and describing the 
stoker's behaviour in this period. 

Analysing Table 4 it is easy to see that D* = {DbD2,D3,D4}' where: 
Dt = {58,59,60,61,62,63}j 
D2 = {1,3,11,12,13,15,16,17,29,30,31,32,33,44,45,46,47,56,57,64,66,67,68 

69,70,}j 
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Values of observable attributes Number 
Situation of characteristic 
number CI C2 C3 C4 state 

1 1 1 1 1 1 
2 1 1 1 1 1 
3 2 1 1 1 1 
4 2 2 1 1 II 
5 2 2 1 1 II 
6 1 2 1 1 II 
7 2 2 1 1 II 
8 2 2 2 1 III 
9 1 2 2 1 III 
10 2 2 2 1 III 
11 2 2 2 1 III 
12 3 2 2 1 III 
13 3 2 2 2 III 
14 2 2 2 2 III 
15 2 2 2 2 III 
16 1 2 2 1 III 
17 2 2 2 1 III 
18 2 2 2 1 III 
19 3 2 2 1 III 
20 3 3 2 1 IV 
21 3 3 2 1 IV 
22 4 3 3 1 IV 
23 4 3 3 1 IV 
24 3 3 3 1 IV 
25 2 3 3 1 IV 
26 2 3 3 1 IV 
27 2 3 3 1 IV 
28 3 4 3 1 IV 
29 4 4 3 1 IV 
30 4 4 3 1 IV 
31 4 4 4 1 V 
32 4 4 4 1 V 
33 4 5 4 1 V 
34 3 4 4 1 V 
35 3 4 4 1 V 
36 3 4 4 1 V 
37 3 4 4 1 V 
38 3 4 3 1 IV 
39 3 3 3 1 IV 
40 3 3 3 1 IV 
41 2 3 3 1 IV 
42 2 3 3 1 IV 
43 2 3 3 1 IV 
44 2 2 2 1 III 
45 2 2 2 1 III 

Table 2. An exemplary stoker's classification protocol. 
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Characteristic Removed condition attribute 
state 

number None {cd { C2} { C3} { C4} {CI, C4} 
I 1.0 1.0 0.0 1.0 1.0 1.0 
II 1.0 1.0 0.0 0.0 1.0 1.0 
III 1.0 1.0 0.75 0.28 1.0 1.0 
IV 1.0 1.0 0.79 0.56 1.0 1.0 
V 1.0 1.0 1.0 0.1 1.0 1.0 

ic(D*) 1.0 1.0 0.75 0.49 1.0 1.0 
f3c(D*) 1.0 1.0 0.6 0.32 1.0 1.0 

Table 3. p,c(Di),i = 1,2,·· ·,5,ic(D*) and f3c(D*) when some condition attributes are 
removed. 

y 

Figure 1. Tree of situations as classified by stoker. 
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Situation Condition Decision Situation Condition Decision 
number attributes attributes number attributes attributes 

CI C2 C3 C4 d l d2 CI C2 C3 C4 dl d2 

1 3 1 3 2 2 4 36 4 2 3 3 2 2 
2 3 2 3 2 2 3 37 4 2 4 3 2 2 
3 3 1 3 2 2 4 38 4 1 4 3 2 2 
4 4 2 3 2 2 2 39 4 1 3 3 2 2 
5 4 2 4 2 2 2 40 4 1 3 2 2 2 
6 4 2 4 3 2 2 41 4 1 3 2 2 2 
7 4 1 4 3 2 2 42 4 3 3 2 2 2 
8 4 1 3 3 2 2 43 4 3 3 2 2 2 
9 4 1 3 2 2 2 44 3 3 2 2 2 4 
10 4 3 3 2 2 2 45 3 3 2 2 2 4 
11 3 1 3 2 2 4 46 3 1 2 2 2 4 
12 3 1 3 2 2 4 47 3 2 2 2 2 4 
13 3 1 3 2 2 4 48 3 2 3 2 2 3 
14 3 3 3 2 2 3 49 3 2 3 2 2 3 
15 3 3 2 2 2 4 50 3 2 3 3 2 3 
16 3 1 2 2 2 4 51 3 2 3 3 2 3 
17 3 2 2 2 2 4 52 3 2 3 3 2 3 
18 3 2 3 2 2 3 53 4 1 3 3 2 2 
19 3 2 3 2 2 3 54 4 3 3 3 2 2 
20 4 2 3 2 2 2 55 3 3 2 3 2 3 
21 4 2 4 2 2 2 56 3 3 2 2 2 4 
22 4 2 4 3 2 2 57 3 3 2 2 2 4 
23 4 1 4 3 2 2 58 2 3 2 2 1 4 
24 4 1 3 3 2 2 59 2 3 2 1 1 4 
25 4 1 3 2 2 2 60 2 3 1 1 1 4 
26 4 3 3 2 2 2 61 2 1 1 1 1 4 
27 3 3 3 2 2 3 62 2 2 1 1 1 4 
28 3 3 3 2 2 3 63 2 2 2 1 1 4 
29 3 3 2 2 2 4 64 3 2 3 1 2 4 
30 3 3 2 2 2 4 65 3 2 3 2 2 3 
31 3 1 2 2 2 4 66 3 1 3 2 2 4 
32 3 2 2 2 2 4 67 3 1 3 2 2 4 
33 3 2 2 2 2 4 68 3 1 3 2 2 4 
34 3 2 3 2 2 3 69 3 1 3 2 2 4 
35 3 2 3 3 2 3 70 3 1 3 2 2 4 

Table 4. Control protocol of the klin stoker. 
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Number Number of ele- Number of ele- Accuracy 
D* of ments of lower ments of upper of 

elements approximation approximations approximation 
SI 6 6 6 1.0 
S2 25 25 25 1.0 
S3 15 15 15 1.0 
S4 24 24 24 1.0 

Table 5. Approximation D* by condition attributes from the set C. 

Attribute 
removed none CI C2 C3 C4 

Value 
k = ,c(D*) 1.0 0.38 0.71 0.70 0.71 

Table 6. Influence of conditional attributes from set Con relation C .!:.. D. 

D3 = {2,14,18,19,27,28,34,35,48,49,50,51,52,55,65}; 
D4 = {4,5,6,7,8,9,10,20,21,22,23,24,25,26,36,37,38,39,40,41,42,43,53,54}. 

We examine the approximation of family D* by condition attributes from the set C. 
The results are displayed in Table 5. 

In this case we have ,c(D*) = 1 and fic(D*) = 1, hence C ----+ D, where D = {dt, d2}. 

The influence of each condition attribute from set Con the dependency C k=~·) D 
has been investigated and the results are shown in Table 6. 

Data in Table 6 indicate that the condition attribute CI - burning zone temperature 

- has the greatest influence on dependency C .!:.. D. The other attributes influence this 
dependency in a similar way. 

Family D* may be also used to interpret the way in which the stoker controls the rotary 
kiln. Situations in set DI correspond to a characteristic state of the rotary kiln to which 
the stoker refers as to a "very weak kiln". Situations in sets D2, D3 , D4 correspond to states 
"weak kiln", "kiln weakening or becoming sharp" , "sharp kiln". 

We have investigated the influence of each condition attribute from the set C on ap­
proximation of particular characteristic states generated by partitionning of D*; the results 
are in Table 7. 

As it foHows from Table 7, condition attribute CI - burning zone temperature -
has substantional influence on the approximation of aH characterictic states. The other 
attributes influence only "weak kiln" and "kiln weakening or becomming sharp" states. 

5.3 Representation of the stoker influence model 

The informations contained in Table 7 may be used to transform the resulting decision 
table written in Table 8 into its equivalent decision tree [2,6]. 
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Name of Attribute removed 
a set from 

D* none CI C2 C3 C4 

DI 1.0 0.38 1.0 1.0 1.0 
D 2 1.0 0.27 0043 004 0046 
D3 1.0 0.04 0.20 0.2 0.13 
D 4 1.0 0.27 1.0 1.0 1.0 

IC(*) 1.0 0.38 0.71 0.70 0.71 

Table 7. Approximation and partioning when condition attributes are removed. 

Decision Values of conditional Values of decision 
attributes attributes 

number CI C2 C3 C4 d l d2 
RI 2 1 1 1 1 4 
R2 2 2 1 1 1 4 

R3 2 2 2 1 1 4 
R4 2 3 1 1 1 4 

Rs 2 3 2 1 1 4 

R6 2 3 2 2 1 4 
R7 3 1 3 2 2 4 

Rs 3 3 2 2 2 4 
R9 3 1 2 2 2 4 

RlO 3 2 2 2 2 4 
Rl1 3 2 3 1 2 4 

R12 3 2 3 2 2 3 
Rl3 3 3 3 2 2 3 
R 14 3 2 3 3 2 3 
RIS 3 3 2 3 2 3 
R16 4 2 3 2 2 2 

R17 4 2 4 2 2 2 
RIS 4 2 4 3 2 2 

Rl9 4 1 4 3 2 2 
R20 4 1 3 3 2 2 
R21 4 1 3 2 2 2 
R22 4 3 3 2 2 2 
R23 4 2 3 3 2 2 
R24 4 3 3 3 2 2 

Table 8. Resulting decision table DT. 
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Figure 2. Decision tree equivalent to decision table DT. 

This decision tree is presented in Fig.2. 

The decision tree in Fig.2 presents the stoker's inference model during the control of 
rotary kiln control yielding from control protocol written in Table 4. When this control 
protocol was performed, the burning zone temperature was measured simultanously. Its 
values were memorized each one minute interval. 

After a shift a corresponding program calculated the histogram of the distribution of 
burning zone temperature and determined the mean temperature nz = 1434[°C] and the 
standard deviation UTbz = 27.1[OCJ. It is assumed that these parameters reflect the quality 
of the control. 

5.4 Problems of computer implementation 

The following measurable attributes were chosen: 
CI - burning zone temperature, and additionally 
C5 - temperature of fumes. 

Having measured these parameters, the values of other parameters were dermined: 
C7 - the derivate of temperature in burning zone, 
C8 - the derivate of temperature of gases leaving the zone. 

The selected set of condition attributes (measurable and observable) was used to fin 
in the corresponding control protocol and then the decision rules were determined. It is 
briefly discussed in [5J. 

The results of real-time computer control based upon this set of decision rules and with 
experimentally chosen control cycle !1Tc = 3[minJ are also presented in [5J. 

The computer control results were evaluated using the same criteria as the control of 
human expert, i.e the temperature of burning zone as a function of time was registered 
during a shift, the histogram of its distribution was determined and then the mean and 
standard deviation were calculated. The values obtained were: Tbz = 1435[OCJ and Ubz = 
17.1[°C]. 
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Hence, the standard deviation of burning zone temperature was reduced by 10[°C] with 
the use of computer control. The fuel consumption was also reduced. 

6. Conclusion 

We propose a technique of real-time computer control of an industrial process. This ap­
proach is based upon computer implementation of decision rules characteristic for a human 
expert who controls the process. 

The basic elements of this proposition are: 

1. the notion of expert's inference model, 

2. determination of the structure of control protocol which refiects the human expert 
behaviour, 

3. The use of elements of rough set theory for selection of decision rules mode by the 
expert during the control and contained in the control protocol. 

The example of rotary kiln control illustrates this proposition. 
The accuracy of results, their relatively low cost and short time of the algorithm imple­

mentation indicate the usefulness of this approach, especially when it is difficult to obtain 
other control algorithms. 
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Abstract. The paper refers to problems of an application of the rough sets theory to 
diagnostic classification of mechanical objects. The use of the rough sets approach is shown 
on some practical examples. In particular, it concerns : evaluation of diagnostic capacity 
of symptoms, comparison of different methods of defining symptom limit values, reduction 
of the set of symptoms to a sub set ensuring satisfactory evaluation of the object's technical 
state, creation of the classifier of the technical state. The analysed examples concern the 
evaluation of the technical state of rolling bearings. 

1. Introduction 

An efficient maintenance of machines in industrial processes requires reliable information 
about their technical state. This information is often extended by prediction of the change 
of this state [7,9]. It is particularly important for machines playing a critical role in the 
process [8]. For these machines, special stationary monitoring systems, often accompa­
nied by diagnostic support systems, are introduced to minimize the outlay given for their 
maintenance. For machines having smaller influence on a final result of production, it is 
sufficient to perform a periodic control of their technical state using portable measurement 
instruments. 

The technical state of working objects is non-measurable directly. Its control can be 
performed by evaluation of technical parameters of manufactured products or, more of ten, 
ofresidual (secondary) processes generated by machines during the production process. In 
industrial practice, measurements of physical quantities, which are changing in accordance 
with the technical state of a machine, are used for this evaluation [1,3]. These quantities 
are called symptoms of the technical state. Level of vibration for representative points 
of an object (measured in production conditions), level of noise near the working abject, 
temperature, pressure or mutual position of particular parts in a machine are examples of 
typical symptoms of the technical state. 

33 
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The choice of points and type of the measurements can follow from the specialists' 
knowledge a priori. It is realistic for critical machines, e.g. compressors or turbogenerator 
sets. However, in the case of many machines, in particular, complex ones (e.g. compact 
multistage transmis sion gears) this knowledge is very poor. 

So, when setting up a diagnostic procedure, one often starts from greater number of 
symptoms, estimations of diagnostic signals, or measurement points than it is necessary. 
However, using the standard types of symptoms is not always satisfactory, so it is necessary 
to create new non-standard symptoms ensuring a reliable evaluation of the technical state. 

Another essential issue in technical diagnostics refers to problems of defining symptom 
limit values [10,12]. The values of symptoms usually change monotonically with deteriora­
tion of the technical state. The symptom limit values are boundary values of a symptom 
which divide its domain into intervals corresponding to considered classes of the technical 
state (called conventional classes of the technical state). For some machines, there are 
known standards establishing not only the type of measurements but also defining intervals 
of symptom values. However, practical experience dOl not confirm these recommendations 
quite of ten. So, the problem of estimation of the symptom limit values is becoming im­
portant in development of diagnostic procedures for a specified type of machines. These 
problems were taken into account in theoretical and practical works in the 80's, particu­
larly in the field ofvibroacoustic diagnostics [10,11,12]. In consequence, several methods for 
defining symptom limit values were suggested. It was noticed, however, that they can lead 
to different evaluations of the technical state. Moreover, there are no clear indications for 
suitable range of their applications. So, it is desirable to have a methodology of comparing 
these methods for specified types of machines. 

Evaluation of the technical state using the minimal number of symptoms is the most 
desired in practice because the lower is the number of symptoms used, the lower is usually 
the cost and time of the diagnostic investigation. However, rarely only one symptom is 
sufficient for this aim. So, a subset of symptoms must be used for a reliable evaluation. In 
technical diagnostics, the sub set of symptoms with their limit values is called classifier of 
the technical state. In the case of solving diagnostic tasks, where the set of symptoms ia 
extended by information about an objective technical state of objects, by the classifier of 
the technical state we understand the set of decision rules enabling the evaluation of the 
technical state on a base of values of symptoms from the considered subset. The latter 
meaning ofthe classifier is used in the present paper. However, it is also possible that there 
exist several subsets having good and similar diagnostic capacity. In such situations, a tool 
for reduction of the set of symptoms and comparison of several possible classifiers would be 
very useful. 

The general aim of a majority of technical diagnostic investigations is to solve the 
following problems: 

(a) evaluation of different methods of defining symptom limit values, 
(b) evaluation of diagnostic capacity of particular symptoms, 
(c) reduction of a set of symptoms to a minimal subset of symptoms ensuring 

satisfactory evaluation of the technical state, 
(d) creation of the classifier of the technical state. 

The above problems have not been solved yet in a satisfactory way. For example, 
problem (a) was undertaken in [10] for vibroacoustic diagnostics but was limited to analysis 
of simulation data. The problem (c) was considered more extensively in [2]. However, it 
was proved afterwards that the proposed procedure did not lead to good results in some 
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cases. 
The aim of the following paper is to show, on some practical examples, how to attain 

the mentioned aims of technical diagnostics by means of the rough sets approach. 
The case of vibroacoustic diagnostics of mechanical objects is considered. Vibration 

and noise symptoms are very of ten used to evaluate the technical state. Their usefulness 
results from relatively high reliability of diagnostic information and facility of collecting 
such information. 

The paper is based on encouraging results of two applications of the rough sets theory 
to evaluation of diagnostic capacity of vibroacoustic symptoms reported in [14,15,16]. 

Two examples concerning evaluat ion of the technical state of rolling bearings are anal­
ysed. The bearings are in one of two technical states : good and bad. They are described 
by symptoms resulting from measurements of noise and vibration of the bearing housings. 
In the first example, bearings were installed in a laboratory stand. In the other example, 
bearings were installed in a band conveyor and alI measurements were taken in a real indus­
trial environment. So, besides presentation of the application of the rough sets approach 
to particular steps of diagnostic research, it will be interesting to compare results of the 
analysis of two similar examples coming from different conditions of measurements. 

In the next section, both analysed sets of data are described. Results of applications of 
the rough sets theory are presented in section 3. Conclusions are drawn in the final section. 
Considered methods of defining symptom limit values are given in the Appendix. 

2. The problem definition 

In this section, two considered diagnostic problems (called A and B) corresponding to dif­
ferent data sets are considered. The data sets give base to create the original information 
systems for each diagnostic case. It is known that in the rough sets approach, values of 
quantitative attributes are translated into some qualitative terms. This translation involves 
a division of the original domain into some subintervals and an assignment of qualitative 
codes to these subintervals. In technical diagnostics, attributes are symptoms of the techni­
cal state; using symptom limit values one can divide an original domain of a symptom into 
subintervals corresponding to conventional classes of the technical state [12]. As a result of 
this translation, coded information systems are obtained. 

Several methods defining symptom limit values were proposed for diagnostic problems 
[1,3,4,5]. In this paper, we consider four of them. They are called L-, W-, P- and C­
methods (formulae enabling determination of the limit values by means of these methods 
are presented in the Appendix). 

2.1. Problem A - Rolling bearings examined in a laboratory 

The analysed data set is composed of observations collected during a laboratory experiment 
with a set of 38 rolling bearings. The set of examined bearings is divided into two subsets. 
The first one consists of 19 bearings which were recognized to be good ones. At the end 
of their production, they were checked by a product quality control which proved that 
they were made according to a technical documentation. Other 19 bearings are in the bad 
technical state because some of their elements were artificially damaged (rolling elements 
or one of the bearing races). 
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The investigated bearings were successively assembled on a laboratory stand. Measure­
ments of vibration and noise symptoms were collected in conditions of simulated working 
loads. 

Vibration and noise levels of a bearing housing were taken as supposed symptoms of 
the technical state. In each case, measuring quantities were obtained as a result of band 
filtering of a signal for 6 different frequency bands. The filters were 1/3-octave filters with 
standard middle frequencies from range: 800 - 2500 Hz. 

The data collected from the measurements set up the information system which is 
presented in Table 2.1. It contains information about 38 bearings described by means of 12 
symptoms 81 - 812 • Symptoms 81 - 86 are measured as accelerations of vibration [m/s2 ] 

while symptoms 87 - 812 correspond to levels of noise in decibels [dB]. The information 
about each object is additionally extended by the two--valued decision attribute D. This 
attribute characterizes the real technical state of a bearing (0- for a good technical state, 1 
- for a bad state). The information system presented in Table 2.1 is denoted by SI. 

Table 2.1. Information system SI (rolling bearings installed in a laboratory stand) 

No. 81 82 83 8. 85 8. 87 88 8. 810 811 812 D 
1 0.50 0.79 1.41 0.94 0.79 1.77 79.5 81.5 72.0 72.5 76.5 75.5 o 
2 0.89 1.00 1.25 0.94 0.59 1.77 74.0 78.0 75.0 74.5 66.5 78.0 o 
3 1.49 1.49 1.25 0.70 0.53 1.33 85.0 88.0 79.5 79.5 74.0 68.5 o 
4 1.67 2.51 2.11 1.12 1.25 1.58 93.0 92.0 83.0 72.0 72.0 69.0 o 
5 3.16 3.16 2.66 1.41 0.56 1.77 81.5 84.0 81.5 96.5 96.0 91.5 o 
6 0.50 0.70 0.79 0.53 0.63 1.18 78.0 83.0 80.5 96.0 94.0 86.5 o 
7 0.79 0.89 1.77 0.44 0.70 1.18 80.0 76.0 82.0 78.5 94.5 92.0 o 
8 1.41 2.11 2.51 1.58 1.12 3.16 80.0 80.0 79.5 83.5 79.5 94.0 o 
9 1.05 0.56 0.56 1.33 1.05 0.39 85.5 79.5 74.5 74.0 77.5 71.0 o 

10 0.63 1.12 0.70 0.79 0.70 0.39 78.0 75.0 78.0 77.5 75.0 76.5 o 
11 0.63 1.12 0.70 0.79 0.70 0.39 75.5 71.0 82.0 78.5 78.0 78.0 o 
12 3.98 2.81 1.33 1.05 1.33 lAI 69.5 75.5 75.0 85.0 77.5 80.0 o 
13 2.23 1.58 1.05 1.12 2.11 3.16 69.5 70.0 76.0 80.5 79.5 80.5 o 
14 2.23 2.51 1.33 0.63 0.74 0.56 68.0 75.0 69.0 71.5 80.0 85.5 o 
15 1.18 0.74 0.44 0.39 0.70 0.66 63.0 63.0 70.0 70.0 64.0 15.5 o 
16 1.41 1.41 1.33 1.05 1.77 1.67 60.0 68.0 72.5 79.0 71.0 72.0 o 
17 1.88 2.66 1.25 1.58 3.54 1.77 67.5 60.0 79.0 76.0 77.0 74.0 o 
18 1.25 1.18 0.50 1.00 2.66 1.05 60.0 60.0 60.0 62.0 60.0 66.5 o 
19 1.67 1.41 0.89 1.49 2.98 0.75 67.0 69.0 66.0 60.0 68.0 67.0 1 
20 0.39 0.56 0.28 0.14 0.11 0.11 79.5 81.5 72.0 72.5 76.5 75.5 1 
21 0.23 0.33 0.29 0.18 0.22 0.26 78.0 75.0 74.5 66.5 78.0 75.5 1 
22 0.43 0.21 0.16 0.10 0.35 0.29 79.5 79.5 74.0 68.5 67.0 68.0 1 
23 0.28 0.31 0.18 0.10 0.10 0.13 72.0 72.0 69.0 71.5 73.5 76.5 1 
24 0.25 0.31 0.31 0.26 0.23 0.33 80.0 78.0 77.0 73.0 83.0 85.5 1 
25 0.10 0.10 0.12 0.10 0.15 0.22 72.5 72.0 72.0 70.0 74.0 80.0 1 
26 0.23 0.37 0.35 0.22 0.15 0.22 75.5 72.5 74.5 69.5 75.0 78.5 1 
27 0.22 0.26 0.20 0.15 0.15 0.20 71.0 73.0 69.0 69.0 76.0 82.0 1 
28 0.26 0.44 0.50 0.39 0.37 0.53 71.0 77.0 67.0 66.5 78.0 76.0 1 
29 0.23 0.26 0.16 0.10 0.10 0.10 66.0 66.5 68.0 64.0 71.5 71.5 1 
30 0.10 0.11 0.10 0.10 0.10 0.10 72.5 72.0 72.0 70.0 74.0 80.0 1 
31 0.18 0.23 0.16 0.13 0.11 0.20 75.5 72.5 74.5 69.5 75.0 78.5 1 
32 0.12 0.22 0.16 0.10 0.10 0.15 70.5 73.5 69.0 69.0 76.5 82.0 1 
33 0.31 0.63 0.22 0.12 0.12 0.17 71.0 77.0 67.0 66.5 78.5 76.0 1 
34 0.10 0.14 0.14 0.10 0.10 0.14 67.0 70.5 66.0 63.0 64.5 68.0 1 
35 0.33 0.42 0.70 0.35 0.33 0.50 70.0 68.5 75.0 69.5 79.5 80.5 1 
36 0.20 0.21 0.35 0.12 0.14 0.14 70.0 68.0 72.0 63.5 76.0 74.0 1 
37 0.11 0.15 0.10 0.10 0.10 0.10 65.5 72.0 71.0 67.0 66.0 71.0 1 
38 0.15 0.15 0.16 0.15 0.11 0.10 70.0 74.0 70.0 67.0 77.5 82.0 1 
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Table 2.2 Symptom limit values for system SI 

Symptom Method Symptom limit values 
b1 b2 b3 b 

81 L 0.22 0.34 0.46 0.58 
C 1.57 2.27 2.97 3.36 
W 1.34 1.78 2.21 2.64 
P 0.60 0.98 1.35 1.73 

82 L 0.20 0.30 0.40 0.50 
C 1.60 2.26 2.93 3.60 
W 1.21 1.54 1.88 2.22 
P 0.61 1.01 1.42 1.82 

83 L 0.18 0.26 0.34 0.42 
C 1.28 1.81 2.34 2.87 
W 0.96 1.23 1.50 1.77 
P 0.50 0.83 1.15 1.47 

84 L 0.15 0.20 0.25 0.30 
C 0.96 1.35 1.73 2.12 
W 0.70 0.89 1.09 1.29 
P 0.39 0.64 0.88 1.12 

85 L 0.21 0.32 0.43 0.54 
C 1.39 2.05 2.70 3.36 
W 1.35 1.86 2.36 2.86 
P 0.53 0.85 1.16 1.48 

86 L 0.20 0.30 0.40 0.50 
C 1.42 2.05 2.69 3.32 
W 1.21 1.59 1.98 2.37 
P 0.54 0.89 1.23 1.58 

87 L 79.60 99.20 118.80 138.40 
C 78.94 84.43 89.91 95.40 
W 21.14 35.16 49.18 63.20 
P 81.40 83.20 85.00 86.81 

8i! L 71.00 82.00 93.00 104.00 
C 79.56 84.81 90.07 95.32 
W 20.86 34.89 48.93 62.96 
P 75.03 79.06 83.09 87.12 

89 L 75.10 90.20 105.30 120.40 
C 77.45 81.52 85.59 89.66 
W 19.44 33.60 47.76 61.92 
P 77.17 79.25 81.32 83.40 

810 L 71.40 82.80 94.20 105.60 
C 78.97 85.23 91.49 97.75 
W 22.13 36.14 50.15 64.15 
P 75.51 79.62 83.73 87.83 

811 L 76.90 93.80 110.70 127.60 
C 81.67 87.53 93.40 99.26 
W 21.60 35.59 49.59 63.58 
P 80.19 83.47 86.76 90.05 

812 L 76.00 85.50 95.00 104.50 
C 82.73 88.03 93.33 98.63 
W 22.50 38.12 53.74 69.36 
P 79.59 83.19 86.78 90.37 

The symptom limit values presented in Table 2.2. were used to translate the original 
values of symptoms 81 - 812 into coded values 1,2,3,4,5 corresponding to five subintervals 
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(Le. value of a symptom belonging to subinterval (0,b1] is coded by 1 etc.). As a result of 
this translation, we obtain the coded information system which is analysed afterwards. 

2.2. Prohlem B - Rolling hearings installed in a hand conveyor 

The analysed data set is composed of observations collected from 55 rolling bearings in­
stalled in a band conveyor. The set of examined bearings was divided into two classes on a 
base of an expert evaluation. The tirst class consists of 34 bearings recognized to be good. 
The second class consists of 21 bearings being in different states of degradation. 

Vibration and noise levels of bearing housings were taken as supposed symptoms of the 
technical state, similarly to the tirst diagnostic problem. 

Measurements of vibration and noise levels were performed for different measuring fre­
quency bands. The relatively low and high measuring frequency bands were chosen: from 
500 to 2000 Hz and from 4 to 16 kHz for noise, and from 100 to 1000 Hz and from 1 to 11 
kHz for vibration, respectively. 

In addition, taking into account the possibly different propagation of vibrations from the 
same source in radial and axial directions of bearings, the measurements in both directions 
were taken. 

The collected measurements created the data set which is presented in Table 2.3. It 
contains information about 55 objects described by 10 symptoms S1 - SlO . 

Symptoms S1 - S2 have the noise nature: 
S1 - the level of noise for frequency range 500 - 2000 Hz in [dB], 
S2 - the level of noi se for frequency range 4 - 16 kHz in [dB], 

Symptoms S3 - SlO have the vibration nature: 
S3 - the measurement of vibrations in axial direction and for frequency range 

0.1 - 1 kHz, 
S4 - the measurement of vibrations in axial direction and for frequency range 

1 - 11 kHz, 
S5 - the measurement of vibrations in radial vertical direction and for frequency 

range 0.1 - 1 kHz, 
S6 - the measurement of vibrations in radial vertical direction and for frequency 

range 1 - 11 kHz, 
S7 - the measurement of vibrations in radial horizontal direction and for frequency 

range 0.1 - 1 kHz, 
S8 - the measurement of vibrations in radial horizontal direction and for frequency 

range 1 - 11 kHz, 
S9 - the level of resultant vibrations for frequency range 0.1 - 1 kHz, calculated as 

JS5 + s~ + s~ , 
SlO - the level of resultant vibrations for frequency range 1 - 11 kHz, calculated as 

Js~ + s~ + s~ . 
AlI measurements of vibrations refer to acceleration of vibrations and are expressed in 

[m/s2 J. 
The information about each object is extended by the two-valued decision attribute D. 

It characterizes the real technical state of a bearing (0- for a good technical state, 1- for a 
bad state). The information system presented in Table 2.3 is denoted by 52. 
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Table 2.3. Information system S2 (rolling bearings installed in the band conveyer) 

No. '1 '2 '3 •• '5 '6 '7 '8 " '10 D 
1 97.0 85.8 8.0 17.0 31.0 30.0 17.0 24.0 36.2 42.0 o 
2 97.2 83.1 11.0 22.0 25.0 21.0 14.0 15.0 30.7 33.9 O 

3 109.6 99.0 34.0 43.0 120.0 110.0 56.0 53.0 136.7 129.5 O 
4 109.5 97.5 33.0 42.0 165.0 115.0 58.0 55.0 178.0 134.2 O 

5 109.2 95.0 28.0 36.0 95.0 95.0 48.0 43.0 110.1 110.3 1 

6 92.9 82.6 5.5 7.5 17.0 12.5 12.5 12.5 21.8 19.2 O 

7 97.8 95.0 4.5 6.5 11.5 9.5 8.5 8.5 15.0 14.3 O 

8 97.2 82.6 9.5 14.5 31.0 22.0 23.0 17.0 39.8 31.4 O 

9 97.9 85.4 6.5 7.5 23.0 16.5 14.5 10.5 28.0 20.9 O 

10 89.4 85.1 7.5 8.0 26.5 17.0 14.5 11.0 31.1 21.8 O 
11 103.6 92.1 17.0 23.0 65.0 45.0 31.0 27.0 74.0 57.3 1 

12 109.0 104.4 22.0 27.0 75.0 55.0 36.0 37.0 86.1 71.6 1 

13 97.7 86.3 8.5 14.5 22.5 17.0 15.0 13.0 28.3 25.9 O 

14 101.7 94.8 9.5 8.5 29.0 14.0 17.5 15.0 35.2 22.2 O 

15 107.1 96.7 20.0 29.0 78.0 75.0 40.0 40.0 89.9 89.8 1 
16 107.7 97.7 23.0 31.0 95.0 75.0 46.0 43.0 108.0 91.8 1 
17 114.0 113.3 32.0 55.0 150.0 130.0 58.0 80.0 164.0 162.2 O 
18 94.2 79.4 6.3 2.8 14.5 5.2 15.5 4.5 22.1 7.4 O 

19 94.4 75.8 6.5 3.1 11.5 5.7 18.0 4.2 22.3 7.7 O 

20 94.9 77.6 6.0 4.5 12.5 6.8 20.5 5.5 24.7 9.8 O 

21 95.3 78.8 6.3 3.7 15.0 4.8 21.0 5.5 26.6 8.2 O 

22 93.0 71.7 8.5 1.1 17.0 3.5 22.0 1.8 29.1 4.1 O 
23 95.1 73.9 7.8 1.3 17.5 3.8 22.5 1.8 29.6 4.4 O 

24 94.3 76.8 6.3 2.8 11.0 5.5 19.5 4.8 23.3 7.8 O 

25 95.1 76.6 6.5 2.5 12.0 5.5 11.5 4.5 17.8 7.5 O 

26 97.1 82.0 9.5 11.5 37.0 13.5 23.0 12.5 44.6 21.7 O 
27 100.8 86.4 12.0 23.0 35.0 35.0 28.0 37.0 46.4 55.9 1 

28 107.1 92.4 23.0 28.0 95.0 80.0 32.0 42.0 102.8 94.6 1 
29 107.5 100.1 22.0 25.0 80.0 80.0 45.0 37.0 94.4 91.6 1 

30 99.9 95.3 5.6 11.0 16.5 17.0 9.5 15.5 19.8 25.5 O 
31 102.4 102.1 5.0 17.0 17.0 25.5 9.5 26.5 20.1 40.5 O 
32 98.3 94.8 10.0 23.5 26.5 30.0 21.5 32.0 35.6 49.8 O 

33 100.4 97.1 12.0 23.0 30.0 33.0 20.5 38.0 38.3 55.3 1 
34 107.7 97.3 27.0 33.0 90.0 81.0 47.0 46.0 105.1 98.8 1 
35 108.4 95.0 30.0 65.0 105.0 90.0 55.0 45.0 122.3 119.8 O 
36 106.0 91.0 33.0 30.0 90.0 100.0 70.0 56.0 118.7 118.5 O 
37 104.0 91.0 28.0 30.0 90.0 70.0 46.0 50.0 104.9 91.1 1 
38 103.0 92.0 23.0 25.0 75.0 40.0 37.0 47.0 86.7 66.6 1 
39 102.0 91.0 22.0 23.0 56.0 48.0 34.0 48.0 69.1 71.7 1 
40 100.0 88.0 14.0 16.0 54.0 46.0 22.0 38.0 60.0 61.8 1 
41 100.0 89.0 13.0 19.0 56.0 34.0 30.0 27.0 64.8 47.4 1 
42 102.0 90.0 18.0 20.0 48.0 54.0 34.0 30.0 61.5 64.9 1 
43 103.0 92.0 15.0 26.0 48.0 52.0 28.0 42.0 57.6 71.7 1 
44 108.0 99.0 32.0 68.0 160.0 140.0 66.0 130.0 176.0 202.8 O 
45 112.0 114.0 32.0 52.0 110.0 100.0 58.0 66.0 128.4 130.6 O 
46 95.0 84.0 8.0 15.0 26.0 36.0 22.0 34.0 35.0 51.7 O 
47 101.0 96.0 9.5 44.0 54.0 110.0 25.0 92.0 60.3 150.0 O 
48 104.0 96.0 20.0 34.0 76.0 92.0 38.0 72.0 87.3 121.7 1 
49 104.0 92.0 22.0 13.0 76.0 46.0 40.0 28.0 88.7 55.4 O 
50 111.0 102.0 44.0 66.0 220.0 210.0 92.0 110.0 242.5 246.1 O 
51 112.0 100.0 36.0 64.0 170.0 180.0 84.0 110.0 193.0 220.4 O 
52 101.0 94.0 24.0 48.0 42.0 82.0 36.0 76.0 60.3 121.7 O 
53 103.0 93.0 14.0 34.0 50.0 66.0 34.0 54.0 62.1 91.8 1 
54 104.0 98.0 28.0 25.0 82.0 94.0 42.0 54.0 96.3 111.3 1 
55 103.0 104.0 20.0 27.0 76.0 76.0 38.0 52.0 87.3 96.0 1 

Methods described in Appendix were used to calculate the symptom limit values for the 
data set from Table 2.3. Calculated values are presented in Table 2.4. 
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Table 2.4 Symptom limit values for system 52 

Symptom Method Symptom limit values 
bl b2 b3 b 

81 L 104.0 118.6 133.2 147.8 
C 106.34 110.81 115.29 119.77 
W 125.37 161.34 197.31 233.28 
P 104.63 107.4 110.17 112.94 

82 L 91.0 110.3 129.6 148.9 
C 98.46 105.54 112.63 119.71 
W 128.1 184.51 240.91 297.31 
P 95.67 99.97 104.28 108.58 

83 L 22.0 39.5 57.0 74.5 
C 25.12 33.04 40.97 48.9 
W 17.61 30.72 43.83 56.93 
P 20.6 24.01 27.43 30.84 

84 L 23.0 44.9 66.8 88.7 
C 38.22 51.84 65.46 79.08 
W 28.39 55.69 82.98 110.29 
P 29.94 35.28 40.63 45.97 

85 L 17.00 23.00 29.00 35.00 
C 97.69 134.26 170.83 207.40 
W 52.15 93.31 134.46 175.61 
P 74.85 88.58 102.30 116.03 

86 L 37.00 72.20 107.40 142.60 
C 60.21 82.52 104.83 127.14 
W 39.75 77.71 115.66 153.62 
P 46.36 54.81 63.27 71.72 

87 L 22.00 35.50 49.00 62.50 
C 47.73 62.24 76.75 91.26 
W 36.65 64.80 92.94 121.09 
P 39.62 46.03 52.43 58.83 

88 L 37.00 72.20 107.40 142.60 
C 60.21 82.52 104.83 127.14 
W 39.75 77.71 115.66 153.62 
P 46.36 54.81 63.27 71.72 

89 L 87.30 159.60 231.90 304.20 
C 111.73 151.13 190.53 229.93 
W 66.38 117.76 169.14 220.52 
P 87.93 103.53 119.12 134.72 

810 L 71.70 139.3 206.90 274.50 
C 115.92 159.45 202.97 246.5 
W 72.60 141.11 209.61 278.12 
P 88.69 104.99 121.28 137.57 
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3. Rough sets analysis of the diagnostic problems 

In this section, diagnostic problem A (rolling bearings in a laboratory stand) and diagnostic 
problem B (rolling bearings examined in industrial conditions) are analysed in the same way 
using the rough sets methodology. The analysis is organized in the way to solve problems 
(a) to (d) listed in the introd uction. 

3.1. Evaluation of different methods of defining symptom limit values 

In the analysis of both diagnostic problems, aH methods of defining symptom limit values 
were considered. The results, Le. accuracies of approximations of each particular class of 
the technical state and quality of classification of the rolling bearings for the whole set of 
symptoms are presented in Table 3.1 for problem A and in Table 3.2 for problem B. 

Using the criterion of the quality of classification, it is possible to rank the considered 
methods. 

For diagnostic problem A, the C-method is the worst and should not be used for the 
evaluation of the technical state. AH other methods: L, W and P, ensure the maximal value 
of the quality of classification. However, from the viewpoint of the number of atoms, the 
L-method is slightly better. A higher number of atoms enables better differentiation of 
considered bearings using their available description. 

Comparing results obtained for diagnostic problem B, it can be noticed that the ranking 
of methods is different. The best rank is given to the L-method, the W-method is the 
second and the P-method is the third. The worst is the C-method, similarly to problem A. 
However, the qualities of classification obtained by the W- and P-methods are significantly 
lower than in the case of problem A and are unsatisfactory for evaluation of the technical 
state. 

3.2. Evaluation of the diagnostic capacity of symptoms 

The rough sets theory can also be used as a tool for evaluation of diagnostic capacity of 
symptoms. Its application will be shown first on the example of information system S2 
were symptoms 81 and 82 are given both in two different scales, logarithmic and linear ones 
(ef. [16]). The corresponding versions of the information systems are denoted by S2 and 
S2a. The symptom limit values were calculated in the same way as before. 

It is interesting indeed to check whether the different scale of noise symptoms infulences 
the evaluation of the technical state. Results of the application of the rough sets approach 
to analysis of information system S2a are presented in Table 3.3. 

When comparing the results presented in Tables 3.2 and 3.3., it can be noticed that 
slightly higher values of the quality are obtained for system S2a but the difference between 
the results is rather small. 

Another example illustrating the application of the rough sets theory to evaluation of 
the diagnostic capacity of newly constructed symptoms was described in [13J. This example 
concerns diagnosing of reducers which were initially analysed using traditional symptoms. 
In [13J, the proposal of new symptoms was given. The rough sets analysis of this case gave 
the foHowing results: 
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Table 3.1. Accuracies of approximations and quality of classification for information system SI 

Methods 
L C W P 

N umber of atoms 35 22 22 26 
Class O 

Lower· approximation 19 18 19 19 
Upper approximation 19 35 19 19 
Accuracy of approx. 1.0 0.51 1.0 1.0 

Class 1 
Lower approximation 19 3 19 19 
Upper approximation 19 20 19 19 
Accuracy of approx. 1.0 0.15 1.0 1.0 

Accuracy of classification 1.0 0.38 1.0 1.0 
Quality of classification 1.0 0.55 1.0 1.0 

Table 3.2. Accuracies of approximations and quality of classification for information system S2 

Methods 
L C W P 

Number of atoms 38 23 29 29 
Class O 

Lower approximation 32 12 12 13 
Upper approximation 36 43 36 38 
Occuracy of approx. 0.89 0.28 0.33 0.34 

Class 1 
Lower approximation 19 12 19 17 
Upper approximation 23 43 43 42 
Accuracy of approx. 0.83 0.28 0.44 0.41 

Accuracy of classification 0.86 0.28 0.39 0.38 
Quality of classification 0.93 0.44 0.56 0.55 

Table 3.3. Accuracies of approximations and quality of classification for diagnostic problem B and 
symptoms S1 and S2 in a linear scale (information system S2a) 

Methods 
L C W P 

Number of atoms 43 21 33 29 
Class O 

Lower approximation 34 11 13 13 
Upper approximation 34 43 36 39 
Accuracy of approx. 1.0 0.26 0.36 0.33 

Class 1 
Lower approximation 21 12 19 16 
Upper approximation 21 44 42 42 
Accuracy of approx. 1.0 0.27 0.45 0.38 

Accuracy of classification 1.0 0.26 0.46 0.36 
Quality of classification 1.0 0.41 0.67 0.53 
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traditional symptoms do not give satisfactory quality of classification (close to 0.6), 
the new proposed symptoms have increased the quality of classification to 1.0; 
moreover, single new symptoms ensured quality in the range from 0.59 to 0.83 
- it means that nearly each of them is better than alI traditional ones together. 

3.3. Reduction of symptoms 

The set of all considered symptoms allows to evaluate with a certain quality, the technical 
state of objects from the information system. Very of ten, it is possible to reduce the number 
of symptoms without decreasing the quality. This leads to minimal subsets of symptoms. 

For problem A, only methods L, W and P were considered, the C-method was rejected 
because of inadmissibly low quality of classification. For problem B, only method L was 
included to the analysis, others were rejected for the same reason. The results are summa­
rized below. 

Problem B, the L-method: 
- the core is {S5,S6,S7} 

- 5 minimal subsets: 
{S5,S6,S7,SS,S9} 

{S2,S4,S5,S6,S7} 

{S2,S3,S5,S6,S7,S9} 

{S4,S5,S6,S7,SS} 

{SI,S5,S6,S7,SS} 

Problem A, the L-method: 
- the core is empty, 
- 17 minimal subset: two are singletons (symptoms SI and S5 ), 

three subsets consist of two elements, 2 subsets of three elements, 2 subsets 
of two elements, other subsets of five elements; 

Problem A, the W-method: 
- the core is empty, 
- 31 minimal subsets: one is a singleton (symptom SI ); 

5 subsets consist of two elements, 15 subsets of three elements, 
7 subsets of four elements and other subsets of five elements. 

Problem A, the P-method: 
- the core is symptom SI , 

- 10 minimal subsets: four of them are composed of three elements 
and other subsets of four elements. 

Each of obtained minimal subsets can be used to represent the corresponding informa­
tion system. A more detailed interpretation of the great number and structure of minimal 
subsets (which is interesting form the viewpoint of practical vibroacoustic diagnostics) was 
done in [15,16]. 
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3.4. Creation of classifiers of the technical state 

Reduction of the number of symptoms has not led to univocal and clear results. Each of 
the obtained minimal subsets ensures a satisfactory quality of classification and can be used 
to create the classifier of the technical state. As it is diflicult to analyse agreat number of 
possible classifiers, other criteria than the quality of classification must be employed. The 
minimum cardinality of a subset of symptoms and the minimal number of rules belonging 
to the classifier can be used as the secondary criteria. In practice, it is interesting to take 
into account also other criteria, e.g. easiness, cost and time of a measurement, or subjective 
preferences for cert ain symptoms. 

Proceeding in this way, one can choose the best compromise minimal subset to create 
a classifier. 

Let us consider first diagnostic problem A. It can be noticed that singleton {sd was 
obtained by two methods : L and W. As a singleton is very attractive for the diagnosis, it 
will be used in the first order to create the classifier. Then two element minimal subsets 
can be considered. They are given below: 
SI-L : {St.S3}, {S2,S4}, {S2,S6}, 

SI-W: {S2,S7}, {St.S6}, {SI,S2}, {S2,S4}, {SI,S4}' 

Considering problem B, it can be noticed that the core ensures the quality of classifica­
tion equal to 0.65. This value can be increased to the level 0.89 (it means the value slightly 
lower than maximum: 0.93) by adding symptoms S4 or S8 • So, the subset S4, S5, S6, S7 can 
be chosen for further analysis. 

After the choice of minimal subsets of symptoms with their limit values, one can de­
rive decision algorithms creating classifiers. The classifier consists of decision rules which 
determine the assignment of an object to the technical state class basing on the values of 
symptoms represented in the classifier. 

Examples of the most attractive classifiers are given below. One of them can be chosen 
to the final diagnostic procedure according to the secondary criteria described in section 
3.4. and specialist's preferences. 

Example 1-
For problem A (information system SI), sub set {SI} with limit values defined by the 

L-method, the classifier is composed of the following decision rules : 
ii (SI = 5) then (class=bad); 
if (SI = 4) then (class=bad); 
if (SI = 3) then (class=good); 
if (SI = 2) then (class=good); 
if (SI = 1) then (class=good); 

Example 2. 
For problem B (information system S2) and sub set {S4,S5,S6,S7} with limit values de­

fined by the L-method, the classifier is corn posed of decision rules presented below : 
if (S7 = 4) then (class=good); 
if (S7 = 5) then (class=good); 
if (S5 = 1) and (S7 = 1) then (class=good); 
if (S5 = 3) and (S7 = 1) then (class=good); 
if (S5 = 2) and (S7 = 1) then (class=good); 
if (S5 = 2) and (S7 = 2) then (class=good); 



if (S4 = 1) and (S5 = 5) and (S7 = 3) then (class=good); 
if (S4 = 4) and (S5 = 5) and (S7 = 3) then (class=good); 
if (S4 = 2) and (S5 = 5) and (S6 = 4) and (S7 = 3) then (class=good); 
if (S5 = 5) and (S7 = 1) then (class=bad); 
if (S4 = 2) and (S5 = 5) and (S7 = 3) then (class=bad); 
if (S4 = 1) and (S5 = 5) and (S6 = 2) and (S7 = 2) then (class=bad); 
if (S4 = 2) and (S5 = 5) and (S6 = 3) and (S7 = 2) then (class=bad); 
if (S4 = 2) and (S5 = 5) and (S6 = 2) and (S7 = 2) then (class=bad); 
if (S4 = 1) and (S5 = 4) and (S6 = 1) and (S7 = 1) then (class=good Of bad); 
if (S4 = 1) and (S5 = 4) and (S6 = 1) and (S7 = 2) then (class=good Of bad); 
if (S4 = 1) and (S5 = 5) and (S6 = 1) and (S7 = 2) then (class=good or bad); 
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Values of condition symptoms refer to cades assigned to subintervals in domains of symp-

toms. Let us observe that the last three rules are non-deterministic. 

Example 3. For problem A (information system SI) and {S2, S4} with limit values defined 
by the L-method, the classifier is presented graphically in Figure 1. 

5 

4 

3 

2 

2 3 4 5 
Figure l. 

Graphical representation of the decision algorithm for problem A, sub set {S2, S4} and the 
L-method: 
~ - denotes bad technical state (class 1) 
~ -- denotes good technical state (class O) 

(numbers in boxes give information about the number of objects which match the given 
combination of values of symptoms S4 and S2 ) 
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4. Conclusions 

The analysis of the diagnostic problems considered in this paper demonstrates the usefulness 
of the rough sets approach for solution of sever al problems in technical diagnostics. In 
particular : 

1. The rough sets approach seems to be a good tool for objective comparison of different 
methods of defining symptom limit values. In our study, the L-method was found the 
best in both diagnostics problems. 

2. Using the criterion of the quality of classification it is possible to evaluate the diag­
nostic capacity of single symptoms or groups of symptoms of the technical state. This 
was shown on the example of symptoms of the same nature but expressed in different 
scales and on the example of newly introduced symptoms. 

3. Reduction of symptoms, which is very desirable in practice, can be performed on the 
basis of minimal subsets of symptoms resulting from the rough sets analysis. 

4. Considered examples illustrate how to built the classifiers of the technical state con­
sisting of decision rules. Sometimes additional criteria must also be used for choosing 
an appropriate subset of symptoms and for derivat ion of decision rules. The clas­
si fier is useful for automation of inspection process in production and exploitation 
diagnostics. 

Let us remark, however, that in both analysed examples only point symptoms of the 
technical state and two-valued decision attributes were considered. Taking into account the 
development of technical diagnostics, it would be interesting to investigate the possibility of 
using the proposed approach to the analysis ofinformation systems with function symptoms 
and multigrade technical states. 
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Appendix 

The symptom limit values can be defined in many different ways (ef. [1,4,5,10]). We shall 
use four methods described below : 

The C-method : 

where: 
s - mean value of a symptom, calculated as: 

_ L;'!l Si 
S= M 

M - number of measurements of a symptom (number of observations)j 
Si - result of measurement of a symptom, 
u - standard deviation of a symptom calculated as: 

(1) 

(2) 
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(3) 

Pg - the fiability index of an object (a ratio of the work time to the work time increased by 
the repair time), A - the permissible probability of superfluous repairs performed in order 
to avoid break-downj 

The P-method : 

where: 
I - Pareto's shape coefficient calculated as: 

l=l+/l+(~r 
The W-method : 

where: 
SMIN - minimal observed value of a symptom , 
k - Weibul's shape coefficient calculated as: 

k = s- SMIN 
u 

r( n) - the gamma function of the (n) argument, 

The L-method : 

where: 
SM - the mode value of an empirical distribution of results (of observations). 

(4) 

(5) 

(6) 

(7) 

(8) 

The value of b, calculated according to formulae (1),(4), (6) and (8) is treated as a 
threshold value (Le. an 'alarm' value) which separates good and bad technical states. 
Three additionallimit values b1, b2 and b3 are uniformly distributed over the range of 
symptom variability and are interpreted as 'alert' values of symptom [3]. They are defined 
as follows : 

b1= s* + 0.25 * b - s* 
b2= s* + 0.50 * b - s* 
b3= s* + 0.75 * b - s* 

where: 
- in the case of the C-, P- and W-methods: 

s* = s 
- in the case of the L-method: 

s* = SM . 

(9A) 
(9B) 
(9C) 
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Abstract. A process model for heavy oil upgrading was developed using a machine learning 
system based on rough sets. The model has incorporated temporal patterns for control­
loop responses and key relationships between the variables at low (feedback) and high 
(supervisory) controllevels. The model predicted reactor temperature distribution with 90 
to 95 percent accuracy. Accuracy depended on the number of training cycles and on the 
temperature resolution used. The key advantages of using the rough sets approach were: 
1) it allowed the use of qualitative and quantitative process information in the model; 2) it 
provided a unified description of temporal events and patterns; and 3) it permitted the use 
of "raw" sensor data without preprocessing. 

1. Introduction 

The advances made in process control theory in the last 20 years have resulted in the 
development of robust, model-based adaptive control for a number of industrial applica­
tions. Practical methods have been developed for controller design and tuning, control 
optimization, etc., using a model-based approach. 

The interest in process models came from an observation that operators with a correct 
mental model of a process are more successful in executing correct control actions. Also, 
with the introduction of computerized numerical techniques, the relationships between pro­
cess variables were easier to model and the models were easier to implement in control 
design. The modelling techniques most of ten used have been differential equations and 
parametric correlations. Unfortunately, this has resulted in different degrees and forms of 
data representation at different controllevels. For the controlloop level, dynamic deter­
ministic models are of ten used while for the process optimization level, static parametric 
models are easier to implement. 

Adaptive process control based on deterministic models and statistical correlations has 
sever al disavantages, namely: 

1. Data required for design of models are not always available; relationships between 
variables are not always known and may change with time. 
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2. Of ten there is no simple caus al functional relationship between specific modelled 
variables and closed-Ioop trends, e.g., multivariable controllers or multiple faults. 

3. Control based on deterministic and statistical models uses only a fraction of the 
information available on process dynamics and closed-Ioop responses. 

AIso, in building control algorithms from closed-Ioop data, two major difficulties must 
be addressed: 

1. Noisy data must be filtered out in order to extract robust control information: 
however, excessive fiitering may cause loss of information. 

2. In multivariable controllers or for multiple faults diagnosis, one must assume certain 
functional dependencies in order to interpret information from closed-Ioop data. 

Early research on implementation of AI knowledge-based methods in process control was 
aimed at support of algorithmic methods in order to overcome some of the above mentioned 
shortcomings. For example, Astrom (1986), Oyen (1986) and Buezli (1986) worked on 
incorporating knowledge-based information in controller monitoring and tuning. Birky et 
al. (1988) researched the use of knowledge-based systems in selection of controller 
configuration, and Garrison et al. (1986) studied the use of knowledge-based systems in 
control optimization. 

These early knowledge-based process control applications required implementation teams 
which had in-depth knowledge of Artificial Intelligence methods, computer programming, 
process engineering and control theory. The problems studied were of ten either too complex 
and costly for the state-of -the-art technology or too simple to yield significant returns on 
research investment. Nevertheless, considerable research and development work continued 
at large universities and FOR TUNE 500 companies in the mid and late 1980's. The 
introduction, in 1990/91, of knowledge-based expert tools such as Gensym G2, Honeywell 
TDC 3000 Expert, Talarian RTIME and Mitch RTAC created more interest in the 
application of AI methods in industrial process control. In addition, other AI methods such 
as machine learning emerged as viable tools for control applications in the space and defence 
areas - areas which traditionally have been at the forefront of AI developments. 
Information on recent AI research in process control can be found in monographs and 
articles by Stephanopoulos (1989), Mavrovouniotis (1989), Whitely and Davis (1990). 
Information on industrial applications appears in the work of Rowan (1989), Shum et al. 
(1989), and Stephanopoulos (1989). 

This paper discusses the work performed at RE DUCT Systems Inc. on the application of 
rough sets-based, machi ne learning for development of process models from process data. 
This research project is one of several underway at REDUCT 00 the development of 
knowledge-based computerized control methods for process control aod optimization, fault 
detection and diagnosis, and for building of operator and robot cootrolled models. Previous 
work on the application of rough sets in process control is described in the work of Pawlak 
(1985), Mrozek (1986) and Ziarko et al. (1989). 
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2. Discovering Process Models From Process Data 

Adaptive process control requires that robust and accurate process models representing the 
dynamics of the process's behavior be developed. These models are then used for 
performing real-time process control tasks such as: 

controller tuning, etc. 

assessment of load disturbance dynamics 

generation of hypotheses concerning the propagation of faults and testing of these 
hypotheses 

detection of performance deterioration, etc. 

This section describes how process models can be derived from process data using the 
rough sets methods. The major advantages of using rough sets are: 

1. They allow the use of "raw" process (sensor) data without the need for preprocessing 
such as filtering to eliminate noise, "finger printing" to capture events with different 
time scales, etc. 

2. They permit the identification and cap ture of temporal trends of c1osed-loop 
responses (dead-time, time constants, sustained process disturbances, etc.) 

3. They capture temporal patterns describing relationships between process variables for 
supervisory control. 

The process modelled in this example was a heavy oii upgrading process for 
hydrocracking of vacuum bottoms from heavy oii to naphtha and gas oiI. A brief 
description of the process follows. 

2.1. HEAVY OIL HYDROCRACKER 

Heavy oii hydrocracking is a crude oii upgrading process commercially applied at two crude 
refineries in western Canada. New higher efficiency hydrocracking processes are currently 
being developed in two demonstration plants, one of which, CANMET Hydrocracking, was 
modelled during this project. The advantages of applying hydrocracking processes are a 
high crude oii conversion and a high hydrocarbon liquid yield. The key to the performance 
of the process is optimal operation of the hydrocracking reactor. 

The hydrocracking reactor in the plant modelled was a three-phase column reactor with 
fine particulates of catalyst dispersed in the Iiquid heavy oii phase (Figure 1). In normal 
operation, Iiquid feed containing fresh catalyst and recycle hydrogen enters the inlet nozzle 
in the reactor bottom and gradually rises to the top exit of the reactoL The overall heat of 
reaction of hydrogen with heavy crude is exothermic which means that either net heat must 
be removed or the reactor's contents must be quenched by a coolant. The reactor is, 
therefore, equipped with four quench nozzles located along the height of the reactor, where 
cold hydrogen gas is injected to control each zone temperature (Figure 2). 
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The objective of the reactor control system is to achieve aflat tempera ture profite in the 
reactor by a combination of feed preheating and quench hydrogen injection in four reactor 
zones. 

At normal operation of the reactor, the reactor temperature is kept within ±3.SoK of the 
nominal process operating temperature of about 72SoK. An average deviation of l.SoC of 
the reactor temperature from optimal operating conditions results in a decrease in heavy 
crude conversion by 1 to 2 percent. This provides a strong incentive for the development 
and implementation of control systems which can maintain reactor operating conditions as 
close to the optimal conditions as possible. 

The current approach to process temperature control uses adaptive controllers with 
statistical process control. The rationale for the development of knowledge-based adaptive 
control for cascade controllers, was to incorporate additional information in the process 
model in order to improve the model's predictive capability. The status of the coolant 
actuators is typical of information which might be incorporated into the model. The 
development study used both, plant- and simulator-generated process information to 
increase the number and type of data studied. More information on the process and 
simulator was given in McLellan et al. (1986). For this study, the reactor simulator was 
simplified by modelling the reactor as four well mixed zones in series. 

2.2. ROUGH SETS ANAL YSIS 

To discover a rule-based model of the process from process data, it was necessary to define 
the state vector S(t) of the process at time instance t in terms of measured parameters (four 
temperatures and four valves' positioning). The process state vector had to be defined in 
such a way as to contain enough information to uniquely determine the next process state 
vector S(t+l). Assuming such a definition is possible, the process model consisted of the 
following two components: 

1. Specification of the initial state of the system: 
S(to) = So 

and 

2. Specification of the state transformation function: 
F: S(t) ... S(t+I) 

The objective of the rough sets analysis of the above defined model was: 

to determine whether the adopted definition of the process state vector included 
sufficient and necessary information for derivation of a state transformation function 

to eliminate alI redundant information (parameters) from process state vectors 

to generate a set of process model rules describing the state transformation function 
over the process domain. 

The state transformation function, when fully specified in terms of rules, constituted a 
process model which describes the behavior of the system. 
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2.2.1. Data Acquisition. Four models were derived for control of four tempera ture zones. 
The objective of each model was to predict reaction temperature in subsequent time 
instances (T(t+l)z, where z is the reactor zone number, based on current and past process 
data for ali temperatures (TtO, Tt1 , Tt2 , Tt3) and coolant valve actuator settings Vto, Vt 1, 

Vt2, Vt3. The process state vector S(t)E was defined as a time window of length n 
containing information about current temperatures, past temperatures, and actuators' settings 
ranging from the previous time instance t-I through to the (-n)th past time instance t-n. 
For example, for zone=O, the state vector was defined: 

S(t)O = «T(t_n)O, T(t_n)l, T(t_n)2, T(t_n)3), 
(V (t_n)o, V (t_n)l, V(t_n)2, V (t-n/), 
... (T(t-l)o, T(t_l)l, T(t_I)2, T(t_I)3) 
(V(t-l)o, V(t-l)l, V(t_l)2, V(t_l)3» 

To create the rule-based model of the system, the state vectors S(tw)' S(tw+l), ... , S(tm ) 

were measured in the time interval from tw to tm , and stored in an attribute-value format. 
In a typical run, the time window length (w) was 20 resulting in 164 attributes in the 
tabular representation. As shown below, this window length was sufficient to provide 
discriminating and unambiguous process models. 

The next objective was to discover predictive rules for each temperature zone based on 
the attribute-value format table for state vectors S(tw) to S(tm ). Finding the rules 
characterizing each temperature zone (ToO, Tol, T02, T03) was equivalent to finding the state 
transformation function F. To obtain the state transformation function, two analysis steps 
had to be implemented based on the theory of rough sets. 

2.2.2. Step 1. Data Quantization and Dependency Analysis. One of the premises of the 
rough sets theory is that reducing the precision of data representation reveals data 
regularities (Pawlak, 1982). Consequently, the first step in the analysis of process data was 
data quantization, i.e., replacing actual temperatures with temperature ranges (two different 
tempera ture cuts were tested, 0.7 o K and 1.4 o K). However, replacing precise numeric values 
with ranges sometimes may cause information loss, which in this case would impede the 
model's ability to predict the reactor temperature based on information in the state vector. 
To determine whether or not the information contained in the state vectors after range 
conversion is sufficient to characterize the four temperatures Too, Tol, T02, T03, a data 
dependency analysis was performed using REDUCT's rough-sets based data analysis and 
modelling software DataLogic/R+. The dependency was computed by treating each of the 
temperatures Too, Tol, To2, T03 as a decision attribute and ali past temperatures and control 
valve settings as conditions. The state vector Set) was considered to contain a sufficient 
amount of information to construct the state model of the process when the dependency was 
fully functional for ali temperatures. If the dependency was below 1, the size of the time 
window "w" was increased in steps until full dependency was reached. It was determined 
that window size w=20 ensured full functional dependency for ali four temperatures. 

2.2.3. Step 2. Elimination of Redundant Parameters. After finding sufficient definition of 
the state vector, the next problem was elimination of redundant state vector components 
(parameters). To eliminate redundant parameters from the state vector, an attribute reduct 



56 

was computed with respect to every one of the four target temperatures, Too, Tol, To2, To3. 

Because each of the computed reducts contains sufficient information to characterize exactly 
one temperature, their union is a minimal state vector characterizing ali temperatures. The 
degree of reduction achieved over 1000 process records represented in the time window 
w=20 was approximately 80 percent. 

2.3. RULE GENERA TION AND TESTING 

Following computation of the minimal state vector a set of rules was generated from the 
data table. These rules were restricted to the state parameters contained in the minimal 
stage vector. A subset of rules was produced for each temperature Too, TOl, T 02, T03 by 
using proprietary algorithms implemented in REDUCT's rough sets-based software. A 
typical format of the model-rules generated is depicted in Table 1. The rules are displayed 
in decision table format with ranges as rule outcomes, and inequalities and/or equalities as 
rule conditions. 

Table 1. EXAMPLE OF MODEL RULES 

Decision :: 72.1.60 < t03 <= 723.00 if: 

O I v201=1 & t64>721.50 & t54<=723.00 & t13>721.50 
OR 

I v93=1 & t64>721.50 & t33<=723.00 & t13>721.50 
OR 

2 I v201=1 & t54<=723.00 & t33>723.00 
OR 

3 I t74>721.50 & t33<=721.50 
OR 

4 I t74<=721.50 & t54<=721.50 & tl3>721.50 

Decision :: 723.00 < t03 <= 724.40 if: 

O I v141=1 & t74>723.00 & t54>723.00 & t54<=724.50 
OR 

I v141=1 & t8l>726.00 & t74>723.00 & t74<=724.50 & t54>723 
OR 

2 I t81<=726.00 & t74<=724.50 & t64>723.00 & t54<=724.50 
OR 

3 I v161=0 & v141=1 
OR 

4 I t81<=727.50 & t64<=723.00 & t13>723.00 
OR 

5 I t81<=727.50 & t74<=723.00 & t13>723.00 
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A number of test runs were performed to evaluate the accuracy of the models. The 
models were derived for training data bases varying from 100 to 1500 sampling points. This 
corresponded to an input of 1.7 to 27.1 cycles per training session (at 59 points per cycle). 
The models were then tested against the simulated reactor temperatures using identical input 
conditions (Figure 3). 

As expected, the results varied depending on the temperature resolution or accuracy 
sought in the model. For a model with a temperature range of 1.4°K, the accuracy of the 
model exceeded 95 percent for 10 or more training cycles. For a temperature resolution of 
0.7°K, the accuracy exceeded 90 percent for 25 or more training cycles. Since each cycle 
took about 6 minutes, an accurate process model could be generated within l to 2 hours of 
the reactor achieving quasi-steady-state conditions. This was sufficient to update the 
control model for changes in the feed composition and/or for major process disturbances. 

3. Conclusions 

The example of a heavy oiI hydrocracker shows how rough sets can be applied for 
development of knowledge-based, adaptive process controllers. Incorporation of additional 
information on the status of the coolant valve actuators allowed for building more accurate 
process models directly from process data, without any need for complex data preprocessing. 
The key issue in rough sets application, the possibility of losing information due to data 
generalization (ranging), did not hinder the building of predictive models. The dependency 
analysis showed that for the two data precisions considered (0.7°K and lAOK), full 
functional dependencies were obtained for a time window size of 20 or more. This ability 
of rough sets-based machine learning system to identify temporal patterns in data, while at 
the same time ensuring full functional dependencies, is most useful in application of the 
method in real-time control. 

The key characteristics of real-time control applications are: 

1. Temporal Reasoning: Control actions and decisions depend on current and past data 
(trends). 

2. Changing Focus of Attention: The invoked class of control rules of ten changes which 
requires unified representation of the control knowledge. 

Time is the key varia bie in real-time systems. The system needs the ability to reason 
about past, present and future events as well as the sequences in which events happen. The 
ability of rough sets method to identify such temporal patterns and ta ensure that their 
representation is based on the strongest, non-redundant variables, makes this method well 
suited for performing these tasks. 

The rough sets-based approach also facilitates development of uniform knowledge 
representation for high and low control levels. The current approaches use deterministic 
dynamic representation at low level control and static parametric representation at high le vei 
control. A rough sets-based system uses rule- based representation of knowledge at both 
control levels. This results in: 

1. unified description of temporal events at ali levels of control (feedback, diagnosis, 
optimization, etc.) 
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2. elimination of the assumptions about the relationships between low and high level 
control variables 

3. use of qualitative and quantitative knowledge contained in the process trends. 

REDUCŢ's future work in this area will focus, therefore, on development of a unified 
knowledge representation for feedback and supervisory control, using a rough sets-based 
approach, for real-time systems applications. 
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Chapter 5 

ACQUISITION OF CONTROL ALGORITHMS 
FROM OPERATION DATA 

Wojciech P. ZIARKO 
Computer Science Department 
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Regina SK, S4S OA2, Canada 

Abstract. The article deals with automatic acquisition of control algorithms from pro­
cess or device operation data. Our objective is to present a methodology for elimination of 
the mathematical modelling and programming stages in the control system development. 
In the presented approach these stages are replaced by a training stage followed by genera­
tion of decision rules equivalent to a Boolean network. The rules are produced from logged 
operation data obtained from experienced operators. The rules are subsequently converted 
into control program source code. The adapted training methodology has been developed 
within the framework of the theory of rough sets [1) and implemented as a commercial 
system for data analysis and rules extraction system by REDUCT Systems Inc., Regina, 
Canada. The presentation is illustrated with a comprehensive example demonstrating the 
generation of the control algorithms from simulated data representing movements of the 
robot arm. 

1. Introduction 

The traditional approach to the design of computerized control systems requires that the 
control strategy to achieve a specific goal be known in advance and clearly described in 
the form of a control algorithm. The control algorithm typically is a procedure associat­
ing observable sensor readings with some control actions. Control algorithms are easy to 
construct for simple, well defined problems such as, for example, controlling the opera­
tion of a photocopier. Most practical problems, however, are not that straightforward and 
the development of a control algorithm is a major chalenge involving complex and costly 
mathematical modelling. In addition to that, the mathematical models of many complex 
industrial or chemi cal processes are not known complicating the matter even further. On 
the other hand, despite tha lack of mathematical models, it is well known that experienced 
operators are capable of successfully controlling complex devices or processes to achieve 
desired device behavior or product quality. Attempts to convert such control knowledge of 
human operators into formalized control algorithms so that they could be used as a basis 
of automated control system were until recently largery unsuccessful. This situation has 
started to change in recent years with the introduction of mathematical theory of rough sets 
[1-5) and related data analysis and empirical modelling algorithms. It has become possible 
to provide a robust solution to the long-standing problem of automatic conversion of oper­
ator past experience, as represented in the log of process data, into computer processible 
control algorithms. What it means in practice is that control programs could be developed 
by training the computer rather than by programming it. The programming, or control 
algorithm development stage in the traditional sense, could be eliminated completely from 
the control system design process. The use of training instead of direct programming has 
a number of advantages, some of which are summarized below. 
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1. Control algorithms can be developed for previously untractable problems provided 
experienced opera tors are available. 

2. The development cycle is short and the development cost is low due to elimination of 
the need for creat ion of a mathematical model and programming. 

3. Control algorithms can be easily changed or updated, just by retraining them, e.g. to 
suit other applications. 

4. Control systems can be easily customized by training them for a variety of different 
applications. 

The primary application areas for this methodology are robotics and industrial process 
control. It should be emphasized at this point, however, that the presented approach is still 
at the early stages of development and further research and experimentation are needed to 
establish it as a practical method of control algorithm development for robots or industrial 
processes. In Section 3 a relatively simple example iIlustrating the application of the method 
to acquire control rules for robotic arm movement is presented. The sole purpose of this 
example is to familiarize the reader with the technique rather than trying to solve a robot 
arm control problem. It is the author's conviction, however, that the presented approach is 
applicable to complex real life control problems whose description and solution is beyond 
the scope of this article. 

2. Major Stages in the Process of Control System Development From Experience 

According to the proposed methodology in the process of control system development from 
past experience one can distinguish the following three major stages: 

1. training 

2. control code generation 

3. operation by a computer with embedded control code 

The control algorithm is generated automatically from training data accumulated during 
the training session. During such a training session, the system for which the controller is 
to be developed (the plant) is operated manually by one or several experienced operators 
who are capable of running the system in such a way that the predefined goals are met. 
While the system is being operated the data reflecting the control actions taken and the 
sensor readings sampled with a predefined frequency are being logged (Figure 1). 

After the training stage the data are processed by the Control Algorithm Generator which 
will analyze them and produce a control algorithm. The control algorithm which is 
expressed in the form of decision rules equivalent to a Boolean network is then used as a 
basis of computer code generation. The code written either in assembler or the C 
programming language can then be incorporated ioto a control program (Figure 2). 
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Finally during the operation phase, the control program is executed repeatedly to 
interpret sensor readings and to produce control signals activating system actuators (Figure 
3). The control program has to be activated with the sensor sampling frequency to interpret 
the plant's state information within the brief time interval in between successive samples. 
This requirement is essential in order to ensure that generated control decisions correspond 
to the operator of the human operator. 
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3. Generation of a Control Algorithm for the Movement of a Robotic Arm: 
An Example 

To demonstrate the approach a simple problem of controlling simulated movements of a 
robotic arm while transporting an object from a lower storage shelf to an upper shelf was 
selected. Our objective was to obtain an algorithm to interpret arm state information as 
expressed by a number of sensor readings, rather than by following a sequence of 
predefined stages. The selected problem is intentionally simple to better iIIustrate the 
method and the generated control rules. 

3.1. ACQUISITION OF EXPERIENCE DATA 

The hypothetical arm used in our experiment is iIIustrated in Figure 4. 

The arm is assumed to have three f1exible joints, each equipped with a powerful engine 
to change the respective angles 1, 2 or 3 between arm sections. The operator can control 
these engines by turning them on for forward movement (FOR), reverse movement (REV) 
or turning them off. In addition to that the operator can activate an engine at "fingers" of 
the gripper to move them closer to each other or further apart, or to increase (decrease) the 
pressure on the object. 

It is assumed that the speed of the joint engines is 10° per second and that the rate of 
pressure increase/decrease on the gripper is 2 psi per second. 
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Figure 4. THE ROBOT ARM 

In our simulated operation, the operator manipulates engines at the joints and the gripper 
fingers to grab the object, pulls it from the lower shelf, moves it up to the level of the 
upper shelf, places the object on the upper shelf and releases the grip. To capture the 
control knowledge of the operator five sensors have been attached to the arms: angle 
sensors measuring angles 1, 2 and 3, and 2 pressure sensors at the ends of the fingers. In 
addition to that, 4 sensors have been used to detect the movements of joint and gripper 
engines. While the arm is manipulated by the operator the readings from these sensors are 
sampled with the frequency of 10 samples per second, resulting in a log file of 199 training 
samples. That is, each training sample is a vector et record ing sensor measurements taken at 
the time instance t: 

et = (ANGLE1, ANGLE2, ANGLE3, PRESS, ENGl, ENG2, ENG3, GRIP) 

where: 

ANGLEI-3 are readings reflecting angles 1-3 as illustrated in Figure 4. 

PRESS is a measured pressure at the ends of the arm fingers. 

ENGI-3 reflect the status of joint engines (forward movement, reverse movement or 
idle). 

GRIP represents the status of the gripper (opening, closing, idle). 

The small excerpt from the training set is shown in Table 1. 
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ANGLEl ANGLE2 ANGLE3 

68 260 282 
67 259 281 
66 258 280 

86 246 250 

PRESS 

o 
O 
O 

o 

Table 1. 

ENGl ENG2 

o o 

o o 

ENG3 

o 

o 

GRIP 

o 
O 
O 

The whole log data table used in the experiment is presented in Appendix 1. In the 
training table symbols O, - and + have been used to represent idle, backward or forward 
engine movements respectively. 

3.2. DATA PREPROCESSING 

The main objective of this exercise was to use simulated operation log data to produce 
general control rules for each of the four manipulation engines controlled by the operator. 
The rules are supposed to link some specific conditions expressed in terms of sensor data 
ANGLEI-3 and PRESS with engine 1-3 or gripper activation commands such as move 
forward (FOR), reverse (REV), stop or no change (NC). Generally, each rule is a logica! 
expression conforming to the following format: 

ii P(ANGLEI, ANGLE2, ANGLE3, PRESS) then COMMAND 

where P(*) is a predicate of four respective sensors variables and COMMAND is any of 
FOR, REV, STOP or NC. 

Before such rules can be generated it is necessary to identify control commands taken by 
the operator based on the engines activity data in the training table. This can be done by 
looking at changes in the engine activity at consecutive time instances. For example, if the 
engine was idle at time t, and running in reverse direction at time t+l then the control 
command REV had to be issued at some point of time between t and t+l. Because our 
sampling rate of 10Hz is relatively high compared to the speed of the engines and expected 
activity of the operator one can assume, with a negligible error, that the command REV was 
issued at time t. Similarly, other commands can be associated with different time instances, 
in particular the null command NC (no change) will be assigned to a time instance t if the 
engine activity did not change within time interval <t, t+l>. By applying such command 
detection rules the original training table (Table 1) has been converted into a table in which 
engine status data have been substituted by control commands (Table 2). 

The whole training table is shown in Appendix 2. The training table in such a converted 
format can be used to generate control rules. Separate set of control rules should be 
produced for each joint engine ENG 1-3 and GRIP. For the purpose of this example the 
rules were extracted only for engine 1 because the rules for other engines are similar. 



ANGLEI ANGLE2 ANGLE3 

68 260 282 
67 259 281 
66 258 280 

86 246 250 

PRESS 

o 
O 
O 

o 

Table 2. 

3.3. GENERA TION OF CONTROL RULES 

ENGI 

REV 
NC 
NC 

NC 

ENG2 

REV 
NC 
NC 

NC 

ENG3 

REV 
NC 
NC 

NC 

67 

GRIP 

NC 
NC 
NC 

NC 

Following the initial data preprocessing stage the rule extraction software supplied by 
REDUCT Systems Inc. has been used to extract control rules for each of the three engines 
and the gripper. The rules have been generated according to a proprietary machine learning 
algorithm developed based on the idea of reduct [1]. The algorithm produces a non­
redundant set of classification rules from both symbolic and numeric data. The main 
advantages of this algorithm are the completeness and the generality of the rules and the 
absence of the essential information loss in the process of rules generation. The generated 
rules are structured in the form of a decision tree in which internal nodes represent decis ion 
points, branches are associated with rule preconditions and leaves correspond to control 
engine commands. For instance, the rule structure for controlling engine 1 is given in 
Figure 5. 

STOP Ne FOR Ne FOR Ne STOP Ne 

Figure 5. TREE STRUCTURED CONTROL RULES 
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where the following conditions 1-10 (or their negations denoted as 1) are associated with 
branches of the tree: 

1. 68~ANGLE1~69 AND PRESS<2 

2. ANGLE3<244 AND 68~ANGLE1~ 69 

3. (244~ANGLE3~274) OR 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

«ANGLE3<275 OR ANGLE3>284) AND PRESS<l8) OR 
(218~ANGLE2~256 AND PRESS~18) OR 
(256<ANGLE2<279 AND 69<ANGLE1<84) OR 
«ANGLE2<249 OR ANGLE2>279) AND ANGLE1~84) OR 
(275~ANGLE3~284 AND PRESS~18 AND (ANGLE1<68 OR ANGLE1>69» OR 
(66~ANGLE1<68) 

PRESS<17 

ANGLE3<271 

282~ANGLE3~287 

ANGLE3=277 

ANGLE3<239 AND PRESS=20 

ANGLE2=260 

ANGLE2=278 

Each path fr,om the root of the tree to a leaf represents a control rule with a control 
command associated with the leaf of the tree. It can be verified that the example rules 
provide a 100% accurate model of the operation of the arm when moving the object. They 
can be easily converted into a control program code to operate the robot arm fully 
automatically. 

4. Automatic Operation 

After the control rules have been generated and transformed into control programs the robot 
arm, or any other de vice in a general case, can be operated fully automatically. During such 
an automatic operation the current state of the arm is being checked with the same 
frequency of 10Hz as when accumulating the training set. The state is checked by sampling 
sensor readings, ANGLEI-3 and PRESS in our case. The sampled readings are then 
compared to control rules preconditions to decide which control actions are to be taken next. 
It is essential that the total of the sampling time and decision making be significantly less 
than the time between two successive samples, i.e. 0.1 sec for the arm control. To make it 
possible a fast processor, e.g., a signal processor, can be used to process the decis ion making. 

5. Conclusion 

Creation of control algorithms for complex processes or devices is not a straight forward 
task. Nevertheless human operators, after some training, can control them quite effectively. 
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In our presentation, we have attempted to demonstrate a methodology for direct acquisition 
of control algorithms from logged de vice or process operation data, thus avoiding the 
mathematical modelling and programming steps. In the heart of the methodology is the 
utilization of a system for data analysis and rules extraction derived from the theory of 
rough sets. Although the approach looks promising, as demonstrated by the example of 
robot arm, more experimentation with actual mechanical devices or processes is needed 
before the methodology reaches its maturity. If successful, it might open up new 
application areas for automatic control, i.e., to deal with problems which are difficult to 
model using standard mathematical techniques. 
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Appendix 1. Simulated OperatioD Log Data 

68 260 282 O O O O O 67 259 281 O O 66 258 280 O O 65 257 279 O O 64 256 278 O O 63 255 277 O O 63 254 276 O O O 63 253 275 O O O 63 252 274 O O O 63 251 273 O O O 63 250 272 O O O 63 249 271 O O O 63 248 270 O O O 63 247 269 O O O 63 246 268 O O O 63 245 267 O O O 63 244 266 O O O 63 243 265 O O O 63 242 264 O O O 63 241 263 O O O 63 240 262 O O O 63 239 261 O O O 63 238 260 O O O 63 237 259 O O O 63 236 258 O O O 63 235 257 O O O 63 234 256 O O O 63 233 255 O O O 63 232 254 O O O 63 231 253 O O O 63 230 252 O O O 63 229 251 O O O 63 228 250 O O O 63 227 249 O O O 63 226 248 O O O 63 225 247 O O O 
63 224 246 O O O 63 223 245 O O O 
63 222 244 O O O 63 221 243 O O O 
63 220 242 O O O 63 219 241 O O O 63 218 240 O O O 
63 217 239 O O O 63 216 238 O O O O 63 215 238 O O O O 
63 214 238 O O O O 
63 213 238 O O O O 
63 212 238 O O O O 
63 211 238 O O O O 
63 210 238 O O O O 
63 210 238 1 O O O + 63 210 238 2 O O O + 63 210 238 3 O O O + 63 210 238 4 O O O + 63 210 238 5 O O O + 63 210 238 6 O O O + 63 210 238 7 O O O + 63 210 238 8 O O O + 63 210 238 9 O O O + 
63 210 238 10 O O O + 
63 210 238 11 O O O + 
63 210 238 12 O O O + 
63 210 238 13 O O O + 
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63 210 238 17 O O O + 
63 210 238 18 O O O + 
63 210 238 19 O O O + 
63 210 238 20 O O O + 
64 211 239 20 + + + O 
65 212 240 20 + + + O 
66 213 241 20 + + + O 
67 214 242 20 + + + O 
68 215 243 20 + + + O 
68 216 244 20 O + + O 
68 217 245 20 O + + O 
68 218 246 20 O + + O 
68 219 247 20 O + + O 
68 220 248 20 O + + O 
68 221 249 20 O + + O 
68 222 250 20 O + + O 
68 223 251 20 O + + O 
68 224 252 20 O + + O 
68 225 253 20 O + + O 
68 226 254 20 O + + O 
68 227 255 20 O + + O 
68 228 256 20 O + + O 
68 229 257 20 O + + O 
68 230 258 20 O + + O 
68 231 259 20 O + + O 
68 232 260 20 O + + O 
68 233 261 20 O + + O 
68 234 262 20 O + + O 
68 235 263 20 O + + O 
68 236 264 20 O + + O 
68 237 265 20 O + + O 
68 238 266 20 O + + O 
68 239 267 20 O + + O 
68 240 268 20 O + + O 
68 241 269 20 O + + O 
68 242 270 20 O + + O 
68 243 271 20 O + + O 
68 244 272 20 O + + O 
68 245 273 20 O + + O 
68 246 274 20 O + + O 
68 247 275 20 O + + O 
68 248 276 20 O + + O 
68 249 277 20 O + + O 
68 250 278 20 O + + O 
68 251 279 20 O + + O 
68 252 280 20 O + + O 
68 253 281 20 O + + O 
68 254 282 20 O + + O 
68 255 282 20 O + O O 
68 256 282 20 O + O O 
68 257 282 20 O + O O 
68 258 282 20 O + O O 
68 259 282 20 O + O O 
68 260 282 20 O + O O 
69 261 283 20 + + + O 
70 262 284 20 + + + O 
71 263 285 20 + + + O 
72 264 286 20 + + + O 
73 265 287 20 + + + O 
74 266 288 20 + + + O 
75 267 289 20 + + + O 
76 268 290 20 + + + O 
77 269 290 20 + + O O 
78 270 290 20 + + O O 
79 271 290 20 + + O O 
80 272 290 20 + + O O 
81 273 290 20 + + O O 
82 274 290 20 + + O O 
83 275 290 20 + + O O 
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86 280 290 20 O + O O 
86 281 290 20 O + O O 
86 282 290 20 O + O O 
86 283 290 20 O + O O 
86 284 290 20 O + O O 
86 285 290 20 O + O O 
86 286 290 20 O + O O 
86 287 290 20 O + O O 
86 286 289 20 O O 
86 285 288 20 O O 
86 284 287 20 O O 
86 283 286 20 O O 
86 282 285 20 O O 
86 281 284 20 O O 
86 280 283 20 O O 
86 279 282 20 O O 
86 278 281 20 O O 
86 277 280 20 O O 
86 276 279 20 O O 
86 275 278 20 O O 
86 274 277 20 O O 
86 273 276 20 O O 
86 272 275 20 O O 
86 271 274 20 O O 
86 270 273 20 O O 
86 269 272 20 O O 
86 268 271 20 O O 
86 267 270 20 O O 
86 266 269 20 O O 
86 265 268 20 O O 
86 264 267 20 O O 
86 263 266 20 O O 
86 262 265 20 O O 
86 261 264 20 O O 
86 260 263 20 O O 
86 259 262 20 O O 
86 258 261 20 O O 
86 257 260 20 O O 
86 256 259 20 O O 
86 255 258 20 O O 
86 254 257 20 O O 
86 253 256 20 O O 
86 252 255 20 O O 
86 251 254 20 O O 
86 250 253 20 O O 
86 249 252 20 O O 
86 248 251 20 O O 
86 247 250 20 O O 
86 246 250 20 O O O 
86 246 250 18 O O O 
86 246 250 16 O O O 
86 246 250 14 O O O 
86 246 250 12 O O O 
86 246 250 10 O O O 
86 246 250 8 O O O 
86 246 250 6 O O O 
86 246 250 4 O O O 
86 246 250 2 O O O 
86 246 250 O O O O 
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Appendix 2. Training Data 

68 260 282 O REV REV REV Ne 
67 259 281 O Ne Ne Ne Ne 
66 258 280 O Ne Ne Ne Ne 
65 257 279 O Ne Ne Ne Ne 
64 256 278 O Ne Ne Ne Ne 
63 255 277 O STOP Ne Ne Ne 
63 254 276 O Ne Ne Ne Ne 
63 253 275 O Ne Ne Ne Ne 
63 252 274 O Ne Ne Ne Ne 
63 251 273 O Ne Ne Ne Ne 
63 250 272 O Ne Ne Ne Ne 
63 249 271 O Ne Ne Ne Ne 
63 248 270 O Ne Ne Ne Ne 
63 247 269 O Ne Ne Ne Ne 
63 246 268 O Ne Ne Ne Ne 
63 245 267 O Ne Ne Ne Ne 
63 244 266 O Ne Ne Ne Ne 
63 243 265 O Ne Ne Ne Ne 
63 242 264 O Ne Ne Ne Ne 
63 241 263 O Ne Ne Ne Ne 
63 240 262 O Ne Ne Ne Ne 
63 239 261 O Ne Ne Ne Ne 
63 238 260 O Ne Ne Ne Ne 
63 237 259 O Ne Ne Ne Ne 
63 236 258 O Ne Ne Ne Ne 
63 235 257 O Ne Ne Ne Ne 
63 234 256 O Ne Ne Ne Ne 
63 233 255 O Ne Ne Ne Ne 
63 232 254 O Ne Ne Ne Ne 
63 231 253 O Ne Ne Ne Ne 
63 230 252 O Ne Ne Ne Ne 
63 229 251 O Ne Ne Ne Ne 
63 228 250 O Ne Ne Ne Ne 
63 227 249 O Ne Ne Ne Ne 
63 226 248 O Ne Ne Ne Ne 
63 225 247 O Ne Ne Ne Ne 
63 224 246 O Ne Ne Ne Ne 
63 223 245 O Ne Ne Ne Ne 
63 222 244 O Ne Ne Ne Ne 
63 221 243 O Ne Ne Ne Ne 
63 220 242 o Ne Ne Ne Ne 
63 219 241 O Ne Ne Ne Ne 
63 218 240 o Ne Ne Ne Ne 
63 217 239 O Ne Ne STOP Ne 
63 216 238 o Ne Ne Ne Ne 
63 215 238 O Ne Ne Ne Ne 
63 214 238 o Ne Ne Ne Ne 
63 213 238 O Ne Ne Ne Ne 
63 212 238 O Ne Ne Ne Ne 
63 211 238 O Ne Ne Ne Ne 
63 210 238 O Ne STOP Ne FOR 
63 210 238 1 Ne Ne Ne Ne 
63 210 238 2 Ne Ne Ne Ne 
63 210 238 3 Ne Ne Ne Ne 
63 210 238 4 Ne Ne Ne Ne 
63 210 238 5 Ne Ne Ne Ne 
63 210 238 6 Ne Ne Ne Ne 
63 210 238 7 Ne Ne Ne Ne 
63 210 238 8 Ne Ne Ne Ne 
63 210 238 9 Ne Ne Ne Ne 
63 210 238 10 Ne Ne Ne Ne 
63 210 238 11 Ne Ne Ne Ne 
63 210 238 12 Ne Ne Ne Ne 
63 210 238 13 Ne Ne Ne Ne 
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63 210 238 17 Ne Ne Ne Ne 
63 210 238 18 Ne Ne Ne Ne 
63 210 238 19 Ne Ne Ne Ne 
63 210 238 20 FOR FOR FOR STOP 
64 211 239 20 Ne Ne Ne Ne 
65 212 240 20 Ne Ne Ne Ne 
66 213 241 20 Ne Ne Ne Ne 
67 214 242 20 Ne Ne Ne Ne 
68 215 243 20 STOP Ne Ne Ne 
68 216 244 20 Ne Ne Ne Ne 
68 217 245 20 Ne Ne Ne Ne 
68 218 246 20 Ne Ne Ne Ne 
68 219 247 20 Ne Ne Ne Ne 
68 220 248 20 Ne Ne Ne Ne 
68 221 249 20 Ne Ne Ne Ne 
68 222 250 20 Ne Ne Ne Ne 
68 223 251 20 Ne Ne Ne Ne 
68 224 252 20 Ne Ne Ne Ne 
68 225 253 20 Ne Ne Ne Ne 
68 226 254 20 Ne Ne Ne Ne 
68 227 255 20 Ne Ne Ne Ne 
68 228 256 20 Ne Ne Ne Ne 
68 229 257 20 Ne Ne Ne Ne 
68 230 258 20 Ne Ne Ne Ne 
68 231 259 20 Ne Ne Ne Ne 
68 232 260 20 Ne Ne Ne Ne 
68 233 261 20 Ne Ne Ne Ne 
68 234 262 20 Ne Ne Ne Ne 
68 235 263 20 Ne Ne Ne Ne 
68 236 264 20 Ne Ne Ne Ne 
68 237 265 20 Ne Ne Ne Ne 
68 238. 266 20 Ne Ne Ne Ne 
68 239 267 20 Ne Ne Ne Ne 
68 240 268 20 Ne Ne Ne Ne 
68 241 269 20 Ne Ne Ne Ne 
68 242 270 20 Ne Ne Ne Ne 
68 243 271 20 Ne Ne Ne Ne 
68 244 272 20 Ne Ne Ne Ne 
68 245 273 20 Ne Ne Ne Ne 
68 246 274 20 Ne Ne Ne Ne 
68 247 275 20 Ne Ne Ne Ne 
68 248 276 20 Ne Ne Ne Ne 
68 249 277 20 Ne Ne Ne Ne 
68 250 278 20 Ne Ne Ne Ne 
68 251 279 20 Ne Ne Ne Ne 
68 252 280 20 Ne Ne Ne Ne 
68 253 281 20 Ne Ne Ne Ne 
68 254 282 20 Ne Ne STOP Ne 
68 255 282 20 Ne Ne Ne Ne 
68 256 282 20 Ne Ne Ne Ne 
68 257 282 20 Ne Ne Ne Ne 
68 258 282 20 Ne Ne Ne Ne 
68 259 282 20 Ne Ne Ne Ne 
68 260 282 20 FOR Ne FOR Ne 
69 261 283 20 Ne Ne Ne Ne 
70 262 284 20 Ne Ne Ne Ne 
71 263 285 20 Ne Ne Ne Ne 
72 264 286 20 Ne Ne Ne Ne 
73 265 287 20 Ne Ne Ne Ne 
74 266 288 20 Ne Ne Ne Ne 
75 267 289 20 Ne Ne Ne Ne 
76 268 290 20 Ne Ne STOP Ne 
77 269 290 20 Ne Ne Ne Ne 
78 270 290 20 Ne Ne Ne Ne 
79 271 290 20 Ne Ne Ne Ne 
80 272 290 20 Ne Ne Ne Ne 
81 273 290 20 Ne Ne Ne Ne 
82 274 290 20 Ne Ne Ne Ne 
83 275 290 20 Ne Ne Ne Ne 
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86 280 290 20 Ne Ne Ne Ne 
86 281 290 20 Ne Ne Ne Ne 
86 282 290 20 Ne Ne Ne Ne 
86 283 290 20 Ne Ne Ne Ne 
86 284 290 20 Ne Ne Ne Ne 
86 285 290 20 Ne Ne Ne Ne 
86 286 290 20 Ne Ne Ne Ne 
86 287 290 20 Ne REV REV Ne 
86 286 289 20 Ne Ne Ne Ne 
86 285 288 20 Ne Ne Ne Ne 
86 284 287 20 Ne Ne Ne Ne 
86 283 286 20 Ne Ne Ne Ne 
86 282 285 20 Ne Ne Ne Ne 
86 281 284 20 Ne Ne Ne Ne 
86 280 283 20 Ne Ne Ne Ne 
86 279 282 20 Ne Ne Ne Ne 
86 278 281 20 Ne Ne Ne Ne 
86 277 280 20 Ne Ne Ne Ne 
86 276 279 20 Ne Ne Ne Ne 
86 275 278 20 Ne Ne Ne Ne 
86 274 277 20 Ne Ne Ne Ne 
86 273 276 20 Ne Ne Ne Ne 
86 272 275 20 Ne Ne Ne Ne 
86 271 274 20 Ne Ne Ne Ne 
86 270 273 20 Ne Ne Ne Ne 
86 269 272 20 Ne Ne Ne Ne 
86 268 271 20 Ne Ne Ne Ne 
86 267 270 20 Ne Ne Ne Ne 
86 266 269 20 Ne Ne Ne Ne 
86 265 268 20 Ne Ne Ne Ne 
86 264 267 20 Ne Ne Ne Ne 
86 263 266 20 Ne Ne Ne Ne 
86 262 265 20 Ne Ne Ne Ne 
86 261 264 20 Ne Ne Ne Ne 
86 260 263 20 Ne Ne Ne Ne 
86 259 262 20 Ne Ne Ne Ne 
86 258 261 20 Ne Ne Ne Ne 
86 257 260 20 Ne Ne Ne Ne 
86 256 259 20 Ne Ne Ne Ne 
86 255 258 20 Ne Ne Ne Ne 
86 254 257 20 Ne Ne Ne Ne 
86 253 256 20 Ne Ne Ne Ne 
86 252 255 20 Ne Ne Ne Ne 
86 251 254 20 Ne Ne Ne Ne 
86 250 253 20 Ne Ne Ne Ne 
86 249 252 20 Ne Ne Ne Ne 
86 248 251 20 Ne Ne Ne Ne 
86 247 250 20 Ne Ne STOP Ne 
86 246 250 20 Ne STOP Ne REV 
86 246 250 18 Ne Ne Ne Ne 
86 246 250 16 Ne Ne Ne Ne 
86 246 250 14 Ne Ne Ne Ne 
86 246 250 12 Ne Ne Ne Ne 
86 246 250 10 Ne Ne Ne Ne 
86 246 250 8 Ne Ne Ne Ne 
86 246 250 6 Ne Ne Ne Ne 
86 246 250 4 Ne Ne Ne Ne 
86 246 250 2 Ne Ne Ne Ne 
86 246 250 o Ne Ne Ne Ne 
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Abstract. An information system containing 122 patients with duodenal ulcer treated 
by highly selective vagotomy (H SV) is analyzed with the concept of rough sets. Twelve 
attributes are used to describe the patiens: 11 attributes concern anamnesis and preope­
rative gastric secretion and 12th attribute defines classification of patients according to 
long term results of the operation in the Visick grading. U sing the methodology based on 
the rough sets theory, the information system is reduced so as to get a minimum subset 
of attributes ensuring an acceptable quality of the classification. A "model" of patients in 
each class is constructed upon the analysis of values adopted by attributes from this subset. 
Then, the reduced information system is identified with a decision table, assuming that the 
attributes in the minimum sub set are condition attributes and that the result of treatment 
is a decision attribute. From this table, a decision algorithm is derived, composed of 44 
decision rules. The algorithm and the models are helpful in decision making concerning the 
treatment of new duodenal ulcer patients by H SV. 

1. Introductory remarks 

Highly selective vagotomy (H SV), also called proximal gastric vagotomy, is a newest and 
effective method of treatment of duodenal ulcer which consists in vag al denervation of the 
stomach area secreting hydrochloric acid [1,2]. In the Department of Surgery at the F. 
Raszeja Mem. Hospital in Poznan, 122 H SV patients took part in the follow-up program. 
They were described by 11 pre-operating attributes and classified from the viewpoint of 
long term results of the operation into 4 classes of the well known Visick grading. These 
data were collected in view of investigating dependencies existing among the pre-operating 
attributes and the result of operation with respect to an expert's opinion. To carry out this 
investigation, we have used the rough sets methodology (ef. [3,4, 10]). First, we have found 
the minimum subset of attributes significant for high quality classification. Basing upon 
analysis of the distribution of values adopted by attributes from the subset in particular 
classes, we have constructed models of patients for each class. The models corresponding to 
good results of the operation have determined indications for treatment of duodenal ulcer 
by H SV. Moreover, a decision algorithm has been derived which, together with the models 
of patients, is helpful in decision making concerning the treatment of duodenal ulcer by 
HSV. 

77 
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2. Material 

2.1. Information system 

The information system is composed of 122 patients with duodenal ulcer treated by H SV, 
described by 11 pre-operating attributes. Attributes 1-4 concern anamnesis, and the re­
maining attributes are related to pre-operating gastric secretion examined with the his­
taminic test of Kay [8J. The table representing the information system is given in the 
Appendix. The patients are classified according to a long term result of H SV, evaluated 
by a surgeon in the modified Visick grading. The grading was derived from the following 
definition [5J: 

1. Excellent: absolutely no symptoms, perfect result. 

2. Very good: patient considers result perfect, but interrogation elicits mild occasional 
symptoms easily controlled by a minor adjustment of diet. 

3. Satisfactory: mild or moderate symptoms easily controlled by care, which cause some 
discomfort, but patient and surgeon are satisfied with result which does not interfere 
seriously with life or work. 

4. Unsatisfactory: moderate or severe symptoms of complications which interfere with 
work or normallife; patient or surgeon dissatisfied with result; includes all cases with 
recurrent ulcer and those submitted to further operation, even though the latter may 
have been followed by considerable symptomatic improvement. 

The Visick grading defines classification y of set U composed of 122 patients, Le. y = 
{Y1 , Y2 , Y3 , Y4 } is a partition of U into four classes. In other words, considering the result 
of the operation as an extra attribute T, classification y is equal to T* - the family of 
equivalence classes of T. 

AH attributes, except 1 and 4, take arbitrary real values from intervals defined by 
extreme cases. 

2.2. Values of attributes and their clinical norms 

In clinical experience, exact values of the considered quantitative attributes are usually 
translated into qualitative terms, e.g. "low", "medium", "high" and "very high". This 
translation is due to some empirical norms defining intervals of attribute values corre­
sponding to the qualitative terms. The terms are then coded by numbers 0, 1, 2, 3 which 
create the domain of coded attributes. The norms adopted are shown in Table 1. 

3. Method and results 

3.1. Reduction of attributes 

Let us consider classification Y defined by the result of operation. Table 2 shows the 
accuracy of approximation of each particular class 1'; by the set of all the eleven attributes 
denoted by Q. It can be seen that class 3 is Q-definable and classes 1, 2 and 4 are roughly 
Q-definable in the information system, although the accuracy of their approximation is 
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Table 1. Norms for attributes 

No. Attribute Domain (code) Remarks 
(units) O 1 2 3 4 

1. Sex ~ ~ 
- - -

2. Age [years] ~ 35 > 35 - - -

3. Duration of disease ~ 0.5 (0.5,3] >3 - -

[years] 
4. Complication of none acute multiple perfora- pyloric 

ulcer haemor- haemor- tion in stenosis 
rhage rhages the past 

5. HCL concentration ~2 (2,4] >4 - -

[ mmol HCL/100ml] 
6. Volume of gastric ~ 70 (70,150] > 150 - -

juice per 1h [mI] basic 
7. Volume of residual ~ 50 (50,100] > 100 - - secre-

gastric juice [mI] tion 
8. Basic acid out put ~2 (2,3] >3 - -

(BAO) [mmol HCL/h] 
9. HCL concentration ~ 10 (10,15] > 15 - - secre-

[mmol HCL/100ml] tion 
10. Volume of gastric ~ 100 (100,250] > 250 - - stimu-

juice per 1h [mI] lated 
11. Maximal acid output ~ 15 (15,25] (25,40) > 40 - by his-

[mmol HCL/h] tamine 

very high. The quality of classification by set Q equals 0.97. The information system is 
almost selective. The number of atoms is 116; 5 atoms are 2-element sets and alI the 
remaining are single element sets. Moreover, only two 2-element atoms are composed of 
patients belonging to different classes. This proves that the norms for attributes are welI­
defined. 

Table 2. Accuracy of approximation of aech class by Q 

Class Number of Lower Upper Accuracy 
patiens approx. approx. I1QCY;) 

card (Y;) card(QY;) card(QY;) 
1 81 79 83 0.95 
2 19 18 20 0.9 
3 8 8 8 1.0 
4 14 13 15 0.87 

In order to check whether a set of attributes is dependent or not, we have to remove one 
attribute at a time and compute the number of elementary sets for each case. If the set, 
say P, is independent, then the reduction of one attribute, say r, results in the equality of 
at least two rows of the reduced information system. These equal rows (P-elementary sets) 
are clustered together forming a (P-{ r) )-elementary set, and thus we get a smaller number 
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of elementary sets. Let us notice, however, that if the clustered rows belong to the same 
P-lower approximation of set Y;( i = 1, ... , n), then ap(Y;) = ap_{r}(Y;) for i = 1, ... , n, and 
(3p(Y) = (3P-{r} (y), 1'p(Y) = 1'P-{r} (Y); otherwise, the signs of equality are replaced by ~. 
Proceeding in this way, we have found out that set Q of alI eleven attributes is dependent 
and has one folIowing reduct (minimal set) including ni ne attributes: 

{2,3,4,5,6,7,9,10,11} 

Then, we removed the particular attributes from the reduct and observed the de crease in 
the accuracy of classes Y;( i = 1, ... ,4) and the quality of classification y. We did this 
to find the smallest set of relevant attributes which would give a satisfactory quality of 
classification. 

Let an ordered subset of attributes be called a sequence of attributes. The elimination of 
attributes from set Q, according to a given sequence, consists in removing the first attribute, 
then the first and the second, and then the first, the second and the third, and so on, until 
all the attributes in the sequence have been removed. Using a trial-and-error procedure, 
we found three sequences of attributes, denoted by E, G and H, which are characterized 
by the least steep descent of the accuracy of classes and the quality of classification in the 
course of elimination. These sequences contain 6 attributes each. The accuracy of classes 
and the quality of classification approximated by the sets of 5 remaining attributes are given 
in Table 3. The results of the elimination of attributes according to sequences E, G and H 
are presented graphically in Figures 1, 2 and 3, respectively, in the system of coordinates 
where the abscissa corresponds to the removed attributes and the ordinate to the accuracy 
of particular classes and the quality of classification. The legend given in Figure 1 applies 
to all the three figures. Let us remark that the elimination of any attribute from outside 
the considered sequence causes a steep descent in the quality of classification (by at least 
0.17 and by at most 0.43). 

Seq-
uence 

E 
G 
H 

Table 3. Accuracy of classes and quality of classification 
approximated by a set of five attributes 

Accuracyof Quali- Doubtful 
Removed classes ty of region of 
attributes classi- classification 

1 2 3 4 fication (no. of patients) 
1 811273 0.52 0.37 0.17 0.33 0.59 50 
811 2 1 710 0.60 0.39 0.31 0.16 0.65 43 
811 7 1 2 5 0.62 0.24 0.54 0.38 0.68 39 

The analysis of Table 3 and Figures 1,2 and 3 leads to the conclusion that set R of the 
most significant attributes ensuring a satisfactory quality of classification is composed of 
attributes from outside of the sequence H, i.e. 

R = Q - H = {3,4,6,9,10} 

The reasons for it could be summarized in the following points: 

(i) The quality of classification for Q - H (0.68) is higher then for Q - E (0.59) or Q - G 
(0.65). 
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(ii) The (Q - H)-doubtful region of classification Y is the smallest (39) in comparison to 
the (Q - E)-and (Q - G)-doubtful regions of Y (50 and 43, respectively). 

(iii) The low accuracy of class 2 (0.24) for Q - H is not disturbing in this case because 
in the (Q - H)-boundary of class 1 there are almost the same patients as in the 
(Q - H)-boundary of class 2, and both these classes correspond to positive results of 
the treatment by H SV. lndeed, in BnR(Yd there are 37 patients - 23 of them also 
belong toBnR(Y2 ). 

The list of attributes from set R, in the descending order of the influence on the quality 
of classification, is as follows: 

duration of the disease (3); 

complications of ulcer (4); 

basic volume of gastric juice per 1 hour (6); 

volume of gastric juice per 1 hour under histamine (10); 

HeI concentration under histamine (9). 
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Figure 1. Accuracy of classes and quality of classification vs. removed attributes 
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3.2. Models of patients in each class 

In this paragraph, we carry out an analysis of the distribution of values adopted by at­
tributes from set R in particular classes in order to define the most characteristic values of 
these attributes for each class. The set of characteristic values for a given class defines a 
model of patients belonging to this class in terms of attributes from set R. 

When analysing the distribution, we took into account the patients belonging to R-Iower 
approximation of classes only. This distribution is described in Tables 4 to 8, respectively. 
The internal part of each table is composed of boxes including three numbers: 

where 
i - number of class, 
j - value of an attribute analysed in a given table, 
aij - number of patients belonging to EY; who take the same value j of the attribute 

under consideration, 
bij - aij/''L;=l card(EY;) , 
Cij - aij / 'L;=1 aij' 

The last column in the tables shows characteristic values of the particular attributes 
following from the distribution. We avoid to overestimate high values of Cij corresponding 
to aij = 1. 

Table 4. Distribution of values taken by attribute 3 

No. of Values of attribute 3 Card Characteristic 

class (EY;) values of 

O 1 2 attribute 3 

1 2 24 33 59 -long 

2.4% 1 40% 29% 1 69% 40% I 77% -medium 

2 1 3 4 8 -long 

1.2% 1 20% 3.6% 18.6% 4.8% 19.3% -medium 

3 2 5 O 7 -medium 

2.4% 140% 6% 1 14% 0% 1 0% -short 

4 O 3 6 9 -long 

0% 1 0% 3.6% 18.6% 7.2% 1 14% 

'L 5 35 43 83 
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Table 5. Distribution of values taken by attribute 4 

Charac-

No. Values of at tribute 4 Card teristic 

of (EY;) values of 

class o 1 2 3 4 attribute 4 

36 16 3 3 1 59 -laci< of 

1 complication 

43% 178% 19% 184% 3.6% 143% 3.6% 1 37% 1.2% 133% -acute 

haemorrhages 

2 1 1 3 2 1 8 -multiple 

1.2% 1 2.2% 1.2% 1 5.3% 3.6% 1 43% 2.4%1 25% 1.2% 133% haemorrhages 

3 4 1 O 2 O 7 -perforation 

4.8% 1 8.7% 1.2% 1 5.3% 0% 1 0% 2.4% 1 25% 0% 1 0% of ulcer 

4 5 1 1 1 1 9 -lack of 

6% 1 11% 1.2% 1 5.3% 1.2% 1 14% 1.2% 112.5% 1.2% 1 33% complications 

E 46 19 7 8 3 83 

Table 6. Distribution of values taken by attribute 6 

No. of Values of at tribute 6 Card Characteristic 

class (EY;) values of 

O 1 2 attribute 6 

1 19 29 11 59 -medium 

23% 1 76% 35% 1 76% 13% 1 55% -small 

2 1 6 1 8 -medium 

1.3% 1 4% 7.2% 1 16% 1.2% 1 5% 

3 3 1 3 7 -high 

3.6% 112% 1.2% 1 2.6% 3.6% 115% -small 

4 2 2 5 9 -high 

2.4% 1 8% 2.4% 1 5.3% 6% 1 25% 

E 25 38 20 83 
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Table 7. Distribution of values taken by attribute 10 

No. of Values of attribute 10 Card Characteristic 

class (El';) values of 

O 1 2 attribute 10 

1 10 35 14 59 -medium 

12% 1 67% 42% 1 74% 17% 1 67% 

2 1 5 2 8 -medium 

1.2% 16.7% 6% 111% 2.4% 1 9.5% 

3 1 4 2 7 -high 

1.2% 16.7% 4.8% 18.5% 2.4% 1 9.5% -medium 

4 3 3 3 9 -small 

3.6% 1 20% 3.6% 16.4% 3.6% 114.3% -high 

2: 15 47 21 83 

Table 8. Distribution of values taken by attribute 9 

No. of Values of attribute 9 Card Characteristic 

class (El';) values of 

O 1 2 attribute 9 

1 16 15 28 59 -high 

19% 162% 18% 1 68% 34% 1 80% 

2 4 2 2 8 -low 

4.8% 115% 2.4% 1 9% 2.4% 15.7% -medium 

3 3 2 2 7 -low 

3.6% 112% 2.4% 1 9.1% 2.4% 1 5.7% -medium 

4 3 3 3 9 -low 

3.6% 112% 3.6% 114% 3.6% 18.6% -medium 

2: 26 22 35 83 
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The set of characteristic values for a given class define a model of patients belonging to 
this class in terms of attributes from set R. These models are the following: 

• Class 1 

long Of medium duration of the disease, 

without complications of ulcer or acute haemorrhage from ulcer, 

medium or small volume of gastric juice per 1 hour (basic secretion), 

medium volume of gastric juice per 1 hour under histamine, 

high HCI concentration under histamine. 

• Class 2 

long or medium duration of disease, 

multiple haemorrhages, 

medium volume of gastric juice per 1 hour (basic secretion), 

medium volume of gastric juice per 1 hour under histamine, 

low or medium HCI concentration under histamine. 

• Class 3 

medium or short duration of the disease, 

perforation of ulcer, 

high or small volume of gastric juice per 1 hour (basic secretion), 

high or medium volume of gastric juice per 1 hour under histamine, 

low or medium HCI concentrat ion under histamine. 

• Class 4 

long duration of the disease, 

without complications of ulcer, 

high volume of gastric juice per 1 hour (basic secretion), 

small or high volume of gastric juice per 1 hour under histamine, 

low or medium HCI concentrat ion under histamine. 

3.3. Decision algorithm 

The information system describing H SV patients can be identified with a decision table 
DT =< U, Cu D, V, f > , where C is the set of condition attributes composed of alI 11 
pre-operating attributes and D is the set of decision attributes including only the result 
of the operation. As we have stated in paragraph 3.1, the information system is almost 
selective, thus, decision table DT is almost deterministic. 

Using the procedure implemented in the microcomputer program RoughDAS [6], we 
shall derive the decision algorithm from the reduced decision table 
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DTR =< W,R uD, V,j >, where W is the R-positive region of classification Y in R­
representation of the information system, i.e. W = POSR(Y) = Ut=l RJ'i, and R = 
{3, 4, 6, 9, 10}; card(W) = 83. Let us observe that decision table DTR is deterministic. 

It is known that, depending on the order of analysed attributes from set R, we can 
get slightly different decision algorithms. It is then natural to keep one with the smallest 
number of descriptors appearing in alI decision rules. Using RoughDAS to decision table 
DTR and different orders of analysed attributes, we obtained decision algorithms having 
from 44 to 48 decision rules. In Table 9, we present the best decision algorithm for the 
following order of attributes: 3 - 4 - 9 - 6 - 10 

Table 9. Decision algorithm derived from R-representation of the H SV information system 

Condition attributes Class Condition attributes Class 

3 4 6 9 10 3 4 6 9 10 

O 3 =>1 2 3 2 =>2 

1 1 2 =>1 1 2 2 =>2 

1 O 2 =>1 2 2 1 =>2 

2 1 1 =>1 1 2 O =>2 

2 2 2 =>1 O 1 1 O =>2 

2 1 2 =>1 1 3 1 O =>2 

2 3 O =>1 2 4 O O =>2 

2 O 1 2 =>1 2 O 2 1 2 =>2 

1 1 O 1 =>1 O O =>3 

1 1 2 1 =>1 1 3 O 1 =>3 

2 4 2 O =>1 1 3 2 O =>3 

O 1 2 O =>1 1 O O 1 =>3 

1 O 1 1 =>1 1 1 2 O 2 =>3 

2 1 O O =>1 1 O 2 O 2 =>3 

2 O 2 2 O =>1 2 4 2 =>4 

1 O O O O =>1 1 2 1 =>4 

2 O O O 1 =>1 1 3 2 1 =>4 

2 O 1 O 2 =>1 2 1 1 O =>4 

1 1 2 O 1 =>1 2 O O O O =>4 

2 O 2 O 2 =>1 2 O 2 2 2 =>4 

2 O 1 1 2 =>1 1 O 2 O 1 =>4 

2 O O 1 1 =>1 2 O O 1 O =>4 



88 

4. Discussion 

The models of patients in each class as well as the decision algorithm need, however, a 
comment. The information system applies to patients who have been operated with 
H SV, thus, the surgeons expected good result of the operation on these patients, taking 
into account clinical experience. Hence, the distribution of patients in classes is not uniform. 
For this reason, the results of our analysis may be useful in establishing indications rather 
then contraindications for H SV. In other words, the most adequate models and decision 
rules are those concerning class 1 and class 2. 

In decision making concerning the treatment of duodenal ulcer by H SV, the decision 
algorithm should be considered along with models of patients. It is connected with the 
fact that decision rules may be supported by different numbers of cases from the reduced 
information system; the distribution of this number is just amalgamated in the models. 

In the literature concerning indications for treatment of duodenal ulcer by HSV, the 
anamnesis and secretion attributes are commonly taken into account. Some authors have 
considered more extensive anamnesis data [11] or other secretion tests [7]. The prevailing 
opinion is that the attributes have unequal influence on indication for treatment by H SV. It 
is generally agreed that the main indications is ineffectiveness of the conservative treatment 
of uncomplicated duodenal ulcer, while secretion criteria have not been generally agreed 
upon [7]. 

To date, retrospective studies based on traditional statistical methods, or only on clini­
cal experience and intuition, have not revealed, however, the attributes to be the most 
important in predicting the outcome of the operation. The rough sets methodology give 
us, for the first time, a well founded answer on this pertinent question. 

Taking into account indications following from models and decision rules concerning 
class 1 and 2, in years 1987 - 1991 we applied H SV to 70 new patients with duodenal 
ulcer. Fifty six of them are presently at least one year after operation. 

The distribution of patients in particular classes of operational results is the following: 
class 1 - 85.7% (48 patients) 
class 2 - 7.1% (4 patients) 
class 3 - 0.0% 
class 4 - 7.1% (4 patients). 

The above distribution is more advantageous than the one in the previous H SV infor-
mation system which was the following: 

class 1 - 66.4% (81 patients) 
class 2 - 15.5% (19 patients) 
class 3 - 6.6% (8 patients) 
class 4 - 11.5% (14 patients). 

This proves that indications for treatment by H SV resulting from the rough sets analysis 
have been satisfactorily verified in practice. 

5. Final remarks 

The results of the rough sets analysis of the information system including 122 H SV patients 
can be summarized in the following points: 

1. The proposed norms for attributes define the domain ensuring a good classification 
of patients. 



2. The information system was reduced from eleven to five significant attributes 
{3,4, 6, 9, 10} which ensure a satisfactory quality of classification. 
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3. Models of patients in each class were constructed in terms of the most significant 
attributes. 

4. A decision algorithm was derived from the reduced representation of the information 
system. 

5. The models of patients considered together with the decision algorithm provide indi­
cations for treatment of duodenal ulcer by H SV. 

After this successful application, we have used the rough sets methodology to analysis 
of an information system concerning acute pancreatitis treated by peritoneallavage [9,12]. 
The approach to the analysis is somewhat different from the H SV case [13].The difference 
follows from specificity of each treatment but also from different proportions between the 
numbers of patients and attributes. The information system describing H SV patients 
have a high ratio of the number of patients to the number of attributes, contrary to the 
information system concerning peritoneallavage in acute pancreatitis; moreover, this kind 
of treatment is performed in many stages which yet multiplies the number of analytical 
attributes. 

In both cases, using the rough sets analysis, we reduced the information system so as 
to get a minimal subset of attributes ensuring an acceptable quality of classification. Then, 
the reduced information system has been identified with a decision table. 

In the case of the peritoneallavage, the chosen sub set of attributes gives the best des­
cription of the patient 's state in the course of treatment. The decision algorithm represents 
in the most economical way all sorts of dependencies existing between the state of patients 
and the necessary number of peritoneallavage stages. 

As was mentioned above, the ratio of the number of patients to the number of attributes 
influences the way of the analysis. When this ratio is high (H SV), the number of minimal 
sets is small and the core is almost as large as the minimal sets; then, the minimal subset 
of attributes ensuring an acceptable quality of classification is obtained in result of remov­
ing the less significant attributes from the minimal sets. However, when the ratio is low 
(peritoneallavage), the number of minimal sets is great and the core is very small; then the 
minimal subset of attributes ensuring an acceptable quality of classification is obtained in 
result of adding the attributes with the greatest discriminatory power to the core. 

The above applications of the rough sets methodology show the suitability of the rough 
sets theory to the analysis of both typical and contrasted medical information systems. 
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Appendix 

f b The H SV information system with origina va ues o attri utes 

Patient Pre-operating attributes Class 

no. 1 2 3 4 5 6 7 8 9 10 11 
1 1 46 12 O 5.6 79 50 4.4 19 119 22.6 1 
2 O 27 3 1 12.5 58 15 7.3 26 120 31.2 1 

3 O 25 6 O 11.5 77 15 8.9 16.1 93 15 1 

4 O 48 3 O 15.6 29 2 4.5 28.7 186 53.4 1 

5 1 26 0.5 O 7.6 80 45 6.1 17.1 101 17.2 3 

6 O 32 5 1 11.9 56 100 6.7 13.6 150 20.4 1 

7 O 26 2 1 6.1 19 8 1.2 14.8 58 8.6 1 

8 1 28 2 1 6 36 40 2.2 20.4 65 13.3 1 

9 O 55 30 O 16.8 118 12 19.8 40.4 172 69.6 1 
10 O 21 5 3 20.9 111 32 23.2 34.5 270 93.1 2 

11 O 37 2 O 12.6 152 30 19.2 38.7 202 78.2 1 
12 O 48 5 2 2.3 73 6 1.7 5.5 199 10.9 2 
13 O 43 20 3 8.1 97 32 7.8 11 120 13.2 2 
14 O 30 2 O 10 15 15 1.5 18.8 121 22.7 1 
15 O 49 14 2 11.7 118 38 13.8 23.2 266 52.5 1 
16 O 27 3 1 9.5 154 25 14.6 13.5 141 19.1 1 
17 O 28 10 O 20.9 178 26 36.1 23.3 214 49.8 1 
18 1 40 4 O 8.1 62 17 5 5.6 41 2.3 4 
19 O 60 20 O 13.4 107 27 14.3 19 335 63.5 1 
20 O 22 4 O 3.5 176 40 6.1 5.6 190 10.6 2 
21 O 21 4 O 1 155 66 1.6 2.6 160 4.2 1 
22 O 21 6 4 4 360 210 14.4 3.4 211 7.1 1 
23 O 28 O 1 6 152 15 9.2 9.8 227 22.3 1 
24 O 31 2 3 1.8 60 10 1.1 12.3 117 14.4 3 
25 O 37 3 O 8.5 94 20 8 17.3 188 32.6 1 
26 O 22 2 O 8.3 111 28 9.2 20.8 192 39.8 1 
27 O 43 5 O 1.9 401 53 7.5 16.3 94 15.2 1 
28 1 59 1 O 4.8 30 12 1.4 9.3 27 5.2 1 
29 O 32 3 O 2.8 164 35 4.5 10.3 178 18.3 1 
30 O 34 8 O 6.3 82 13 5.2 7.4 130 9.6 1 
31 O 51 1 O 8.6 87 25 7.5 13.7 230 31.4 1 
32 O 41 20 O 2.6 29 15 0.8 6.1 108 6.6 1 
33 1 50 5 1 2.5 44 120 1.1 4.2 49 2.1 1 
34 O 24 2 O 14.1 160 22 22.5 21.2 209 44.4 1 
35 O 32 3 O 9 122 45 10.9 15.7 223 35 1 
36 O 30 8 O 8.5 121 26 10.3 5.7 261 11.4 1 
37 O 63 2 O 5.8 60 34 3.5 8.7 133 11.5 1 
38 O 30 2 1 1.7 171 60 2.8 4.7 139 6.6 1 
39 O 21 4 O 14.7 182 31 26.8 27.5 379 104.2 4 
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The H SV information system with original values of attributes 

Patient Pre~operating attributes Class 

no. 1 2 3 4 5 6 7 8 9 10 11 
40 O 42 6 O 6.8 319 254 21.8 9.7 266 25.7 1 
41 O 71 4 2 2 34 27 1.1 4.2 185 7.8 4 
42 O 34 2 O 4.1 212 32 8.7 5.3 154 8.1 4 
43 O 54 2 3 5.3 166 124 8.7 6.8 236 16 3 
44 O 60 O 1 11.4 127 30 14.5 9.3 148 13.8 2 
45 O 33 2 2 8.7 135 54 11.8 29 186 53.8 2 
46 O 40 20 1 11.6 123 88 14.2 22 152 33.3 1 
47 1 32 10 1 10.3 120 20 12.3 11.9 135 16.1 1 
48 O 37 3 O 7.5 86 21 6.4 15 189 28.3 1 
49 1 31 5 3 4 56 43 2.2 7.4 137 10.2 1 
50 O 25 7 3 2.2 184 10 4.1 5.4 459 24.7 1 
51 1 27 1 3 3.1 140 60 4.4 6.6 167 11 2 
52 O 56 15 1 8.3 60 17 5 11.4 72 8.2 1 
53 O 23 2 O 6 133 26 8 11.5 113 13 1 
54 O 33 14 O 2.9 191 23 5.6 15.5 136 21.1 2 
55 O 56 6 3 5.6 140 35 7.9 12.5 129 16.1 1 
56 1 27 7 1 7.1 270 180 19.1 11.2 345 38.7 1 
57 O 51 3 1 3.5 111 50 3.8 15.1 212 32 1 
58 O 31 0.5 3 4.7 525 105 24.7 10.8 627 67.7 1 
59 O 50 8 4 10.6 185 21 19.6 25.3 224 56.6 4 
60 1 31 12 O 2 45 63 0.9 7.1 165 11.7 1 
61 1 47 2 O 26.1 68 46 17.7 28 307 86 1 
62 O 34 4 2 8.8 95 32 8.3 11.8 183 21.6 2 
63 O 42 1 3 3.7 514 75 19.2 12.5 312 39.1 4 
64 O 27 2 2 4 96 14 3.8 14.9 69 10.3 4 
65 1 32 0.5 O 7.8 69 78 5.4 16.7 51 8.5 3 
66 1 35 3 O 2.3 43 28 1 8.3 90 7.5 1 
67 O 36 10 O 3.2 79 38 2.6 9.2 165 15.2 1 
68 O 34 2 O 5.5 108 80 6 11.1 121 13.4 1 
69 O 27 4 O 3.3 159 72 5.2 5 127 6.3 1 
70 1 32 7 O 6.1 43 74 2.6 10.8 326 35.1 1 
71 1 47 15 2 2.2 112 35 2.4 16.7 53 8.7 1 
72 O 35 7 O 4.4 118 38 5.2 5.7 129 7.4 1 
73 O 28 15 4 7.3 23 110 1.7 9.8 21 20.6 2 
74 O 45 24 O 1.4 60 28 0.9 7.1 146 10.3 1 
75 1 27 10 O 21 187 225 39.1 39.1 387 151.4 4 
76 O 27 4 O 10.6 127 30 14 11 430 45.6 1 
77 O 26 3 O 3.8 283 43 11 11.7 260 30.3 1 
78 O 27 4 O 4.6 79 20 3.6 8.7 184 16.1 1 
79 O 28 1 1 1 214 40 2.1 8.6 442 37.9 3 
80 O 50 32 O 5.1 171 30 8.8 5.1 135 7 2 
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The H SV information system with original values of attributes 

Patient Pre-operating attributes Class 

no. 1 2 3 4 5 6 7 8 9 10 11 
81 O 28 11 O 4.3 145 65 6.3 6 196 11.8 4 
82 O 27 4 O 6 225 50 13.6 18.8 129 24.2 3 
83 O 48 10 O 11 102 20 11.2 16.3 142 23.2 1 
84 O 30 10 O 9.4 249 70 23.5 18.6 194 36.1 1 
85 1 34 15 O 15.9 136 60 21.6 17.8 184 32.8 1 
86 O 22 3 O 10.6 198 30 20.9 11.9 188 22.4 2 
87 O 30 5 O 8.6 155 37 13.3 13.9 232 32.1 2 
88 O 51 1 1 14.9 80 20 11.9 20.7 128 26.5 1 
89 1 30 10 O 6.8 136 100 9.3 20.7 128 26.5 1 
90 O 30 5 O 7.4 213 90 15.7 10.5 266 28 2 
91 O 35 4 O 3.8 57 116 2.2 10.4 191 19.8 1 
92 O 30 10 O 7.6 158 22 12 12.1 169 20.4 4 
93 O 43 6 O 3.1 122 15 3.8 1.6 208 3.4 1 
94 O 42 10 O 11.7 159 132 18.6 19.6 127 24.9 1 
95 1 45 12 O 5.2 53 32 2.7 13.8 286 39.5 4 
96 O 34 1.5 1 4.5 104 70 4.6 12.4 263 32.6 2 
97 O 36 5 O 7.1 110 26 7.9 13.5 277 37.4 1 
98 O 30 9 O 4.3 134 55 5.8 8.8 336 29.6 1 
99 O 31 5 2 2.5 19 134 0.48 9.1 149 13.5 1 
100 O 25 9 O 8.2 60 78 4.9 14.2 151 21.4 1 
101 O 30 10 1 1.5 122 80 1.9 5.3 220 11.6 4 
102 O 33 5 2 5.7 68 10 3.9 6.4 245 15.6 1 
103 O 32 2 O 6 187 60 11.2 11 285 31.4 2 
104 O 45 22 2 8.7 80 90 7 42.3 270 114.3 1 
105 O 38 2 O 5.8 58 8 3.4 7.1 148 10.6 4 
106 1 56 0.83 O 8.8 73 30 6.4 20 68 13.7 1 
107 1 45 11 O 6.3 50 105 3.1 13.2 91 12 4 
108 O 32 2 1 8.9 143 75 12.8 10.9 280 30.4 1 
109 O 60 2 O 4.2 195 50 8.1 6.5 265 17.3 3 
110 1 44 3 2 3.7 86 5 3.2 7.7 170 13.1 2 
111 O 49 4 O 6.3 180 15 11.4 21 115 84.2 1 
112 1 28 10 O 9.5 98 60 9.3 14.7 134 19.7 1 
113 O 26 2 O 8.3 82 60 6.8 26.3 330 86.9 1 
114 O 39 5 O 7.5 137 14 10.3 10.7 160 17.1 1 
115 O 49 9 O 3.1 150 40 4.6 7 261 18.4 1 
116 O 30 1 1 17.4 76 29 13.2 24.8 229 56.7 1 
117 O 52 4 1 5.7 45 27 2.6 15.4 242 37.2 1 
118 O 45 3 O 5.2 67 128 3.5 11.8 230 27.1 3 
119 O 53 7 O 7.4 68 30 5 8.7 140 12.2 1 
120 O 29 6 O 15.7 120 40 18.8 12.3 220 27 2 
121 O 28 4 O 8.9 88 28 7.8 12.3 163 20 2 
122 O 38 5 2 1 128 6 1.3 5.8 145 8.4 1 
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Abstract. The paper presents rough set analysis of commonly accepted factors of surgical 
wound infection. Two separate sets of data are compared and some possible transformations 
of the informat ion system are proposed. 

1. Introduction and preliminaries 

In the years 1987-1988 we collected data concerning possible factors of surgical wound 
infection. Our aim was to establish a hierarchy of commonly accepted factors. The results 
obtained, published in [5], encouraged us to continue our investigation. In this paper we 
present the outcome of our research carried on between years 1988 and 1990 and compare 
the findings of both sessions. Taking into consideration the character of this volume we 
focus on possibilities of rough set analysis of medical data rather than on their clinical 
aspect. 

The paper is organized as follows: below in this section we describe the motives of our 
work and sketch the formal apparatus employed. Section 2 concerns the methodological 
side of the experiment. The description of the information system it self is given in section 
3. In section 4 a comparison of the two sets of data is presented. Hierarchies obtained 
during the second series of investigation are presented in section 5 with full details. Section 
6 is devoted to various modifications of the information system. Final remarks close the 
paper. 

One of the most common complication in the process of surgical wound healing is infec­
tion. Factors influencing infections are generally known but their significance is differently 
estimated by various authors. It is rarely considered however that those differences might 
be caused by distinct prophylactic routines in the centers where the investigations are con­
ducted. Thus it seems reasonable to examine the problem of infection with reference to a 
particular surgical clinic or department. So far, the most often appIied method for indicating 
connections between various factors has been a statistical analysis. Such a statistical analy­
sis has also been employed to process data concerning wound infections cf.[2,1l]. Rough set 
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methods enable us to eliminate presuppositions which usually accompany statistical tests. 
The evaluation of the outcome can be done by comparing it with information presented in 
monographs like [10], in manuals like [3] or in other publications concerning only some of 
the factors ef. [4,7,8], . In this paper we can confront the results we just obtained with 
their counterparts obtained three years earlier. It should be mentioned that we did not 
cumulate the two sets of data but we conducted alI calculations for years 1987-1988 and 
1988-1990 separately. This is of course a much more challenging test for the stability of the 
results than if we only added new data to the old ones. 

In our investigations we employ only a small part of rough set formalism which gives 
a possibility to determine the significance of attributes in the process of dassification. We 
proceed as folIows. For a given information system S = (U,Q, V,p), dassification X of set 
U and an attribute q E Q we calculate the numbers (JQ(X) and /'Q(X) and then (JQ_{q}(X) 
and /'Q_{q}(X). The smaller the difference between (JQ(X) and (JQ_{q}(X) (resp. (JQ(X) 
and (JQ_{q}(X)), the less important the attribute q is as far as the process of estimating 
X by elements of Q is concerned. We must stress, however, that in general the above 
mechanism reveals only the degree of co-occurrence of attribute q and the feature generating 
the dassification X. Whether it is a cause-result connection must be decided by material 
conditions of an experiment (ef. remarks concerning attribute 7 in [10]). 

2. Description of the experiment 

AlI data were collected in the same general surgery department corn posed of 70 beds. 
They concerned the healing of surgical wounds after procedures performed on neck, chest, 
abdomen and limbs. Operations of anus and of wounds caused by accidents were not taken 
into consideration. 

Generally, patients admitted to the department were similarly prepared for an inter­
vention. Only in some emergency cases (in which, for example, hemorrhage was involved) 
patients did not take a bath before the operation or had not the whole body washed. The 
skin in the area of inci sion was shaved and washed in the department on the day of the 
operation. Just before the intervention the operative site was prepared two more times: 
for the first time with an antiseptic agent Abacil, then with a 0.5% alcoholic solution of 
Hibitan. In contaminated and infected operations surgeons routinely changed gloves prior 
to sewing the wound up. At this stage of operation towels were replaced and skin margins 
were disinfected with Hibitan. After putting stitches in musdes but before dosing skin, the 
wound was washed out with a 3% hydrogen peroxide solution. Surgeons were not strictly 
attributed only to a limited kind of interventions but stiH, some selection depending on the 
difficulty of an operation and on an operator's skiHs was made.The vast majority of oper­
ators were full-time surgeons of the Clinic. Sometimes however operations were executed 
by trainees or surgeons staying at training courses. Interventions were dassified as dean, 
contaminated and infected. Clean operations were always performed in a strict aseptic op­
erating room. Efforts were also made to execute contaminated and infected operations in, 
respectively, aseptic and septic operating rooms. The degree of a surgical wound infection 
is defined basing upon the course of healing. A wound is considered healed by first intention 
if the margins of the wound show no symptoms of infiammation, one does not observe an 
infiltration or a seropurulent discharge. A moderately infected wound is painful, reddened, 
there appears an inconsiderable, mostly serous, exudation from it. A wound is extensively 
infected if there is a discharge of pus from it and there are perceivable general symptoms 
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of infection (fever, tachycardia, shivet: etc.). If it was cert ain that an intervention would be 
performed in an infected area, antibiotics or other antiseptic drugs were prophylactically 
administered. This policy was continued after an intervention. As a result of our research 
carried out in the years 1988-1989 a decision was taken to divide the department into an 
aseptic and septic sections. Patients developing an infection of a wound were transferred 
to a septic section. Data for computation were recorded on charts, successively filled dur­
ing a patient's stay in the department. Charts used in the second series (1988-1990) of 
research contained more entries than those from the first series (1987-1988). For numerical 
calculations a microcomputer was used. 

3. Description of the information system 

The informat ion system described objects (patients) in terms of the following set of at­
tributes: 

1. type of intervention, 
2. sex, 
3. age, 
4. weight, 
5. personal cleanliness, 
6. coexisting infectious focus, 
7. time of stay in the hospital before the surgical intervention, 
8. time of stay in the hospital after the surgical intervention, 
9. presence of infectious cases in the hospital room, 

10. preparation for the surgical intervention in the department, 
11. diagnosis, 
12. mode of intervention, 
13. kind of intervention, 
14. type of anesthesia, 
15. duration of intervention, 
16. surgeon, 
17. type of operating room, 
18. order of intervention, 
19. wound suture, 
20. antibiotics before the surgical intervention, 
21. metronidazole before the surgical intervention, 
22. antibiotics after the surgical intervention, 
23. metronidazole after the surgical intervention, 
24. type of antibiotics received, 
25. coexisting diseases conducive to the development of infection. 

The domains of attributes were as follows: 

Dl clean, contaminated, dirty 
D2 male, female 
D3 76 values (in years) 
D4 deficiency, normal, mean adiposity, considerable adiposity 
Ds yes, no 
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D6 yes, no 
D 7 <12, 12-24, 24-48 (hours), 2-3, 3-6, >6 (days) 
Ds 3-6, 7-9, >9 (days) 
D9 yes, no 

DlO yes, no 
Dn 89 values 
Dl2 emergency, elective 
Dl3 24 values 
D l4 general, local, conduction 
Dl5 <0.5,0.5-1, 1-1.5, 1.5-2, >2 (hours) 
Dl6 22 values 
Dl7 strict aseptic, aseptic, septic 
DIS first, second, next 
Dl9 tight with a drain, tight without a drain, loose with a drain, loose without 

a drain 
D 20 yes, no 
D 21 yes, no 
D 22 yes, no 
D 23 yes, no 
D 24 aminoglycosides, cephalosporins, penicillins, tetracyclines, 

polymyxins, macrolides, sulfonamides or their combinations 
D 25 no, diabetes, other disease 

The classification X of the set of objects was given by sets Xl, X2 and X 3 such that: 

• Xl consisted of patients whose surgical wound was healed by first intention, 

• X 2 consisted of patients whose surgical wound was moderately infected, 

• X 3 consisted of patients whose surgical wounds was extensively infected. 

Attributes 1-19 were grouped in the following way: the first group included attributes which 
characterize a patient (attributes 2-8), the second group was composed of those attributes 
which characterize the hospital (attributes 9-19). Attribute 1 (type of intervention) can be 
added to both those groups: it obviously characterizes a patient but, being connected with a 
diagnosed disease as well as with the kind of intervention, it also characterizes the hospital. 
We denote the set of attributes 1-8 by P, and the set of attributes 9-19 together with 
attribute 1 by H. In this paper, especially in its next section, we will be discussing results 
obtained in the years 1987-1988 (cf.[5] ) as well as new results from the years 1988-1990, 
which are presented for the first time. We denote the first and the second series of research 
by A and B respectively. The sets of attributes in A and Bare different. In comparison 
with A, the set of attributes in B was enriched with attributes 11, 13 and 20,21,22,23,24. 
Attributes 20-24 describe in short the course of antibiotic prophylaxis and treatment. In 
some cases we also changed the domains of attributes. Table 1 presents the alterations. We 
must explain the intentions of those changes. We decided to give values of attribute 3 (age) 
in distinct years in order to have the possibility of gluing them in age intervals. The value 
'considerable deficiency' (attribute 3) never occurred in A. As it was also the case in B, we 
skipped this value in the domain of attribute 'weight'. The values of attribute 'time of stay 
in the hospital before the surgical intervention' in series A were distributed irregularly: we 
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Table 1. 

attribute name attribute number domain 
inA in B inA inB 

age 2 3 :=;20, 21-30, 31- 76 values (in years) 
40, 41-50, 51-
60, 61-70, >70 
(years) 

weight 3 4 considerable de- deficiency, nor-
ficiency, mal, mean adi-

deficiency, nor- posity, consider-
mal, mean adi- able adiposity 
posity, consider-
able adiposity 

time of stay in 6 7 <12, 12-24, 24- <12, 12-24, 24-
the hospital be- 48, >48 (hours) 48 (hours), 2-3, 
fore the surgical 3-6, >6 (days) 
intervention 

time of stay in 7 8 :=;2, 3-6, 7- 3-6, 7-9, >9 
the hospital af- 9, 10-14, 15-21, ( days) 
ter the surgical >21 (days) 
in terven tion 

duration of lll- 12 15 <0.5, 0.5-1.5, <0.5, 0.5-1, 1-

tervention >1.5 (hours) 1.5, 1.5-2, >2 
(hours) 

had small intervals up to 48 hours and only one value for a stay longer than 48 hours. In 
this situation we added three new values describing longer stay. The attribute 'time of stay 
in the hospital after the surgical intervention' can not be treated as a factor inducing wound 
infections though undoubtedly this feature co-occurs with them very often (ef. our earlier 
remark concerning cause-result dependence). To eliminate the influence of this attribute 
we restricted its domain to only three values. Finally, the finer partition of the domain 
of the attribute 'duration of intervention' was introduced as requested by surgeons. The 
values of attributes 3 (age), 7 (time of stay in the hospital before the surgical intervention) 
and 15 (duration of intervention) in series B can be glued in such a way that the obtained 
intervals coincide with values of those attributes in series A. The sets of attributes P and 
Hin B with glued values for attributes 3, 7 and 15 will be denoted Po and Ho. Of course, 
from the theoretical point ofview, the employed in B information systems with original and 
glued attributes are different. The matter however seems to be so obvious that we omit 
formalisms here. Having introduced the sets Po and Ho we are able to compare the results 
of series A and B. 



100 

Table 2. 

A B 

303 Xl 836 
34 X2 107 
7 X3 39 

I 343 I overall I 982 I 

4. Comparison of hierarchies in A and B. 

The distribution of objects (patients) in sets Xl, X 2 and X 3 of the series A and B is 
presented in Table 2. Tables 3, 4 and 5 show the accuracy of approximation of both 
classifications by sets of attributes characterizing patients and the hospital. 

Table 3. 

A B 

(3p(X) = 0.82 (3po(X) = 0.55 
(3H(X) = 0.97 (3Ho(X) = 0.73 

Table 4. 

0.89 Xl 0.71 
0.43 X2 0.17 
0.60 X3 0.14 
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Table 5. 

I A (JlH(Xi)) I I B (JlHo (Xi)) I 
0.98 Xl 0.83 
0.84 X2 0.40 
1.0 X3 0.40 

As early as [5] we admitted that the values of accuracy of approximations of X 2 and 
X3 by P in series A are too low. In series B we obtained even lower values of accuracy for 
sets Po and Ho both in case of the classification X and in case of sets Xl. X 2, X3 taken 
separately. 80 low values can bring the usefulness of further investigation in question. We 
decided to continue research for the following reasons: 

• The aim of our work is to establish the hierarchy of known risk factors. The fact 
that the attributes insufficiently approximate our classification is a matter of quite 
different nature. One can suspect that the adopted norms for the values of domains 
are not properly set or one can look for additional features which could better char­
acterize circumstances of infection origin. In the latter case, however, one should be 
very careful: although, for instance, in some research the positive result of a bacterio­
logical examination in a wound prior to its closing turned out to be three times more 
significant than other factors of infection (cf.[2]) but this presence could hardly be 
admitted as a cause or a risk factor of infection. It is rather a prodrome of a coming 
infection and as such should infiuence the way of drug administration. 

• As we will see in two next parts of the paper changes in domains of attributes in B 
(transition from Po and Ho to P and H), as well as taking into consideration new 
factors improve values of the accuracy of approximation. 

• The hierarchies of attributes in A and B turned out to be similar. 

We pass to the comparison of hierarchies obtained in A and B. As we said previously, 
in order to do it correctly we must employ the sets Po and Ho in B. For an attribute qi E 
P we define a number ~~(X) in the following way: 

In case of a selected class Xi of a classification X the above definition has the form 

Naturally, both definitions can be applied to the remaining sets of attributes in A and B. 
The number ~~ informs us about the decrease of the accuracy of approximation (of a set 
or the whole classification) after skipping the attribute gi E P. Comparing hierarchies we 
set attributes in order according to values ~~ (Q = P, H in A, Q = Po, Ho in B) calculated 
for the classification X. Table 6 shows hierarchies obtained in series A and B. 

We must explain the origin of the partition of attributes into groups of significance 
presented in this table. Two hierarchies can be compared in different ways: one can examine 
the presence of an attribute on exactly the same positions in both of them or one can 
admit a maximal difference between positions occupied by this attribute. One can also 
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Table 6. 

A B 
i group of group of i 

attribute number ~~(X) significance significance ~~(X) attribute numher 

8 0.35 1 1 0.30 3 
3 0.25 1 1 0.20 8 
4 0.17 II II 0.19 1 
2 0.14 II II 0.15 4 
1 0.11 III II 0.141 7 
7 0.08 III II 0.137 2 
5 O III III 0.05 6 
6 O III III 0.004 5 

compare hierarchies by checking the number of common attributes in sets consisting of first 
two, three etc. attributes of each hierarchy. If the order of attributes is determined by 
a certain numerical coefficient then attributes can be grouped according to the value of 
this coefficient. We chose this last method. As the values of ~~ and ~~o are distributed 
rather regularly we decided to divide the intervals (0,0.35) and (0,0.30) into three equal 
parts (0.35 and 0.30 are maximal values of ~~ and ~~o). Thus we created two partitions 
of P and Pa into attributes of small, medium and great significance. This partition is 
shown in column 'group of significance' in Table 6. Having defined the method of dividing 
attributes, let us observe that six out of eight attributes characterizing a patient in A and 
B remain in their groups of significance. Moreover, the two attributes which left their 

Table 7. 

A B 
i group of group of i 

aUri bute number ~~(X) significance significance ~k (X) a.ttribute numher 

15 0.1 1 1 0.45 16 
16 0.08 1 II 0.20 18 
9 0.04 II III 0.12 1 
18 0.03 III III 0.09 19 
14 0.02 III III 0.06 15 
17 0.2 III III 0.05 17 
10 0.0 III III 0.044 10 
12 0.0 III III 0.043 14 
19 0.0 III III 0.027 9 
1 0.0 III III 0.012 12 

places moved only to the adjoined group, thus there were no jumps of attributes from the 
group of small to the group of great significance and vice versa. In particular, attribute 
1 (type of intervention) turned out to be of medium significance in B. This result is more 
consistent with surgeons' experience than the small significance of the attribute revealed 
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in A. The influence of the second attribute which did not remain in its group - 7 (time of 
stay in the hospital before the surgical intervention) - is not categorically estimated so far 
as wound infections are concerned [3,1]. It is worth mentioning however that if we specify 
the values of this attribute more precisely, its significance will be greater (see the discussion 
in the next section). Let us compare now the hierarchies obtained in A and B for the set 
of attributes characterizing the hospital. The results are presented in table 7. One sees 
that when the same method is applied to determine the groups of significance, seven out of 
ten attributes remain in their previous groups. Unfortunately these seven attributes are of 
small influence. Concerning the three attributes which changed their significance, we can 
provide a reason only for the decrease in significance of attribute 9 (presence of infectious 
cases in the hospital room) from the second to the third group of significance. In our 
opinion this fact can be associated with the division of the department into a septic and 
aseptic part, as described in section 2. Let us note that although the places occupied by 
attribute 9 in both hierarchies are separated by six positions, the difference between values 
~1-(X) and ~1-o(X) which equal 0.04 and 0.027 respectively is not so dramatic. This is the 
result of the adopted method of dividing attributes into groups of significance. Attribute 
15 (duration of intervention) which in A was the most important one belongs in B to the 
set of factors of small significance. A certain improvement of its position can be obtained 
by adding new values to its domain (we describe it in the next section). But still, the small 
importance of this factor, as revealed in series B, is inconsistent with surgeons' experience. 
We are also lacking any foundation for a sudden increase in the role of attribute 18 (order 
of intervention). 

5. Hierarchies for sets of attributes P and Hin the second series of 
research 

In this section we will deal with sets of attributes P and H containing full information 
about objects. The most disturbing feature of the information system employed in series 
B is the considerably great numbers of values of some attributes, like attributes 3 (age), 
11 (diagnosis), 13 (kind of intervention). Such a proliferation can result in high values of 
the accuracy of approximation although in case of inadequate choice of attributes even the 
domains oflarge cardinality can not automatically ensure good results (we do not take into 
consideration extreme situations in which for example every object of a system stays in one­
to-one relation with a certain element of a domain). On the other hand, if norms for values 
of attributes are not known, or if they are a matter of discussion, an information system 
with more values enables, by identifying those values, a verification of the correctness of 
adopted norms. In our case, as the aim of the work is to establish the hierarchy of risk 
factors, we will be interested in the problem of stability of obtained results with respect 
to variously defined domains of attributes. Let Ps (resp. PlO) denote the set of attributes 
obtained from P by gluing values of attribute 3 (age) every 5 (resp. 10) years. Table 8 
shows the increase in accuracy of approximation of classes Xl, X 2 , X 3 and X depending on 
the type of the set of patient attributes, whereas hierarchies obtained for the sets mentioned 
are represented in table 9. If we disregard attribute 8 (time of stay in the hospital after 
the surgical intervention), then those hierarchies turn out to be similar to one another. In 
particular, attribute 3 keeps its first position and the discriminating role it plays increases 
with the number of values it can take. The least important attributes, namely 2, 5 and 6, 
did not change their significance either. There is some change, however, as far as the middle 
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Table 8. 

I-lP(Xi) 
Xl 0.71 0.77 0.85 0.96 
X2 0.17 0.22 0.34 0.71 
X3 0.14 0.32 0.51 0.95 

II (3Po(:r) = 0.55 I (3PlO(X) = 0.63 I (3p5 (X) = 0.75 I (3p(X) = 0.93 I 

Table 9. 

Po PlO P5 P 
i ~Pat!L(X) i ~P (X) i ~pJX) i ~p(X) 

1 3 0.30 3 0.32 3 0.42 3 0.60 
2 8 0.20 7 0.23 7 0.19 7 0.10 
3 1 0.19 8 0.17 8 0.154 4 0.071 
4 4 0.15 1 0.16 1 0.147 1 0.069 
5 7 0.141 4 0.15 4 0.146 8 0.066 
6 2 0.137 2 0.11 2 0.10 2 0.04 
7 6 0.05 6 0.04 6 0.03 5 0.008 
8 5 0.004 5 0.007 5 0.009 6 0.006 

group of attributes is concerned. The growth of importance of attribute 7 (time of stay 
in the hospital before the surgical intervention) is caused by the expansion of its domain 
during B. Observe also the relatively stable position of attribute 1 (type of intervention) in 
aH four hierarchies. Another regularity is indicated in table 10. It shows the hierarchy of 

Table 10. 

Xl X 2 X 3 
i 

~~(XI) i ~~(X2) i ~~(X3) attribute number 

1 3 0.43 3 0.66 3 0.92 
2 7 0.06 7 0.18 7 0.48 
3 4 0.044 4 0.17 1 0.25 
4 8 0.041 1 0.164 4 0.19 
5 1 0.039 8 0.158 8 0.17 
6 2 0.024 2 0.10 2 0.09 
7 5 0.005 5 0.03 5 0.0 
8 6 0.004 6 0.02 6 0.0 

attributes from set P calculated for each class Xl, X 2 , X 3 exclusively . If we ignore attribute 
8 again, then we see that the significance value ~~(Xj), determined for the first four most 
important attributes (3,7,4,1), increases with the growth of j, that is with the extent of 
wound infection. A similar dependence, though not as strong, can be observed for the most 
important hospital attributes. Table 11 shows accuracy of approximation of the sets Xl, 
X 2 , X 3 and classification X by sets of attributes Ho and H. The increase of accuracy for H 
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Table 11. 

fLHo(Xi) fLH(Xi) 
Xl 0.83 0.92 
X 2 0040 0.65 
X 3 0040 0.60 

" (3Ho(:~) = 0.73 I (3H(X) = 0.87 I 

is obtained not only by expanding the domain of attribute 15 (duration of intervention) but 
also by adding two new attributes: 11 (diagnosis) and 13 (kind of intervention). However 
those additional attributes rank very low in the hierarchy for H as can be seen in table 12. 
The change of the domain of attribute 15 resulted in the shift from 5th position in set 

Table 12. 

i I D.Î1(X) I 
1 16 0.27 
2 18 0.08 
3 15 0.07 
4 17 0.03 
5 19 0.016 
6 10 0.014 
7 11 0.012 
8 9 0.009 
9 1 0.005 

10 12 0.0 
11 13 0.0 
12 14 0.0 

Ha to 3rd in H. The most essential changes are reported in case of attribute 1 (type of 
intervention), which dropped 5 steps, though it is a factor of little significance both in Ha 
and H. Attribute 1 and its connection with attributes 11 and 13 are discussed in section 
6.1. Observe that the most significant attributes in Ha - 16 (surgeon) and 18 (order of 
intervention) - also preserved their high positions in Hand the least important ones -
14 (type of anesthesia), 9 (presence of infectious cases in the hospital room) and 12 (mode 
of intervention) - .stay in the lower part in the hierarchy for H. The hierarchy of attributes 
from H calculated for aU individual classes of classification X is presented in table 13. For 
attributes 16 (surgeon), 17 (type of operating room) and 18 (order of intervention), being 
among the most important ones, we observe a similar regularity as in the case of set P, 
namely the increase of the coefficient D.k together with the extent of wound infection. 
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Table 13. 

1 16 0.17 16 0.35 16 0.39 
2 18 0.05 15 0.15 18 0.20 
3 15 0.04 18 0.14 17 0.10 
4 17 0.016 19 0.048 15 0.087 
5 19 0.008 17 0.045 19 0.030 
6 11 0.0078 10 0.044 10 0.030 
7 10 0.0068 11 0.042 9 0.011 
8 9 0.0058 9 0.021 1 0.0 
9 1 0.0033 1 0.019 11 0.0 

10 12 0.0 12 0.0 12 0.0 
11 13 0.0 13 0.0 13 0.0 
12 14 0.0 14 0.0 14 0.0 

6. Transformations of the information system 

6.1. Type of intervention vs. diagnosis and kind of intervention 

In A attribute 1 (type of intervention), belonging both to set P and H, turned out to be 
a factor of small influence on wound infection (though in P it was the most important 
attribute among those of small signiticance, decreasing the accuracy of approximation by 
0.11). This result does not agree with the experience of clinicians and with publications on 
the topic, and in [5] we could not tind any reasonable explanation for that situation. In B 
attribute 1 occupied the third position in the hierarchy for Po, belonging thus to the set of 
attributes of medium influence, whereas in the sets Ho and H it was an attribute of small 
influence. 

As we have mentioned already, attribute 1 is a factor characterizing a patient and also, 
due to its connection with diagnosis and kind of intervention, refers to a hospital. The 
following two arguments incline us to regarding attribute 1 as a factor characterizing a 
patient rather than a hospital: 

• not only attribute 1 but also attributes 11 and 13 associated with it have small 
signiticance in H . 

• if we replace in P attribute 1 by attribute 11 or 13 or both, then the accuracy of 
approximation by such a set of attributes will be close to that calculated for set P. 

Table 14 illustrates the described process ofreplacement (by P-, Pli, Pi;, Pli,13 we denote 
P - {1}, P - {lI}, P - {13}, P - {11, 13} respectively). If a further study contirm our 
conjecture then it will be possible to exclude from the information system attributes 11 and 
13 and take into account only attribute 1 with has much smaller domain. 

6.2 The expansion of sets P and H. 

By P25 we de note set P with added attribute 25 and we calculate the accuracy of approxi­
mation by P25. It is clear from table 15 that the addition of attribute 25 does not change 
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Table 14. 

II J-tP(Xi) I J-tP-(Xi) I J-tr (Xi) I J-tr (Xi) I J-tp;;. 13 (Xi) I 
11 13 

Xl 0.96 0.92 0.97 0.96 0.97 
X2 0.71 0.54 0.82 0.74 0.82 
X3 0.95 0.70 1.0 0.86 1.0 

.Bp(X) .Bp-(X) .Br (X) 
11 

.Br(X) 
13 

.Bp;;. )X) 
0.93 0.86 0.96 0.93 0.96 

Table 15. 

I J-tP(Xi) I J-tp (Xi) 25 

Xl 0.96 0.962 
X2 0.71 0.73 
X3 0.95 0.95 

l.Bp(X) = 0.93 I .BP25(X) = 0.933 I 

the accuracy much. The small significance of this attribute, confirmed also by table 16, 
might be caused by the rather small number of patients who had coexisting diseases (52 
objects) or by a neutralizing infiuence of antibiotic treatment. 

Table 16. 

Iii ~p (X) I 25 

1 3 0.56 
2 7 0.076 
3 8 0.066 
4 4 0.057 
5 1 0.051 
6 2 0.033 
7 5 0.008 
8 25 0.008 
9 6 0.006 

An essential improvement of approximation is obtained after adding attributes 20-24 
(describing antibiotic therapy) to set H. The new set of attributes will be denoted HA. 
Tables 17 and 18 show the accuracy of set HA and hierarchies of its attributes respectively. 
As for additional attributes, it is attribute 22 (antibiotics after the surgical intervention) 
which turned out to play the strongest discriminant role in the approximation. We cannot 
however interpret this result unequivocally, because the reasons for which antibiotics are 
administered after operation may be totally different. It might be done when the symp­
toms of infection are already present, or when the probability of appearance of infection 
is exceptionally high (e.g. in case of elderly people). In neither of those cases can we say 
that administering antibiotics causes wound infection. We can at most speak about the 
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Table 17. 

JLH(Xi) JLHA(Xi) 
Xl 0.92 0.986 
X 2 0.65 0.90 
X 3 0.60 0.93 

I (3H(X) = 0.87 I (3HA (X) = 0.97 I 

Table 18. 

Iii ~H.(X) I 
1 16 0.13 
2 22 0.05 
3 15 0.039 
4 18 0.034 
5 19 0.01 
6 11 0.008 
7 24 0.008 
8 17 0.006 
9 1 0.004 

10 9 0.002 
11 10 0.002 
12 12 0.002 
13 13 0.002 
14 14 0.002 
15 20 0.002 
16 21 0.002 
17 23 0.002 

coexistence of the two attributes. This however may only confirm an obvious fact that if a 
wound is infected then antibiotics are administered or it may ascertain the ineffectiveness 
of preventive usage of antibiotics. 

6.3 Reduction of the number of objects in the information system 

In order to eliminate the influence of accidental factors, we exduded from our system 
those objects for which the value of attribute 15 (duration of intervention) appeared in 
the system less than six times (rare interventions). For the information system obtained 
this way, consisting of 964 objects, we carried out alI usual calculations. As follows from 
table 19, the omission of rare surgical interventions does not influence much the value of 
approximation both for sets P and H. 

We employed the procedure described above with reference to attribute 16 (surgeon). 
In this case we left in the system only these objects for which the value of attribute 16 
appears in the system more than 10 times (971 objects). Table 20 shows the accuracy of 
approximation calculated for such a system. It is dear that the differences in approximation 
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Table 19. 

P H 

full reduced full reduced 
system system system system 

IlP(Xi) IlP(Xi) IlH(Xi) IlH(Xi) 
0.96 0.95 <1 Xl [> 0.92 0.92 
0.71 0.698 <lX2 [> 0.65 0.644 
0.95 0.949 <lX3 [> 0.60 0.596 

fJp(X) fJp(X) fJH(X) fJH(X) 
0.93 0.924 0.87 II 0.869 

Table 20. 

P H 

full reduced full reduced 
system system system system 
IlP(Xi) IlP(X;) IlH(Xi) IlH(Xi) 

0.96 0.96 <lXl [> 0.92 0.92 
0.71 0.716 <lX2 [> 0.65 0.649 
0.95 0.947 <lX3 [> 0.60 0.588 

between the full system and the reduced one are minimal. 

7. Final remarks and conclusions 

We tried to show in this paper how using even a small part of rough set theory can bring 
clinically interesting results. The information system we presented is not a perfect one. We 
stiH cannot find a factor characterizing the elements from classes X 2 and X 3 ; furthermore 
high values of accuracy of approximation are obtained through the use of attributes with a 
large number of values. However, such a situation is determined by the fact that the risk 
factors of postoperative wound infection have not been established definitively and their 
influence may vary depending upon specific conditions of particular hospitals. In addition, 
there is no general agreement as to the norms for attribute values. Thus our approach 
seems to be justified. Because our system is comprised of alI data available at the moment, 
we are able to eliminate redundant attributes or glue values. The elimination has proved 
to be successful in the case of attributes 11 and 13 which could be replaced by attribute 1. 

Finally, let us point out once more that our general aim is to establish the hierarchy 
of known risk factors. The fact that the results obtained previously (described in [5]) and 
presented here appear to be stable encourages us to continue the research. 
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FUZZY INFERENCE SYSTEM BASED ON ROUGH 
SETS AND ITS APPLICATION TO MEDICAL 
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Sakai, Osaka 591, Japan 

Abstract. In this paper, a method of constructing fuzzy if-then rules in an expert system 
is described by the proposed approach, where the lower approximations in rough sets are 
used to extract if-then rules from the given information system and fuzzy if-then rules are 
constructed from the extracted if-then rules. 

1. Introduction 

Z.Pawlak(1982) has proposed a new concept of approximate data analysis based on rough 
sets. An application of rough sets to medical analysis for heart disease has been done also by 
Z.Pawlak(1984). In this analysis, inconsistency of medical test data and expert's diagnoses 
can be clarified. A.Mrozek (1989) has constructed if-then rules by rough sets to control a 
rotary clinker kiln in a cement plant. This research was concerned with constructing an 
expert's inference model. 

In this paper, we propose a new method of reducing information systems by con­
sidering the classification given by experts, which is based on Z.Pawlak's suggestion in 
Z.Pawlak(1984). Our proposed method can reduce more attributes than Z.Pawlak's method 
described in Z.Pawlak(1984). AIso, a method of constructing a fuzzy inference system is 
described by introducing fuzzy intervals represented as fuzzification of attribute values. 
The reason for using fuzzy intervals is that fuzzy if-then rules can cover the whole space of 
attribute values. In other words, coventional if-then rules derived from only lower approx­
imations can not cover the whole space because the number of the derived rules is rather 
small comparing with the number of possible rules constructed by the combination of alI 
intervals of each attribute. 

H.Tanaka et al. (1990) have already constructed a fuzzy expert system based on the 
reduced information system and applied it to a diagnosis problem. This paper aims to 
improve the performance of the fuzzy expert system in H.Tanaka et al.(1990) by proposing 
a new fuzzy inference model. This fuzzy inference model is constructed by considering 
alI fuzzy if-then rules whose conclusions are the same, although in usual fuzzy inference 
models, the inference result depends on the most fitting fuzzy if-then rule. In order to 
consider alI fuzzy if-then rules inferring the same conclusion, we use the average-product 
combination in the classification process. The classification power of the proposed inference 
model is demonstrated by an application to the same diagnosis problem as in H.Tanaka et 
al.(1991 ). 
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2. Reduction of Information Systems by Classification 

An approximation space A is defined as A = (U, R), where U is a set called the uni verse and 
R is an equivalent relation. Equivalence classes of the relation Rare called elementary sets 
in A. The empty set is assumed to be also elementary. Any finite union of elementary sets 
in A is called a definable set in A. Let X cU. An upper approximation of X in A denoted 
as A*(X) is defined by the least definable set in A, containing X. A lower approximation 
denoted as A*(X) is defined by the greatest definable set in A, contained in X. 

An accuracy measure of X in A = (U, R) is defined as 

OQ(X) = Card(A.(X))/Card(A*(X)) (1) 

where Card(B) is the cardinal number of the set B. Let F = {Xl.'" ,Xn } be a classifica­
tion of U, i.e. Xi n Xj = 4> for every i # j and UXi = U. Then, F is called a partition of 
U and Xi is called a class. An accuracy measure of F in A is defined as 

(3Q(F) = Card(uA.(Xi))/Card(U) (2) 

Z.Pawlak's method does not consider the given classification. A new method for reduc­
ing attributes in an information system is proposed here, considering the given classification. 
Let S = (U, Q, V, tf;, F) be an information system, where U is the uni verse of S, an element 
of U is called an object, Q is a set of attributes, V = uVq is a set of values of attributes, 
tf; : U x Q -+ V is a description function and F is a classification of U. 
[Theorem 1] Given a classification F, it follows for the subset P' c P that 

(3p,(F) ~ (3p(F) (3) 

where (3p(F) is the accuracy measure of F, defined by (2) with regard to the subset P of 
the attributes Q. 

The followings can be defined from Theorem 1. 
[Definition 1] 
i) Let P be a subset of Q. A subset P is said to be independent in an information system 
S if and only if 

(3p,(F) < (3p(F) for alI p ' c P (4) 

AIso, P is said to be dependent in S if and only if there is P' c P such that 

(3p,(F) = (3p(F) (5) 

ii)Let P' c P and P" = P - P'. A subset p ' is said to be superfluous in P if and only if 

(3p'.(F) = (3p(F) (6) 

[Theorem 2] If P' c P is superfluous in P and {Pi} is superfluous in P - P', then P'U {Pi} 
is superfluous in P. 
[Definit ion 2] A subset P c Q is called reduct of Q in S if and only if Q - P is superfluous 
and P is independent in S. 

An algorithem for obtaining reduct of Q can be described from Theorem 2 and Definition 
2 as follows. 
[Algorithm] 
Step 1: Find a superfluous attribute, say Pi, in Q. If there is not such a Pi, go to Step 3. 
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Step 2: Set Q = Q - {Pi} and go to step 1. 
Step 3: End. Q is a reduct of the given attributes. 

Using the above algorithm, superfluous attributes can be taken away one by one. Thus, 
reduct of Q can be obtained by the algorithm. 
[Example 1] 
Let us consider the example shown in Table 1. The reducts of the given attributes obtained 
by Z.Pawlak's method are as follows. 

(7) 

On the other hand, the proposed method based on the accuracy measure can generate 
the following reduct. 

(8) 

In what follows, let us show that {q3, q4} is a re duct of the given set of attributes. The 
lower approximations of Xl and X 2 by Q = {ql, .. . , q4} are as follows. 

(9) 

Thus, 

f3Q(F) = 4/6 = 0.67 (10) 

Considering P = {q3, q4}, we have the same lower approximations of Xl aud X 2 by P as in 
(9). Therefore, f3p(F) = 0.67, which means that the accuracy measure is not reduced by 
removing two attributes. Then, let P' = {q3} and P" = {q4}. Thus we have 

f3p,(F) = 2/6 = 0.33 < f3p(F) 

f3p .. (F) = 1/6 = 0.17 < f3p(F) 

which lead to the fact that P = {q3, q4} is a reduct. 

(11) 

(12) 

Comparing (8) with (7), we can couclude that our proposed method for reducing at­
tributes is more effective than Z.Pawlak's method. 

TABLE 1. An example of information system 

F U ql q2 q3 q4 
Xl 1 1 1 1 

Xl X2 1 2 1 3 
X3 2 2 2 2 

X4 2 2 2 2 
X2 X5 1 2 2 3 

X6 2 3 2 3 
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3. Fuzzy Inference Model 

Integers are used as values of attributes in Section 2. In general, a value of attribute is 
obtained as a real number. Thus, a real number is assigned to some integer as shown in 
Tabel 1. Given F = {Xl, ... , Xn} derived from expert knowledge, the lower approximation 
of each Xi can be obtained in the reduced system. From the example of Table 1, we have 
three rules constructed by the lower approximations of Xl and X 2 as follows. 

If {Y3 = 1} 1\ {Y4 = 1} then y E Xl 

If {Y3 = 1} 1\ {Y4 = 3} then Y E Xl 

If {Y3 = 2} 1\ {Y4 = 3} then Y E X 2 

(13) 

where reduct of Q is {q3, q4} and y = (Y3, Y4)t is a pair of integers representing attribute 
values of q3 and q4 of an inferred object. It should be noted that only the lower approxi­
mations of F are used to construct if-then rules. Therefore only the data being consistent 
with expert's diagnoses are used. In the example of Table 1, the following if-then rule is 
taken away. 

If {Y3 = 2} 1\ {Y4 = 2} then Y E Xl or Y E X 2 (14) 

Since an input vector Y into our inference model is a real number vector, if-then rules 
(13) are fuzzified by introducing fuzzy intervals. For example, the first rule in (13) can be 
written as 

If Y3 = i 1\ Y4 = i then y E Xl (15) 

where i is a fuzzy interval as shown in Figure 1. In general, the j-th fuzzy if-then rule for 
inferring Xi from an input vector Y = (YI, ... , Yml is represented as 

If YI = AL and ... and Ym = A~j then y is Xi 

where A~j is a fuzzy interval specified by a membership function Jl~j(Yk). 

o • • • 

Figure 1. Fuzzy division of attribute value 

(16) 

Let 1I"Xi(Y) be a grade to which y is belonging to Xi. Using the concept of fuzzy 
inference, three types of 1I"Xi(Y) can be considered as follows. 



i) Max· Min composition: 

1l'Xi(Y) = V(JlL(YI) /\ ... /\ Jl~j(Ym)) 
j 
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(17) 

which is widely used in fuzzy control and also was used in H.Tanaka et al.(1991). 

ii) Max . Product composition: 

1l'Xi(Y) = V(1l'L(yt} x ... X 1l'~j(Ym)) 
j 

iii) Average . Product composition: 

L:j(1l'L(yt} x ... X 1l'~j(Ym)) 
1l'Xi(Y) = b fI'}' X num el' o ru es In enng i 

which is proposed in this paper to use for medical diagnosis. 

(18) 

(19) 

It should be noted that the grade of Y fitting to al! the fuzzy if-then rules infereing Xi 
is defined as iii). In i) and ii), the value of 1l'Xi(Y) is determined by only one fuzzy if-then 
rule so that it can be said that aU the fuzzy if-then rules are independent each other. 

The decision rule can be written as 

If 1l'Xk(y) = 1l'XI(Y) V··· V 1l'Xn(Y), then Y E Xk (20) 

where F = {XI, ... ,Xn } is given by expert's diagnoses. These three types of 1l'Xi(Y) are 
compared with each other in the following application. 

4. Fuzzy Inference System for Medical Diagnosis 

Our proposed method described in Section 2 and 3 is applied to medical diagnosis of hepatic 
disease. AU test data are obtained in Kawasaki Medical College as fol!ows: 

i) A classification F = {Xl,'" ,X5 } obtained by experts: 

Xl = Healthy person, X 2 = Hepatoma, X 3 = Acute hepatitis 
X 4 = Chronic hepatitis, X 5 = Liver cirrhosis 

ii) The number of data is 568 and the data are divided into two parts: data for mod­
elling( 468 persons) and data for checking (100 persons). Data for modelling are used 
for constructing fuzzy if-then rules and each person in the data for checking is as­
signed to one of the five classes using the constructed fuzzy if-then rules. Fuzzy 
if-then rules are evaluated by the data for checking. 

iii) The number of attributes (medical inspections) is 20. Values of each attribute are 
divided into 3 to 6 intervals as shown in Table 2, where the integers corresponding to 
**** are not used. 

A missing value is assigned to O whose value of membership function is 1 over the domain. 
This means that an attribute qi is disregarded in fuzzy if-then rules if the value of qi is 
missing. 
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TABLE 2. Division of medical test data 

Medical Integers of attribute values 

inspection 1 2 3 4 5 6 

ql SP ,..., 5.5 5.6,..., 6.5 6.6,..., 7.5 7.6,..., 8.5 8.6,..., **** 
q2 II ,..., 4 5,..., 6 7,..., 9 10,..., **** **** 
q3 TBil ,..., 1.0 1.1,..., 5.0 5.1,..., 10.0 10.1,..., 20.0 20.1,..., **** 
q4 DBil ,..., 40 41,..., 60 61,..., 80 81,..., 100 **** **** 
q5 Alp ,..., 80 81,..., 200 201,..., 300 301 ,..., 400 401 ,..., **** 
q6 G.GTP ,..., 30 31,..., 100 101,..., 200 201,..., 300 301,..., **** 
q1 LDH t- 100 101,..., 250 251,..., 500 501,..., 1000 1001,..., **** 
qs Alb-G ,..., 2.0 2.1,..., 3.0 3.1,..., 4.0 4.1,..., 5.0 5.1,..., **** 
q9 ChE r-- 100 101,..., 150 151,..., 200 201,..., 250 251,..., 500 501 ,..., 

qlO GPR ,..., 25 26,..., 100 101,..., 200 201,..., 500 501,..., 1000 1001,..., 

qn GOT ,..., 20 21,..., 100 101,..., 200 201,..., 500 501,..., 1000 1001,..., 

q12 BUN ,..., 9 10,..., 20 21,..., 30 31,..., 40 41,..., **** 
q13 UrA ,..., 2.7 2.8,..., 8.5 8.6,..., **** **** **** 
q14 Retic ,..., 1.5 1.6,..., 3.0 3.1,..., 6.0 6.1,..., **** **** 
q15 Plt ,..., 1.0 1.1,..., 5.0 5.1,..., 10.0 10.1,..., 15.0 15.1,..., 35.0 35.1,..., 

q16 Lympho r- 20.0 20.1,..., 40.0 40.1,..., 60.0 60.1,..., **** **** 
ql1 Fibrino t- 200 201,..., 400 401,..., **** **** **** 
qlS Alb-% r-- 45.0 45.1,..., 65.0 65.1,..., **** **** **** 
q19 AI-% ,..., 2.5 2.6,..., 3.7 3.8,..., 5.0 5.1,..., **** **** 
q20 AFP ,..., 20 21,..., 100 101,..., 200 201,..., 1000 1001,..., **** 

First, let us define the ratio of correct inference. If y is inferred correctly, y is given 
one point and if y is inferred erroneously, y is given zero point. When y is inferred more 
than or equal to two classes, y is given 1/( the number of classes) point if the correct class is 
included in the inferred classes and otherwise, given zero point. Then, the ratio of correct 
inference is defined by 

Sum of points to checking data (%) 
. x 100 o 

The number of checkmg data 
(21) 

The resUIts are as follows: 

i) The number of attributes in the reduct of Q is 7. The seven attributes are used for 
constructing fuzzy if-then rules and comparing three fuzzy inference methods. 

ii) There are 367 if-then rules constructed by the low approximations of Xi, i = 1, ... ,5. 
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iii) The ratios of correct inference to checking data by different three types of compositions 
are shown in Table 3. It can be concluded from Table 3 that Average . Product 
composition is the best in the sense of the highest correct ratio and no multiple 
inference. 

TABLE 3 . The ratios of correct inference to checking data 

Type of Correct Number of Number of Number of 
compo- ratio correct error multiple 
sition inferences inferences inferences 

Max· Min 67.5 62 25 13 
Max· 68.2 66 29 5 

Product 
Average· 74.0 74 26 O 
Product 
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Abstract. Relationships between chemi cal structure and antimicrobial activity of quater­
nary imidazolium, quinolinium and isoquinolinium compounds is analysed. The compounds 
are described by a set of condition attributes concerning structure and by a set of decision 
attributes concerning activity. The description builds up an information system. Using the 
rough sets approach, a smaUest set of condition attributes significant for a high quality of 
classifications has been found. The analysis of distributions ofvalues of significant attributes 
in the best and worst class led to the definit ion of typical representatives of the best and 
worst imidazolium compounds in the terms of the significant condition attributes. A deci­
sion algorithm has been derived from information system, showing up important relations 
between structure and activity. This may be helpful in supporting decisions concerning 
synthesis of new antimicrobial compouds. 

1. lntroduction 

One of the most important issues in search for new chemi cal compounds with an expected 
biological activity is to settle the dependence between the chemical structure and biological 
activity. The knowledge of dependence between the structure and activity enables one to 
foresee the biological activity of compounds and, in this sense to lead the research in a 
right direction. Moreover, the chance of synthesis of new biologicaUy effective preparations 
increases. Until now, aU analysis of dependence between structure and efficiency of an­
timicrobial agents has been based on statistic methods such as regression, correlation and 
discriminat analysis. These methods are usuaUy summarized under theheading "quanti­
tative structure-activity relationships" (QSARs). In the most general sense, QSARs are 
mathematical expressions which describe the dependence of biological activity of chemical 
compounds in terms of sui table molecule parameters. AH these methods use either struc­
tural parameters or parameters concerning physical chemistry properties of a molecule 
(Franke et al. (1973,1980), Giibler et al.(1976), Weuffen et al. (1981)). The number and 
values of applied parameters differ from one method to another. For exemple in the H ansch 
approach, activity and structure parameters are use together with parameters derived from 
hydrophobic, electronic and steric substituent effects (Hansch et al. (1971, 1972, 1973), 
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Weuffen et al. (1981)). Similary, non-elementary discriminant functions used in the dis­
criminant analysis, describe a distibution of compounds over classes of different biological 
activity in terms of the same hydrophobic, electronic and steric molecule parameters used in 
the Hansch approach (Franke (1980), Weuffen et al. (1981)). Another well known method 
by Free- Wilson is based on the analysis of activity and structure parameters (Free and 
Wilson (1964), Găbler et al. (1976). 

As was mentioned in other chapters, the statistic methods are usually appropriate for 
the analysis of big populations in which the attributes have quantitative character and 
their values are continuous. Otherwise, application of these methods would be impossible 
or would give great computational difficulties. Moreover, the statistic methods used by 
QSARs require a relatively high expenditure of experimental work connected with calcu­
lation of the parameter values. 

The method based on the theory of rough sets is alternative to the statistic methods 
of analysing the relationship between the structure and activity of chemical compounds. 
This method does not require great expenditure of experimental work, it takes easily into 
account discrete attributes and it can be used for small populations as well (Slowiriski et 
al. (1988), Krysiriski (1990, 1991)). 

Quaternary ammonium compouds, such as imidazolium, quinolinium and isoquinolin­
ium chlorides, are being used for disinfection and antiseptics. They are characterized by a 
great antimicrobial activity. Their usage is limited however, because new resistant bacteria 
appear, mainly gram negative ones. Therefore it is necessary to look for new active antimi­
crobial compounds which would replace unactive, preparations. The result of the rough 
sets analysis gives a better chance for synthesis of new ammonium compounds with strong 
bacteriostatic activity. 

In this chapter, we describe an application of the rough sets method to the analysis of 
the relationship between structure and antimicrobial activity of247 quaternary imidazolium 
chlorides and of 72 quaternary quinolinium and isoquinolinium chlorides. 

2. Quaternary Imidazolium Chlorides 

2.1. Information system 

The basis for analysis of structure activity relationship of quaternary imidazolium chlorides, 
is building of an information system. The information system is a set of objects (imi da­
zolium chlorides), which is described by a set of attributes. The set of attributes includes 
eight condition attributes and one decision attributes. The condition attributes describe 
the object's structure (substituent in imidazole), whereas the decision attribute define the 
object's classification according to the value of minimal inhibitory concentration (MIC). 

In table 1, the domain of condition attributes of imidazolium chlorides is presented. 
Conventional code numbers correspond with substituted imidazole. 

Imidazolium compounds are divided into 5 classes of antimicrobial activity (Y1 ••• Y5 ). 

The classes correspond to the following ranges of the minimal inhibitory concentration 
(decision attribu te): 
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Class Y1 

Class Y2 

Class Y3 

Class Y4 

Class Ys 

- very good 
- good 
- middle 
- weak 
- very weak 

MIC ~ 10 mg/dm3 

10 < MIC ~ 50 mg/dm3 

50 < MIC ~ 200 mg/dm3 

- 200 < MIC < 500 mg/dm3 

MIC?: 500 mg/dm3 

The classification was made for two bacteria, Pseudomonas aeruginosa NeTe 6749 
which showed the greatest resistance against imidazolium compounds (classification Yl ) 
aud Escherichia coli NeTe 8196 (calssification Y2 ). 

In table 2, a part of information system is shown where lines corresponding to the objects 
and the columns to the attributes. 247 objects were hold in the information system. 

Table 2. Information system of imidazolium chlorides (part) 

Objects Attribute Class of classification 
1 2 3 4 5 6 7 8 Yl Y2 

1 O O O 1 O O 2 O 5 5 
2 O O O 1 O O 4 O 5 4 
3 O O O 1 O O 6 O 5 3 
4 O O O 1 O O 8 O 5 4 
5 O O O 1 O O 10 O 5 4 
6 O O O 1 O O 12 O 5 3 
7 O O O 1 O O 14 O 5 3 
8 O O O 1 O O 16 O 5 3 
9 1 4 O 1 O O 2 O 5 4 
10 1 4 O 1 O O 4 O 5 3 
11 1 4 O 1 O O 6 O 5 3 
12 1 4 O 1 O O 8 O 5 3 
13 1 4 O 1 O O 10 O 5 3 
14 1 4 O 1 O O 12 O 5 3 
15 1 4 O 1 O O 14 O 5 2 
16 1 4 O 1 O O 16 O 5 2 
17 2 O 2 O O 1 4 O 5 3 
18 2 O 2 O O 1 6 O 4 2 
19 2 O 2 O O 1 8 O 3 1 
20 2 O 2 O O 1 10 O 4 2 
... .. 

247 1 12 O 1 O O 16 O 5 5 

2.2. Reduction of attributes and the quality of classification 

Initial quality of classification Yl and Y2 , Le. for the whole set of condition attributes, was 
qual to 1. From the set of 8 condition attributes were received in both classifications per 
one minimal set diminished by attribute 1. In order to find the minimal set of condition 
attributes which are important for the quality of classification and accuracy of classes a 
computational test was done based on removal of respective attributes from the minimal 
set and observation of the quality of classification and accuracy of classes. Fig. 1 and 2 
show the ways of attributes reduction in the classification Yl and Y2 , respectively. These 
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ways are characteristic of the lowest starting downfall of the classification quality of alI the 
examined ways. Removing attributes 1, 3, 5 and 8 in both classifications still gave a high 
quality in Yl equal to 0.85 and in Y2 equal to 0.82. Reduction of attribut 4 diminished the 
classification quality in Yl to 0.59 and in Y2 to 0.53. After removing attributes 2, 6 and 
7 separately, the quality of classifications and accuracy of classes diminished still furether 
(fig. 1 and 2). Thus for the high quality of classifications Yl and Y2 and for the accuracy 
of classes appeared essential: 

attribute 2 - kind of alkyl in substituent in 1 st imidazole position 
attribute 4 - kind of subtituent in 2nd imidazole position 
attribute 6 - kind of X in substituent in 3st imidazole position 
attribute 7 - kind of alkyl in substituent in 3st imidazole position. 

Y p( Y ) 
}Jp(Y) 

1.0 Cf ce ce ce ce ce 

t ! + 
0.9 • • il 

6 + + il 
X 

0.8 )( + 
6 )( 

A )( 

0,7 â 
â 

0.6 

0.5 .- • 
)( 

0.4 • 
)( 

+ 
0.3 O 

Â 

0.2 & 
0,1 

, 
• )( 

O 
1 1 1 1 1 1} A A A A 
8 5 3 3 3 i A4 6 7 2 

5 8 

Removed 
attributes 

• ~p(}'l); o ~p(}'2); + ~p(}'3); 1::. ~p(l'4); X ~p(}'5); * Yp(Y); 

Figure 1. Accuracy of classes ~p(Y;) and quality of classification Yl of removed 
attributes. 
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y p{Y} 
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.. 
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+ 
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X • • • 1 â O III 

+ + O 

A 
+.6 

• • • • O 

O 
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)( X 
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• !It 
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OL-~~--~~~~~~~~~~---

1} B B B B Rerooved i B 6 4 2 7 atlributes 
1 
8 

1 
3 

1 1 
5 3 

8 

1 
3 
5 

Figure 2. Accuracy of classes J.Lp(Y;) and quality of classification Y2 of removed 
attributes. 

2.3. Analysis of distribution of the values of attributes 2, 4, 6 and 7 in the 
given classes 

Distribution of values of respective attributes in the given classes of classificatons Yl aud 
Y2 was presented in Tabies 3-10. The three numbers in each field of the table have the 
following meaning: 
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Table 5. Distribution of values taken by attribute 4 of Yl 

Characteristic 
No. of Values of attribute 4 Lower value of 
class O 1 2 approx. attribute 4 

1 9 O O 9 without 
4.1 I 9 substituent 

2 20 8 1 29 without 
9.2 I 20 3.7 I 8 0.5 I 6 substituent 

3 26 27 5 58 -

12 I 26 12.4 I 27 2.3 I 31 
4 24 21 1 46 -

11 I 24 9.7 I 21 0.5 I 6 
5 22 44 9 75 alkyl or phenyl 

10 I 22 20.3 I 44 4.1 I 56 residue 
Total 101 100 16 217 

Table 6. Distribution of values taken by attribute 6 of Yl 

Characteristic 
No. of Values of attribute 6 Lower value of 
class O 1 approx. attribute 6 

1 O 9 9 sulphur atom 
4.1 J 10 

2 13 16 29 -
6 110 7.4 I 18 

3 27 31 58 -

12.4 I 21 14.3 I 35 
4 27 19 46 -

12.4 I 21 8.8 I 21 
5 61 14 75 oxygen atom 

28.1 I 48 6.5 I 16 
Total 128 89 217 
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Table 9. Distribution of values taken by attribute 4 of Y2 

Characteristic 
No. of Values of attribute 4 Lower value of 
class O 1 2 approx. attribute 4 

1 35 27 2 64 without 
16.6 I 34 12.8 I 27 0.9 I 25 substituent 

2 41 35 5 81 alkyl residue 
19.4 1 40 16.6 1 35 2.4 1 62 

3 18 22 O 40 -

8.5 I 17 10.4 I 22 
4 7 12 1 20 -

3.3 1 7 5.2 112 0.5 1 12 
5 2 4 O 6 phenyl residue 

0.9 1 2 1.9 1 4 
Total 103 100 8 211 

Table 10. Distribution of values taken by attribute 6 of Y2 

Characteristic 
No. of Values of attribute 6 Lower value of 
class O 1 approx. attribute 6 

1 28 36 64 sulphur atom 
13.3 1 23 17.1 1 41 

2 43 38 81 -

20.41 35 18 1 44 
3 31 9 40 oxygen atom 

14.7 1 25 4.3 1 10 
4 18 2 20 oxygen atom 

8.5 I 14 0.9 I 2 
5 4 2 6 -

1.9 1 3 0.9 1 2 
Total 124 87 211 



aij 
bij[%] 
Cij[%] 

number of objects in class Y; which take the attribute value equal to "j"; 
the ratio of aij to the total number of properly classified objects; 
the ratio of aij to number of objects properly classified which take 
the attribute value equal to "j". 
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As it comes out from the presented tables, the characteristic value of the respective at­
tributes can be obtained only in the case of some extreme classes (best of alI Y1 and worst 
of alI Y5 ). In the case of intermediate classes it is difficult to differentiate the characteristic 
values of attributes and therefore they were not presented in the tables. The distribution 
of values of those attributes in various classes of classification Yl is shown in Tables 3-6. 
As a result of distribution of the attributes values we obtained the best (class Y1 ) and the 
worst (class Y5 ) imidazolium compounds for the classifications Yl and Y2 . 

The typical compounds belonging to class Yt of classification Yt (Pseudomonas aerug-
inosa NCTC 6749): 

have a decyl or dodecyl substituent in the first imidazole position, 
have no substituent in the second imidazole position, 
have a substituent with a sulphur atom in the third imidazole position 

The typical compounds belonging to class Y5 of Yt : 
have no substituent or have a methyl or butyl residue in the first imidazole position, 
have a phenyl or alkyl residue in the second imidazole position, 
have a substituent composed of an oxygen atom and an ethyl, propyl, butyl, nonyl, 
undecyl and hexadecyl residue in the third imidazole position. 

However in Tables 7-10 were presented the distribution of the values of respective attri­
butes in given classes for classification Y2 . 

The typical compounds belonging to class Yt of classification Y2 (Escherichia coli 
NCTC 8196): 

have an octyl or decyl residue in the first imidazole position, 
have no substituent in second imidazole position, 
have a substituent composed of a sulphur atom and an oktyl and benzyl residue 
in the third imidazole position. 

The typical compounds belonging to class Ys of Y2 : 
have an ethyl residue in the first imidazole position, 
have a phenyl residue in the second imidazole position, 
have an ethyl and propyl chain in the third imidazole position. 

2.4. Decision algorithm 

In the classification case Yl - 168 decision rules were obtained among them 13 non­
deterministic ones. In the Y2 classification, 162 decision rules were obtained among them 
14 non-deterministic ones. From the practical point of view, the deterministic rules which 
lead to the best and the worst compounds are the most interesting ones. Therefore in tables 
11 and 12 the decision algorithm for the class Yt and Y5 of imidazolium chlorides are shown, 
respectively. The absence of values in given rules means that they can be arbitrary. 

The obtained algorithms are an objective picture of an experiment connected with syn­
thesis and antimicrobial activity of imidazolium compounds. To the most active compounds 
in the classification Yl (class Yt ) belong chlorides with decyl in the 1-position, without 
substituent in the 2-position and with sulphur atom in the substituent in the 3-position 
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and such compounds which in the l-position have a dodecyl chain, in the 2-position have 
no substituent and in the 3-position have sulphur atom together with butyl, hexyl or oktyl 
chain. 

To the worst compounds (class Y1 ) of Y1 classification belong chlorides w hich in the 
l-position of imidazole have no substituent or have a short (methyl, ethyl, butyl) or long 
(decyl, dodecyl) alkyl chain; and in the 3-position have the oxygen atom with a short (ethyl, 
propyl, butyl, pentyl, hexyl) or a long (undecyl, dodecyl, tetradecyl, hexadecyl) alkyl chain 
and in the 2-position have phenyl residue. 

To the most active compounds (class Y1 ) of Y2 classification belong prevailingly chlo­
rides with oktyl, decyl and dodecyl chain in the l-position of imidazole, without substituent 
in the 2-position, and in the 3-position with the sulphur atom and a oktyl, decyl and dodecyl 
chain. 

To the worst compounds (class Ys ) of Y2 classification belong chlorides which in the 
l-position have no substituent or have ethyl chain, in the 2-position have no substituent 
or have phenyl residue and in the 3-position have oxygen atom and ethyl, propyl, pentyl, 
hexyl or hexadecyl chain. 

The obtained decision algorithms are an objective picture of the experiment connected 
with the synthesis and antimicrobial activity of imidazolium chlorides. It represents, at 
the same time, the possibilities of real relationships between the chemi cal structure and 
biological activity of imidazolium chlorides. From the relationships results that the greatest 
influence on the antimicrobial activity of imidazolium chlorides has the length of alkyl chain 
in the l-position and a kind of substituent in the 3-position of imidazole. 

2 
10 
12 
12 
12 
O 
4 
4 
4 
4 
O 
4 
4 
4 
4 
2 
2 
1 
6 
12 
10 
12 
12 
12 
12 
O 

Table 11. Decision algorithm 
for classification Yl 
of imidazolium chlorides 

Attribute Class Attribute Class 
4 6 7 2 4 6 7 
o 1 1 o 1 14 5 
O 1 4 1 O 1 5 5 
O 1 6 1 O 1 7 5 
O 1 8 1 o 1 9 5 

16 5 O O 4 5 
2 5 10 1 14 5 
4 5 10 1 16 5 

14 5 12 1 12 5 
16 5 12 1 14 5 
3 5 O 1 O 4 5 
3 5 O 1 O 6 5 
5 5 O 1 O 8 5 
7 5 O 1 O 10 5 
9 5 O 1 O 12 5 
5 5 4 1 O 6 5 
6 5 4 1 O 8 5 
4 5 4 1 O 10 5 
4 5 4 1 O 12 5 

16 5 1 O O 6 5 
11 5 6 O O 6 5 
2 5 1 2 O 6 5 
3 5 10 1 O 12 5 
9 5 12 1 O 4 5 
11 5 12 1 O 8 5 

1 2 5 12 1 O 10 5 

Table 12. Decision algorithm 
for classification Y2 
of imidazolium chlorides 

Attribute Class Attl'ibute 
2 4 6 7 2 4 6 7 
8 6 1 8 1 1 4 
8 8 1 8 1 1 12 
8 10 1 1 2 1 8 
8 7 1 4 o 1 8 
8 9 1 10 O 1 10 
8 11 1 12 O 1 6 
2 12 1 4 O O 10 
6 10 1 8 O O 12 
6 12 1 8 O O 14 
10 4 1 10 O O 8 
10 6 1 10 O O 10 
10 5 1 12 O O 4 
10 O 1 12 O O 6 
10 7 1 12 O O 8 
O 1 8 1 12 O O 10 
4 1 10 1 12 1 1 4 
4 1 12 1 2 5 
8 1 5 1 O 1 2 
1 1 12 1 O 1 3 
6 1 8 1 12 1 16 
10 1 8 1 2 O O 6 
O 1 1 6 1 

Class 

1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
5 
5 
5 
5 
5 
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3. Quaternary Quinolinium and Isoquinolinium Chlorides 

The analysis of relationships between structure and activity of quaternary quinolinium 
and isoquinolinium chlorides was led up in the same way as the analysis of quaternary 
imidazolium chlorides. 

3.1. Information system 

The information system was built on the basis of the set of 72 objects (quinolinium and 
isoquinolinium chlorides) described by 11 condition attributes (substituent in quinoline and 
isoquinoline) and 1 decision attributes. 

In the table 13 was presented the domain of condition attributes. Likewise as in the anal­
ysis of imidazolium chlorides 2 classifications were driven for 2 bacteria for Pseudomonas 
aeruginosa NCTC 6749 (classification Yl ) and for Escherichia coli NCTC 8196 (classifi­
cation Y2 ). 

The quinolinium and isoquinolinium chlorides were divided into 3 antimicrobial activity 
classes (Y1 , Y2 and Y3 ). The following ranges of the minimal inhibitory concentraton 
(M IC) correspond to the classes: 
for the classificaton Yl: 

Class Y1 - very good 
Class Y2 - middle 
Class Y3 - weak 

For the classification Y2 : 
Class Y1 - very good 
Class Y2 - middle 
Class Y3 - weak 

M IC ~ 200mg/dm3 

200 < MIC < 500mg/dm3 

MIC ~ 500mg/dm3 . 

MIC ~ 50mg/dm3 

50 < MIC < 300mg/dm3 

MIC 2': 300mg/dm3 . 

3.2. Reduction of attributes and the quality of classification 

From a set of 11 condition attributes were obtained in both classifications per one minimal 
set reduced by attributes 1 and 6. Then a reduction of succeeding attributes was led from 
the minimal set, observing the classification quality and the accuracy of classes. After the 
reduction of condition attributes it became clear that for a high quality of classification Yl 
and accuracy of classes are important 5 following attributes: 

attribute 2 - kind of X in substituent R1 

attribute 3 - length of alkyl in Rl 
attribute 4 - kind of substituent R2 

attribute 7 - length of alkyl in R2 

attribute 10 - kind of substituent R5 • 

However for a high quality of classification Y2 and accuracy of classes are important 6 
following attributes: 
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attribute 2 
attribute 3 
attribute 4 
attribute 7 
attribute 8 
attribute 10 

- kind of X in substituent R1 

- length of alkyl in R1 

- kind of substituent R2 

- length of alkyl in R2 

- kind of substituent R 3 

- kind of substituent R5 • 

3.3. Decision algorithm 
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We presented in tables 14 and 15 the decision rules obtained after the removal of unimpor­
tant attributes for the classifications quality and accuracy of classes. In classification Yl 32 
decision rules were obtained, among them 8 non-deterministic ones, and in classification 
Y2 - 49 decision rules among them 10 non-deterministic. From the practical point of view, 
as it was mentioned before, we are interested in deterministic rules leading to the best and 
the worst chemical compounds. 

In the classification Yl the most active (class Y1 ) are the isoquinolinium chlorides 
which in the 2-position have a nonyl, decyl and undecyl chain. From alI quinolinium 
chlorides the most activare those with methyl or methoxy group in the 6-position and 
with octyl, decyl and dodecyl chain in the l-position and these with the hexyl-, octyl­
and dodecylthiomethyl substituent in the l-position. The worst activity (class Y3 ) have 
the isoquinolinium chlorides with the substituent of butyl, pentyl, hexyl and benzyl in the 
2-position. However, from alI quinolinium chlorides which belong to this class we perceive 
alI compounds with methyl chain in the 2-position and these which in the l-position have 
butyl and pentyl chain or hexylthiomethyl and hexyloxymethyl substituent as welI. 

In the clssification Y2 to the best class Y1 of isoquinolinium compounds belong chlorides 
with heptyl, nonyl, decyl and undecyl chain in the 2-postion and these which have in 
the 2-position heptyl, octyl and dodecyl chain together with the methyl group in the 3-
position. From among the quinolinium chlorides belong to the Y1 class these with the 
methyl and methyloxy group in the 6-position or those with bromide atom in the 3-position 
and the lengh of which chain in the l-position is from hexyl to dodecyl. To the Y3 class 
belong the isoquinolinium compounds with the butyl chain in the 2-position. However 
from the quinolinium compounds to this class belong all chlorides with methyl group in 
the 2-position and with oxygen atom in the substituent in the l-position. In this class are 
also the quinolinium chlorides with sulphur atom which have the alkyl chain from hexyl to 
dodecyl in the l-position. 

The obtained decision algorithms represent important relationships between the chemi­
cal structure and antimicrobial activity of quaternary quinolinium and isoquinolinium chlo­
rides. These relationships show that alkyl chain length in the substituent in the l-position of 
quinoline and in the 2-position ofthe isoquinoline as well as the substituent in the 6-position 
of quinoline have the highest infiuence upon the antimicrobial activity of the quaternary 
quinolinium and isoquinolinium chlorides. 

From the point of view of antimicrobial activity the proposed attributes make sure a 
good compounds classification. 

We should pay attention to the fact that the descriptors number which appear in the 
decision algorithm of imidazolium chlorides is only 25% (classification Yl ) or 27% (classi­
fication Y2 ) of the descriptors number which appeared in the initial information system. 
However in the decision algorithm of quinolinium and isoquinolinium chloides the descrip-
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2 

1 
1 
1 
O 
1 
1 
2 

2 
2 
1 
2 
2 
2 
1 

1 
2 

Table 14. Decision algorithm for Table 15. 

3 

10 
8 

10 
12 
6 
8 
12 
O 
8 

12 
10 

8 
12 
6 
6 
8 

12 
10 

4 
5 

6 
6 

classification Yl 
of quinolinium and 
isoquinolinium chlorides 

Attribute Class 
4 7 10 

2 9 1 
2 10 1 
2 11 1 
O O 1 1 
O O 2 1 
O O 2 1 
O O 2 1 
O O 1 1 
O O 1 1 
O O 1 1 
2 12 O lor 3 
O O O lor 3 
O O O lor 3 
O O O lor 3 
2 8 2 
2 7 2 
O O 1 2 
O O 1 2 
O O 2 2 
O O O 2 or 3 
O O O 2 or 3 
O O O 2 or 3 
O O O 2 OI" 3 
1 3 
2 4 3 
2 5 3 
2 6 3 
2 O 3 
O O 3 
O O 3 
O O O 3 
O O 1 3 

2 3 

6 
8 
12 
10 
6 
8 

10 
12 
O 
O 
O 
6 
10 

O O 
1 8 
1 12 
2 6 
2 8 
2 10 
2 12 

5 
O 
4 
8 
4 
4 

1 10 
1 4 
1 6 
1 8 
1 12 
O O 
O O 
1 4 

2 
2 
1 6 
1 6 
1 8 
1 10 
1 12 
1 10 

Decision algorithm for 
classification Y2 
of quinolinium and 
isoquinolinium chlorides 

Attl"ibute Class 
4 7 8 10 

2 7 1 
2 9 1 
2 10 1 
2 11 1 
O O 1 1 
O O 1 1 
O O 1 1 
O O 1 1 
O O 2 1 
O O 2 1 
O O 2 1 
O O 2 1 
2 6 1 O 1 
2 8 1 O 1 
2 12 1 O 1 
O O 2 O 1 
O O 2 O 1 
2 12 

I 
O O 

I 
1 or 2 

O O O O 1 or 3 
O O O O lor 3 
O O O O 101" 2 
O O O O lor 2 
O O O O 1 or 2 
O O O O 1 or 2 

8 O 2 
4 1 2 
O O 2 
O O 2 
O 2 2 
O 2 2 
O O 1 2 
O O 2 2 
O O 1 2 

1 O O O 2 
1 O O 1 2 
1 O O 1 2 
1 O O 1 2 
2 5 O O 2 or 3 
2 6 O O 2 or 3 
O O O O 2 or 3 

4 O 3 
1 O O O 3 
1 O O 1 3 
O O O O 3 
1 O O O 3 
1 O O O 3 
1 O O O 3 
1 O O O 3 
O O O O 3 
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tors number makes adequately 15% (classification Yl ) or 29% (classification Y2 ) descriptors 
numbers which arise in the initial information system. 

The method based on the rough sets theory is characteristic because it does not cor­
rect non-deterministic relationships but presents the real conditions of these relationships. 
Moreover in comparison with the initial information system the obtained decision algo­
rithms are deprived of ali redundand, unimportant informations which put shade on the 
picture of these relationships. 

The obtained decision algorithms give distinct indications which may be useful in the 
synthesis of new activ antimicrobial quaternary imidazolium, quinolinium and isoquinolin­
ium chlorides. 

The method based on the theory of rough sets may be also used for the analysis of rela­
tionship between chemi cal structure and biological activity of other chemical compounds. 
Comparing this to the statistic methods used in QSARs, it seems to be a simpler and more 
accessible method. 
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Abstract. We present. here an interactive probabilistic inductive learning system and 
its application to a set of real data. The data consists of a survey of voter preferences 
taken during the 1988 presidential election in the U.S.A. Results include an analysis of the 
predictive accuracy of the generated rules, and an analysis of the semantic content of the 
rules. 

1. lntroduction 

We present here an interactive probabilistic inductive learning system CPLA/CSA that has 
been implemented by the first author and discuss its application to a set of real data. 

To build our system we extend the rough set-based learning algorithms described by Wong 
& Wong in [9]; Wong & Ziarko in [10]; Pawlak, Wong, & Ziarko in [6]; and Wong, Ziarko 
& Ye in [11] to a conditional model as described by Wasilewska in [8] and Hadjimichael & 
Wasilewska in [2], and formulate our Conditional Probabilistic Learning Algorithm (CPLA), 
applying conditions to a probabilistic version of the work [9] by Wong & Wong. We propose 
the Condition Suggestion Algorithm (CSA) as a way to use the syntactic knowledge in the 
system to generalize the familly of decision rules. 

Our system allows for semantic knowledge to be deduced from the database in ways not 
previously explored by other systems. It is distinctive in that it includes the conditions 
feature which allows user control over sets of attribute values, and thus allows a greater 
fiexibility of analysis. More specifically, conditions specify equivalences on sets of attribute 
values, such that objects may become indistinguishable. 

137 



138 

Moreover, the system is distinctive in that it defines a feedback relationship between the 
user and the Iearning program, unlike other inductive Iearning systems which simpIy input 
data and output a decision tree. This interactiveness allows for rule (tree) compaction and 
generalization. 

Finally, our system is also distinctive in that it yieIds a famiIy of production rules using 
easily comprehended descriptions formed of attribute-value pairs. Compared to the decision 
trees used by many other inductive Iearning systems, this format is more easily understood 
and manipulated by humans. 

The Conditional Probabilistic Leaming Algorithm (CPLA), which form a part of our system 
is founded on the model of Wong and Ziarko's INFER ([10)). It uses the probabilistic infor­
mation inherent in a database and generates a family of probabilistic decision rules based 
on a minimized set of object attributes. We generalize further on Wong and Ziarko's model 
by adding conditions to the system. Conditions are a form of user input which make the 
system interactive and can reduce the size of the rule family. Also, the decision rules are 
input to the Condition Suggestion Algorithm (CSA), which generates suggested conditions. 
Conditions, applied to a decision rules, generalize them, resulting in a smaller and more 
concisely described famiIy of rules. The entire system is graphically described beIow: 

Suggested 

Conditions 

~ CPLA 

I INFER 

r----

Us~r 
Co ndit' pns 

USER 

I 
Rules 

CSA 

I 
I 

... - - - - - - - - - - - - - - - - J Suggest ed 
Conditi ons 

The diagram above shows how the three elements of the system, CPLA, CSA, and the 
user, form a cycle in which the user moderates the feedback from CSA. The cycle begins 
by taking any (possibly empty) set of user-supplied conditions and running CPLA on the 
examples database with those conditions. CPLA, by definition, will remove the statistical 
functional dependencies. It will then output a famiIy of decision rules which will then be 
passed to CSA, where suggested conditions will be generated. The user can examine the 
suggested conditions and select a subset of them to feed back into CPLA for another pass, 
beginning the cycle again. The suggested conditions may affect the rule family in two ways 
(in addition to reducing the number of rules generated). They may introduce superfluous 
attributes, and they may change decision rule certainties. The cycle continues until the 
user is satisfied with the final generation of decision rules. 
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The model and system we use, is described in detail in Hadjimichael & Wasilewska in [3]. 

This paper presents the algorithms which form the basis of the system and describes its 
application as a learning system to real data. The results discussed are based on data from 
a survey of voters in the 1988 U.S. presidential election. 

We observe that the conditions feature was able to yie1d a roughly 47% decrease in the 
number of rules, and up to 88% predictive accuracy. 

2. Formal BasÎs 

The goal of inductive learning is to automatically infer the decision rules from specific 
examples given by an expert. The automated inference of decision rules is the subject 
of the works of many authors (among which are Michalski [4], Quinlan [7]). Descendants 
of these systerns improved their decision tree output, but still maintain the simple data­
in/tree-out format. 

Wong & Wong presented in [9] an inductive learning algorithm, ILS, and compared it 
favorably to those systems. In particular, they showed this to be an improvement over the 
earlier systems ofMichalski (AQll) (1978) and Quinlan (ID3) (1983), because it allowed for 
shorter descriptions (and thus shorter decision trees) based on a smaller set of attributes. 
Furthermore, the output was in the more comprehensible production mle format. ILS 
improved on the above-mentioned methods by using Rough Set theory (Pawlak, [5]), as did 
INFER (Wong & Ziarko, [10]). INFER also took advantage ofthe probabilistic information 
inherent in databases to generate probabilistic decision rules. 

The probabilistic approach allows us to retrieve some of the informat ion discardedby the 
deterministic approach by attaching a degree of certainty to probabilistic rules which would 
have not existed in the earlier, deterministic case (see also [10], [9], [6], and [12]). 

The model we propose here expands on ILS and INFER of Wong & Wong [9] and Wong & 
Ziarko [10], respectively, by generalizing and adding conditions to the system. Conditions 
introduce into the model a new form of generalizat ion, and a channel for user feedback, 
allowing for a more powerful analysis of the dataset. 

Givenaknowledgerepresentationsystem K = (OBJ,AT,E, VAL, f) as in the works above. 

We formally define conditions as family of equivalence relations {conda } aEAT defined in the 
set V ALa. Le., for each a E AT, conda ~ V ALa X V ALa, and conda is an equivalence 
relation. By conda { V) we mean {v' : (v, v') E conda }. 

Notational Remark: We willlist only pairs which define the conditions explicitly. We 
will not list pairs which assure the reflexive, symmetric, and transitive properties. 

We also generalize the notion of indiscernibility, by adding to it the notion of conditions, 
and we define, for any A ~ AT, and any family of conditions {conda } aEA, a family of binary 
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relations R(A) on OBJ as foliows: 

We will cali the identity conditions the set of conditions conda = {(v, v) : v E V ALa}. 

Notational Rem.ark: Given A ~ AT, if we define only conda for a certain attribute 
a E A, then we mean that condb for ali b -1 a, bEA, are identity conditions. 

We incorporate probability into our system by extending the models of the previously 
mentioned works. Let A be any sub set of AT. Let R( A)* = {Al> Az, •.. ,An} denote 
the partition induced by R(A) on OBJ, where Ai is an equivalence class of R(A). Let 
R(E)* = {El> E z, ••• ,E",,} (where E is the set of expert attributes) denote the partition 
induced by R(E) on OBJ, so that each element of R(E)* corresponds to one ofthe expert­
defined concepts. Given a relation R( A), and the partitions R( A)* = {Al' ... ' An} and 

R(E)* = {El>" ., Em}, we let P denote the conditional probability, P(EjIAd = P':t2S i ), 

where P(EjIAi) denotes the probability of occurrence of event Ej conditioned on event Ai. 

Given a set of equivalent objects, Ai E R(A)*, A ~ AT, we may describe those objects in 
the foliowing standard way: 

1\ (a,v), aEA 
where (a, v) are pairs such that 1(0, a) = v, for o E Ai. 

li we also have a family of conditions {conda}aEA' we define the conditioned description 
(from now on referred to simply as the description) of any equivalence class Ai E R(A)*: 

1\ (a, conda(t( o, a))). 
aEA 

We will use des(Ai) as a shorthand notation for the description. When it is not obvious 
from the context, we will use desA(Ai) to indicate the attributes from which the description 
is formed. 

Notational Rem.ark: Note that in a description, if the only condition on the value of 
an attribute is that it is equivalent to itself, then in the description we write the pair 
(attribute, value) rather than (attribute, {value}). 

We add to a knowledge representation system K conditions and conditional probabilities, 
the result is a conditional probabilistic knowledge representation system, CPK. 1. e. we 
formally define C P K, 

CPK = (K,Ap ), 

where K is the deterministic knowledge representation system and A p is the conditional 
probabilistic approximation space, 



141 

respectively. 

2.1. Learning 

Inductive learning consists of generalizat ion from a set of examples. Therefore, when given 
an example object, we generalize its description by removing superfluous ahributes from 
the description. This yields a minimal-length description, i.e. a description based on just 
enough attributes to distinguish the objects in the set from those outside it. The minimal 
length description will be the most general, as it involves the fewest attributes, and thus 
the fewest constraints. 

By the nature of CPLA, an superfluous attributes are removed, 50 that the resulting set 
of rules cont ain the minimal number of attributes required to distinguish the objects in 
the concept from those outside it (Hadjimichael & Wasilewska, [3]). The result of the 
learning process is a set of rules which together describe the concepts learned, in terms of 
generalized object descriptions, as defined above. Each rule is a mapping from a description 
to a concept. The collection of rules which an map to the same concept can be considered 
to compose the description of the concept. The goal of CPLA is to generate such rules, as 
general as possible, and thus, as few as possible, with the shortest possible descriptions. 

2.2. The Algorithms 

The Conditional Probabilistic Learning Algorithm traces its roots to the papers of Wong & 
Ziarko ([10]), Pawlak, Wong, & Ziarko ([6]), and Wong, Ziarko, & Ye ( [11]). From Wong, 
Ziarko, & Ye ( [11]) it inherits the procedural structure of the algorithm. As an extension of 
Wong and Ziarko's INFER algorithm ( [9]), it maintains the property that the out put will 
have no superfluous attributes. It takes the most from Pawlak, Wong and Ziarko's 1988 

paper [6], however, as it utilizes the entropy function suggested in their paper to calculate 
attribute dependencies, and it uses the probabilistic rules proposed in their paper, i.e. we 
define, after [6], the family of decision rules {ri,;} as: 

1. des(Ai) =::S. des(Ej) if P(EjIAd > 0.5 

2. des(Ai) =::S. NOTdes(Ej) if P(EjIAd < 0.5 

3. des(A;) =::S. unknown(Ej} if P(EjIAi} = 0.5 

where, the certainty of a rule is defined as: 
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The algorithm is: (as presented in detail in (Hadjimichael & Wasilewska, [3])) 

• Input a Conditional Probabilistic Knowledge Representation System, (K, Ap ), where 
K = (O B J, AT, E, V AL, 1) and Ap is the conditional probabilistic approximation 
space. 

• Let OBJ' = OBJ, A = </>, B = AT. 

• Repeat until O B J' = </> or B = </>. 

Loop: Find a E B such that H(R(E)*IR(A U {a} )*) is minimum for OBJ'. 

If A U {a} is statistically dependent on A, then let B f- B - {a}, goto Loop. 

Let B f- B - {a}. 

Let A f- A U {a}. 

For each Ej E R(E)* from OBJ' 

For each Ai such that P(EjIAi) = 1.0 

Output des(Ai) g des(Ej) 

Let OBJ' f- OBJ' - Ai 

• IfOBJ'=I</> 

For each Ej E R(E)* 

• End. 

For each Ai such that Ai n Ej =1 </> 

Calculate Pi,j = P(EjIAi)' 
Calculate c = max(pi,j, 1 - Pi,j). 
If Pi,j > 1 - Pi,j 
--+ Output des(A;) ~ des(Ej) 

If Pi,j < 1 - Pi,j 
--+ Output des(A;) ~ NOTdes(Ej) 

If Pi,j = 1 - Pi,j 

--+ Output des(Ai) ~ unknown(Ej). 

Of ten, a system may contain attributes whose values are irrelevant in determining the expert 
classification of the objects. These attributes are not conditionally statistically superfluous, 
but the informat ion they supply has no effect on the expert's global decision. The problem 
is one of determining which attributes contribute nothing to the expert's classification. 
There are two possible indicators. (1) Two widely separated values (assuming ordered 
values) of an attribute can be unified through conditions without decreasing the accuracy 
of the system. (2) Alt values of an attribute may be unified without loss of accuracy. These 
indicators can lead us to conclude that the attribute to which these values belong must not 
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be significant to the expert's classification, since differences in the attribute's values do not 
play a part in the final classification. 

This kind of syntactic information is extracted by the Condition Suggestion Algorithm. 
The main idea behind Condition Suggestion is the coliapsing of simila1' rules into one rule. 
Or, equivalently, the generalizat ion from a set of specific rules to a more general rule. 

To proceed with our definition of similarity, we introduce a further notational shorthand: 

DESI(Ej) 
DES2(Ej) 
DES3(Ej) 

des(Ej) 
NOTdes(Ej) 
unknown(Ej). 

So ali rules may now be denoted by: 

The principle upon which the Condition Suggestion Algorithm (CSA) is based is the idea 
of rule similarity as appears in (Hadjimichael, 1989). Specificaliy, given a conditional 
probabilistic knowledge representation system, and a set of of attributes, A ~ AT, let 
1'i,j and 1'p,q be some two rules from the family ofrules {1'i,j}: 

1'p,q : des(Ap) ~ DESr(Eq) 

(where Ai, Ap E R(A)*, Ej, Eq E R(E)*, 1 :s; k, l' :s; 3). We define a similarity relation, 
sim, as foliows: 

1'i,j sim 1'p,q iff CI = C2, j = q, k = 1'. 

However, to avoid over-generalizing, we choose as Suggested Conditions, conditions based 
on sim/. For: 1'i,j,1'p,q E {1'i,j}, 

Ti,i SÎlll' Tp,q iff CI == C2, j == q, k == r, B == C. 

We use the sim' relation to determine which rules we would like to merge together. Con­
ditions are suggested which would aid in such a merging. The procedure is described in 
[3]. 

The alhorithm is: 

• Input A family ofrules, {1'i,j}. 
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• Generate the suggested new conditions, COND' 

let COND' = ~. 

for each rule, Ti,j : desA(Ai) =S DESk(Ej) E {Ti,j} 

Search {Ti,j} for ali similar rules Tf,j : desA,(Al) ~ DESk(Ej), A = A'. Let 
D = {Ad, the set of domains of those rules. 

Update COND' with the conditions: 

conda = {(v,v'): (VoE D) (30' E D)(v = f(o, a) 1\ v' = f(o', a))}. 

output COND' . 

• End. 

3. Application 

We have applied CPLA to a voter survey data from the 1988 U.S.A. presidential election1 . 

Our analysis was concerned with: 

1. the semantic analysis of rules and conditions - What information about the election 
itself could we extract from the rules and suggested conditions? 

2. the effect of conditions on the number ofrules - How did conditions affect the number 
of rules output by CPLA? 

3. the predictive accuracy of the rules - How did the conditions affect the ability of the 
rules to classify previous unseen examples? 

Item (1) consists of an analysis of CPLA results. This is a non-standard analysis, since we 
are discussing the semantic content of the rules themselves. Items (2) and (3) are more 
traditional analyses of performance issues. 

3.1. The Data 

In the database of election survey responses, example objects were the responses of an 
individual to a set of questions. Each question is considered an attribute, and each answer, 
a value. The attributes, AT, and their corresponding values, V ALa{a E AT) are listed in 
Table 1. The expert attribute was the survey respondent's vote, in this case, George Bush 
or Michael Dukakis. 

lData acquired courtesy of Dr. Taber and Dr. Lodge, Department of Political Science, SUNY at Stony 
Brook. 
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AT VALa 

al Party Identification {1, ... ,7} 
a2 Ideological Distance from Dukakis {O, ... ,7} 
a3 Ideological Distance from Bush {O, ... ,7} 
a4 Bush Issue-distance: Government Services {O, ... ,7} 
as Bush Issue-distance: Defense Spending {O, ... ,7} 
as Bush Issue-distance: Health Insurance {O, ... ,7} 
a7 Bush Issue-distance: Standard of Living {O, ... ,7} 
as Dukakis Issue-distance: Government Services {O, ... ,7} 
a9 Dukakis Issue-distance: Defense Spending {O, ... ,7} 
alO Dukakis Issue-distance: Health Insurance {O, ... ,7} 
au Dukakis Issue-distance: Standard of Living {O, ... ,7} 
al2 Race {-l,O,l} 
al3 Sex {O,l} 
a14 Age {18, ... ,lOO} 
alS Education {1, ... ,7} 
al6 Type of Community raised in {1, ... ,7} 
an Rate Intelligence: Bush {1, ... ,7} 
alS Rate Intelligence: Dukakis {1, ... ,7} 
al9 Rate Compassion: Bush {1, ... ,7} 
a20 Rate Compassion: Dukakis {1, ... ,7} 
a2l Rate Morals: Bush {1, ... ,7} 
a22 Rate Morals: Dukakis {1, ... ,7} 
a23 Rate as Inspiring: Bush {1, ... ,7} 
a24 Rate as Inspiring: Dukakis {1, ... ,7} 
a2S Rate as Leader: Bush {1, ... ,7} 
a26 Rate as Leader: Dukakis {1, ... ,7} 
a27 Rate as Decent: Bush {1, ... ,7} 
a2S Rate as Decent: Dukakis {1, ... ,7} 
a29 Rate as Caring: Bush {1, ... ,7} 
a30 Rate as Caring: Dukakis {1, ... ,7} 

Table 1: Attributes 
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The database consists of 444 records. In order to discuss both rules generation, and predic­
tive accuracy, we randomly split the database into two parts. Two thirds of the data were 
designated as "training data," and used by CPLA to inductively generate rules. The re­
maining third was designated as "test data," and was used to measure predictive accuracy, 
as described in Section 3.5. A small portion of the database is given below. 

Objects Attributes Expert Attribute 
Respondent Party Id Ideological '" Caring: Vote 

Dist. Duk. Dukakis 
1 independent 2 ... 7 Dukakis 
2 liberal 1 ... 5 Dukakis 

444 conservative 6 ... 3 Bush 

3.2. Application Process 

In the application of CPLA to the data there were three phases: 

A: Application to the training set with all 30 attributes, and no initial conditions, l.e. 

{conda}aEAT ::= </1. 

B: Application to the training set with a1l30 attributes, and with the condition that ages 
(aI4) are grouped into intervals of 10. This was done to compensate for the fact that 
the age attribute yields a very fine partition and thus very specific rules. 

c: Application to the training set using only the four attributes selected as non-superfluous 
in phase A. Various sets of 4 attributes chosen are: 
1. party identification, age, health insurance: Dukakis, ideology: Dukakis 
(al, a14, alO, a2)' 
2. party identification, ideology: Bush, age, education (al, a3, a14, aI5)' 
3. party identification, age, government services: Bush, ideology: Dukakis 
(al,aI4,a4,a2)' 
{conda}aEAT ::= ages grouped into groups of 10 
and selected conditions suggested by CSA. 

3.3. Semantic Analysis 

From our analysis, we conclude that CPLA/CSA has done a fair job of generat ing a set of 
useful rules describing the concepts "voter for Bush" and "voter for Dukakis." We are also 
able to draw other conclusions, both about vot ing patterns, and about the relevant survey 
questions. It is interesting to note that ali these conclusions seem reasonable, and have 
been made by computer scientists. We must now compare our conclusions to an analysis 
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via standard techniques by political scientists. Such a comparison will be the subject of a 
separate paper. 

By examining features such as choice of attributes, order of attribute selection, effects of 
conditions on performance, we have been able to make the following observations: 

• Party Identijication (al)' in every trial, is always the first attribute chosen by CPLA. 
This leads to our conclusion that party affiliation is the most important deciding 
attribute. 

• Almost ali attribute value ranges were between O and 7. But when conditions elimi­
nating distinctions between O, 1, 2 and 5, 6, 7 were imposed, the performance of the 
system clid not decrease. A logical conclusion is that such distinctions are unnecessary. 

• The attributes Party Identijication, Age, and Issues (al> a14, a4 - an) were chosen 
to create the rules, while personal feelings (a17 - a30) were discarded as superflu­
ous, indicating perhaps that personal feelings were not reliable predictors of vot ing 
patterns. 

• The most frequently chosen non-superfluous attributes related to Dukakis. We might 
conclude therefore that voters were reacting to Dukakis rather that vot ing for Bush. 

• From the rules we note that personal feelings about issues (a4 - an) were often at odds 
with party affiliation, and that voters voted often according to their party affiliation, 
despite their personal feelings about issues. This also shows the importance of party 
affiliation. 

• The attribute Ideological Distance from Dukakis indicated that (1) respondents far 
from Dukakis in ideology (value of a2 ;:: 5) usually voted for Bush, and (2) respondents 
close to Dukakis in ideology (value of a2 :s 3) voted for both candidates. We might 
conclude from this that ideology was not strong enougha factor to make Dukakis 
sympathizers vote for Dukakis, implying that perhaps there were more more important 
factors involved for those voters. 

• The age attribute (a14) is important even when grouped by conditions into 10's. 
However, there was no obvious trend connecting age to voting patterns. 

3.4. Performance Issues 

Initial results show a significant decrease in the number of rules (see Table 2). The ini­
tial family of rules generated was entirely deterministic. After adding conditions, the re­
sulting rules were still ali entirely deterministic - indicating a good choice of conditions. 
Furthermore, in ali cases, approximately 85% of attributes were discarded as superfluous. 
Although in most trials the exact attributes chosen were not exactly the same, they were 
similar enough to indicate a trend. 
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attributes in non-superfluous Conditions Improvement 
Phase training set attributes found used Rules (rule reduction) 

A 30 4 none 168 -
B 30 5 by user 89 -47% 
C 4 4 by CSA&user 99 -41% 

Table 2: Rule reduction results. 

3.5. Predictive Accuracy 

Because the ultimate goal of inductive learning is to use the knowledge acquired to recognize 
(classify) previously unseen objects, we are interested in measuring this ability. Predictive 
accuracy is the standard measurement tooI. It is a measure of the "usefulness" of the rule 
family. Therefore, after CPLA generated a family of rules, we tested these rules on the test 
data to see how well they would predict the expert classification of each test object. 

Because we have begun with a well-defined formal model, we can define formally the stan­
dard notions used above: classification, and prediction. 

Object, o, satisfies ai in a rule r : desA(Aj) ===? des(Ek) if, for a pair (ai,condai(vi)) in 
desA( Aj), f( 0, ai) E condai ( Vi)). 

Object, 0, and rule, r : desA(Aj) ===? des(Ek), are an exact match if o satisfies alI ai E A. 

A rule r : desA(A j ) ===? des(Ek), classifies an object, o, into the expert class, des(Ek), if r 
is an exact match. 

Given a rule, r: desA(Aj ) ==> des(Ek), classifying o, des(Ek) is called the rule's prediction. 

A rule classifies an object, o, correctly if its prediction, for o, des(Ek), is equal to f( o, E), 
where E is the expert attribute. Otherwise, the classification is incorrect. 

Predictive accuracy of a family of rules is defined, for a test database, as the percentage of 
test objects correct1y classified by the rules. 

If there is no rule which matches an object exactly, then there is no prediction for that 
object, and the object is unclassified. 

We have dealt with the problem of unclassified objects by creating a guess.ing heuristic. 
When we use this heuristic, no test object is ever left unclassified. 

For every unclassified object, o, we determine p( o, r) for each rule, r: 

( ) number of attributes satisfied by o in rule r 
p o,r = . 

number of attributes in description of rule r 

We "guess" that object o satisfies rule r if m = max,. p( 0, r). This heuristic yields the 
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Predictive Accuracy Improvement 
Phase exact match with guessing exact match with guessing 

A 55% 77% - -

B 77% 84% 41% 9% 
C 84% 88% 52% 14% 

Table 3: Predictive Accuracy 

"closest" match of an object and description, when no exact match is available. Results 
show this to be a useful technique. 

3.6. Performance Conclusions 

Overall, for this dataset, conditions proved themselves to be useful for system optimization. 
First, they decreased the number of rules without introducing any probabilistic factors into 
the rule family. Second, they increased the predictive power of the rule family. Table 3 
shows the predictive accuracy of the rules without guessing ("exact match"), and with 
guessing. The improvement described shows the increase in predictive accuracy of tests B 
and C as compared to A, both with and without the guessing heuristic. 

A: This case obviously yields the poorest results since there has been no attempt at gener­
alization. CSA suggests (among others) conditions which in general make "highly-valued" 
scales, such as the range 1-7, into "fewer-valued" scales, such as {1, 2, 3}, {4}, {5, 6, 7}. 

B: In this case we have partitioned V ALage into groups of 10, to make that attribute yield 
a coarser partition, and thus more general rules. Immediately, more general, and therefore 
fewer, rules are generated. By making the rule family more general, we have increased the 
number of possible objects which might satisfy a rules description, and thus the number of 
correctly classified objects (and incorrect) increases, as can be seen in Table 3. 

C: In this case, with the CSA-suggested conditions, we've still decreased the number ofrules 
from A, although not as much, but we've significantly increased the predictive accuracy 
of the rules. Thus, with the "guessing" heuristic in place, we achieve a respectable 88% 
predictive accuracy (for this database). 

Thus we see that conditions have yielded a significant improvement. Conditions alone (no 
guessing) took the predictive accuracy from 55% to 84%. Furthermore, it is interesting to 
note that as conditions were added to the system, they seemed to "replace" the guessing 
algorithm. While in Phase A guessing improves accuracy by 20 percentage points, in 
Phase C guessing only yields 4 points improvement. This phenomenon can be explained 
by noting that both conditions and guessing are a form of generalization. In the first 
case, generalizat ion is by making equivalence classes of attributes, while in the second 
case generalization is by dropping a dause (somewhat arbitrarily) from the description. 
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Together, these techniques have improved predictive accuracy from 55% (exact match, no 
guessing), to 88% (conditions + guessing), a 60% improvement. 

In this study, we have also noted that CSA conditions may blur distinctions too much. 
In an attempt to merge many rules, CSA may suggest many conditions. Application of 
too many conditions leads to overgeneralization. Furthermore, rules need to be assigned 
some sort of strength, indicat ing how much evidence supports them. "Weakly" supported 
rules can confuse conclusions. Nevertheless, conditions are still necessary to make sense of 
such data. In our study conditions helped indicate the usefulness of various gradations in 
possible attribute values. 

4. Conclusion 

We have presented a probabilistic inductive leaming system built on the ILS model of Wong 
& Wong ([9]), and the INFER model of Wong & Ziarko ([10]). We have demonstrated that 
the resulting system can be effective in the inductive learning task, as well as the task of 
semantically analyzing the training database. The Conditional Probabilistic Learning AIgo­
rithm (CPLA) incorporates the concept of conditions and allows for direct user interaction 
with the Data. The Condition Suggestion Algorithm (CSA) extracts syntactic knowledge 
from the knowledge representation system and allows the user to translate it to semantic 
knowledge. This syntactic knowledge is presented as suggested conditions which generalize 
attribute values, and thus generalize decision rules. 

The application of CPLAjCSA to the 1988 D.S.A. election survey data demonstrates our 
learning system can not only result in a smaller, more efficient set of decision rules to 
describe a concept, but can also a1low a non-domain expert to extract useful semantic 
meaning from the data. 
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Abstract. In this work results of two experiments on application of rough set theory 
in land improvement sciences are included. 

1. Introduction 

It is generally known, that rational exploitation of water resources both on the micro as 
wel1 as on the macroregional scale has a fundamental effect on the level of living and 
managing the natural resources by the inhabitants of a given region. Hydrogeological and 
land improvement investments disturb in a permanent manner the natural environment and 
are very capital-intensive. The effects of erroneous investment and exploitation decisions 
are usually difficult to remove and they create many ecological hazards. 

To these belong also the hazards existing in Poland, in particular, such as: 

* pollution of drinking water as the effect of industrial contamination and plant protec­
tion agents penetration into ground waters and underflows (for instance - Siechnice 
near Wroclaw); 

* filtration of brine from mines and floating tailings into surface underflow (for instance 
- Lubin Basin); 

* degradation of large areas of cultivated land due faulty designing of drainage facilities 
(for instance the region of Greater Poland acquiring the characteristics of a steppe) 
or as a result of too close a location of open-cast mines (for instance - Belchataw and 
Konin regions). 
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Therefore, in many scientific centers research has been carried out to find suitable method­
ology, which would make it possible, in a simple way, to fonnalize or eleseribe the filtration 
and transport of ground and surface water phenomena. 

These investigations have been carried out not only in the direction of cOllstructing 
models which would allow to better describe the physical nature of these phenomena, but 
also in the one of obtaining models, which can be easily adapted for monitoring, controlling 
and computer assisting in taking an economic as well as exploitation decisions. 

This work attempts to verify the question ifby utilizing the rough set methodology [3], it 
is possible to find some basic relationships between selected input parameters of a river basin 
and a land improvement object (such as, rainfall, evaporation, air temperature, water level 
and others) and the starting (output) state described by one essential parameter (height of 
water rain off or the state of soil humidity, respectively) and thus if this methodology can 
be used to build expert systems assisting the control of the object. 

Calculations are based, on the one hand, on the measurement results carried out durillg 
100 days (from March 7, 1984 tii! June 14, 1984) at the experimentaI ri ver basin of Ciesielska 
Woda (a tributary of the Polish river Widawa) by the Institute of Land Improvement and 
Grassland of the Academy of Agriculture in Wrodaw [1] and, on tlte otlter hand, on the 
results ofmeasurements carried out in the years 1976-1979 at Piwonia Goma object (region 
of Wieprz-Krzna canal in Poland) by the Institute of Land lmprovelllent anel Grassland at 
Lublin [8]. 

2. Ciesielska Woda 

The experimental ri ver basin Ciesielska Woda is provided \Vi t li a weather station, w hich 
carries out measurement of rainfall, air temperature, wind veloci ty and direction, air hu­
midity, insolation, atmospheric pressure and evaporation. In the terminology of rough set 
theory, the measurement set can be treated as the informatioll system (see [3], [7], [6]). 

Let us consider the inform ation system constructed on the basis of measurement results, 
made in connection with the experiment (eL [1], [2], [4]): 

S = (U,Q, V, F) 

where 
U = {1, ... , IOD} is a set of objects composed of numbers assigned to succeeding measuring 
days; 
Q = {q1, q2, q3, q4, q5, q6, q7, q8} is a set of atfTibutes understood as physical quantities 
taken into account in the experiment: 

ql - wind velocity; 
q2 - evaporation; 
q3 - rainfall measured during the day of water rain off measuremellt; 
q4 - rainfall measured one day before water rain off measurement; 
q5 - rainfall measured two days before water rain off measurement; 
q6 - rainfall measured three days before water rain off measurement; 
q7 - rainfall measured four days before water rain off measurelllent; 
qs - water rain off from the river basin; 

V = U{Vq.: qi E Q}, where Vq, is the dom ain of atfTibute qi, i.e. the set of identifiers 
of classes discriminated from the measuTing Tange of possibk valups of !fi attrihute (their 
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number is the consequence of the maximum, permissible from the system user's point of 
view, indiscernibility of system states)j 
f: U x Q --+ V is the function information Le. measurement function assigning to each 
measured quantity at given day a corresponding identifier of the indiscernibility class of the 
measured results. 

The accepted, in the calculations, division of measuring ranges of particular attributes 
into classes and domain of attributes are presented in Table 1. 

TABLE 1. Division into classes of measuring ranges of the attributes 
and determination of their domains. 

Attribute Measuring range Division into Identifier Domain of attributes 

Q3,Q4 

QS,q6 
Q7[mm] 

Qs [lis] 

1-14 

0-7 

0-27 

76-103 

1-2.99 
3-5.99 
6-9.99 
10-14 

0-0.99 
1-1.49 

1.5-1.99 
2-2.99 
3-3.99 
4-4.99 
5-5.99 

6-7 

0-0.9 
1-1.9 
2-2.9 
3-3.9 
4-4.9 
5-5.9 
6-6.9 
7-9.9 

10-14.9 
15-19.9 

20-27 

76-79.9 
80-94.9 
95-103 

1 {1,2,3,4} 
2 
3 
4 

1 {1,2, ... ,8} 
2 
3 
4 
5 
6 
7 
8 

1 {1,2, ... ,11} 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 

1 {l,2,3} 
2 
3 

Distinguishing in set Q of alI attributes of the information system S one or some at­
tributes and treating them as the decision attributes, a decision table DT = (U, CuD, V, f) 
can be formed, where C is the set of condition attributes and D the distinguished set of 
decision attributes (C u D = Q). Analysis of the decision table makes it possible to find, 
in a simple manner, the decision rules and by this to build an expert system, which can be 
used for object control assistance. 
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Because in the considered case the set of experimental elata eliel Ilot promise a chance 
of building a reliable expert system (too small a number of ela.ta) for verification to what 
extent the decision attribute (in water rain off experiment) can be described by means 
of conditional attributes, there was used coefficient Îo( D*) of qu a/li y of approxim atlOn 
of D* c/assification by C and determinant {jB(D*) of a meaS1lre of sigllificallce for one 
element subsets B of set C considering this, induceel by elecision attribute, classification. 
Determinant {j B (D*) is set as a difference: 

{jB(D*) = Îc(D*) - ÎC-B(D*), Ee;. C. 

Calculation results for two decision tables: 

DTl = (U,Cl U D, V,j) 

where 
el = {ql, q2, q3 }, 

are presented in Table 2. 

and DT2 = (U, C2 uD, V, j) 

TABLE 2. Accuracy of approximation anel measure of signiflcance. 

ÎC1 (D*) Î C2(D*) E ÎC2-B(D*) oB(D*) 

0.47 0.86 {qt} 0.79 0.07 
{ q2} 0.80 0.06 
{ q3} 0.85 0.Q1 
{ q4} 0.81 0.05 
{ q5} 0.86 0.00 
{ q6} 0.83 0.0:3 
{ q7} 0.84 0.02 

3. Piwonia Garna 

The Piwonia Gorna object is a typical polder object on which water-air relations in the soil 
can be controUed by changing in a proper way the water surface level in the surrounding 
land improvement ditches. Objects of this type are characterize<l either by constant 01' long 
term excess of humidity in the zone of root layer of the meadow plants. or by long-term of 
humidity deficiency. This does not promote high crop of these plan ts. A t Piwonia Gorna 
organic soils Mt II ba, well friable, conta.ining in the layer down to :30cm from 16.9% to 
26.6% of macropores are predominating. Good capillary cond [lction is obtained due to the 
quantity of mesopores and micropores, which oscillates in the range from :38.9% to 48.8% 
of the volume for mesopores and from 20.9% to 26.9% of the volume for micropores. 

Dynamics of fiuctuation of ground water level and the water level in the drainage system 
was studied in the period from April to October during 5 years. These measurements were 
made in control weUs and on water gauges. In 1976 measurements were made once a week 
and in the remaining years three times a month, on the average. Sal1ljlles of soil formation 
were taken, counting from its surface to ground water level al the follo\\'ing elepths: 5-10 
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em, 15-20 em, 25-30 em, 35-40 em, 55-60 em, 75-80 em and 9.5-100 cm. Soil hllmidity was 
determined by the drier-weight method (per cent of soil volume). 

In the below ealculations only average humidity was taken into account, which was in the 
meteorologieal eonditions on the objects measurements carriecl ou t hy the meteorological 
station, located at the nearby place Sosnowica were utilizcd. In the illvcstigation the total 
rainfall in decade periods and average temperatures in particular clccades were taken into 
account. 

It is assumed that the optimal arrangement of water-air relations in the layer from O to 
30 cm containing the essential part of grass roots is within the limits determinecl by two 
critical humidity states: 

- state of maximal humidity at which air content is 6% of the volume, and 
- state of minimal humiclity eorresponding to the suction pressure pP 2.7, at which the 

soil humidity is approximate to the limiting level of water easily accessible for plants. 
Conducted parallel on the considered polder field and laboratory investigations showecl, 

that the best conditions for cor rect grow of plants are when the coefficicnt of soil humidity 
was in the range from 42% to 58%. Therefore the measuring raUlji of IlIe decision attribute 
(soil humidity) was divided into three classes of value with idelltifiers: 

1 - when the soil humidity is greater than 58% (too great an amount of water in soil); 
2 - when humidity coefficient is within the range from 42% to .58% (optimal conditions 

of meadow plants growth); 
3 - when humidity coefficient is smaller than 42% (too small quantities of water in soil). 
Experimental investigations concerning the discussed polcler (el'. [5]) lecl to construction 

of decision table: 

where 
the set of objects U' was limited here to numbers 1-42 scHi ni; t IlP sllCcessi ve days of 
measurements during which full information about the valul' of the sc!ected attributes 
could be taken into account; 
the set C3 consists of 6 conditional attributes: 

Pl- air temperature; 
P2- rainfall; 
P3- water level in Wieprz-Krzna Canal (WKC); 
P4- water level in diteh 12; 
Ps- water level in ditch 15; 
P6- ground water level in soil sampling site; 

the set D3 assigns one decision attribute: 
P7 - soil humidity in sampling site. 

Thus 
and ])3 = {p;}. 

Measuring ranges of particular attributes Pl ... P7. their corresponcling divisions into 
classes, identifiers of these classes and domain of these attributes are presented in Table 3. 

Because in the measuring data of soil humidity no record Iroll1 class 3 \Vas found, it was 
accepted that the domain of decision attribute P7 is only the set { 1, 2}. 
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TABLE 3. Division classes of measuring ranges of attributes 
and designat ing their domain. 

Attribute Measuring range Division into Identifier Domain of attributes 

PI [0C] 0-20 0- 4.99 1 {1,2,3,4} 
5- 9.99 2 

10-14.99 3 
15-20.00 4 

p2[mm] 0-90 0-14.99 1 {1,2,3,4,5,6} 
15-29.99 2 
30-44.99 3 
45-59.99 4 
60-74.99 5 
75-90.00 6 

P3[cm] 0-210 0-29.99 1 {l,2,:3,4,.5,6,7} 
30-59.99 2 
60-89.99 3 

90-119.99 4 
120-149.99 5 
150-179.99 6 
180-210.00 7 

P4,PS,P6 0-120 0-14.99 1 {1,2,3,4,5,6,7,8} 
[cm] 15-29.99 2 

30-44.99 3 
45-59.99 4 
60-74.99 5 
75-89.99 6 

90-104.99 7 
105-120.00 8 

P7[%] 42-71 42-57.99 2 {1,2} 
58-71.00 1 

Let us notice that classification Dj induced by decisioll attribute IJi collsists of two 
subsets U': Xl - for excessive humidity of soil and X 2 - for good humidity of soiI. For 
verification to what extent decision classes Xl and X 2 can fully or l"Oughly be character­
ized by sub set B of the set of aH conditional attributes C3 and for definillg the degree of 
completeness of our knowledge about Xl and X 2 using the conditional attributes of B we 
compute the coefficients IlB(XI ) and IlB(X2 ) of accuracy of the appl"oximatioll of Xl and 
X 2 by B, respectively. Calculation results of these coefficients as well as coefficients ţlB( Dj} 
and 'YB(Dj) of the accuracy and quality of c1assification Dj by E, respectively, are placed in 
Table 4 (ef. [5]). Any subset B of set C3 obtained by removing from it conditional attributes 
Pil' . .. Pin (ik E {1, ... ,6}) is here identified by a sequence of llumbers (-it. ... , in). 
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TABLE 4. Measures the accuracy of approximation by subset B by C3 · 

B 
Identifier JlB(X1 ) JlB(X2 ) JlB(Dj) iB(Dj) 

1.0000 1.0000 1.0000 1.0000 
(1) 1.0000 1.0000 1.0000 1.0000 
(2) 1.0000 1.0000 1.0000 1.0000 
(3) 0.7692 0.7273 0.7500 0.8571 
(4) 0.8400 0.8095 0.8261 0.9048 
(5) 1.0000 1.0000 1.0000 1.0000 
(6) 1.0000 1.0000 1.0000 1.0000 
(1,2) 0.7692 0.7273 0.7500 0.8571 
(1,3) 0.7308 0.6957 0.7143 0.8333 
(1,4) 0.8400 0.8095 0.8261 0.9048 
(1,5) 1.0000 1.0000 1.0000 1.0000 
(1,6) 1.0000 1.0000 1.0000 1.0000 
(2,3) 0.7407 0.6818 0.7143 0.8a:3:3 
(2,4) 0.8400 0.8095 0.8261 0.9048 
(2,5) 0.9167 0.9000 0.9091 0.9524 
(2,6) 0.9167 0.9000 0.9091 0.9.524 
(3,4) 0.5000 0.4444 0.47:37 0.6429 
(3,5) 0.6071 0.5600 0.5849 0.7:381 
(3,6) 0.7407 0.6818 0.7143 0.83:33 
( 4,5) 0.7308 0.6957 0.714a 0.8:33:3 
( 4,6) 0.7308 0.6957 0.714a 0.83:33 
(5,6) 1.0000 1.0000 1.0000 1.0000 
(1,2,3) 0.5455 0.3750 0.4737 0.6429 
(1,2,4) 0.5862 0.5200 0.5556 0.71·ta 
(1,2,5) 0.6786 0.6087 0.6471 0.7857 
(1,2,6) 0.7407 0.6818 0.7143 0.833:3 
(1,3,4) 0.4516 0.3929 0.4237 0 .. ')952 
(1,3,5) 0.4828 0.4643 0.4737 0.6429 
(1,3,6) 0.6552 0.5652 0.6154 0.7619 
(1,4,5) 0.6667 0.6250 0.6471 0.78.57 
(1,4,6) 0.7308 0.6957 0.7143 0.8:3aa 
(1,5,6) 0.9167 0.9000 0.9091 0.9.524 
(2,3,4) 0.4545 0.3333 0.4000 0 . .')714 
(2,3,5) 0.5172 0.4815 0.5000 0.6667 
(2,3,6) 0.6552 0.5652 0.6154 0.7619 
(2,4,5) 0.5862 0.5200 0.5.5.56 0.nt3 
(2,4,6) 0.7037 0.6522 0.6800 0.8095 
(2,5,6) 0.7692 0.7273 0.7500 0.8.571 
(3,4,5) 0.4242 0.3214 0.3770 0 .. 5476 
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TABLE 4. Cont. 

B 
Identifier !-tB(X1) !-tB(X2 ) !-tB(D'3) ÎB(D3) 

(3,4,6) 0.4688 0.3704 0.4237 0.59.52 
(3,5,6) 0.6071 0.5600 0.5849 0.7381 
( 4,5,6) 0.5714 0.5385 0.5556 0.7143 
(1,2,3,4) 0.3611 0.2069 0.292:3 0.4.524 
(1,2,3,5) 0.3514 0.1724 0.2727 0.4286 
(1,2,3,6) 0.5000 0.2500 0.4000 0.5714 
(1,2,4,5) 0.4375 0.3571 0.4000 0 .. 5714 
(1,2,4,6) 0.4688 0.3704 0.4237 0.5952 
(1,2,5,6) 0.6000 0.5000 0.5556 0.7143 
(1,3,4,5) 0.2647 0.2424 0.2537 0.4048 
(1,3,4,6) 0.4118 0.2857 0.3548 0.52:38 
(1,3,5,6) 0.4118 0.2857 0.3548 0 .. 52:38 
(1,4,5,6) 0.1143 0.1842 0.1507 0.2G19 
(2,3,4,5) 0.2778 0.1875 0.2353 0.;38LO 
(2,3,4,6) 0.3590 0.1071 0.2537 OAO-18 
(2,3,5,6) 0.4667 0.4286 0.4483 0.6190 
(2,4,5,6) 0.2703 0.1563 0.2174 0.a.571 
(3,4,5,6) 0.3611 0.2069 0.292:3 0..1524 
(2,3,4,5,6) 0.2143 0.0000 0.1200 0.21,13 
(1,3,4,5,6) 0.0000 0.0714 0.0370 o.ont 
(1,2,4,5,6) 0.0000 0.0000 0.0000 0.0000 
(1,2,3,5,6) 0.3171 0.0345 0.2000 0.a333 
(1,2,3,4,6) 0.3171 0.0345 0.2000 0.3a;13 
(1,2,3,4,5) 0.0000 0.0714 0.0370 0.0714 

Values of coefficients ÎB(D'3) or !-tB(D'3) given in Table 4 can be llsed for determination 
of the core of C3 and reducis of C3 with respect to classification D:3. Reduction of con­
ditional attributes has, as it is well known, agreat practical significance. We can reduce 
superfluous conditional attributes from DT3 using Table 4. Because tlie considered decision 
table DT3 is consistent (see Table 4: Î C3(D;) = !-tc3(D'3) = 1, hence C3 -> D3 ), the core 
of C3 as well as the reducis of C3 with respect to D'3 (see [6]), we can calculate, using two 
measures to describe inexactness of approximate classifications: tii f (/ CCU1'U cy and the qual­
ity of classification D'3. For calculation of D3 -Core of C3 we can use tlIe following property: 

these and only these attributes P E C3 , for which ÎC3-{I'} ( D3) < 1 (or PC3 -{p)( D'3) < 1) 
belong to the set. 

It is apparent, that the set {P3, P4} is D3-Core of C3. However, to ascertain that for B <; C3, 
B is D3-reduct of C3 let us avail ourselves of the criterium accorcling to which B fulfills the 
conditions: 
ÎB(D'3) = 1 (or !-tB(D;) = 1) and for every p E B ÎB-{p}(D3) < 1 (OI' ţtB_{p}(D;) < 1). 



Hence D3-reducts of C3 are the following sets: 

B(2) = {PI,P3,P4,PS,P6} , 
B(I,5) = {P2,P3,P4,PS} , 
B(I,6) = {P2,P3,P4,PS} , 
B(5,6) = {PI,P2,P3,P4} . 
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Let us note additionally, that the set B = {P2,P3,P4} on high quality coefficient 
Ci'B(D;) = 0.9524) is the minimal set. It can be found by the use of similar method 
as the minimal sets in Slowinski paper [7J. 

If, as the set of condition attributes we accept only the core {P3, P4}, i.e. the water level 
in Wieprz-Krzna Canal and ditch 12, then the lower approximation of Xl and X2 sets may 
be graphically shown, as in Fig. 1 
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Figure 1. Dependence of humidity on water level in WKC and ditch 12. Location of areas 
B, G, N, where: G area oflower approximation of Xl (appropriate humidity), B area of 

approximation of X 2 (too great humidity), N - boundary area. 

As it follows from the distribution of the lower approximation of Xl and X2 sets for the 
preservation of appropriate humidity in soil it is enough to maintain the water level in 
ditch 12, 75cm below the soiI surface. 

If we accept now the set {P2, P3, P4} as set of condition attributes, we enrich thus the 
previous model, the quality of approximation will in crease and the distribution of lower 
approximation of Xl and X2 sets will be formed as in Fig. 2. 

One can see that in order to maintain appropriate humidity in soil it is enough to retain 
the water level in ditch 12, 75cm below the soiI surface, if water level in Wieprz-Krzna 
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Canal is lower than 180cm. When the water level in Wieprz-](rzna Canal is higher, the 
water level in ditch 12 should be below 90cm. 

Rainfall = 15 mm 
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Figure 2. Dependence of humidity on water level in WKC, water level in ditch 12, and 
rainfall. Location of area on which the humidity is: B - too great, G - proper, where 

the vertical line marks the rainfalllimit = 15mm. 

4. Conclusions 

1. Authors suppose that it is possible to construct a warning system of flood danger 
based on rough sets methodology. 

2. Authors believe that an attempt at application of rough sets methodology In the 
control of water-air relation on a polder is noteworthy. 

References 

[1] Dejas, D., Reinhard, A., Stawski, B., and Weber, T. (1987) 'Optimization of Polder 
Systems' (in Polish), Report of Institute of Land and Forest Improvement, Wroc!aw 

[2] Dejas, D., Reinhard, A., Stawski, B., and Weber, T. (1988) 'Optimization of Polder 
Systems' (in Polish), Report of Institute of Land and Forest Improvement, Wroc!aw 

[3] Pawlak, Z. (1990) Rough Sets. Theoretical Aspects of Reasoning about Data, Kluwer, 
Dordrecht ,1991. 



163 

[4] Reinhard, A., Stawski, B., and Weber, T. (1989) 'Application of Rough Sets in Study 
of Water Outflow from River Basin' Bull. Pol. Ac. Se. Teehn. Se., voI. 37, No 1-2, 
97-103. 

[5] Reinhard, A., Stawski, B., Szwast, W., and Weber, T. (1989) 'An Attempt to Use 
Rough Set Theory for the Control of Water-Air Relatioll in a Given Polder', Bull. 
Pol. Ac. Se. Teehn. Se., voI. 37, No 5-6, 339-349. 

[6] Skowron, A., and Rauszer, C. (1991) 'The Discernibility M atl'ices and F-unctions in 
lnformation systems', Research Report 1/91. Institute of Computer Science, Techni­
cal University of Warsaw. 

[7] Slowinski, K. (1990) 'Application of Rough Set Theory Analysis of Duodenal Ulcer 
Treatment by Highly Selective Vagatomy and the Accute Pancreatitis by Peritoneum 
Lavage' (in Polish), Work for the Doctor habilitowany Degree, Poznall. 

[8] Szajda, J. (1980) 'Working out a Method of Irrigatioll Prognosis in Conditions of 
Shallow Ground Water Level' (in Polish), Institute of Grassland Improvement, Plant 
of Natural Basis of Land Improvement, Lublin Division, Lublin. 



Part 1 
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USE OF "ROUGH SETS" METHOD TO DRAW 
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THE CASE OF A LOW SEISMIC ACTIVITY CONTEXT, 

IN BELGIUM 
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7000 Mons, Belgium 

Abstract. The "Rough sets" method has been applied to earthquake prediction using the 
gas geochemistry. The field of application concerns the Mons basin (Belgium) with various 
geological environment, a geothermal system and a rather low seismic activity in 1987 two 
seismic sequences with events of magnitude upper than 1,5-2 have been recorded. A data 
base includes the radon concentrations in soils for eight points of measurement in different 
geologic al environments, with different climatological parameters and seismic activity. The 
"Rough sets" method has allowed to discriminate the sites with a particular sensitivity to 
a seismic event. 

1. The problem 

There is a relation between seismic risk and gases concentration in soils or ground waters. 
An abundant specialized literature exists on the subject (see an overview in Chi-Yu 

King,[4]i Charlet and al.[2], and a discussion has been of ten carried on the reasons of the 
relation. 

Among the gases more concentrated in the earth crust than in the atmosphere (ter­
restrial gases), radon is particularly interesting because it is easy to detect, due to its 
radioactivity properties. 

Radon 222 is a decay product of uranium with a half live of 3,8 days. Radon escapes 
from the geological formations by a process named emanation controlled to a large degree 
by the distribution of the stress conditions or the tectonic events (active fault in relation 
with seismic zone, ... ). For earthquake prediction one can use radon in soils or radon in 
underground waters. 

From the scientific literature about the subject one can extract the following points 
[2,4,5]: 

- many authors draw attention to a variation (often an increasing) of radon concentra­
tion and other terrestrial gases as a premonitory factor of seismic events, 
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Figure 1. Variation of radon concentration in the Tashkent basin [I1J 
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Figure 2. Radon stations in the geological environment of the Mons basin 
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- the study of the variations of the radon concentration in the Tashkent basin [11] 
has shown a typical form with a long-term anomalies, several years earlier and a 
short-term anomalies characterized by a greater increase of the radon concentrat ion 
in ground waters during the days or the hours preceeding the earthquake, first slowly 
and more suddenly just before (fig.l), 

- there doesnt't exist any correlation between the level of the gas emanation and the 
amplitude of the seism on the Richter scale, 

- its distribution around the epicenter of the earthquake is not uniformly localised, 
depending on the geological situation of the region and of the nature of the superficial 
formations; for a well-defined region some points are more relevant than others to 
measure the emanations, 

- the variations of these emanations are probably a better indicator that their absolute 
values. 

Moreover, some climatic parameters certainly infiuence the level of the gas emanation; 
but, tiU now, it is not clearly established what are the effects of these parameters. Some 
statistical analysis existing in the literature seem to prove that, for instance, the radon 
emanations increase with the humidity level and decrease when the atmospheric pressure 
level is increasing [6]. 

Nevertheless, the reality is probably not so simple: the multivariate model to explain the 
relationships between climatic parameters, nature of the underground and gas emanation 
is stiU to discover. 

To study the behaviour of a radon in natural environment, the geology laboratory 
of the FPMs undertook a survey in the Mons basin, a region characterized by various 
geological formations, a geothermal system and a seismic active zone of rather low intensity 
(to magnitude 3). 

Of course Belgium is not a very seismic active zone but it can be noted that some authors 
[1] reported radon anomalies with amplitude of about 20 % above background and durations 
of 3-8 days before some small earthquakes of magnitude 3-3,5. Moreover the Mons basin 
has been the subject of numerous studies because of the scientific interest of the geological 
series which can be found there. Presently geodynamic studies have been undertaken in 
cOllaboration with the Royal Observatory of Belgium in the frame of a common scientific 
project (relations between microseismic activity, tectonic events and gas geochemistry). 

2. The data base, a radon survey in the Mons basin (fig. 2) 

The Mons basin forms an area of strong subsidence limited by important tectonic accidents 
like the North-Artois-Shear-Zone and the Variscan front. It is therefore characterized by a 
tectonic instability which is denoted by some seismic activity (intensity 2,5 - 4,5 MSK). 

The carboniferous limestone which outcrops in the north of the basin is karstified in the 
deep zone. It is the seat of an important geothermic system worked in the central part of 
the basin (Saint-Ghislain, ... ) by drillings some thousand meters deep. Hot and rich inert 
gas springs (Beloeil - Stambruges) are probably in relation with this geothermic system. 

Moreover the geological formations are diversified and sometimes contain uraniferous 
beds which can constitute local or regional radon sources. 
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Since 1983 the geological laboratory of the Faculte Polytechnique de Mons (so-called 
GEFA) set up a system of radon emanation measuring stations in the Mons basin (with 
the contribution of a so-called project PRIME). 

The measures are made in soils with a particular type of detectors - so called "boukoal"­
using activated coal and originally developped by the laboratory GEFA (3). 

Several sites are chosen to cover the various geological environments in the specified 
region and several detectors are placed in each site. 

The sites are separated in two sets and the measures are kept every week, alternatively 
for each set, so that measures at one site are available every two weeks, with a difference 
of one week between the two sets of sites. In the same time, several climatic factors have 
been registered. 

In 1987 two seismic activity periods have been recorded by the Royal Observatory of 
Belgium : the so-called seismic sequence of Dour covers the period from January to May 
87, the one of Charleroi from September to December 1987. So 1987, is a year of seismic 
activity in comparison with 1985-1986 which one can consider as a background relating to 
seismic activity. 

Logically, the geology laboratory has been interested to use this data base to analyse if 
some factors are able to characterise the periods of seismic activity. 

3. The available knowledge table 

The initial information system [7] 

S=<U;Q=CUD; V,f> 

given by the geology laboratory contains the following data: 

. U : the set of objects 

There are 155 objects in the system. Each one corresponds to the data related to one 
week, so that the uni verse covers the measures made during three years (1985 tiU 1987) . 

. C : the set of condition attribute 

- There are 15 condition attributes. 
The eight first correspond to 8 different sites : Cl and C2 belong to the first set of 
sites, C3 tiU Cs belong to the second one. 
At each site, several "boukoal" detectors are present and a mean of measured rates 
of radon emanation is calculated on the different detectors. 

An assumption of normal distribution N( m, eJ) is made for each site and five classes are 
introduced : 

eJ eJ eJ eJ 
-oo,m-eJ[;]m-eJ, m- 3[;]m- 3' m+ 3 [;]m+ 3 , m+eJ[;]m+eJ,+oo, 

numbered from 1 to 5, respectively. 

The descriptor f( x, q) of an object x for such an attribute q takes thus its value in the 
domain Vq = {1,2,3,4,5}, indicating a very low, low, average, high, very high level of 
radon emanation for the week x on the site corresponding to q. 
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Remark 
As for technical reasons (see section 1), the measures on each site are only available every 
two weeks, the data are repeated for two successive weeks to obtain a complete information 
table (see table 1), alternatively for sites CI, C2 and C3 till C8 • 

- The conditional attributes C9 till Cl3 correspond to five climatic factors, respectively : 

C9 : the atmospheric pressure 
ClO : the sun period 
Cll : the air temperature 
Cl2 : the relative humidity 
Cl3 : the rainfall. 

The data for an object x is the mean value of an attribute on the week x; a similar 
assumption of normal distribution is made and again five classes are defined. 

For an attribute q E {C9 , ClQ, Cll, C12 , C13} the descriptor f( x, q) of an object x is again 
a value of V q = {1, 2, 3, 4, 5} indicating the level of these climatic attributes during the week 
x. 

- The two last attributes C14 and CIS indicate if there exists, or not, some frost, at the 
ground level and two centimeters below this level respectively; 

so f( x, q) = 1 case offrost 

for q E {CI4,CIS} 

Remarks 

= O otherwise 

(i) It is sufficient to keep these data at the day before the measures of the "boukoal" 
are taken. 

(ii) Probably, it must be interesting to measure the possible frost more deeply below the 
ground level, but this information is not available for these periods . 

. D : the decision attributes 

Clearly, there is an unique decision attribute related to the risk level of seismic activity. 
The geology laboratory proposed to distinguish only two classes for this attribute q: 

f(x, q) = 1 if the registered magnitude on the Richter scale is less or equal to 1.5, 
f( x, q) = 2 otherwise. 

This limit of magnitude 1.5 corresponds to the perception of some troubles by the human 
body and it is the reason of this choice. 

Nevertheless, this limit introduce a large dissymetry between the two equivalence classes 
D(1) and D(2) of reIat ion D : effectively (see table 1), the two D-elementary sets (see [7]) 
contains respectively 147 and ... 8 objects respectively: 

D(1) =1 {x E U f(x, D) = 1} 1= 147 
D(2) =1 {x E U f(x, D) = 1} 1= 8 

4. The analysis of the information system by the rough set approach 

A major difficulty to apply to this information system a classical statistical method of 
discriminant analysis - for instance like the one described in [10] - is the very low num­
ber of objects present in class D(2) : the sample of objects included in this class is not 
representative enough in the statistical meaning. 
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For this reason, we have for the first time experimented a rough set approach [7], 
applying the first version of the software proposed by R. Slowinski and J. Stefanowski [9]. 

The information table is given in annex 1 ; all the 155 objects are atoms. 

4.1. 

The main characteristics of the informat ion system described by table 1 is that the quality 
of the classification corresponding to the set C of all conditional attributes is equal to one : 

'"Yc(D) = 1, 

where D = {D(I),D(2)} is the partition of U defined by the decision attribute D. 
The decision table associated to the information system is thus consistent. 

4.2. 

The CORE( C) is empty, because RED( C) is a large and diversified family of reducts of C. 
Here is the sample of 10 possible reducts of C, those containing 4 or 5 attributes : 

Table 1. Sample of reducts 

RI = {1,2,4,5} 
R 2 = {1,2,4,6} 
R3 = {l,2,4,12} 
R4 = {2,4,5,9} 
Rs = {1,2,6,8} 
R6 = {1,2,5,6} 
R7 = {1,2,6,9} 
Rs = {1,2,3,6,10} 
R9 = {l,2,3,6,11} 
RlO = {1,2,3,6,12} 

We observe that : 

- there are always at least three attributes corresponding to sites (attributes CI tiU Cs); 
the attributes related to climatic factors play a less important role, and this is not really 
a surprise; for this reason, in the following, we will only draw our attention to the 
atrributes corresponding to sites, 

- in the set of ten interesting reducts, the sites appear with the following frequency : 

Table 2. 

Sites Frequency in the ten reducts 
2 1 
1 0.9 
6 0.7 
4 0.4 
3 0.3 
5 0.3 
8 0.1 
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4.3. 

It is interesting to determine the quality of the classification using some subsets of attributes. 
First we consider singletons : 

Table 3. 
Attribute 
Quality of approximation 

We derive from tables 2 and 3 that the two more interesting sites are 1 and 2, and after 
the sites 6, 4 and 3. 

Then, we successively examined several subsets of attributes, with two or three at­
tributes, to analyse the corresponding quality of classification (see table 4). 

Table 4. 
Sub set P Quality "(p of the approximation 

{1,2} 0.83 
{2,6} 0.74 
{2,4} 0.75 
{1,4} 0.72 
{1,6} 0.69 
{2,3} 0.69 
{l,3} 0.66 
{4,6} 0.58 
{3,6} 0.53 
{3,4} 0.52 

{l,4,6} 0.96 
{2,4,6} 0.96 
{1,2,6} 0.92 
{1,2,4} 0.90 
{1,2,3} 0.87 
{2,3,4} 0.84 
{2,3,6} 0.83 
{3,4,6} 0.82 
{1,3,4} 0.81 
{1,3,6} 0.80 

4.4 

For each reduct, it is possible to obtain a set of deterministic rules; in each case, the number 
of rules is greater or equal to 25. 
The minimum of rules are obtained respectively with : 
· reduct Rl : 25 rules, with 6 rules for class D(2) 

· reduct R5 : 26 rules, with 7 rules for class D(2) 

· reduct R2 : 27 rules, with 7 rules for class D(2) 

The deterministic rules corresponding to these three reducts are given in annex 2. 
We remark that the nine first rules, using only attributes 1 and 2, are common to the 

three situations. 
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4.5. 

Clearly the attributes 1 and 2 are of major importance for the analysis. 
Moreover we observe that the objects x classified in class n(2) always correspond to low 

values of attribute CI and high values of C2 ; effectively 

f(x,C I ) € {1,2} 'ti x € n(2) 

f(x,C2 ) € {3,4,5} 'ti x € n(2) 

This observation appears clearly from table 5, giving the distribution of the 155 objects 
- the 147 one of n(1), the 8 of n(2l- in the {1,2} - elementary sets : 

Table 5. 

C2 
1 2 3 4 5 

CI 

1 2 8 4 /. ~ 
2 10 14 ~ ~ 4 

3 6 14 4 8 2 

4 O 8 2 12 4 

5 5 6 6 4 8 

Nevertheless, there exist some objects x, classified in D(l), with the same characteristics. 

Remark 

Similary, we have mean values for attribute C3 : 

f(X,C3) € {2,3,4} 'ti x € n(2) 

4.6. 

A final interesting observation may be derived by a precise observation of the objects 
classified in the six particular elementary sets defined by the descriptors. 

{CI = 1 for i = 1,2; C2 = j for j = 3,4,5} 

Effectively almost alI the 34 objects - with only very few of exceptions - classified in 
these six elementary sets are either objects - i.e. observations at a precise week - with 
seismic activity (i.e. belonging to class n(2» or ... observations located in time, just before 
or just after these weeks; so almost an these observations are coming from the two periods 
with an anormal high level seismic activity. 

This clearly appears from table 6, in which the numbers refered to the objects of the 
information system (see annex 1). 
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Table 6. 

138, 139, 146, 147 102, 103, 104, 105 106 

144, 145 107 

126, 127, 140 111, 117, 128, 129 
148, 149, 150, 
151, 154, 108, 109, 118, 119 
156 110 

141 114, 115, 116 

So, we may suppose that the norm used to define the decision classes are not appropriate. 
A further analysis is needed : new norms of the decision attribute must be tested, 

defining, for instance, the limit between classes D(1) and D(2) as the value 1.2 or 1.3 on the 
Richter scale instead of 1.5. With such modification, we will probably have a better quality 
of approximation using the {1 ,2} - elementary sets. 

5. Conclusions 

The application of the "rough sets" method shows that the attributes 1 and 2 are the 
most important attributes for earthquake predictions in the Mons basin. These attributes 
concern two radon points of measurement situated in the Northern part of the Mons basin 
where the Paleozoic basement outcrops with the carboniferous limestone and the shales of 
the Namurian. Uraniferous beds occur in the black shales facies of the Upper Visean -lower 
Namurian (superficial radon source, Blaton, CI). Otherwise the "Beloeil - Stambruges" 
site C 2 concerns the environment of a spring in relation with the geothermal system of St 
Ghislain characterized by a deeper radon source. Besides the geological formations of the 
Northern part of the Mons basin are affected by tr;1nsversal and longitudinal faults. 

On the other hand, among the sites with a very low or nul value of the quality of 
approximation, it may be noted the Nimy site (attribute 7) situated in the tertiary sands. 

So it is quite logic that the best sites sensitive to seismic prediction are situated in the 
N orthern region. 

However, the interpretation introduces a question. U sually a seismic risk lead to an 
increase of the radon coIlcentration and thus the low radon concentration of the Blaton site 
with the possibility of a seismic risk could appear abnormal. However, a paper of Monnin 
and Seidel 1988 [7] about a theoretical study of the radon emission before an important 
geophysical event shows that a decrease of the radon emission is possible following the 
situation of the point of measure. 

According to Monnin and Siedel, radon in soils does not originate from deep zones. Its 
variations of concentration depend upon the motion of other gases from deeper origin that 
transport it. One may point out that Blaton is a site with an uraniferous anomaly situated 
near the ground surface (at about five meter deep), whereas Stambruges site is connected 
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with spring waters in relation with the geothermal system of the Mons basin and so the 
radon source is deeper. 

Finally table 6 shows very well the precursory feature of the measure of the radon 
concentration because the same elementary sets include not only the events with magnitude 
upper 1.5 but also measures situated before or after the seismic events. 

In conclusion, the "rough sets" method is really suited to discriminate the radon anoma­
lies in relation with seismic events. 
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Annex 1. The information system 

Atr. 2 3 4 5 6 7 8 9 10 11 12 13 14 15 Dr Nr ob. 
1 5 1 5 4 3 5 5 5 5 2 1 4 1 1 1 1 
2 5 2 5 4 3 5 5 5 1 1 2 5 2 1 1 1 
3 5 2 5 5 3 5 5 4 3 1 1 5 5 2 2 1 
4 5 1 5 5 3 5 5 4 4 4 1 3 1 2 2 1 
5 5 1 5 4 3 3 5 5 1 5 1 2 3 1 1 1 
6 4 2 5 4 3 3 5 5 5 5 1 2 1 1 1 1 
7 4 2 5 5 4 4 5 5 5 2 2 4 1 1 2 1 
8 5 3 5 5 4 4 5 5 4 3 3 5 2 1 2 1 
9 5 3 5 5 3 4 5 5 5 3 2 4 1 1 2 1 

10 5 4 5 5 3 4 5 5 2 3 1 4 2 1 2 1 
11 5 4 5 5 3 5 5 5 1 2 2 4 5 1 2 1 
12 5 3 5 5 3 5 5 5 3 4 4 3 4 2 2 1 
13 5 3 4 4 2 5 4 3 1 3 3 4 5 2 2 1 
14 5 1 4 4 2 5 4 3 5 4 3 4 5 2 2 1 
15 5 1 5 2 1 4 3 4 3 4 3 1 1 1 2 1 
16 5 2 5 2 1 4 3 4 3 2 3 3 3 2 2 1 
17 5 2 5 2 3 5 3 4 1 1 3 5 4 2 2 1 
18 3 1 5 2 3 5 3 4 2 3 4 3 5 2 2 1 
19 3 1 5 1 3 5 3 4 1 3 4 4 5 2 2 1 
20 3 1 5 1 3 5 3 4 3 5 5 1 1 2 2 1 
21 3 1 3 1 2 5 1 2 2 5 5 1 1 2 2 1 

22 2 2 3 1 2 5 1 2 2 3 4 2 5 2 2 1 
23 2 2 3 2 3 5 2 2 3 3 4 2 3 2 2 1 
24 4 2 3 2 3 5 2 2 3 2 4 4 4 2 2 1 
25 4 2 4 2 2 5 1 2 4 5 5 2 1 2 2 1 
26 2 1 4 2 2 5 1 2 4 4 5 2 1 2 2 1 
27 2 1 2 1 3 3 1 2 4 5 5 2 1 2 2 1 
28 3 2 2 1 3 3 1 2 4 4 5 4 2 2 2 1 
29 3 2 2 2 3 3 1 2 1 3 5 4 5 2 2 1 
30 3 2 2 2 3 3 1 2 1 4 4 2 4 2 2 1 
31 3 2 3 2 4 4 1 2 3 5 5 4 3 2 2 1 
32 3 1 3 2 4 4 1 2 3 4 5 3 1 2 2 1 
33 3 1 3 3 1 3 2 2 4 5 4 1 1 2 2 1 
34 3 2 3 3 1 3 2 2 3 3 4 3 5 2 2 1 
35 3 2 2 1 3 1 1 2 5 5 4 2 1 2 2 1 
36 1 2 2 1 3 1 1 2 4 2 4 4 1 2 2 1 
37 1 2 2 1 2 1 1 1 4 2 4 5 1 2 2 1 
38 2 1 2 1 2 1 1 1 4 5 5 1 2 2 2 1 
39 2 1 1 2 3 1 1 1 3 3 4 2 4 2 2 1 
40 2 1 1 2 3 1 1 1 5 2 3 5 1 2 2 1 
41 2 1 2 3 2 2 2 1 5 5 2 4 1 1 2 1 
42 4 3 2 3 2 2 2 1 4 2 2 4 1 2 2 1 
43 4 3 3 3 4 4 3 1 1 2 3 2 3 2 2 1 
44 5 5 3 3 4 4 3 1 3 3 2 2 1 1 2 1 

45 5 5 4 3 4 2 4 3 4 1 1 2 1 1 1 1 
46 5 5 4 3 4 2 4 3 1 2 1 5 1 1 2 1 
47 5 5 5 4 4 3 5 4 3 1 4 2 3 2 2 1 
48 4 5 5 4 4 3 5 4 4 1 2 5 5 2 2 1 
49 4 5 3 5 4 5 5 2 4 1 3 4 2 2 2 1 
50 5 5 3 5 4 5 5 2 1 2 3 4 3 2 2 1 
51 5 5 4 4 4 4 5 2 2 1 1 3 2 1 1 1 
52 5 5 4 4 4 4 5 2 2 1 1 4 5 1 2 1 
53 5 5 4 5 2 5 5 4 2 1 2 2 5 2 2 1 
54 5 3 4 5 2 5 5 4 2 2 2 4 5 2 2 1 
55 5 3 4 3 3 2 3 5 1 2 1 2 2 1 2 1 
56 4 4 4 3 3 2 3 5 2 2 1 4 1 1 1 1 
57 4 4 3 4 2 1 4 5 5 2 1 2 1 1 1 1 
58 5 4 3 4 2 1 4 5 1 2 1 1 1 1 1 
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S9 5 4 5 4 3 1 4 4 4 5 1 1 1 1 1 

60 4 4 5 4 3 1 4 4 2 2 1 4 4 2 2 
61 4 4 4 5 1 2 4 5 4 4 2 1 1 1 1 1 

62 4 4 .;. 5 1 2 4 5 :) 2 3 2 1 2 2 1 

63 4 4 1 4 1 2 3 2 1 3 2 2 5 2 2 1 

64 4 2 1 4 1 2 3 2 2 4 2 2 5 1 2 1 

65 4 2 3 1 1 2 3 4 2 1 2 5 ;: 2 2 1 
66 3 4 3 1 1 2 3 4 1 2 3 3 4 2 2 1 
67 3 4 2 2 3 4 4 3 1 4 3 1 5 2 2 1 

68 4 4 2 2 3 4 4 3 4 5 3 1 1 2 2 1 

69 4 4 2 2 1 2 2 1 2 3 4 1 1 2 2 1 
70 3 5 2 2 1 2 2 1 2 5 4 1 1 2 2 1 

71 3 5 2 2 3 3 2 2 3 5 5 1 2 2 2 1 
72 3 3 2 2 3 3 2 2 4 5 4 1 1 2 2 1 
73 3 3 2 2 4 2 2 2 2 2 4 4 5 2 2 1 
74 3 4 2 2 4 2 2 2 3 5 4 2 5 2 2 1 
75 3 4 3 2 1 3 2 4 3 5 5 3 1 2 2 1 
76 3 2 3 2 1 3 2 4 3 4 5 3 5 2 2 1 

77 3 2 2 1 1 2 1 3 4 5 5 1 1 2 2 1 

78 2 1 2 1 1 2 1 3 3 3 4 2 5 2 2 1 

79 2 1 2 2 3 2 1 2 4 4 5 3 1 2 2 1 

80 3 2 2 2 3 2 1 2 2 3 5 2 1 2 2 1 

81 3 2 1 2 2 2 1 1 3 5 5 1 1 2 2 1 

82 2 1 1 2 2 2 1 1 4 5 5 1 1 2 2 1 

83 2 1 1 1 2 1 1 1 3 2 5 3 1 2 2 1 

84 1 1 1 1 2 1 1 1 3 3 4 2 1 2 2 1 

85 1 1 1 3 3 2 1 2 1 4 4 2 3 2 2 1 

86 2 2 1 3 3 2 1 2 3 3 4 3 3 2 2 1 

87 2 2 2 3 3 1 2 2 4 5 3 2 1 2 2 1 

88 2 2 2 3 3 1 2 2 3 1 3 5 5 2 2 1 

89 2 2 3 5 1 1 2 1 4 4 4 4 1 2 2 1 

90 4 2 3 5 1 1 2 1 5 3 4 5 1 2 2 1 

91 4 2 3 2 3 3 2 1 5 2 4 4 1 2 2 1 

92 3 2 3 2 3 3 2 1 4 3 4 4 1 2 2 1 

93 3 2 2 4 4 3 4 1 1 1 3 4 5 2 2 1 

94 1 2 2 4 4 3 4 1 4 3 3 4 3 2 2 1 

95 1 2 3 4 2 2 3 3 5 1 3 5 2 2 2 1 

96 4 4 3 4 2 2 3 3 3 2 3 5 1 2 2 1 
97 4 4 3 5 4 4 3 1 3 1 3 5 5 2 2 1 

98 3 2 3 5 4 4 3 1 5 2 3 4 3 2 2 1 

99 3 2 3 5 3 4 4 3 5 2 2 5 1 2 2 1 

100 4 5 3 5 3 4 4 3 4 1 3 3 2 2 2 1 

101 4 5 3 5 3 5 5 4 2 2 2 5 5 2 2 1 

102 1 4 3 5 3 5 5 4 3 3 1 5 5 1 2 1 

103 1 4 3 3 3 5 5 3 2 1 3 5 5 2 2 1 

104 1 4 3 3 3 5 5 3 3 2 2 3 5 1 1 1 

105 1 4 3 2 2 1 4 4 3 1 1 2 1 1 1 1 

106 1 5 3 2 2 1 4 4 5 1 1 5 1 1 1 1 

107 1 5 4 3 3 2 4 2 2 1 1 5 1 1 1 2 

108 2 5 4 3 3 2 4 2 4 1 1 5 1 2 2 1 

109 2 5 3 5 2 5 5 2 1 2 2 5 4 1 2 1 

110 2 4 3 5 2 5 5 2 3 2 1 5 4 1 2 2 

111 2 4 3 4 3 2 4 5 4 4 1 3 1 1 1 1 

112 1 2 3 4 3 2 4 5 3 3 1 3 5 1 1 1 

113 1 2 2 2 2 3 3 3 4 3 1 3 1 1 1 1 

114 2 4 2 2 2 3 3 3 2 2 2 4 2 1 2 2 

115 2 4 2 1 2 2 4 4 1 1 3 5 5 2 2 2 

116 2 4 2 1 2 2 4 4 4 2 2 1 5 2 2 2 
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117 2 4 2 1 3 3 3 4 2 4 3 2 4 2 2 
118 2 5 2 1 3 3 3 4 5 2 3 3 1 2 2 
119 2 5 1 1 1 1 1 1 :5 4 3 2 1 2 2 1 
120 3 4 2 2 1 1 1 1 4 :5 4 1 1 2 2 1 
121 3 4 2 2 2 1 2 2 5 4 3 2 2 2 2 1 
122 3 3 2 2 2 1 2 2 1 3 3 1 4 2 2 1 
123 3 3 3 4 3 3 3 4 3 3 3 2 4 2 2 1 
124 4 4 3 4 3 3 3 4 3 5 4 1 1 2 2 1 
125 4 4 2 2 4 4 3 3 3 3 4 3 4 2 2 1 
126 2 3 2 2 4 4 3 3 2 4 4 2 5 2 2 1 
127 2 3 2 3 4 4 3 5 3 2 3 4 4 2 2 1 
128 2 4 2 3 4 4 3 5 4 2 4 4 5 2 2 1 
129 2 4 2 1 5 3 3 4 4 5 5 2 2 2 2 1 
130 2 2 2 1 5 3 3 4 2 5 5 1 1 2 2 1 
:31 2 2 1 1 5 2 1 2 3 5 5 1 1 2 2 1 
132 1 2 1 1 5 2 1 2 2 2 4 4 5 2 2 1 
133 1 2 2 3 5 3 3 3 3 1 4 4 5 2 2 1 
134 2 2 2 3 5 3 3 3 3 4 4 3 3 2 2 1 
135 2 2 2 1 4 3 2 2 3 4 5 1 1 2 2 1 
136 2 2 2 1 4 3 2 2 3 3 5 2 1 2 2 1 

137 2 2 1 2 5 3 3 2 1 1 4 5 5 2 2 1 
138 1 3 1 2 5 3 3 2 3 3 5 4 1 2 2 1 
139 1 3 2 2 5 3 2 2 4 3 4 4 4 2 2 1 
140 2 3 2 2 5 3 2 2 4 3 4 3 1 2 2 1 
141 2 3 2 1 4 3 1 1 2 2 5 4 1 2 2 2 
142 2 2 2 1 4 3 1 1 5 4 3 3 1 2 2 1 
143 2 2 2 3 5 3 2 2 1 1 4 4 5 2 2 1 
144 1 4 2 3 5 3 2 2 1 2 3 4 5 2 2 2 
145 1 4 3 5 5 3 3 4 2 3 4 3 4 2 2 2 
146 1 3 3 5 5 3 3 4 3 1 3 5 2 2 2 1 
147 1 3 3 4 3 3 4 4 5 3 3 5 1 2 2 1 
148 2 4 3 4 3 3 4 4 2 1 2 5 1 2 2 1 
149 2 4 3 5 5 3 5 4 4 2 3 4 5 2 2 1 
150 2 4 3 5 5 3 5 4 1 1 2 4 5 2 2 1 
151 2 4 4 4 2 1 5 5 5 4 1 5 3 1 2 1 
152 3 4 4 4 2 1 5 5 4 4 1 2 1 1 1 1 
153 3 4 4 3 4 2 5 5 1 1 1 5 1 2 2 1 
154 2 4 4 3 4 2 5 5 5 2 2 5 1 1 2 1 
155 2 4 3 5 4 1 5 4 5 1 3 3 1 2 2 1 
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Annex 2. Decision rules corresponding to three reducts 

Reduct Rl = {1,2,4,5} 

l. CI = 5 --+ d = 1 
2. CI = 4--+ d = 1 
3. CI = 3 --+ d = 1 
4. CI = 2 C2 = 2 --+ d = 1 
5. CI = 2 C2 = 1 --+ d = 1 
6. CI = 1 C2 = 2 --+ d = 1 
7. CI = 1 C2 = 1 --+ d = 1 
8. CI = 2 C2 = 5 --+ d=l 
9. CI = 1 C2 = 3 --+ d = 1 
10. CI = 1 C2 = 4 C5 = 3 --+ d = 1 
11. CI = 1 C2 = 4 C5 = 2 --+ d = 1 
12. CI = 1 C2 = 5 C5 = 2 --+ d = 1 
13. CI = 2 C2 = 4 C5 = 3 --+ d = 1 
14. CI = 2 C2 = 4 C5 = 4--+ d = 1 
15. CI = 2 C2 = 4 C5 = 5 --+ d = 1 
16. CI = 2 C2 = 3 C5 = 5 --+ d = 1 
17. CI = 2 C2 = 3 C4 = 2 C5 = 4--+ d = 1 
18. CI = 2 C2 = 3 C4 = 3 C5 = 4--+ d = 1 
19. CI = 2 C2 = 4 C4 = 4 C5 = 2 --+ d = 1 
20. CI = 1 C2 = 5 C5 = 3 --+ d=2 
21. CI = 1 C2 = 4 C5 = 5 --+ d=2 
22. CI = 2 C2 = 4 C4 = 5 C5 = 2 --+ d=2 
23. CI = 2 C2 = 4 C4 = 2 C5 = 2 --+ d=2 
24. CI = 2 C2 = 4 C4 = 1 C5 = 2 --+ d=2 
25. CI = 2 C2 = 3 C4 = 1 C5 = 4 --+ d=2 

Reduct R2 = {1,2,4,6} 

l. CI = 5 --+ d = 1 
2. CI = 4 --+ d = 1 
3. CI = 3 --+ d = 1 
4. CI = 2 C2 = 2 --+ d = 1 
5. CI = 2 C2 = 1 --+ d = 1 
6. CI = 1 C2 = 2 --+ d = 1 
7. CI = 1 C2 = 1 --+ d = 1 
8. CI = 2 C2 = 5 --+ d = 1 
9. CI = 1 C2 = 3 --+ d = 1 
10. CI = 1 C2 = 4 C4 = 2 --+ d = 1 
Il. CI = 1 C2 = 5 C4 = 2 --+ d = 1 
12. CI = 2 C2 = 4 C4 = 4 --+ d = 1 
13. CI = 2 C2 = 3 C4 = 2 --+ d = 1 
14. CI = 2 C2 = 3 C4 = 3 --+ d = 1 
15. CI = 2 C2 = 4 C4 = 3 --+ d = 1 
16. CI = 1 C2 = 4 C4 = 5 C6 = 5 --+ d = l 
17. CI = 1 C2 = 4 C4 = 3 C6 = 5 --+ d = 1 
18. CI = 2 C2 = 4 C4 = l C6 = 3 --+ d = 1 
19. CI = 2 C2 = 4 C4 = 5 C6 = 3 --+ d = 1 
20. CI = 2 C2 = 4 C4 = 5 C6 = l --+ d = 1 
21. CI = 1 C2 = 5 C4 = 3 --+ d=2 
22. CI = 2 C2 = 4 C4 = 2 --+ d=2 
23. CI = 2 C2 = 3 C4 = 1 --+ d=2 
24. CI = 2 C2 = 4 C4 = 5 C6 = 5 --+ d = 2 
25. CI = 2 C2 = 4 C4 = 1 C6 = 2 --+ d=2 
26. CI = l C2 = 4 C4 = 3 C6 = 3 --+ d=2 
27. CI = l C2 = 4 C4 = 5 C6 = 3 --+ d=2 



Reduct R 5 = {1,2,6,8} 

1. C1 = 5 --+ 
2. C1 = 4 --+ 
3. C1 = 3 --+ 
4. C1 = 2 
5. C1 = 2 
6. C1 = 1 
7. C1 = 1 
8. C1 = 2 
9. C1 = 1 
10. C1 = 1 
11. C1 = 1 
12. C1 = 2 
13. C1 = 2 
14. C1 = 2 
15. C1 = 2 
16. C1 = 1 
17. C1 = 2 
18. C1 = 2 
19. C1 = 2 
20. C1 = 1 
21. C1 = 2 
22. C1 = 2 
23. C1 = 2 
24. C1 = 1 
25. C1 = 2 
26. C1 = 1 

d = 1 
d = 1 
d = 1 
C2 = 2 --+ 
C2 = 1 --+ 
C2 = 2 --+ 
C2 = 1 --+ 
C2 = 5 --+ 
C2 = 3 --+ 
C2 = 4 
C2 = 5 
C2 = 4 
C2 = 3 
C2 = 3 
C2 = 3 
C2 = 4 
C2 = 4 
C2 = 4 
C2 = 4 
C2 = 5 
C2 = 4 
C2 = 4 
C2 = 3 
C2 = 4 
C2 = 4 
C2 = 4 

d = 1 
d = 1 
d = 1 
d = 1 
d = 1 
d = 1 
C8 = 3 --+ 
C8 = 4--+ 
C8 = 5 --+ 
C8 = 3 --+ 
C8 = 5 --+ 
C8 = 2 --+ 
C6 = 5 
C6 = 1 
C6 = 3 
C6 = 1 
C8 = 2 --+ 
C8 = 2 --+ 
C8 = 3 --+ 
C8 = 1 --+ 
C8 = 2 --+ 
C6 = 2 
C6 = 3 

d = 1 
d = 1 
d = 1 
d = 1 
d = 1 
d = 1 
C8 = 4 --+ 
C8 = 4 --+ 
C8 = 4 --+ 
C8 = 4 --+ 
d=2 
d=2 
d=2 
d=2 
d=2 
C8 = 4 --+ 
C8 = 4 --+ 

d = 1 
d = 1 
d = 1 
d = 1 

d=2 
d=2 
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Abstract. This paper is dedicated to two seemingly different problems. The first one 
concerns information systems theory and the second one is connected to logic synthesis 
methods. The common aspect in considering these problems together is the important 
task of the economic representation of data in information systems and as well as in logic 
systems. An efficient algorithm to solve the task of attributes/arguments reduction as 
well as functional decomposition of decision/truth tables is presented. In the latter case 
a new technique is suggested, which decomposes the original decision/ truth table into an 
equivalent set of subtables. Using manipulations based on both rough sets and Boolean 
algebra theory, the decision table is reduced and decomposed so as to get an efficient 
implementation. 

1. Introduction 

The aim ofthe paper is to investigate the connections between currently researched theories: 
the theory of multiple-valued Boolean functions and the theory of rough sets, particularly 
its use in information systems and logic synthesis. Both of these theories are the subject 
of intensive research due to the importance of their practical applications. In the case of 
multi-valued functions this involves the logic synthesis of VLSI circuits, in the case of rough 
sets: the analysis and synthesis of information systems. 

The two issues, until now researched independently of one another, have resulted in a 
series of computational methods, algorithms and their computer implementations, which 
possess so many similarities that it is worthwhile to investigate and apply their common 
realizations. 

An important problem in the practical application of information systems is the reduc­
tion of knowledge. This problem has been investigated from a number of points of view: 
one of them is whether the whole set of attributes is always necessary to define a given 
partition of an uni verse and the other concerns the simplification of decision tables, namely 
the reduction of condition attributes in a decision table. 

A similar problem arises in logic synthesis where circuits performance can be presented 
as truth tables which are in fact decision tables with two valued attributes, 

ISI 
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where condition attributes are in fact input variables, and decision ones are to 
represent out put variables of the circuit. In the practical application of Boolean 
algebra the key problem is to represent Boolean functions by formulas which are as 
simple as possible. One approach to this simplificat ion is to minimize the number 
of variables appearing in truth table explicitly. 

The paper begins with an overview of basic notions related in information 
systems and rough sets. Then we discuss relations between multiple-valued logic 
and decision table systems with respect to rough set model of data. Particularly it 
is shown that elimination of input variables can be easily obtained using standard 
attribute reduction process used in decis ion tables. Finally, benefits arising from 
the logic decomposition are presented. 

2. Information systems and rough sets 

An information system is a pair A = (U, A), where 

U - is a nonempty, finite set called the universe and 

A - is a nonempty, finite set of attributes i.e.each element a E A is a 
total function from U into Va, where Va is called the domain of a. 

With every sub set of attributes B ~ A, a binary relation IN D(B), called B -
indiscernibility relation, is defined as follows: 

IND(B) = {(x,y) E U2 : for every a E B, a(x) = a(y)} 

As IN D( B) is an equivalence relation and 

IND(B) = n IND(a) 
aEB 

the family of all equivalence classes of IN D( B) is usually denoted by U / IN D( B). 
Some subsets (categories) of objects in an information system cannot be ex­

pressed exactly by employing available attributes but they can be roughly defined. 

If A = (U, A) is an informat ion system, B ~ A, and X ~ U then the sets 

{x EU: [xlB ~ X} and {x EU: [xlB n X =1= 0} 

where [xlB denotes the equivalence class of IN D(B) including x, are called B-lower 
and B-upper approximation of X in A. The lower and upper approximations will 
be denoted by BX and BX, respectively. 

The set BX is the set of all elements of U which can be with certainty classified 
as elements of X, in the knowledge represented by attributes B. Set BX is the 
set of elements of U which can be possibly classified as elements of X, employing 
knowledge represented by attributes from B. 

We shall also employ the following denotation: 
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and will refer to POSB(X) as B-positive region of X. 
The positive region POSB(X) or the lower approximation of X is the collection 

of those objects which can be classified with full certainty as members of the set 
X, using classification given by IND(B). 

A special class of informat ion systems, which is of great importance in many 
applications is decision table DT. 

The decision tables are information systems with the set of attributes divided 
into two disjoint sets C and D, called respectively condition and decision attributes 
i.e. DT = (U, A, C, D). 

By C-positive region of D, denoted POS1ND(C)(IND(D)) or POSc(D) for 
simplicity we understand the set 

POSc(D) = U CX 
xEU/D 

We say that cEC is D-dispensable in C, if 

POS1ND(C)(IND(D)) = POSIND(C-{c})(IND(D)) 

otherwise c is D-indispensable in C. 
In other words c is relatively dispensable in C and c is relatively indispensable in 
C, respectively. 

If every c in C is D-indispensable, we will say that C is D-dependent (or C is 
independent with respect to D). 

The set S ~ C will be called a D-reduct of C, if and only if S is D-independent 
sub set of C and POSs(D) = POSc(D). 

The set of alI D-indispensable attributes in C will be called the D-core of C, 
and will be denoted as CORED(C). 

CORED(C) = nREDD(C) 

where REDD(C) is the family of alI D-reducts of C. 
A set D of decision attributes in a DT system T = (U, A, C, D) depends on 

a set C of condition attributes in T, in symbols C ===} D, if IND(C) ~ IND(D). 
With every x E U we associate a function dx : A --+ V, such that dx(a) = 

a( x), for every a E Cu Dj the function dx wilI be called a decision rule (in T), and 
x will be referred to as a labeI of the decision rule dx . 

If dx is a decision rule, then the restriction of dx to C, denoted dx I C, and the 
restriction of dx to D, denoted dxlD will be called conditions and decisions (actions) 
of dx , respectively. 

The decision rule is consistent (in T) if for every y i- x, dxlC = dylC implies 
dx ID = dy IDj otherwise the decision rule is inconsistent. A decision table is 
consistent if alI its decision rules are consistentj otherwise the decision table is 
inconsistent. 
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The following equivalence is important property that establishes the relation­
ship among consistency, dependency and positive region of decision attributes in a 
decision table: 

a) decision table T = (U, A, C, D) is consistent 

b) D depends on C i.e. C ====} D 

c) POSc(D) = U. 

3. Relations between multiple-valued logic and decision tables 
with respect to rough set model of data 

Let Xi be a multiple-valued variable, and Ci = {O, 1, ... , Ci - 1} be a set of values 
it may assume. A generalized Multiple-Valued Boolean function with n input, m 
output variables is defined as a mapping: 

where D = {0,1,*} represents the binary value of the function (O or 1) 1). The 
value * (don't care) at one of the outputs means that the value is unspecified, and 
a value of O or 1 will be accepted to realize this part of the function. 

Every element of the domain CI x C2 X ... X Cn is called a minterm. A listing 
of minterms with the value of the function is called a truth table. Truth tables 
do not include minterms with the function value not specified for all outputs. Set 
of minterms for which the function value is unspecified is called DC-set (Don't 
Care-set). Functions with nonempty DC -set are called partially defined. 

It is worth to note that truth tables are in fact decision tables, where condi­
tion attributes represent input variables, and decision ones are to represent output 
variables of the circuit intended to implement the function. 

Therefore truth tables may be viewed as Decision Tables T = (M, A, X, Y) 
where 
M ~ is a nonempty, finite set of objects, 
A ~ is a finite set of variables (arguments); A = X U Y, where X is a set of input 

variables and Y is a set of output variables, X n Y = 0, moreover 
a ~ is a function assigning a value of variable for every object m i.e. 

a: M --+ Va, 

where Va is a domain (set of possible values) of variable a. According to physical 
implementations we assume that the set of values of output variables Vy = {O, 1, *}. 

Applying the notion of a decision rule in the case of truth tables we shall refer 
to dx IX, and to dx IY as input and out put vectors, respectively. In this form the 

1) The assumption of binary values of outputs implies from the structure of com­
monly used P LAs i.e.multi-valued input, two-valued output P LAs [17], [19], [20], 
[21]. 
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value of potential outputs are specified for each possible combination of the inputs. 
According to the definition of Boolean function an input vector will be called a 
minterm. 

In general, any pair of minterms in a table specificat ion of Multiple-Valued 
Boolean (MV B) function may have identical values for some number of input vari­
ables. Therefore an analogous indiscernibility reiat ion as in information systems 
can be introduced. This relation, denoted IND, is associated with any subset of 
input variables as folIows: 

Let B ~ X, ml,m2 E M, 

(ml,m2) E IND(B) if and only if x(mI) = x(m2) for alI x E B. 

This means, that (mI, m2) E IN D( B) if values of arguments belonging to B 
are identical for both mI and m2. Minterms mI and m2 are said indiscernible by 
arguments from B. The indiscernibility relation is an equivalence relation on M 
and 

IND(B) = n IND(x). (1) 
xEB 

Thus, the relation IND partitions M into equivalence classes M/IND(B). Such 
partitions are of primary importance in logic synthesis [10], [11]. To simplify, we 
shall denote partition M / IN D( B) by P( B) and call such a partition as an input 
partition generated by set B. Then, the equivalent formula to those of (1) may be 
written as 

P(B) = II P(x) 
xEB 

where TI denotes the product of partitions. 

Two out put vectors, Yl and Y2, are said to be consistent if their corresponding 
entries are the same whenever they are both specified i.e. Vi E {n + 1, ... , n + m} 

The consistency relation on out put vectors is denoted as YI '" Y2. 
In general, any pair of minterms in a logic specificat ion table may have consis­

tent out put values for some number of out put variables. Thus, the relation called 
output-consistency relation and denoted as CON, can be associated with any sub­
set B of out put variables. The output-consistency relation is defined as follows: 

Let B ~ Y, p, q E M, 

p, q E CON(B) iff y(p) '" y(q) for every y E B. 

where al '" a2 if al, a2 are the same whenever are both specified. 
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A set of minterms constitutes a consistent class, if every pair of minterms in the 
set is consistent. Those classes that are not subsets of any other output-consistent 
class are called Maximal Consistent Classes (MCCs). 

Clearly, the consistency relation is not an equivalence relation on M. Hence, it 
"partitions" M into non-disjoint subsetsj but for a given CON relation there is a 
unique collection of maximal output-consistent classes of minterms. Therefore, we 
can use the same notation for out put consistency subset, i.e. PF(B), where index F 
is intended to distinguish input (IND) and out put (CON) relation. When B = Y, 
then we will denote the CON relation simply as PF. Because of non-disjointness 
of blocks of PF, relation CON will be called a rough-partition (r-partition). 

Conventions used in denoting r-partitions and their typical operators will be 
the same as in case of partitions i.e. an r-partition on a set M may be viewed as a 
collection of non-disjoint subsets of M, where the set union is M. Thus r-partition 
concepts are simple extensions of partition algebra [5], with which reader familiarity 
is assumed. 

Especially relation less or equal to holds between two r-partitions rIt and Ih 
(III ~ II2 ) ifffor every block of III in short denoted by Bi(III) there exists a B j (II2 ) 

such that Bi(III) ~ BAII2 ). 

If the III and II2 are partitions, this definit ion reduces to the conventional 
ordering relation between two partitions. 

This points out the main difference between decision tables and incompletely 
specified Boolean functions. While the equivalence classes of partitions in decision 
table systems consist of disjoint subsets, the subsets of consistent minterms may 
be overlapping. This is the reason for generalizing the typical partition description 
which in the case of Boolean functions proves to be not sufficient in depicting truth 
tables. 

To present a Boolean function F, i.e., functional dependence between outputs 
Y and inputs X, usually described by formula Y = F(X), the table specificat ion 
should be consistent. 

A logic specification table is consistent iff for every pair of row vectors rl = 
(Xl' yI), r2 = (X2, Y2), Xl = X2 implies YI '" Y2 (i.e. for every mI, m2, mI = m2 
implies F(ml) '" F(m2))' 

Example 1 

Consider partially defined, multiple-valued Boolean function F shown in 
Table 1. 

In the example: 

M={I, ... ,IO}, 

X = {XI, ... ,X6}, Y = {YI,Y2,Y3,Y4}, 

and VX1 = {O, I}, VX5 = {O, 1,2,3}. The IND relations for B = BI and B B 2 , 

where BI = {xd and B2 = {X2, X3} are as follows: 

P(BI) = {{1,6}, {2,3,4,5,7,8,9,IO}}, 



P(B2 ) {{1,3,4}, {2}, {5}, {6,9}, {7,8,10}}. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

Xl 

O 
1 
1 
1 
1 
O 
1 
1 
1 
1 

X2 X3 

1 O 
O O 
1 O 
1 O 
1 1 
O 2 
1 2 
1 2 
O 2 
1 2 

X4 X5 X6 Yl 

1 O O O 
O 1 3 O 
2 2 3 1 
2 3 3 * 
O 2 3 1 
O 2 3 * 
O 2 2 O 
O 2 3 1 
2 1 3 1 
2 3 2 O 
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Table 1 

Y2 Y3 Y4 

O O * 
O 1 * 
1 1 O 
O 1 1 
O O O 
O O * 
1 * O 

* 1 1 
O * 1 
1 * 1 

Proceeding in the same way for the output-consistency relation CON, we 
obtain the following r-partitions: 

PF(yd = {{1,2,4,6,7,10}, {3,4,5,6,8,9}} 

PF = {{1,6}, {3}, {2,4}, {5,6}, {6,9}, {4,8,9}, {7}, {10}} 

4. Elimination of input variables 

In this section the process of detection and elimination of redundant variables will 
be described using the concepts of decision systems, however appropriate simplifi­
cations caused by functional dependency features as well as the generalizat ion to 
the case of rough partition will be efficiently applied. 

An argument X E X is called dispensable in a logic specificat ion of function 
F iff P(X - {x}) :::; PF, otherwise i.e. P(X - {x}) 1:. PF, an argument is called 
indispensable (i.e., an essential variable [9]). 

The meaning of an indispensable variable is similar to that of a core attribute 
i.e. these are the most important variables. In other words, no one indispensable 
variable can be removed without destroying the consistency of the function speci­
fication. Thus, the set of all indispensable arguments will be called the core of X 
and will be denoted as CORE(X). 

In order to find the core set of arguments we have to eliminate an input variable 
and then to verify whether the corresponding partition inequality holds. A key 
theorem will be stated below to make this procedure more efficient. 
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The concept of core plays an important role in reducing the computational 
complexity relevant to the process of arguments re duct ion. 

Example 2. 

Let us characterize indispensability of arguments in the specificat ion of function 
F from Example 1. Since P(X - {xd) ~ Pp, Xl is dispensable in function F. In 
contradiction, X3 is indispensable argument, because P(X - {X3}) 1: Pp and this 
fact can be observed by inconsistency of the table specification after eliminat ing X3. 

As the reduction of arguments is of primary importance, in this section we 
reformulate this problem to apply more useful tools which are efficiently used in 
switching theory [11]. First of all we reformulate fundamental notions. 

A set B = {bl , ... , bk} ~X is called a minimal dependence set (i.e. reduct) of 
a Boolean function F iff P(B) ~ Pp, and there is no proper subset B' of B such 
that P(B') ~ Pp. 

It is evident that an indispensable input variable of function F is an argument 
of every minimal dependence set of F. 

Example 3. 

The minimal dependence sets for function of table 1 are as follows: 

1) {XI,X3,X5,X6}, 
2) {X2,X3,X5,X6}, 

From this analysis it follows that, in the case of solution 1), dispensable input 
variables are X2, X4, which means that these variables are superfluous in the defini­
tion of logic function described by Table 1, i.e.: P(XI' X3, X5, X6) ~ Pp, and no one 
proper subset of B = {Xl, X3, X5, X6} satisfies this condition. Hence, Table 1 can 
be replaced by more compact form shown in Table 2. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

Xl 

O 
1 
1 
1 
1 
O 
1 
1 
1 
1 

X3 

O 
O 
O 
O 
1 
2 
2 
2 
2 
2 

X5 X6 

O O 
1 3 
2 3 
3 3 
2 3 
2 3 
2 2 
2 3 
1 3 
3 2 

Table 2 

YI Y2 Y3 Y4 

O O O * 
O O 1 * 
1 1 1 O 

* O 1 1 
1 O O O 

* O O * 
O 1 * O 
1 * 1 1 
1 O * 1 
O 1 * 1 
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Now we introduce two basic notions, namely discernibility matrix and discerni­
bility function, which will help us ta construct an efficient algorithm for argument 
reduction process. 

Let F be a multiple-valued Boolean function and X = {XI, ... ,Xn}, M = 
{mI, ... , mt}. By Cpq , where p, q are minterms of M, such that F(p) f F(q), we 
denote a set of input variables, called discernibility set, defined as folIows: 

Cpq = {XEX: dp(x) # dq(x) forp,q = 1, ... ,tandp<q}. 

where dm (x) denotes a decision rule restricted ta the set X. 
A discernibility function !F for a function F is a Boolean function of n variables 

Xl, .•• X n defined by the conjunction of alI expressions V(Cpq ), where V(Cpq ) is the 
disjunction of alI elements of Cpq , 1 ~ P < q ~ t. 

We will describe the collection C = {CI, ... , Cr } of all Cpq sets in the form 
of the binary matrix M for which an element mij(i = 1, ... r = CARD(C),j = 
1, ... , t = CARD(X)) is defined as follows: 

mij = {1 
O 

ifXjECi 

otherwise 

Thus, the M matrix is a 0-1 matrix determined by the Cpq sets. Our gaal is 
ta select an optimal set L of arguments corresponding ta columns of M. Here a 
"column covering " L means that every row of M contains a "1" in some column 
which appears in L. More precisely, a column cover of binary matrix is defined as 
a set L of columns such that for every i : 

Covers L of M are in one-to-one correspondence with the reduced subsets of 
arguments (i.e. reducts). 

One can easily observe a strong relation between the notion of a re duct of 
function F (RED(X)) and prime implicant of the monotonic Boolean function !F, 
namely we have the following equivalence: 

{Xi" . .. ,Xip } E RED(X) iff Xi} /\ ... /\ Xi p is a prime implicant of !F. 

This remark implies that in a computation of a reduct set of a given F, one can 
apply known algorithms for computing all prime implicants for a given monotonic 
Boolean function. 

An interesting approach is based on the fact that the unate complementat ion 
is intimately related to the concept of a column cover of the binary matrix [1). 

Theorem 1 [1): Each row i of M, the binary matrix complement of M, 
corresponds to a column cover L of M, where j EL il and only if Mij = 1. 
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The rows of M include the set of aH minimal column covers of M. If M was 
minimal with respect to containment, then M would precisely represent the set of 
aH minimal column covers of M. 

Let each column of M corresponds to conjunction factor of FM, which is defined 
by the disjunction of aH Mi, where Mi is the conjunction of negative literals Xj 
corresponding to mij = l. 

To obtain discernibility function in the minimal disjunctive normal form (DN F) 
we apply the fast complementat ion algorithm of unate Boolean functions adopted 
from ESPRESSO [1]. 

The fast complementation algorithm for monotonously decreasing function FM 
is based on the Shannon expansion of FM, for simplicity denoted by F 

(2) 

where FXi' FXi are cofactors of F with respect to splitting variable Xj l.e. the 
results of substituting 1 and O for Xj in F. 

Hence applying the property of unateness i.e. FXi ~ FXi' F can be expres sed 
as 

(3) 

Thus by complementing (3) we obtain a simplified formula: 

F = XjFxi + FXi 

which is the key to a fast recursive complementat ion process. 

In order to find an efficient algorithm to complement a function we will again 
represent F as binary matrix M(F). Let there be an one-to-one correspondence 
between columns of M and variables of F. Let each row of M(F) correspond to a 
product term of M. Then 

{ 
1, 

Mij(F) = 
O, 

if in i-term there is variable of column j, 

otherwise. 

The matrix M(F) will be directly used in complementat ion algorithm. 

We illustrate the unate complementat ion algorithm with a following example. 

Let F = XIX2X4 + X3X4 + XIX2 + XIX4· Hence: 

M(F) ~ [~ 
1 O 

~1 O 1 
1 O 
O O 

In order to identify the splitting variables we choose them among the shortest 
terms in F. Here we select the second term, yielding variables X3 and X4. Since the 
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variable that appears most often in the other terms of F is X4, we decide to choose 
this one. 

Now we compute the cofactors of F with respect to the variable X4: 

FX4 = XI X2 + X3 + XIX2 + Xl, FX4 = XIX2 

[~ 
1 O 

~l M(Fx4 ) = 
O 1 M(Fx4 ) [ 1 1 O O] 
1 O 
O O 

The cofactor with respect to Xj is obtained by setting up the jth column to O, 
and the cofactor with respect to x j is obtained by excluding all the rows for which 
the jth element is equal to 1. 

In each branch of the recursion we examine the possibilities for complementa-
tion using easily computable special cases: 

a) There is a row of all O's in M(F) (empty conjunction is equal 1) 
b) M(F) is empty (empty disjunction is equal O) 
c) M(F) has only one row (apply De Morgan Law to the unique 

term). 

In our example the complement of F X4 is : F X4 = X2 + Xl 

- [O M(F x .) = 1 

FX4 must be processed further and yields: 

FX4X1 = 1 

[~ 
1 O 

~l M(Fx4X1 ) 
O 1 
1 O 
O O 

and hen ce FX4X1 O, F X4X1 X3· 

By merging these results we obtain 

1 
O 

O 
O 

FX4X1 

~] 

= X3 

M(Fx4xJ [O O 

[O O 1 O] 

M(F x4 ) = [1 O 1 O] 

and finally 

1 O] 
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We interpret the final expression as the set of reducts: {X2, X4}, {Xl, X4}, {Xl, X3}. 
This agrees with the result that can be obtained using discernibility function pro­
posed in (22). For the discernibility matrix M(F) the appropriate function fM is 
as follows: 

Hence, performing the multiplication and applying absorption law we obtain the 
same set of reducts. 

5. Logic decomposition 

It is sometimes the case that a set of Boolean functions cannot be made to fit into 
any single module designated for implementat ion. The only solution is to decompose 
the problem in such a way that the requirements can be met by a network of two 
or more devices each implementing a part of the functions. 

A similar problem arises in information systems where functionally dependent 
data can be projected out of a given DT - decision table and complete DT can 
always be recovered by means of the joining operation. This resolution is important 
to the system designer, for it allows him design freedom. He may or may not decide 
to break down a file into components, depending on possible storage savings or other 
considerations. It is important to him to be aware of the logical possibilities that 
functional dependency offers. It would be very interesting to elaborate a method of 
breaking down a DT into components, depending on possible storage savings. To 
solve this problem we adopt the decomposition technique that has been developed 
specially for logic functions. 

Basically the need for decomposition arises very naturally in the case of func­
tional dependencies. The meaning of the dependency relation is as follows: holding 
the condition C ===} D assures that if a pair of objects cannot be distinguished 
by means of attributes belonging to set C, then it cannot be distinguished by at­
tributes from set D, in other words values of attributes from Dare determined by 
values of attributes from set C. 

The intuitive meaning of this concept appears from Table 3, where the condi­
tion attributes are Xl, ... ,X6 and decision ones are YI, Y2. 

The values of decision attributes are explicitely indicated by the tuples of 
condition attributes i.e. we write D = F( C), which means D functionally depends 
on C. We see, for example, that if we take object number 1, then we have the tuple 
of decision attributes equal 10, similarly object number 4 implies decisions OI. 

Functionally dependent data (such as attributes D) can be projected out of 
a given file and complete file can always be recovered by means of the joining 
operation. 

To show the implication of the functional dependencies for data base admin­
istration consider a functional dependence, F, given in the form of a truth table 
specificat ion. The set Y of outputs can be partitioned into two disjoint subsets such 
that the input supports of the obtained components are X h and X g , respectively. 
These may be easily obtained because each out put usually depends on a different 
set of variables, whose cardinality is smaller than for the primary X set. Thus, we 
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can group the outputs into separate sets, to obtain the minimal input support sets 
X h and X g • 

Example 4. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

Xl 

1 
1 
2 
1 
1 
2 
2 
1 
1 
O 

X2 X3 

1 O 
1 O 
2 1 
O O 
O O 
2 1 
2 1 
1 O 
O O 
2 1 

Table 3 

X4 X5 X6 Yl Y2 

1 O O 1 O 
O O O 1 O 
1 2 1 O 1 
1 2 1 O 1 
2 O 1 O O 
3 3 O O 1 
2 O 1 1 O 
O O 1 O O 
3 3 O O 1 
3 3 O O 1 

Consider again the multiple-output function of Table 1. The dependence sets 
of input variables for every single-output function are as follows: 

Yl {X2, X3, X6}, {X3, X4, X6}, {X3, X5, X6}' {X2, X4, X6}, {X4, X5, X6} 
Y2 {Xl' X3, X5}, {X2, X3, X5}, {X3, X5, X6}, {X4, X5, X6} 

Y3 {Xl' X3} 
Y4 {X3, X5, X6} 

Therefore, we can determine an optimal two-block decomposition (in this case 
called parallel [11]), G = {Yl,Y4} and H = {Y2,Y3} with the input support sets 
X g = {X3,X5,X6} and Xh = {Xl,X3,X5}, respectively. 

A more complex structure is in hierarchical decomposition in which the global 
description is broken down sequentially into smaller and smaller subtables and at 
each step of the process the data associated with the attributes being resolved 
should be regenerable from the sever al data collections defined. We shall explain 
this problem using the truth table model of data. 

Let F be a multiple-valued function representing functional dependency Y = 
F(X), where X is the set of multiple-valued input variables (condition attributes) 
and Y is the set of binary out put variables (decision attributes). Let A, B be the 
subsets of X such that X = AU B and An B = 0. 

We state the decomposition problem as the following question: when can the 
functional dependency Y = F(X) be derived in two steps 
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a) G(B) = g, 

b) Y = H(A,g) 
where 9 is some fictitious, auxiliary attribute. 

Example 5. 

Consider the DT -system given in Table 3, where xl, •.. ,X6 are condition at­
tributes and YI, Y2 are decision ones. As IND(C) <:::; IND(D), D functionalIy 
depends on C i.e. alI decisions are uniquely determined by conditions. Now 
we wilI consider a possibility of deriving such functional dependency in hierar­
chical way using the tables which specify dependencies: 9 = G( X4, X5, X6) and 
F = H(XI' X2, X3, g), where 9 is the fictitious decision attribute playing the role 
of the auxiliary condition attribute. It can be easily verified that, for instance, the 
tuple of attribute values 1,1, 0,1, O, O indicates the auxiliary decision 9 = O. Thus 
joining this result with the values of attributes Xl, X2, X3, we have: 

H(XI, X2, X3, g) = (YI, Y2)' 

It is the same result as in the table specifying functional dependency F. Veri­
fying other valid objects of table F we conclude that as for alI u E U described by 
attributes Xl, ... ,X6 

H(XI' X2, X3, G(X4' X5, X6)) = F(XI"'" X6), 

so it is possible to regenerate the global table from the subtables each describing a 
different subset of attributes. 

In the above example we used a two--valued fictitious attribute. As the data 
tables are usualIy stored in computer memory we are usualIy interested in fictitious 
attributes with minimum number of values. The minimum number of values of 
fictitious attribute 9 sufficient to represent function F in the form F = H(A, G(B)) 
is equal to 

reA) = r(log2{(p(A)IPF )), 

where ')'(il) denotes the number of elements in the largest block of partition il, r( x) 
is the smallest integer equal to or larger to X and P(A)IPF denotes the quotient 
partision. 

We say that there is a simple hierarchical decomposition of F iff 

F = H(A, G(B, C)) = H(A, g) 

where G and H denote functional dependencies: G( B, C) = 9 and H (A, g) = Y. 
If in addition, C = 0, then H is called a simple disjoint decomposition of F. 

In other words we try to find a function H depending on the variables of the 
set A as well on the outputs of a function G depending on the set B U C. The 
outputs of the function H are identical with the function values of F. 

The following theorem states the sufficient condition for hierarchical decompo­
sition. 

Theorem 2: Functions G and H represent a bierarcbical decomposition of 
function F i.e. F = H(A, G(B, C)) iff tbere exists a partition ilo 2: P(B U C) 
sucb tbat 
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P(A) . IIG :::; PF (4) 

where alI the partitions are over the set of objects and the number of values of 
component G is equal to L(IIG), where L(II) denotes the number of bIocks of 
partition II. 

In the theorem partition IIG represents component G, and the product of 
partitions P(A) and IIG corresponds to H. The truth tables as well as decision 
tables of the resulting components can be easily obtained from these partitions. 

Example 6. 

Let us decompose the function F of Table 3, where the characteristic partition 
is as follows: 

PF = {{1,2,7}, {3,4,6,9,IO}, {5,8}} 

P(A) = {{1,2,8}, {3,6,7}, {4,5,9}, {IO}} 

peR) = {{l}, {3,4}, {5,7}, {6, 9, IO}, {2}, {8}} 

IIG = {{1,2,3,4,6,9,IO}, {5,7,8}} 

It can be easily verified that since P( A) . IIG :::; PF, function F is decompos­
able as F = H(XI,X2,X3, G(X4,X5,X6)), where G is one-output function ofthree 
variables. 

The truth tables of components G and H can be obtained from partitions P(A), 
IIG, and PF. Encoding the blocks of IIG respectively as O and l, we immediately 
obtain the truth table of function G; it is presented in Table 4. The truth table of 
function H can be derived by reencoding input vectors of F using an intermediate 
variable g. The truth table obtained in this way is shown in Table 5. 

Table 4 Table 5 

X4 X5 X6 9 Xl X2 X3 9 YI Y2 

l O O O l l O O l O 
l 2 l O l l O l O O 
2 O l l 2 2 l O O l 
3 3 O O 2 2 l l l O 
O O O O l O O O O l 
O O l l l O O l O O 

O 2 l O O l 
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The gain of the decomposition implies from the fact that two components (i.e. 
tables G and H) generalIy require less memory space than non-decomposed table. 
If we express the truth table's relative size as S = a 2: bi, where a - the number 
of objects, bi - the number of bits needed to represent variable Xi, we can compare 
the common size of the decomposition components with the size of the primary 
(non-decomposed table). In the above example the size Sp of primary table is 
10· 12 = 120 units and the size of decomposed tables is 6 . 6 + 8 . 6 = 84 units i.e. 
70% of the Sp. 

The main task of decomposition process is to find a subset of inputs for com­
ponent G that hierarchically connected with component H will implement function 
F i.e. to find PG = P(B U C), such that there exists IlG ~ PG that satisfies condi­
tion (4) in Theorem 2. To solve this problem, consider a sub set of primary inputs, 
D = B U C , and an m-block partition P(D) = (Bl ; B 2 ; ..• ; Bm) generated by 
this subset. 

A reIat ion of compatibility of partition blocks will be used to verify whether 
or not partition P(D) is suitable for hierarchical decomposition. 

Two blocks Bi, Bi E P(D) are compatible iff partition Ilo obtained from par­
tition P(D) by merging blocks Bi and Bi into a single block Bli satisfies condition 
(4) in Theorem 2, i.e., iff 

P(A) . Ilo ~ Pp 

A subset of n partition blocks, B = {Biu B i2 , ... , Bin }, where Bij E P(D), 
is a class of compatible blocks for partition P(D) iff alI blocks in Bare pairwise 
compatible. 

A compatible class is called Maximal Compatible Class (MCC) iff it cannot 
be contained in any other compatible class. 

If we can form suitable MCCs of blocks, we can merge them into a singular 
block to obtain partition IlG such that 

P(A) . IlG ~ Pp (5) 

where partition IlG represents function G, and the product of partitions P(A) and 
IlG corresponds to function H. The truth table description of these functions can 
be easily obtained from the partitions. 

Example 7. 

Let for function F described by the folIowing partitions on M = {1, ... , 15} 

Pl {{1, ... , 7}, {8, ... , 15}} 

P2 = {{1, 2, 3,13,14, 15}, {4, ... , 12}} 

P3 {{1, 2, 3, 7, 8, 9,13,14, 15}, {4, 5, 6,10,11, 12}} 

P4 {{1, 4, 5, 7, 8,10, 13}, {2, 3, 6, 9,11,12,14, 15}} 

P5 {{1,3,4,6, ... ,10,12,15}, {2,5,11,13,14}} 

Pp = {{1,9,14}, {5,7,8,13}, {2,6,12}, {4,11}, {3,10,15}} 
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sets AandB areasfollows: A = {X3,X4},B = {XI,X2,X5}. Thenforthequotient 
partition 

P(A)IPF = {{1}, {7,8, 13}; {9, 14}, {2}, {3,15}; {la}, {5}, {4}; {6, 12}, {ll}} 

and if the blocks of 

PG = {{1,3}, {2}, {4, 6, 7}, {5}, {8, 9, la, 12}, {ll}, {13, 14}, {15}} 

are denoted BI' ... ,B8, we obtain the corresponding MCCs 

MCC1 = {B4,B6,Bd, 

MCC2 = {BI,B4,B6,Bs}, 

MCC3 = {B2,B4,B6}, 

MCC4 = {B3, Bs}, 

MCC5 = {B3 , B7}, 

MCC6 = {B2, B3}' 

MCC7 = {B5, B7 }. 

To obtain IIG the minimum cover of compatible classes must be found i.e. 

the set MCC = {MCCi1, ... , MCCi,} with minimum cardinality such that 

MCCi, U··· U MCCi, = {B I , ... , B s }. For the above obtained MCCs one of 

feasible minimal covers is {{BI, B4, B6, Bs}, {B2, B3}, {B5, B 7 }}. 

ThusilG = {{1,3,5,ll,15}, {2,4,6,7}, {8,9,10,12,13,14}}. 

It is easy to verify that P( A) . IIG .::; PF, and therefore 

F = H(X3, X4, G(XI, X2, X5)). 

7. Conclusions 

Designing of logic circuits is driven by tremendous demand of industry for more pow­
erfull design tools. This paper has demonstrated that advanced algorithms applied 
in rough set theory can apparently become extremely useful in solving problems 
typical for logic designing [1], [3], [13], [23]. From this implies the idea of mutual 
realizat ion of CAD system which could be useful for both these problems. Such 
a system has been implemented by the authors in a case of attributes/arguments 
reduction and the results we have obtained so far fully confirm the efficiency of the 
applied algorithms [12]. 

The logic decomposition algorithms presented in this paper have been also 
appied in supporting the logic synthesis system PLATO [ll]. 



198 

References 

[1] Brayton R.K,Hachtel G.D.,McMullen C.T., Sangiovanni-Vincentelli A. (1984) 
Logic Minimization Algorithms for VLSI Synthesis. Kluwer Academic PubI. 

[2] Brown F.M., (1990). Boolean Reasoning. The Logic of Boolean Equations. 
Kluwer Academic PubI. 

[3] Fang K, W6jcik A.S., (1988). Modular Decomposition of Combinational 
Multiple-Valued Circuits.IEEE Trans.on Computers, voI 37,No.lO, 1293-1301 

[4] Grzymala-Busse J.W. and Pawlak Z.,(1984).On Some Subset of the Partition 
Set. Fundamenta Informaticae VII.3, 483-488. 

[5] Hartmanis J. and Stearns R.E.,(1966). Algebraic Structure Theory of Sequen­
tiaI M achines. Prentice-HalI. 

[6] Hurley R.B.,(1983). Decision Tables in Software Engineering. Van Nostrand 
Reinhold Company, New York. 

[7] Jasinski K, Luba T., Kalinowski J.,(1989). Parallel Decomposition in Logic 
Synthesis. Proc.15th European Solid-State Circuits Conf., 113-116. 

[8] Jasinski K, Luba T., Kalinowski J.,(1991). CAD Tools for PLD Implementa­
tion of ASICs. Proc. of Second Eurochip Workshop on VLSI Design Training, 
Grenoble, 225-230. 

[9] Luba T., (1986). A Uniform Method of Boolean Function Decomposition. 
Rozprawy Elektrotechniczne (Journal of the Polish Academy of Science), No.4, 
1041-1054. 

[10] Luba T., Kalinowski J., Jasinski K, Krasniewski A., (1991). Combining Serial 
Decomposition with Topological Partitioning for Effective Multi-Level PLA 
Implementations. In Logic and A rchitecture Synthesis, P.Michel and G .Saucier 
(Editors), Eisevier Science Publishers B.V. (North-Holland). 

[11] Luba T., Kalinowski J., Jasinski K, (1991). PLATO: A CAD Tool for Logic 
Synthesis Based on Decomposition. Proc. of European Conference on Design 
A utomation, 65-69. 

[12] Luba T., Janowski J., Rybnik J., (1991). Relations Between Multiple-Valued 
Logic and Decision Logic with Respect to Rough Set Theory Semantic. Re­
search Report, Institute of Teclecommunications.No.39. 

[13] Luba T., Markowski M.A., Zbierzchowski B., (1992). Logic Decomposition for 
Programmable Gate Arrays. Proc. of Euro-ASIC'92, Paris (to appear). 

[14] McCluskey E.J., (1986). Logic Design Principles. With Emphasis on Testable 
Semicustom Circuits. Prentice-Hall. 

[15] Pawlak Z., (1983).Informations Systems. Theoretical Foundations.(in Polish) 
WNT. 

[16] Pawlak Z., (1991). Rough Sets. Theoretical Aspects of Reasoning about Data. 
Kluwer Academic Publishers. 

[17] Rudell R.L, Sangiovanni-Vincentelli A.,(1987). Multiple-Valued Minimization 
for PLA Optimization. IEEE Transactions on Computer-Aided Design. 



199 

[18] Rybnik J.,(1990). Minimizations of Partially Defined Switching Functions Us­
ing Rough Sets Theory. Manuscript. 

[19] Sasao T.,(1989). On the Optimal Design of MultipleValued PLA's. IEEE 
Trans. on Computers, Vo1.38, No.4, 582~592. 

[20] Sasao T.,(1988). Multiple~Valued Logic and Optimization of Programmable 
Logic Arrays. Computer. 

[21] Sasao T.,(1984). Input Variable Assignment and Out put Phase Optimization 
of PLA's. IEEE Transactions on Computers. 

[22] Skowron A. and Rauszer C., (1991). The Discernibility Matrices and Functions 
in Information Systems. ICS Report., Institute of Computer Science.l. 

[23] Varma D., Trachtenberg E.A.,(1989). Design Automation Tools for Efficient 
Implementation of Logic Functions by Decomposition. IEEE Trans. on CAD 
8, No.8, 901~916. 



Part II 

COMPARISON WITH RELATED METHODOLOGIES 



Part II 
Chapter 1 

PUTTING ROUGH SETS AND FUZZY SETS 
TOGETHER* 
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Universiti Paul Sabatier 
31062 Toulouse, France 

Abstract. In this paper we argue that fuzzy sets and rough sets aim to different purposes 
and that it is more natural to try to combine the two models of uncertainty (vagueness for 
fuzzy sets and coarseness for rough sets) in order to get a more accurate account of imperfect 
information. First, the upper and lower approximations of a fuzzy set are defined, when the 
uni verse of discourse of a fuzzy sets is coarsened by means of an equivalence relation. We 
then come close to Caianiello's C-calculus. Shafer's concept of coarsened belief functions 
also belongs to the same line of thought and is reviewed here. Another idea is to turn the 
equivalence reIat ion relation into a fuzzy similarity relation, for a more expressive modeling 
of coarseness. New results on the representation of similarity relations by means of a fuzzy 
partition of fuzzy clusters of more or less indiscernible points are surveyed. The properties 
of upper and lower approximations of fuzzy sets by similarity relations are thoroughly 
studied. Lastly the potential usefulness of the fuzzy rough set notions for logical inference 
in the presence of both fuzzy predicates and graded indiscernibility is indicated. Especially 
fuzzy rough sets may provide a nice semantic background for modallogic involving fuzzy 
modalities and/or fuzzy sentences. 

1. Introduction 

The contemporary concern about knowledge representation and information systems has 
put forward useful extensions of elementary set theory such as fuzzy sets (Zadeh (1965)) 
and rough sets (Pawlak (1982)), among others. In this paper we pursue an investigation 
around these two notions in order to lay bare their respective specificity, instead of turning 
them into rival theories (e.g. Pawlak (1985)). Basically, rough sets embody the idea of 
indiscernibility between objects in a set, while fuzzy sets model the ill-definition of the 
boundary of a sub-class of this set. Rough sets are a calculus of partitions, while fuzzy 
sets are a continuous generalization of set-characteristic functions. Marrying both notions 
leads to consider rough approximations of fuzzy sets, but also approximations of sets by 
means of (fuzzy) similarity relations or fuzzy partitions. These hybrid notions come up in 
a natural way when a linguistic category, denoting a set of objects, must be approximated 
in terms of already existing labels, or when the indiscernibility reIat ion between objects no 
Ion ger obeys the ideallaws of equivalence and is a matter of degree. Moreover, the attempt 
to mix up vagueness and approximation leads us to bring together past works developed 
independently of rough sets, and of ten before them, but based on the same ideas. 

* This paper draws from and continues a previous article by the authors, entitled "Rough fuzzy 
sets and fuzzy rough sets", that appeared in the Int.J .of General Systems in 1990. 
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The first section contains basic definitions of rough sets and fuzzy sets and points out the 
contrast between the intended purposes of the two notions. Section two defines upper and lower 
approximations of fuzzy sets and belief functions, and bridges the gap with Caianiello's C-calculus 
(Caianiello (1973». It is indicated that under a different terminology, Shafer (1976) has used the 
same model as Pawlak in the theory of evidence, i.e. a calculus of partitions.Section three 
generalizes rough sets by weakening the concept of equivalence into similarity (Zadeh (1971», as 
suggested in a previous paper (Farifias del Cerro and Prade (1986». The rough set idea then 
comes close to well-known concems in mathematical taxonomy and approximation theory. This 
section equivalently builds fuzzy rough sets from fuzzy partitions. Relevant results on fuzzy 
partitions defined as fuzzy quotient sets of similarity relations are recalled. Basic properties of 
fuzzy rough sets are investigated. A last technical section briefly recalls some links between rough 
sets and modallogic, and reviews some worlcs that have introduced fuzzy sets in these constructs. 
In the conclusion, some research directions are surveyed. 

2. Rough Sets and Fuzzy Sets Two Different Topics 

2.1. ROUGH SETS 

Let X be a set, and R be an equivalence relation on X (i.e. reflexive, symmetric and transitive). Let 
X/R denote the quotient set of equivalence classes, which form a partition in X. X/R is a coarsened 
version of X ; elementary parts of X/R are usually coarser than the ones of X, and denoted X 1, 
X2, ... , Xi, .... The cardinality of X/R is thus generally smaller than that of X (except if Ris the 
equality on X). An equivalence relation is the simplest model one can think of to represent the fact 
that, in X, it is not possible to distinguish some elements from others. x R y then means : x is too 
close (or too similar) to y so that both elements are indiscemible. 

Examples 

1. Measurement scale X = [0,2.5] is a human size scale between O and 2.5 meters, that allows for 
infinite precision. In practice, only millimeters can be measured, i.e. X/R is a set of adjacent 
intervals, whose representatives are of the form n/1000 with O S; n S; 2500, n integer. 
x R (n/lOOO) means that x can be rounded by n/1000, x R y means that x and y are rounded by 
the same number of millimeters. In usual communication between individuals on this matter, 
the implicit representation of this scale is even coarser : only centimeters (or inches) make 
sense. Indiscemibility also occurs in decision theory, when the respective ratings of two 
potential decisions are too close to ensure that one of these decisions is strictly preferred to the 
other (Roy (1985». 

2. Infonnation system X is a set of item identifiers (objects), 8t. is a set of attributes a, Va the set 

{a(x) I x E X} of attribute values for attribute a. The equivalence relation Ris defined by x R Y 

if and only if Va E 8t., a(x) = a(y). [x]R denotes the class of objects which have the same 

description as x in terms of attributes in 8t.. This example is given by Pawlak (1984). 
3. Image processing X is a rectangle screen, i.e. a Cartesian product [O,a] x [O,b], X/R is a 

discretization grid into pixels, [(x,y)]R being the pixel that contains a point (x,y) in X. This is 
the 2-dimensional version of example 1. 
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Let S be a subset of X. The main question addressed by rough sets (pawlak (1982)) is : how ta 
represent S by means of X/R ? Denote [x]R the equivalence class of x E X. A rough set is a pair of 
subsets R*(S) and R*(S) of X/R that approach as close as possible S from outside and inside 
respectively : 

R*(S) = {[x]R I [x]R () S * 0, X E X} 

R*(S) = {[x]R I [x]R !;; S, x E X} 

(1) 

(2) 

R *(S) (resp. : R*(S)) is called the upper (resp. : lower) approximation of S by R. R *(S) contains 
R*(S). When R*(S) Ţ. R*(S), it means that due to the indiscemibility of elements in X, S cannot 
be perfect1y described. More precisely, the set difference R*(S) - R*(S) is a rough (imprecise) 
description of the boundary of S by means of "granules" of X/R. 

These notions are actually older than Pawlak's paper. They were already introduced by Shafer 
(1976) in his book (chapter 6), where coarsenings and refinements of a frame of discernment are 
introduced. A frame of discernment is a set of altematives perceived as distinct answers to a 
question. Coarsening a frame of discernment X comes down to clustering elements and build a 
partition. Refinement is the converse operation, i.e. distinguishing sub-altematives corresponding 
to single elements. In other words X/R is a coarsening of X, and X is a refinement of X/R. 
Following Shafer, let us denote ro the mapping that, for any subset of X/R, computes its 

refinement in X. Namely ifXi E X/R, 

co(Xi) = {x I Xi is the name of the equivalence class [x]R} (3) 

and for A c X/R, 
(4) 

It is important to distinguish between Xi, an element ofX/R, and ro(Xi), a subset ofX. R*(S) and 
R*(S) are respectively called outer and inner reductions by Shafer (1976). Viewing Xi as the name 

of an equivalence class, ro(Xi) can be viewed as the extension of Xi, and will be termed so in the 
following, by analogy with logic. 

2.2. FUZZY SETS 

A fuzzy set (Zadeh (1965» F of X is defined by a mapping IJ.F : X -+ L where Lis an ordered set 
ofmembership values (often a complete lattice, at least) and lJ.p(x) is the degree ofmembership of 
x in F. L = [0,1] generally ; L = {O, 1} in the case of usual sets. Allowing for partial membership 
intends to account for the ill-definition ofthe extension ofthe predicate named F. 

Examples (continued) 

1. Measurement scale : Rounding off sizes to millimeters does not always allow to distinguish 
between people whose size is close to within one millimeter, i.e. if S = {1.71815, 1.71816}, 
R*(S) = [1.718]R but R*(S) = 0. Contrastedly the set of taU sizes is fuzzy because (especially 
when expressed in millimeters) some sizes are compatible with taU to a degree that may be 
different from total compatibility and total incompatibility. Generally the more refined the 
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scale, the more likely linguisticalIy relevant subsets will be fuzzy. Vagueness lies in the subset 
F denoted by "talI" while indiscemibility is a property of the referential itself, as perceived by 
some observer, not of its subsets. The model of "tall" can be more or less refined by 
modification of the set L of membership values. 

2. Information systems : Fuzziness in information systems often lies in the formulation of queries 
that describe subsets of relevant objects by a flexible specification of admissible attribute 
values.Then the set of retrieved objects is fuzzy (e.g. Tahani (1977». Moreover the presence 
of ill-described objects in a data base can be expressed in terms of possibility distributions on 
the set Va of attribute values ; these possibility distributions are modelled by fuzzy sets, 
following Zadeh (1978). For instance, alI we know about x is that its size a(x) is "about 2 
meters", with the underlying assumption that a(x) is in [1.8,2.2] and the most plausible value 
is 2. If a user is interested in "tall objects", the response ofthe information system may consist 
of two (fuzzy) sets of relevant objects : the set of certainly relevant objects, and the (larger) set 
of possibly relevant objects (prade and Testemale (1984». These two sets are nested ; the 
corresponding pair is calIed a twofold fuzzy set (Dubois and Prade (1987». Its existence is 
due to the presence of (vague) incomplete information in the data base, but not to the 
indiscemibility of objects. The idea of indiscemibility in fuzzy data bases is at the heart of the 
approach proposed by Buckles and Petry (1982) where a fuzzy relation models, on each 
attribute dom ain, to what extent two attribute values are interchangeable ; see (Prade and 
Testemale (1987» for a comparative discussion between this latter approach and vague 
incomplete information data bases. 

3. Image 12rocessing : given a subset S of the screen defined by the contour of an object, various 
approximations R *(S) and R*(S) of this subset can be obtained by modifying the graininess of 
the discretized picture. However generally, objects on a screen appear rather like fuzzy sets of 
the screen, due to grey 1evels. The object can be made more or less fuzzy by acting on the 
number of grey levels, i.e. contrast modification. Number of allowed levels of grey n 1 and 
number of pixels n2 in the screen are almost unrelated parameters (only n 1 ~ n2 must hold in 
the picture). 

It should be clear from the above examples that rough sets and fuzzy sets are not meant to play 
the same role in knowledge representation problems. As a consequence they are not rival theories 
but capture two distinct aspects of imperfection in knowledge : indiscemibility and vagueness, that 
may be simultaneously present in a given application. It is then natural to combine these notions, 
rather than compare them from a formal point ofview. 

Of course, it may be tempting to identify the boundary of a rough set as containing borderline 
elements and then decree that the upper and lower approximations of a set S can be viewed 
respectively as the support (i.e., elements with positive membership) and the core (i.e., elements 
with complete membership) of a fuzzy set F(S) defined on X/R. Then, as suggested by Pawlak 
(1985), elements in the boundary can have membership value .5. This idea is further extended by 
Wong and Ziarko (1985) (see also Pawlak et al. (1988» who suggest to use the conditional 
probability P(S I ro(Xi» to evaluate the degree of membership IlF(S)(Xi). However these views 
can be but partialIy in agreement with fuzzy set theory since they impose severe restrictions on the 
choice of fuzzy set-theoretic connectives (see Wygralak (1989) for the three-valued logic approach, 
and Wong and Ziarko (1985) for the probabilistic view). 
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3. Upper and Lower Approximations of Generalized Sets 

3.1. APPROXlMATIONS OF FUZZY SETS 

Let X be a set, R be an equivalence relation on X and P be a fuzzy set in X. The upper and lower 
approximations R*(F) and R*(F) of a fuzzy set P by R are fuzzy sets of X/R with membership 
functions defined by 

J.l.R*(F)(Xi) = sup{J.l.p(x) I m(Xi) =[x]R] 

J.l.R*(F)(Xi) = inf{J.l.p(x) I m(Xi) =[x]R} 

(5) 

(6) 

where J.l.R *(F)(Xi) (resp. : J.l.R*(F)(Xi» is the degree of membership of Xi in R *(F) (resp. : 

R*(F). (R*(F), R*(F) is called a rough fuzzy set. These expressions derive from possibility 

theory (Zadeh (1978), Dubois and Prade (1988» ; (5) (resp. : (6» is the degree of possibility 
(resp. : necessity) ofthe fuzzy event P, based on the (crisp) possibility distribution defined from 
the characteristic function of ro(Xi)' To see it, note that the fuzzy extensions ro(R*(F» and 

ro(R*(F) can be defined via the extension principle (Zadeh (1965», as : 

J.I.ro(R*(F)(x) = J.l.R*(F)(Xi) = ITi(F), \;f x e ro(Xi) 

J.I.ro(R*(F)(x) = J.l.R*(F)(Xi) = Ni(F), \;f x e ro(Xi) 

(7) 

(8) 

where ITi (resp. Ni) is the possibility (resp. necessity) measure whose distribution is J.l.ro(Xi) 

hereafter denoted 7ti, i.e. ITi(F) = sUPx min(7ti(x), J.l.p(x» ; Ni(F) = infx max(1-1tj(x), J.l.p(x» 

(see Dubois and Prade (1988) for instance). Note that 1tj is a crisp possibility distribution, i.e. 

7ti(x) e {O,I}, and x e m(Xi) is equivalent to ro(Xi) = [x]R and to 1tj(x) = 1 ; this is why (5) and 
(6) are the same as (7) and (8). 

The extension of roCA) of a fuzzy set A of X/R is defined by 

roCA) is a fuzzy set with constant membership on the equivalence classes ofR. These fuzzy sets are 
unaltered by the equivalence relation, as shown now : 

Proposition 1 : A fuzzy set H on X is equal to its upper or lower approximations if and only if H is 
constant on the equivalence classes of R. 

frQQf: Let x e Xi and J.l.H(x) = hi' \;f x e Xi' Then 

J.I.ro(R*(H)(x) = J.l.R*(H)(Xi) 

= sUPxe Xi J.l.H(x) = hi = J.l.H(x) 

= infxe Xi J.l.H(x) = J.l.ro(R*(H)(x). 
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Conversely, if ffi(R*(H» = H then V X() E Xi, J.l.H(x) = SUPxE X· J.l.H(xO) = hi. And the same for 
1 

R*(H). Q.E.D. 

The following properties of upper and lower approximations still hold for rough fuzzy sets : 

PrQPOsition 2 

ffi(R*(F) k F k ro(R*(F) 

R*(F u G) = R*(F) uR*(G) 

R*(F (\ G) = R*(F) (\ R*(G) 

R *(F (\ G) k R *(F) (\ R *(G) 

R*(F u G) ~ R*(F) u R*(G) 

R*(F) = R*(F) 

R*(ffi(R*(F)) = R*(ffi(R*(F)) = R*(F) 

R*(ffi(R*(F)) = R*(ro(R*(F)) = R*(F) 

where the fuzzy set union, intersection, complementation and inclusion are defined by (Zadeh 
(1965» : 

J.l.FuG(X) = max(J.l.p(x), J.l.G(x» 

J.l.FnG(x) = min(J.l.p(x), J.l.G(x» 

J.l.F<x) = 1- J.l.p(x). 

F k G <=> Vx, J.l.F(x) ~ J.l.G(x) 

Proof : The reason why the two last equalities hold is that if H is a fuzzy set with constant 
membership on equivalence classes (as are ro(R*(F» and ro(R*(F)), then R*(H) = R*(H) = H, 
and Proposition 1 applies. Q.E.D. 

Letting mi = infXE Xi J.l.p(x) and Mi = SUPXE Xi J.l.F(x) for any fuzzy set F in X, then it is easy to 

check that 

J.l.ro(R*(F)CX) = Li=l,n Mi . J.l.ro(Xi)(X) = sup{J.l.p(y) I x R y} 

J.l.ffi(R*(F»(x) = Li=l,n mi· J.l.ro(Xi)(x) = inf{J.l.P(y) I x R y}. 

3.2 THE LINK WITH C-CALCULUS 

If we apply (7) and (8) to a fuzzy set of the real line such as "tan" in example 1, we obtain for 

J.l.ro(R*(F» and J.l.ro(R*(F» piecewise constant functions that are used in integration theory ta 

bracket the integral of J.l.F by means of Darboux sums. Moreover the two last equations of Section 

3.1 are basic equations of C-calculus (Caianiello (1973), (1987». A composite set or C-set is a 
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triple (x,m,M) where X = {X 1, ... , Xn} correspond to a partition of X, and m, M are mappings 

X -+ [0,1] such that 

v X E X, m(x) = Lmi . Jlro(Xi)(x) = mi ifx E ro(Xi) 

V x E X, M(x) = LMi . Jlro(Xlx) = Mi ifx E ro(Xi) 

(9) 

(10) 

where ° S; mi S; Mi S; 1, V i = I,n. Every function f: X ~ [0,1] defines a composite set, letting 

mi = inf{f(x) I x E ro(Xi)} and Mi = sup{f(x) I x E ro(Xi)}' C1early these equations are (5) and (6) 

where XIR = X, and f = IJ.F is the membership function of a fuzzy set. The links between fuzzy 
sets and C-calculus were pointed out in the first paper on C-calculus (Caianiello (1973» and more 
recent1y by Caianiello and Ventre (1984) and by Gisolfi (1992). But it is c1ear that aC-set is 
nothing but a rough fuzzy set, Le., a more general and, by the way, earliernotion than a rough set. 

A basic operation in C-calculus is C-product (Caianiello and Ventre (1985». Given two C-sets 

(x,m,M) and (X' ,m' ,M'), aC-set is obtained, say (X" ,m" ,M") such that X" = (ro(Xi) Iî 

ro(XJ) I Xi E X, X'j E x'}' m" = min(m,m'), M" = max(M,M). Howeverthe two latter relations, 
expressing a fuzzy set intersection and union respectively, do not give exact result for the rough 

fuzzy set, defined using X" ; indeed, ifm and M are defined from f as well as m' and M', only the 
following inequalities hold 

min(mi,IDJ) S; inf{f(x) I x E ro(Xi) Iî ro(X'j)} 

S; sup{f(x) I x E ro(Xi) Iî ro(X'j)} S; max(Mi,M'j) (11) 

It is interesting to notice that the main applications of C-calcu1us are in image processing, Le. in 
the setting of example 3. However C-product of rough sets make sense in example 2. If Ra and Rb 
denote the equivalence relations defined on X by attributes a and b respectively, the refined 
equivalence relation Rab defined on X by both attributes correspond to the partition obtained by 
intersecting the equivalence classes for attribute a and attribute b, Le. a C-product. In terms of 
rough sets, (11) writes (pawlak (1984» : 

(12) 

3.3. APPROXlMA TIONS OF RANOOM SETS 

In Shafer (1976)'s book, chap. 6, preliminary results are given about coarsening and refinement of 
belief functions. The author assumes that a belief function is defined on XIR and computes its 
refinement on X. Conversely, given a belief function on X, Shafer computes its coarsening on 
XIR. This worl<. is pursued in Shafer et al. (1987). A belief function on X is defined by a finite set 
ff of non-empty subsets to which positive masses p(S), S E ff are allocated, so that LS p(S) = L 

When ff contains only a family of nested sets, the belief function is called consonant and is a 
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necessity measure in the sense ofpossibility theory (Dubois and Prade (1988» i.e. the random set 
(fF,p) is equivalent to a fuzzy set F with 

'V x E X, ~F(x) = r XE S p(S) (13) 

~F is caIled the contourfunction of (fF,p) by Shafer (1976), even when (fF,p) is not consonant. 

In the consonant case, the equivalence between (fF,p) and F via (13) comes from the fact that fF is 
the set oflevel-cuts ofF, i.e. fF = {F(XI (X E (O,l]) with F(X = (x I ~F(x) ~ (X} ; the 1-cut, caIled 

the core of F, is not empty because fF does not contain the empty set. 
Coarsening X using an equivalence relation R leads to introduce upper and lower 

approximations of (fF,p), say (R*(fF),p*), (R*(fF),p*) on XIR, with 

R*(fF) = (R*(S) I S E fF} ; p*(A) = r (p(S) I A = R*(S)} 

R*(fF) = (R*(S) I S E fF} ; p*(A) = r (p(S) I A = R*(S)} 

(14-15) generalize (1-2) into what can be caIled "rough random sets". 

(14) 

(15) 

The consistency of the rough random sets and the rough fuzzy sets (i.e. the equivalence 
between (14-15) and (5-6» is easily achieved if we invert (13). Starting from a fuzzy set F on a 
finite set X,letting (Xl = 1 ~ (X2 ~ ... ~ (Xk be the set ofpositive membership grades, the random 
set equivalent to F is defined by (Dubois and Prade (1988» 

fFF = {F<Xj' i = 1,k} 

PF<F<Xj) = <Xj - <Xj+1 

with <Xk + 1 = O, by convention. We moreover need the following : 

IEQf: See Dubois and Prade (1990). 

Now the following result becomes easy (Dubois and Prade (1990» : 

For instance R*(F) <=> (fFR*(F),PR*(F» <=> (R*(fF F),PF*) using the lemma. Indeed 

fFR*(F) = (R*(F)(X, li = l,k} = (R*(F(X.) I i = l,k}. As for the masses, pp(R*(F(X.» = 
1 1 1 

PR*(F)«R*(F)<Xj) = PF(F(Xi) = (Xi - (Xi+1' Now if R*(F(Xi) = R*(F(Xi+1) for some i, then 

fFR*(F) wou1d contain possibly non-distinct sets. Allowing for non-distinct focal sets is a matter 
of convention and does not affect the equation (13) that produces the membership function. 
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3.4. APPROXIMATIONS OF BELIEF FUNCTIONS 

Another way of proceeding is to project the belief and plausibility functions from X to X/R 
direct1y. Let Bel and PI be two set-functions defined on 2X, built from (;'F,p), as follows : 

Bel(S) = LT:Tf;S p(T) (belieffunction) 

PI(S) = LT:TIîS ;t0 p(T) (plausibility function). 

Then defme BelR and PIR on 2XIR as BeIR(A) = Bel(<O(A» ; PIR (A) = PI(<O(A», V A k XIR. Let 

Bel* and Bel* on 2XIR derive from (R*(;'F),p*) and (R*(;'F),p*) respectively. It is easy to see that 
BelR = Bel*. Indeed, 

V A E 2X1R, Bel*(A) = LB:BkA p*(B) = LS:R*(S)kA P(S) = LS:Sk<O(A) P(S) = Bel(<O(A» 

since R*(S) k A is equivalent to S k <O(R*(<O(A») = <O(A). Similarly, PI* = PIR 

The effect of coarsening X by means of R can be analyzed on X itself. Namely, noticing that 
the belief function is defined by means of the set inclusion, the presence of R leads to four possible 
definitions of inclus ion of a subset T in a subset S, when only their upper and lower 

approximations are discemed : R*(T) ~ R*(S) ; R*(T) ~ R*(S), R*(T) ~ R*(S), R*(T) k R*(S), 

respectively denoted *k*, *~*, *~*, *~*. Their strength compares as follows 

T *~* S implies T *~* S which implies T *k* S 

T *~* S implies T *~* S which implies T *k* S 

(16) 

(17) 

These concepts, that may be cal1ed "rough implications", can be compared with the usual 

implication. Namely *k* is stronger than ~, and ~ is stronger than the three others. *k* and *~* 

do not compare. Based on these implications four definitions of a rough belief function are 
obtained on 2X 

Bel**(S) = LT*~*S p(T) 

Bel**(S) = LT*~*S p(T) 

Bel**(S) = LT*~*S p(T) 

Bel**(S) = LT*~*S p(T) 

Notice the following equivalences : T *~* S <=> T ~ ro(R*(S» and T *~* S <=> T ~ ro(R*(S». 

They can be justified by the identities R*(ro(R*(S») = R*(S), R*(ro(R*(S» = R*(S) and the 

inclusion T k ro(R*(T). As a consequence 

Bel**(S) = Bel*(R*(S» 

= Bel(<O(R*(S») 

Bel**(S) = Bel*(R*(S» 

= Bel(ro(R*(S») (18) 
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i.e. Bel** and Bel** derive from the belief function Bel* = BelR with underlying random set 

(R *(fF),p*). 
Dubois and Prade (1985) study the concept of upper and lower belief function induced by a 

multiple-valued mapping. If Q and Q' are two sets, r a mapping from Q to 2Q ' - 0, Bel a belief 
function on Q, and A' a subset of Q', two set functions Ubel and Lbel can be defined on Q' as 
follows 

UbeI(A') = Bel({ro E Q I r(ro) n A'"*" 0}) (upperbelieffunction) 

Lbel(A') = Bel( {ro E Q I r(ro) ~ A'}) (lower belief function) 

It is nothing than iterating Dempster (1967)'s construction of belief functions from probability 
spaces. It can be proved that Lbel :s; Ubel and that Lbel is still a belief function while Ubel is not, 
generally. As a consequence, it is easy to figure out that 

• Bel** is the lower belief function induced by Bel* from X/R to X by means of the multiple­

valued mapping ro that associates to each Xi the equivalence c1ass [x]R such that co(Xi) = [x]R 

• Bel** is the upperbelieffunction induced by Bel* in the same way. 

This is obvious noticing that R*(S) = {Xi I ro(Xi) n S "*" 0} and R*(S) = {Xi I ro(Xi) ~ S}. 
Moreover the set-function Bel** is a belief function on 2X, while Bel** is not in spite of the 
misleading appearance of (18). The random set equivalent to Bel** has focal elements 

{ro(R*(S» I S E fF}, and the mass allocated to ro(R*(S» is p*(R*(S», Bel** derives from the 

extension of (R *(fF), p*). To see it just remember the identity between Bel R and Bel* on X/R, 

that is based on the equivalence between T ~ ro(R*(S» and ro(R*(1) ~ S, so that 

Bel**(S) = LT~ro(R*(S» p(T) 

= Lro(R*(T»~S p(T) 

= Lro(A)~S p*(A). 

from (18) 

These properties of Bel** have been studied by Shafer et al. (1987), where Bel** is called the 
"coarsening" of Bel, moreover Shafer et al. (1987) notice that 

Bel**(S) = max{Bel(T) I T ~ S, T = ro(A) for some A ~ X/R} (19) 

a relation that is obvious from (18). Similarly 

Bel**(S) =min{Bel(1) I S ~T, T = ro(A) for some A ~ X/R} (20) 

since ro(R *(S» is the smallest subset containing S and being the extension of a subset of X/R. But 

Bel** is generally not a belief function on 2X. 
A similar analysis can be carried out for the lower approximation of (fF ,p), and it can be 

checked that Bel**(S) = Bel*(R*(S» and Bel**(S) = Bel*(R*(S». See Dubois and Prade (1990) 
for details. Especially Bel** is still a belief function. 
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Now remembering the relationship between the various "rough" inclusions we obtain the 
following inequalities : 

Bel**(S) :;;; Bel(S):;;; Bel**(S) 
Bel**(S) ~ Bel**(S) ~ Bel(S) 

The first one is also clear from (19-20) which indicate a tight bracketing. However there is no 
inequalities between Bel** and Bel**, generally. The interest ofthe latter inequality lies in the fact 
that Bel** is a belief function that may act as an upper bound to Bel, so that Bel can be bracketted 
by two belief functions namely Bel** (from below) and Bel** (from above) that correspond to the 

upper and lower approximations of (fF,p) and are a generalization of rough fuzzy sets. This result 
extends Lemmas 11 and 12 of Shafer et al. (1987) that only consider Bel** as an approximation of 
Bel on X due to R. He never considers Bel**. Of course dual results can be obtained for the 

plausibility function since Bel(S) = 1 - PI(S). 

4. Approximation of Sets with Graded Similarity Relations 

4.1. FUZZY SIMILARITY RELATIONS AND FUZZY EQUIV ALENCE CLASSES 

Another extension of rough sets consists in equipping X with a proximity relation, Le. a fuzzy set 

R on X2 such that ~R(x,x) = 1 (reflexivity), ~R(x,y) = ~R(Y'x) (symmetry) and a *-transitivity 
property of the form 

(21) 

for some operation * satisfying a * b :;;; min(a,b). Zadeh (1971) has introduced such relations. 
They generalize equivalence relations in the sense that the core of R, Le. {(x,y) I ~R (x,y) = 1} is 

an equivalence relation. Examples of admissible transitivity axioms are obtained for * = min 

(Zadeh's similarity relations), * = product, * = Tm (a Tm b = max(O, a + b - 1)), see Bezdek and 

Harris (1978). Particularly 1 - ~R is an ultrametric distance for * = min, and satisfies the usual 

triangle inequality for * = Tm. Trillas and Valverde (1984), (1985) have assumed * is a triangular 
norm (Schweizer and Sklar (1983)), Le a non-decreasing semi-group ofthe unit interval with unity 
1, that subsumes the three basic operations. We thus get close to the numerous worlcs devoted to 
approximation in metric-like spaces, a brief survey of which is in Farifias del Cerro and Prade 
(1986). 

A simple way to get a fuzzy relation satisfying (21) with * = Tm is to start with n classical 
equivalence relations R 1, ... , Rn on X and to define (Bezdek and Harris (1978)) 

(22) 

where Lai = 1 and ai > O, Vi. When the Ri are nested (Rl ~ R2 ~ ... ~ Rn), R satisfies (21) 

with * = min. When X has cardinality more than 3, Tm-transitivity is more general than convex 
decomposability into equivalence classes. However the problem of finding a criterion to determine 
if a Tm-transitive proximity decomposes into (22) is still unsolved, except for min-transitive ones 
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for which the Rj's are the (nested) level cuts of R, i.e. ({RA I x RA Y {:::} IlR(x,y) ~ Al I 

A E [O,l]} (Zadeh (1971». More insight into this problem has been recently provided by Kitainik 
(1991). 

Another interesting problem is to define the counterpart of equivalence classes for 
*-transitive proximity relations. In fact that is a basic problem in taxonomy. Following Zadeh 
(1971) we can define the fuzzy c1ass [x]R of elements c10se to x by 

(23) 

This definition coincides with the one ofusual equivalence c1asses when R is a non-fuzzy relation. 
Hohle (1988) has proposed a definition of what shou1d be a fuzzy equivalence c1ass Xi by means 
of three axioms : 

i) 

ii) 

iii) 

Ilx- is normalized, i.e. 3x, IlX'(x) = 1 
1 1 

IlX/X) * IlR(x,y) $IlXi(Y) 

IlXi(x) * IlXi(y) $IlR(x,y) 

i) correspond to the requirement that an equivalence c1ass be not empty ; ii) requires that elements 
in the neighborhood of y should be in the equivalence c1ass of y. Lastly, iii) states that R should 
contain the Cartesian product (here in the sense of *) of any equivalence c1ass by itself; in other 
words any two elements in Xi are related via R. Note that axiom ii) can be expressed under the 
form 

where I!X'®R(y) = sUPx IlX'(x) * IlR(x,y) acts as a matrix-vector product. Due to reflexivity of 
1 1 

R, the property Xi !;;; Xi ® R always hold so that ii) expresses that Xi is an eigen fuzzy set of R 

(Sanchez (1978) in the algebra (max, *». The following facts are easy to establish. 

Lemma 2: A fuzzy set [x]R as in (23) is a fuzzy equivalence c1ass. 

Proof: Reflexivity of R ensures that [x]R is normalized. ii) and iii) both reduce to the *­
transitivity, provided that we account for the symmetry of R. 

Q.E.D. 

Lemma 3 : For any normal fuzzy set F, F ® R is an eigenvector ofR. 

Proof: (F ® R) ® R = F ® (R ® R) = F ® R due to transitivity and reflexivity ofR. Q.E.D. 

Lemma 4: IfXi and XJ' are two equivalence c1asses such that I!X·(x) = I!x'(x) = 1 for some 
1 J 

x E X, then Xi = Xj. 
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Proof (inspired by Hohle (1988)) : Let z e X 

P-XJ'(z) = P-X'(z) * sUPxe X P-X'(x) * P-X'(x) J 1 1 
(since Xi is normalized) 

= SUPxe X P-X(Z) * P-X'(X) * P-X(X) J 1 1 

:s; SUPxe X P-R(X,Z) * P-X/X) (due to axiom iii) 

= P-Xi(Z) 

since Xi is an eigen fuzzy set; by symmetry we conclude that Xi = Xj- Q.E.D. 

Particularly, if Xi ~ Xj then Xi = Xj- In other words the set of fuzzy equivalence classes cannot be 
ordered via fuzzy set inclusion. So far we have proved that the set of fuzzy equivalence classes 

contain the fuzzy sets {[xlR I x e X} (aU members ofthis family are not necessarily distinct) and 
no fuzzy subsets ofthese fuzzy sets. We conclude by the last result: 

Lemma 5 : Assume that F is a normalized fuzzy set such that:$ x e X, F ~ [xlR- Then F is not a 

fuzzy equivalence class of R. 

Proof: By assumption, "Ix, 3y, P-R(x,y) < P-F(y). Let x such that P-F(x) = 1. Then for some y, 

P-R(x,y) < P-F(y) = p-P(y) * P-F(x). Hence axiom iii) is violated. Q.E.D. 

What has been proved is that a fuzzy equivalence class can neither be strict1y included in some 
[xlR, but at the same time should be included in some [xlR. To conclude 

Proposition 4 : The set of fuzzy equivalence classes in the sense of Hohle is the set {[xlR, x e X}, 

for any *-transitive similarity relation. 

If XI ... Xn are the distinct fuzzy equivalence classes, we even have that R is the fuzzy union of 

the fuzzy Cartesian products Xi x Xi in the sense of the triangu1ar norm *. Indeed 

P-Ui=l,n XixX/x,y) = maxi=l,n P-Xi(x) * P-Xi(Y) 

= maxze X P-R(x,z) * P-R(y,z) since Vi, 3z, Xi = [zlR 
= P-R(x,y) 

through symmetry and *-transitivity. Note that Hohle (1988) works in a more general setting 
where reflexivity of R is changed into weaker properties, equality in X is itself changed into a 
special similarity relation, and the unit interval is changed into a more abstract algebraic structure. 

Since the notion of fuzzy quotient set is well-defined, the fuzzy equivalence classes [xlR aUow 

for an extension of rough sets to account for graded indistinguishibility. But the set X/R is now a 
collection of fuzzy sets that makes a "fuzzy partition" of X. However note that if the core R 1 of R 

is a very fine equivalence relation, i.e. such that x * y => [xlR 1 * [YlRI' then [xlR * [YlR as well 
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so that XIR = {[xlR I x E X} contains as many elements as X. This problem motivated Hohle's 

investigations. However, the specialization ofhis results to the unit interval and *-transitive fuzzy 
relations tums out to exact1y correspond to Zadeh's original proposal for fuzzy equivalence 
classes. 

4.2. FUZZY PARTITIONS 

A more direct way of obtaining a fuzzy coarsening is to start with a family cI> of normal fuzzy sets 

of X, say FI, F2, ... , Fn' with n < IXI generally. cI> is supposed to cover X sufficient1y, i.e. 

(24) 

Moreover, a disjointness property between the Fj's can be requested, e.g. 

Vi,j, sUPx min(I1p.(x), 11P.(x» < 1 
1 J 

(25) 

This is the weakest possible view of a fuzzy partition ; in the literature (e.g. Bezdek (1981» a 
stronger definition is often adopted i.e. 

However it is not requested here. FI, ... , Fn play the role of fuzzy equivalence classes of a 

similarity relation, e.g. cI> = {[xlR I x E X}. This situation often occurs when a measurement scale 

X is shared into a few linguistic categories, e.g. [0,2.5] m. shared into fuzzy sets which mean 

"short", "medium-sizecf', "talt", "very taU', .... In that case the term set cI> = {FI, ... , Fn} plays 

the role of the quotient set XIR. The problem of deriving a fuzzy partition from a fuzzy similarity 
relation is solved by (23). Indeed XIR satisfies (24) and (25) : the fuzzy union of the [x]R is 

exact1y X: (24) holds and its left-hand side is 1. Moreover if [x]R Ţ. [y]R then lz, I1R(x,z) = 

I1R(y,z) = 1 hence (25) holds too. 

The converse problem i.e. given a family of fuzzy sets on X that represents clusters of similar 
elements, find the underlying relation has been solved by Valverde (1985). Namely given a 

triangular norm (Schweizer and Sklar (1983» * on [0,1], let => be a multiple-valued implication 

that derives from * by residuation, i.e. 

a=>b=sup{XE [O,I]la*x~b} 

Note that a => b = 1 as soon as a ~ b, and 1 => b = b. Let FI, ... , Fn be fuzzy sets on X. Then the 

fuzzy relation R defined by 

I1R(X,y) = mini-l n (max(I1p.(x), 11p.(y» => min(I1p.(x), 11p.(y») 
- , I I I I 

(26) 
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is a max- * transitive similarity relation. Moreover if the family of fuzzy sets is X/R = 

{[xlR Ix E X}, then (26) applied to this family produces R again. 

However if we start with any family {FI. F2 ....• Fn} of fuzzy sets on X. the relation R is 

defined on1y up to the choice of the transitivity property (via the choice of *). and X/R "* 
{FI. F2 •...• Fn} generally. Hence the problem is to select the operation * that produces a fuzzy 

quotient set XIR that is as close as possible to {F 1. F2. . ..• F n}. See L6pez de Mantaras and 

Valverde (1988) on this topic. 
The application of (26) to the 3 basic kinds of transitive similarity relation gives : 

- max-min transitivity 

IJ.R(x.y) = mini:IJ.p-(x)"*IJ.P-(Y) min(j.J.F/x).IJ.Fi(Y)) 
1 1 

= 1 otherwise 

- max-product transitivity (Ovchinnikov (1982)) 

"R(x.y) - .. .'IlFi(X) IlFi(Y)) 
t"' -mml=l.n ml ()' () 

IlFi Y IlFi x 

- max-linear transitivity 

The basic reason why we recover R when synthetizing a *-transitive fuzzy relation from its fuzzy 
quotient set using (26) is that it comes down to solve the relational equation (with symmetric and 
reflexive relations R) derived from the transitivity property. This property can be viewed as 

acknowledging R as a solution to R ® T ~ R. The equation R ® T ~ R is equivalent to 

T ~ R ®~ R where ® is the max-* matrix composition and ®~ is the min-~ matrix 
composition. after results by Sanchez (1976) and Pedrycz (1985). Moreover R is also a solution to 
T ® R k R. so that T ~ (R ®~ R)-l (where for a fuzzy relation S. IJ.s-I(x.y) = IJ.S(y,x)). As a 

consequence 
T~T* = (R ®~R)-1 (") (R®~R) 

where (") translates into min. Le. 

IJ.T*(x.y) = min(minz (IJ.R(x.z) ~ IJ.R(z.y)). minz' (IJ.R(Y.z') ~ IJ.R(z'.x))) 

= minZ<min(IJ.R(x,z) ~ IJ.R(y,z), IJ.R(y,z) ~ IJ.R(x,z))) 

(because, R is symmetric, and due to the properties of min). 

= minz(max(IJ.R(x,z), IJ.R(y,z)) ~ min(IJ.R(y,z), IJ.R(x,z))) 

since min(a ~ b, c ~ b) = max(a,c) ~ b 

min(a ~ b, a ~ c) = a ~ min(b,c) (see Di Nola et al. (1989)) 
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By construction R !:;;;; T*. Letting z = x in the expression of IlT*. leads to T* !:;;;; R. due to 
reflexivityand symmetry ofR. (26) is thus completely justified by the identity T* = R. 

4.3. FUZZY ROUGH SETS 

Given a fuzzy partition <1> on X,counterparts of (1-2) and (5-6) in this setting allow a 

description of any fuzzy set F by means of the tenn set <1>, under the fonn of an upper and a lower 

approximation <I>*(F) and <I>*(F) as follows 

Mi ~ 1l<I>*(F)(Fi) = suPx IlFi(x) • IlRx) 

mi ~ 1l<I>.(F)(Fi) = infx IlFi(x) -+ IlRx) 

(27) 

(28) 

where a -+ b = 1 - a • (1- b) is called an S-implication (Trillas and Valverde (1985». Oearly, 
these equations also generalize the basic definitions of C-calculus. (27) was first proposed with 
• = min by Willaeys and Malvache (1981) in orderto approximately represent a fuzzy set in X on a 
coarser referential of fuzzy sets of X. (27) and (28) are nothing but the degrees of possibility and 
necessity of the fuzzy event F, in the sense of Zadeh when • = min (Zadeh (1978), Dubois and 
Prade (1988». Mi being the degree ofpossible membership of Fi in F, and mi the corresponding 
degree of certain membership.This definition makes sense even when F is not fuzzy. The pair 
(<I>.(F), <I>*(F» can be called a fuzzy rough set. When Fi is crisp, it particularizes to the rough 
fuzzy set of Section 2.1. 

Assume now that <1> is a fuzzy quotient set that derives from a fuzzy relation R via (23).The 
knowledge ofR is anyway sufficient to define the "extension" of fuzzy rough sets in the sense of 
(3-4). Given a subset S of X. (7) and (8) generalize into 

'ti x E X,llro(R*(S»(x) = sUP{IlR(x,y) I Y E S} 

'ti x E X,llro(R*(S»(x) = inf{ 1 -IlR(x,y) I Y G!: S} 

Moreover (29-30) in turn generalize in accordance with possibility theory into 

'ti x E X, Ilro(R*(F»(x) = sUPy IlRY) • IlR(x,y) 

'ti x E X, Ilro(R.(F»(x) = infy IlR(x,y) -+ IlRY) 

(29) 

(30) 

(31) 

(32) 

which defme upper and lower approximations of a fuzzy set F through a similarity relation R. 
Again a -+ b = 1 - a • (1- b) in (32). (31) and (32) have been proposed by Farii'ias del Cerro and 

Prade (1986) with. = minimum. The equivalence between (27-28) and (31-32), when <1> = X/R, 
is almost self-evident, since the index i in (27-28) is just replaced by the element x in (31-32), 
based on (23) ; moreover, if x and x' generate the same fuzzy equivalence class, their degrees of 
membership in (31-32) coincide. Besides, (31) and (32) represent the distorsion of a fuzzy set F 
due to the indiscemibility relation on X, as if looking at F with blurring glasses. 
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(27-28) suggest a new approach to linguistic approximation. Assume X/R = {FI' F2' ... , Fn} 
is a tenn set that partition X into linguistically meaningful fuzzy subsets. The problem of linguistic 
approximation is one of finding the best tenn that may qualify a given unnamed fuzzy set F. This 
problem is commonly encountered in fuzzy set-based software that accept linguistic inputs, model 
them by fuzzy sets, and must ouput responses in a linguistic fonnat again. Then the fuzzy sets 
computed by the program must be named by means of some user- oriented vocabulary. See for 
instance Novak (1987), ... If 1* and 1* denote the set of indices such that 

respectively, F can be bracketed by ORing the Fi's in 1* and in 1* (which contains 1.). The Mi's 
and mj's may be used to define linguistic modifiers for the selected tenns in the tenn set. Namely, 
F means "Li 1 FiI or Li2 FiI or ... Lip Fip" where p is the cardinality ofI*, and Li is a modifier of 
Fi. Rougly speaking, the following modifiers cou1d be chosen: 

ifMi ::>0.5 
ifmi = O, Mi ~ 0.5 
ifmi ~ 0.5 
ifmi = 1 

Li means "not very possibly" 
Li means "possibly" 
Li means "rather certainly" 
Li means "certainly" (and can be omitted) 

This approach to linguistic approximation is quite different from the one of Bonissone (1979) 
and followers, based on minimizing a distance between F and the fuzzy sets produced from the 
Fi's by means of unary modifiers and logical connectives. Here we view linguistic approximation 
as a problem of rough classification in the sense of Pawlak et al. (1986). Our procedure looks 
more robust than the ones based on a nearest-neighbour classification process. But it cannot 
precisely name fuzzy sets included in the Fi's, by construction. 

Nakamura «1988), (1989), (1991a, b)), and Nakamura and Gao (1991) have proposed another 
view of fuzzy rough sets. They consider the upper and lower approximations of fuzzy sets in the 
sense of a min-transitive fuzzy relation. These upper and lower approximations are viewed as a 
family of rough fuzzy sets in the sense of Section 2.1, induced by the level-cuts of the fuzzy 
relation. Namely ifR is a fuzzy similarity relation,let ReI = ((x,y), J.l.R(x,y) ~ a.}. When Ris min-

transitive, Ra. is an equivalence relation for all a. E [0,1]. Moreover we have the representation 

theorem (Zadeh (1971)) : 
J.l.R(x,y) = sup{a.1 x Ra. y}. 

The upper and lower approximations of a fuzzy set F with respect to a min-transitive fuzzy relation 
is then defined by Nakamura as the sets of fuzzy sets 9t..*(F) and 9t..*(F) such that 

9t.*(F) = (R*(a.,F), a. E [O,I]} 

9t.*(F) = (R*(a.,F), a. E [O,I]} 

where (R*(a.,F), R*(a.,F)) is a rough fuzzy set with respect to Ra., i.e. 
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J.l.c.o(R*(a,F)(X) = sup(J.l.p(y), Y E [X]Ra } 

J.l.c.o(R*(a,F)(x) = inf(J.l.P(Y), Y E [X]Ra }' 

It is easy to verify that S0*(F) and S0*(F) are nested families of fuzzy sets. More specifically 

Note that the nestedness property works opposite ways in S0*(F) and S0*(F) since when a 

increases, Ra becomes finer, and the upper (resp. : lower) approximations become smaller (resp. : 

larger). 
As pointed out in an earlier paper (Dubois and Prade (1990». Nakamura's approach can be 

related to ours (when * = min) through the notion of median. Namely R*(F) and R*(F) are 

medians of the families S0*(F) and S0*(F) in the sense of Sugeno's integral, i.e. 

J.l.c.o(R*(F)(X) = sUPa minCa, J.l.c.o(R*(a,F)(x» 

J.l.c.o(R*(F)(x) = infa max(l - a, J.l.c.o(R*(a,F)(x», 

The first equality holds because 

SUPa minCa, SUPy min(J.l.p(y), J.l.Ra(X,y» = sUPy min(J.l.p(y), sUPa minCa, J.l.Ra(X,y») 

(33) 

(34) 

using Zadeh's representation theorem. The other equality obtains letting S0*(F) = m-*(F). Note 

that the synthesis process is not the same in (33) and (34) because J.l.c.o(R*(a,F»(X) is decreasing 

with a while J.l.c.o(R*(a,F»(X) is increasing, especially sUPa minCa, J.l.c.o(R*(a,F»(X» = 
J.l.c.o(R*(1,F»(x), i.e. the rough fuzzy set with respect to the finest equivalence relation obtained 

from R. To see that (33) is a Sugeno integral, it is enough to notice that the set function g on X x 

X such that g(Ru) = J.l.c.o(R*(a,F»(x) is indeed a fuzzy measure since R~ k Ra entails g(R~ S; 

g(Ru). The other expression is also a fuzzy integral noticing that 

J.l.c.o(R*(F)(X) = infj3 max(j3, J.l.c.o(R*(1--P,F)(x» 

= sUPj3 min(j3, J.l.c.o(R*(1--p,F)(x» 

Again g«R)~ = J.l.c.o(R*(1-j3,F)(x) is a fuzzy measure in the sense of Sugeno. 
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4.4. PROPERTIES OF FUZZY ROUGH SETS 

Basic properties of rough sets can be extended to fuzzy rough sets. Using classical pointwise 
definitions of union, intersection and complementation, by maximum, minimum, and 1 - . 
respectively, and the usual definition of fuzzy set inclus ion, the following properties hold on the 
term set <l> = XJR 

R*(F u G);;2 R*(F) u R*(G) ; R*(F u G) = R*(F) u R*(G) 

R*(F Il G) ~ R*(F) Il R*(G) ; R*(F Il G) = R*(F) Il R*(G) 

R*(F) = R*(F) 

(35) 

(36) 

(37) 

where inclusion is in the sense of fuzzy set theory. They are another way of stating basic relations 
between N(F), N(G), N(F u G), N(F Il G) on the one hand, and TI(F), TI(G), TI(F u G), 

mF Il G), on the other hand, in possibility theory. 
The following properties also hold for fuzzy rough sets 

ro(R*(F)) ~ F ~ ro (R*(F)) 
R**(F) = R*(F) ; R **(F) = R *(F) 

where R**(F) is short for R*(ro(R*(F)) ; R**(F) = R*(ro(R*(F)). The latter equalities take 

advantage of the *-transitivity of R, i.e. 

Ilro(R**(F))(x) = sUPy Ilro(R*(F))(y) * IlR(x,y) 

= sUPy (supz IIp(z) * IlR(z,y)) * IlR(x,y) 

= sUPy,z IIp(z) * IlR(y,z) * IlR(x,y) 

= supz IIp(z) * sUPy IlR(x,y) * IlR(y,z) 

= supz IIp(z) * IlR(z,x) since R (8) R = R 

= Ilro(R*(F))(x), 

However the equalities R*(R*(F)) = R*(F) and R*(R*(F)) = R*(F) that hold for rough fuzzy sets 
no longer hold for ali kinds of fuzzy rough sets. 

Proposition 5 : For continuous triangular norm * and a symmetric, *-transitive fuzzy relation, the 
upper approximation ofthe lower approximation satisfies the following properties : 
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-) if * = Tm then R*(R*(F» = R*(F) 

-) ifTm::; * then J.l<O(R*(F»::; J.lO>(R*(R*(F»)::; 1 + ~*(F) 

Proof: R*(F) ~ R*(R*(F» is obvious. Let us check the upper bounds 

from (32). This expres sion can be upper bounded using transitivity, changing J.lR(y,z) into 

J.lR(y,x) * J.lR(x,z) 

J.l<O(R* (R* (F»(x) ::; SUPy [infz 1- J.lR(y,x) * J.lR(x,z) * (1- J.lp(z»] * J.lR(x,y) 

= SUPy (1- J.lR(y,x) * J.l<O(R*(F)(x» * J.lR(x,y) 

= SUPy (J.lR(x,y) ~ J.l<O(R*(F»(x» * J.lR(x,y) 

::; sUPaE [0,1] (a ~ J.l<O(R*(F»(x» * a. 

This quantity is not easy to compute in the general case. 

If * 2: Tm then (1 - a * b) * a::; (1 - max(O, a + b - 1» * a::; min(l, 2 - a - b, a). This quantity 
reaches its maximum for a = 1 - b!2, and we thus obtain 

For the three basic t-norms, we obtain more precise results : 

* = minimum: then we have to corn pute 

sUPaE [0,1] min[max(1- a, b), a] = max[suPa min(1- a, a), sUPa min(a,b)] 

= max(1!2, b). Hence the result. 

* = product : we have to compute 

Hence the result. 

* = Tm : we have to corn pute 

{
_1 -ifb::; l/l 

sup [O 1] (l-a+ ab)a= 4(1-b) 
aE , b otrerwise 

SUPaE[O,I] max(O, min(1, l-a+ b)+ a-l) = sUPaE[O,I] max(O, min(a,b» = b. 

Hence the result. Q.E.D. 
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Dual inequalities hold for R*(R *(F)). 

Proposition 6 : For a continuous triangular nonn * and a symmetric, *-transitive relation, the lower 
approximation of the upper approximation satisfies the following properties 

-) if * = minimum: J.l.ro(R*(F)) ~ J.l.co(R*(R*(F))) ~ min(0.5, J.l.ro(R*(F))) 

-) if* = product: J.l.ro(R*(F)) = Ilco(R*(R*(F))) if J.l.ro(R*(F)) ~ la 

J.l.0l(R*(F)) ~ J.l.co(R*(R*(F))) ~ 1-1/4· 1)( ~ 
~*(F) x)) 

-) if* =Tm thenR*(R*(F)) =R*(F) 

-) if * ~ Tm then J.l.ro(R*(F)) ~ J.l.co(R*(R*(F))) ~ la· J.l.ro(R*(F))' 

fmQf: R*(R*(F)) = R*(R*(F)). Hence it is enough to use the bounds forR*(F). Q.E.D. 

The definition of R*(F) as in (32) is based on so-called S-implications, that derive from triangular 

nonns through the classical definition of material implication q> ~ '1' = -,q> v '1' = -,(cp /\ """'1') ; 
hence a ~ b = l - (a * (1 - b)). There is another definition of multivalued implication, based on 

the deduction theorem, Le. cp ; '1' 1- ~ (::) cp 1- '1' ~ ~, whieh translates in the multiple-valued 

framework by a * b ~ e if and only if a ~ b ~ e, hence b ~ c = sup{x I x * b ~ e}. These are 
called R-implications (R means residuation) by Trillas and Valverde (1985) and eneountered in 
Seetion 4.2. These two families were laid bare by these authors as well as the authors of this paper 
(Dubois and Prade (1984a, b)). The expres sion (32) suggests another definition of the lower 
approximation, based on the residuated implications 

The following properties of residuated implications based on continuous triangular nonns will be 
useful : 

Lemma5 

i) «a * b) ~e) * a~b ~c 

ii) a ~ (b ~ c) = (a * b) ~ c 

iii) a~b*e*a~b*e. 

frQQf: Let us show i) 

«a*b) ~e) * a = (sup{x I (a * b) * x~e}) * a 

= sup{ a * x I (a * x) * b ~ c} ; let y = a * x 

~ sup{y, y * b ~ e} = b ~ c. (since {a * x I x E [O,l]} !:;;; [0,1]). 
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As for ii) first notiee that due to i), (a * b) ~ e e {x I x * a:5; b ~ e} ; hence (a * b) ~ 

e :5; sup {x I x * a $ b ~ e} = a ~ (b ~ e). The converse inequality ean be established as follows : 

a ~ (b ~ e) = sup{x I a * x:5; sup{y I b * Y $ e}} 

:5;sup{x I a * b * x:5;sup{y * b I b * y:5;e}} 

=sup{xl a *b * x$e} = (a* b)~e 

(sinee s $ t entails s * u :5; t * u) 

Lastly, a ~ b * e * a = sup{x I x * a $ b * e * a} ~ sup{x I x $ b * e} = b * e, since x :5; b * e 

entails x * a $ b * e * a, whieh proves iii). Q.E.D. 

Prooosition 7 : The lower approximations R*(F) based on a R-implieation satisfy the following 

properties 

i) R*(F n G) = R*(F) n R*(G) 

ii) R*(F u G) ~ R*(F) u R*(G) 

iii) R*(F) ~ F 
iv) R**(F) = R*(F) 
v) R*(R*(F» = R*(F) 
vi) R*(R*(F» = R*(F). 

Eroof: i) is a simple eonsequence of ~ being monotieaily inereasing in its second argument; ii) is 

as obvious ; iii) obtains sinee infy /J.R(x,y) ~ /J.p(y):5; (/J.R(x,x) ~ /J.p(x» = /J.F(x) beeause R is 
reflexive. 

iv) J.l.ro(R**(F)(x) = infy J.l.R(x,y) ~ (infz (/J.R(y,z) ~ /J.p(z») 

= infy,z /J.R(x,y) ~ (/J.R(y,z) ~ /J.p(z» 

= infz (SUPy (/J.R(x,y) * /J.R(y,z» ~ /J.p(z» 

= infz /J.R(x,z) ~ /J.p(z) = J.loo(R*(F)(x) 

v) J.l.ro(R*(R*(F))(x) = sUPy /J.R(x,y) * (infz (lJ.R(y,z) ~ /J.p(z» 

using ii) in lemma 5 

$ SUPy infz /J.R(x,y) * «/J.R(y,x) * /J.R(x,z» ~ /J.p(z» 

$ sUPy infz /J.R(x,z) ~ /J.p(z) 

= /J.ro(R.*(F)(x) ; 

due to *-transitivity ofR ; 

due to i) in lemma 5, and symmetry ofR 

henee R*(R*(F» ~ R*(F). But R*(F) ~ R*(R*(F» is also obvious (by letting x = y and taking 

advantage ofthe reflexivity ofR in the expression of /J.co(R*(R*(F»)(x». Hence the result. 
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vi) 1lro(R*(R*(F))(x) = infy (~R(x,y) => (suPz ~R(Y,z) * ~F<z») 

~ infy sUPz ~R(x,y) => (~R(Y'x) * ~R(x,z) * ~F<z» 

using the *-transitivity ofR 

~ infy sUPz ~R(x,z) * ~F<z) 

= ~ro(R *(F)(x). 

due to syrnmetry ofR and iii) in lemma 5 

Hence R*(F) l;; R*(R*(F). Hence the equality R*(F) = R*(R*(F), since R*(F) ;;2 R*(R*(F) is 

obvious by letting x = y in the expression of J.1co(R*(R*(F))(x), Q.E.D. 

Note that all the properties pertaining to the Iower approximation must be computed independently 
of the properties of the upper approximation because when the Iower approximation is based on a 

residuated implication, we do not have R *(F) = R * (F) any Ionger. To keep this property means to 
modify the definition of the upper image by means of a non-commutative conjunction defined, 
syrnmetrically to S-implication, as a A b = 1 - a => (1- b) given a R-implication =>. The studyof 
the upper approximations based on non-commutative conjunctions is Ieft for further research. 
However, remembering that the non-commutative conjunction can also be built by residuation from 
the S-implication (i.e. a A b = sup{x I a ~ x S; b} for a Iarge class oft-norms (e.g. Dubois and 
Prade (1984b), Fodor (1991», there is clearly an interesting investigation to envisage along this 
research line. 

Note that Nakamura's approach has the advantage of preserving all properties of rough sets 
since for rough fuzzy sets everything is preserved indeed (see Section 3.1). Then for all a. e [0,1], 

(R*(a.,F),R*(a.,F» verifies all the properties enjoyed by rough fuzzy sets, and this can be written 

in a more compact way in terms of (~*(F),~*(F». However Nakamura's approach has the 
disadvantage of being very heavy, since a fuzzy rough set in his sense may correspond to an 
infinity of rough fuzzy sets, indexed by a.. On the contrary, our approach leads to a more compact 
description of fuzzy rough sets, at the expense of Iosing some properties. 

4.5. FUZZY ROUGH SETS AND MODAL LOGICS 

There have been several works by Orlowska (1984), Fariflas dei Cerro and Orlowska (1985) that 
relate rough sets to modaliogic. The basic idea is to interpret a rough set in terms of the two 
modalities L (necessary) and M (possibIe). NameIy ifp is a proposition whose meaning is defined 
via the subset S ~ X, Lp and Mp then correspond to R*(S) and R*(S) respectiveIy. R pIays the 
role of the accessibility relation on X in order to equip modaliogic with the usual semantics 
(Chellas (1980». A modallogic in the usual sense is thus defined at the syntactic level. At the 
semantic IeveI, a model is viewed as (X, R, m) where X is a set of objects, R an equivalence 
relation on X and m is the meaning function. m defines for each formula p the set of objects m(p) 
for which p is true. Satisfiability is defined in the usual sense, especially for Lp and Mp : 

x satisfies p 

x satisfies Lp 

if and only if 

if and only if 

x e m(p) 

'It y e [xlR, y e m(p), Le. [xlR ~ m(p). 
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x satisfies Mp if and only if 3 y e [x]R, Y e m(p), Le. [x]R n m(p) ~ 0. 

Clearly this can be written m(Lp) = R*(p), m(Mp) = R*(p). Sinee R is an equivalence relation 

the corresponding modallogic is the S5 system (Orlowska (1984), Nakamura (1991a)). The 
axioms of this system are embodied in the properties of rough sets with respect to set-theoretic 
operations and iteration of lower and upper approximation operations. 

Fuzzy rough sets and rough fuzzy sets offer a niee opportunity for developping a meaningful 
modal-like logic involving fuzzy modalities (induced by a fuzzy accessibility relation) acting on 
fuzzy propositions (whose meanings are fuzzy sets of X). Some attempts have been made in the 
past along this line. Nakamura and Gao (1991) have pointed out that since fuzzy rough sets 
(viewed as an indexed family of rough fuzzy sets) satisfy all properties of rough sets, it is possible 
to develop a S5-like modal fuzzy logic; this logic is presented in (Nakamura (199 la)). The same 
author considers the case when the fuzzy relation is only symmetric and reflexive in (Nakamura 

(1989)). He basically focuses on indexed modalities, La denoting the necessity modality 

associated with the level-cut relation Ra (see also Nakamura (1991b)). 

In a different context Ruspini (1991) envisages a fuzzy logic where fuzziness comes from 
indiscemibility between possible worlds. Namely, m(p) is not attainable, only fuzzy upper and 

lower approximations R*(m(p)) and R*(m(p)) make sense. Ris defined as a *-transitive similarity 
relation, and (Lp,Mp) correspond again to the fuzzy rough sets R*(m(p)) and R*(m(p)). Ruspini 

focuses on the notion of rough deduction ; namely when a proposition p implies the proposition q 
to degree a, it means that ';f x e m(p), 3 y e m(q) which is a-similar to x, i.e. such that 

J.1R(x,y) ~ <X. In other words the degree of implication of q by p is the value 

I(q I p) = infyem(p) SUPxem(q) J.1R(x,y) 

= infyem(p) J.1R*(m(q))(y)· 

This degree is a degree of inclus ion of m(p) in the upper approximation of m(q) obtained by 
"stretching" the set of objects x satisfying q in a suitable way. A companion degree of consistenee 
is defined by 

C(q I p) = sUPyem(p) J.1R*(m(q))(y)· 

Denoting I(q I x) = J.1R*(m(q))(x), Ruspini (1991) considers another implication degree, here 
denoted IS(q I p) constructed from stretching both p and q and taking into account a piece of 

incomplete evidenee s under the form of a subset S of possible worlds, one of which is the true 
one: 

IS(q I p) = infxe S I(p I x) => I(q I x) 

where => is a residuated implication associated to the triangular norm *. In fact Ruspini calls 
"conditional neeessity distribution" Nec(q I p) any lower bound to this quantityand "conditional 
possibility distribution" any upper bound. 

Note that what is computed is a degree of inclusion of the restriction to S of the upper 
approximation R*(m(p)) into R*(m(q)). It generalizes the classical notion of deducing q from p, 
given evidenee S sinee letting R be the equality relation 
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IS(q I p) = 1 if and on1y if S ~ m(-,p v q) 

if and on1y if S (") m(p) ~ m(q). 

A transitivity property is obtained, namely 

I(q I x) ~ IS(q I p) * I(p I x) 

which is due to the property a * (a => b) ~ b that characterizes R-implications. Ruspini (1991) 
considers the above inequality as an inference rule that is the basis of Zadeh's generalized modus 
ponens. The other inequality 

C(q I x) ~ IS(q I p) * C(p I x) 
is also proved by Ruspini (1991). 

The above view of fuzzy logic considers fuzziness as a by-product of graded 
indistinguishability. Namely any subset A of a set X ofpossible worlds is perceived as a fuzzy set 
R *(A) due to the similarity relation R on X. This is well in accordance with Orlowska and 
Pawlak's intuitions. However Ruspini never considers the lower approximation R*(A) which is 
another fuzzy set included in R*(A). It is the pair (R*(A),R*(A» that should be regarded as the 
result of blurring A by means of R. This fuzzy rough set involves both fuzziness (grades of 
membership) and imprecision (interval-valued membership grades). Particularly, there are three 
companion entailment degrees to IS(q I p), changing upper approximations into lower 
approximations, as done in Section 3.4, corresponding to so-caHed "rough implications". 
Ruspini's fuzzy logic considers that given evidence s whose set of models is m(s) = S, and 
indistinguishability R, necessity and possibility degrees of any proposition p Nec(p) and Pos(p) 
are defined as 

Nec(p) ~ I(p I s) 
Pos(P) ~ C(p I s). 

These notions of possibility and necessity differ from the ones proposed by Zadeh (1978) and 
embedded in the authors' possibilistic logic (Dubois and Prade (1991». In possibilistic logic aH 
elements of X can be distinguished, but the available evidence s is fuzzy, thus inducing an ordering 
relation on X, encoded by the possibility distribution x = J.l.m(s). The preferred worlds x are such 
that x(x) is maximal. The possibility and necessity of a proposition p are then defined by 

N(P) = infxem(p) l-x(x) 

IlCp) = sUPxem(p) x(x) 

which are again degrees of inclusion of m(s) in m(p) and consistence of m(s) and m(p) 
respectively. (Nec,Pos) and (N,n) do not have the same properties generally. Namely it is 
possible to prove (Ruspini (1991» 

I(p 1\ q I s) ~ min(I(p I s), I(q I s» 

I(p v q I s) ~ max(I(p I s), I(q I s» 

C(p 1\ q I s) ~ min(C(p I s), C(q I s» 
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C(p v q I s) = max(C(p I s), C(q I s». 

Moreover I(-,p I s) -:ţ; 1 - C(p I s). On the contrary, N(p) = 1 - I1(-'p) and N(p 1\ q) = 
min(N(p),N(q», an equaIity which fails in Ruspini's approach. But the equality would hold if 
I(p I s) were based on the inc1usion of Sin the lower approximation ofm(p), instead. 

To conclude, Ruspini's approach to fuzzy logic comes close to attempts at devising modaI 
logics of rough sets by Orlowska and to extensions as done by Nakamura, aIthough Ruspini does 
not try to propose a modallogic system per se. Moreover Ruspini's fuzzy logic contrasts with 
possibilistic logic in the sense that the former is a logic of similarity while the other is a logic of 
preference. It would be fruitful to put them together by keeping the indistinguishability relation, but 
allowing for fuzzy evidence under the form of a possibility distribution ranking the possible worlds 
in terms ofpreference. Then the necessity-like index could be generalized into 

I(p I s) = infx 1t(x) ~ IlR*(m(p»(x) 

with 1t = Ilm(s)' using an S-implication. Oearly when R is the equality on X, I(p I s) reduces to the 
degree of necessity of possibilistic logic. Similarly, 

C(p I s) = supx 1t(x) * IlR*(m(p»(x) 

generalizes both the consistence index and the possibility measure. Ruspini's notion of conditionaI 
possibility and necessity does not coincide to the similar notion in possibilistic logic. Namely when 

R reduces to an equality, IS(q I p) = N(-,p v q) where N is a {O,l}-vaIued necessity measure 

defined from 1t(x) = 1 if x E S and 1t(x) = O otherwise. On the contrary, in possibilistic logic 
N(q I p) is defined as 

N(q I p) = N(-,p v q) ifN(-,p v q) > N(-,p v -,q) 
= O otherwise 

i.e. N(q I p) expresses to what extent q is a more plausible conclusion than -.q in the case when p 
is true, given evidence s. The conditional possibility is I1(q I p) = 1 - N(-.q I p) while Ruspini 
views it as an upper bound on IS(q I p). When S is fuzzy, the following extension can be proposed 

IS(q I p) = infx 1t(x) ~ (I(P I x) => I(q Ix». 

where 1t = IlS and ~ is a S-implication. Note that we must use an S-implication to combine 1t with 

the other expres sion in order to encompass N(-,p v q) as a particular case of the above expression, 

when R is an equaIity. Indeed N(P) = infxE m(p) 1 -1t(x) -:ţ; infx 1t(x) => Ilm(p)(x), generaily. 
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s. Conclusion 

This paper has shown that the idea of a rough set can be combined with fuzzy sets in a fruitful 
way. It enables several independent approaches to approximation models to be unified. Further 
research is needed on the following aspects : 

Modallogic approaches 

It is obvious that fuzzy rough set offer a good opportunity to relate and/or put together fuzzy 
sets and modallogic, a task that has been considered in the past from various perspectives (see 
Dubois and Prade (1980) for a survey of early attempts) especially fuzzy accessibility relations. 
Prade (1984) and Dubois et al. (1988) have considered incomplete information systems for which 
a modal formalization is due to Lipski, and have extended it to fuzzy incomplete information 
systems (indistinguishability between attribute values is discussed in this context in (Prade and 
Testemale (1987». More recently, Farinas de1 Cerro and Herzig (1991) have related possibilistic 
logic to the mod al conditional systems of Lewis (1973). Fuzzy rough sets offer a tool for graded 
extensions ofthe SS system as pointed out by Nakamura (l99la, b). Here the difficulty depends 
about where the fuzzy component lies. Deriving a modallogic of rough fuzzy sets looks difficult 
because one must start from the syntax of a multiple-valued logic where conjunction and 
disjunction translate into max and min. To the authors knowledge, such a fuzzy counterpart of 
propositional calculus does not exist. Especially, this is not Lukasiewicz logic, but a multiple­
valued logic based on a Kleene algebra. If the corresponding syntax can be worked out in harmony 
with fuzzy set-based semantics then the modalities induced by an equivalence relation will 
correspond to those of S5. The converse task, i.e. adding fuzzy modalities deriving from a 
similarity relation to propositional calculus has been considered by Nakamura (1991b) using a 
multi-mod al calculus. Doing it in the style of fuzzy rough sets defined in this paper looks less 
straightforward because all properties of the S5 modalities do not hold, and there is a degree of 
freedom as to the choice of the connective family that defines the lower approximations. 

Handling several similarity relations 

The fun rough sets theory handles several indiscemibi1ity relations that correspond to, for 
instance, as many attributes in the framework of information systems. The way equivalence 
relations may combine has been the topic of algebraic studies, and these results have been cast in 
the mod al logic DAL of Farifias del Cerro and Orlowska (1985). An algebraic study of the 
combination modes of *-transitive fuzzy relations is certainly an important topic. 

Modeling independence in ajuzzy setting 

Lastly, Pawlak (1984) as well as Shafer et al. (1987) and Pearl and Verma (1987) have studied 
concepts of independence and redundancy between partitions, each with different terminologies. 
Especially Pawlak's notion of independence is weaker than the one of Shafer et al. (1987). It might 
be useful to pursue the unification work along this line, and generalize it with fuzzy partitions, 
viewed as fuzzy quotient sets of similarity relatioDS. 
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Chapter 2 

APPLICATIONS OF FUZZY-ROUGH 
CLASSIFICATIONS TO LOGICS 
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Tama-ku Kawasaki, 214, Japan 

Abstract. From a point of view of handling imperfect knowledge like uncertainty, vague­
ness, imprecision, etc., a concept of fuzzy-rough classifications is introduced. This is a 
notion defined as a kind of modification of the rough classifications. Two logics based on 
the fuzzy-rough classifications are proposed, and various properties are examined as com­
pared with the indiscernibility relations. Also, decision procedures for the proposed logics 
are given in the tableau style which is useful in automated reasoning. 

1. Introduction 

In ancient times the logic was built as the science of reasoning on human knowledge, and 
the establishment of symbolic logic in the early years of the 20th century suggests the 
possibility of mechanical processing of this reasoning. Further, rapid progress of computer 
in these days enable us to realize this aim. In such a stream, the researches on knowledge 
have been one of the central topics in artificial intelligence. Originally, the logic has two 
aspects, namely, the formal one (syntax) and the material one (semantics), and these two 
are strongly related each other. In this reason, the problem of knowledge representation 
must be argued from the point of view of logic. 

In recent years a variety offormalisms have been developed which address several aspects 
of handling imperfect knowledge like uncertainty, vagueness, imprecision, incompleteness, 
and partial inconsistency. This is a reason that the formal system must be discussed from 
the meaning. In [11] Pawlak introduced the notion of rough sets whose issue is reasoning 
from imprecise data. In [12], he provided the basic theory and results about the rough sets 
from a point of view of its possible application to artificial intelligence. The idea of the 
rough sets 
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consists in approximations of a set by a pair of sets called the lower and the upper 

approximations. In fact these approximations are interior and closure operations in a certain 

topology generated by available data about elements of the set. In [10], Orlowska discussed 

theoretical foundations of knowledge representation from a point of view of the above rough sets 

modeling indiscemibility of knowledge. Indiscemibility relation is a binary relation that identifies 

objects which have the same descriptions with respect to a set of attributes of objects. For 

example, the persons who were born at the same time are not distinguishable with respect to 

"age". 

Meanwhile, the theory of fuzzy set formalized by Zadeh [13] is a well-established and active 

field, with numerous applications in such areas as artificial intelligence, pattern recognition, 

circuit theory, control theory, etc.. Further, in [14] the similarity relation in the fuzzy theory 

has been introduced as a generalization of the equivalence relation. Along this line, in [7] the 

present author developed a logic for fuzzy data analysis which was built by extending 

indiscemibility relations to the fuzzy case. Further, in [8], starting the fact that the equivalence 

relation is the base of model for the SS-modal system the author proposed the SS-modal fuzzy 

logic and examined some relationships of this logic to a topological soft algebra. 

As a continuous work of previous papers [7] - [9], in the first half (the Section 2 to the Section 

4) of this paper we propose a logic based on fuzzy-rough classifications and examine various 

properties of this logic. Roughly speaking, fuzzy-rough classifications mean a kind of degree of 

the equivalence relation, which correspond to the fuzzy degree of SS-modality. We introduce the 
family of modal operations {[A]}AE [0,1] . This operation [A] is also considered as a kind of 

modification of ind(A) based on indiscemibility relation. Also, it is related to the quantitative 

modallogic in [3]. And by making use of the technique based on the tableau method the paper 

gives a decision procedure for this logic. Next, in the second half (the Section S to the Section 

6) we propose a fuzzy logic based on the above fuzzy modalities. This logic is obtained from 

[9] by generalizing the quantifiers to fuzzy-rough classifications. And we will show a decision 

procedure which is obtained by extending the results ofthe first part. 

Finally, relationships of imprecise monadic predicate logic to SS-modal fuzzy logic are 

discussed. This is a similar relation to that between the ordinary monadic predicate logic and the 

usual SS modallogic. Further, remarks about an axiomatization ofthe logic LI in the first part 

and a relationship of these modal operations to rough quantifiers are given with references [4] 

and [6]. Also, some problems of practic al techniques of a tableau method for the proposed 

logics are suggested as a future view. 
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2. Preliminar ies and basic definitions 

Letusconsiderasystem S=<OB, AT, {VALa}aEAT, f>. This system is usually calIed 

the information system , and is the same as that denoted by S = <U, Q, V, f >. That is, OB, 

AT, V ALa and f are defined as follows: 

OB is a set (not necessarily finite) of object, 

AT is a set (not necessarily finite) of attributes, 

V ALa is a set ofvalues of attribute a for each AT, and VAL is the union of all the set V ALa ' 

f is a mapping from OBX AT into VAL. 

We define a binary relation R on the set OB as follows: 

(Oj, Oj) E R iff f(Oj, a) = f(0jo a) for each a E AT. 

The relation R on the set OB is referred to as indiscernibility with respect to attributes from the 

set AT ([10] and [11]). It is easily shown tbat R is an equivalence relation on the set OB. 

Speaking more generalIy, let R be an equivalence relation defined on X. Let us denote the 

equivalence class ofx in X in the sense ofR by [x]R. Given a subset S of X and an equivalence 

relation R, a lower approximation R*(S) and an upper one R *(S) of S with respect to R are 

defined as follows: 

Definition 2.1. Let S be a subset of a given set X and R be an equivalence relation defined on 

X. R*(S) and R*(S) are defined as follows: 

R*(S)={x E XI[x]R~S}, R*(S)={x E XI[X]RfiS*cI>}. O 
Now, let us begin to discuss the fuzzy case of the previous definition. Fuzzy sets are defmed 

by their membership function Jl. Let S and T be fuzzy sets. The membership functions of S fi 

T, SUT and Sare defined as follows: 

JlSnT (x) = min{JlS(x)'IlŢ(x», 

JlSuT (x) = max{JlS(x),IlŢ(x», 

Ils (x) = 1- JlS(x). 

A fuzzy relation R is defined as a fuzzy collection of ordered pairs. In this paper, our attention 

is focused on a special case of the fuzzy relation. That is, we employ the notion of similarity 

relation due to Zadeh [14]. The similarity relation is essentialIy a generalization ofthe notion of 

equivalence, and it serves as a very useful concept for the logical approach to fuzzy data analysis. 

Definition 2.2. A similarity relation R in X is fuzzy relation in X which is: 

(a) reflexive: IlR(x,x) = 1 for all x in dom R, 

(b) symmetric: IlR (x,y) = IlR (y ,x) for alI x,y in dom R, 
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(c) transitive: JlR(x,z) ~ v(JlR(X,y) /\ JlR(Y,z)) for alI x,Y, z in dom R. 
Y o 

We generalize here Definition 2.1 to the fuzzy case. To this end, we introduce a new notion 

denoted by R(A). 

Definition 2.3. For a similarity relation R and A E [0,1], R(A) is defined as follows: 

R(A) = {(x,y) I Jl.R(x, y) 2! A}. D 

It is well known that R(A) is the usual (non-fuzzy) equivalence relation ([14]). Also, for a ~ 

~ R(~) ~ R(a) ([14]). Note that \iX([X]R(a) ~ [X]R(~Y or \iX([X]R(~) ~ [x]R(a» . 

Definition 2.4. For a subset S of X. A E [0.1]. and a similarity relation R R*(Â)S and 

R *(Â)S are defined as follows: 

R*(Â)S = {x E X I [x] R(A.) ~ S} 

R*(Â)S = (x E X I [x] R(A.) n S =F- <I>}. D 

The above definition is obtained from Defmition 2.3 of [7] by modification. 

3. Logic of fuzzy modalities 

In this section, we describe the syntax and semantics of a logic LI based on fuzzy modalities. 

Consider three classes of symbols: 

(i) Propositional variables: p. q •...• Pl. pZ •.... 

(ii) Propositional operations: -. (negation). /\ (conjunction). v (disjunction). 

(iii) Family ofmodal operations: ([A]}AE [0.1] . 

Then. the set FOR ofwell-formed formulas is the least set defined inductively as follows: 

p. q •... E FOR and ifF, G E FOR then -.F. FAG. FvG. [A]F E FOR. 

AIso, <Â>F is defmed as -.[A)-oF • and there is a case that parentheses of consecutive modal 

operations are omitted. e.g., <a>([~]F) is written as <a>[~]F. The mod al operations are 

denoted by making use of the small Greek letter. 

By a model. we mean a system M = < OB. R. Il.v >where 

OB is a nonempty set of objects (data items). 

Ris the similarity relation on OB. 

Il is a membership function, 



v is a valuation function such that for a propositional variable p, v(P) is a subset in OB, 

and 

v(-,F) = v(F), v(F"G) = v(F)n v(O) , v(FvG) = v(F)Uv(O), 

V([A]F) = R*(Â)v(F), v«A.>F) = R*(Â)v(F) . 
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Note that the above V([A]F) and v«Â>F) are well defined by the abbreviation <Â> of-'[A]-' 

Let us call [A] as a [uzzy-modal operation. The model is an abstract form of information system 

which is described in Section 2. 

We now examine some of properties of this logic. For two well-formed formulas F and O, 

we write F ~ O iff v(F)!;; v(O) holds for every model In this case, F ~ O is said to be valid. 

In the usual way, F = O is defined as F ~ O & O ~ F. Also, a well-formed formula O is said 

to be valid iff O = 1 is valid where 1 is defined as -.FVF. 

Proposition 3.1. We have the following expressions: 

(1) [a]F ~ [f3]F ~ F ~ <y>F ~ <&>F fora~f3 and y~~. 

(2) [a]F v [13]0 ~ [y](FY O) for a ~ yand 13 ~ y. 

(3) <0:>(F v O) = <o:>F v <0:>0. 

(4) [a](F A O) = [a]F A [a]O. 

(5) <')'>(F A O) ~ <o:>F A <f3>0 for <X ~ yand 13 ~ y. 

(6) [a](-,FvO) ~ -,[a]Fv [a]O. 

Proof. 

We prove [a]F ~ [f3]F of (1), (2), (3), and (6) only. The other expressions are similarly 

probable. 

(1) R(J3)!: R(a) for a ~ 13. Hence, for a given x in OB x E [a]F => [x] R(a) ~ 

F, and also [x] R(a)::! [x] R(f3). Thus, we get [x] R(f3) !;; F. 

Therefore, we have x E [f3]F, and also [a]F ~ [f3]F. 

(2) is provable as follows: Without loss of generality, we can assume <X ~ 13. From (1) 

we have [a]F ~ [f3]F and [f3](FY O) ~ [y](FY O). Thus, it is sufficient to prove 

[f3]F v [f3]G ~ [f3](Fv G). But this is easy from [13] F ~ [f3](F v G) and 

[f3] G ~ [f3](F v G) which follow from F ~ F v G and G ~ F v G. 

(3) x E <0:>(F v G) ~ 3y(XE [Y]R(<x) & (yE F V yE G» 
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<=> ::3Y(XE [Y]R(a) & XE F) v::3Y(XE [Y]R(a) & yE G) 

<=> XE <a>F V XE <a>G. 

(6) Generally, we have (-,F v G) A F :5: G. 

Thus, we get [a](-,F v G) A [a]F :5: [a]G. 

Therefore, we get -,([a](-,F v G) A [a]F) v [a]G = 1. That is, we get 

-,[a](-,F v G) v -,[a]F v [a]G = 1. 

Thus, [a](-,F v G):5: -,[a]F v [a]G. 

Proposition 3.2. We have the following expressions: 

(7) <a><I3>F = <13><a>F = <a>F for a:5: 13 . 

(8) [aHI3]F = [I3Ha]F = [a]F for a:5: 13. 

(9) [a]<I3>F = <13>F for a ~ 13. 

(10) <a>[I3]F = [j3]F for a ~ 13. 

(11) <a>(F A [I3]G) = <a>F A <a>[j3]G for a ~ 13. 

(12) [a] (F v <13>0) = [a]F v [a]</3>G for a ~ 13. 

(l3) <a>(F A <13>0) = <a>F A <a><j3>O for a ~ 13. 

(14) [a](Fv [I3]G) = [a]Fv [aHI3]G fora~ 13. 

Proof. 

We prove (7), (9), (Il), and (13) only. Others are similarly provable. 

(7) x E <a>«I3>F) <=> [X]R(a) (l <j3>F "# <1> 

<=> ::3y(yE [x]R(a) & y E <13>F) 

<=> ::3y(yE [x]R(a) & ([y]R(I3) (l F"# <1>)) 

<=> ::3y(yE [x]R(a) & ::3z(ze [Y]R(j3) & zE F» 

<=> ::3z(zE [x]R(a) & zE F) 

<=> x E<a>F. 

Thus, we get <a>«I3>F) = <a>F. <13>«a>F) = <a>F is similarly provable. 

(9) x E [a]<I3>F <=> [x]R(a) ~ </3>F 

<=> Vy(y E [x]R(a) implies y E <13>F) 

<=> Vy(y E [X]R(a) implies ::3z(z E [y]R(I3) & zE F» 

o 



(::::) 3z(z E [X1R(j3) & ZE F) 

(::::) xE<j3>F. 

(11) x E <a>(F 1\ [j31G) 

(::::) 3y(y E [xlR(a) & Y E (F 1\ [j31G» 

(::::) 3y(y E [xlR(a) & y E F & 'iz (ZE [y]R(j3) implies ZE G» 

(::::) 3y(y E [xlR(a) & y E F) 

& 3y(y E [x]R(a) & 'iZ(ZE [y]R(13) implies ZE G» 

(for ~ ,we take the same y for 3y( ....... )&3y( .... ). TIris is possible since 

[Y1]R(a)=[Y2]R(a) follows from Y1 E [x]R(a) & Y2 E [x]R(a) .) 

(::::) x E <a>F & x E <a>[j3]G 

(::::) x E <a>F 1\ <a>[j31G. 

(13) x E <a>(F 1\ <j3>G) 

(::::) 3y(y E [X]R(a) & y E (F 1\ <j3>G» 

<=> 3y(y E [x]R(a) & y E F & y E <j3>G) 

(::::) 3y(y E [X1R(a) & Y E F & 3z(zE [y]R(j3) & zE G) 

(::::) 3y(y E [X]R(a) & Y E F) & 3y(y E [X1R(a) &3z (zE [y]R(j3) & zE G» 

(for ~ , we take the same y for 3y(. ...... )& 3y( .... ). TIris is possible since 

[YllR(a)=[Y2]R(a) follows from Y1 E [xlR(a) & Y2 E [X1R(a) .) 

(::::) x E <a>F 1\ <a><j3>G). 
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o 

Note that (7) and (8) do not hold for a > j3 and (9), (10), (11), (12), (13), and (14) do not 

hold for a < 13. 
Also, note that for a = 13 (1) - (14) show the corresponding expressions of SS-modallogic. 

4. Decision procedure 

Let us give a decision procedure to solve whether a given well-formed formula of this logic is 

valid. TIris procedure is given in a modified way ofthe usual one for SS-modallogic. 

The idea and diagram applied to solve the decision problem for validity of well-formed formula 

follow from [S]. To test the validity of a given formula F, a counter-model to F is to be searched; 
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if such a counter-modei exists then F is not valid; otherwise F is valid. By the diagram, a 

rectangle means a world ofthe usual model ofmodal logic. 

Now,Iet us describe the procedure below. 

Procedure 
Beginning: assign the initial value O to Fin the first rectangle. In the following, G, FI and F2 

are subformulas of F. 

1) Rules for propositional operations 

,1: If ,G bas the assignment 1 in a rectangle, then assign O to G in the same rectangle. 

,O: If ,G bas the assignment O in a rectangle, then assign 1 to G in the same rectangle. 

Al: IfFIA F2 bas the assignment 1 in a rectangle, then assign 1 to FI and F2 in the same 

rectangle. 

AO: If FI A F2 bas the assignment O in a rectangle, then introduce two alternatives of the 

rectangle, and 

(i) assign O to FI on one alternative, and 

(ii) assign O to F2 in another alternative. 

VI: If FI V F2 bas the assignment 1 in a rectangle, then introduce two alternatives of the 

rectangle, and 

(i) assign 1 to FI in one alternative, 

(ii) assign 1 to F2 in another alternative. 

vo: If FI v F2 has the assignment O in a rectangle, then assign O to FI and F2 in the 

same rectangle. 

2) Rules for modal operations 

[ ]1: If a subformula of the form [a]G bas the assignment 1 in a rectangle r, then any 

rectangle r sucb that (r, r)E R(a) put G into r' and assign 1 to G in r. 

[ ]0: If a subformula of the form [a]G bas the assignment O in a rectangle r and G bas no the 

assignment O in r, then 

(i) start out a new rectangle r', and 

(ii) put G into r' wbere (r, r')E R(a), 

(iii) assign O to G in r. D 

Since <A> is the same as ,[1..]0 ,it is not necessary to give rules for <A>. Let fI and r2 be 

two rectangles. For the proof of the procedure, if (q, r2)E R( a) then r2 is called R( a)-
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accessible from q; ifthere is a re1ation R(a) such that (q, rVE R(a) then r2 is called accessible 

fromq. 

We say that a rectang1e ris closed iff one of the following conditions is satisfied: 

1) some subformula in r has two assignments 1 and O, 

2) there is a closed rectang1e r' such that r' is accessib1e from r and r' is closed in the 

sense of 1), 

3) aU altematives ofr are closed. 

Consider a sequence ofnon-c10sed rectangles q, rz, ... , rn , ... where ri+l is obtained from 1J. 

by app1ying the rule []O. We caU the sequence a path. In a path, rj is said to be contained in 1J. 

iff every subformula in rj also appears in 1J. and the same assignment as in 1J. (i<j). 

By the following reasons. there must be mere1y finite1y many different assignments to aU the 

formulas in aU rectangle in a path: 

i) only subformulas of the formula F occur in any rectangle. but there are only finitely 

many subformulas of the F. 

ii) different sets of the subformulas in aU the rectangles of the path is less than 2n (n is the 

number of aU the subformulas). 

By the above procedure. we produce successively rectangles in tree jorm. In this tree, a 

rectangle at a leaf is called a letif recrangle. 

Tennination of the Procedure: An application of rules to rectangles tenninates when one of the 

following conditions is satisfied: 

i) a rectangle remains unaffected by any rule. 

ii) some fj is contained in some 1J. (in this case, the corresponding path goes into a cycle and rj 

tenninates). 

iii) a rectangle is closed. 

The procedure tenninates when applications of rules to all rectangles tenninate. Also. the ooot 

rectangle is called closed iff its every leaf rectangle is closed. 

Foom the facts described above. it is known that OUf procedure is always terminated. 

We have the following lemma: 

Lemma 4.1. It the rectangle fOf F is closed. then F is valid. 

Proof. 

This lemma is provable in the usual way which is similar to that in [5]. 

Roughly speaking. the proof is as follows: 
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We construct a well-fonned fonnula from subfonnulas in a rectangle by the following 

stipulation: if a subfonnula Fi is assigned to O then we take Fi, if a subfonnula Fj is assigned 1 

then we take -'Fj. After that, we consider a disjunction Dt ofthese Fi'S and -'Fj's. Since the 

rectangle for F is closed, Dt constructed from the last rectangle is valid. Let a rectangle k be 

obtained from a rectangle h by one application of some rule. And, let ~ and ~ be well-fonned 

fonnulas constructed from the rectangle h and k, respectively. Let a rectangle k be accessible 

from a rectangle h. Then, it is shown by the same technique described in [5] that if Dk in the 

rectangle k is valid then ~ in the rectangle h is also valid. This is as follows: 

This is easily shown for the case that h and k are the same rectangle ( also, for the case of two 

altematives in "O and VI iftwo altematives are valid then the original one is valid.) 

Let the rectangle k be obtained from the rectangle h by the rule []O of the procedure, and ~ 

be constructed from -,Flv ... v-,Fs V G. Then, ~ is of the fonn -'[al]Flv .. .v -'[as]Fs v 

[a]G, where al, ... ,as ~ a. In this time, we get the validity of [a](-,Fl V ... v-,Fs v G) 

from the validity of -,Fl V ... V-,Fs v G, i.e., [a]-,(Fl" ... "Fs)V G). Thus, it is known 

from (4) and (6) ofProposition 3.1 that if-,Flv ... v-,Fs v G is valid then -'([a]Fl" .. . 

"[a]Fs)v [a]G is valid. Thus, from (1) of Proposition 3.1 we know that -,([al]Fl" .. . 

"[as]Fs)V [a]G is valid, i.e., -,[al]Flv ... v -,[al]Fl v [a]G. 

By repeating this process, we know that the well-fonned fonnula F in the first rectangle is 

valid. Because F is assign to o. o 
Lemma 4.2. If F is valid, then the rectangle for F is closed. 

Proof. 

Let us assume that F is not c1osed. Then, there is at least a rectangle which is not closed or 

goes into a cycle. In this case, every propositional variable appeared in the given F are 

assigned to O or 1. Using these assignments and the construction of rectangles by rules , we last 

can build a counter-model for the first well-fonned fonnula F. 

Thus, Fis not valid. Therefore, we get this lemma. o 
Theorem 43. The procedure mentioned above is the decision procedure for the logic LI of 

fuzzy modalities. 

Proof. 

From the discussion mentioned above, for the decision procedure it is sufficient to check 

whether or not the first rectangle is closed. And it is easily known from the Tennination of the 

procedure that this process ends after finite steps. 

Therefore, we get this theorem. o 
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5. Modal operation on fuzzy logic 

In the above sections, we considered propositional variables p's for which the valuation v(P) is 

a subset of OB. Now, we extend it to a case that v(P) goes to afuzzy subset of OB. This is a1so 

consider as an extension ofthe logic proposed in [8]. We shall define the fonnallanguage ofthis 

logic L2 in the usual way. The symbols and the definition of FOR of L2 are the same to LI. 

Also, the definition of model for L2 is the same as LI, where Definition 2.4 is modified as 

follows: 

Definition 5.1. For a fuzzy subset S of X, Â.E [0,1], and a similarity relation R R*(Â.)S 

and R *(Â)S are defined as follows: 

J.LR*(Â)S(X) = sup J.LS(x') 
R(x,x')~Â 

D 

When a model M is given, a fuzzy value (denoted by M(A) ) of a wff A by M is detennined. 

It will be noticed here that the logic Lz bas no tautologies. namely, wffs which are a1ways true 

(the fuzzy value 1) in ali models. This, however, is no obstacle to define validity by making use 

of the notion of logical consequence. To this end. we use a meta-symbol -+ between wffs A 

and B. And we consider an expression A -+ B. Then, B is called a Iogical consequence of 

A iff M(A) ~ M(B) for every model M. When B is a logical consequence of A. we use the 

notation 1= A -+ B. 

6. Decision procedure 

We consider the decision problem for our logic L2. Le., to decide whether or not for given 

well-fonned fonnulas A and B 1= A -+ B. We use a method similar 10 that ofmonadic predicate 

logic. This is a convenient to consider relationships between L2 and the monadic predicate 

logic. To this end, hereafter we treat IlA(x)'s as well-fonned fonnulas defined before and 

denote them A(x)'s . 

By a sequent we mean an expression of the fonn r -+ Il, where r. Il are sequences of 

wffs. Usually r, Il are finite but it allows the possibility of being infinite. The sequent r 
-+ Il is valid iff for every modal M min{M(A): AE n ~ max{M(B): BE D}. If r 
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={AI, ... ,An} and ~ = {B}. ... ,Bm } then r ~ ~ is valid iff BI V ... v Bm is a logical 

consequence of Al /\ ... /\ An . 
Let p, q are arbitrary propositional variables. Also, let r, ~ , and e be finite sequences of 

zero or more wffs. Then, the procedure consists of the (R I), (R2), and (Ax), which are in a 

style oftableau method given by the following rules: 

(RI) 

r, A(a)V B(b), ~ ~ e 
(V~) 

r, A(a),~ ~ e; r, B(b), ~ ~ e 

e ~ r, A(a)v B(b), ~ 

(~V) 

e ~ r, A(a), B(b), ~ 

r, A(a)/\B(b), ~ ~ e 

r, A(a), B(b), ~ ~ e 

e ~ r, A(a)/\B(b), ~ 

e ~ r, A(a), ~; e ~ r, B(b), ~ 

r, [a]A(x), ~ ~ e 
([ ]~) 

r, A(a), [a]A(x), ~ ~ e ,where a is an arbitrary object satisfying R(x,a)~a. 

e ~ r, [a]A(x), ~ 

(~[ ]) 

e~ r, A(a),~ ,where a is a new object satisfying R(x, a)~a. 
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r, <a>A(x), ~ ~ e 
« >~) 

r,A(a), ~ ~ e ,where a is a new aobject satisfying R(x,a)~a. 

e ~ r, <a>A(x), ~ 

(~< » 

e ~ r, A(a), <a>A(x), ~ ,where a is an arbtrary object satisfying R(x, a)~a. 

(R2) 

Let r and ~ be sequences of wffs. -,(A(x)I\B(y», -,(A(x)VB(y», -,[ajA(x), 

-,<a>A(x) which appear in r or /). are replaced by -,A(x)V-,B(y), -,A(x)I\-,B(y), 

<a>-,A(x), [aj-,B(x), respectively and vice versa. 

By repeated applications of the above rules to a given sequent F(a) ~ O(a), we get a tree. 

Then, we define a "closed" sequent r ~ /)., in a similar way to that of LI as follows: 

r ~ /). satisfies either 

(Ax) 

(i) there exist atomic fonnulas p(a), q(b) such that 

p(a) E r, -, p(a) E r and q(b)E /)., -, q(b) E ~ , 

(ii) there exists an atomic fonnula p(c) such that 

p(c)E r, P(C)E /). or -, p(c)E r, -, p(c) E /). . 

Further, F is defined to be closed iff every leaf of the tree for F is c1osed. We make a 

correspondence of a sequent to a rectangle in the Section 5. The following notice is given here: 

A new object 0j for rj ~ /).j by the rule (~[ ]) can be replaced by an object o in ri~ /).i 

which has been already introduced if the result is equivalent to ri ~ /).i with respect to the 

validity. In this case, the rule (~[ ]) is not applied to this rj ~ ~j. The situation is the same for 

« >~) . 
Tennination of the procedure: An application of rules to a sequent tenninates when one the 

following conditions is satisfies:, 

(i) a sequent remain unaffected (or not applied in the situation mentioned above) by 

any rule, 

(ii) a sequent is closed. 
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The procedure terminates when applications of rules to all sequents terminate. 

Note that a number ofintroduced objects is finite which depends to the number ofpropositional 

variables appearing in the firstly given sequent F(a) ~ G(a). Because a number ofpermutations 

of order of fuzzy values for atomic formulas is finite. Thus, it is known that our procedure is 

always terminated. 

Now, we prove the folIowing lemmas: 

Lemma 6.1. If A ~ B is closed, then A ~ B is valid. 

Proof. 

It is easily known from the definition that a closed sequent is valid. Also, It is also known that 

if a sequent ( two sequents for altematives) of the conclusion is valid then a sequent of the 

premise is valid. This fact is shown as folIows: 

Since A ~ B is closed, every sequent at the leaves is ofthe form (i) or (ii) in (Ax). Thus, it is 

easily known that these are valid. Therefore, it is sufficient to show that the validity is preserved 

in the reverse direction ofthe rules (RI). Here, we prove it for the rule (~/\) and (~[ ]). For 

other rules, it is shown similarI y. 

(~/\): 

Let ilS assume that e ~ r, A(a), Il and e ~ r, B(b), Il are valid. The, for every model 

Mwehave the followinginequalities min{M(W): WEe} ~ max{M(U): U Ef\..) {A(a)}Ull} 

andmin{M(W): W E e} ~ max{M(U): U E IV{B(b)}Ull}. Therefore, for every model we 

have min{M(W): W E e} ~ max{M(U): U E IV{A(a)/\B(b)}UIl}. 

(~[ ]): 

Let us assume that e ~ r. [a]A(x), Il is not valid. Then, there is a model M such that 

min{M(W): W E e} > max{M(U) : U E r U {[a]A(x)}U Il.} Let c be an individual which 

satisfies v([ a]A(x)) = v(A(c)). By making this model M, we define a model M as folIows: The 

free individual variable a does not occur in the conclusion. Hence, we can construct a model M' 

in which every v' is the same to that of M except v'(A(a)) = v'(A(c)). Thus, we get min{M(W) 

: W Ee} > max{M'(U): U E ru {A(a)}U Il}. 

Thus, we have this case. 

Therefore, we have this lemma. o 
Lemma 6.2. If A ~ B is valid, then A ~ B is closed. 
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Proof. 

Let A ~ B be not closed. From the assumption, there is a model by which there exists at 

least one sequent of every leaf for A ~ B which is not valid. Hence, by going upward 

preserving this non-validity we arrive the mot. Hence, we know that A ~ B is not valid. O 
Theorem 6.3. The procedure given above is a decision procedure for the logic L2. 

Proof. 

From the discussion mentioned above, for the decision procedure of A ~ B it is sufficient to 

check whether or not A ~ B is closed. And it is easily known from the Termination of the 

Procedure that this process ends after finite steps. 

Therefore, we get this theorem. o 

The procedure in the proof of Theorem 6.3 gives a solution of the decision problem of this 

logic. It is mentioned here that the technique is strongly related to automated reasoning. 

7. Relationships of the imprecise monadic predicate logic to the SS-modal 

fuzzy logic 

Let us consider relations of the imprecise monadic predicate logic 10 the S5-modal fuzzy logic. 

The imprecise monadic predicate logic L# is that proposed in [9], and it is obtained by 

considering only one operation [O] instead ofthe family {[Â.]h.E [0,1]. Now, in the decision 

procedure of L2 we wrote A(x) for J.lA(x). By considering this A(x) as a wff of monadic 

predicates, the proposed logic L2 is an extension of the classical monadic predicate logic to the 

fuzzy case. It is well-known that the classical monadic predicate logic is strongly related to the 

S5-modallogic. That is, it is possible to interpret the modal operations M, N as the quantifiers 

3, V, respectively. We have the similar re1ation between L# and the S5-modal fuzzy logic. 

Here, the S5-modal fuzzy logic is that introduced in [8] and is deflned as follows: 

Fuzzy sets are deflned in the usual way by their membership functions J.l. For fuzzy sets S and 

T, S (\ T, SUT, S are also defined in the usual way. Further, a similarity relation R in X is a 

fuzzy relation in X which satisfies: 

(a) reflexive: JlR(x,x) = 1 for an x in dom R, 

(b) symmetric: JlR(x,y) = JlR(Y,x), for an x,y in Dom R, 
(c) transitive: J.lR(x,z) ~ V(JlR(x,y) A JlR(Y,z» for aU x,Y, z in dom R. 

Y 

By making use offuzzy sets and the similarity relation R, we deflne a function J.l0 over [0,1] x 

X. 
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ilO SnT('t, x) = min (IlS('t, x), IlT('t, x», 

Il ° SuT('t, x) = max (IlS('t, X), IlT('t, x», 

lloS('t, x) = l-lloS('t, X), 

IlOR*(S)('t,x)= sup IlOS('t,x'), 

Il °R (x,x')2::'t 

IlOR*(S)('t, X) = inf lloS('t, X'), 
Il °R (x,x')2::'t 

,where ilo S('t, X) = IlS (x) if S does not contain R* or R* . 

Then, the SS-modal fuzzy logic means the following system: 

Consider three c1asses of symbo1s: propositional variables p, q, ... , propositional operators --', 

v. 1\ • and modal operations < >. [ ]. The set of well-formed formulas is defined in the usual 

way. Further. semantics of this logic is defined as follows: First, by a model we mean a system 

M(OB.[O.I],R, Il,v) where OB is a non-empty set of objects, R is the similarity relation on OB. 

Il is a membership function such that foroE OB and a fuzzy set A in OB. IlA(O)E [0.1], v is a 

valuation function such that for propositional variable P. v(P) is a fuzzy set in OB. and 

v(--,F)=v(F). v(FVG)=v(F)Uv(G). v(FAG)=v(F)nv(G). 

v([ ]F)=R*v(F). v« >F)=R*(v(F). 

° ° For two wffs F and G • we say F S; G iff Il v(F)('t. x) S; Il v(G)('t. x) for every model 

and every 't E [O. 1]. 

Then. in [7] the following equalities and inequalities were proved: 

[ ](FVG) 2:: [ ](F)V[ ](G). 

[ ](FI\G) = [ ](F)A[ ](G). 

[ ](FV [ ](G» = [ ](F)V[ ](G). 

[ ](FV < >(G» = [ ](F)v< >(G). 

< >(FVG) = < >(F)v< >(G). 

< >(FAG) S; < >(F)A< >(G). 

< >(FA < >(G» = < >(F)A< >(G). 

< >(FA [ ](G» = < >(F)A[ ](G). 

From the above-mentioned formulas. it is known that the modal operations <O>. [O] can be 

interpreted as the quantifies 3 . 'V • respectiveI y. Let A # be a wff of L # which is obtained from a 

wff of the SS-modal fuzzy logic by the correspondence of 3x.'Vx to <O>, [O]. respectively. 

Then. it is known that A# ~ B# is valid in L# iff A ~ B is valid in the SS-modal fuzzy 

logic. This can be shown by making use of the following facts: 



(1) The modal operations of SS-modal fuzzy logic are interpreted as those ofthe usual 

SS modallogic by taking O as a level value 't for fuzzy relations. 

(2) The above value O does not violate the discussion of system. 

Remarks 
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This paper proposed two logics on fuzzy modalities and gave decision procedures in the style 

of tableau method. From a point of view of the automated reasoning, it seems to useful since 

these procedures are practically applicable. As one of future problems, it is desirable to give 

practical techniques, e.g. programming which efficient1y works. Also, this paper has a close 

relationship to [1] and [2]. Further, as mentioned in Introduction [A] can be considered as a 

special case of ind(A) of Orlowska [10], in which A, B, ... , of ind(A), ind(B), ... are partially 

ordered but A'S are tota11y ordered; namely, in a sense that in a correspondence of A, B, ... to a, 

~ ,... a U ~ is a or ~. In this paper, we considered the logics from a side of semantics. As 

mentioned previously, its syntax (formal system) must be discussed. It is an interesting open 
problem to axiomatize the 10gics LI and L2. The family ofmodal operations {[A]}AE [0,1] of 

this paper has the local agreement proposed in [4]. That is, for any object x E X and for the 

corresponding two equivalence classes to two relations R(a) and R(~) the following local 

agreement holds: [x]R(a) ~ [x]R(~) or [X]R(~) ~ [x]R(a). An axiomatic system for the 

logic based on local agreement has been given in [4]. Thus, the technique of [4] seems to be 

useful our axiomatization problem for LI. On the other hand, we pick up some of valid 

formulas such as (1)-(14) of Proposition 3.1 and 3.2, which have been used in the proof of 

Lemma 4.1 and consider them as axioms. Then, it will be possible to axiomatize the logic LI. 

And also in the same way it will be possible to axiomatize the logic ofindiscernability relation 
by Orlowska. Further, the family ofmodal operations {[A] lAE [0,1] is considered as a kind 

offuzzy-rough quantifier in the monadic predicates. In this consideration, [6] and [10] is also 

strongly related to this paper. The details ofthese problems will be discussed in furtherpapers. 
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Abstract. The paper presents a comparison study of the rough sets approach and proba­
bilistic techniques, in particular, discriminant analysis and probabilistic inductive learning, 
to data analysis on a common set of medical data. This study completes the comparison 
done in [9], by taking into account, in addition to the location model of discriminant anal­
ysis, the linear Fisherian discrimination and Bayesian tree classifiers derived via inductive 
learning approach. A general discussion on similarities and differences among compared 
methods is given. Particular attention is paid to data reduction and creation of decision 
rules. The outcomes of a computational experiment on the common set of data are described 
and discussed. 

1. Introduction 

Very of ten data recording cert ain experience concern a set of objects (examples, individuals, 
observations etc.) described by a set ofmulti-valued attributes (features, tests, characteris­
tics, variables etc.). The set of objects is usuaHy classified into a disjoint family of classes, 
e.g. according to the expert's experience and knowledge in the considered field. It is also 
typical that attributes, in particular in medicine, are both discrete and continuous. Data 
of this type can be represented in a structure of an information system. 

One of main problems in analysis of data coming from experience is reduction of aH 
superfluous attributes. As a result of this reduction the most significant attributes for the 
classification are determined, i.e. attributes which distinguish in the best way between 
classes of classification. Another essential problem refers to creation of decision rules which 
represent not only relationships between the description of objects by attributes and their 
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assignment to particular classes, but can be also used to the classification of new objects. 
The approaches which can be used to solve above problems can come from different 

fields of data analysis. One of the recent approaches is based on the rough sets theory 
(Pawlak [16]). It has been proved to be a useful tool for analysis of several real information 
systems. However, one can also refer to other methods from statistics, pattern recognition 
or machi ne learning. Within the framework of multivariate statistical approaches, the 
practical problems of selection of attributes and derivation of decision rules are studied by 
the discriminant analysis. A preliminary theoretical study on comparison of rough sets 
theory and discriminant analysis was carried out in [20]. Then, a set of medical data [9] 
has been used to compare rough sets analysis with the location model. The location model 
is one of the methods of discriminant analysis to be used for mixed continuous and discrete 
attributes. This is a cost-effective method which applies a collection of linear discriminant 
rules derived for subsamples of the data in relation to the values of discrete variables 
(attributes). Other methods of discriminant analysis, as logistic discrimination reached as 
a solution of a non-linear system and, especially, non-parametric kernel methods requiring 
density estimation, are more time consuming. 

In the present paper, we extend our comparison to other probabilistic techniques, i.e. 
linear Fisherian discrimination and inductive learning. In linear discrimination, we apply a 
linear classification rule, similarly to the location model, but only one for the whole set of 
data. Probabilistic inductive learning results in creat ion of a tree classifier, so it provides 
a kind of data division into branches. Moreover, as inductive learning is a sequential 
technique (on the contrary to statistical discriminant analysis), it can be sometimes judged 
as resembling more to the 'human' way of medical decision making [13]. 

The aim of the paper is to compare the rough sets approach, the location model method, 
linear Fisherian discrimination and probabilistic inductive learning on the common data set. 
The analysed information system comes from medicille and COllcerns patiellts sufferillg from 
duodenal ulcer treated by highly selective vagotomy. 

In the comparison particular attelltioll is paid to the followillg problems: selection of the 
most sigllificant attributes, creatioll of decision rules or tree classifiers and its verification. 
The verification is performed by reclassification of the data set on the 'Ieaving-one-out' 
basis. 

The discussion of results obtained by different approaches may be useful to draw prac­
tical conclusions for prospective data analysis. 

2. Considered data analysis methods 

2.1. The rough sets approach 

The rough sets approach considered in this paper is based on the methodology developed 
and used in several applicatious, e.g. medical (cL [2],[17],[18],[19]) or techuical oues (cL 
[14],[15]). This methodology allows to allalyse informatiOll systems with both discrete and 
continuous attributes. Discrete (qualitative) attributes are handled naturally in the analysis 
because the rough sets theory is dealillg mainly with information systems where domains 
of attributes are finite sets of rather low cardinality. Continuous (quantitative) attributes 
are handled in the analysis after application of some norms dividing the original domains of 
those attributes iuto subintervals and assignment of qualitative codes to these subintervals. 
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The rough sets methodology consists in : approximation of classes, calculation of ac­
curacies of approximations and quality of classification, searching for minimal subsets of 
attributes ensuring a satisfactory quality of classification, reduction of non-significant at­
tributes, derivation of a decision algorithm from the reduced inforlllation system. The 
decision algorithm obtained using the rough sets methodology is composed of determin­
istic (certain) and non-deterministic (possible) rules (cf. [2]) which represent important 
relationships between the description of objects and their assignment to particular classes. 
The algorithm may be also used for classification of new objects (cf [21]). This possibility 
will be emphasized in the present paper in the part concerning verification of the decision 
algorithm. Let us notice that all decision rules are not equally important or reliable. Some 
rules are built using information about greater number of objects than other rules. In the 
worst case, a rule may refer to a single object in the information system. This difference in 
the importance of derived rules can be described by an additional parameter for each rule. 
This parameter, called 'strength' of the rule, is expressed by the number of objects in the 
information system supporting the considered decision rule. It has particular interpretation 
for non-deterministic rules. In these rules decisions are not uniquely determined by con­
ditions, so parameters describe each possible assignment. For example, if one of possible 
decisions is supported by a significantly greater nUlllber of objects than others, one can 
conclude that this decision is the most possible. 

When classifying a new object it may happen that there is no decision rule consistent 
with the description of the classified object by the condition attributes. In this case the 
idea of, so called, 'nearest' rules can be employed. The nearest rules are rules which are 
close to the description of the considered object in the sense of a chosen certain measure. 
Different measures were proposed in [21] but in this paper nearest rules are obtained using 
a simplified distance measure (cf [20]). According to it nearest rules are rules differing from 
the description of the classified object on a position of one attribute only when the value 
of this difference is not the greatest possible. The nearest rules are used by the following 
procedure for approximate assignment of the new object to a class of decisions. The k 
nearest rules are considered. Each of them is described by the number of objects supporting 
the assignment to a class, Le. its strength. Then, supports for all classes are summed up 
and the object is assigned to the class with the greatest nUlllber of supporting objects. If 
there are severa! classes with the greatest score, then the new object is not classified at 
ali. Moreover, if it is not possible to find the nearest rules because of restrictions for the 
allowed difference, the new object is also not classified. 

2.2. Linear Fisherian discrimination 

Discrilllination problem is to distinguish between two (or generally more) distinct classes 
(called also groups) on the basis of values of attributes under consideratiOll. The attributes 
involved in the classification process should have a high discriminatory power. The classical 
solution of this problem was given by Fisher (for overview see : [11]). Let us assume that 
each object considered is described by vector yT = (Yl, . .. , yp) of p attributes. We aSSUllle 
that the distribution of y is multi variate normal with the mean vector Ili (i = 1,2, ... , g) 
; 9 - number of considered classes) different for each class, and a common covariance 
matrix L. The 'a priori' probability that y belongs to the i-th class is described by 
Pi . The classification rules are obtained by determining an 'a posteriori' probability for 
y using the Bayes theorem. The rules are optimal only when assumption on normality 
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and homogeneity of covariance matrices is fulfilled. The decision algorithm is based on 
comparison of discriminant scores : 

(1) 

or 'aposteriori' probabilities given by the formula 

. exp{Sd 
Pr(l I y) = "Lg {S} 

j=1 exp J 
i = 1,2, ... ,g; (2) 

The object is assigned to the class with the greatest 'a posteriori' probability. 
In practice, parameters J1 and "L are unknown and should be estimated by class means 

and within-class sample covariance matrix, respectively. 'A priori' probabilities Pi can be 
set, e.g. as proportional to the number of objects in classes under consideration or as equal. 
This gives, in fact, two different classification rules and leads to different results. 

The rules (1) and (2) are based on a given number of attributes. It is obvious, however, 
that not all of them possess considerable discriminatory ability. The selection, prior to 
classification is necessary. Many various criteria may be used. Ont' applied commonly is 
the Wilks A statistic defined as a ratio of two determinants 

(3) 

where G is a within-class adjusted squares and products matrix, H is a between-class 
adjusted squares and products matrix, G + H builds the total adjusted squares and products 
matrix. 

The Wilks A, which measures the relation between within-class and total variability 
has a clear interpretation. It is equal to O when there is a complete discrimination and 
1 if there is no discriminatory ability in the set of considered attributes. Thus, it can 
be used in exploratory manner (without testing). However, in our stlldy we applied the 
stepwise search with significance testing of the attribute introdllced or dropped out of the 
discrimination set. The same distributional technique was studied in (9) in relation to the 
location model. In the case of the linear Fisherian discrimination the significance test is 
based on the normality assumption. The significance of the variable introduced to the 
discrimination set as well dropped out of discrimination set is tested using Snedecor F 
statistic. The re ader is referred to [11) for detailed formulae. Moreover, the significance of 
the current discrimination sub set can be tested using another F statistics called 'overall F' 
(23). 

The statistical studies have proved [11) that the linear discrimination is quite robust 
against violation of normality or homogeneity assumptions. This was a reason, that in the 
prest'ut paper we study this classical kind of discriminative approach on the set of mixed 
continuous and discrete attributes taking additiollally into account the impact of changes in 
a priori probabilities to find classification results. In spite of robustness of the linear function 
one should stress that from the point of view of statistical correctness it is possible to use 
only binary and discrete ordinal attributes in the function. Discrete nominal attributes 
with more than two possible stages should be decoded to the set of binary attributes. 
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2.3. Location model 

The location model [7,8,10] is a specific procedure used for discrimination with both discrete 
and continuous variables. The method has been already compared with the rough sets 
theory in [9]. The procedure is a natural extension of classicallinear discrimination. The 
objects are divided into subsamples (celIs) in correspondence to values of binary (discrete) 
attributes, e.g. having q binary attributes we get 2q subsamples. For each subsample linear 
discriminant rules are calculated and used for discrimination. The additional extension in 
relation to classicallinear discrimination is the different method of estimation of group and 
cell means and covariance matrices. Moreover, the probabilities that an object from the m~ 
th cell belongs to the i~th class, i.e. Pim are estimated by the interactive scaling procedure [5] 
instead of taking them as equal 01' substituting them by fraction of objects occurrence in the 
m~th cell of the i~th class. The reduction of the number of attributes in the location model 
is also based on the matrices Hand G as for linear Fisherian discrimination, but taking into 
account the location model cell structure. The generalized discriminatory measure is then 
calculated as T 2 = tr(HG~l). Under assumption about normality of continuous attributes 
in the model, the transformed T 2 has Snedecor F distribution [8]. The distributional 
approach can be used (as in [9]) to determine the best subset. AdditionalIy, one should stress 
that discrete (nominal) attributes have to be binarized before selection and classification 
as for the classical discrimination. 

2.4. Probabilistic inductive learning 

The inductive learning algorithm which is considered in this paper (its software implemen­
tation is called Assistant Professional) is based on Quinlan's ID3 algorithm [1]. A principle 
of induction is used to learn rules 01' to obtain a classifier, which should be complete and 
consistent with the given set of learning objects [4]. Knowledge is represented in the form 
of a binary tree where tree nodes correspond to attribute values and tree leaves to classes. 
The most informative attribute is placed in the tree root, whilst less informative attributes 
follow in lower nodes. An optimal classifier is obtained for the minimal complexity and for 
the maximal possible accuracy corresponding to it. Complexity can he measured by the 
number of leaves [4]. The pruning 01' truncation of classification reduces the complexity of 
the induced classifier. It practically means pruning the unreliable parts of the decision tree, 
and from viewpoint of the data set it is a kind of selection of attributes. 

Pruning is done when building the classifier, according to the informativity of each 
attribute, at each tree node. The function measuring informativity is based on the entropy 
of the set of objects [13). According to this measure, an attribute chosen for splitting a 
sample at a tree node is the one that gives the greatest decrease of entropy. If that set 
is characterized by 1 values of a given attribute and objects belong to t classes, then the 
number of objects in the i~th class (i = 1, ... , t) with j value of the considered attribute 
can be denoted by n(i,j). The probability that object with the attribute value j, belongs 
to the i~th class is denoted by p(i,j). The probability that the object belongs to the i~th 
class is denoted by p( i). The decrease of entropy is measured as the difference between 
expected entropy and the entropy before splitting of the sample at the current node and is 
denoted by : 

- 2)p(i,j) * lnp(i,j)) + 2 2:(p(i) + lnp(i)) 
i,j 

(4) 

For continuous attributes the prior discretization is done before entering the inductive 
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procedure. In the medical application, the reference values intervals can be taken for this 
purpose as it was done in the rough sets approach. Moreover, during building a tree, an 
additional binarization of alI attributes can be performed to normalize informativity of 
them with respect to the number of their values. Any attribute is binarized by finding such 
a division of the set of its possible values into two subsets, which maximizes attribute's 
informativity [1]. 

Estimation of reliability of the tree is performed at each node, i.e. for each attribute 
during the process of the tree building. Parameters which are used for it are the folIowing : 
attribute suitability, class frequency and node weight. Attribute suitability is calculated as 
(I n f (aj ) I E) * Wr , w here E is en tropy of a learning set in the curren t node (see formula 4), 
Wr is the weight of the learning set in node 1'. This weight, also called the minimal weight 
threshold, determines the required minimum relative sum of objects at the current node of 
the tree sufficient to continue the generation of a subtree. The weight of an object itself 
determines its importance for the classification problems, and is usualIy equal to 1. 1 nf( aj), 
or the informativity of attribute aj , is the decrease of the entropy of the learning set after 
introducing attribute aj [1]. This parameter relates the attribute success (Inf( aj)1 E) with 
the confidence into its success (Wr ). Class frequency, which is calculated as p( i) * 100%, 
w here p( i) is the probability that an ob ject belongs to the majori ty class i in the learning 
set of node 1'. It shows the share of the majority class in the learning set. Node weight 
is calculated as (WrIWo) * 100% where W r is the weight of the learning set in the node 
l' and W o is the weight of the learning set in the root node. The parameter is used to 
stop over-splitting of the learning set when the relative frequency shows that the sub set of 
objects is too smalI. 

Pruning can be performed in accordance to informati vity using pruning factor (P F), 
which minimizes an information gain required from the currently selected attributes. The 
gain depends on the relative informativity content of the attribute in relation to the sum 
of weights of examples in the current node. The values of the informativity pruning factors 
may be between O and 9.9, where O corresponr!s to no pruning at alI. The recommended 
value is usually P F = 3 [12]. 

Classification of a new objects results in the prediction of its class membership using 
the tree classifier. Classification can be also used to test the accuracy of the tree, which can 
be done in different manners. In this study, two methods are applied [12]. The first one, 
'tree and Bayesian' uses the decision tree to calculate a priori probabilities for the Bayesian 
method and then classifies objects with Bayesian methods considerillg only attributes which 
do not appear in the corresponding branch of the tree. The other considered method, 
'Bayesian and tree', uses a decision tree for classification, taking into account Bayesian 
probabilities already calculated in leaves. 

3. Data analysis results 

AlI methods collsidered in this study were applied to the analysis of the illformation sys­
tem concerning patients sufferillg from duodenal ulcer treatee! by highly selective vagotomy 
(HSV). It will be shortly callee! HSV information system. A e!etailed description of this 
system may be found in [10]. In brief, the HSV information system is composed of 122 
patients treated by HSV describee! by 11 attributes (variables). The set of alI patients is 
classified into 4 classes accore!ing to long tel'In results of the operation. The care!inalities of 
each classes are: class 1 (excelIent result) - 81 patients, class 2 (good result) - 19 patients, 
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class 3 (satisfactory result) - 8 patients, class 4 (unsatisfactory result) - 14 patients. At­
tributes describing patients are qualitative (attribute 1 - sex and attribute 4 - complication 
of ulcer) and quantitative (they concern anamnesis or laboratory tests). 

In this study, similarly to [2], we have decided to consider also the case of aggregated 
classes 1 + 2 (denoted by 1) and 3+4 (denoted by II). This aggregation was done because 
classes 1 aud 2 correspond both to good results of treatment and classes 3 and 4 correspond 
to bad results. 

3.1. Results of the rough sets analysis 

The case of four classes was considered first. Proceeding in the usual way of the rough sets 
methodology, we created approximations of each particular class by the set of an attributes, 
and the calculated accuracy of each approximation. The results are presented in Table 1. 
The quality of whole classification is equal 0.97. 

Table 1. The rough sets approach. 
Accuracy of approximation of each class by attributes 

from set Q in the HSV information system. 

Class Number of Lower Upper Accuracy 

Xi patiens approx. Xi approx. Xi PQ(.Xi ) 

card (Xi) card(QX;) card(QXi) 

1 81 79 83 0.95 

2 19 19 20 0.9 

3 8 8 8 1.0 

4 14 13 15 0.87 

Then, the only minimal subset of attributes consisting of 9 attributes {2,3,4,5,6, 7,9, 
10, lI} was found. Because it has a high quality (0.97) we looked for more reduced subset 
of attributes ensuring a satisfactory quality of classification. As a result of this searching 
we found subset H = {3, 4, 6, 9, 10} giving the quality 0.68. 

The same procedure was applied to the analysis of the two class case. We found one min­
imal subset composed of 7 attributes {3, 4, 5, 6, 7,10,11} (quality of classification equal to 
0.97) and then the reduced subset F = {3, 4,6,1O,11} giving a good quality of classification 
equal to 0.84. 

Obtained reduced subsets of attributes were used to reduce the information systems (i.e 
system with 4 classes and system with 2 classes). Then, decision algorithms were derived 
from both reduced information systems for both cases. As it was possible to obtain more 
than one possible decision algorithm, the criterion of the lowest number of descriptors in 
the decision algorithm was used to choose one of them. The algorithms are presented in 
Table 2 (four classes) and Table 3 (two classes). 

The verification of these decision algorithms was performed by means of the reclassifi­
cation ofthe old sample (the HSV information system) using the 'leaving-one-out method', 
which is typical for statistical approaches. It relies on reclassification of each particular 
patient using the decision algorithm derived from the information system which does not 
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Table 2. The rough sets approach. Decision algorithm derived 
from the reduced HSV information system. Four class case. 

Condition attributes Class Condition attributes Class 

3 4 6 9 10 3 4 6 9 10 

O 3 =?1 1 2 1 O =?2 

1 1 2 =?1 2 O 2 1 2 =?2 

1 O 2 =?1 O O =?3 

2 1 1 =?1 1 3 O =?3 

2 2 2 =?1 1 3 2 1 =?3 

2 1 2 =?1 1 1 2 2 =?3 

2 3 O =?1 1 O O 1 1 =?3 

2 O 1 2 =?1 2 O O O =?4 

1 1 O 1 =?1 1 3 2 2 =?4 

1 1 2 1 =?1 1 2 1 O =?4 

2 4 2 O =?1 2 O 2 2 2 =?4 

O 1 2 O =?1 1 O 2 O 1 =?4 

1 O 1 1 =?1 2 4 2 2 1 =?4 

2 1 O O =?1 2 1 1 O 1 =?4 

2 O 2 2 O =?1 2 2 1 O 1 =? 1/2 

1 O O O O =?1 2 3 1 1 1 =? 1/2 

2 O 1 O 2 =?1 2 O 2 2 1 =? 1/2/3 

1 1 2 O 1 =?1 2 O 2 O 1 =? 1/2 

2 O 2 O 2 =?1 1 O 2 1 1 =? 1/2 

2 O 1 1 2 =?1 2 O 1 O 1 =? 1/4 

2 O O 1 1 =?1 1 O O O 1 =? 1/4 

2 O O O 1 =?1 2 2 O O 1 =? 1/4 

4 O =?2 2 O O 1 2 =? 1/4 

3 1 2 =?2 1 O 2 1 2 =? 1/2 

3 1 O =?2 1 1 1 1 2 =? 1/2 

O 1 1 O =?2 2 O 1 1 1 =? 1/2 

1 2 1 2 =?2 2 O 2 1 1 =? 2/4 

2 2 1 1 =?2 



Table 3. The rough sets approach. Decision algorithm derived 
from the reduced HSV information system. Two class case. 

Condition attributes Class Condi tion attribu tes Class 

3 4 6 10 11 3 4 6 10 11 

2 3 ~ 1 2 O 2 O 1 ~ 1 

O 1 ~ 1 1 O O O O ~ 1 

O 3 ~1 1 O 2 1 1 ~ 1 

1 1 O ~ 1 2 O O 1 O ~ 1 

2 1 O ~1 2 O 1 2 O ~ 1 

2 2 1 ~ 1 1 2 1 1 O ~1 

1 O 1 ~ 1 2 O 1 1 O ~ 1/2 

1 3 1 ~ 1 1 O O 1 O ~ 1/2 

1 1 1 ~ 1 2 2 O 1 O ~ 1/2 

2 4 O ~1 2 O 2 1 1 ~ 1/2 

2 1 2 ~ 1 2 O O 2 2 ~ 1/2 

2 O 1 1 ~ 1 O O ~2 

1 O O 3 ~1 1 3 O ~2 

2 O 1 3 ~ 1 ] 3 2 ~2 

1 O O 1 ~ 1 1 O 2 O ~2 

1 1 2 1 ~1 2 4 2 3 ~2 

2 O 2 O ~1 1 1 2 2 ~2 

2 4 2 O ~ 1 2 1 1 O ~2 

1 1 2 O ~ 1 1 O O 2 ~2 

2 O 2 2 ~ 1 2 O O O O ~2 

1 2 1 3 ~ 1 2 O 2 2 3 ~2 

2 1 1 1 ~ 1 1 2 1 O O ~2 

1 O 2 2 ~1 1 O 2 2 1 ~2 

2 O 1 2 ~ 1 

2 O O 1 ~1 

2 2 O 1 ~1 

2 1 1 2 ~1 

2 O 1 O O ~] 

2 O 2 1 3 ~1 
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contain the patient considered (i.e. the information system was decreased by the considered 
patient and contained only 121 others). 

The reclassification was performed twice: first using only certain, i.e. deterministic 
rules, then using also non-deterministic rules (with the analysis of possible assignments) 
and the procedure for finding nearest rules. In the latter reclassification k = 5 nearest rules 
were analysed and the patient was assigned to the most supported class. This approach is 
a bit different form one considered in [9] where only first nearest rule was analysed. 

The results of reclassification are presented in Table 6 (four classes) and Table 7 (two 
classes ). 

AH necessary calculation were performed with the RoughDAS software [6]. 

3.2. Discriminant analysis results 

As the attribute 4 is a discrete nominal one, it was transformed into a set of 4 binary 
attributes, e.g. 4-1 is equal to 1 when the complication of ulcer no. 1 was present and O, 
otherwise. The same transformation was made in [9] for the location model. 

For the linear Fisherian discrimination two methods of estimation of'a priori' probabil­
ities were analysed : probabilities proportional to the number of patients in classes under 
consideration or equal to this number. 

Subsets selected for linear discrimination are given in Table 4 (four class case) and Table 
5 (two class case). The results of reclassification are summarized in Table 6 and 7. The 
best results obtained via location model method [9] are also given in Tables 4,5,6 and 7. 

Table 4. Subsets selected by different methods. Four classes. 

method subset 
Rough sets approach {3,4,6,9,10} 
Location model -A {4-3,4-4,6,9,10,11 } 

-B { 4-3,4-4,6} 
linear discrimination {2,3,4-1,4-2,5,8,9} 

inductive learning {1,2,3,4,5,6,7,11} 

Table 5. Subsets selected by different methods. Two classes. 

method subset 
Rough sets approach {3,4,6,10,11} 
Location model -c {2,3,4-1,4-4, 7 ,8,10} 

-D {4-1,4-4, 7 ,8,10} 
linear discrimination {l,2,3,5,8,11} 

inductive learning {2,3,4,5,6,7,8,9,10} 

3.3. Inductive learning analysis 

The inductive learning algorithms are represented by a tree structure. The tree structure 
depends on a pruning factor. Although, it is known that optimal results are obtained with 
the pruning factor equal to 3, we have also checked how the increase of this factor infiuences 
the complexity of tree and classification results. 



Table 6. Results of reclassification of the HSV information 
system (numbers of correctly classified objects) for the four class case. 

method Correct classification in class Whole 
and subset 1 2 3 4 system 

Rough sets approach 
deterministic rules (*) 48 2 O 3 53 
first nearest rule (**) 71 10 2 6 89 
k nearest rules (**) 79 4 O 3 86 

Location model 
sub set B 51 2 O 5 58 

Linear discrimination 
equal probabilities 

alI attributes 30 6 3 2 41 
selected sub set 35 6 3 3 47 

proportional prob. 
alI attributes 69 1 O O 70 
selected sub set 71 1 O O 72 

Inductive learning 
tree and Bayesian 68 1 1 1 71 
Bayesian and tree 78 O O O 78 

(*) - classification on the basis of deterministic rules only as performed in [9] 
(**) - classification with non-deterrninistic rules and 'nearest' rules 

Table 7. Results of reclassification of the HSV inforrnatiou 
systern (numbers of correctly classified objects) for the two class problem 

method Correct classification in class Whole 
aud sub set 1 II system 

Rough sets approach 
deterministic rules (*) 7.5 6 81 
first nearest rule (**) 88 10 98 
k nearest rules (**) 99 6 10.5 

Location model 
subset C 64 12 76 

Linear discrimination 
equal probabilities 

alI attributes 60 2 62 
selected subset 59 10 69 

proportional prob. 
all attributes 94 O 94 
selected subset 98 O 98 

Inductive learning 
tree and Bayesian 92 2 94 
Bayesian and tree 99 O 99 

(*) - classification on the basis of deterministic rules only as performed in [9] 
(**) - classification with non-deterrninistic rules and 'llearest' rules 
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For the four class case, we have obtained a tree based on attributes {1, 2, 3,4, .5, 6,7,11}. 
It is presented in Fig. 1. Then, \Ve ha.ve found that increasing the pruning factor P F we can 
reach simpleI' tree structures (less attributes) but branches leading to the group 2 and 3 are 
cut off from the tree and classification is unreliable. The tree presented in Fig. 1 is derived 
from the whole data set but for verification calculations the leaving-one-out method was 
applied as in the rough sets and discriminant procedures. The results are given in Table 6. 

For two class case, the tree (Fig 2.) is based on attributes {2,3,4,5,6, 7,8,9,10}. The 
classification results are given in Table 7. Further increase of the pruning factor gives an 
unreliable tree using only attribute 4 and classifying alI the patients to group 1. 

Figure 1: The tree structure for four class case. 

>50.0 

dH 

Figure 2: The tree structure for the two class case. 
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4. Discussion 

Comparative evaluation and discussion concerns two aspects of the analysis of the HSV 
information system, Le. reduction of attributes and classification ability. 

The first aspect refers to comparison of subsets of significant attributes (see tables 4 
and 5) selected by the four methods. These subsets can replace the whole set of attributes 
and reduce in this way the information system. Reduction of attributes is important in 
many practical application, e.g. in medicine, some unnecessary but harmful or expensive 
tests may be avoided in this way. The comparison of subsets chosen for four and two 
classes, respectively, by the same method shows that they are consistent only in the case of 
the rough sets approach. lndeed, subsets {3,4,6,9, la} and {3,4,6, 10, ll} are nearly the 
same. It is an interesting and useful feature from the practical point of view because the 
aggregation was done to join the classes having similar meaning. Subsets chosen by other 
methods differ significantly. 

For discriminant techniques, this difference can be explained in such a way that in 
the measure of a discriminative power the within~class variability is related to the total 
variability. As in the case of aggregated classes two mean values are aggregated to calculate 
the mean of an aggregated class, the dispersion between objects and a joint mean can be 
different than for means obtained separately. This influences the discriminative power of 
attributes under study. 

In inductive learning, selection of attributes results from pruning of trees. So, in this 
method there is no preliminary step of data reduction performed before building decision 
rules as in rough sets or discrimination techniques. It can also be noticed that attribute 
selection by pruning trees has been relatively ineffective since 8 and 9 attributes (four and 
two class case, respectively) remained in the structure. 

Reclassification with 'leaving~one~out' shows that the best results (see Tables 6 and 7) 
are obtained by means of the rough sets approach. The second best is inductive learning 
and classicallinear discrimination with proportional a priori probabilities. 

Considering results of the rough sets approach (the highest results of reclassification 
for both cases) it can be noticed that analysis of nearest rules and non~deterministic rules, 
instead of using deterministic rules only, has considerably increased the score of reclassifica­
tion (in the case of four classes the number of correctly classified objects has increased from 
53 to 89). Moreover, in the case of two classes the analysis of k nearest rules was slightly 
better than taking into account the first rule only as it was done in [9]. In the case of four 
classes, global results were similar. It should be noticed, however, that objects correctly 
classified by means of the analysis of k nearest rules mainly belong to the first class. It 
results from the fact that the first class has much greater cardinality than other classes in 
information system and, in consequence, majority of analysed nearest rules concern this 
class. On the other hand, analysis of the first nearest rule only, while giving worse results 
of global reclassification, enabled classification of objects from other classes than the first 
one (see [9]). 

It is also interesting to note that in four class case, linear discrimination performs 
better than location model when 'a priori' probabilities are set proportional to the number 
of patients in classes. For equal 'a priori' probabilities the global reclassification score is 
worse but classes 2~4 are classified better. The advantage of linear discrimination over the 
location model is not surprising as for the location model the sample size is relatively small 
and yet divided by two binary attributes (4~3, 4~4). Thus, because of many subparts, 
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and therefore poor estimates, we cannot expect better results for many binary attributes. 
The location model performs better in the two class case. Its global reclassification score 
is smaller than for linear discrimination and proportional a priori probabilities but on the 
other hand kind oflinear discrimination misclassifies almost alI patients from class II to class 
1. In addition, one should stress that linear discrimination with leaving-one-out performs 
better for subsets selected than for the entire set of attributes. This effect called 'peak 
effect' is caused by noise reduction in the case of selection. 

In inductive learning, results of reclassification are similar to linear discrimination, both 
for 'Bayesian and tree' and 'tree and Bayesian' techniques. This means that the classifica­
tion is biased again towards the greatest class. Despite of good global results, it is impossible 
to classify patients from smaller classes in a reliable way (the worst results among alI the 
methods). 

Taking into account alI compared results, one can conclude that in the case of unbal­
anced class sizes and many discrete attributes in information system the linear discrimina­
tion could be recommended over location model (although assumptions of normality and 
homogeneity are not fulfilled). The location model could be better for larger sample sizes 
and relatively lower number of discrete attributes. Inductive learning is also ineffective for 
unbalanced class sizes, the rough sets approach is generally better than other methods in 
that case. A more general conclusion is that the rough sets approach is dealing particularly 
wel1 with analysis of information systems coming from human experience, where qualitative 
attributes exist naturally. Moreover, the rough sets approach makes no assumption about 
data as probabilistic methods do, e.g. normality of distributions, similar cardinality or 
large sizes of classes, and it does not use their typical operators of data aggregation (e.g. 
mean value) in the course of the analysis. The structure of final classifiers (decision rules) 
is also different from probabilistic methods. The most similar is the tree representation in 
probabilistic inductive learning but it could not be converted to decision rules because the 
same attribute can be used in binary tree sever al times down to it and its different values 
can have different 'decision power'. 
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Abstract. In statistics, classical discriminant analysis methods explain a predefined clas­
sification of a set of objects, by using the discrete values taken by these objects on some 
conditional attributes. Rough sets theory has the same objective. The purpose ofthe paper 
is to describe some experiments made to compare both approaches. In a first section, we 
recall the results obtained by Wong et al. for the comparison of rough sets theory with 
the Quinlan's method, using the notion of entropy. Section two is devoted to a comparison 
of rough sets approach with a specific discriminant method, the Elysee methodj an appli­
cation is solved by both methods and similar results are obtained. In the last section, we 
analyse a real case study concerning a production problem, in a printing company, by both 
methodologies. 

1. Rough sets theory and information theory 

In this preliminary section, we want to recall some interesting results of Wong et al. [6] , 
related to a comparison between rough sets theory and Quinlan's method, using the notion 
of entropy. 

Let us consider a decision table (U, C uD, V, f). If D* = {Dt, ... , D R} represents the 
family of all D-elementary sets defined by the equivalence relation iJ, we denote by 

card(Dr ) 
Pr = card(U) 

the relative frequency of objects in class Dr. 
From the theory of information, we know that the entropy 

R 

H{} = - L Pr logRPr 
r=l 

is a good measure of the uncertainty of the distribution of the objects in D*. 
The entropy verifies some basic properties : 
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• HB = O iff R = 1 , Le., U == D 1 

• for R fixed, HB is maximum if Pr = -li \lr 
• if Pr = -li \lr, H B is an increasing function of R 

The following property is important for the analysis of a decision table by the Quinlan's 
method : if the set of objects U is considered as composed of several subsystems Pn , n = 
1, ... ,N - for instance, corresponding to elementary sets of a subset P of the conditional 
attributes - the entropy HC, measuring the uncertainty of the distribution of the classes 
Dr in the classes Pn , is expressed by 

N 

HC L qnHf?n 
n=1 

where 

qn 
card(Pn) 
card(U) 

R 
H D Pn - L Prn logR Prn 

r=1 
with 

Prn 
card(Dr n Pn) 

card(Pn) 

The Quinlan methods consists to build a decision tree determining progressively the 
decision rules. At the root of the tree, the attribute ql E C is selected such that 

Le the attribute ql for which the uncertainty of the distribution of classes Dr in the 
{qd-elementary sets, is minimum. 

Let Xi, i = 1, ... ,1 be the {qd-elementary sets. If Xi is pure - Le. if 3rlXi ~ Dr - then 
no further branching of Xi is needed. 

Otherwise, if Xi is impure - i.e. the objects of Xi belong to more that one class Dr -
the process is continued, determining for this class, the attribute q2 E C \ {ql} such that 

some classes Xi,j - which are {ql, q2}-elementary sets - are thus obtained. 
If the decision table is consistent, the process ends with no impure terminal classes 

and deterministic rules are obtained. Otherwise, there exists some impure terminal nodes 
corresponding to non deterministic rules. 

Wong et al. [6] obtained an interesting proposition which gives, in a particular case, 
a direct relation between Quinlan's method and rough sets theory. More precisely, this 
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proposition lies the value H{; of the entropy with the value ,p(D*) expressing the quality 
of approximation of D* by the P-elementary sets : 
Proposition [6] 

If the objects belonging to each impure class of P* are uniformly distributed in alI the 
classes DT) Le. if 

then 

Remark 

card(Pn) . 
card(PnnDr) = R Vr=l, ... ,R,VPn lmpure, 

H{; = 1- ap(Dr ) r = 1, ... ,R 
1 - ,(D*) 

The assumption of uniform distribution is equivalent to 

card(Bnp(Di)) 
card(Bnp(Di)nDr) = R Vr=l, ... ,R 

For this particular case, an important consequence of this proposition is, that the deci­
sion rules derived from a sub set P of attributes are identical if we use Quinlan's method or 
rough sets approach ! 

We iUustrate this result, considering the following didactic example : 
Example 

There are 9 objects - a till i -, 4 conditional attributes - CI tiU C4 - and one decision 
attribute D; the information system is given in table 1. 

CI C2 C3 C4 D 
a 1 1 2 1 
b 1 1 2 1 
c 2 1 1 2 
d 1 1 2 1 + 
e 1 1 1 2 + 
j 2 1 1 2 + 
9 1 2 2 2 + 
h 1 2 1 1 + 

2 2 1 1 + 
Table 1. Information system of the example 

The atoms of this information system are {a, b, d}; {c, f}; {e}; {g}; {h}; {i}. 
We consider P = {CI, C2} and the corresponding partition P* = {PI, P2 , P3 , P4 } of U : 

{a,b,d,e};{c,j};{g,h};{i}. 
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It is easy to obtain 

H P 4 H D + 2 HD + 2 H D + 1 HD 
U 9 P1 9 P2 9 P3 9 p. 

4 1 + 2 1 + 2 O + 1 O 9 9 9 9 
2 
:3 

and ap(D+) = ap(D-) = 1'P(D*) = ~. 
Effectively, the assumption of the proposition is verified : the impure classes P1 and P2 

have an uniform distribution of their elements in classes D+ and D- , or equivalently it is 
true for the P-doubtful region of D+ and D-

As noted in [6] , this result reveals a drawback of the rough sets theory in the common 
case where the very particular assumption of the proposition is not verified. 

Effectively, the discriminatory coefficients ap( Dr) and 1'P( D*) the quality of approxi­
mation D* by P, only use the informations related to the cardinality of the pure classes of 
P* and the cardinality of the doubtful regions Bnp(Dr), without taking into account the 
internal distribution of the objects into the impure classes of P* and thus into the doubtful 
regions Bnp(Dr). 

So, rough sets theory is unaware of the degree of impurity of the doubtful regions. 
This observation can be explained more precisely using the example. 
We now consider the sub set F = {C3 , C4 } of attributes, with the corresponding partition 

F* = {F1 ,F2,F3 ,F4 }: 

{a,b,d};{c,e,J};{g};{h,i} 
By the rough sets theory, the results obtained with F are similar to those obtained with 

P: 

So using this approach, there is no reason to choose F instead of P. Nevertheless, the 
impure classes of F* are less impure that those of P* because 

FI contains 2 objects of D- and 1 object of D+ 
F2 contains 1 object of D- and 2 objects of D+ 
Thus, in one sense, the approximation of D* by F is better that with P. 

Remark 
Let us note that the notion of entropy takes this information into account : 

- 2 
H{; = 0.61219 < "3 
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To emphasize the importance of this observation, let us modify the preceeding example, 
considering now that there are n identical objects b - denoted bl , ... ,bn - alI classified in 
D- , and n identical objects e - denoted by el, ... ,en -, alI classified in class D+. 

The classes of P* and P* and are now respectively : 

P* : {a,bI, ... ,bn,d,el, ... ,en},{c,f}, {g, h}, {il 

P*: {a,bI, ... ,bn,d},{c,el, ... ,en,J},{g,h},{i} 

Again tp(D*) and tp(D*) have the same value, equal to 2n~7' but, in a certain sense, 
P* is clearly better than P* to approximate D*. On one hand, for P, we stiH have an 
uniform distribution of the objects included in the impure classes into D* ; on the other 
hand, for P, the impure classes are" almost " pure, with a proportion ~ objects to the 
same classes of D*. 
Remark 

For this extended example, the entropy values - in function of n - for P and Pare 
respectively 

p 6 
Hu(n) = "9 Vn 

Iim Hb(n) = O 
n->oo 

In conclusion of this section, if rough sets theory certainly is an efficient tool to analyse 
informat ion systems, of ten more simple and comprehensive that Quinlan's method using 
the entropy notion, nevertheless the comparison suggests that some improvements can stiH 
be effected in the rough sets approach. 

Further researchs are necessary to investigate how the distribution of the objects into 
the doubtful regions can be taken into account. 

One way may be to define a simple index of purity of a P-elementary set, equal to one 
for a pure class, and decreasing with the degree of uncertainty in case of an impure class. 

2. Comparison between rough sets theory and ordinal discriminant 
analysis 

In statistics, classical discriminant analysis methods consist, from a sample of observations 
- or set of objects U - to explain a classification D* = {DT' r = 1, ... ,R} - defined by some 
decision attributes - by using the values taken by the observations on some factors Cq - or 
conditional attributes. 

The aim of the rough set theory is thus not so new. N evertheless, the statistical methods 
are commonly based on attributes defined on continuous scales [3J . 

However, some ordinal statistical methods exist also in the literature; it is for instance 
the case of the Elysee method [2J. 

LogicalIy it appears useful to compare these two different methodologies, the statistical 
approach and the rough sets approach. 



272 

2.1. The Elysee method [2] 

We shortly recall the principle of this method, using the terminology of the rough sets 
theory. 

The method generates a tree of subsets of objects ; the root of the tree is the set U of 
all objects. At each level, a dichotomy is defined to separate a node in two parts, like in 
figure 1. 

Figure 1. Decision tree of the Elysee method 

Let us describe this branching process. 
At the root, a conditional attribute Cii and a value ii E Vi[ are choosen to define the two 

subsets by 
U1 == U1(i1, ii) = {x E Ulf(x,ij) ~ ii} 

U2 == U2 (ij,ii) = {x E Ulf(x,ij) > ii} 

So we obtain the following table 2, where 

nri = card(Dr n Ui), r = 1, ... ,R; i = 1,2 

2 R 

nr. = L nri and n.i = L nri 
i=1 r=1 

The objective of this branching process is to obtain two sets U1 and U2 which are, 
regarding the classification D*, very homogeneous each one but very heterogeneous between 
them. 
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UI U2 

DI nn nI2 nI. 

: 
Dr nrl n r2 n r . 

: 

DR nRI nR2 nR. 

n.1 n.2 n .. =n 

Table 2. Statistica! table resulting from the branching process 

A distance D(UI , U2 ) is introduced to measure the slack between the distribution defined 
by table 2, and the distribution corresponding to statistica! independance of the 2R subsets 
Dr n Ui. 

Using a "Benzekri distance" [3] , the Elysee method uses the following coefficient 

The variable nD2(UI, U2) is ditributed like a classical distribution X2 [3] . To have a 
norma!ized coefficient, taking its va!ue on [0,1], it is necessary to consider the coefficient 

The pair (q,ii) is determined by the criterion 

The optimal pair (q, ii) corresponds to the dichotomy presenting the larger statistica! 
dependance with the classification D*. 

On each sub set Uk, k = 1,2, the branching process is again applied, determining a pair 
(q, x) possibly different from one subset to another. 
The branching process is stopped 

• either when a generated sub set is a pure class regarding the classification D* . 

• either when the sample of the corresponding table - similar to table 1 - is not rep­
resentative enough from a statistica! point of view. Genera!ly, a branching is not 
performed for instance, if the cardina!ity of a generated sub set is inferior to a fixed 
level n, i.e. if 

3 (r,i) I nri < n. 
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Figure 2. Decision tree obtained by the Elysee method 
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2.2. Comparison with the rough sets approach based on an example 

We have applied the method described in 3.1. and also the rough sets method [4] to a 
classical application of ten used in the field of discrete statistical discriminant analysis. 

The example concerns a set U of 150 fiowers (objects) characterized by four conditional 
attributes Cq , q = 1, .. ;,4 which describe the length and the breadth of the petal and the 
sepal respectively. For each of these attributes, the descriptor of an object can take four 
different values, corresponding to pre-defined classes of length : 

f(x,q) E Vq = {1,2,3,4} Vx EU, q = 1, ... ,4 

The decision attribute D defines a partition of U in three classes DT> r = 1,2,3, each one 
of cardinality 50. The corresponding information system is given in annex 1. 

2.2.1. Application of the Elysee method 

The decision tree generated by this method is described in figure 2. The complete tree 
corresponds to the case where no lower bound ii is fixed for the cardinality of a set (Drn Ui), 
or equivalently ii = 1 (see section 3.1.); otherwise, if ii > 1, the part of the left branch of 
the tree, included in a box (see figure 2) will not appear. 
The classification rules furnished by the terminal nodes of the tree are the following : 

• if ii> 1 
There are five deterministic rules 
1. C3 = 1 --+ d = 1 
2. C3 = 2 --+ d = 2 
3. C3 = 4 --+ d = 3 
4. C3 = 3, C4 = 2 --+ d = 2 
5. C3 = 3, C4 = 4 --+ d = 3 
and one non deterministic rule 
C3 = 3, C4 = 3 --+ d = 2 or 3 

• if ii = 1 
In this case, the non-deterministic rule provides three new deterministic rules 
6. C3 = 3, C4 = 3, CI = 1 --+ d = 3 (see the remark below) 
7. C3 =3,C4 =3,C2 =3,CI =2 --+ d=2 
8. C3 = 3, C4 = 3, C2 = 3, CI = 4 --+ d = 2 
and four new non-deterministic rules 
9. C3 = 3, C4 = 3, C2 = 3, CI = 3 --+ d = 2 or 3 
10. C3 = 3, C4 = 3, CI = 3, C2 = 1 --+ d = 2 or 3 
11. C3 = 3,C4 = 3,CI = 3,C2 = 2 --+ d = 2 or 3 
12. C3 = 3,C4 = 3,CI = 2 --+ d = 2 or 3 (see the remark beIow). 

Remark 
The case C3 = 3,C4 = 3,CI = 1,C2 = 1 does not correspond to any object, so it is not 

necessary to discriminate rule 6 by C2 = 1 or 2. 
SimilarIy, the case C3 = 3, C4 = 3, CI = 2, C2 = 1 does not correspond to any object, 

so it is not necessary to discriminate rule 12 by C2 = 1 or 2. 
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2.2.2. Application of the rough sets method 

We applied the first version of the software proposed by R. Slowinski and J. Stefanowski 
[5] . There are 31 atoms only. The quality of the classification corresponding to the set C 
of the four conditional attributes is 

'Yc(D*) = 0.773 

and the quality of each class DT is 

AH the reductions of C correspond to an inferior value of the quality of the approxima­
tion. 
U sing this set C, we obtain eight deterministic rules and four non-deterministic rules : 
1'. C3 = 1 -+ d = 1 
2'. C4 = 2 -+ d = 2 
3'. C3 = 2, C4 = 3 -+ d = 2 
4'. CI =4,C3 =3,C4 =3 -+ d=2 
5'. CI = 2, C2 = 3, C3 = 3, C4 = 3 -+ d = 2 
6'. C4 = 4 -+ d = 3 
7'. C3 = 4, C4 = 3 --+ d = 3 
8'. CI =1,C3 =3,C4 =3 -+ d=3 
9'. CI = 3,C2 = 3,C3 = 3,C4 = 3 -+ d = 2 or 3 
10'. CI =3,C2 =2,C3 =3,C4 =3 -+ d=2or3 
11'. CI =2,C2 =2,C3 =3,C4 =3 -+ d=2or3 
12'. CI = 3,C2 = 1,C3 = 3,C4 = 3 -+ d = 2 or 3 

Nevertheless, attributes 3 and 4 play a more important rules; with these two attributes, 
we stiU have a quality of 'Y{3,4} ( D*) = 0.753. 

U sing only this subset of attributes, we obtain six rules - five deterministic and one 
non-deterministic - which are exactly the same that those corresponding to the case 'ii, > 1 
in the Elysee method (see section 2.2.1). 

2.2.3. Comparison of the results 

The comparison of both sets of rules, those described in a) and in b) respectively, reveals a 
certain drawback of each method. 

Effectively, the Elysee method as well the software [5] based on the rough sets approach, 
generate rules on a hierarchy of attributes ( a global hierarchy for alI the classes in the first 
method, a specific hierarchy for each class in the second ). Sometimes, when a new rule is 
obtained, some of the preceeding attributes in the hierarchy are superflous to describe this 
rule. 

For instance, by inspection of the information table it is easy to see that some rules can 
be simplified: 

• for the Elysee method, rules 4, 5 and 8 can be simply written 
4. C4 = 2 -+ d = 2 
5. C4 = 4 -+ d = 3 
8. C3 =3,C4 =3,CI =4 -+ d=2 



• for the rough set approach, rules 3' and 7' can be simply written 
3'. C3 = 2 ---t d = 2 
7'. C3 =4 ---t d=3 

With these simplifications, the two set of rules are now identical ! 
Remark 
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Let us note an another drawback of the generation of rules based on a hierarchy of 
attributes, in both methods. 

By examination of the information system ( see annex 1), we establish that 

{x E Ulf(x,3) = 1} == {x E Ulf(x,4) = 1} 

So the rule 1 and l' 

is equivalent to the rule 
C4 = 1 ---t d = 1 

Nevertheless, this rule is not directly generated by the two methods 

To conclude, let us note that it seems difficult to compare both methods from a theoretical 
point of view: one is based on some statistical assumption, the other on simple logical rules. 

Nevertheless, this experimental comparison proves that rough sets theory may be con­
sidered like a valid competitive tool to analyse such information system. 

3. Analysis of a real case study by both methods 

We have carried on the comparison between Elysee and rough sets method, applying both 
methods on a real application [1 J . In this paper, we just emphasize the major li nes of the 
analysis without going in the details. 

3.1. The problem concerns a workshop in a large printing company. During the production 
of a job, a variable quantity of paper is lost. There are two types of lost: 

• starting wastes are generated when the job is initialized and the machines are 
adjusted; sometimes several initializations are necessary during a same job 

• working wastes appear also during the process of the job itself. 

These wastes are due to several factors difficult to precise. So, it is not easy for the 
manager of the workshop to predict the volume of wastes for a specific job; for this 
reason, he forecasts the volume of wastes by over-estimating the production in regard 
with the exact quantity needed. Sometimes this over-valuation is enough and a short 
excess quantity is produced; sometimes the real production is inferior to the required 
quantity and this is of course a more embarrasing situation. 

The objective of the analysis is to try to determine the characteristics of a job which 
have a large infiuence on the lost of paper. 

The informat ion system ( see [1] ) contains 253 objects (jobs) and 8 conditional 
attributes (characteristics of a job). No interesting results have been obtained from 
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the initial information system given by the company, neither by the Elysee method, 
nor by the rough sets method. 

Several reasons have been emphasized: 

• the domain of some conditional attributes have too much possible values, intro­
ducing an important lack of balance between attributes 

• Similarly, the number of equivalence classes of the decision attribute is too large 

• It appears difficult to treat simultaneously the two types of wastes, because 
the characteristics of a job explaining both types are possibly different. So a 
regression analysis has been made to estimate separately the starting and the 
working wastes. 

We only present here the analysis for the first type of wastes, using a modified infor­
mation system. 

The eight conditional attributes are the following, with in brackets, the number of 
possible values in the definition dom ain of the attribute: 

CI type of rotary (2) 

C2 type ofpaper (4) 

C3 : quality of paper (3) 

C4 : breadth of the paper (5) 

Cs : weighth of the paper (5) 

C6 : type of job (4) 

C7 : number of initializations (6) 

Cs : printing importance. 

3.2. By the rough sets approach, several experiments have been realized; the results are 
given in table 3 and 4. 

• First, different sets of norms of the decision attribute have been tested (see 
columns A tiU H of table 3). 

• The core of the system is formed of the eight attributes: the elimination of any 
attribute decreases the quality of the approximation (see table 3) 

• Different subsets of attributes have been compared ( see table 4 ) 

- from the point of view of the quality of the approximation, globally for the 
three (or four in cases D,E,G) classes DT and individually for each one 

- from the number of decision rules generated 

From these tests, finally, 

• the set H of norms has been chosen : 

lc(D*) = 0.82 
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Norm A B C D E F G H 
Quality 0.71 0.75 0.80 0.68 0.71 0.78 0.72 0.82 

Elimination Quality of approximation 
of one attribute 

1 0.68 0.72 0.77 0.65 0.68 0.75 0.68 0.78 
2 0.52 0.54 0.59 0.54 0.57 0.63 0.61 0.72 
3 0.64 0.69 0.74 0.62 0.63 0.73 0.65 0.80 
4 0.63 0.66 0.73 0.60 0.60 0.71 0.63 0.76 
5 0.55 0.66 0.70 0.64 0.67 0.73 0.66 0.76 
6 0.69 0.69 0.76 0.67 0.69 0.78 0.70 0.80 
7 0.42 0.43 0.50 0.45 0.46 0.55 0.54 0.59 
8 0.42 0.45 0.52 0.44 0.44 0.54 0.52 0.60 

Sub set of Quality of approximation 
attributes 
{2,7,8} 0.37 0.37 0.37 0.43(3) 0.43(5) 0.44(7) 0.45(9) 0.51(11) 

{2,3,7,8} 0.45 0.47 0.51(1) 0.49( 4) 0.49(6) 0.55(8) 0.50(10) 0.58(12) 
{2,4,7,8} 0.43 0.45 0.46(2) 0.49 0.49 0.55 0.49 0.58(13) 
{3,7,8} 0.13 0.13 0.19 - - 0.19 - 0.34 

Table 3: Analysis of the quality of approximation 

Norm Subset Quality of approximation Number of rules 
of of each class 

attribute class 1 class 2 class3 class4 non deterministic deterministic total 
C (1 ) 0.32 0.33 0.26 - 21 40 61 

(2) 0.28 0.32 0.19 - 20 40 60 
D (3) 0.36 0.17 0.11 0.00 21 26 47 

(4) 0.47 0.29 0.04 0.04 23 38 61 
E (5) 0.38 0.15 0.02 0.00 21 25 46 

(6) 0.47 0.24 0.05 0.04 23 36 59 
F (7) 0.38 0.15 0.04 - 22 25 47 

(8) 0.47 0.25 0.16 - 21 37 58 
G (9) 0.45 0.02 0.01 0.00 23 22 45 

(10) 0.52 0.06 0.04 0.04 19 39 58 
H (11) 0.47 0.12 0.13 - 15 28 43 

(12) 0.54 0.22 0.27 - 15 36 51 
(13) 0.52 0.18 0.30 - 16 41 57 

Table 4: Analysis of the number of rules 
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• the sub set P = {2, 7, 8} of attributes has been selected : 

'YP(D*) = 0.51 

ap(Dt} = 0.47; ap(D2 ) = 0.12; ap(D3 ) = 0.13. 

The decision algorithm [5] furnishes 28 deterministic and 15 non deterministic rules. 
There are given in annex 2. 

It is not easy to analyse so much rules. So, different ways to visualize these rules have 
been proposed ( see [1] ). We just mention here the most simple one, based on the 
two more discriminant attributes Cs and C2 • Let us note that some representations 
with three attributes are proposed in [1] . 

Table 5 indicates which classes of D* (1,2 or 3) are represented by objects taking 
the different possible values of the two attributes Cs and C2 : the squares with only 
one number represent deterministic rules, thoses with several numbers represent non 
deterministic rules. For instance 

Cs = 1( for any value ofC2) ..... d = 1 

CS =3,C2 =4 ..... d=10r20r3 

C2 = 1 C2 = 2 C2 = 3 C2 = 4 
Cs = 1 1 1 1 1 
Cs = 2 1 1-2 1-2 2 
Cs = 3 1 1-2 1-2 1-2-3 
Cs = 4 1 1-2-3 1-2-3 
Cs = 5 2-3 2-3 

Table 5. Vizualisation of the rules based on P = {8, 2} 

A clear tendancy appears from the north-west corner till the south-east corner of the 
rectangle. 

If we note Cs = i and C2 = j, objects of class 1 is essentially present for short values of 
i + j (less value, more homogeneous squares) and objects of class 3 are only represent 
in squares with large values of i + j. Class 2 appears as an intermediary case. 

3.3. The Elysee method has also be applied on this example. The resulting tree is presented 
in annex 3 ; a node has been considered as terminal as soon as a further separation 
provides three subsets with less than 10 objects. 

No evident statements are derived from this method. 

Only two terminal nodes are homogeneous and correspond to deterministic rules : 
C2 = 1, CI = 1 ..... d = 1 
C2 =I,CI =2,Cs =lor2 ..... d=1 

The tendancy induced by the rough set approach is not provided by this statistical 
method. 
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4. Conclusions 

From the experiments already made, we are able to conclude that rough sets theory is a 
good alternative to some ordinal statistical methods. 

Section 2 shows that for an easy application - presented as a test problem for ordinal 
discriminant analysis - rough sets theory furnishs very similar results. Moreover, from the 
analysis, made in section 3, of a real case study - difficult because no very clear classification 
can be extracted of the information system -, it appears that a rough set approach may 
give better results that, for instance, the Elysee method. 

The three main advantages of rough sets theory are 

• its very clear interpretation for the user 

• its independance to any statistical assumptions 

• its efficiency and its rapidity 

In our opinion, the present drawback of this new approach are ( see section 1 ) 

• the non integration ofthe degree of impurity ofthe doubtful regions, in the comparison 
of subsets of attributes 

• the use of a hierarchy of attributes to define the decision rules for each class. 

Nevertheless, it is important to emphasize that, in our opinion, the main role of the 
rough sets approach is to analyse a known information system and to explain a given 
classification, but not really to predict a further classification of new objects, at least in the 
statistical sense. 

Finally, we think that further research must be oriented 

• to a more theoretical - and not only experimental - comparison between rough sets 
methods and statistical methods 

• to improve the tool of rough sets theory, essentially to correct the drawbacks defined 
above. 
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Annex 1. Information system of the application 

Objects CI C2 C3 C4 DT Objects CI C2 C3 C4 DT 
1 2 3 1 1 1 26 2 2 1 1 1 
2 1 2 1 1 1 27 2 3 1 1 1 
3 1 3 1 1 1 28 2 3 1 1 1 
4 1 3 1 1 1 29 2 3 1 1 1 
5 2 3 1 1 1 30 1 3 1 1 1 
6 2 4 1 1 1 31 1 3 1 1 1 
7 1 3 1 1 1 32 2 3 1 1 1 
8 2 3 1 1 1 33 2 4 1 1 1 
9 1 2 1 1 1 34 2 4 1 1 1 

10 1 3 1 1 1 35 1 3 1 1 1 
11 2 3 1 1 1 36 2 3 1 1 1 
12 1 3 1 1 1 37 2 3 1 1 1 
13 1 2 1 1 1 38 1 3 1 1 1 
14 1 2 1 1 1 39 1 2 1 1 1 
15 2 4 1 1 1 40 2 3 1 1 1 
16 2 4 1 1 1 41 2 3 1 1 1 
17 2 4 1 1 1 42 1 1 1 1 1 
18 2 3 1 1 1 43 1 3 1 1 1 
19 2 4 1 1 1 44 2 3 1 1 1 
20 2 4 1 1 1 45 2 4 1 1 1 
21 2 3 1 1 1 46 1 2 1 1 1 
22 2 3 1 1 1 47 2 4 1 1 1 
23 1 3 1 1 1 48 1 3 1 1 1 
24 2 3 1 1 1 49 2 3 1 1 1 
25 1 3 1 1 1 50 2 3 1 1 1 



283 

Objects CI C2 C3 C4 DT Objects CI C2 C3 C4 DT 
51 4 3 3 3 2 76 3 2 3 3 2 
52 3 3 3 3 2 77 3 2 3 3 2 
53 3 3 3 3 2 78 3 2 3 3 2 
54 2 1 3 2 2 79 3 2 3 3 2 
55 3 2 3 3 2 80 2 2 2 2 2 
56 2 2 3 2 2 81 2 2 2 2 2 
57 3 3 3 3 2 82 2 2 2 2 2 
58 1 2 2 2 2 83 2 2 2 2 2 
59 3 2 3 2 2 84 3 2 3 3 2 
60 2 2 2 3 2 85 2 2 3 3 2 
61 2 1 2 2 2 86 3 3 3 3 2 
62 2 2 3 3 2 87 3 3 3 3 2 
63 3 1 3 2 2 88 3 1 3 2 2 
64 3 2 3 3 2 89 2 2 3 2 2 
65 2 2 2 2 2 90 2 2 3 2 2 
66 3 3 3 3 2 91 2 2 3 2 2 
67 2 2 3 3 2 92 3 2 3 3 2 
68 2 2 3 2 2 93 2 2 3 2 2 
69 3 1 3 3 2 94 2 1 2 2 2 
70 2 2 2 2 2 95 2 2 3 2 2 
71 2 3 3 3 2 96 2 2 3 2 2 
72 3 2 3 2 2 97 2 2 3 2 2 
73 3 2 3 3 2 98 3 2 3 2 2 
74 3 2 3 2 2 99 2 2 2 2 2 
75 3 2 3 2 2 100 2 2 3 2 2 
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Objects CI C2 C3 C4 DT Objects CI C2 C3 C4 DT 
101 3 3 4 4 3 126 4 3 4 3 3 
102 2 2 3 3 3 127 3 2 3 3 3 
103 4 2 4 4 3 128 3 2 3 3 3 
104 3 2 4 3 3 129 3 2 4 4 3 
105 3 2 4 4 3 130 4 2 4 3 3 
106 4 2 4 4 3 131 4 2 4 3 3 
107 1 2 3 3 3 132 4 4 4 3 3 
108 4 2 4 3 3 133 3 2 4 4 3 
109 3 2 4 3 3 134 3 2 3 3 3 
110 4 3 4 4 3 135 3 2 4 3 3 
111 3 3 3 3 3 136 4 2 4 4 3 
112 3 2 3 3 3 137 3 3 4 4 3 
113 3 2 4 4 3 138 3 3 4 3 3 
114 2 2 3 3 3 139 3 2 3 3 3 
115 2 2 3 4 3 140 3 3 3 4 3 
116 3 3 3 4 3 141 3 3 4 4 3 
117 3 2 4 3 3 142 3 3 3 4 3 
118 4 4 4 4 3 143 2 2 3 3 3 
119 4 2 4 4 3 144 3 3 4 4 3 
120 3 1 3 3 3 145 3 3 4 4 3 
121 3 3 4 4 3 146 3 2 3 4 3 
122 2 2 3 3 3 147 3 2 3 3 3 
123 4 2 4 3 3 148 3 2 3 3 3 
124 3 2 3 3 3 149 3 3 3 4 3 
125 3 3 4 4 3 150 2 2 3 3 3 
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Annex 2. Decision tree obtained by the Elysee method for the case study 
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Annex 3. Rules obtained for the case study with the subset {2, 7, 8} 

1 Cs = 1 --> d=l 
2 C2 = 1 Cs =4 --> d=l 
3 C2 = 1 Cs = 2 --> d=l 
4 C2 = 3 C7 =4 Cs = 2 -+ d=l 
5 C2 = 3 C7 = 5 Cs = 2 --> d=l 
6 C2 = 3 C7 = 2 Cs = 2 -+ d=l 
7 C2 = 3 C7 = 3 Cs = 3 --> d=l 
8 C2 = 4 C7=4 Cs = 3 --> d=l 
9 C2 = 1 C7 = 4 Cs = 3 -+ d=l 
10 C2 = 1 C7 = 5 Cs = 3 -+ d=l 
11 C2 = 1 C7= 2 Cs = 3 -+ d=l 
12 C2 = 1 C7 = 3 Cs = 3 -+ d=l 
13 C2 = 2 C7=4 Cs = 3 -+ d=l 
14 C2 = 2 C7= 3 Cs = 3 --> d=l 
15 C2 = 2 C7 = 1 Cs = 2 -+ d=l 
16 C2 = 2 C7 = 5 Cs = 2 -> d=l 
17 C2 = 2 C7 = 4 Cs = 2 -> d=l 
18 C2 = 2 C7 = 2 Cs =4 -> d=l 
19 C2 = 3 C7 = 1 Cs = 3 -> d=lOI2 
20 C2 = 3 C7 = 2 Cs = 3 -> d = lor 2 
21 C2 = 4 C7 = 1 Cs =4 -> d = 1 or 2 or 3 
22 C2 = 4 C7 = 1 Cs = 3 -> d = 1 OI 2 or 3 
23 C2 = 4 C7 = 2 Cs =4 -> d = 1 or 2 or 3 
24 C2 = 1 C7 = 1 Cs = 3 -> d = 1 or 2 
25 C2 = 2 C7 =4 Cs =4 -> d = 1 or 2 or 3 
26 C2 = 2 C7 = 2 Cs = 3 -> d = 1 or 2 
27 C2 = 2 C7 = 2 Cs = 2 -> d = lor 2 
28 C2 = 2 C7 = 3 Cs = 2 -> d = lor 2 
29 C2 = 2 C7 = 1 Cs = 3 d = 1 ar 2 
30 C2 = 4 Cs = 2 -> d=2 
31 C2 = 3 C7 = 1 Cs = 2 -> d=2 
32 C2 = 4 C7 = 3 Cs = 4 -> d=2 
33 C2 = 4 C7 = 4 Cs = 4 -> d=2 
34 C2 = 4 C7 = 5 Cs = 3 -> d=2 
35 C2 = 2 C7 = 5 Cs = 3 -> d=2 
36 C2 = 2 C7 = 1 Cs =4 -> d=2 
37 C2 = 4 C7 = 1 Cs = 5 -> d = 2 or 3 
38 C2 = 4 C7 = 3 Cs = 3 -> d = 2 or 3 
39 C2 = 2 C7 = 5 Cs =4 -> d = 2 or 3 
40 C2 = 2 C7 = 1 Cs = 5 -> d = 2 or 3 
41 C2 = 4 C7 = 3 Cs = 5 -> d=3 
42 C2 = 4 C7 = 2 Cs = 5 -> d=3 
43 C2 = 4 C7 = 2 Cs = 3 -> d=3 
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Abstract. The approximation theory is studied via rough sets, fuzzy sets and topologi­
cal spaces (more precisely, Frechet spaces). Rough set theory is a set theory via knowledge 
bases. This set theory is extended to fuzzy sets and Frechet topological spaces. By these re­
sults one can show that the classification preserves the approximation. We also showed that 
within the approximation theory, fuzzy set and Frechet topology are intrinsically equivalent 
notions. Finally, we show that even though approximation is a compromised solution, the 
three theories allow one to draw an exact solution whenever there are adequate approxima­
tions. This implies that these three approaches are good approximation theories. 

1. Introduction 

Given a uni verse U of discourse, according to Pawlak, a sub set X is called a concept and a 
family of concepts is referred to as knowledge about U. Further, a family of classifications 
(partitions of equivalence relations) over U is called a knowledge base [l](pp. 14). Pawlak's 
rough set theory can be viewed as a study of concepts or knowledge via knowledge bases. 
In this paper, we extend the study to fuzzy concepts (fuzzy subsets) and "continuous" 
concepts (neighborhood systems [2]). 

Rough set theory intrinsically is a study of an equivalence relation, an approximation 
of equality. Naturally, the rough set theory is most useful in classification or learning by 
induction. On the other hand, Pawlak also observed that an equivalence relation induces 
a partition and hence generates a topology for U (called Pawlak topology). Topology is 
a notion for studying limit and approximation. Pawlak's upper and lower approximation 
is the closure and the interior of a set. We take Pawlak's two views (classification and 
approximation) into one frame work. Keeping the classification, we generalize his approx­
imation from sets into fuzzy sets and neighborhood systems (Frechet topology) [3,2]. We 
can characterize this paper as a rough fuzzy sets/neighborhood systems theory. 

By an approximation in U, we mean that an approximation is assigned to each concept 
(subset): 

1. In rough set theory, the approximation is the upper and lower approximation (which 
is closure and interior in Pawlak topology) of the concept. 

2. In topological theory, the approximation is the closure and the interior of the concept. 

287 
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3. In fuzzy set theory, we interpret a fuzzy concept as an approximation to its real set 
(the subset in which the value of membership function is one). 

Then, a natural question is whether we can import the notion of approximation into 
the knowledge base, or more precisely, the quotient set U/R? For case (1), this is not very 
meaningful, because the approximation in U / R is exact. For case (2) and (3) We found 
positive answers. They can be summarized as 

the classification (or learning) preserves the approximation. 

Approximation is a compromised answer. Any good approximation theory, should show 
that an adequate or successive efforts on the approximation can lead to the exact answer. 
For rough, fuzzy, and topological approximation, we give a criteria when the approximation 
will become an exact answer. We also show that fuzzy set theory is intrinsically equiva­
lent to topological theory from the perspective of approximation (fuzzy sets have other 
perspectives, such as probability or possibility). 

2. Rough Sets 

2.1. Equivalence Relations and Quotient Sets 

A binary relation is an equivalence relation iff it is reflexive, symmetric and transitive. For 
every equivalence relation there is a partition and vice versa [4](pp. 184). Let R be a given 
equivalence relation over U, there are several notions associated with R: 

U: 
R: 

U/R: 
[u]: 

name([u]): 

NQ: 

uni verse of discourse 
equivalence relation 
P(R, U): the partition of equivalence relation over U, or 
P(U), P(R), P, if R and U is clearly understood. 
the quotient set of equivalence classes. 
the equivalence class containing u which is a sub set 
of U and is an element of U / R; 
to emphasize the fact that [u] is treated as 
element in U / R; often we just use [u] to mean name([u]), when the 
context is clear. 
natural projection (quotient) of U to U / R 
INV.NQ: inverse image of NQ(INV.NQ(q» = [u], where q = name([uJ) 

The family of alI equivalence classes is a set, it is called quotient set and denoted by 
U /R. There is a natural projection from U to U /R. 

NQ: U --+ U/R. 

defined by NQ(u) = [u] (read as natural quotient), where [u] is the equivalence class 
containing u. We should note here that [u] has dual roles; it is an element, not a subset, 
of U/R, but it is a sub set of U. In [3], elements in U/R are called names of equivalence 
classes. 

Let us denote the complete inverse image of NQ by 

INV.NQ(q) = {u: NQ(u) = q} = [u] 
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or more generally, for a sub set X of U / R 

INV.NQ(X) = {u: NQ(u)is inX} 

Note that INV.NQ(q) is an equivalence class and INV.NQ(X) is a union of equiva­
lence classes. It is a R-definable set. There is a nice correspondence between the partition 
P(R, U) and the quotient set U / R. Every equivalence class of P(R, U) corresponds to an 
element in U / R. A subfamily of equivalence classes corresponds to a subset of U / R. 

Example 1. Let Z be integers. Let R denote the equivalence relation called congruence 
modm. That is, 

x R y if x - y is divisible by m. 

Let m = 4. Then the equivalence classes are 

[O] = { ... -8, -4, O, 4, 8 ... } 
[1] = { ... -7, -3,1,5, 9, .. } 
[2] = { ... -6, -2, 2, 6, 10,.} 
[3] = { ... -5, -1, 3, 7, n,.} 

In other words, [O], [1], [2], [3] is a partition for the integers Z. The quotient set of this 
equivalence relation is denoted by Zm' Z4 = {[O], [1], [2], [3]}. 

Congruence mod m is one of the few early examples of equivalence relations. It has 
been used as a generalized equality in number theory. 

Example 2. Let U be real numbers. Let R be the equivalence relation called congruence 
mod 1. That is, 

x R y if x - y is an integer. 

Following are some of the equivalence classes. 

[O] = { ... -2, -1, O, 1,2 ... } 
[0.5] = { ... -1.5, -0.5, 0.5, 1,1.5, .. } 

In general, 

[r] = ... r - 2, r - 1, r, r + 1, r + 2, ... , where O ~ r < 1. 

The family of alI equivalence classes is the quotient set U / R. It has a nice geomet­
ric representation, namely, the Unit Circle. Each point of the UnitCircle represents an 
equivalence class. One can also represent the UnitCircle by complex numbers 

U/R = {exp(ir): O ~ r < 1} 

This equivalence relation is called congruence mod 1. U / Ris a very useful space in approx­
imation. Fourier series, signal processing among others live in this space. The topology in 
the U nitCircle is induced from the topology of real numbers. Such topology is not Pawlak 
topology. 
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2.2. Rough Sets 

Let U be the universe of discourse. Let RCol be a finite Collection of equivalence Relations 
R over U. In general we will use Pawlak's terminology and notations . An ordered pair 

K = (U,RCol) 

is called a knowledge base over U. (In most cases, there is only one equivalence reIat ion 
Rin RCol, so K = (U,R)). A subset X of U is called a concept. For an equivalence 
relation R, an equivalence class is called R-elementary concept, R- elementary set, R-basic 
category or R-elementary knowledge (about U in K). The empty set is assumed to be 
elementary. A set which is a union of elementary sets is called R-definable or R-exact. A 
finite union is called composed set in U. The set of equivalence classes is the quotient set 
U / R. There is a neat correspondence between the elementary sets of U and the quotient set 
U / R. Each elementary set in U corresponds to an element in U / R. Comp(U) is equivalent 
to the "finite power set" of U / R (The set of alI finite subsets in U / R). An R- definable set 
corresponds to a sub set of U / R and vice versa. 

Let SCol be a nonempty SubCollection of RCol. The intersection of alI equivalence 
relations in SCol, denoted by IN D(SCol), is an equivalence relation and will be called an 
indiscernibility relation over SCol. The quotient set U / IN D(SCol) will be abbreviated 
by U/SCol. Equivalence classes of IND(SCol) are called basic categories (concepts) of 
knowledge K. A concept X is exact in the knowledge base K if there exists an equivalence 
relation R in IN D(K) such that X is R-exact, where IN D(K) is the collection of alI 
possible equivalence relations in K, that is, 

IN D(K) = {IN D(SCol) : for alI SCol's in RCol}. 

For each X, we associate two subsets, upper and lower approximation: 

LAPP(X) 
U_APP{X) 

= {u: [u] is a sub set of X} 
= {u : [u] and X has non-empty intersection} 

A subset X of U is definable iff U _AP P{ X) = LAP P( X). The lower approximation 
of X in U is the greatest definable set in U contained in X. The upper approximation of 
X in U is the least definable set in U containing X. 

As Pawlak pointed out that the equivalence classes form a topology for U (it will be 
called Pawlak topology). 80 we can rephrase the upper and lower approximations as follows: 

L-AP P(X) = Interior point of X 
= The largest open set contained in X 

U -AP P( X) = Closure of X 
= The smallest closed set containing X. 

Rough set theory serves two functions: one is a generalization of the equality which 
leads to classification, the other is the approximation in Pawlak topology. We will keep its 
classification, but to generalize its topology to neighborhood systems (Frechet topological 
spaces) and Fuzzy set theory. The topology of the UnitCircle in Example 2 above can not 
be a Pawlak topology of any equivalence relation. Hence a generalization is necessary. 
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3. Topological Rough Sets 

Intuitively neighborhood systems handle the notion of "close to", "analogous to", or "ap­
proximate to". Such notion usually is not a transitive relation. For example, East LA is 
"close to" LA, LA is "close to" West LA. However, East LA is not considered to be "close 
to" West LA. Thus "approximate to" is not an equivalence relation. Therefore Pawlak 
topology can not handle such general approximations. If the given neighborhood system 
is pairwise disjoint, then the topology is Pawlak topology (we called it categorYj see [5,6]). 
We use neighborhood systems to do such approximation. Rough set theory is very useful 
in classification (learning). However, some extra structures may be useful in some appli­
cations. In [7], Pawlak, Wong and Ziarko introduced the probabilistic framework into the 
rough set theory. In [3], Dubois introduced fuzzy theory into the rough set theory. In this 
section, we formalize neighborhood systems into the framework of rough set theory [6, 8, 
9, 10, 11, 12]. Topological rough set theory is most suitable to formulate the phenomena of 
learning rules from information systems that contains the semantics of approximation. 

3.1. Frechet Spaces and Topological Spaces 

Let U be the universe of discourse and p be an object (element) in U. A neighborhood N 
of p is a sub set of U, which may or may not contain the point p itself. The same notion can 
be extended to a subset of U. Let p be a subset. A neighborhood N(P) of P is a subset 
of U which may or may not cont ain P. However, in alI our applications, the neighborhood 
does contain p or P. A neighborhood system of p is a family of neighborhood(s) of p, 
which satisfies NO further axioms. 

Definition 3.1. Each object p in U possesses a neighborhood system is called a Frechet 
topological space, or briefly an F-space. The totality of the neighborhood system of each 
point is called a neighborhood system of F-space U. 

Note that a neighborhood system in a classical topological space (called T -space) satis­
fies certain axioms. However, in Frechet space, there is no such requirements. So F-space 
is more general than topological space. In [2], Sierpinski gave a very concise exposition 
on the theory of Frechet spacej we urge readers to have some glances at it. This author 
believes that in computer science the notion of Frechet space is more useful than topological 
space. The extra axioms satisfied by topological spaces are very often irrelevant to "finite" 
applications in computer science. 

Let us examine some examples to illustrate the notion of neighborhood systems. 

Example 1. The set of points in the plane is a Frechet space if a neighborhood of a 
point p is taken to be the interior of an arbitrary circle with center at p. A simplest kind of 
F-space can be defined by assigning each point of the plane only one such neighborhood. 

Example 2. The set of alI real valued functions is a F -space, if a neighborhood of f( x) 
is defined to be the set of alI functions g( x) such that for any given positive real number c 

1 f(x) - g(x) 1< c for alI x. 

Example 3. A topological space U is a set of points, in which every point is assigned 
a neighborhood system that satisfies certain axioms [13]. So, a classical space is a Frechet 
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space. 

Example 4. A metric space U is a set of points (elements), in which there is a rea! 
va!ued function m(p,q) defined on alI the pair (p, q) ofpoints such that the function m(p, q) 
satisfy cert ain axioms [13]. Intuitively, m(pl,p2) is a real number that is equa! to the dis­
tance of the points pl and p2. A metric space is a classical space, hence is a Frechet space. 

A function f from X to Y is said to be continuous at x, if for every neighborhood V 
of f(x), there exists a neighborhood N of x such that f map N into V. Two F-spaces 
X and Y is said to be F-homeomorphic if f and its inverse are both continuous. Two 
neighborhood systems is said to define the same F-space if the identity map is continuous 
in both directions. Let Nr and M r be two neighborhood systems for the same point p (or 
a subset P). Further, for each r there is s such that Ns is a subset of Mr and vice versa, 
then the two neighborhood systems are said to be equivalent. It folIows immediately that 
two neighborhood systems is equivalent at point p if the identity map is continuous at pin 
both directions. 

Proposition 3.2. Every F-space has a maximal neighborhood system. 

Proof: Given a F-space X, we will consider a new F-space NX by considering a new 
neighborhood system as folIows: Let p be a point in X, then any sub set which contains 
a neighborhood of X is a new neighborhood of p in N X. Obviously N X is an F-space. 
Note the identity map from N X to X is a continuous map, because every neighborhood of 
X is a neighborhood of N X. Conversely, the identity map from X to N X is continuous. 
Because every neighborhood V of N X, there is a neighborhood of X which is a subset of 
V (be definition). This implies that the identity map X to N X is coninuous. So this new 
neighborhood system define the same F-space as X. This new neighborhood system is the 
maxima! neighborhood system of X. 

Proposition 3.3. Every Frechet space generates a classical topologica! space. 

Proof: In classical topological space, the family of alI open sets is ca!led topology which 
determines the space. The open set of Frechet space will be denoted by F-open set. Let 
FOPEN be the family of F-open sets; FOPEN is not closed under intersection, so by itself 
can not determine a classical topology. However, we can let FOPEN be a subbase (its 
finite intersections form a base). Then the resulting topology gives U a classical topological 
space. 

3.2. Approximation by Neighborhoods 

The most successful application of neighborhood systems is in numerical ana!ysis. Let us 
reexamine its procedure more closely from our perspective. Before the approximation be­
gins, a radius of tolerance (error neighborhood or error radius) is usua!ly chosen, in other 
word, for each real number a neighborhood of tolerance is chosen. Throughout the pro­
cess of finding an approximate solution, the neighborhood never changes; the only relevant 
notion of the real line topology is the chosen neighborhood. So a space with such cho­
sen neighborhoods most 1ikely be the correct abstraction to model the intuitive notion of 
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approximation. Such neighborhood could be called an instance of the topologYj such in­
stance is a Frechet space. So for a given neighborhood system, there are a F-space and a 
T-space that is constructed in Proposition 3.3. Following Pawlak topology, we define the 
two approximations by the neighborhood system. 

L_APP(X) = Interior of X (denoted by In(X)) 
= The largest open set contained in X 

U_APP(X) = Closure of X (denoted by Cl(X)) 
= The smallest closed set containing X. 

3.3. Topological Rough Set 

We have shown earlier, in many information systems, neighborhood systems naturally 
present in their attribute domains [5, 6, 8, 9, 10, 11, 12]. Here we will simply assume that 
such a Frechet topology is given in U. Our main theme here is that a cluster of approx­
imate informat ion will be classified into a cluster of approximate equivalence 
classes. For example, a group of patients who have approximately the same symptom, even 
though they may not be classified into the same medical rule (classification), the resulting 
medical rules (classifications) must remain close (approximate) to each other. 

Let X be an object of U, we will use N(x) to denote a typical neighborhood of x. Let 
Y be a sub set of Frechet space U. A set N(Y) is a neighborhood of Y iff it is the union of 
N(y)'s for alI y in Y, where N(y) is a neighborhood of y. 

Proposition 3.4. Let U be a Frechet space and R be an equivalence relation. Then 
there is a natural Frechet topology on the quotient set U / R. 

Proof: We wiH use the Maximal Neighborhood System of U (see 3.2). Let NQ : U -­
U / R be the natural projection. That is, NQ( u) = ruj. Let y be a point in U / R. Then the 
inverse image of y i.e., X = INV.NQ(y) is the union of elementary sets which are mapped 
into y by the natural projection NQ. Let N(X) be a R-definable neighborhood of X in U, 
then NQ(N(X)) is a neighborhood of y in U / R. For each y in U / R, we define alI possible 
NQ(N(X)) as the neighborhood system for y. So U / Ris a Frechet space and is called the 
quotient F-space, or simple quotient space. 

Let y be in a neighborhood of x. Assume that the equivalence relation R classifies x 
and y into two different equivalence classes [x] and [y]. Using the quotient F-topology, the 
two classes [x] and [y] are stiH close to each other, in fact, [y] is in a neighborhood of [x]. 
In other words, classification(Iearning) preserves the approximation. This is useful 
in applications. 

Example. Let U be a database of patient records in which diseases have been prop­
erly identified by its symptoms. In other words, medical rules (knowledge base) have been 
extracted from this database. Now, suppose a new patient comes and the medial rules can 
not be applied. Suppose his symptoms is found to be closed to some classified disease, say 
x. A physician then may apply the approximate medical rule [x] to treat this new patientj 
this is a healthy way of applying an approximated rule. 
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Let U be a Frechet space and R an equivalence relation. Then we can give U a new 
F-topology from the quotient F-space U / R. In this new F-topology each neighborhood is 
also a union of elementary sets. By abuse of Ianguage, we shali say that U has a quotient 
topology. In fact there is one to one correspondence between the neighborhoods in the quo­
tient topology of U and quotient topology of U / R. We will use NU / R to denote this new 
quotient F-topology for U. In fact, NU / Ris the R-exact F-topology. Its neighborhoods 
are R-exact neighborhoods. Thus any neighborhood can be approximated by neighborhood 
of this new R-exact F-topology. Let X be a neighborhood in U, then we have following 
approximations of X by R-exact neighborhoods. 

L..AP P(X) = Union of R-exact neighborhoods contained in X 
U..AP P(X) = Union of R-exact neighborhoods contained in the 

complement of X 

If U is a classical topological space, then the family of open sets characterize the topol­
ogy of U. We can approximate the topology in terms of R-exact topology. (Topology is the 
family of open sets). Let X be an open set in U. 

L..AP P(X) = Union of R-exact open sets contained in X 
U..AP P(X) = Union of R-exact open sets contained in the 

complement of X 

Roughly, we approximate the U-topolog;y by the U / R-topology. 

4. Fuzzy Rough Sets 

A concept may or may not be defined by a given knowledge base J(. If not, can it be defined 
"approximately"? Pawlak's rough set theory answer this question in classical set theory. 
In this section we develop the rough set theory in fuzzy mathematics. For finite universe, 
our results are equivalent to [3]. However, we view fuzzy set theory as a field of functional 
analysis; it extends to infinite uni verse. 

4.1. Fuzzy Sets 

The theory of fuzzy sets deals with subsets where the membership function is real valued, 
not boolean valued. Intuitively the fuzzy subsets have no well defined boundaries in the 
uni verse of discourse. 

Let U be the uni verse of discourse. Then a fuzzy set is an ordered pairs: 

(U,FX) 

where FX : U -+ [0,1] is a function from U to closed unit interval. If both FX(O) and 
FX(l) are nonempty, we call the fuzzy set proper fuzzy set. Note that FX is called 
a membership function. When context is clear, we will use FX both as the fuzzy set 
and the membership function. (Mathematically, FX is a function, fuzzy set is only an 
interpretation. ) 

A set in classical sense will be called classical set or simply set. Its membership function 
is a real valued function assuming only real values O and 1. An element x is said to be fuzzily 
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belonged to fuzzy set F X if F X (x) > O and x is said to be absolutely not belong to fuzzy 
set FX if FX(x) = O. 

Let 

RFX = {x : FX(x) = I} 

Then RF X is the Real set (classical set) of the fuzzy set F X. We could consider R as an 
operator which maps a fuzzy set to its real set. 

The elements which are absolutely not in FX will be called absolute complement 

CFX = {x: FX(x) = O} 

Then C F X is a classical set in which no elements have positive membership values. We 
could consider C as an operator which maps a fuzzy set to its absolute complement. 

Example 1. The set of reals that are very small. 

Small = {x II x 1 is small} 

This set may be defined by a membership function: For some small positive number e 

Small(x) = (e - x)/e 
Small(x) = O 

or by another membership function 

Small(x) = e/(e + x) 
Small(x) = O 

for 1 x 1< e 

for 1 x I~ e. 

for 1 x :< e, 
for 1 x I~ e. 

The point here is that the choice of the membership functions is not unique. In other words, 
an intuitive real world fuzzy set Small has more than one membership function to represent 
it. 

Example 2. Let U = {e} be a singleton. What are the possible fuzzy subsets? How 
many are there? 

By definition, any membership function M : U -+ [0,1) is a fuzzy subset. Even though 
U is a singleton, there are infinitely many membership functions that can be defined on X. 
The following are some sample examples: 

M1(e) = O 
M 2 (c) = 1/2 

Mn(c) = l/n 

Each M n , n = 1,2, .. is a different fuzzy membership functions. So, there are infinitely 
many different fuzzy subsets. This is quite a contrast to classical set theory. There are only 
two subsets in U, namely the empty set and whole U (singleton). 
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These examples illustrate that there are too many functional representations of one 
intuitive real world fuzzy set. So there is a need to define an equivalence among the 
representations of an intuitive real world fuzzy set (see Section 5). 

4.2. Quasi Classical Sets 

Let X be a classical setj in this case the membership function X assumes only two real 
values, ° and 1. We would like to consider the membership function 

e * X: U --+ [0,1] 

defined by (e * X)( u) = e * (X( u» for constant e, where * is the multiplication of real 
numbers. Then e * X is a special type of fuzzy set, we will call it quasi classical set. The 
meaning of such quasi classical set is that an object x in U is either not in X or the degree 
(possibility, probability) of its membership is e. We aiso would like to consider the "union" 
and "intersection" of quasi classical sets. Let X and Y be two classical sets. Then for two 
real numbers a, b in [0,1], a * X and b * Y are two quasi classical sets. As in fuzzy set, we 
can define the union and intersection by M AX and M IN: 

(a * X U a * Y)(x) = MAX(a * X(x),b * Y(x» 
(a * X n a * Y)(x) = MIN(a * X(x),b * Y(x» 

4.3. Fuzzy Rough Sets 

The central theme in this section is to express or to approximate a fuzzy set in U by 
fuzzy sets in the knowledge base, or more precisely, in the quotient set U j R. Let R be an 
equivalence relation over U. Let FC ol( U j R) be the Collection of aH Fuzzy sets over U j R. 
Then the natural projection induces a subfamily of fuzzy sets on U. 

U ~ UjR ~ [0,1] 

SubFCol(U) = {FX * NQ: FX is in FCol(UjR)} 

where * is the composition of functions. This subfamily SubFCol is the family of ali 
R-exact fuzzy sets. We would like to have more explicit description of this SubFCol of 
fuzzy sets on U. We will relate our work to Dubois' [3]. 

We will borrow some notions from topology of function spaces. Let X be a classical 
set. Let FCol(X) be the family of ali functions from X to [0,1]. If X is infinite set, we 
will give FCol(X) the pointwise convergence topology [13]. Let f and 9 be two functions 
in FCol(X), we define 

f:::; 9 iff f(x):::; g(x) for alI x 

Then FCol(X) is a poset, in fact, a complete Iattice, that is every collection has a greatest 
lower bound (denoted by in!) and least upper bound (denoted by sup). If X is a finite set, 
these properties are obvious. We suggest readers just to proceed with the assumption that 
the universe is finite universe Uj our result is good for infinite universe (in database, the 
data may grow indefinitely, so we may need infinite universe). 

Let the membership function of the equivalence classes (R-elementary concepts) be 
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ECi: U --+ [O, 1],i = 1,2, .. . n. 

Since EC; (i-th equivalence class) is a classical set, its membership function assumes O and 
1 onlYj it may be referred to as classical equivalence class. Let us consider the collection 
of the quasi classical equivalence classes (c * EC;) and alI their unions (as fuzzy sets, 
they are sup in FCol(U))j it will be called Complete Quasi Equivalence classes CQE. 

Proposition 4.1. CQE = SubFCol. 

Proo!: Let f be a function in CQE, Î.e ... 

f = sup{ . .. , C; * EC;, ... } 

then f induces a function on U / R defined by 

[J](EC;) = Ci for alI i 

Obviously, f = [J] * NQ. 
Conversely,let [J] be a function in FCol(U / R), then 

[J](x) * NQ = [f](EC;) for alI x in ECi 

So, (write [f](ECi) = Ci), we have 

[f] * NQ = sup{ ... ,Ci * ECi, ... } 

This proves the converse. 
If U is a finite uni verse, CQ E can be represented by linear sum of EC;'s. Let f and 9 

be two real valued functions, we define the sum f + 9 as follows: 

(f + g)(x) = f(x) + g(x) for alI x 

Note that ECi and ECj are disjoint (if inot equal to j), so 

sup{ . .. ,Ci * EC;, ... } = ... + Ci * ECi + ... 
This proves the assertion. In other words, F X is R-definable iff 

F X = CI * ECI + C2 * EC2 + ... Cn * ECn • 

The R-definable fuzzy set may also be called R-exact. A fuzzy set (concept) is R-undefinable 
iff it is not R-definablej it may also be called R-inexact. 

For each fuzzy set FX, we associate two subsets, upper and lower approximation: 

U-.APP(FX) = inf{FY: FX ~ FY for an FY in CQE} 
L-.APP(FX) = sup{FY: FX ~ FY for alI FY in CQE} 

where inf and sup is in the poset of function space. This is equivalent to Dubois' [3]. 
Suppose x fuzzily belongs to real set X, that is, there is F X such that 



298 

0< FX(x) ~ 1, and 
X=RFX 

Does [x] fuzzily belongs to [X]? Let NQ be the natural projection of U to its quotient set 
U/R. Then 

NQ(x) = [x] and, 
NQ(X) = [X] = Union of {(p] : p in X = RFX} 

Note that (p is an element in [Xl) 

0< FX(x) ~ U-APP(FX)[x] ~ 1, and 
1 = FX(p) ~ U_APP(FX)(P] ~ 1 

So U -AP P( F X) is the fuzzy set such that 

0< U_APP(FX)[x] ~ 1, and 
R(U_APP(FX)) = [X] 

which says [x] is fuzzily belong to [X] (R is the operator which map a fuzzy set to its real 
set). So we conclude that classification preserves fuzzy belonging. 

5. Fuzzy Sets and N eighborhood Systems 

Fuzzy mathematics is designed to deal with "what is qualitative and fuzzy" (in contrast 
to the traditional "what is quantitative and precise") [14]. However, even though Zadeh's 
fuzzy mathematics [15] is qualitative in its applications, the representation is rather quanti­
tative (numerical). In many applications offuzzy set theory, very of ten the actual numerical 
value of the membership function is not important, the important point is the intuition rep­
resented by the numerical value. So we proposed a geometric approach to Zadeh's fuzzy 
idea. The geometry is not new, it is some form of topological spaces. 
For a fuzzy set, we will give the uni verse U the minimal classical topology so that the 
membership function is a continuous function [13]. 

Definition 5.1. Let {FX} be a family offuzzy sets, there is a unique minimal classical 
topology on U such that alI FX are continuous functions. For a given topological space U, 
let C(U, [O, Il) [or simply C(U)] be the set of alI continuous functions on U. 

Obviously, C(U) is the colIection of the continuous fuzzy sets. 
For most applications of fuzzy sets, there is an intuitive real world fuzzy set, and the mem­
bership function is merely one of several possible representations. The Example 1, 2 in 
Section 3 are illustrations of such situation. Here, we propose a method to identify intrinsic 
equivalence among different representations (membership functions). 

Let h be a homeomorphism (both hand its inverse are continuous map [13]) 

h: [0,1] ..... [0,1] 
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with fixed points set A (Le,. h(x) = x for x in A). We will call these h relative selfhomeo­
morphism on the pair ([O, 1],A), where A is fixed point set. We will be interest in A which 
consists of ° and 1, ° only, or 1 only. 

Definition 5.2. Two Fuzzy membership functions KX and KY are equivalent iffboth 
induce the same topology on U and there is a relative self homeomorphism h on the unit in­
terval [0,1] so that KX = KY *h. Such equivalence class will be called a geometric fuzzy set. 

For proper fuzzy sets we will be most interested in A = {0,1}. The two representations in 
Example 1 are equivalent. If we choose A to be 1, then alI Mn , n = 1,2, .. are equivalent. 

Theorem 5.3. Every proper fuzzy set F X defines a neighborhood system for the real 
set RFX. 

Proof: Let FX be a fuzzy set. Let us consider the real set of FX, 

RFX = {x : FX(x) = 1}. 

Let r be any real number in [0,1]. Let 

NT = {x : FX(x) ~ 1- r} 

Then the family {NT j r is a real} is a neighborhood system for RFX. This proves the 
theorem. 

Corollary. Two equivalent proper fuzzy sets FX and FY can define the same neigh­
borhood system for the common real set RFX. 

Proof: First, note that two equivalent proper fuzzy sets have the same real set RF X = 
RFY. Let F X = FY * h, then the two neighborhoods 

are the same. 

NIT = {x : FX(x) ~ r} 
N2T = {x : FY(x) ~ h(r)} 

A neighborhood system Ni, i = 1,2, .. is said to be monotonic decreasing if Ni+! is a subset 
of Ni for every i. 

Theorem 5.4. Let X be a proper classical sub set of U with monotonic decreasing 
neighborhood system N •. Then there is a fuzzy set FX such that for every N. there is a 
real s in [0,1] so that N. = (x : FX(x) ~ 1- s and RFX = X. 

Proof: We as sume the uni verse X is countable, and hence the neighborhood system is 
countable too. To simplify the exposition we will restrict OUT proof to countable case. For 
more general case, one can extend OUT inductive arguments to transfinite induction. 

Let No, Nt, N2 , ... be a monotonically "decreasing" sequence of neighborhoods for X. 
We will define a fuzzy sub set F X by a sequence offunction 10, fI, ... , l(i-1)' li, ... as follows: 
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fo(x) == 1 for x in X 
fo( x) == ° for x in U\X (difference set) 

Assume f(i-l) is defined, we will define fi as follows: 

fi(X) == 1 for x in X 
f;(x) == MAX(j(i-l), 1- Iii) for x in Ni\X 
fi(X) == f(i-l)(X) for x in U\Ni 

Let FX(x) == SUP{fi(X) : i == 0,1,2, ... }. Then FX is a fuzzy set and Ni {x 
FX(x) ~ (1- Iii)}. This completes the proof. 

6. Exact Information Via Approximations 

As a user has accumulated his approximate knowledge (rough sets, fuzzy subsets, neighbor­
hoods), will he eventually possess a sufficient knowledge to describe his universe precisely? 
In this section we give a positive answer to this question for the three approximate knowl­
edge. 

A person has exact informat ion about a specific concept (classical set) if he can specify 
the concept precisely using his knowledge. A person has the exact information about his 
uni verse U if he can specify precisely all possible concepts in U using his knowledge. If 
a person can describe objects precisely, he has exact information about each object of his 
universe, and hence he can specify all concepts. 

6.1. Exact Information via Rough Sets 

Let RCal be a collection of equivalence relations. Let the IN D(RCal) be the intersection 
of all the equivalent relations in RCal; it is called indiscernibility relation over RCal. When 
the indiscernibility relation reduces to identity, then each partition is a singleton, so we have 

Proposition 6.1. If IND(RCal) is the identity, then 

X == U_APP(X) == LAPP(X) 

This proposition says that if we have ADEQU AT E family of approximations, then the 
approximation is exact. 

6.2. Exact Information via Fuzzy Sets 

Now, we will examine the approximation in fuzzy world. A user's knowledge is represented 
by fuzzy sets on the universe U. 

Definition 6.2. Let F == {F Xi : i in the set I} be a family offuzzy subsets (knowledge 
of a user). Fis said to be ADEQU AT E if the following map is one-to-one 

Ev: U ---; HC 

where HC, the Hilbert cube, is a Cartesian product of copies of unit interval [0,1] and Ev 
is defined by 
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Ev(x) = Ordered tuple of {FXi(X)}. 

If 1 is a finite set, say 1 = {1,2,3,4}, then 

If 1 is a countable set, say 1 = {1,2,3, ... }, then 

Ev(x) = (FX1(x),FX2(x), 00 .). 

Each x represents an object U, each FXi(x) is a fuzzy description about x in the FXi­
component. So if Ev is one-to-one, then each object x has a unique description by fuzzy 
data. In other words, we have an exact identification of each object through fuzzy data 
and hence we can uniquely identify each concept of U precisely - This is precisely the exact 
informat ion about U through fuzzy data. 

We need to establish easily verifiable conditions for ADEQU ACY. A family F offuzzy 
subsets distinguishes objects if and only if for each pair of distinct objects x and y there is 
an FX in F such that FX(x) i= FX(y). 

Thearem 6.3. Let U be a universe. Let F be a collection of fuzzy subsets. Then, F 
is ADEQU AT E if and only if F distinguishes objects. 

Praaf: If F is ADEQU AT E, by definition, Ev is one-to-one map. That is, for every 
x and y, one of its coordinate, say FXi(X) i= FXi(y), That is F distinguishes objects. If 
F distinguishes objects, then for each distinct pair of objects there is one of the coordinate 
FXi(X) i= FXi(Y), so Ev(x) i= Ev(y). That proves Ev is one-to-one. 

Thearem 6.4. Let U be a uni verse. Let F be an AD EQ U AT E collection of fuzzy 
subsets. Then, one can introduce a metric into U, so that every two distinct objects in the 
universe U has a positive distance. 

Praaf: Recall that U and hence F are countable. Let the metric between x and Y be 
denoted by dist(x,y). Then, we can define the 

dist(x,y) = SU M of {I FXi(X) - Xi(y) 1 /2 * *i} 

where 2 * *i is the power of 2 (as in Fortran language). By the assumption F being 
ADEQUATE, 1 FXi(X) - FXi(Y) 1, for some i, is positive. So dist(x,y) is a metric on U. 
(This is precisely the metric of metric space in mathematics [13]). 

Example 1. John has a low quality spectral analyzer, so he can tell from his instru­
ments that cert ain objects are approximately red (including red) or not. Re also has a 
broken scale which can only tell him an objects is heavy or not. John acquires two fuzzy 
knowledge about his universe through his instruments, namely, the fuzzy red set FX and 
the fuzzy heavy set FY. Now, the question is can he tell any two objects in his universe 
apart by using his fuzzy knowledge F X and FY. The following is his data 
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FX(x) = 1 
FX(y) = 1 
FX(z) = 0.5 
FX(u) = 0.5 
FX(v) = O 
FX(w) = O 

FY(x) = 0.8 
FY(y) = 0.8 
FY(z) = 0.8 
FY(u) = 0.8 
FY(v) = O 
FY(w) = O 

Certainly, he cannot tell x and y apart because FX(x) = FX(y) = 1. FY(x) and 
FY(y) both near 1. In other words, in the current state of his knowledge, there is no way 
to distinct x and y. So he can not describe exact information about his universe. However, 
as time goes on John acquires more instruments, and he has more fuzzy information on 
the universe U, say fuzzy properties FX, FY, FZ, FW. Let us examine the status of his 
knowledge. 

FX FY FZ FW 
x 1 0.8 0.5 O 
y 1 0.8 O O 
z 0.5 0.8 0.5 O 
u 0.5 0.8 O O 
v O O 0.5 O 
w O O 0.5 O 

John's knowledge is very good now, he can distinguish most of objects, except v and w. 
Ii he is lucky enough to acquire one more important fuzzy knowledge, he perhaps can have 
a clear view about his universe. 

Assume that finally he acquires a new fuzzy knowledge about the shape of the object in 
his uni verse, namely, he acquired a fuzzy spherical property FV of spherical objects. That 
is, he has the following FV 

FV(x) = (Volume of x)/(smallest sphere containing x) 
FV(x) = FV(y) = 0.9, FV(z) = FV(u) = 0.5, FV(v) = 0.0, FV(w) = 1 

FX FY FZ FW FV 
x 1 0.8 0.5 O 0.9 
y 1 0.8 O O 0.9 
z 0.5 0.8 0.5 O 0.5 
u 0.5 0.8 O O 0.5 
v O O 0.5 O 0.0 
w O O 0.5 O 1 

Now, with FX, FY, FZ, FW and FV, every objects in the universe can be distin­
guished, namely, each horizontal row of the table above represent an object of the universe. 
That means John has ADEQU AT E knowledge about his universe, in the sense that he can 
identify individual objects in his universe and specify any concepts of U. In other words, he 
has the total knowledge of his universe; he can specify any exact concept (classical subset) 
in U. 
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6.3. Exact Information via Neighborhood Systems 

Now, we will formalize the notion of exact information on the world of neighborhood sys­
tems. A user's knowledge is represented by neighborhoods of each object in U. More 
precisely, a user may not have sufficient knowledge to describe any particular object, but 
he may be able to specify some approximate objects (via neighborhood). For example, a 
student may not have sufficient knowledge about the exact value of e, but he knows that it 
is located somewhere in the interval [2.71, 2.72]). If he gains more and more approximate 
knowledge about e, for example, he knows now that e is in the intervals [2.718, 2.719], 
[2.71828,2.71829], ... eventually he may be able to give a precise information about e (the 
sequence will converges to e). There is no numerical measure about amount of our knowl­
edge in terms of neighborhood systems. However, we can use the terminology of topology 
to measure our knowledge about the neighborhood systems qualitatively. 

Definition 6.5. U is called a Tychonoff space, if for every point x and each neighbor­
hood N(x) of x there is a continuous function FX from U to [0,1] such that f(x) = 1 and 
identically zero on the complement of N(x). 

Let us quote a theorem from Kelly [13], pp. 118. 

Proposition 6.6. In order that U be Tychonoff it is necessary and sufficient that it be 
homeomorphic to a subspace of Hilbert Cube. 

Theorem 6.7. There are AD EQ U AT E fuzzy subsets in U if and only if U is a Ty­
chonoff space. 

Proof: If U is a Tychonoff space, then, by Proposition 6.6, it can be embedded into 
Hilbert Cube. Then, we use the "coordinate function F Xi( x)" as our fuzzy subsets of U. 
By 6.3, this family of fuzzy subset is ADEQU AT E. On the other hand if the fuzzy subsets 
{FXi} is ADEQUATE, we can topologize U by demanding that alI FX;'s be continuous. 
By 6.3., it is a sub set of Hilbert Cube. Hence by 6.6, U is a Tychonoff space. 

Remark: This theorem gives an intrinsic characterization of AD EQ U AT E fuzzy 
knowledge about the universe U. Tychonoff is an intrinsic property of U, while Defini­
tion of ADEQU ACY is an external property of U (represented by functions of U). So we 
believe neighborhood system is better. We could know that U is a Tychonoff from other 
reasons without explicit constructing the membership functions. 
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Abstract. Various considerations of analysis of knowledge by means of rough sets lead 
to the foHowing situation: we are given a uni verse U along with a descending sequence of 
equivalence relations. We propose metrics for rough sets that make them into a complete 
metric spacej the metric convergence encompasses and generalizes approximative conver­
gence studied by Marek, Pawlak and Marek, Rasiowa. 

1. Introduction. 

Rough sets as a tool to deal with uncertain knowledge were introduced in [6]. Since their 
introduction they have become a widely studied topic with many applications. Their formal 
counterparts have entered logic and Computer Science. Their investigations involve logical, 
set-theoretical, and topological tools. Our paper arises from taking aH these techniques 
into account: while dealing with some topological properties of rough sets, it is motivated 
by some recent developments in knowledge analysis and Computer Science. 

The interplay bctween Pawlak's rough sets and Pawlak's topology permits us to discuss 
rough sets by taking advantages of both set-theoretical and topological, points of view: 
given a set U, any equivalence relation R induces on U a topology 7rR (equivalence classes 
of R forming an open base for 7rR)j 7rR is peculiar: every 7rR-Open set is 7rR-closed, too, 
but this is exactly what is necessary for the converse to hold, viz., any topology 7r on 
U for which 7r-Open = 7r-Closed induces an equivalence relation R7r such that 7rR" = 7r 
(simply let x R7r y iff x,y have identical sets of 7r-neighborhoods). We may and we do regard 
therefore Pawlak's R-lower and R-upper approximations of X c U as, resp., the interior 
and the closure of X in the topology 7rR: E(X) = Int7rR , R(X) = CI7rR X. 

Various considerations of knowledge analysis by means of knowledge bases and infor­
mation systems (both in the sense of [5]) as well as various considerations of computer 
science (cf.[3],[4]) lead to the following situation: one is given a universe U along with an 
infinite descending sequence (Rn)n of equivalence relations. In [3] and [4] an approach to 
the problem of approximating sets with R~ S via approximating sequences was proposed. 
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One may regard approximating sequences as a tool to describe a kind of strong 
convergence: given X C U, one takes the closure CliX of X in 7rR; for each i, 
and the approximating sequence (Ti = CliX)i "converges" to X in the sense that 
CliX = CliTi for each i, i.e., X and Ti have identical "approximations of order i". 

We pursue this line of investigations with the Pawlak duality between rough 
sets and topology in mind. 

We study 7r-rough sets determined by the topology 7r obtained by taking equiv­
alence classes of all elements of U with respect to all R'.;. as an open base for 7r. As 
7r-rough sets may be expres sed as pairs of 7r-closed sets in U, subject to certain 
conditions, we apply the classical concept of Hausdorff metric ta define two metrics 
D, D an the set of 7r-rough sets with D ~ D. Roughly speaking, D controls the 
distance between, resp., positive, negative, and un cert ain knowledge regions, while 
D controls the distance between, resp., positive and negative knowledge regions. 
It turns out that D and D make 7r-rough sets into a complete metric space: any 
D-fundamental sequence of 7r-rough sets D- converges ta a 7r-rough set; moreover 
approximating sequences of 7r- rough sets do converge to 7r-rough sets they ap­
proximate: the metric D -convergence encompasses and generalizes approximative 
convergence. 

2. 7r - rough sets 

Let U be a non-empty set and (Rn)n a sequence of equivalence relations an U with 
Rn+l C Rn for each natural n. For x E U and a number n, we denote by [x]n the 
class of x with respect ta Rn. Let T = {([Xj]j)j : [Xj+1]j+1 C [Xj]j for natural j) 
i.e. T consists of descending sequences of equivalence classes. For ([Xj]j)j ET, we 
will call elements of the intersection nj[Xj]j indiscernibles. 

We will assume throughout this note that U is complete with respect io indis­
cernibles i.e. nj[Xj]j -:P 0 for every ([Xj]j)j ET. 

We denote by 7r the topology an U whose base is the set 

{[x]j : x E U, j a natural number } 

of alI equivalence classes of all relations Rn. 
By a 7r-rough set we will understand a pair (P, Q) of sets in U such that P is 

open in 7r, Q is closed in 7r, P 1: Q, and there exists a set X C U with the properties 
that Int 7r X = P and Cl 7rX = Q, where Ini 7r , Cl7r denote, respectively, the interior 
and the closure operators in the topology 7r. 

The following simple and easy ta establish fact holds 

2.1.Proposition. A pair (P, Q) of subsets of U such that P is 7r-open, Q is 
7r-closed, and P 1: Q is a 7r- rough set if and only if the set Q \ P does not contain 
an isolated point of U i.e. a point that is simultaneously 7r-open and 7r-closed. 

We introduce an equivalence relation r an the set of 7r-rough points by letting 

(PI , Qd r (P2, Q2) if and only if Q2 \ P2 = QI \ Pl' 
We denote by [P, Q] the r-equivalence class of (P, Q) and we will call this class 
a reduced 7r-rough set; the 7r-rough set (0, Q \ P) will be called the canonical 
representative of [P, Q] and it will be denoted by [[P, QJJ. 
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We will need yet another representation for 7r-rough sets: for a 7r- rough set 
(P, Q), we let T = U\P, and we represent (P, Q) as the pair (Q, T) of closed sets. 
Obviously, a pair (Q, T) of closed sets will represent a 7r-rough set, viz. (U\ T, Q), 
if and only if, 

(i) U = Q U T, 
(ii) Q n T i- 0, and 
(iii) Q n T does not contain an isolated point of U. 

3. A metric for 7r-rough sets 

For x, y E U and a natural number j, we let 

dj(x,y) = ° if [x]j = [Y]j and dj(x,y) = 1 if [x]j i- [Y]j 
Now, for x, y E U, we let 

00 1 
d(x,y) = :L-.. dj(x,y). 

j=110} 

Clearly, d is a compatible pseudometric on (U, 7r), and d( x, y) = ° if and only if x 
and y are indiscernibles. 

Example 1. The Cantor set C is the standard playground for studying topol­
ogy generated by a descreasing sequence of equivalence relations. Technically, C 
is the product {O, l}N, N = {1,2,3, ... } i.e. the set of alI sequences (Xl,X2, .• • ), 

where Xi = ° or Xi = 1 for i = 1,2, .... In this case relations Rn' are defined as 
follows: 

for x, y E C, (x, y) E Rn if and only if (Xl,'" , xn) = (Yl,"" Yn). 

Hence dn(x, y) = ° if and only if (Xl,"" X n) = (YI, ... , Yn). If our sequences are, 
say, x = (1,0,1,0,1,0, ... ) and Y = (0,1,0,1,0,1, ... ) then the distance d(x,y) 

00 1 1 
between x and y is, according to our formula, equal to '\"'-. ·1 = -. 

L.t 10} 9 
)=1 

We employ the pseudometric d to introduce metrics on the set of 7r-rough sets. 
To this end, we observe that the representation of a 7r-rough set via a pair of closed 
sets permits us to use the concept of the Hausdorff metric (cf.[l] or [2]),viz., we will 
measure the distance between two 7r-rough sets by means of the Hausdorff distances 
between their regions of, resp., positive, negative, and uncertain knowledge. 

Formally, given two closed sets A, B in (U, 7r), we let 

6(A, B) = 

max{max{min{d(x,y) : y E B} : x EA}}, max{min{d(x,y) : x E A} : y E B}}} 

and we define functions D and D on pairs of 7r-rough sets by letting 

and 
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Example 2. Consider the Cantor set C again, this time, look at two closed 
sets in C, viz., 

A = {x = (Xj)j E C: Xj = O for at most one j) 
aud 

B = {y = (Yj)j E C: Yj = 1 for at most one j). 
These A and Bare 7r-closed and we want o(A, B), the Hausdorff distance between 
A and B. So pick x EA; we have two cases: 

(a) Xj = 1 for every j, 

(b) there exists a unique jo with Xj = O for j = jo , Xj = 1 for j =1= jo. 

We need to find the mininal value of d(x, y) for Y E B. In case (a), we have two 
values of d(x, y): 

(al) for y E B with Yl = 1, we have dj(x,y) = O for j = 1, and dj(x, y) = 1 
= 1 1 

for j > 1, so d(x, y) = ""'-.. dj(x, y) = -
~10J 90 
J=2 

1 
(a2) for y E B with Yl = O, we have dAx, y) = 1 for each j, so d(x, y) = 9 

The value of min{d(x, y) : y E B} is therefore 910. 

Now, the other way round: pick y E B and establich min{d(x, y) : x EA}; clearly, 
1 

90 
there is nothing to do here but argue by symmetry: min{d(x, y) : x EA} 

So the maximum of the values is 910 i.e. o(A, B) = 910. 

Our metrics D, D do the same, but for pairs or triples of closed sets. 

We leave out the proof of the following 

3.1.Proposition. D, Dare metrics on the set of 7r-rough sets. 

We will need two following, easy to check, properties of D. 

3.2 Proposition. 
(a) For every n there exists a natural number jn such that D((QI' Tt}, (Q2, T2)) < 

.!. implies [xljn n QI =1= 0 ii aud only if[xljn n Q2 =1= 0 and [xljn n TI =1= 0 ii aud only 
n 
ii [xlin n T2 =1= 0 for every x E U; moreover limjn = +00; 

n 

(b) For every natural number j there exists Ej > O such that [xli n QI =1= 0 ii aud 
only ii [xli n Q2 =1= 0 aud [xli n TI =1= 0 ii aud only ii [xli n T2 =1= 0 for every x E U 
imply D((QI, Tt}, (Q2, T2)) ~ Ej; moreover, Iim Ei = o. 

J 

Finally, we observe that D induces a metric DI on the set of reduced 7r-rough 
sets via the formula DI([PI , QI], [P2, Q2]) = D([[PI, Qd, [[P2, Q2]]). 
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4. Complete ness of the metric space of 7r-rough sets 

We begin with the main property of metrics D and D: they make 7r-rough sets into 
a (D, D)-complete metric space. 

4.1.Proposition. Every D-Cauchysequence ((Qn, Tn))n of7r-rough sets D­
converges to a 7r- rough set. 

Proof. By Proposition 3.2, there exist two increasing sequences (jn)n, (mn)n 
of natural numbers with the properties that 

(i) Cljn Qm = Cljn Qmn for m :::::: m n, 
(ii) CljnTm = CljnTmn for m :::::: m n , 

(iii) CljJQm n Tm) = CljJOmn n Tmn ) for m:::::: m n . 

where Cljn denotes the closure operator in the topology generated byequivalence 
classes of Rjn. 
Consider sets 

Q* = u{nj[Xj]j: ([Xj]j)jETand[xjJjnnQm n #0} 
and 

T* = u {nj[Xj]j: ([Xj]j)j E Tand[xjJjn n Tmn # 0}. 
The sets Q* and T* being obviously closed, our Proposition will follow from the 
following claims. 

Claim 1. U = Q* U T*. 
Suppose, to the contrary, that x is not in Q* U T* for some x E U. 
Let x E T satisfy Xj = [x]j for each j; then there exist m, n such that Xjn n Qmn 
o = Xjm n Tmn . Assume, e.g., that m :::::: n; then (i) implies Xjm n Qmm = 0 i.e. x 
is not in Qmm U Tmm = U, a contradiction. 

Claim 2. Q* n T* # 0. 
Pick Xl E Qml n Tm1 ; as, by (iii), CljJQm2 n TmJ = Clj1(Qml n TmJ, there 
exists X2 E [xllh with [x2lh n Qm 2 n Tmz # 0. Continuing by induction, we find 
a sequence (Xdk in U such that [Xk+dk+l C [Xk]k and [Xk]jk n Qmk n Tmk # 0 
for each k. Let x be a unique member of T with Xjk = [Xk]jk for each k. Then 
o # n x C Q* n T*. 

Claim 3. For each n, 
(iv) CljnQ* = CljnQmn, 
(v) CljnT* = CljnTmn . 
It suffices to prove (iv); the other proof goes along the same lines. Assume Xo is in 
Cljn Q*; let Yo be in [XO]jn nQ*; by definit ion of Q*, 0 # [YO]jn nQmn = [XO]jn nQmn 
hence Xo is in Cljn Qmn. 
Conversely, as sume that Xo is in Cljn Qmn; employing (i), define inductively a se­
quence (Xk)k in U such that [Xk+l]jn+k+l C [Xk]jn+k and [Xk]jn+k n Qmn+k # 0 for 
each k. Let x be a unique number of T with Xjn+k = [Xk]jn+k for each k. Then 
0# nx C Q* n [XO]jn i.e. Xo is in CljnQ*· 

Claim 4. Q* n T* does not contain an isolated point of U. 
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lndeed, if an isolated point of U, say Xa, was in Q* n T*, we would have [xa]jn a 
singleton for some n, hence Xa would be in Qmn n Tmn , a contradiction. 

Claim 5. D((Qmn , Tmn ), (Q*, T*)) converges to O as n tends do infinity. 
lndeed, this follows from (i), (ii), above, and 3.2. 

Claim 6. The sequence ((Qn, Tn))n D-converges to (Q*, T*). 
lndeed, this follows from Claim 5 and the fact that ((Qn, Tn))n is D-Cauchy hence 
D-Cauchy. 
This concludes the proof. 

One can prove along similar lines the following counterpart of Proposition 4.l. 
for the set of reduced 7r-rough sets. 

4.2.Proposition. Tbe set of reduced 7r-sets endowed witb tbe metric Dl is a 
complete metric space. 

5. Approximative convergence 

The notion of an approximative sequence was studied in [3] and [4]; a sequence 
(Tj)j of subsets of U is said to be an approximating sequence if there exists a subset 
X of U with the property that CljX = Tj for each j in which case X is said to be 
approximated by (Tj)j. 

We will say that a sequence ((A~, ... , A~))n of k-tuples of 7r-closed sets con-
verges approximatively to a k-tuple (Al , ... , A k) of 7r- closed sets if C InA~ = CinA i 
for each n and i :s: k. Clearly, if (A~)n is the approximating sequence for Ai for 
i :s: k, then ((A~, ... , A~))n converges approximatively to (Al, ... , A k ). We have the 
following proposition which states that the above introduced metric convergence 
extends the convergence suggested by the notion of an approximating sequence. 

5.1.Proposition. 
(a) If((Qi, Ti, Qi n Ti))i converges approximatively to (Q, T, Q n T), tben 

(( Q j, Ti))i D-converges to (Q, T) in tbe space of 7r-rougb sets, 
(b) If ((Qi, Ti))i converges approximatively to (Q, T), tben ((Qi, Ti))i D-conver­

ges to (Q, T) in tbe space of 7r- rougb sets, 
(c) If([[Pi, Q;]])i converges approximatively to [[P, Q]J, tben ((Pi , Q;))i Dl-con­

verges to (P, Q) in tbe space of reduced 7r-rougb sets. 

We assume from now on that the space (U, 7r) does not contain isolated points 
i.e. no equivalence class of no relation Rn is a singleton, an assumption very natural 
from practical point of view. 

It is tempting to conjecture that a stronger completeness property takes place 
i.e. every D-Cauchy sequence of 7r-rough sets D-converges; it is, however, not the 
case, as simple examples bear out. StiH, the idea of an approximating sequence 
may be refined to provide a special case of sequences for which D-Cauchy implies 
D-convergence. A sequence ((Qi, Ti))i of 7r-rough sets wiH be called saturated if 
Qi = CliQi and Ti = CliTi for each i; observe, again, that if (Q;)i and (Ti)i 
are approximating sequences, then ((Qi, T;))i is saturated. We have the following 
proposition, whose proof parallels that of 4.1. 
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5.2.Proposition. If((Qi, Ti))i is a D- Cauchy saturated sequence of 7r-rough 
sets, then ((Qi, Ti))i D-converges to a 7r-rough set. 

Proof. We need only small addition ta the proof of 4.1, viz., we need to prove 
that Cljn(Q* n T*) = Cljn(Q1n n n Tmn ) for each n (the notation is that of 4.1). 
To this end, observe that the inclusion CljnCQm n nTmn ) C CljnCQ* nT*) holds for 
each n by an argument similar to that applied in proving Claims 2,3 in 4.1. 
To prove the converse, pick y E CljnCQ* n T*) and x E [Y]jn n Q* n T*. We have 
[X]jk n Qmk =f. 0 =f. [X]jk n Tmk for each k i.e. x is in Qmk n Tmk for each k; in 
particular, Y is in Cljn(Qm n n TmJ. 

6. A Bolzano-Weierstrass - type property 

Assume that each relation Rn has finitely many equivalence classes, a case most 
of ten met in applications. We have 

6.1.Proposition. Each sequence of 7r-rough sets contains a D - convergent 
subsequence. 

Proof. It suffices to define inductively a decreasing sequence (sn)n of in­
creasing sequences of natural numbers such that the given sequence ((Qi, Ti))i of 
7r-rough sets satisfies 
ClnQm = ClnQp, ClnTm = ClnTp, and Cln(Qm n Tm ) = Cln(Qp n Tp) for 
m,p E Sn for each n, and to observe that the sequence ((Qsn(n), Tsn(n»))n is D­
Cauchy, hence it D-converges by 4.1. 
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Abstract. In the process of data analysis in Pawlak's information system and in the 
derivation of decision algorithms from decision tables, the main computational effort is 
associated with the determination of the reducts. The notion of the re duct plays a major 
role in the definitions of other fundamental notions of the information systems theory, such 
as functional dependencies, redundancy etc. The purpose ofthe presentation is to show that 
role and demonstrate different ways of computing reducts. The computational complexity 
of the problem of reducts enumeration is, in the worst case, exponential with respect to the 
number of attributes. Therefore the only way to achieve its faster execution is by providing 
an algorithm, with a better constant factor. The algorithm presented computes reducts 
from the sample set of objects. The corresponding data available for the analysis in real­
life applications is subject to some dynamic changes. Thus it would be useful to have a 
facility to support such a behaviour. The presented algorithm is based on the strategy of 
the maintenance of the set of reducts - providing their necessary alternations triggered by 
an expansion of the set of objects. The algorithm is demonstrated in a non trivial example. 
The significance of the offered solution is twofold; the avoidance of the repetition of the 
whole (standard) procedure for the dynamically changing data, and an improvement of the 
execution time in comparison to the standard methods. 

1. Introduction 

The relational approach to information systems was initiated by Codd ([3]) and developed 
by many researchers (see [4] for references). Another, alternative approach to relational 
informat ion systems was proposed by Pawlak ([7]). The two approaches differ but there 
are many tangent areas and it is possible for both of them to cross-benefit from their 
philosophical foundations. It is remarkable how many similarities exist between them, 
although at first sight it is difficult to spot them. 

On the basis of the notions introduced in the Pawlak theory of information systems, one 
can define and adopt several notions existing in the Codd approach. Consequently, these 
adopted notions could be used as auxiliary tools to investigate the behaviour of Pawlak's 
information systems. On the other hand, the concepts and notion specific to Pawlak's 
Theory can be used to explain, on the set-theoretical platform, a number of issues in 
Codd's informat ion systems. 
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The backbone of the Codd theory of databases is the notion of the relation, which is 
understood as a (finite) sub set of the cartesian product of the domains of attributes. The 
corresponding set of attributes is called the relation schema. The classical Codd approach is 
based on an identification of properties of relational schemata and subsequently, if necessary, 
decomposing them into a set of schemata satisfying required quality criteria. The relational 
algebra operators are then used for manipulations of the relations defined in the decomposed 
schemata. The properties of the relational schema can be captured by investigating the 
relation instance(s) assuming that it is a representative sample of an appropriate size. In 
general, if there is a reassurance that alI instances of the relation are satisfying a certain 
property then it is the property of the relational schema. 

The Pawlak approach to information systems concentrates on studying the properties of 
objects rather than the properties of attributes and, more precisely, the main concern is the 
classification of objects imposed by equivalence relations which are defined by comparing 
values of attributes in the set of objects. Formally the Pawlak concept is to investigate the 
partitioning of the set of objects into equivalence classes, generated by preimages of one 
point sets of the functions: 

fp : X-+J], Vq 

It is usual practice that, when studying the properties of the equivalence classes of an 
equivalence relation, one selects a single representative from each class for examination. 
From now on, the representation of objects shall satisfy this condition. It means that 
assuming Q as a set of alI attributes in the universe, the equivalence classes of the 
indiscernibility relation IND(Q) are one-element sets. This assumption can be made without 
any loss of generality as any manipulations will be carried out on whole equivalence classes, 
and a further partition of an equivalence class would require an additional attribute(s). This 
is in contradiction to the assumption. Using notions of the indiscernibility relation as weB as 
the reduct or the dispensable attribute, etc., one can characterise other notions relevant to the 
data analysis. 

The main focus here is on the investigation of the notion of reduct, which plays a similar 
role as the key in the Codd theory. 

2. Reducts, properties aud applications 

The concept of the reduct is very powerful in information analysis. Extensive studies of it 
are provided in many sources. In this section we shall examine reducts as a bridge to other 
important notions of the relational theory. 

It will be useful to have a short notation x(P) for the set of descriptors related to an object 
x and a set P (~ Q) of attributes, Le.: 

x(P) = {f(x,q): q E P} 
The symbol X(P) will be used to denote the set of alI x(P) for x E X. 

(2.1) Set P ~ Q is a cal led a weak reduct of Q in X(Q) (notation P E WRED(Q), if 
IND(p) = IND(Q). 

The foBowing facts are immediate consequences of the definition 

(2.2) If P ~ Q is a reduct of Q in X(Q) then P E WRED(Q) in X(Q). 
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(2.3) RED(WRED(P) = RED(p) in X(Q). 

Ali the notions in the Pawlak theory are defined for a fixed finite set of objects, but the 
universality of their properties can be easily achieved by adding the phrase for aU admissible 
set of objects X in a given universe of discourse. (That is, the set P is a reduct of Q if P is a 
reduct of Q for any set X of admissible objects in the given universe). 

The notion of the functional dependency (FD) of attributes in Pawlak's information 
systems is defined and studied in a number of papers ([1],[5],[8],[11],[12],[13]). This 
concept is close to the concept of functional dependency in the Codd theory, although the 
definition is different. The notion of FD was originally defined in [5] in the following way: 

(2.4) P' .... P iff IND(p') C IND(p) 

The characterisation of the FD can be obtained as a generalisation of the notion of a weak 
reduct: 

(2.5) p' .... P iff P' is a weak reduct of P' U P. 

It is immediately visible from (2.3) and from the above characterisation that 

(2.6) If P' .... P then P' contains a reduct of P' U P. 

(2.7) If P' .... P and for no proper sub set R of Q, R .... P, then P' is a reduct of P' U P. 

The notion of reduct characterises the arity of functional dependency, that is, the 
minimum set of attributes from P' necessary to distinguish objects if they are distinguished 
by P. More precisely: 

(2.8) DEFINITION The functional dependency P' .... P is said to be lejt-reduced if P' is a 
reduct of P' U P. 

The information which could be derived is superfluous and in order to avoid this, there is 
a need to identify it. A useful description of this phenomenon (known as redundancy) can be 
provided using an indiscernibility relation: 

(2.9) DEFINITION The left-reduced functional dependency P' .... P, where P is one­
attribute set, is said to be redundant if there is a set R not containing P' and not 
containing P such that IND(p') ~ IND(R) ~ IND(p). 

A notion regarded as very helpful in the computation of reducts is CORE(Q) of the set of 
attributes, which consists of indispensable attributes. The knowledge of the CORE(Q) is 
useful indeed, when the strategy of computing reducts is bottom-up (see next section). The 
problem of identifying the core set is an easy one. The computational complexity of the 
process of computing core attributes is low and, even using the brute force approach, it is 
quadratic with respect to the number of objects in the system. Therefore the knowledge of the 
core attributes has only marginal impact on the overall (expected or worst case) execution 
time of any algorithm for determining reducts. The purpose of the set CORE(Q) is auxiliary 
in computing reducts and it is beneficial if it is nonempty. 
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The situation where the core set can be found independently of reducts is when it is 
possible to detect alI functional dependencies in an informal way. Such a situation occurs 
when the given universe has familiar semantics and the functional dependencies are easy to 
identify; for instance 

LECTURER .... DEPARTMENT, 
SUBJECT YEARISEMESTER -+ LECTURER, etc., 

are obvious functional dependencies in the universe "UNIVERSITY". 
The following example describes how different levels of the importance of attributes can 

be extracted from the knowledge of functional dependencies valid in the system. 

EXAMPLE 1. Given the set of functional dependencies on the set of attributes 
Q = {a,b,c,d,e,f,g,h,i,j}: 

ade -+ f, cd -+ be, ae -+ cgi, g -+ h, dh -+ j 
Consider the following table of appearances of attributes on the left- and right-hand-sides of 
functional dependencies: 

Attribute LHS RHS 

a * 
b * 
c * * 
d * 
e * * 
f * 
g * * 
h * * 
i * 
j * 

The above table provides more detailed information about the role of attributes than just 
dispensable and indispensable. The core attributes are those which do not appear on the right 
hand sides of the functional dependencies. In this example, a and d are core attributes. This 
table is useful also to recognise the attributes which do not appear in any reduct. These are b, 
f, i and j - they do not appear on the left hand sides of functional dependencies. The 
remaining attributes, c, e, g, h may appear in some reducts. The set of reducts for this 
example consists of two sets {a,d,e} and {a,c,d}; g and h do not participate in any reduct. 
The dispensable attributes can be classified into categories of different degree of 
dispensability; for instance, the attribute e is dispensable in the set {acde}, but indispensable 
in {adefg}. 

It is worth noting that the use of functional dependencies in computations is beneficial 
only if they can be easily detected, otherwise one experiences the same level of difficulty, but 
shifted into another area. 
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The computation of reducts is an essential procedure in several applications of rough sets. 
It could also be an essential part of the manipulation of information systems. A survey of a 
number of applications ([2],[10], for more see [9]) develops an impression that the 
computation of reducts is a straightforward process. There are basically two sources of such 
optimism: 

- The (relatively) small size of the set of different objects in the systems considered. 
- The examples in the case studies usually have a sound semantical real-world meaning 
and therefore the number of reducts (which actually determine the objects) is small and 
their computation could indeed be straightforward. 
Unfortunately a Universe does not always satisfy the above conditions. In anticipation of a 

non-semantic Universe (which could be found in some engineering applications) one has to 
be prepared for the worst case. The common perception is that the problem of finding ali the 
reducts is non-polynomial. This is justified by the fact that the number of reducts in the worst 
case depends exponentially on the number of attributes and is (l.nI~J). An example of a system 
with such a number of reducts is given below. Note that the entries in the places displayed as 
empty (for the sake of clarity) must ali be different in each column. 

a b c d e f 

1) 1 1 

2) 1 

3) 1 

4) 1 

5) 

6) 

7) 

8) 

9) 

10) 

11) 1 

12) 

13) 

14) 

15) 

16) 

17) 1 1 

18) 

19) 

20) 
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Therefore, the worst case complexity of any algorithm for the determination of reducts is 
non polynomial in respect to the number of attributes. This is because ali reducts must be 
identified. In cases where the number of reducts is small, the computational complexity still 
could be in the NP range as many subsets of the set of attributes have to be tested. 
Obviously, there are cases that can be resolved with little computational effort, due to a good 
configuration of data (for instance a large set of core attributes). 

An important problem in many applications is the maintenance of knowledge in a dynamic 
environment. There is a possibility that the current knowledge would have to be altered when 
a new piece of information is delivered with a new object. Obviously the reducts play an 
essential formal part of the knowledge. It is remarkable how large alterations could be 
triggered by the addition of one object. The following example illustrates this phenomenon. 

EXAMPLE 2. Consider information system with 8 attributes consisting of one object. 

b c d e f g h 

o o o o 

The set of reducts are ali comprised of one-attribute subsets of Q. Suppose that the new 
object is added. This is depicted in the next table: 

1) 

2) 

a b c d e f g h 

o o o o 

It is apparent that {el, {f}, {g} and {h} are the only reducts. The insertion of the following 
third object makes dramatic changes. 

1) 

2) 

3) 

a 

1 

1 

O 

b 

1 

O 

c 

1 

O 

d 

1 

O 

e 

O 

f g h 

O O O 

None of the one-attribute sets are the reducts any longer. There are 16 reducts formed by the 
pairs of attributes; one from the set {a,b,c,d} and the second one from the set {e,f,g,h}. 

This example shows that the quality and quantity of reducts are unpredictable and the set 
of reducts can vary for different representative objects in the same universe. AIso, when the 
semantics of a real-world universe is involved, the inadequate size and quality of a sample 
can distort the true knowledge about it. To support this statement consider an example of the 
universe of entries to students transcripts involving STUDENT _ NR, SUBIECT _ CODE, 
YEARISEMESTER, GRADE, and LECTURER. On the basis of a review of (even large) 
numbers of objects related to successful enrolments, one could condude that 
{STUDENT_NR, SUBIECT_CODE} is a reduct. However, it is not true when an entry 
arrives which relates to a student, who has repeated a subject. In such a familiar universe it 
is possible to handle alI the parts of knowledge related to reducts; a similar problem for a 
more complex and nonfamiliar universe could be difficult to deal with. 
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Despite that negative side of the problem there is stiH room for optimism. Pawlak's 
philosophy of knowledge acquisition and manipulation is based on the examination of the data 
available. Therefore the assumption can be made that the size of the object's sample (in 
many cases alI possible objects) is allowed to be dealt with and the set of alI attributes is 
small. In such circumstances the NP-completeness of the problem of finding reducts could 
become irrelevant and the only issue is the evaluation of the computational complexity of the 
problem, in respect to the size of the sample set of objects with a fixed set of attributes. 

One observation which is vital in the evaluation of the number of reducts generated by 
sample data is as follows: 

(2.10) LEMMA If P !; Q is a reduct generated by a sample data related to a set of objects 
X (alI objects distinguishable by Q), then for each set P' C P there exist an 
equivalence class of IND(p') consisting of more than one object. 

Proof. Since the objects were alI different (Le., the equivalence classes of the relation 
IND(p) are one-element sets) then for each set P' C P, which is not a reduct, there must be 
an equivalence class of the relation IND(p') consisting of more than one element. 

The consequence of Lemma is that to ensure that a set P is a reduct, it is sufficient to 
check if the lemma is satisfied for alI subsets P' of P containing alI but one element of P. 
One can easily see that if the reduct is comprised of p attributes then the sample used to 
generate it must consist of more than p objects. 

The problem of evaluating the size of a sample generating a specific configuration of 
reducts is a difficult one and is somewhat impractical, but it is interesting to know how big it 
could be in some border cases. That knowledge can relieve a practitioner from the fear that 
her task of analysing data is intractable in the sense of the ratio of the size of output (number 
of reducts) to the size of input (the number of object; the number of attributes can be 
considered fixed). 

The interesting border case is where the number of reducts is maximal, Le., (lDi~)' The 
only way for these reducts to materialise is in the form of alI (Ln/2j )-elements subsets of the 
sets of attributes. U sing Lemma, one can infer that for each (ln/2j -1 )-elements subset of Q 
there must be two objects undistinguishable on exactly that sub set of attributes. Therefore 
there must be a sufficient number of objects such that there is a distinct pair of them 
corresponding to each of the (Ln/2j -1)-elements subsets of Q. 
Assume that there are m objects, they form (m-1) * m/2 different pairs. Therefore 

(m-1) * m/2 ;;:;:: (l~-l) 
It should be obvious that this is a rough estimation only as the number of object must be 
much larger. To give a justification for this claim, consider the system of linear equations 
depicting that partial equality of the pairs of objects and compare the number of equations 
and the number of variables. The latter is much smaller and therefore the solution to that 
system wiH consist of alI the same objects. This is a contradiction to the assumption that alI 
the objects are different. 

An interesting problem is to estimate the maximum possible number of reducts 
determined by a sample, as a function of the number of attributes and the number of objects. 
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3. A1gorithms for detennination of reducts 

In this section the practical problem of finding reducts is addressed. 
Whatever the sizes of the set of attributes and the number of objects in the sample, the 

problem of finding reducts is a large one and the possession of an efficient algorithm for 
their determination is required. 

It will be convenient to have a short notation for the two families p. and p. of sets 
defined for a set P. p. will denote the family of ali subsets of P containing ali but one 
element of P, and p. will denote the family of ali supersets of P (in Q) containing exactly 
one more element than P. 

There are two standard ways to approach the task of finding reducts: top-down and 
bottom-up. We outline both of them: 

(3.1) Let J and K be two families of subsets of the set of attributes Q. The role of J is 
auxiliary, the returned family K consists of ali reducts. The initial state of J is {Q} 
and the family K starts empty. 
For each set P E J construct the family p. and for each set S E p. check if ali the 
tuples from X(S) are unique. 
Each subset S E p. such that ali the tuples from X(S) are unique is added to J; if at 
least one such set from p. was added to J then P must be removed from J. 
If for ali subsets S E p. the tuples from X(S) are not unique then move P from J 
to K. 
That procedure terminates when J becomes an empty family. 

The bottom-up strategy is reflected in the following procedure. 

(3.2) Let H and K be two families of subsets of the set of attributes Q. The initial state of 
H is the set of attributes CORE(Q) (possibly an empty set). The role of H is 
auxiliary, the returned family K consists, as in (3.3) of ali reducts. The initial state 
of K is empty family. 
For each P E Q check X(P) for the uniqueness of tuples. If this check is positive, 
Le. ali tuples are unique then transfer P to K, otherwise replace P in H with the 
family p.. In this replacement the sets containing a reduct from the current family K 
should be ignored (they are already weak reducts, but not reducts). 
The procedure terminates when H becomes an empty family. 

The above algorithms are conceptually simple, but they carry a heavy load of computations. 
Moreover the inconvenience of both approaches becomes apparent when one considers the 
changing decis ion environment. A good example illustrating the dynamics is the medical 
diagnostics, where a new case is detected or a new treatment is developed. The next decision 
tuple must be incorporated and it can result in several changes to the decision algorithm. 
Other possible changes could be triggered by changes in diagnosis; for instance an old 
diagnosis could be wrong or an old case may appear to be inconsistent due to an omission of 
soroe important decision attribute. One of the ways to update knowledge is to rework the 
whole decis ion table. In a small universe such a process does not inflict a big computational 
effort in absolute terms. If the universe or, more precisely, the decis ion table is large, then 
the process of reworking the decis ion table can be costly. This argument justifies the need for 
having a procedure which will cut costs by effecting only necessary changes to the decis ion 
algorithm which result from the gradual change to the decision table (by one decision at a 
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time). 
The procedure for such maintenance of the decis ion algorithm can be developed in a 

similar way to another procedure for the dynamic computation of reducts. This is presented 
here. The general idea of the latter is based on an obvious observation. 

If a partition of the set of objects generated by the indiscemibility relation IND(p), 
P C Q, is given, then the addition of a new object results in one of the following actions: 

- The classification of this object to one of the equivalence classes in the existing 
partition (this object is nondistinguishable from some other objects); or altematively, 

- This object will form another set in the altered partition. In the first case, one can 
try to distinguish the object by means of its value for other attribute(s) from the set Q-P. 
This leads to the conclusion that the set P is not sufficient to distinguish the objects and 
that perhaps one of its supersets can satisfy that condition. 

The above observation is essential for the construction of an algorithm for the 
maintenance of reducts. It will be apparent that the algorithm resembles the earlier described 
bottom-up approach. The algorithm uses the comparison operation COMP (x,X,P), described 
below. 
The notation used is following. x is an object, X is a set of objects, x fi. X, P C Q. The 
objects x and ali y E X are given by means of their values of the attributes from Q. 
The result of the comparison procedure COMP (x,X,P) is the set of objects from X which, 
restricted to attributes from the set P, have the same values as x restricted to P. In other 
words COMP (x,X,P) is the set of objects complementing x in the equivalence class 
(containing x) of indiscemibility relation IND(p) defined over X U {x}. 

It is obvious that if the set P of attributes is a reduct then COMP(x,X,P) is the empty set. 

The algorithm for the maintenance of reducts works as follows: 

(3.3) ALGORITHM REDUCT MAINTENANCE 
Input: Set of objects X described using their values of Q-attributes. 
Output: Set K of reducts for the set X. Initialy K = 0. 
1. Start from one-object set X (first object); alI single attribute sets are reducts. 
K = {{q}; q E Q}. 

For every new object x 
2. Perform procedure COMP (x,X,P) for alI P E K. If COMP (x,X,P) is empty 
then retain P in K. If COMP (x,X,P) is nonempty then remove the set P from K and 
add p. to the family K'. 
3. For each P E K' check if it is (proper) superset for a set from K. If it is the case 
remove it from K'. Otherwise perform COMP (x,X,P) and if it is empty move P to 
K. If COMP (x,X,P) is nonempty then remove P from K' and add p. to K'. 
Perform the step 3 for each set from K' until K' becomes an empty family. 

We shali illustrate the algorithm above on an example which will cover alI essential 
possible configurations of data, thus exploiting alI possible loops in our algorithm. 

EXAMPLE 3. Assume that a system consists of six attributes {a,b,c,d,e,f}. The following 
twelve objects described in the table beIow arrive in the given order: 
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a b e d e f 

1) 1 1 2 1 2 1 

2) 2 2 2 1 1 2 

3) 3 3 2 3 1 1 

4) 1 1 2 2 3 1 

5) 3 1 3 2 2 2 

6) 1 2 2 3 2 2 

7) 2 2 2 2 1 3 

8) 1 2 1 1 2 2 

9) 3 2 3 2 2 2 

10) 3 3 3 3 3 1 

11) 1 3 1 1 3 1 

12) 2 1 3 1 2 1 

The beginning is simple; alI single attribute sets {a}, {b}, {el, {d}, {el and {f} are 
reduets. 

The arrival of the second object, with the same e- and d- values results in the family K 
reduced to {a}, {b}, {el and {fI. K' := {{ed}} and sinee COMP(X2,{xl},{ed}) = {Xl} and 
{ed}- = 0 (other attributes are in single-attribute reduets), the family K' := 0. The third 
object ean be processed. 

The third object does not violate the reducts {a} and {b}. The operation COMP 
performed on the third object and reducts {el and {f} returns nonempty sets and therefore 
they are not reduets any longer but their supersets have a chance. The supersets, whieh 
should be eonsidered in the first place are {e}· and {f}·, so 
K' = {{ce}, {de}, {ef}, {df},{ef}}. The operation COMP performed on sets from K' returns 
nonempty results only for {ee} and {cf}. According to step 3 of the algorithm, 
K := {{a},{b},{de},{df},{ef}} and K':= {{cde},{cef},{cdf}}. The new sets from K' are 
eontaining some sets from K, so they should be removed from K' and thus K' : = 0. 

The fourth object violates the reduets {a} and {b} only. The new set 
K : = {{de}, {df}, {ef} } and K': = {{ab},{ac},{ad},{ae},{af},{bc},{bd},{be},{bf}}. After 
performing operation COMP on these sets for the fourth object the new intermediate set of 
reduets 

K = {{ad},{ae},{bd},{be},{de},{df},{ef}} 
and updated set 

K' = {{abc}, {abd}, {abe}, {abf}, {acd}, {aee}, {acf}, 
{bcd}, {bce}, {bef}, {bde} , {bdf} , {bef} } . 

The only sets from K' which are not supersets to some sets from K are {abe}, {abf}, {aef} 
and {bef}. Operation COMP returns nonempty set for alI of them. So far, there is no change 
to K, but 

K' : = {{ abed} , {abce} , {abef} , {abdf} , {abef} , {acdf} , { acef} , {bcdf} , {beef} } 
Except {abef}, each of above sets eontains a reduct from K. There is no change to K, but K' 
in the next form eonsists of {abcdf} and {abeef}, which obviously eontains some reducts 
from K. In consequence {abedf} and {abcef} must be removed from K'. Thus K' becomes 
an empty family and one ean process the next object. 
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The first few objects usually generate a substantial amount of work (if performed 
manualy). Let us break the monitoring the algorithm for a few objects. 

The processing of the seventh object results in the folIowing K. 
K = {{ ad}, {aef}, {bcd}, {bef}, {cef}, {de}, {df}} 

After the operation COMP applied for the eight object and reducts from K, 
K : = {{bcd}, {cef}} 

and 
K' : = {{ abd} , { acd}, { ade}, {adf}, {bde}, {cde}, {def} , {bdf} , 

{edf} , { abef} , { acef} , { adef} , {bcef} , {cdef} } 
After removing supersets for current reducts 

K' : = {{ abd}, {acd}, {ade}, {adf}, {bde}, {cde}, {def}, {bdf}, {cdf}, {abef}, {adef}} 
COMP(x7,X,P) for alI P E K', results in the updated set of reducts: 

K = {abd}, {acd}, {adf}, {bcd}, {bde}, {cde}, {cdf}, {cef}, {def} 
and the next updated K' 

K' = {{ abde} , {acde} , { adef} , {abdf} , {bcdf} , {bdef} , { abcef} , {abdef} , 
AII of the above sets are supersets for current reducts and can be removed from K'. K' 
becomes empty and the processing of the eight objects is complete. 

The arrival of the ninth object results in the violation of the reducts 
{acd}, {adf}, {cde}, {cdf}, {cef} and {def} 
Hence the updated intermediate set of reducts is reduced to 

K : = {{abd},{bcd},{bde}} 
and new 

K' : = {{abcd},{acde}, {acdf},{abdf}, {adef}, {bcde}, 
{cdef} , {bcdf} , { acef} , {bcef} , {bdef} } 

After checking the sets from K' for the containment of reducts 
K' : = {{ acde} , {acdf} , { adef} , {edef} , { acef} , {bcef} } 

Operation COMP returns empty set on1y for {bcef}. In the new K' 
K' : = {abcde}, { abcdf} , { abcef} , { abdef} , { acdef} , {bcdef} } 

alI sets but one, {acdef}, contain a reduct from current K and after their removal and update, 
K' = {{ abcdef}}. Obviously the result is positive when checking this set from K' for the 
containment of reducts and, as a consequence, K' becomes empty. Before the arrival of a 
new object the set K is following: 

K := {{abd},{bcd},{bde},{bcef}} 
On the arrival of the tenth object the reduct {abd} is violated. K : = {{bcd}, {bde}, {bcef}} 

and K' = {{abcd},{abde},{abdf}}. On1y {abdf} does not contain a reduct. Operation COMP 
performed on {abdf} disqualifies it as a reduct and consequent1y the updated K' is comprised 
of {abcdf} and { abdef}. These sets contain reducts from the Iast set K and therefore K' 
becomes empty. 

The operation COMP applied to the last sets of reducts on the next object (eleventh) 
returns empty sets and therefore alI the reducts K : = {{bed}, {bde}, {bcef}} are waiting for 
the twelfth object. 

The operation COMP applied on the twelfth object to the last sets of reducts returns 
nonempty set only for {bde}. Thus K:= {{bcd},{bcef}} and K' := {{abde},{bcde},{bdef}}. 
{bcde} contains the reduct {bcd}, operation COMP on {abdel has empty result, so it 
becomes a new reduct. Operation COMP on {bdef} gives a nonempty result, and as an 
effect K' : = {{ abdef} , {bcdef} } . Each of these sets contains a reduct so they have to be 
removed from K'. The processing of the twelfth object is complete and the set of reducts is 
K := {{abde},{bcd},{bcef}} 
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Demonstration of the performance of the algorithm (especially for the last few objects) 
should convince the reader about the lower complexity of computations than those of 
standard methods. The worst case of complexity wilI remain in the same range (non­
polynomial with respect to the number of attributes) but there are definitely savings in the 
expected real-time performance. The implementations of the bottom-up and the maintenance 
algorithm were compared through the random samples of 100 objects and 10 attributes. 
When the number of reducts were small (3-5 reducts during most of the exercise), the 
computation time of the maintenance algorithm was approximately 11.5 times better than that 
of the other one. When the numbers used in a sample were from a larger domain and as a 
consequence the number of reducts was large (10-25), the time was stiH better but the ratio 
had dropped to approximately 3. 

Obviously, this data should not be treated as imperative, as the preparation of the 
benchmark probably requires more attention than it had been given. 

4. Reducts and decision tables 

The Reduct Maintenance Algorithm can be used directly in the reduction of decis ion 
algorithms (both consistent and inconsistent) and, with minor alterations, in further reduction 
of decision algorithms to take an advantage of specific values of condition attributes of a 
decision or a group of decisions. We wilI focus rather on the direct application of the 
Maintenance algorithm, showing the relevant notions associated with the notion of reduct. 

First, consider the reduction of a consistent decis ion algorithm. This notion can be 
expressed in an equivalent form, using the notion of functional dependency or weak reduct. 
Consider a decision table with condition and decis ion attributes, C and D, respectively. 

(4.1) The (C,D) algorithm is consistent if one of the following conditions is satisfied. 
(a) C E WRED(CUD) or 
(b) There is a functional dependency C -+ D. 

The reduction of the decision algorithms is related to the notion of left-reduced functional 
dependency: 

(4.2) The subset C' of C is a reduct of C in the algorithm (C,D) if the functional 
dependency C' -+ Dis left-reduced. 

The notions of a reduct of C, and of a reduct of C in the algorithm (C,D) are different: 

(4.3) REMARKS. (a) If the subset C' of C is a reduct of C in the algorithm (C,D), then 
C' is not necessarily a reduct of C. 
(b) If C' is a reduct of C then C' is not necessarily a reduct of C in the algorithm 
(C,D) 

An ilIustration to the Remarks (4.3) is provided on an example (Example 4). 
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EXAMPLE 4. Consider the decision table: 

C D 

a b c d e f 

1) O 1 1 1 2 3 

2) 1 O 3 1 2 2 

3) O O O 2 3 2 

4) 1 O 2 1 2 2 

5) O 1 O 2 3 2 

The sets {a,d}, {b,d} and {c} are reducts of {a,b,c,d} in the decision algorithm 
({a,b,c,d},{e,f}) but none of them is a reduct of {a,b,c,d}. On other hand the set {b,c} is the 
only reduct of {a,b,c,d}, but it is not a reduct of {a,b,c,d} in the decision algorithm 
({a,b,c,d},{e,f}). Notice that {a,d} is not a subset of a reduct of {a,b,c,d} either. 

The subsequent conclusion can be drawn from above example. 

(4.4) COROLLARY. If C' is a reduct of C, then C' contains a subset C" which is a 
reduct of C in the decision algorithm (C,D). 
If the decision algorithm (C" ,D) is a reduct of the decision algorithm (C,D) then 
C" is not necessarily a subset of a reduct of C. 

The concept of the reduction of inconsistent decis ion algorithm can be expressed in terms 
of functional dependencies. 

(4.5) The decision algorithm (C' ,D) is a reduct of the inconsistent decision algorithm 
(C,D) if C' ~ C and there exists a left-reduced functional dependency C' -+ C. 

The concept of reducability of attributes can be applied to the set of decision attributes. If 
the number of decision attributes is bigger than one, then there is a reason 10 check if there 
are dependencies between them. The existence of such dependecies can be interpreted as 
different levels of importance of attributes or it could serve simply as a means of two-level 
decision process. 

(4.6) The decis ion algorithm (C,D') is a reduct of the decision algorithm (C,D) if D' S; D 
and there exists a left-reduced functional dependency D' ... D. 

From the definition one can see that if (C,D) is a consistent decision algorithm than the 
existing functional dependency C ... D can be split in10 the composition of the two: C' ... D' 
and D' ... D. The first functional dependency corresponds 10 the lower level and the second 
one correponds to the higher level of decision making process. 
The definition (4.6) remains in force for inconsistent decis ion tables as well. 

From the characterisations presented for the most vital notions in the Pawlak' knowledge 
analysis one can see the importance of reducts. The practical computation process of the 
above notions requires the computation of reducts and this justifies the need for an efficient 
algorithm for their computation. 
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The essential question is whether and to which extent the decis ion tables should be the 
subject of reduction. an one hand the reduced set of rules represents the minimum 
knowledge necessary to arrive at appropriate decisions. Therefore the benefit of the 
knowledge reduction is a concise and condensed set of rules, not containing redundancies. 
Here, the word minimum means that a proper subset of that reduced knowledge is 
insufficient to make some decision(s). However, another important observation is that there 
could exist another reduced knowledge (another reduct) sufficient for that particular decis ion 
process. Depending on circumstances, a different minimum of knowledge could be more 
useful than another one, since it can employ different information, which is available or 
easily attainable. 

The final, fully reduced decision algorithm is not necessarily the best means for the 
decision making process. The reason is c1early visible on the decision algorithm from 
Example 4 and explained in the corollary (4.4). The example indicates that there is a danger 
of losing information in the process of the reduction of the decis ion algorithm. In Example 4, 
since the attributes a and d depend on other attributes, they are superfluous and, as such, 
they can be removed because they are unnecessary for decis ion making. Consequence these 
attributes will not appear in the decision rules. One can see however, that they could be 
sufficient in decis ion making as the following rules are present: 

dz-ezfz 
al - ez fz 
Clo bo - e3 fz 

These rules will be ignored if an elimination of dispensable attributes will be done in the first 
place. If the attributes c4 or CI are easier accessible to the decision maker than ~, the lack of 
the above rules imposes some limitations on her. If a decis ion maker wants to take an 
advantage of alI possible decision rules, and thus increase the possibility of utilisation of the 
data, which is already on hand, the elimination of dispensable attributes should be performed 
with great care. 

5. Conclusions 

The process of reducts determination is an important part of the information analysis in 
Pawlak's Knowledge Representation Systems. There are straightforward, conceptualy simple 
algorithms for the determination of reducts. Because of the quantitative nature of the problem 
they are NP-hard (in respect of the number of attributes) and one cannot expect any 
algorithm of improved assymptotic worst case computational complexity. The only way to 
solve the problem more efficiently is to propose an algorithm which could be better by a 
polynomial factor. The proposed here algorithm for reducts determination gives some 
improvement over traditional approaches (in the real execution time) and moreover, due to its 
incremental reducts construction principle, it can be used as a tool for the maintenance of 
reducts in the dynamic environment. That principle can be used successfuly in the 
construction of an algorithm for the determination of the decision rules (decision algorithm) 
from the decision table. The construction of such an algorithm and its implementation is 
underway [6]. 

The NP completeness of the general problem of reducts determination was contrasted with 
the problem of the determination of reducts from sample data related to a given set of 
objects. There is an evidence that in the worst case (maximum possible number of reducts) 
the ratio of the number of reducts to number of tuples (objects) has a quadratic upper bound 
(in respect of the number of objects). This suggest that from the practical point of view the 
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problem can be tractable as the size of the output is polynomialy comparable with the size of 
the output. 

Other approach to the reducts determination emerge from other concept - functional 
dependency - which was defined and investigated in a number of papers. This approach is 
not data dependent and it is of little value for an application to the determination of value 
based reduced decis ion algorithm. The concept of functional dependency and other associated 
notions are useful however as media for an explanation of the notions of consistency of the 
decis ion algorithm, reduct of the decision algorithm, etc.. The notion of functional 
dependency is also instrumental in constructing examples even if its role is not displayed 
explicitly. 

A brief discussion was provided about the necessity of the elimination of dependent 
attributes from the decision table and the influence that elimination can have on the quality of 
the decision making process. There is a need for a real-life example of a knowledge 
representation system where the elimination of superfluous attributes does not affect that 
quality. 
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Abstract. We introduce two notions related to any information system, namely the dis­
cernibility matrix and discernibility function. We present some properties of these notions 
and as corollaries we obtain several algorithms for solving problems related among other 
things to the rough definability, reducts, core and dependencies generation. 

1. Introduction 

Information systems (sometimes called data tables, attribute-value systems, condition­
action tables etc.) are used for representing knowledge. The information system notion pre­
sented here is due to Pawlak and was investigated by several researchers (see e.g. [Paw81a,b, 
85,91], [Nov88a,b], [Grz86], [Che88], [Orl84a,b], [Pag87], [RaS86], [Rau84,85a,b,87], [Sk091], 
[Vak87,89], [Zia88]). Generalizations of the idea for the case when some data are missing 
from the table (so called incomplete information systems, or incomplete data bases) are 
discussed in [Lip79, 81], and others. This approach to information systems overlaps with 
various others [Cod70], [Sal68], [Wil82] however certain substantial differences should be 
noted. 

An information system may be also viewed as a description of a knowledge base [Paw91]. 
Among the research topics related to informat ion systems are: rough set theory, problems 
of knowledge representation, problems of knowledge reduction, dependencies in knowledge 
bases etc. The rough sets have been introduced by Pawlak [Paw82] as a tool to deal with 
inexact, uncertain or vague knowledge in AI applications e.g. knowledge based systems in 
medicine, naturallanguage processing, pattern recognition, decision systems, approximate 
reasoning. Since 1982 the rough sets have been intensively studied and by now many 
practical applications based on the developed theory of rough sets have been implemented 
[Paw91]. 

A basic problem related to many practical applications of information systems is whether 
the whole set of attributes is always necessary to define a given partition of a universe. This 
problem is referred to as knowledge reduction [Grz86], [Los79], [Nov88a,b, 89], [Rau85a,b, 
88,90], [Paw91]. The knowledge reduction problem is related to the general concept of 
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independence [Mar58], [Gla79]. Knowledge reduction consists in removing superfluous at­
tributes from the information system in 8uch a way that the set of remaining attributes 
preserves only this part of knowledge which is really useful. 

Dependencies in an information system ([Paw85,85a], [Nov88a,b,89], [Bus86] and 
[Rau84,85a,b,87,88,90] are basic tools for drawing conclusions from basic knowledge. They 
express some of the rela.tionships between the basic categories described in the information 
system. A process of building theories is based on discovering inference rules of the form 
"if ... then ... " i.e. how new knowledge can be derived from a given one. 

The paper is an extension of the ideas presented in [Sk91], where two basic notions, 
namely discernibility matri x and discernibility function of an information system, have been 
introduced. Applying these notions we will show several efficient methods for computing 
certain objects related to information systems such as reducts, core, dependencies etc. 
We give an upper bound for the time complexity of proposed solutions. In most cases the 
upper bound is of order n 2 ( where n is the number of objects in a given information system) 
because of the time necessary to process the discernibility matrix or function description. 
The procedures with polynomial complexity presented here and based on discernibility 
matrix and function properties seem to be more efficient than those presented before e.g. 
in [Paw91]. 

Among the considered problems the one with the highest complexity is the problem 
of generating the reduct set for a given information system. We show that the problem 
is polynomially (with respect to deterministic time reducibility) equivalent to the problem 
of transforming the conjunctive form of any monotonic boolean function to the (reduced) 
disjunctive form (by applying multiplication and absorption laws whenever possible). We 
also present some remarks about practical implementations of described procedures [Sk91]. 
We show that the problems of generat ing minimal (relative) reducts and of generating 
minimal dependencies are NP-hard. 

2. Information Systems and rough sets 

In this section we present basic notions related to information systems and rough sets. 
An infarmatian system is a pair A = (U, A), where 

U - a nonempty, finite set called the universe and 

A - a nonempty, finite set of attributes i.e. 

a : U -t Va for a E A, 

where Va is called the value set of a. 

If A = (U, A) is an information system and B <:;; A, then by AlB we denote the infor­
mation system (U, B), called the restrictian of A to B. 

With every sub set of attributes B <:;; A we associate a binary relation IN D( B), called 
B -indiscernibility re/atian, and defined as follows: 

IN D(B) = {(x, y) EU: for every a E B, a(x) = a(y)}. 

Then IN D( B) is an equivalence relation and 

IND(B) = n IND(a). 
nES 
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The objects x, y satisfying the reIat ion [N D(B) are indiscernible with respect to at­
tributes from B. In other words, we cannot distinguish x from y in terms of attributes 
in B. By [x lA we denote the equivalence class of IN D( A) including x, i.e. the set 
{y EU: x IN D(A) y}. 

By DIS(B), for B c:;; A, we denote the relation U2 - [N D(B) called the B-discernibility 
re/ation. 

For any B' <:;; B <:;; A we have DIS(B' ) <:;; DIS(B). 
The value a( x) assigned to an object x by an attribute acan be viewed as a name (or 

a description) of the primitive category of a to which x belongs Le. a(x) is the name of 
[XhND(a)' The name (description) of a category of B = {ai" ... ,aik } c:;; A containing an 
object x is the sequence 

(ai" aiI (x)), ... , (aik, aik(x)). 

Some subsets (categories) of objects in an information system cannot be expressed 
exactly in terms of the available attributes, they can be only roughly defined. 

If A = (U, A) is an information system, B <:;; A and X <:;; U then the sets 

{x EU: [X]B <:;; X} and {x E X : [X]B n X f 0} 

are called the B-lower and the B-upper approximation of X in A, respectively, and they 
are denoted by Jl.X and B X, respectively. One can interpret B X and B X as the interior 
and the closure of a set X in the topology generated by the equivalence classes of the 
indiscernibility relation IN D(B) [Sk88]. The set BNB(X) = BX - Jl.X will be called the 
B -boundary region of X. 

Clearly, BX is the set of ali elements of U, which can be with certainty classified as 
elements of X with respect to the knowledge represented by the attributes in B; and BX 
is the set of those elements of U which can be possibly classified as elements of X with 
respect of the knowledge represented by the attributes in B; finally, BNB(X) is the set of 
elements which can be classified neither in X nor in -X basing on the knowledge B. 

A set X is said to be B -definable if B X = Jl.X. It is easy to observe that Jl.X is 
the greatest B-definable set contained in X, whereas BX is the smallest B-definable set 
containing X. 

Impreciseness of a set (category) is due to the existence of a boundary region. The 
following accumcy measure was introduced in [Paw82]: 

where Xi- 0. 

QB(X) = cardJl.X 
cardBX 

The accuracy measure QB(X) is intended to capture the degree of completeness of our 
knowledge about the set X. We have O :'S: QB(X) :'S: 1, for any B and X <:;; U; if QB(X) = 1 
then the B-boundary region of X is empty and the set X is B-definable; if QB(X) < 1, 
then the set X has a non-empty B-boundary region and consequently is B-undefinable. 

Example 2.1. Let us consider a simple example of an information system represented 
in Table 1. 

The example is taken from [Paw91]; it is related to the example given in [Cas89] in 
connection with the situation in the Middle East. 

In the example A = (U,A), where U = {1, ... ,6}, A = {a,c,d,e,o} and the values of 
the attributes are defined as in Table 1. 
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U a c d e o 

1 O 1 1 1 1 

2 1 1 O 1 O 

3 1 O O 1 1 

4 1 O O 1 O 

5 1 O O O O 

6 1 1 O 1 1 

Table 1 

The objects in U correspond to the following six parties: 

1 - Israel 4 - J ordan 

2 - Egypt 5 - Syria 

3 - Palestinians 6 - Saudi Arabia 
The relations between those parties are determined by the following issues 

a - autonomous Palestinian state on the West Bank and Gaza 

c - Israeli military outpost along the Jordan River 

d - Israel retains East Jerusalem 

e - Israeli military autposts on the Golan Heights 

o - Arab cauntries grant citizenship ta Palestinians wha chaase ta remain within their 
borders. 

The table represents the way the participants of the Middle East region interact with 
the above issuesj O means that the participant is against and 1 - neutral or favorable towards 
the issue. 

The task is to tind essential differences between the participants of the debate, so that 
we can clearly distinguish their attitudes to the issues being discussed. 

Here we will not go inta the details of that task. The reader can tind more details in 
[Paw91J. We only use the example to illustrate our method. 

3. The discernibility matrix and the discernibility function 

In this section we introduce two basic notions, namely those of a discernibility matrix and 
a discernibility functian, which will help us to prove several properties and to construct 
efficient algorithms related to information systems, e.g. generat ion of reducts, core, depen­
dencies. We prove also that these two notions are strongly related. 

Let A = (U, A) be an infarmation system and let us as sume that A = {a}, ... , am}, U = 
{Xl,' .. ,Xn }. 
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By M(A) we denote an n x n matrix (Cij), called the discernibility matrix of A, such 
that 

Cij = {a EA: a(x;) # a(xj)} for i,j = 1, ... , n. 

Since M(A) is symmetric and Cii = 0 for i = 1, ... , n, we represent M(A) only by 
elements in the lower triangle of M(A), Le. the Cij'S with 1 :s: j < i :s: n. 

A discernibility function fA for an informat ion system A is a boolean function of m 
boolean variables a}, ... , am corresponding to the attributes a}, ... ,am, respectively, and 
defined as foliows: 

fA (a} , .. . ,am ) = /\{V(Cij): 1:S: j < i:S: n,Cij # 0} 

w here V (Cij) is the disjunction of ali variables a such that a E Cij. 
In the sequel we shali write ai instead of ai when no confusion can arise. 
From the definit ion of the discernibility matrix M(A) we have the foliowing: 

Proposition 3.1. Let A = (U,A) and B ~ A. If for some i,j we have B n Cij # 0, 
then xiDIS(B)xj. In particular, if0 # B ~ Cij for some i,j, then xiDIS(B)xj. Moreover 
M(AIB) = (Cij n B). O 

Example 3.1. For the information system A from Example 2.1 we obtain the discerni­
bility matrix presented in Table 2, and the foliowing discernibility function: 

1 

2 

3 

4 

5 

6 

fA(a,c,d,e,o) = c /\ e /\ 0/\ 

/\( a V d) /\ (c Ve) /\ (c V o) /\ (e V 0)/\ 

/\( a V c V d) /\ (a V d V o) /\ (c V e V 0/\ 

/\( a V c V d V 0)/\ 

/\( a V c V d Ve V o) . 

1 2 3 4 5 

ado 

acd co 

acdo c o 

acdeo ce eo e 

ad o c co ceo 

Table 2 
The discernibility matrix M(A) 

Cii = 0 and Cij = Cji for i, j = 1, ... , 6 

6 

o 
We assume that any of the tasks listed below can be performed in a number of steps 

proportional to the number m of attributes in A: 
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1. for given A and i,j, compute Cij; 

2. for given variables x and y with values vale x) and val(y) being subsets of a given 
attribute set A, compute val(x) n val(y), val(x) U val(y), A - val(x) or test whether 
val(x) is empty. 

Moreover, unless otherwise stated, we assume that the number of attributes m is fixed. 
In consequence, the complexity bounds, related to that case whem m is fixed, are given in 
terms of the number of objects n in the uni verse U of the informat ion system A. 

Proposition 3.2. The problem of computing the discernibility matrix M(A) from A is 
in DTIME(n2 ). 

Proof. M(A) has n 2 elements of the form Cij and the number of steps for computing 
of any Cij is bound by a constant. O 

Below we present some examples of problems related to informat ion systems. Their 
solutions are based on the properties of the discernibility matrix and function. 

MP. (The Membership Problem) 

Input: M(A) for a given information system A = (U, A) with U = {XI, ••• ,xn }, 

x E X ~ U and B ~ A. 

Output: 1: if x E llX 

O: if x (j. BX. 
We assume that the elements of X are represented by marking in M(A) all rows 

(columns) corresponding to them. The element x is represented in a similar way. 

Proposition 3.3. MPE DTIME(n). 

Proof. We choose in M(A) the column j corresponding to x and mark in it all posi­
tions which are in rows corresponding to the objects indiscernible from Xj in terms of the 
attributes from B, Le. all places (i,j) in that column with the property Cij n B = 0. The 
number of performed steps is bounded by n. 

We check in a number of steps proportional to n if 

{Xi EU: eij n B = 0 and 1 ~ i ~ n} ~ X 

verifying if all previously marked places are in the rows corresponding to the elements of 
X. If the answer is "yes" the output is 1, otherwise O. O 

Example 3.2. We check if 2 E {e, e }{1, 2, 3} for the data table from Example 2.1. We 
choose column 2 in the discernibility matrix M(A) from Example 3.1 and mark rows 1,2,6. 
Since 6 (j. {1,2,3}, we have 2 (j. {s.~}{1,2,3}. O 

D. (Definability Problems) 
D.I (Definability of Sets) 

Input: M(A) for a given informat ion system A = (U, A) 

with U = {Xl,""Xn }, and X ~ U, B ~ A. 

Output: 1: if llX = X 

O: if llX i- X. 



D.2. (Rough Definability of Sets) 

Input: M(A) for a given information system A = (U,A) 

with U = {Xl, ... , Xn}, and X <;;; [1, B <;;; A. 

Output: 1: if fiX i- 0 and Iix i- U 

o: otherwise. 

D.3. (Internal Undefinability of Sets) 

Input: M(A) for a given information system A = (U,A) 

with U = {Xl,'" ,Xn}, and X <;;; U, B <;;; A. 

Output: 1: if fiX = 0 and Ii X i- U 

o: otherwise. 

D.4. (External Undefinability of Sets) 

Input: M(A) for a given information system A = (U,A) 

with U = {XI, ... ,Xn}, and X <;;; U, B <;;; A. 

Output: 1: if BX i- 0 and Iix = U 

o: otherwise. 

D.5. (Total Undefinability of Sets) 

Input: M(A) for a given information system A = (U,A) 

with U = {XI, ... ,Xn}, and X <;;; U, B <;;; A. 

Output: 1: if BX = 0 and Iix = U 

o: otherwise. 

Proposition 3.4. D.l, D.2, D.3, D.4, D.5 E DT! M E(n2 ). 
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Proof. We prove only the first two cases. The proof of ali the other cases is similar 
and is left to the reader. 

In the first case we check successively for every element Xi E X whether Xi E BX. To 
do this it is sufficient to apply Proposition 3.3. 

In the case of D.2 we check successively for every X in X applying Proposition 3.3, a 
condition which at the beginning is a pair: (x E fiX, X E fi(U - X)). As long as both 
conditions are false (i.e. X E BNB(X)) we choose a new element from X (if it exists), and 
again check the same condition. If one condition is true, then in the next steps we only 
check the second condition. The procedure halts if it was possible to match both conditions 
(in different steps), or all elements of X were checked, but it was not possible to match 
both conditions. In the first case the out put is 1, in the second - O. More precisely, we 
can describe our algorithm in the following way: 

Algorithm D2 
(var M(A) : array [1 .. . n(n - 1)/2] of ATTRIBUTE_SET; 
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var B : ATTRIBUTE_SET; 
var X : OBJECT _SET; 
var AN SW ER : BOOLEAN) 

begin 
var LOW, U P : BOOLEAN; 
LOW := U P := false; 
TEMP:= X; 
while TEM P =1- 0 and (LOW and U P =false) do begin 
x:= CHOOSE(TEMP); //x is an element ofTEMP// 
if LOW =false then 

if x E BT EM P then LOW :=true end~f 
/ /Checking the if condition we apply Proposition 3.3.// 
else if U P =false then 

if x E B(U - TEMP) then UP :=true end~f 
/ /Checking the if condition we apply Proposition 3.3.// 
end~f; 

TEMP:= TEMP - [x]; //[x] is the eqivalence class of IND(B) including x/ / 
end_do; 

ANSWER:= LOW and UP 
end 

In any computation ofthe above algorithm the while loop is performed at most n times. 
By Proposition 3.3 the number of steps in the body of that while loop is of order O(n). 
Hence D.2E DTIME(n2 ). O 

One can extend our considerations to problems related to rough sets with accuracy 
measure application. 

4. Core and reducts in an information system 

Two fundamental concepts - reduct and core - are considered in connection with knowl­
edge reduction. A reduct of knowledge is its essential part, which suffices to define ali basic 
concepts occurring in the considered knowledge, whereas the core is the common part of 
ali reducts. 

Let A = (U, A) be an information system. 
An attribute a E B ~ A is dispensable in B if 

IN D( B) = IN D( B - {b} ) , 

otherwise b is indispensable in B. 
The set of ali indispensable attributes in A is called the core of A, and is denoted by 

CORE(A). 
One can verify that CORE(A) can be characterized by M(A) in the foliowing way: 

Proposition 4.1. CORE(A) = {a EA: Cij = {a} for some i,j}. 

Proof. Let B = {a EA: Cij = {a} for some i,j}. We will show CORE(A) = B. 
(~) Let a E CORE(A). Then IN D(A) ~ IN D(A - {a}), so there exist Xi and Xj which 
are indiscernible with respect to A - {a} but discernible by a. Hence Cij = {a}. 



339 

(;;2) If a E B then for some i and j we have Cij = {a}. Hence a is indispensable in A. O 

CORE (Core Problem). 

Input: M(A) for a given informat ion system A = (U,A) 

with U = {Xl""'X n}, 

Output: CORE(A). 

Proposition 4.2. CORE problem is in DTIM E(n2 ). 

Proof. It foUows from Proposition 4.1 that it is enough to find the union of aU singletons 
in M(A). This will require the number of steps proportional to the number of places in 
M(~. O 

We say that B ~ A is independent in A if every attribute from B is indispensable in B. 
Otherwise the set B is said to be dependent in A. 

From the last definition and the definition of M(A) we obtain: 

Proposition 4.3. A set B ~ A is independent in A iff B = CORE(AIB). 

Proof. Observe that B is independent in A iff for every a E B there exist i, j(1 :s:: j < 
i:S:: n) such that Cij n B = {a}. Now it is sufficient to apply Propositions 3.1 and 4.1. O 

I. (The Independece Problem) 

Input: M(A) for a given information system A = (U,A) 

with U = {Xl," ., Xn}, and B ~ A. 

Output: 1: if B is independent in A 

o: otherwise. 

Proposition 4.4. lE DT 1 M E(n2 ). 

Proof. Let M(A) = (Cij). We apply Proposition 4.3. First we construct M(AIB) 
computing aU intersections Cij n B marking aU singletons and computing their union W. 
This will require at most a number of steps of order O( n 2 ). Next we check, if B is equal to 
W. If the result of that test is true the output is 1 otherwise O. O 

A set B ~ A is called a reduct in A if B is independent in A and IN D(B) = IN D(A). 
The set of aU reducts in A is denoted by RED(A). 

It follows from the definit ion that B E RED(A) iff B is a minimal (with respect to set 
theoretical inclusion) sub set of A such that 1 N D(B) ~ IN D(A) (or equivalently DI S(A) ~ 
DIS(B)). 

Theorem 4.1 establishes some connections between reducts and the properties of the 
discernibility matrix and function. 

By VB we denote the characteristic function of the set B ~ A = {al"", am}, i.e. the 
function VB : {O, l}m -> {O, l} such that a E B iff VB(a) = 1. 

Theorem 4.1. Let A = (U,A) be an information system with U = {XI, ... ,xn}, 
A = {al, ... , am} and let 0 f B ~ A. The following conditions are equivalent: 
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(i) B contains a reductfrom RED(A) i.e. IND(A) = IND(B); 

(ii) h(vB(aţ)"",vB(am )) = 1; 

(iii) for alt i and j such that Cij f:. 0 and 1 ::; j < i ::; n 

Cij n B f:. 0. 

Proof. The equivalence (ii) {:} (iii) follows from the constructions of the discernibility 
function ht. and the discernibility matrix M(A). 
(iii) -+ (i) By our assumption we have Cij n B f:. 0 for any i,j such that 1 ::; j < i ::; n. 
It means that in B we have enough attributes to discern between all these objects from 
U, which are discernible with respect to ali attributes in A, i.e. B contains a reduct from 
RED(A). 
(i) -+ (iii) If B contains a reduct X from RED(A), then any two objects discernible with 
respect to some attributes from A are also discernible with respect to some attributes from 
B ;2 X. Hence if Cij f:. 0 then Cij n B f:. 0 for any i,j. O 

Now we prove the following theorem: 

Theorem 4.2. Let A = (U, A) be an information system, and let 0 f:. B ~ A. Then the 
set B is minimal with respect to one of the conditions from Theorem 4.1 iff it is minimal 
with respect to the remaining ones. 

Proof. Follows from Lemmas 4.1 and 4.2 proved below. O 

Lemma 4.1. Let A = (U, A) be an information system and let 0 f:. B ~ A. Then the 
set B is minimal with respect to condition (i) of Theorem 4.1 iff it is minimal with respect 
to condition (iii) of that Theorem. 

Proof. Let us denote by MIN(M(A)) the family of all minimal (with respect to set 
inclusion) subsets B of A satisfying condition (iii). It suffices to prove that the following 
equality holds: RED(A) = MIN(M(A)). 

C<=) Let B E MIN(M(A)). We will show that B is independent in A and IND(B) = 
IN D(A). Suppose B is dependent. Hence there exists an independent set ofattributes 
Y C B such that IND(Y) = IND(B). Due to the minimality assumption about B, 
we have Y n Cij = 0 for some nonempty element Cij of the discernibility matrix M(A). 
Hence x;lN D(Y)xj and xiDIS(B)xj, a contradiction. For the rest of the proof it 
suffices to show that IN D(B) ~ IN D(A). Assume xiDIS(A)xj. Hence Cij f:. 0. 
Then by the minimality of B we obtain Cij n B f:. 0, so xiDIS(B)xj. 

(::::}) Assume now that BERE D( A). We will show that 

B E MIN(M(A)). 

Suppose first that Cij n B = 0 for some nonempty element Cij of M(A). Since Cij f:. 0 
and Xi and Xj are discernible by Cij, we would have xiDIS(Cij)Xj and xiDIS(A)xj 
(because IND(A) ~ IND(Cij)). By the definition of M(A) we would also have 
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xJND(A - Cij)Xj. As B is a reduct, IND(B) = IND(A). By our assumption 
B c;;: A - Cij c;;: A, so IN D(A - Cij) = IN D(A). Hence xJN D(A)xj, a contradiction. 

Suppose now that B is not minimal. Then for some B' C B and for ali nonempty ele­
ments Cij of M(A) we would have Cij n B' i- 0. Since B is a reduct, there exist Xk and 
XI discernible with respect to B and indiscernible with respect to B' i.e. xkDI S( B)xl 
and xkIND(B')XI. Otherwise, if for ali objects x,y from U xDIS(B)y implied 
xDIS(B')y, we would have IN D(B') c;;: IN D(B) which contradicts the assumption 
that B is a reduct. However if xkI N D(B')xl then by defmition of M(A) B' n Ck' = 0, 
a contradiction. So B is minimal. O 

Lemma 4.2. Let A = (U,A) be an information system and let 0 i- B ~ A. Then 
the set B is minimal with respect to the condition (i) of Theorem 4.1 iff it is minimal with 
respect to condition (ii) of that Theorem. 

Proof. Let us recali that we agred to use the same notation al, . .. am for attributes 
and for boolean variables corresponding to them. 

If f is a boolean function of m variables al, ... , am and v : {al, ... ' am} -+ {O, 1} then 
by f o v we denote the value f( v( ad, ... , v( am)). Let A = (U, A). By MI N(f) we denote 
the set: 

It is sufficient to prove the foliowing equality: 

RED(A) = MIN(jb,.). 

Let 9 be the reduced disjunctive form of fA. obtained from fA. by applying the mul­
tiplication and absorption laws as many times as possible. Then there exist 1 and Xi c;;: 
{al, ... ,am} for i = 1, ... ,1 such that 

It is sufficient to prove that RED(A) = {X1, ... ,X,}. 
First we prove that Xk E RED(A) for k = 1, ... , l. 
Let us observe that if Cij i- 0, then X knCii i- 0 for any i, j. In fact, suppose Xk nCioio = 0 

and Ciojo i- 0 for some io,jo. From the dennition of the discernibility function fA we have 
fA. = (V cioio) 1\ h for some h. Hence for the valuation vea) = 1 iff a E Xk we could have 
fA o v = O and 9 o v = 1, a contradiction. 

Xk is also a minimal set (with respect to set theoretical inclusion) in the family of ali 
subsets X of A satisfying the condition: if Cij i- 0, then X n Cij i- 0, for any i, j. Indeed, in 
the opposite case one could nnd Y C X such that cii i- 0 implies Y n Cii i- 0 for any i, j. 
Hence for the valuation v( a) = 1 iff a E Y we would have fA, o v = 1 and 9 o v = O. 

We proved that Xk E MIN(M(A)). Hence by Lemma 4.1 Xk E RED(A). 
Now, assume that X E RED(A). First we will show Xi ~ X for some i. Suppose that 

Xi - X i- 0 for any i. Hence for every i one could find ai E Xi - X. Let Y be the set of 
ali those ai's. Then Y n X = 0. Hence for the valuation vea) = O iff a E Y we would have 
9 o v = O and fA. o v = 1 (because from Lemma 4.1, X n cii -f:. 0 for any i,j, if Cij -f:. 0, and 
by definition vea) = 1 for a E X). This contradiction proves that Xio ~ X for some io. 
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Now it is sufficient to prove that Xio = X. Suppose al E X - Xio for some al. Then, 
taking the valuation v(a) = 1 iff a E Xio' we would have 9 o v = 1 and fA o v = O (whieh 
follows from the minimality of X proved by Lemma 4.1). The contradiction proves that 
X=~. O 

Carallary 4.1. Let A = (U, A) be an information system. lf l' is the result of applying 
finitely many times the absorption or multiplication laws to the initial conjunctive form of 
the discernibility function fA then MI N(!A) = MI NUl). lf MI is the result of substituting 
the empty set 0 for some elements Cij of M(A) such that 0 f; Ckl ~ Cij for some k, 1 (k, 1) f; 
(i,j), 1 ~ j < i ~ n, 1 ~ 1 < k ~ n then MIN(M(A)) = MIN(MI). 

Praaf. The corollary follows from the definitions of the discernibility matrix and func-
tion, and from the proofs of Lemmas 4.1 and 4.2. O 

Remark. It is easy to observe a strong connection between the notions of a reduct in 
an informat ion system A and a prime implicant [Weg87,Kau68]) of the monotonie boolean 
function !A, namely we have the following equivalence: 

{ai" ... , aip } E RED(A) iff ai, 1\ ... 1\ aip is a prime implicant of h .. 

It follows from our remark that for computing the reduct set of a given information 
system A one can apply known algorithms for computing ali prime implicants of a given 
monotonie boolean function (in our case, fA). 

Using the properties presented above, one can show the correctness of decision proce­
dures related to reducts which we are going to develop in the sequel. 

RM. (Reduct Membership Problem) 

Input: M(A) for a given informat ion system A = (U, A) 

with U = {Xl· .. ' Xn}, and 0 =1= B ~ A. 

Output: 1: if B E RED(A) 

O: if B ~ RED(A). 

Prapasitian 4.5. RME DT 1 M E( n2 ). 

Praaf. Ta solve RM it suffices to check whether the intersection Cij n B is non-empty 
for any i,j (1 ~ j < i ~ n) such that Cij f; 0. Ii Cij n B = 0 and Cij f; 0 for some i,j then 
the out put is O, because by Theorem 4.1 the set B cannot contain any reduct. Otherwise it 
suffices to apply Proposition 4.4 and check whether B is independent. Ii B is independent 
in A, then the output is 1, otherwise O. The time complexity of the procedure is O(n2 ). O 

RS. (Reduct Set Problem) 

Input: M(A) for a given information system A = (U, A) 

with U = {XI ••• ,Xn }. 

Output: RED(A). 
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Theorem 4.3. The reduct set problem RS is polynomially equivalent (with respect 
to polynomial time reducibility) to the problem of transforming any conjunctive form of a 
monotonic boolean function (different from fo == O) to a reduced disjunctive form. 

Proof. In time O(n2 ) one construct the function /p, in a conjunctive form. After trans­
forming fA to a disjunctive form by applying multiplication and absorption laws whenever 
possible, we get the reduced disjunctive form of fA, which possesses the following property: 
each disjunct is a conjunction of the variables corresponding to the attributes forming the 
reduct, and for each reduct there exists a disjunct obtained by taking the conjunction of 
alI variables corresponding to the attributes from that reduct. 

This property follows from our last theorem and corollary. 
an the other hand, for any monotonic boolean function f (different from fo == O) one 

can construct an information system A such that fA == f. The time complexity of the 
construction is bounded by p( n), where n is the length of the standard code of f, and p is 
a polynomial. O 

Example 3.3. Applying the absorption law to the discernibility function fA from 
Example 3.2, and performing the multiplications we obtain the following expression: 

c 1\ e 1\ o 1\ (a V d) . 

Hence the reduct set RED(A) IS {{a,c,e,o},{c,d,e,o}}. By Proposition 4.1, we have 
CORE(A) == {c,e,o}. O 

For practical implementations the conclusion of the last Theorem is not optimistic, at 
least in the worst case. Fortunately, in applications it is possible to compute the reduct set, 
or at least to obtain certain description of a set containing the reduct set with an upper 
bound on the cardinality of the reduct set. 

In practical implementation, we apply several simple rules to improve the efficiency of 
the procedures generating the reduct set (or its description). Let us consider two of them. 

In many applications, it is possible to discern different objects using a few attributes 
only. In the first step we apply the absorption law to eliminate ali elements of M(A) (more 
precisely, we replace them by the empty set 0), whose subsets are some other elements of 
M(A) containing less attributes than a fixed threshold, e.g. 2 or 3. After that we often 
obtain a matrix with a smali number of elements and direct calculation can be applied to 
obtain the reduct set. Correctness of this rule follows from the properties presented before. 

For information systems with a huge number of reducts, we construct the discernibility 
function and perform reduction applying multiplication and absorption rules. We try to 
keep in each disjunct at least one conjunct with as smalI a number of elements as possible. 
If the time reserved for the reduct set computation is over (or there is no more memory) 
and the set has not been generated yet, the procedure halts. Then the output contains a 
description of the received conjunction of expressions together with the upper bounds an 
the possible number of reducts and the minimal reduct length. 

MR. (Minimal Reduct Problem) 

Input: information system A == (U, A) 

with A == {al, ... ,am }. 

Output: Z <:;; A such that card(Z) == min{card(Y) : Y E RED(A)}. 
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Proposition 4.6. MRE N P - HARD. 

Proof. Let us consider the so called HITTING SET PROBLEM [GJ79]: For a given 
collection C of subsets of a finite set S and a positive integer ]( :::: card(C) determine 
whether there is a sub set S' <;;: S with card( S') :::: ]( such that S' contains at least one 
element from each sub set in C. One can easily show that the HITTING SET PROBLEM 
is polynomial-time reducible to the following HITTING REDUCT PROBLEM : For a given 
discernibility matrix M(A) of an informat ion system A and a natural number ]( determine 
whether there is a reduct B E RED(A) with card(B) :::: ](. In consequence the HITTING 
REDUCT PROBLEM is NP-COMPLETE. Hence using the standard techniques [GJ79] we 
obtain that our MR (optimization) problem is NP _HARD. O 

Despite the above result, one can construct some heuristics for generating solutions 
"close" to optimal ones. Let us consider one of them. 

First we construct the discernibility function h. Then we look for a pair of conjuncts 
such that after multiplying them and applying the absorption law, at least one of the 
obtained disjuncts will have length one. As long as it is possible to find such a pair, we 
multiply its elements, apply the absorption law and continue the procedure. If such a pair 
cannot be found, we obtain the output by simply taking alI single variables appearing as 
disjuncts in conjuncts of the function obtained from fA' 

5. Relative core and reducts in a decision table 

We define in a natural way the notion of an extension of an information system. 
Let A = (U, A) be an information system, and let a* (j. A be a function from U into 

a finite set V*. The information system A* = (U, AU {a*}), is called an extension of 
A by a* (or an a* -extension of A). This is a special case of a so called decis ion table. 
The decision tables [Paw91] are information systems with the set of attributes divided into 
two disjoint sets C and D, called respectively condition and decision attributes. One can 
represent the set of attributes D = {d1 , ... , dd by a single attribute a*, assuming that 
a*(x) = (d1(x), ... , dk(x)) for x E U (or one can take a code of that vector as the value 
a*( x)). In this way we obtain an information system (U, Cu {a*}) called the representation 
of the decision table (U, Cu D), where C, Dare nonempty disjoint sets of attributes. We 
define several notions, e.g. the relative reducts and core related to a decision table (U, Cu D) 
using the corresponding representation (U, Cu {a*}) i.e. an extension of (U, C) by a*. 

Example 5.1. The decision table presented here represents the control kiln algorithm 
for a rotary clinker kiln [Mro87]. The computer control algorithm, which is able to mimic the 
stoker's performance as a kiln controller, was derived from an observat ion of the decisions of 
a stoker who controls the kiln. We will not go into the details (concerning, e.g. the meaning 
of attributes), which can be found in the literature ([Mr087], [Paw91]). The actions of the 
stoker can be described by a decision table, where a, b, c and dare condition attributes, 
and e and f are decision attributes. Each combination of the condition attributes values 
corresponds to a specific kiln state, and in each state of the kiln appropriate act ion must be 
taken in order to obtain the required quality of cement. The objects correspond to different 
situations, in which the stoker is taking decisions. 

Table 3 describes knowledge of an experienced human operator of the kiln obtained by 
observing the stoker's actions. 
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U a b e d e f U a b e d a* 

1 3 3 2 2 2 4 1 3 3 2 2 1 

2 3 2 2 2 2 4 2 3 2 2 2 1 

3 3 2 2 1 2 4 3 3 2 2 1 1 

4 2 2 2 1 1 4 4 2 2 2 1 2 

5 2 2 2 2 1 4 5 2 2 2 2 2 

6 3 2 2 3 2 3 6 3 2 2 3 3 

7 3 3 2 3 2 3 7 3 3 2 3 3 

8 4 3 2 3 2 3 8 4 3 2 3 3 

9 4 3 3 3 2 2 9 4 3 3 3 4 

10 4 4 3 3 2 2 10 4 4 3 3 4 

11 4 4 3 2 2 2 11 4 4 3 2 4 

12 4 3 3 2 2 2 12 4 3 3 2 4 

13 4 2 3 2 2 2 13 4 2 3 2 4 

Table 3 Table 4 

Let A = (U, A) where U = {1, ... , 13}, A = {a, b, e, d} and let the eondition attributes 
in A be defined as in Table 3. 

An extension A* of the information system A = (U, A) (with decision attributes e, f) is 
obtained by coding the two decision attributes e, f as one attribute a* with possible values 
1,2,3,4 (coding the corresponding pairs ofvalues). The extension A* has the form presented 
in Table 4. 

The discernibility matrix for A* is presented in Table 5. 
If A* is an a*-extension of an information system A = (U,A) and B ~ A, then the set 

u{ BX : X - equivalence class of the relation IN D( a*)} 

is calied the B-positive region of a* (in A*) and is denoted by POSB(a*). 
Let us observe that in the case when IND(B) ~ IND(a*), we have BX = X for ali 

X E IND(a*), so the B-positive region of a* (in A*) is equal to U. 
The B-positive region of a* (in A*) is the set of ali objects of the universe U which can 

be properly classified into classes of IN D( a*) on the basis of knowledge expressed by the 
classification defined by IN D( B). 

PR. (Positive Region Problem) 

Input: A* - a*-extension of A = (U,A) 

with U = {Xl' ... 'X n }, B ~ A and M(A*). 

Output: POSB(a*). 



346 

1 2 3 " 5 6 7 8 9 10 11 12 

1 

2 b 

3 b 
d d 
a 

" 
b a* a a* a a* 
d d 

5 a a* a a* a a* d 
b d 

6 b a* d a* d a* a a* a a* 

d d d 
a a 

7 d a* b a* b a* b a* b a* b 
d d d d 
a a a a 

8 a a* b a* b a* b a* ba" a a 

d d d d d b 
a a d ad ad a a 

9 c a* b b b b a* b a* a a* c a* 
d c a* c a* c a* cd c c 
a d ad a d a d ad a a 

10 b b b b b b a* b a* b a* b 
c a* c a* c a* c a* c a* c c c 
a a ad ad a ad ad b 

11 b a* b a* b b b a* b b c a* b d 
c c c a* c a* c c a* c a* d d 

a a d a d a ad a 

12 a a* b a* b b b a* b c a* c a* d b b 
c c c a* c a* c c a* d d d 
a a a a ad b 

13 b a* a a" ca" c a* a a" c a* b c a* b b b b 
c c d d c d c a* d d d 

Table 5 

Proposition 5.1. PRE DTI M E(n2 ). 

Proof. For every equivalence class [xl of IN D(a*) generated by x E U we construct 
the set H.[xl. More precisely, for a given x it is easy to find [xl by simply marking in 
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M (A) ali rows of the column corresponding to x with value a*( x) of the attribute a* 
(on objects corresponding to those rows). Next, for each object Y E [x] we construct the 
equivalence class [Y]B of the indiscernibility reIat ion IN D( B) as follows: we find the column 
corresponding to Y in M(A) and mark ali its rows corresponding to objects indiscernible 
from Y with respect to the attributes in B, Le. rows with Cij such that Cij n B = 0. 
Then we check, whether [Y]B is included in [x]: if ali objects corresponding to marked rows 
are included in [x] then Y is included in POSB(a*), otherwise not. Then we erase the 
dispensable rows and columns corresponding to objects in [Y]B. We continue the process 
for the elements of [x] in the remaining part of the matrix (if such exist), or we repeat the 
process for another equivalence class, if ali classes have not been proces sed yet. O 

Example 5.2. We will compute POSB(a*) for the A* from Example 5.1 and B = {b, c}. 
We obtain the following classes of the indiscernibility relation IND(a*): {1,2,3}, {4,5}, 
{6, 7, 8}, {9, 10, 11, 12, 13}. In the next step we compute the classes of the indiscernibility 
relation IN D(B): {1, 7,8}, {2, 3, 4, 5, 6}, {9, l2}, {10, lI} and {13}. Finally, we obtain : 

POSB(a*) = B{1,2,3} U B{4,5} U 1!{6, 7,8} U 1!{9, 10, 11, 12, 13} = {9, 10, 11, 12, 13}. 
One can check that POSB(a*) = POS{c}(a*). 
Let us take now B' = {a, c, d}. The equivalence classes of the indiscernibility relation 

IND(B') are the following: {1,2}, {3}, {4}, {5}, {6,7}, {8}, {9,10}, {1l,12,13}. Hence 
POSB,(a*) = U. O 

Let A* = (U, A U {a*}) be an extension of A = (U, A), and 0:/; B ~ A. 
We say that an attribute b E B is relatively dispensable in B, if 

otherwise b is said to be relatively indispensable in B. 
If every attribute from B is relatively indispensable in B, we say that B is relatively 

independent in A* (or B is independent with respect to a* in A*). 
The concept of independence defined above is a special case of the independence intro­

duced by Marczewski [Mar58], see also an overview paper [Gla75]. 

RI. (Relative Independence Problem) 

Input: A* - a*-extension of A = (U,A) 

with U = {xt, ... ,xn }, 0:/; B ~ A and M(A*). 

Output: 1 if B is relatively independent in A* 

° otherwise. 

Proposition 5.2. RIE DT 1 M E( n2 ). 

Proof. First let us define an extension A' = (U, A* U {pas}) of the system A*, where 
pas: U --+ {O, 1} and pas(x) = 1 iff x E POSB(a*). It follows from Proposition 5.1 that 
M(A' ) can be constructed in O(n2 ) steps. It is easy to observe that M(A!) = «j) has the 
following property: 
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B is relatively 

independent in A* 

iff for every b E B there exist i, j (1 ::; j < i ::; n) such that 

ci j n B = {b} and 

(pos E cii or (a* E cL and Xi, Xi E POSB(a*))]. 

To prove this equivalence let us first assume that B is relatively independent in A*. 
Then for arbitrary b E B we have 

POSB(a*) ~ POSB_{b}(a*). 

which means that Xi E POSB(a*)-POSB_{b}(a*) for some i. Hence [Xi]B ~ POSB(a*) and 
[Xi]B-{b} ~ U - POSB_{b}(a*). From the first condition we have that [Xi]B ~ x for some 
equivalence class x of IN D(a*), and by the second [Xi]B-{b} has non-empty intersections 
with at least two different equivalence classes y and z of IN D( a*). We can assume that 
Xi E y, so Xi E Y n [Xi]B-{b} and Xi E z n [Xi]B-{b} for some xi " Xi. The objects Xi and 
Xj are discernible by means of b and not discernible by means of the attributes in B - {b}. 
Hence cii n B = {b}. If pos E cii, then the proof is finished. Assume that pos rf. Cij. Then 
both Xi and Xi belong either to POSB(a*) or to U - POSB(a*). Since Xi E POSB(a*), we 
have also Xj E POSB(a*). 

Let us now as sume that the condition (*) is true, and suppose that for some bo E B we 
have POSB(a*) = POSB-{bo}(a*). By assumption there exist objects Xi and Xj discernible 
by bo and indiscernible by B-{bo} such that either exactly one ofthem belongs to POSB(a*) 
or they are both in POSB(a*), but belong to different classes y and z of IND(a*). In both 
cases we obtain a contradiction with the assumption POSB(a*) = POSB-{bo}(a). In fact, 
if Xi E POSB(a*) and Xj rf. POSB(a*), then Xi E POSB-{bo}(a*) and Xi rf. POSB-{bo}(a*). 
But this is a contradiction, since x;l N D(B - {bol )xi implies that Xi and Xj either both 
belong or both do not belong to POSB(a*). If Xi, Xi E POSB(a*) = POSB-{bo}(a*), Xi E Y 
and Xi E z, where y,z are different classes of IN D(a*), then we obtain a contradiction 
because by definition POSB-{bo}(a*) cannot include the equivalence class [xilB, which has 
non-empty intersections with two different equivalence classes of IN D( a*). 

To check the condition (*) formulated above it suffices to perform one path through the 
matrix M(A') which can be realized in a number of steps of order O(n2 ). O 

Example 5.3. Let A* be as in Example 5.1. We check whether B = {b, e} is relatively 
independent in A*. From the previous example we have 

pos(a) = 1 iff a E {9, 10, 11, 12, 13}. 

Hence a new matrix for A' has the form presented in Table 6. 
In Table 6 the decision pos is denoted by p. Let us observe that C~2 1 n {b, c} = {C} and 

pos E c~2 l' but there are no i, j satisfying , 
cii n {b,c} = {b} and (pos E eL or (a* E cii and Xi,Xj E POSB(a*)]. 
As a conclusion we obtain that the set B is relatively dependent in A. The elimination 

of b from B will not change the positive region (see also the previous example) i.e. 

For the set E' = {a,c,d} from the previous example we have POSB,(a*) = U, so the 
characteristic function pos' of the set PO S B'( a*) is always equal to 1. In consequence, no 
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element in the corresponding matrix M(A') contains pos, and it suffices to consider M(A*) 
instead of M(A'). 

We have 
C4,3 n {a, c, d} = {a}, 4,3 E POSB,(a*) = U and a* E C4,3; 

Cg,S n {a, c, d} = {c}, 9,8 E POSB,(a*) = U and a* E Cg,S; 

C7,1 n {a, c,d} = {d}, 7,1 E POSB,(a*) = U and a* E C7,1' 

Hence the set B' is relatively independent in A. O 

A subset B ~ A is calied a relative reduct in A* if B is relatively independent in A* and 
POSA(a*) = POSB(a*). We denote by RED(A*) the set of ali relative reducts in A*. 

The relative re duct in A* is a minimal subset of A providing the same classification of 
objects into elementary categories of IN D( a*) as the whole set A. Let us observe that A 
can have more than one relative reduct. 

RR. (Relative Reduct Problem) 

Input: A* - a*-extension of A = (U,A) 

with U = {x}, ... ,xn }, M(A*) and B ~ A. 

Output: 1 if B is a relative reduct in A* 

O otherwise. 

Proposition 5.3. RRE DTIM E(n2 ). 

Proof. Follows from Propositions 5.1 and 5.2. o 

Example 5.4. For A * of Example 5.1 and B' = {a, c, d} we know from Example 5.3 that 
B' is relatively independent in A*. We also have POSB,(a*) = U. Hence B E RED(A*).O 

Let A * = (U, A U {a*}). The set of ali relatively indispensable attributes in A is calied 
the relative core of A, and is denoted by CORE(A*). 

Proposition 5.4. [Paw91] CORE(A*) = n RED(A*). 

The concept of a core can be used, in the case when the latter is nonempty, as a basis 
for computing ali reducts, since the core is included in every reduct, and its computation 
is straightforward. 

RC. (Relative Core Problem) 

Input: M(A*) for an a*-extension of A = (U,A) 

with U = {x}, ... ,xn }. 

Output: CORE(A*). 

Proposition 5.5. RCE DTIM E(n2 ). 
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1 2 3 4 5 6 7 8 9 10 11 12 

1 

2 b 

3 b 
d d 
a 

4 b a* a a* a a* 
d d 

5 a a* a a* a a* d 
b d 

6 b a* d a* d a* a a* a a* 
d d d 

a a 
7 d a* b a* b a* b a* b a* b 

d d d d 
a a a a 

8 a a* b a* b a* b a* b a* a a 
d d d d d b 
ap a d a d ad a d ap 

9 c a* bp bp bp b p b ap cp 
d c a* c a* c a* c a* c a* c a* a* 
a d ad a d a d a d ap ap 

10 bp bp bp bp bp b b bp b 
c a* c a* c a* c a* c a* c a* c a* c a* 
ap ap a d a d ap a d a d bp 

11 b b bp bp b bp bp c b d 
c a* c a* c a* c a* c a* c a* c a* d a* d 

ap ad ad ap a d ap 
12 ap b bp bp b bp c cp d b b 

c a* c a* c a* c a* c a* c a* d a* d a* d 

ap ap ap ap a d bp 
13 b ap c c ap c bp c b b b b 

c a* c a* d a* d a* c a* d a* c a* d a* d d 

Table 6 

Proof. Let M(A!) = (cU be defined as in Proposition 5.2. It suffices to conclude as in 
Proposition 5.2 that the following equivalence holds: 

b E CORE(A*) iff there exist i,j (1 -::; j < i -::; n) such that 
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c;j n A = {b} and [pos E c;j or (a* E ci] and Xi, Xj E POSB(a*)]. o 

Example 5.5. Let us consider again A* of Example 5.1. We have POSA(a*) = li (see 
Example 5.3). Hence our condition equivalent to b E CORE(A*) has the following form: 
there exist i, j (1 ::; j < i ::; n) such that 

Cij - {a*} = {b} and a*(xi) f; a*(xj) , 

where M(A*) = (Cij). 
The attribute b is relatively dispensable in A, as no Cij contains only b together with 

a*. The attributes a, c, dare relatively indispensable in A, since: 

C4,3 = {a,a*}, C9,8 = {c,a*}, C7,1 = {d,a*}. 

Hence CORE(A*) = {a,c,d}. o 

Now we show that reducts and cores in information systems are special cases of relative 
reducts and cores. 

An extension A* = (U, AU {a*}) of an informat ion system A = (U, A) is called standard 
if IND(a*) = IND(A). 

Proposition 5.6. lf A* is a standard extension of A and B S;; A then the following 
conditions are equivalent: 

(i) POSB(a*) = POSA(a*) 

(ii) IN D(B) = IN D(A). 

Proof. The implication (ii) => (i) is obvious. Assume that (i) holds. Since A* is a 
standard extension of A, we have IND(a*) = IND(A), so POSA(a*) = U. Hence by 
our assumption POSB(a*) = U. Therefore every equivalence class of the indiscernibility 
relation IN D( a*) is definable by B, i.e. is a union of some equivalence classes of IN D( B). 
But every equivalence class of IN D( a*) is also an equivalence class of IN D(A). As B S;; A, 
we obtain IND(a*) = IND(B) and finally IND(A) = IND(B). O 

Proposition 5.7. Let A* be a standard extension of A. Then 

(i) CORE(A) = CORE(A*) and 

(ii) RED(A) = RED(A*). 

Proof. (i) Assume that b E CORE(A), i.e. b is indispensable in A, 50 IN D(A) f; 
1 N D( A - {b}) for b E B. Since A* is a standard extension of A, this condition is equivalent 
to POSA_{b}(a*) f; POSA(a*) by the previous proposition, which means that b is relatively 
indispensable in A* i.e. b E CO RE( A*). 

(ii) Assume that B E RED(A) i.e. B is independent in A and IND(B) = IND(A). 
Since A* is a standard extension of A, by the last proposition the second condition is 
equivalent to POSB(a*) = POSA(a*). For every b E B, we have IN D(B) f; IN D(B-{b}), 
and again by the last proposition POSB_{b}(a*) f; POSA(a*). Hence POSB_{b}(a*) f; 
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POSB(a*), i.e. b is relatively indispensable in B, so B is relatively independent in A*. 
Thus we have proved that B E RED(A*). 

Assume now that B E RED(A*) i.e. B is relatively independent in A* and POSB(a*) = 
POSA(a*). The latter condition is equivalent to IN D(B) = IN D(A). Since B is relatively 
independent in A*, for every b E B we have POSB_{b}(a*) f; POSB(a*) = POSA(a*), and 
by the last proposition IN D( A) f; IN D( B - {b}) i.e. b is indispensable in B. Thus we 
have that B is independent in A and IN D(B) = IN D(A), so B E RED(A). O 

Theorem 4.1 can be generalized to extensions of information systems and relative 
reducts. To show this, we first prove the following lemma: 

Lemma 5.1. Let A * = (U, A U {a*}) be an extension of an information system A with 
U = {Xl," . ,Xn }, and let 0 i B ~ A. Let pos : U --> {O, 1} be the characteristic function 
of the positive region POS(a*). The following conditions are equivalent: 

(i) POSA(a*) = POSB(a*); 

(ii) for ali i and j(1 ::; j < i ::; n): 
i![(a* E Cij and Xi,Xj E POSA(a*)) or pOS(Xi) f; pos(Xj)l then B n Cij f; 0. 

Proof. (i) --> (ii) Let POSA(a*) = POSB(a*) and suppose that for some i,j we have 
also [(a* E Cij and Xi,Xj E POSA(a*)) or pOS(Xi) i pos(xj)l and B n Cij = 0. Hence 
x;I N D( B)x j and one of the following two cases holds: 

1. Xi, Xj are discernible by pos; 

2. Xi,Xj are discernible by a* and Xi,Xj E POSA(a*). 

In both cases we obtain a contradiction. In fact, assuming the first condition we have 
e.g. Xi E POSA(a*) = POSB(a*) and Xj f/. POSA(a*) = POSB(a*). By definition of 
POSB(a*), this contradicts the fact that x;IN D(B)xj. Assuming the second condition, 
we would obtain Xi,Xj E POSB(a*), which is impossible, because by the definition of 
POSB(a*) two objects discernible by a* cannot both belong to POSB(a*) if they are 
indiscernible by B. 
(ii) ..... (i) Assume now that condition (ii) holds and POSA(a*) J POSB(a*). Then 
Xi E POSA(a*)-POSB(a*) for some i. Hence [xilA ~ POSA(a*) and [xilBnpOSB(a*) = 0. 
From the last condition it follows that there exist two different equivalence classes y and 
z of IN D(a*) and Xj f; Xi such that x;IN D(B)Xj and Xi E y, Xj E z. We consider two 
possible cases: 

1. Xj E POSA(a*); 

2. Xj (ţ POSA(a*). 

In the first case Xi,Xj E POSA(a*) and Xi,Xj are discernible by a*, so by (ii) B n Cij f; 0. 
In the second case pOS(Xi) = 1 and pos(Xj) = 0, and B n Cij i 0 by (ii). Hence we have an 
attribute b E B discerning between Xi and Xj but this contradicts xiIN D(B)xj. O 
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Let A* = (V,A U {a*}), B ~ A and M(A*) = (Cij). We define a matrix M(A*) = (Cij) 

in the following way: 

{ 

c'J - {a*} if (a* E c'J and x"xJ E POSA(a*)) 

c'J = or pos(x,) =1 pos(xJ) 

o otherwise 

The relative discernibility function fA' for A* is constructed from M(A*) in an analogous 
way as fA from M(A). 

We have the following theorem: 

Theorem 5.1. Let A* = (V,A U {a*}) be an extension of an information system A, 
o =1 B ~ A and let VB : A --+ {O,I} be the chamcteristic function of B. The following 
conditions are equivalent: 

(i) POSA(a*) = POSB(a*) i.e. B contains a relative reduct from RED(A*); 

(ii) fA.(vB(al), ... , vB(am )) = 1 

(iii) for all i and j such that Cij =1 0 and 1 :::; j < i :::; n: 

Cij n B =1 0. 

Proof. The equivalence of (ii) and (iii) follows directly from the definitions of M(A*) 
and fA'. The equivalence of(i) and (ii) [and (iii») follows from Lemma 5.1. O 

We also have the following theorem: 

Theorem 5.2. Let A* = (V,AU{a}) be an extension of A and let 0 =1 B ~ A. The set 
B is minimal with respect to one of the conditions stated in Theorem 5.1 iff it is minimal 
with respect to the remaining ones. 

Proof. First we prove that the set B is minimal with respect to the condition (ii) iff it 
is minimal with respect to condition (iii). 

Let us assume that B is minimal with respect to condition (ii). It means that 
fA' (VB( al), ... , VB( am» = 1 and fA' (VB'( al), ... , VB'( am)) = O for any B' C B. 
Hence, from the definition of fA' it follows that every non-empty set Cij - {a*} contains an 
element from B and for any B' C B there exists a non-empty set Cij - {a*} disjoint with 
B' . Assume that B is not minimal with respect to (iii). Thus for some Ba C B we would 
have Cij n Ba =1 0 for any i,j such that Cij =1 0. But then 

which contradicts our assumption about the minimality of B with respect to (ii). 
Now assume that B is minimal with respect to condition (iii) but it is not minimal with 

respect to (ii), i.e. there exists Ba C B such that 
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By the definition of fA', this means that any non-empty set Cij - {a*} has a non-empty 
intersection with Bo, whieh contradicts our assumption about the minimality of B with 
respect to (iii). 

N ow we will prove that any set B ~ A is minimal with respect to condition (i) iff it is 
minimal with respect to (iii) [(ii)]. 

Let us assume that B is minimal with respect to (i). Then, for any B' C B, we have 
POSA(a*) :> POSB,(a*). Suppose that B is not minimal with respect to (iii). Then 
(iii) would hold for some Bo C B. It means that for ali i and j such that Cij =1= 0 and 
1 :::; j < i :::; n: Cij n Bo =1= 0. 

Observe that by definition Cij =1= 0 iff 
(**) [(a* E Cij and Xi,Xj E POSA(a*)) or pOS(Xi) =1= pos(Xj)]. 
Of course, if Cij =1= 0 , then condition (**) holds by the definition of M(A*). If pOS(Xi) =1= 

pos(Xj), then Cij = Cij - {a*} =1= 0, because Xi,Xj are in different classes of IND(B), sa 
they are discernible by some attributes from B ~ A. If a* E Cij and Xi,Xj E POSA(a*), 
then Xi,Xj are discernible by a*. Hence by the definition of POSA(a*) (= POSB(a*)) the 
above elements belong to different classes of IN D(B), so they are discernible by attributes 
from B. This proves the equivalence stated above. 

Hence condition (ii) of Lemma 5.1 would hold and in consequence POSA(a*) = 
POSBo(a*), which contradicts aur assumption about the minimality of B with respect 
to (i). 

Assume now that B is minimal with respect to (iii), and suppose that B is not minimal 
with respect to (i), Le. POSA(a*) = POSBoea*) for some Bo C B. Reasoning in an 
analogous way as before (and applying Lemma 5.1 ), we would have that Bo is not minimal 
with respect to (iii), which contradicts our assumption about the minimality of B. O 

Remark. Now it is easy ta observe a strong connection between the notion of a relative 
reduct in A* and that of a prime implicant [Weg87,Kau68] ofthe monotonie boolean function 
fA', namely we have the following equivalence: 
{aiI'" .,aip } E RED(A*) iff aiI /\ ... /\ aip is a prime implicant of fA'. 

Example 5.5. The construction of the relative discernibility function fA' for A* from 
Example 5.1 and the application of the absorption law to fA' as many times as possible 
after multiplication lead to the expression 

a/\c/\d. 

Hence RED(A") = {{a,c,d}}. o 

6. Dependencies in an information system 

In this section we show how to apply aur method based an discernibility matrices and 
discernibility function to check or generate dependencies in information systems. 

A sub set C of the set of attributes in an informat ion system A depends an a subset B 
of attributes in A, in symbols B -+ AC, if IN D( B) ~ IN D( C). 

From the definition C -+A c for any cEC and B -+A C iff B -+A c for every cEC. 
The sets B, C of attributes in A are equivalent iff B ...... A C and C ...... A B. 

Proposition 6.1. [Paw91] The following conditions are equivalent: 
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1) B -->1. Ci 

2) IND(BUC) = IND(B)i 

3) POSB(C) = u; 

4) BX=X forallXEU/C. 

o 
The Proposition demonstrates that if C depends on B, then the knowledge connected 

with C is redundant within the knowledge base in the sense that the knowledge B provides 
the same characterization of objects. 

Proposition 6.2. [Paw91] 

(i) lf B E RED(A» and B ~ C, then B -->1. C - B. 

(ii) lf B is dependent in A and IND(B) = IND(A), then there exists a subset C ~ B 
such that B -->1. C and C E RED(A). 

The dependence can also be partial in the sense that only part of information represented 
by C is derivable from B in A. 

Let A = (U, A) be an information system and B, C ~ A. We say that the set C depends 
on B in degree k (O ::; k ::; 1), symbolically 

B --> C'f k = (C) = cardPOSB(C) 
A,k , 1 iB card(U)' 

If k = 1 we will say that C is totally dependent on B in A; if O < k < 1, we say that C 
is roughly dependent on B in A; and if k = O we say that C is totally independent of B in 
A. 

It follows from the definition of dependence that, if 

B --+k,A C, 

then the positive region of the partition of U defined by the indiscernibility reIat ion IN D( C) 
covers k X 100 percent of ali objects in the information system. On the other hand, only the 
objects belonging to the positive region of that partition can be uniquely classified. This 
means that k x 100 percent of objects can be classified into the blocks of the partition of 
U defined by IN D( C) on the basis of the attributes in B. 

Thus the coefficient iB( C) can be understood as a degree of dependence between C 
and B. In other words, if we restrict the set of objects in the knowledge base to the set 
POSB(a*), where a* represents C, we obtain a knowledge base, in which B --> C is a total 
dependence. 

The measure k of dependence B -->k,A C does not capture the actual dis tribut ion of 
this partial dependence over the classes of IN D( C). For example, some decision classes 
can be fully characterized by B, whereas others may be characterized only partialiy. The 
coefficient 

iB( X) = cardl1.X / cardX where X E U /1 N D( C) 
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says how precisely the elements of each class of the relation IN D( C) can be classified on 
the basis of the attributes from B. 

Thus the two numbers IB(C) and IB(X), X E U / 1 N D(C) give us a better information 
about the "classification power" of the set B of attributes with respect to the classification 
defined by IN D( C). 

As a measure of significance of the subset of attributes B I <;;; B with respect to the 
classification induced by a set of attributes C one can consider the difference IB( C) -
ÎB-B'(C), which expresses how the positive region of the classification U /1 N D(C), when 
classifying objects by means of attributes B, will be affected if we drop some attributes 
(subset B I ) from the set B. 

Now we present two examples of problems related to dependencies in information sys­
tems, and their solutions using the discernibility matrix. 

DA. (Dependency of Attributes) 

Input: M(A*) for an information system A = (U, A) 

with U = {Xl""'Xn }, B <;;; A and bEA - B. 

Output: 1 if B -+It,. b 

o otherwise. 

Proposition 6.3. DAE DT 1 M E( n 2 ). 

Proof. It suffices to prove that the following two conditions are equivalent for b (j. B: 

1. B -+A b 

2. For ali i and j such that 1 ~ j < i ~ n: 

b E Cij implies B n Cij -f; 0. 

Let B -+A b, i.e. if xiD1S({b})xj, then xiD1S(B)xj for any Xi,Xj E U. Suppose 
b E Ciojo and B n Ciojo = 0 for some io, jo. Hence 

a contradiction. 
Assume now that b E Cij implies B n Cij -1- 0 for any i,j. If xiD1 S( {b} )Xj for some i,j, 

then by the definition of M(A), bECi)" Hence by assumption we have B n Cij -f; 0, so (by 
Proposition 3.1) xiD1S(B)xj. O 

Example 6.1. Let us consider again the information system A of Example 2.1. We 
want to find ali dependencies of the form B -+/j. c, where B <;;; A. Assume that B -+A c. 
Considering the last proposition and the discernibility matrix of Example 3.1, we have 
0-1- C6,3 n B = {c} n B. Hence C E B. Of course, if cE B, then B -+It,. c. In this way we 
have the following equivalence: 

B -+ It,. C iff c E B . 

An analogous result holds for e and o. Hence we have 

B -+/j. x iff x E B, for x E {c,e,o}. 
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In the next example we present the characterization of ali attribute sets B <::; A sueh 
that B --->A x, where x E {a,d}. O 

The proof of Proposition 6.3 suggests a method for generating for a given a E A ali (or 
in some sense minimal) dependencies of the form B --->A a. 

Let A = (U, A) and a E A. Given a discernibility matrix M(A) = (eij) we eonstruet a 
new matrix M(A, a) = (e[a]ij) as follows: 

{ 
eij - {a} 

e[a]ij = 0 
if a E eij 

otherwise 

N ow we eonstruet from M (A, a) a boolean function f A,a in the same way as the dis­
eernibility funetion fA was construeted from M(A). 

As a eorollary from the equivalenee on which the proof of Proposition 6.3 is based we 
obtain: 

Corollary 6.1. Let A = (U,A) be an information system and let B <::; A, a E A - B. 
The following conditions are equivalent: 

1. B ~A a; 

2. there exists an implieant of f A,a eontaining exaetly ali the attributes from B. 

Example 6.2. We shall eharacterize the dependencies ofthe form B ~A a and B ~A d 
for A from Example 2.1. To do that, we can use the monotonie boolean funetion !A,x 
eonstructed for x = a and x = d. The function fA,x(a,e,d,e,o) is a eonjunction of some 
disjuncts. The disjunets are formed for each position in M(A) eontaining x by taking ali 
elements in the position instead of x. (The empty disjunetion is by assumption equivalent 
to false). In OUT ease: 
f A,a (a, e, d, e, o) = (d V o) /1. (e V d) /1. (e V d V o) /1. (e V d V e V o) /1. d 
f A,d( a, e, d, e, o) = (a V o) /1. (a Ve) /1. (a V e V o) /1. (a V e V e V o) 1\ a . 
Renee after simple applieations of the absorption rule we conclude that ht.,a is equivalent 
to d and fA,d to a. Therefore B -->A a iff a E B or d E B and B ~A d iff dE B or a E B. O 

MD. (Minimal Dependence Problem) 

Input: an informat ion system A = (U, A), a EA. 

Output: B ~A a E MD(A,a) (ifsueh dependenee exists), 

O (otherwise), 

where M D(A, a) = {B --->A a : eard(B) = min{eard(C) : C <::; A - {a} and C ~ an. 

We ean formulate a eorollary allowing to generate an output for the MD problem. 

Corollary 6.2. Let A = (U, A) be an information system and let B <::; A, a E A - B. 
The following eonditions are equivalent: 

1. B ~A a is in MD(A,a); 
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2. there exists a prime implicant of !A,a containing exactly ali the attributes fram B. 

It is easy to see from the last corollary and Proposition 4.7 that: 

Corollary 6.3. MDE NP-HARD. 

The last corollary means that it is unrealistic to try to design an efficient algorithm 
solving the MD problem. Nevertheless, one can give some useful heuristics for the MD 
problem, or efficient algorithms solving the MD problem for some classes of information 
systems, with data satisfying some additional conditions. 

Our last example is related to the process of generating optimal decision rules considered 
in [Paw91J. 

Example 6.3. It is possible to generate optimal decision rules with a more specific 
right hand side, namely one can look for the optimal decision rule for the value 2 of a* 
in Example 5.1. To obtain such a decision rule, it is necessary to modify our information 
system A* by taking the binary attribute ai instead of a*, where ai(x) = 1 if x E {4,5} 
(i.e. a*( x) = 2) and ai( x) = O if x rf. {4, 5}. The remaining attributes are the same as 
in Example 5.1. In this way we obtain the information system Ai. For the discernibility 
matrix M(Ai), we have ai rf. Cij if a2(x;) = ai(xj). Now applying Corollary 6.1 to M(Ai) 
one can observe, that in order to generate the dependencies of the form B --+ ai, where 
B <;:; A, it suffices to consider the fragment of the discernibility matrix M( A*) corresponding 
to the "crossing" of {4, 5} and U - {4, 5}. The above fragment is presented in Table 7. 

The boolean function fA;,a;, corresponding to that fragment of the matrix has, after 
severa! applications of the multiplication and absorption laws, the form: a . Hence we have 
the dependence 

{ a} --+ A; a; . 

From the initial table in Example 5.1 we obtain the following optimal decision rule [Paw91J 
for the decision 2 i.e. e = 1 and f = 4: 

(a=2)--+A(e= 1)1\(1=4). 

o 
The method presented here can be extended to the case of partial dependencies. 

Conclusions 

In the paper several solutions of some basic problems related to information systems are 
presented. The solutions are based on the notions of discernibility matrix and function. 
The procedures based on the presented method are simpler and seem to be more efficient 
than those presented before e.g. in [Paw91J. 

The procedures presented here have a form suitable for parallel implementations. We 
will discuss this issue in another paper. 
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1 2 3 4 5 

a 

4 b a a 

d d 

5 a a a 

b d 

6 a a 

d d 
a a 

7 b b 
d d 
a a 

8 b b 
d d 
a d a 

9 b b 
c c d 
a d a d 

10 b b 
c c 

a d a 

11 b b 
c c 

ad a 
12 b b 

c c 

a a 
13 c c 

d 

Table 7 
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Abstract. Rough classification of patients after highly selective vagotomy (HSV) for duo­
denal ulcer is analysed from the viewpoint of sensitivity of previously obtained results to 
minor changes in the norms of attributes. The norms translate exact values of pre-operating 
quantitative attributes into 2 to 4 qualitative terms, e.g. "low", "medium" and "high". An 
extensive computational experiment leads to the general conclusion that original norms 
folIowing from medical experience were well defined, and that the results of analysis of 
the considered information system using rough sets theory are robust in the sense of low 
sensitivity to minor ehanges in the norms of attributes. 

1. Introduction 

The paper refers to rough classifieation of patients after highly seleetive vagotomy (HSV) 
for duodenal ulcer investigated by Slowinski (1992) in this volume (ef. Pawlak et al.( 1986) 
and Fibak et al.,( 1986)). The information system summarizing our experienee in the 
treatment of duodenal ulcer by HSV was composed of 122 patients described by 11 pre­
operating attributes and classified from the viewpoint oflong-term results of the operation 
into 4 classes of the known Visick grading. 

First, in the above mentioned studies, the information system has been reduced so as to 
get a minimum subset of attributes ensuring an aeeeptable quality of classifieation. Then, 
the redueed information system has been identified with a deeision table. From this table, 
a decision algorithm has been derived, composed of 44 deterministie rules. 

Moreover, an analysis of the distribution of values adopted by the most significant 
attributes in particular classes resulted in the definition of the most characteristie values of 
these attributes for each class. The set of charaeteristic values for a given class defines a 
model of patients belonging to this class. 

The decision algorithm, together with the models of patients, represent the knowledge 
aequired by the clinicist on 122 cases. This representation is free of alI redundancies, so 
typieal for alI real data bases, whieh cloud the most important faetors of clinical experienee. 
The algorithm and the models ean support deeisions eoneerning the treatment of duodenal 
ulcer by HSV. 

AlI the results obtained until now are valid, however, for some norms translating the 
original domains of attributes into coded domains. The norms follow from medical and 
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laboratory experience but there are neither certain nor sharp. This dependence has been 
pointed out by Greenburg (1987) who, in addition to his good opinion about the newly 
developed methodology, asked, what is the sensitivity of the obtained results to minor 
changes in the norms. In other words, how robust is the model when minor changes are 
made in the norms. 

In Slowinski and Slowinski (1990), we have undertaken the task of answering this ques­
tions. In this paper, we resume the results obtained in the course of a computational 
experiment. In section 2, we examine the sensitivity of the quality of classification to minor 
changes in the norms. U sing the norms ensuring the highest quality of classification, we 
perform reduction of attributes in section 3, and a derive decision algorithm in section 4. 
The conclusions about the robustness of the model and the sensitivity to the changes in 
the norms are drawn in section 5. 

2. Sensitivity of rough classification to minor changes in the norms 

The information system considered in Slowinski (1992) was composed of 122 patients with 
duodenal ulcer treated by HSV, described by 11 pre-operating attributes and a long-term 
result in the Visick grading. Attributes 1 - 4 concerned anamnesis, and the remaining 
attributes were related to pre-operating gastric secretion examined with the histaminic test 
of Kay. OriginalIy, alI attributes, except 1 and 4, take arbitrary real values from intervals 
defined by extreme cases (see Appandix of the paper by Slowinski (1992)). In clinical 
experience, exact values of these attributes are usualIy translated into qualitative terms, 
e.g. "low", "medium", "high" and "very high". This translation is due to some empirical 
norms defining intervals of attribute values corresponding to the qualitative terms. The 
terms were then coded by numbers 0,1,2,3 which create a coded domain of the attributes. 
The norms adopted are shown in Table 1 of the paper by Slowinski (1992). 

In previous studies, we carne to conclusion that the minimal set R of attributes ensuring 
a satisfactory quality of classification (1R(Y) = 0.68) is R = {3,4,6,9, 10}. Of course, this 
result is valid for the assumed definition of norms. Now, we will check the sensitivity of 
this result to minor changes in the norms concerning attributes from set R. 

In the course of a computational experiment, we analysed one by one attributes 3,6,9,10 
in the folIowing way. We changed the norms by moving bounds of intervals corresponding to 
the attribute domain to the left or to the right, and we observed the effect of this movement 
on the quality of classification iR(Y). The magnitude of the movement was expres sed in the 
percentage of the boundary values. The movement to the left and to the right corresponds 
to the negative and positive percentage, respectively. Figs. 1-4 summarize the results of 
the experiment. The dashed area represents an insensitivity zone of the highest quality 
iR(Y). 

Let us observe that the change of the norm for attribute 3 in the range of 0% to +30% 
don't change iR(Y). Changing the norm for attribute 6, one can improve iR(Y) which rises 
to 0.72 in the range of +20% to +21 %. A similar consequence can be observed in the case 
of attribute 9 and 10, when iR(Y) rises to 0.71 and 0.69 in the range of -25% to -10% and 
-6% to -3%, respectively. 

In conclusion, one can state that the changes in the norms of attributes from set R 
don't cause any significant improvement in the quality of classification which proves that 
original norms following from medical experience were well defined. 
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The next stage of the sensitivity analysis eoneerned the set of remaining attributes, i.e. 
Q - R. We ehanged one by one the norms of attributes 2,5,7,8,11, in the same way as 
before, while observing the effect of these ehanges on the quality of classifieation IQ(Y). 
The results of this experiment are summarized in Table 1. 

Table 1. Sensitivity of ,Q(Y) to minor ehanges in norms 

No.of ,Q(Y) for The higest Insensi vi ty "Best" norm Pere. 

attri- original ,Q(Y) for zone of the ehange 

bute norms new norms highest ,Q(Y) O 1 2 3 

2 0.967 0.967 -20%, +20% :S 35 > 35 - - 0% 

5 0.967 0.967 -20%, +30% :S2 2-4 >4 - 0% 

7 0.967 0.967 -30%, +20% :S 50 50-100 > 100 - 0% 

8 0.967 0.967 -30%, +30% :S2 2-3 >3 - 0% 

11 0.967 0.967 -20%, +5% :S 15 15-25 25-40 > 40 0% 

The conclusion is clear: the quality of classifieation ,Q(Y) is not sensitive to minor 
ehanges in the norms of attributes 2,5,7,8 and 11. 

The experiment showed that the quality of classifieation is sensitive to ehanges in the 
norms coneerning the most signifieant attributes only, Le. 3,6,9,10. Knowing pereentage 
zones in whieh these attributes give individually the highest quality of classifieation, we 
searehed by a trial-and-error proeedure the definition of norms whieh give together the 
highest quality IQ(Y)' The result is shown in Table 2. The corresponding ,Q(Y) = 0.984. 

Table 2. "Best" norms for attributes 3,6,9,10 

No. of Domain Pereentage 

atribute O 1 2 change 

3 :S 0.5 0.5-3 >3 0% 

6 :S 84.7 84.7-181.5 > 181.5 +21% 

9 :S 7.5 7.5-11.3 > 11.3 -25 % 

10 :S 94 94-235 > 235 -6% 

3. Reduction of attributes 

In this seetion, we deal with reduetion of attributes subjeet to the new definition of norms 
whieh ensures the highest quality IQ(Y)' 

Reduction of attributes is performed in view of answering two different questions: (a) 
what are the reduets, Le. the minimal sets of independent attributes whieh ensure the 
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same quality of classification as the whole set Q, and (b) what is the smallest subset of 
attributes which ensure an accepta bIe quality of classification. 

Comparison of the above reduction for new and original norms informs about sensitivity 
ofresults (a) and (b) to the changes in the norms. 

Let us start with question (a). Using the new norms (ef. Tables 1 and 2), we obtained 
one minimal set composed of 8 attributes: 

JVVV = {2,3,4,5,6,7,9,11} 

The result obtained for original norms was the folIowing: 

OR = {2,3,4,5,6, 7,9, 10,1l}. 

Let us observe that using new norms, we got the minimal set with 8 instead of 9 attributes. 
The accuracy of classes and the quality of classification for both cases is shown in Table 3. 

Table 3. Accuracy of classes and quality of classification for minimal sets JVVV and O R 

Minimal Qualityof Accuracy of classes 

set cllassification 1 2 3 4 

JVVV 0.984 1.0 0.9 1.0 0.87 

OR 0.967 0.95 0.9 1.0 0.87 

In conclusion, one can state that the contents of the minimal set shows a low sensitivity 
to changes in the norms in the neighbourhood of the best quality of classitication. 

Let us pass to question (b) of reduction. In previous study (ef. Pawlak et al. (1986), 
Fibak et al.(1986) and Slowinski (1992), we removed the particular attributes from set Q 
and observed the de crease in the quality of classification. We did this to tind the smallest 
set of relevant attributes which would give a relatively high and acceptable quality of 
classification. In the present study, we have repeated this procedure for new and original 
norms to see the sensitivity of the reduction process. 

The reduction of attributes from set Q, according to a given sequence, consists in 
removing the first attribute, the second and the third, and so on, until alI the attributes 
in the sequence have been removed. Using a trial-and-error procedure we searched for 
sequences of attributes which are characterized by the least steep descent of the quality of 
classitication in the course of reduction. For original norms, we have found 3 such sequences 
composed of 6 attributes: 

E = {1,8,11,2,7,3} 

G = {8,11,2,1,7,10} 

]{ = {8,11,7,1,2,5} 

The same sequences were checked with the new norms. The results are summarized in Figs. 
5,6,7. 
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Let us stress that the set of the most significant attributes ensuring a satisfactory quality 
of classification is the same for original and new norms, i.e. it is composed of attributes 
from outside of sequence H: 

Q - H = {3,4,6,9, 10} = R 

There are three arguments for this conclusion (eL Table 4): 

(i) The quality of classification for (Q - H) is the highest and equals 0.73 and 0.68 for 
new and original norms, respectively. 

(ii) The (Q - H)-doubtful region of the classification is smaller then the (Q - E)- and 
(Q - G)-doubtful region for both new and original norms. 

(iii) The number of patients belonging to the intersection of boundaries of non-consecutive 
classes is the smallest in the case of (Q - H). 

Using a trial-and-error procedure, we have tried many other sequences for new norms but 
alI of them showed a steeper des cent of quality then Hand a lower quality of classification 
for five remaining attributes. 

Analysis of Figs. 5, 6, 7 leads to another interesting conclusion that changes in norms 
don't perturbe a monotonie character of the quality of classification in the reduction process 
according to sequences E,G and H. 

In view of the above results one can state that the reduction process is not much sensitive 
to changes of norms from original to new values. Moreover, the number of patients in the 
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intersection of boundaries of non-consecutive classes (Le. 1 and 4,2 and 4, 1 and 3) is smaller 
for original then for new norms in the case of alI sequences. 

Table 4. Accuracy of classes and quality of classification for 3 sets of attributes 

Doubtful 

Subsets of Norms Qualityof region of No. of patiens in intersection 

attributes classification classification of boundaries of classes 

(no. of patiens) 1 and 4 2 and 4 1 and 3 

Q-E= new 0.57 49 28 6 8 

{4,5,6,9,10} original 0.59 50 11 5 20 

Q-G= new 0.58 51 24 6 8 

{3,4,5,6,9} original 0.65 43 21 3 7 

Q-H= new 0.73 33 16 9 5 

{3,4,6,9,10} original 0.68 39 13 2 5 

Let us also remark that the changes in norms made attribute 4 (qualitative-one) yet 
more discriminant. 

Somebody could be surprised that attribute 10 which was absent in the minimal set for 
new norms is now in the subset of most significant attributes. This folIows from the fact 
that significance of an attribute, in the sense of its infiuence on the quality of classification, 
depends on what other attributes enter the same subset. In other words, the significance of 
an attribute is not "context-free". We observed such situations quite of ten in the reduction 
process. 

4. Decision algorithms 

We have derived a decision algorithm from the information system identified with the 
decision table (cf. Slowinski (1992)). Reducing the information system to (Q - H)-positive 
region of the classification, we have received algorithms composed of 44 to 48 deterministic 
decision rules. Let us recall that the number of rules depends on the order of attributes 
selected for setting up the decision algorithm (Boryczka and Slowinski (1988)). 

Using the new norms (cf. Tables 1 and 2), we obtained algorithms composed of 51 to 57 
deterministic decision rules. They are, of course, non-comparable with the rules obtained 
for original norms because the corresponding coded information systems are different. 

In conclusion, one can state that the use of norms which ensure the highest quality of 
classification /Q(Y) decision algorithms with a greater number of rules then the original 
norms, and from this point of view the original norms are better. 
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5. Conclusions 

The sensitivity analysis concerning the norms translating exact values of attributes into 
several qualitative terms, leads to the following global conclusions. 

1. The quality of classification is sensitive to changes in the norms of the most significant 
quantitative attributes only, Le.3, 6, 9,10. The range of this sensitivity wasn't greater 
then 0.1 for movement of bounds from -30% to +30%. 

2. The contents of the minimal set shows a low sensitivity to changes in the norms from 
the original to the new definition. The new definition is that which ensures the highest 
quality of classification CrQ(Y) = 0.984). 

3. The set of the most significant attributes ensuring a satisfactory quality of classifica­
tion is the same for original and new norms, Le. R = {3, 4,6,9, 10}. 

4. Changes in norms don't perturbe a monotonie character of the quality of classification 
in the reduction process according to sequences of attributes analysed in previous 
studies for original norms. 

5. The number of patients in the intersection of boundaries of non-consecutive classes 
of the result of operation is in general smaller for original norms then for new ones. 

6. The original norms are better then the new ones from the viewpoint of the number 
of rules in the corresponding decision algorithm. 

The above conclusions demonstrate that original norms following from medical experience 
were well defined. Moreover, the results of analysis of the considered information system 
using rough sets theory are robust in the sense of low sensitivity to minor changes in the 
norms of attributes. 
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Abstract. Objects in an informat ion system analyzed by the rough sets theory methods 
are characterized by attributes, which can take on a finite set of values only. In diagnostic 
experiments, condition attributes are usually treated as continuous variables, taking val­
ues from certain intervals. So, to use this theory in such problems, certain discretization 
(coding) of continuous variables is needed. The optimal classification properties of an infor­
mation system were taken by the authors as base criteria for selecting discretization. The 
concepts of a random information system and of an expected value of classification quality 
were introduced. The method offinding suboptimal discretizations based on these concepts 
is presented and is illustrated with data from concretes' frost resistance investigations. 

1. Introduction 

This paper concerns the application of rough sets theory [1] to classification arising in di­
agnostic problems. The classification is made on the basis of a suitably-gathered set of 
attributes. As examples, we can consider the evaluation of the frost resistance of porous 
building materials using absorbability, capillary absorption, apparent gravity density and 
compressive strength as features [2,3], or the identification of the kinds of inside structure 
defects of composites with features which are extracted from acoustic emission signals reg­
istered during the loading of these composites [4,5,6]. In both cases, the attributes are 
treated as continuous, and can take on all values from certain intervals. Usually, to investi­
gate the type of problem presented above, the methods of multi variate statistical analysis 
are used [2-6]. However, the methods of rough sets theory also have been found to be of 
practical interest in such cases [7]. To use these latter methods, certain discretization (cod­
ing) of continuous attributes is needed. In this paper the new approach to this problem is 
presented. The concept of a random information system is introduced. In a certain sense, 
it is the converse of the approach presented by Pawlak, Wong and Ziarko [8]. In the paper 
[8], the information system as a finite set of objects is treated in a deterministic way, but 
the frequencional solution of the approximation problem is of a probabilistic nature. Our 
approach is quite the opposite - the information system is random, but the approximation 
is performed in a deterministic way on the system realizations. A mathematical analysis 
is made with the assumption of complete probabilistic knowledge about the information 
system. Qualitative and quantitative conclusions resulting from our considerations can be 
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very helpful in using the widely prevalent deterministic theory, especially in discretization 
of condition attributes space, and in the way in which the deterministic decision rules are 
used for classifying objects from outside the system. 

2. Random Information System 

The domain of our consideration is the probabilistic space (n, I;, P) , in which the elemen­
tary events w E n are treated as different variants of the realization of the same experimental 
scheme. By an experimental scheme I (or random information system), we understand a 
sequence of independent experiments: 

I = (A 1 ,A2,A3," .). 

Experiments are represented by the random independent vectors 

A",:n-+SxD, 0'=1,2,3, ... 

(1) 

(2) 

with the same distribution. The realizations A", = A",(w) are called objects and are the 
elements of the Cartesian product of the space of states 

(3) 

and of the set of decisions 

(4) 

Comparing sets S and D with concepts from deterministic theory, Sis the Cartesian product 
of condition attributes domains, whereas D is the Cartesian product of decision attributes 
domains. The object is identined as a pair: ( state - decision ), so two coordinates of vector 
A", = (A~,A~) , A~(w) E S , A~(w) E D can be considered. 

By In we denote n-elemental finite random informat ion system, which consists of the 
first n-elements from system I. The infinite information system I is only a formalization 
which permits the investigation of dependencies between In and I n+1 • As stated in the 
introduction, a full probabilistic knowledge about the system is assumed in our considera­
tions. Since vectors (2) are independent and have the same distribution, full knowledge of 
the system is contained in the common distribution: 

P(A~ = si,A; = dj ) = Uij. (5) 

It is worthwhile to note that any combinations of condition attributes and the corresponding 
decisions which are impossible can be removed from considerations simply by introducing 
null probabilities in formula (5). 

Note 1. 
The analysis of the random information system will be performed on realizations. This 
limits our interest to random systems In of a settled number of elements only. Selecting 
any particular w E n, gives the information system: 

(6) 
The system In has a finite set of objects. This makes it possible to use the deterministic 
rough sets theory to analyze this system. Characteristics of system (6) obtained in this way 
will be, in fact, random variables, dependent on w E n, alIowing us to consider means and 
variances of these quantities. 
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3. Quality and Correctness of Classification 

For any fixed n > O and for any particular W E !1, consider a finite n-dimensional realization 
In = In(w), which is a finite set of objects: 

(7) 

The number nij denotes the cardinality of set {a : A~ = Si, A; = dj}. So ni = I:j nij 
is the number of objects belonging to state i. For further consideration, we will introduce 
the following differentiation among states, crucial to the underlying structure. 

1. If ni = O, then Si is an empty state. 
2. If j exists, such that nij = ni, then Si is a pure state. 
3. If the state Si is neither pure nor empty, it is called a mixed state. 

In case 2, if there exists j for state Si, then it is the only one. Such a state Si will be called 
j-pure ar dj-pure. Sa the natural transformation Kn : S ---+ D arises, which is partialIy 
defined in the set of states. It maps the pure states ta a decision, which realizes this purity. 
Kn function will be further called empirical, or natural, classification. The domain of Kn 
function will be called the set of K-pure states. Comparing the proposed conception with 
Pawlak's rough sets theory one can state that alI pure states are the low approximation of 
the family of sets D I , ... , DI , where Dj is a set of these objects in sequence (7), on which 
decision dj is realized. Mixed states are the sums of the borders of these approximations. 
These two types of states appeared in rough sets theory, while the concept of the empty 
state seems to be new, and has no analogy in the deterministic approach. We also note that 
the deterministic quality of classification is the ratio of the number of objects belonging to 
pure states to the number of alI objects. This value will be further named the quality of 
classification a posleriori and denoted by h. Thus 

h = 2: ni. (8) 
n Si-pure 

We can conclude in accordance with note 1, that random variable :h has been defined. 
It is worthwhile to note that the natural empirical classification for system In obtained 
above can be used to classify object An+!, which may be from outside the system. This 
classification would be a prediction of the decision value dj for object An+! , if state A~+! is 
j-pure. Because not alI states are pure, the classification is not always possible. It folIows 
that the probability h of classification of object An+l , using classification Kn, is equal to 
the probability that the new abject belongs to Kn-pure state: 

h = 2: Xi, (9) 
Si-pure 

where Xi = I:j Uij is the probability that any object An+1 belongs to state i. Defined in 
this way, h is further called the quality of classification a priori and corresponds to the 
random variable :12 in accordance with note 1. Of course, both values hand h (:h and 
:12) can take only the values from the interval < 0,1 >. We also note, that the possibility 
of classifying the object An+! does not ensure the correctness of that classification. This 
is consequence of the fact that decision Kn(Si) realizing the purity of state Si to which the 
object An+! (An+1 = Si) belongs may not coincide with the true classification A;+I of 
this object. Therefore, the degree of correctness of classification P2 (a priori) 

P2 = 2: P(A~+I = Si; A~+I = Kn(Si)) (10) 



376 

is defined as a probability of correct classification of object An+! using the empirical clas­
sification specified by system (7). According to note 1, P2 is a new random variable. The 
value B2 is defined by the equation 

(11) 

and is called an empirical classification error. There is no reason to define the value P1 

(a posteriori) analogical to J1 , because P1 is always a unity. 

4. Expected Value of the a priori Classification Characteristics 

In this section we will deal with obtaining formulas for expected values of random variables: 
:12, P2, B2· First, consider a general situation. Let In = In(w) be a realization of a random 
information system. We can consider pure, empty and mixed states as introduced in section 
3. The following random variable can be defined: 

F(w) = L aij + L bi. 
si-pure 

Kn(s;)=d, 
Si-empty 

(12) 

When E(F) is known, it is evident that E(:h) , E(P2) , E(B2) can be considered as known 
also, because they are special cases of E(F): 

P2 = F, 
:12 = F, 
B2 = F, 

if aij = Uij, 

if aij = Xi, 

if aij = Xi - Uij, 

bi = O; 
bi = O; 
bi = O. 

Putting ai = O , bi = xi we get the expected value of [2 which is the probability of object 
An+! belonging to an empty state. 

First, the case of one state will be investigated (k = 1). Then from the above, F can 
take the following values: 

{ 
a1j, if sI j-pure state 

F = b1 , if Sl empty state 
O, if Sl mixed state 

where P(Sl is j-pure) = U1j , P(Sl is empty) = O. So 

1 

E(F) = L a1jU1j· 

j=l 

Now consider the case of two states (k = 2). We divide the space n for n + 1 mutually 
exclusive hypotheses: 

Hr = {there are r objects in S2 state}, r = 0,1, ... ,n. 

In determining EF the Bayes formula can be used: 

n 

EF = LE(F/Hr)P(Hr). 
r=O 
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The probabilities P(Hr) of Hr hypothesis and E(F/Hr) are specified below: 

P(Ho) = x~; E(F/Ho) = t a1j (U1j )n + b2; 
j=l Xl 

E( F / H r) = ~ [a1j (:~ ) n-r + a2j (:2;) r]; r = 1, ... , n - 1 

1 (U2j )n E(F / Hn) = L:>2j - + b1· 
j=l X2 

So 

n n-l 

EF = ~E(F/Hr)P(Hr)=E(F/Ho)+ ~E(F/Hr)P(Hr)+E(F/Hn)= 
r=O r=l 
1 k 1 1 

(~a1jU~j + b2X~) + ~ ~ C) (a1jU~Tr x; + a2jU2jX~-r) + (~a2jU~j + b1X~) = 
)=1 .=1)=1 )=1 

1 1 1 1] 
[~a1j(U1j + x2t + (b 1 - ~a1j)X2] + [~a2j(U2j + X1t + (b2 - ~a2j)x2 . 
)=1 )=1 )=1 )=1 

Reasoning for k = 2 can be easily extended for any k given the following formula: 

k 1 1 

EF = ~[(~aij(x1 + .. . +Uij+ ... +Xkt) +(bi - ~aij)(xt+ ... +Xi+·· .+Xkt], (13) 
.=1 1=1 )=1 

where the symbol Xi denotes that the number xi is omitted. We will now show that this 
extension is true. We present a method of mathematical induction to prove it. The step 
(k) => (k + 1) is seen to be the only one needed, and is only the simple reformulation of the 
case for k = 2. We can define n + 1 hypotheses 

Hr = {there are r objects in state sn+l} r = O,I, ... ,n. 

Then we obtain 

r = 0,1, ... , n. 

For further conclusions, the following notations will be useful: 

Xi = xl + ... + Xi + ... + Xk; Xk+1 = Xl + ... + Xk; Uij = Xi + Uij· 

Then 

P(Hr) = C) (Xk'+;Xk+l) 

and by the hypothesis (13) 

r=O,I, ... ,n 
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for r = 1,2, ... , n. So 

k I I 

E(F / Hr )P(Hr) = l: l:[ (~) aijUD-rX k+1 + (bi - l: aij) (;) xt-r Xh1] 
.=1)=1 )=1 

+ t ak+ 1 ,j (n) Xk.+[Uk+l,j 
j=l r 

for r = 1,2, ... , n. For r = O we have 

So 

k I I 

E(F/Ho)P(Ho) = l:l:[ (~) aijUIjx~+1 + (bi - l:aij) (~) XiX~+1]+ 
.=1)=1 )=1 

I I 

+ l:ak+1,j G) X;:+1U~+l + (bk+1 - l:ak+l,j) (~) X;:+lX~+l' 
)=1 )=1 

Hence 
n 

EF =l:E(F/Hr)P(Hr)= 
r=O 

k I I 

= l:[l:aij(Uij + Xk+lt + (bi - l:aij)(Xi + Xk+lt] + 
.=1 )=1 )=1 

I I 

+ 2: ak+I,j(Xk+l + Uk+l,j)n + (bk+l - 2: ak+l,j )XJ:+l' 
j=l j=l 

which upon examination completes the proof. So the following formulas for means have 
been obtained: 

k I 

E.:h = l:[Xi l:(Xl + ... + Uij + ... + xkt -lXi(Xl + ... + Xi + ... + Xkr], (15) 
.=1 )=1 

k I 

EP2 = l:[l: Uij(Xl + ... + Uij + ... + xkt - Xi(Xl + ... + Xi + ... + Xkr], (16) 
.=1 )=1 

k I 

EB2 = ?=[l:(Xi- Uij)(Xl + .. . +Uij+ .. ,+Xkt- (l-l)Xi(Xl + .. . +Xi+.· ,+Xkt], (17) 
.=1 )=1 

k 

E&2 = LXi(Xl + ... + Xi + ... + Xkt· (18) 
i=l 
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5. Expected Value of Quality of Classification aposteriori 

The formulas introduced in section 4 do not permit calculation of the quality of classification 
aposteriori directly, but analogous formula for EJI can be found. According to (8), Jl 
is the number of objects which are in pure states divided by the number of objects. As 
before, we first examine the case of one state SI (k = 1). In this case, Jl can be equal only 
to unity (there can be only one state). Then 

1 

E J1 = L:u~j' 
j=1 

For k=2 we divide il for mutually exclusive hypotheses: 

It is evident that 

Thus 

Hence, 

Using the identity 

we discover that 

Hr = {there are r objects in state S2}' 

P(Hr) = (;:) x~-rx2' for r = O,l, ... ,n. 

for r = O,l, ... ,n. 

1 

E J1 = E [Ulj(Ulj + x2t-1 + U2j(U2j + xdn - 1] . 
j=l 

This suggests the foHowing formula for arbitrary k 

k 1 

EJI = L:EUij(XI + ... + Uij + ... + xkt-1. 
i=l j=l 

(19) 

Concise proof of this formula. can be obtained by using the method of mathematical in­
duction. Since formula (19) has been verified for k = 2, it is enough to show the step 
(k) =? (k + 1). AH previous notations prove to be valid. Let 

Xi = Xl + '" + Xi + ... + Xk for i = 1, ... , k, Xk+1 = Xl + ... + xk, 

and 
Hr = {there are r objects in state sn+t}. 



380 

Then 

and by the hypothesis (19) 

k 1 (X + ) n-r-l 1 ( ) r E(:lIfHr) = n - r LL ~ i Uij +!:. L Uk+1,j 
n i=1 j=1 Xk+l Xk+l n j=1 Xk+l 

for r = O, ... , n. 

So 

n 

E:l1 = L E(:lIf Hr )P(Hr) = 
r=O 

~~ ~n- r (n) n-r-l r ~~ r (n) n-r r = L...J L...J Uij L...J -- (Xi + Uij) Xk+1 + L...J L...J - X k+1 uk+1,j = 
i=1 j=1 r=O n r j=1 r=O n r 

~ ~ Uij ~ n -r (n) n-r r ~ ~ r (n) n-r r = L...J L...J X- + u. L...J -n- r (Xi + Uij) xk+l + L...J L...J;;: r X k+1 Uk+1,j 
,=1 ;=1' ,; r=O ;=1 r=O 

and finally we get: 

k 1 1 

E:l1 = L L Uij(Xi + Uij + xk+dn- 1 + L Uk+1,j(Xk+1 + Uk+1,jt- 1 = 
i=lj=1 j=1 
k+l 1 

= L LU;j(Xi + Uijt- 1, 
i=1 j=1 

which succesfully completes the proof of formula (19). 

6. Condition Attributes Space Partition 

In this section we will find such a discretization of the continous condition attributes space 
as provides a possibility of a high expected value of the classification quality a priori E:l2 . 

We assume that objects in the information system are realizations of the random vector 

D.-+ExD (20) 

which takes its values from the Cartesian product of the Euclidian space E, and of the set 
of decisions (classes) D = {d1, ... , dt}. The coordinates of the point a = (a(I), ... , a(m)) 

in the space E are the values of m continuous condition attributes. We as sume that the 
probability that the object will be related to the j-th decision is adequately represented by 
the probability distribution: 

j=l, ... ,1. (21) 

By the partition of the space E, we mean any arbitrary family R = {U1 , . .. , Ud of the 
measurable subsets Ui E E, which are such that: 
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Ui n Uj = cjJ for i t- j and U1 U ... U Uk = E. (22) 

Consider a sequence of independent experiments (Al,,'" An) which coincide with a 
random selection of n-elemental sets of objects. The partition R = {U1 , ••• , Ud of the 
space E induces the random information system which was defined in section 2. In this 
case the family R is a set of states. The formula 

i = 1 ... k, j = 1 .. . 1, 

completes the probability knowledge of the system. Note that 

Uij = ~j(Ui)'lrj, 

where 'lrj = P(A; = dj ) is a probability that an object will be from class dj . The degree of 
predictivity for the random information system is the quality of classification a priori, for 
which the expected value is defined by formula (15). This quantity depends on the partition 
of the space; therefore, we will denote it E:h(R) or E.h(UI, ... , Uk). From formula (15) 
we have: 

k I 

E.h(R) = 2:Xi[~)1- Xi +Uijt -/(1- Xit], 
,=1 )=1 

(23) 

where Xi = Lj Uij. Let us define a function of I-variables 

I 

JeUI, ... ,UI) = x[2:(1- X + Ujt -/(1- xt]. 
)=1 

(24) 

The right side of (24) depends only on U1,"" UI because X = U1 + ... + UI' We denote 
u = (UI, . .. , UI). The formula (23) can be rewritten as foUows: 

k k 
E:h(U1, ... ,Uk) = L:J(Uil"",Uil) = L:J(Ui). 

;=1 i=1 

The quantity J( u;) we will caU a contribution to the quality of the classification coming 
from the set Ui . 

Consider the partitions of space E, which are implied by discretization of continuous 
condition attributes. By discretization of the q-th attribute we understand the sequence of 
numbers 

(25) 

which divides the set of values of this attribute for r q + 1 intervals (q = 1, ... , m). Each 
value of this sequence defines the hiperplane in the d-dimensional space E perpendicular 
to the q-th attribute axis. As a result of the discretization of aU attributes, the space is 
partitioned into k = (rl + 1) ... (rq + 1) m-dimentional intervals (fig.1), which create the 
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partition of space E according to (22). For such a partition, the expected value of the 
quality of the classification a priori is determined. 

In the proposed method, we start with an initial discretization (25) of each attribute. 
The subsequent steps provide an increase in the value of the quality of classification by 
eliminating values of the sequences (25). In each of these steps, we eliminate such a hiper­
plane as will result the greatest increase in the value of the quality of classification. This 
algorithm is continued unt il the elimination of each element of the remaining values from 
sequences (25) does not increase the value of E:h. This concept is similar to the method 
of elimination of parameters in linear regression (backward method) and, similarly, leads 
to suboptimal results. 

0 firsl attribute 

al(l) azU) aP) .. a (1) rl 

second UI U2 U3 
attribute 

al(2) 

a (2) rz 
Uk-2 Uk-I Uk 

Figure 1. The partition of space E induced by the discretization of continous 
condition attributes. 

A computer implementation of this algorithm requires the creation in the operation memory 
(RAM) of all the states {U1 , ••• , Uk } which were arrived at by the primary discretiza­
tion. Therefore, the only limitation to the practical use of this algorithm is the ca­
pacity of the RAM. In the example below we consider two classes normally distributed: 
N( mI, ~), N( m2,~) where ~ = (121 and 1 is the identity matrix. We set the values 
(1 = 0.8 and mi = (1.1,0.85,0.5,0.3) and m2 = (-1.1,-0.85,-0.5,-0.3). The number n 
of objects is set at 15. The primary discretization is obtained in the interval < -1.4,1.4 > 
using 13 equally spaced dividing points (fig.2a). 

To obtain the smallest possible 4-dimensional structure for purposes of computation, 
a primary elimination of dividing points is performed four times, each time along a fixed 
axis. Fig.2b illustrates the results obtained. Then the elimination of four dimensions is 
performed. Note that the variables which most weekly separate the classes have been 
eliminated (fig.2c). 
The final number of partitions k = 6 does not exceed the number of objects n = 15. These 
qualitative conclusions have been observed in other situations examined by the authors. 



a) 

b) 

c) 

~=====~~~==~I xl 

~:::=~==~==:=::~~IX2 
:==::==:~~=======~~==~IX3 
L-______ ~~== _____ ~~~ ______ ~Ix4 

Figure 2. Subsequent stages in the elimination process for two normally distributed 
classes. 

7. Practical Example 
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The algorithm for eliminat ing intermediate values of condition attributes, given in the 
previous section, was applied to the real set of data arising from the investigation of the 
concretes' frost resistance (9). This set is shown in Table 1. 
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Table 1. Data [rom the investigations of the concretes' frost resistance. 

Number Values of condition attributes 

of Class 

object xl x2 x3 x4 x5 

1 0.007 1.90 16.00 0.80 3.40 1 

2 0.004 1.15 6.15 4.10 8.00 1 

3 0.004 1.40 12.00 0.80 0.35 1 

4 0.008 1.95 2.90 1.30 0.45 1 

5 0.008 2.60 3.60 1.70 4.70 1 

6 0.006 1.35 7.60 0.90 2.30 1 

7 0.005 1.20 8.10 0.60 3.90 1 

8 0.007 1.30 4.20 0.40 3.80 1 

9 0.009 2.60 8.80 2.10 5.65 O 

10 0.048 9.60 7.50 0.15 0.20 O 

II 0.016 3.90 1.20 2.65 6.50 O 

12 0.019 4.00 4.60 2.65 6.50 O 

13 0.035 6.55 2.00 3.50 1.70 O 

14 0.008 2.25 4.50 7.20 4.50 O 

15 0.016 2.40 1.15 1.50 4.85 O 

16 0.007 1.85 9.40 1.10 7.20 O 

The values of the condition attributes xl,x2,x3,x4,x5 are the results of five tests character­
izing the physical properties of the aggregates. The last attribute (class) denotes the con­
cretes' frost resistance, established after long-term experiments (1-frost resistant concrete, 
O-frost non-resistant concrete). This set consists of 16 objects. As the approximations of 
unknown distributions of the classes, the following probability density functions were taken: 

1 
f(x) = - .L <f;(mi,x), 

nj class(i)=j 

j = 1,2, 

where <f;(m;,x) is the density of normal distribution N(mi,'f;). The i-th object position in 
condition attributes space is determined by the mean vector mi. The covariance matrix 
'f; = (721. The calculations presented below were made for (7 = (max q - minq )/16, where 
maxq and minq denote the largest and the smallest value of the q-th condition attribute, 

respectively. Number nj is the cardinality of the j-th class. Let x~q) < ... < x~q), be a 
sequence of values ofthe q-th condition attribute, ordered by increase in size (ii :s: n nbecause 
some values may be reiterated). We define ii - 1 intermediate values of the q-th attribute: 

(q) (q) 
(q) Xi + x i+1 . _ 

ai - 2 ' ~ = 1, ... , n - 1. (26) 

The sequence (26) divides space E for ii intervals, each of which includes at least one 
object. If the neighbouring intervals include objects related to the same decision, then we 
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do not consider the intermediate values separating these intervals. The final subsequence 
of sequence (26) is taken as an initial discretization (25) of the q-th condition attribute. 
The preliminary discretization (for alI of five condition attributes) is shown in fig.3. 

::JXl 
::JX2 
::JX3 

I =:JX1 
_1 JX5 

Figure 3. Preliminary discretizations for alI condition attributes from Table 1. 

The elimination of intermediate values was conducted in four-dimensional spaces, obtained 
by removing one of five condition attributes. The most valuable results were obtained, 
when the initial sets were respectively (xl,x2,x4,x5) and (x2,x3,x4,x5). The elimination of 
the intermediate values of the first set of attributes led to the results shown in figA. 

~ _ ::JXl 
~ >= = :JX2 
~k~ ::JX1 
~[~~:===:::::::::;;;;::;;::::::-::::=:::::-=::::::::::::==~:::::;;;;;:::===:-:::-=--~=::lJ x5 

Figure 4. Final result of the elimination process for xl,x2,x4 and x5 attributes. 

The intermediate points: 0.0085 along xl , 1.875 along x2 and 1.9 along x4 were obtained. 
The attribute x5 has been eliminated. Coding the set from Table 1 on the basis of the 
intermediate points obtained, we get the information system presented in Table 2 . 
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Table 2. The coded information system obtained for xl,x2,x4 and x5 attributes. 

Number Codes of condition 
of attributes Class 

object 
xl x2 x4 

1 O 1 O 1 

2 O O 1 1 

3 O O O 1 

4 O 1 O 1 

5 O 1 O 1 

6 O O O 1 

7 O O O 1 
8 O O O 1 
9 1 1 1 O 
10 1 1 O O 

11 1 1 1 O 

12 1 1 1 O 

13 1 1 1 O 
14 O 1 1 O 

15 1 1 O O 

16 O O O O 

Note that eight states in this system are possible. Five pure states, two empty and one 
mixed state were obtained (fig.5). 

x4 
1 

1 O 

O 1 x2 - 0000 

o 
1 1 1 1 1 1 
10 

- 00 

xl 

Figure 5. lllustration of states for the coded information system from Table 2. 



387 

The elimination of intermediate values for the second set of attribute leads to the result 
which is illustrated in fig.6. 

= ~ 
~~ 

:JX2 
:JX3 

I :Jx~ 
;;;u: ;;;:o x5 

c;:=;: <::: ~ 
l=== 

Figure 6. Final result of the elimination process for x2,x3,x4 and x5 attributes. 

The intermediate points: 3.25 along x2 ,5.65 along x4 and 4.2, 4.775, 7.60 along x5 were 
obtained. The attribute x3 has been eliminated. After coding the set of data from Table 1 
we obtain an information system shown in Table 3. 

Table 3. The coded information system obtained for x2,x3,x4 and x5 attributes. 

Number Cades of condition 
of attributes Class 

object 
x2 x4 x5 

1 O O O 1 
2 O O 3 1 
3 O O O 1 
4 O O O 1 
5 O O 1 1 
6 O O O 1 
7 O O O 1 
8 O O O 1 
9 O O 2 O 
10 1 O O O 
11 1 O 2 O 
12" 1 O 2 O 
13 1 O O O 
14 O 1 1 O 
15 O O 2 O 
16 O O 2 O 
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In this case, seven pure states and nine empty states were obtained (fig. 7). 

1 x4 
/ 

L<123 x5 

o 
1 1 1 1 000 1 
1 1 1 

00 - 00 -
x2 

Figure 7. lllustration of states for the coded information system from Table 3. 

The classification properties of the coded information systems from Table 2 and Table 3 
are sub optimal according to the expected value of the quality of classification a priori. 
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Abstract. A representation theory for Scott consequence systems in property systems and 
in Pawlak's information systems is developed. It is proved that each Scott's information 
system can be represented in a certain Pawlak's information system. 

1. Introduction 

The main aim of this paper is to develop a representation theory of Scott consequence 
systems in some information systems. 

Scott consequence system is an abstract set with a binary relation between sets of the 
type X f- Y, which satisfies some conditions, coming from logic. Roughly speaking, the 
relation X f- Y between two sets of logical formulas holds iff whenever alI members of 
X are true, some members of Y are also true. However this interpretation of f- is not 
meaningful when we consider abstract sets. So some representation theory for the abstract 
notion of Scott consequence systems is needed. We treat in an uniform way several types of 
consequence relations, including Tarski consequence relation and some combinations with 
the notion of consistency. Consequence relations lay down in some abstract notions of 
information systems, as Scott's notion of information system, introduced by Scott in [5]. 
Rasiowa and Epstein applied this notion in [4] for constructing models for approximate 
information. 

As a material in which we wilI represent consequence systems we take two intuitively 
very clear notions of information system. The simplest is the notion of Property system, 
which deals with objects and properties. More detailed is the notion of an information 
system in the sense of Pawlak [2], [3]. Primitive notions in Pawlak's information systems 
are objects, attributes (like "color") and values of attributes (like "green", "red"). 

The technic, which we use in the representation constructions, is a generalization of the 
Stone representation method for distributive lattices. The main tool is an useful analog 
of the notion of a prime filter from the theory of distributive lattices. The idea of the 
presented representation theory carne to me during my work on [7]. 
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2. Scott consequence systems and some related notions 

Let W i- 0 be a set. We denote by P(W) the set of all subsets of W and by Pfin(W) the 
set of alI finite subsets of W. By a Scott consequence relation in W we mean any binary 
relation f- in P(W) satisfying the following conditions for any A, B,A',B' E P(W) and 
xE W: 

(Refl) If A n B i- 0 then A f- B, 
(Mono) If A f- B, A ~ A' and B ~ B' then A' f- B', 
(Cut) If A f- B u {x} and {x} u A f- B then A f- B, 
(Fin) If A f- B then there exist finite subsets X ~ A and Y ~ B such that X f- Y. 
We say that (W, f-) is a Scott consequence system, S-system for short, if W i- 0 and f-

is a Scott consequence reIat ion in W. Another way of treating Scott consequence relations 
is to consider the relation f- only for finite sets, satisfying (Refl), (Mono) and (Cut) and to 
extend it for arbitrary sets in the following way: A f- B iff for some finite subsets A' ~ A 
and B' ~ B we have A' f- B'. Then (Fin) is satisfied by definition. 

Normally Scott consequence relations are considered in sets, which elements are formulas 
and the intended meaning of A f- B is the logical one. In this paper our approach is abstract 
one and we do not assume in general that W is a set of formulas or sentences. 

The following more general cut conditions are true in each S-system (see Segerberg [6]): 
(CutO) If A f- B u {x} and {x} U A' f- B' then A U A' f- B u B', 
(Cut1) If A f- B u C and {x} U A' f- B' for every x E C then A U A' f- B u B', 
(Cut2) If A f- B u {x} for every x E C and Cu A' f- B' then A U A' f- B u B'. 
Let S = (W, f-) be an S-system. We say that f- is a Tarski consequence relation in W 

and that Sis a Tarski consequence system (T-system), if it satisfies the following condition 
for any A, B E P(W): 

(TFin) If A f- B then there exist a finite set X ~ A and an element a E B such that 
X f- {a}. 

Instead of A f- {a} we will write A f- a. In the literature (for instance Gabbay [1]) Tarski 
consequence reIat ion is a relation of the type X r a. Then r is extended for arbitrary sets 
as follows: X r Y iff X f- a for some a E Y. It is easy to see that the following conditions 
characterize T -systems: 

(TRef) If a E A then A f- a, 
(TMono) If A f- a and A ~ A' then A' f- a, 
(TCut) If A r x and {x} U A f- Y then A f- y, 
(TFin) If A r a then there exists a finite sub set X ~ A such that X f- a. 
Let S = (W, f-) be an S-system. A set X ~ W is called consistent (in S) if X ,.t-0, 

otherwise X is called inconsistent. We denote by Con the set of aH consistent subsets of 
W. Note that the notion of consistency of a set can not be defined in T-systems, because 
Tarski consequence relations do not admit empty set in the second place of the relation f-. 
In the next definit ion T-systems are extended as to admit the notion of consistency. 

Let S = (W, f- ) be an S-system. We say that f- is a Tarski-consistency reiat ion and that 
Sis a Tarski-consistency system (TC-system), if the following condition is satisfied for any 
A,B E P(W): 

(TCFin) If A f- B then there exist finite subsets X ~ A and Y ~ B such that X f- Y 
and Y has at most one element. 

The following is another axiomatic characterization of TC-systems. Let S = (W, f-, Con) 
be a system with W i- 0, f-~ P(W) x W and Con ~ P(W). The axioms are (TRef), 



(Tmono), (TCut), (TFin) and the following for the set Con: 
(CMono 1) If A E Con and A' e::::: A then A' E Con, 
(CMono 2) If A fa then A E Con, 
(CCut) If A r x and A E Con then {x} U A E Con, 
(CFin) If each finite subset of A is in Con then A E Con. 
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Let S = (W, r, Con) be a TC-system. We say tat S is a coherent TC-system if for any 
a E W we have {a} E Con. We say that 1 is unit of S iffor any A e::::: W we have ArI. 

The notion of a coherent TC-system with unit 1 is a modification of the following notion 
of information system given by 8cott [5). Namely, a system S = (W,r,Con, 1) is called a 
8cott information system, 8I-system for short, if Con e::::: PJin(W), re::::: Con x W, 1 E W 
and the following axioms are true: 

81. If a E A and A E Con then A r a, 
82. If A, A' E Con, A r a and A e::::: A' then A' r a 
83. If A u {a}, A E Con, A r a and A U {a} r b then Ar b, 
84. If A E Con then ArI, 
85. If A E Con and A' e::::: A then A' E Con, 
86. If A, A' E Con, A r a and A e::::: A' then A' r a 
87. If a E W then {a} E Con. 
The following cut-like condition can be derived from the above axioms: 
88. If A, B E Con, B r a and for all x E B we have A r x then Ara. 
Let us note that in the original 8cott's definition 88 is taken instead of 82 and 83. It is 

easy to see that 82 and S3 are derivable from S8 and SI. Note also that 81, S2 and S3 are 
similar to (TRefl), (TMono) and (TCut) but not identical with them. So the relation r in 
SI-systems is not in general Tarski consequence relation. This is not good for our purposes, 
because SI-systems in its present formulation could not be considered as 8-systems. The 
next lemma, however, shows that instead of SI-systems we can take coherent TC-systems 
with unit, which are S-systems. 

Lemma 2.1. The notions of 8I-system and coherent TC-system with unit 1 are equiv­
alent in a sense that their primitive notions are inter-definable. 

Proof. Let S = (W, r, Con, 1) be an SI-system and define r' as follows: for finite 
X e::::: W and a E W let X r' a iff X E Con & X r a or X rţ Con. Define r* and Con* for 
arbitrary subsets of W as follows: 

A r* a iff for some finite subset A' e::::: A: A' r' a, and 
A E Con* iff each finite sub set of A belongs to Con. 

Then it is easy to show that the system (W, r*, Con*, 1) is a coherent TC-system with unit 
1. Moreover for each finite subset X e::::: W and a E A we have X r a iff X rţ Con or 
X E Con & X r' a. 

Let now S = (W, r, Con, 1) be a coherent TC-system with unit 1. Define for any finite 
subset X e::::: W and a E W:X r' a iff X E Con & X r a, X E Con' iff X E Con and X is a 
finite set. Then the system (W,r',Con',l) is an SI-system. Moreover for finite subsets of 
W we have the equivalence: X r a iff X rţ Con or X 1--' a. This shows that the notions of 
SI-system and coherent TC-system with unit are equivalent. _ 

3. Property systems 

Property systems are very simple kind of information systems, which will be used to inter­
pret S-systems. 
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By a property system (see [7]), P-system for short, we mean any triple P = (Ob, Pr, f), 
where Ob is a nonempty set of objects, Pr is a set, whose elements are called properties, 
and fis a function which assigns to each object x a sub set f(x) ~ Pr. The elements of 
f(x) are called properties ofthe object x. A P-system P is called coherent iffor any object 
x we have f(x) * 0. This means that each object from Ob has at least one property from 
Pr. It is not unusual for some P-system to have object x such that f(x) = 0. Since in 
P-systems we are interested not in alI possible properties of its objects but only of those 
which are of some interest, then it is quite possible to have objects which do not possess 
any property from Pr. 

Let 1 E Ob, we say that 1 is an universal element of P if f(l) = Pr, i.e. 1 possesses all 
properties from the set Pr. 

Now we introduce a special kind of P-systems, called set theoretical ones. Let S = 
(W, V,f) be a system such that W * 0, V ~ P(W) and for any x E W f(x) = {A E VI 
x EA}. We consider S as a P-system with Ob = W and Pr = V. 

Let P = (Ob, Pr, f) be a P-system. We shall associate with P a system S( P) = 
(Wp, f- p) in the following way: put Wp = Ob and define f- p first for finite A, B ~ OB. Let 
A = {a!, ... ,am} and B = {bl, ... ,bn}, then 
(*) A f- B iff f(al) n··· n f(am ) ~ f(b l ) U··· U f(bn ) iff 

(Vp E Pr )(p E f( al)& ... &p E f( am) --> p E f(bl ) or ... or p E f(bn )) 

Here we adopt the convention that for m = ° and n = ° we assume A = 0 and B = 0. 
When m = ° we put f(al)n ... nf(am ) = Pr and when n = Oweput f(bl)u ... uf(bn ) = 0. 

Now for arbitrary sets A',B' ~ W we put: 
(** ) A' f- P B' iff there exists finite subsets A ~ A' and B ~ B' such that A f- p B. 

Lemma 3.1. (i) The system S(P) is an S-system, called the S-system over P. 
(ii) If in (*) and (**) B is supposed to be always one element set, then S( P) is a 

T-system. 
(iii) If in (*) and (**) B is supposed to be always one element or empty set, then S( P) 

is a TC-system. 
(iv) If P is a coherent P-system with an universal element 1, and if in (*) and (**) B is 

supposed to be always one element or empty set, then S(P) is a coherent TC-system with 
unit 1, so S(P) determines Scott's information system in the sense of lemma 2.1. 

Proof - a routine check. Let us, for example, show that in (iv) S(P) is a coherent 
TC-system with unit 1. Let a E Ob. Since f(a) * 0 we have a f/p 0 so {a} E Con and 
hence S(P) is a coherent S(P) system. Since f(l) = Pr then for every A ~ Ob we have 
A f- p 1, hence 1 is unit of S(P) .• 

Condition (*) gives the following meaning of f- p : A f- p B iff whenever alI elements of 
A possess some property from a given set of properties Pr, the same property is possessed 
by some elements of B. In the next section we give a representation theorem for S-systems, 
which shows that the same meaning can be attached to arbitrary Scott consequence relation. 

The example connected with P-systems can be generalized in the following way. Let 
W * 0 be a set, D = (D, <,O, 1,n,U) be a distributive lattice with zero ° and unit 1, 
and let f be a total function from W into D. Define a binary relation f-D in P(W) as in 
the definition (*) and (**) where n and U now are the lattice operations of D and instead 
Pr and 0 as subsets of Pr we use 1 and O. Then as in lemma 3.1 one can verify that the 
just defined system SeD) = (W,f-D) is an S-system. Taking W ~ D and for any x E W 
f( x) = x, we see that any nonempty sub set of D can be considered as an S-system. This 
example will play a suggestive role in the next section. 
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4. Representation theorems for Scott consequence systems in property 
systems 

The representation theory, which we are going to develop for S-systems is similar to those 
for distributive lattices. The main key in the representation construction for distributive 
lattices is the notion of a prime filter. So our first aim now is to find a good analog of a 
prime filter in S-systems. The following definition is appropriate. 

Let S = (W, r) be an S-system. A sub set x ~ W is called a prime filter in S if for alI 
finite subsets A and B of W such that A r B and A ~ x we have that x n B # 0. Let us 
note that alI prime filters in distributive lattices are also prime filters in the above sense. 
The next lemma gives other equivalent definitions of a prime filter. 

Lemma 4.1. Let S = (W, r) be an S-system. 
(1) The following conditions are equivalent for any x ~ W: 

(i) x is a prime filter in S, 
(ii) (VA ~ W)(x r A -> x n A # 0), 
(iii) (VA ~ W)(x r A +---> x n A # 0), 
(iv) x 1-x, where x = W \ {x}. 

(2) 0 is a prime filter in S iff (VA ~ W)(0 1- A), 
(3) W is a prime filter in S iff (VA ~ W)(A 1-0). 
Proof. (1). (i)---- (ii). Suppose x is a prime filter in S and let x r A for some A ~ W. 

Then by (Fin) there exists a finite A' ~ A and finite x' ~ x such that x' rA'. By (Mono) 
we get x r A' and by the definition of a prime filter we get x n A' # 0, so x n A # 0. 

(ii) ..... (iii) - by (Refl). 
(ii) --+ (iv). Since x n x = 0 then by (ii) we obtain x 1-x. 
(iv) --+ (i). Let x !-x and suppose for the sake of contradiction that x is not a prime 

filter. Then for some finite sets A and B we have A r B, A ~ x, but x n B = 0. Then 
B ~ x and by (Mono) we get x r x - a contradiction. 

(2) (--+) Suppose 0 is a prime filter and A ~ W. Then, since 0 n A = 0 we obtain by (ii) 
that 0 1- A. 

(+- ) Suppose (VA ~ W)(0 1- A) and for the sake of contradiction that 0 is not a prime 
filter. Then by (ii) we have some A, such that 0 r A, which is a contradiction. 

(3) (--+) Let W be a prime filter and suppose for the sake of contradiction that for some 
A ~ W we have Ar 0. Then by (Mono) we obtain W r 0 and by (ii) W n 0 # 0, which is 
a contradiction. 

(+-) Let (VA ~ W)(A !-0). Then W !-0. Suppose W r A. From here we get A # 0. 
Then W n A # 0, which shows that W is a prime filter. _ 

Following Segerberg [6]let us call an S-system S left-assertive if it satisfies the condition 
(AssL) (:lA ~ W)(A r 0), 

and right-assertive if it satisfies the condition 
(ASSR) (:lA ~ W)(0 r A). 
Then the conditions (3) and (4) oflemma 4.1 can be stated in the following way: 
o is a prime filter in S iff S is not right-assertive, 
W is a prime filter in S iff S is not left-assertive. 
The following is an analog of the Stone separation theorem in the theory of distributive 

lattices. 
Theorem 4.2. (Separation Lemma for S-systems) Let S = (W,r) be an S-system A, 

B ~ W and A 1-B. Then there exists a prime filter x such that A ~ x and x n B = 0. 
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Proof. Let M = {t ~ W I A ~ t and t f B}. We shall show that M is inductive set as 
to apply the Zorn Lemma. Obviously A E M, so M t= 0. Let N be a nonempty linearly 
ordered by the set inclusion subset of M and let y = Uit I tEN}. We shall show that 
y E M. Since for each tEN we have A ~ t, then, obviously A ~ y. It remains to show that 
y f B. Suppose for the sake of contradiction that y f- B. Then, applying (Fin) and (Mono) 
we obtain a finite sub set X = {aI."" an} ~ y such that X f- B. It is not possible for X 
to be empty, because then by (Mono) we will get A f- B, which is a contradiction. Then 
for some tI , ... , tn E N we have al E tl> ... , an E tn . Since N is linearly ordered by the 
set inclusion, we have for some permutation il, ... , in of 1, ... , n the following inclusions: 
ti} ~ ... ~ tin = z. Then X ~ z and by (Mono) and X f- B we get z f- B - a contradiction. 
Thus y E M. Then by the Zorn Lemma M contains a maximal element, say x. We shall 
show that x is a prime filter in S. Applying lemma 4.1(ii) let C ~ W and x f- C. We will 
proceed to show that x n C t= 0. Suppose for the sake of contradiction that x n C = 0. 
From x f- C we get C t= 0, because otherwise we will obtain x f- B, which is impossible. 
Since x is a maximal element in M, then for any X Ee we have xU {X} ~ M. Since A ~ x, 
then for any X E C we have x U {X} f- B. Then from x f- C and (Cut 1) we obtain x f- B 
- a contradiction. Thus x n C t= 0, which shows that x is a prime filter in S. From x f B 
we get x n B = 0. So we have found a prime filter x such that A ~ x and x n B = 0. This 
ends the proof of the theorem. _ 

Let S = (w, f-) be an S-system and let Vs be the set of alI prime filters of S. Since 
Vs ~ P(W), then the system (W, Vs, f) with f(a) = {x E Vs I a E x} for a E W, is a 
P-system of set-theoretical type, called the canonical P-system over S. 

Theorem 4.2 says that if f- is not the universal relation in P(W) then Vs t= 0. Obviously 
f- is not universal iff 0 f0 iff 0 is a consistent set. S-systems for which 0 f0 will be called 
consistent S-systems. 

Corollary 4.3. Let S = (W, f- ) be an S-system. Then for any A, B ~ W the following 
equivalence holds: 

A f- B iff (V'x E Vs)(A ~ x - ....... x n B t= 0) 
Proof. ( ....... ) Let A f- B, x E Vs and A ~ x. Then by (Mono) x f- B and by lemma 

4.1(ii) we get x n B t= 0. 
( -+ ) Let A f B. Then by the Separation Lemma there exists x E Vs such that A ~ x 

and x n B = 0. _ 
Theorem 4.4. (Representation theorem for S-systems in P-systems) Let S be an S­

system. Then there exists a P-system P such that S coincides with the S-system S(P) over 
P. 

Proof. Let P = P(S) = (W, Vs,!) be the canonical P-system over S. We shall show 
that S coincides with S(P). By definition S(P) = (W,f-p), where f-p is defined by the 
equivalence (*) before lemma 3.1. We have to show that for any A, B ~ W A f- B iff 
A f-p B. 

Suppose first that A and B are finite sets and that A = {al>"" am} and that B = 
{b1, .•• ,bn }. By Corollary 4.3. we have: 

A f- B iff (V'x E Vs)(A ~ x -+ X n B t= 0) iff 
(V'x E Vs)((V'a E A)(a E x) -+ (3b E B)(b E x)) iff 
(V'x E Vs)(V'a E A)(x E f(a)) ....... (3b E B)(x E f(b)) iff 
(V'x E Vs)(x E f(al) n ... n f(am ) ....... x E f(b l ) u ... U f(bn )) iff 
f(al) n ... n f(am ) ~ f(b1 ) u ... U f(bn ) iff A f-p B. 
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Now, applying (Fin) and (Mono) we obtain that for arbitrary subsets A and E of W 
we have A f- E iff A f- p E, which ends the proof of the theorem .• 

In a similar way one can prove the following theorem. 
Theorem 4.5. Let S be a T-system (TC-system). Then there exists a P-system P 

such that S coincides with T-system (TC-system) S(P) over P. 
Let us note that the construction of S( P) here is according to the construction described 

in lemma 3.1 (ii) and (iii). 
Theorem 4.6. Let S be a coherent TC-system with unit 1. Then there exists a 

P-system P such that S coincides with the TC-system over P. 
Proof. Let P = (W, Vs, J) be the canonical P-system over S. Since Sis coherent then 

for every a E W we have that {a} f0. Then by theorem 4.2. there exists a prime filter x 
such that {a} ~ x, so a E x. This shows that x E f(a), so f(a) t- 0 for every a E W, which 
shows that P is a coherent P-system. 

We shall show that 1 is an universal element of P. Let x be a prime filter. Since 1 is an 
unit of S we have x f- 1. From here we obtain that x n {1} t- 0, so 1 E x. Hence x E f(1) 
for every x E Vs . Consequently f(l) = Vs , which shows that 1 is an universal element 
of P. Then by lemma 3.1(iv) S(P) is a coherent TC-system with unit 1. The proof that 
S(P) coincides with S is similar to those in theorem 4.4 .• 

The following theorem shows that the example of S-systems, connected with distributive 
lattices is also in a sense characteristic. 

Theorem 4.7. Let S = (W, f-) be an S-system, satisfying the following condition for 
aU a,b E W: 

(Antysimm) if {a} f- {b} and {b} f- {a} then a = b. 
Then there exist a distri bu tive lattice D = (D,:s, O, 1, u, n) wi th zero O and unit 1 and an 
injecti ve function f such that for any two fini te sets A = {al, ... , am} and E = {bl , ... , bn} 
we have 
H A f- E iff f(al) n ... n f(am ) :S f(b l ) U ... U f(bn ). 

Proof. By theorem 4.4 there exists a P-system P = (Ob, Pr, J) such that S coincides 
with the S-system S(P) over P. Take D to be the Boolean algebra of alI subsets of Pr. 
Then (*) is true by the construction of S(P), where n, U are set-theoretical intersection 
and union and :S is set-inclusion ~. It remains to show that f is an injective function. 

Suppose f(a) = f(b). Then we have f(a) ~ f(b) and f(b) ~ f(a). By (*) we have 
{a} f- {b} and {b} f- {a}. This by (Antysimm) implies a = b, which ends the proof .• 

This theorem shows that each S-system, satisfying (Antysimm) can be isomorphically 
embedded in some distributive lattice, even in some Boolean algebra of alI subsets of some 
set. 

5. Information systems in the sense of Pawlak 

By an informat ion system in the sense of Pawlak, PI-system for short, we will mean any 
system ~ = (OE,AT,{V ALa I a E AT},g) where: 

• OE is a nonempty set, whose elements are called objects, 
• AT is a set, whose elements are called attributes, 
• V ALa for each a E AT is a set, whose elements are called values of attribute a, 
• 9 is a total function, called information function, defined in the set OE x AT, which 

assigns to each x E OE and a E AT a set g(x,a) such that g(x,a) ~ V ALa. 
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This definit ion is a slight generalization of the notion of many-valued information system 
given by Pawlak in [3]. When g(x,a) has at most one element for each a ~ AT, then ~ 
is called deterministic PS-system. Deterministic systems were introduced by Pawlak in [2]. 
If alI sets of ~ are finite then ~ is called a finite system. Actually Pawlak's systems are 
always finite. 

To obtain a feeling of the meaning of the above notions suppose that the object x 
is a person, the attribute a is "spoken language" and V ALa={English, French, German, 
Russian}. If x speaks only English then we have g(x,a) = {English}, if x speaks only 
English and Russian then g( x, a) = {English, Russian}. It is possible however for x to 
speak nei ther of the four languages from V ALa. Then g( x, a) = 0. 

Intuitively the elements of some set V ALa can be treated as similar properties collected 
in one set, the common meaning ofwhich is called attribute. The expression A E g(x,a) 
cont ain two pieces of information: "x has the property A" and "A E V ALa". So PI-systems 
can be considered as property systems, in which the properties are grouped into a groups 
called attributes. In this way from one property system we can obtain different PI-systems. 
The following are two special cases. 

Let P = (Ob,Pr,j) be a P-system. Let AT = {a}, V ALa = Pr and for any x E Ob 
g(x,a) = f(x). Then the system ~P' = (Ob,AT, {Pr},g) is a PI-system with only one at­
tribute a, collecting alI properties from Pr. In general, the system '2'.P' is not deterministic. 
The second example gives a deterministic system. Let AT = Pr and for each a E Pr let 
V ALa = {a}. For each x E Ob and a E Pr define g(x, a) = 0 if a ~ f(x) and g(x,a) = {a} 
if a E f( x). Obviously the system '2'.P" = (Ob, AT, {V ALa I a E AT} ,g) thus defined is a 
deterministic PI-system. 

Let '2'. = (OB, AT, {V ALa I a E AT},g) be a PI-system. We can associate to '2'. a P­
system PE = (Ob, Pr, j), called the underlying P-system of '2'., in the following way. Take 
Ob = OB, Pr = U{V ALa I a E AT} and for x E OB f(x) = U{g(x,a) la E AT}. 

We say that the PI-system Sis coherent if the underlying P-system P is coherent, that 
is, for any x E OB there exists a E AT such that g(x, a) =1= 0. 

We say that 1 is an universal element of '2'. if 1 is an universal element of PE, that is, 
U{g(l,a) la E AT} = U{V ALa I a E AT}. 

Now, applying the constructions of lemma 3.1 to P we can define a system S('2'.) =def 

S(Pr,) = (W, r) over '2'., such that W = OB and S('2'.) has a structure of S-system, T­
system, TC-system, and coherent TC-system with unit 1, if Sis a coherent PI-system with 
universal element 1. Then the representation theorems from the preceding section can be 
reformulated now for PI-systems, even for deterministic PI-systems. 

Theorem 5.1. (Representation theorem for S-systems in PI-systems) Let S be an S­
system. Then there exists a (deterministic) PI-system '2'. such that S coincides with the 
S-system S('2'.) over '2'.. 

Proof. Let S = (W,r) be an S-system. By theorem 4.4 there exists a P-system 
P = (Ob, Pr,j) such that S coincides with the S-system S(P) over P. Let '2'. be the PI­
system '2'.P' (or '2'.plI) defined above. Then the underlying P-system PE coincides with P. 
So S(~) = S(PE) = S(P) = S. If we choose '2'. = '2'.P" then '2'. is a deterministic PI-system . 

• 
In the same way one can prove the following two theorems. 
Theorem 5.2. Let S be a T-system (TC-system). Then there exists a (deterministic) 

PI-system '2'. such that S coincides with the T-system (TC-system) S('2'.) over '2',. 

Theorem 5.4. Let S be a coherent TC-system with unit 1. Then there exists a 
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(deterministic) PI-system ~ such that S coincides with the TC-system S(~) over ~. 
If we identify coherent TC-systems with unit with Scott information systems, then 

theorem 5.4 can be considered as a representation theorem for Scott information systems 
in (even deterministic) Pawlak information systems. 
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Abstract. A novel methodology for high performance allocation of processors to tasks 
based on an extension of the rough sets to the novel rough grammar is presented. It com­
bines effectively a globalload balancing with a dynamic task scheduling on a multiprocessor 
machine. Our methodology does not require a priori knowledge about run times of tasks 
and prevents users from manual distribution of job tasks into available processors. The 
production rules are constructible from a concurrent program by a compiler. In order to 
control the flow of tasks and data the set of the rough grammar production rules is up­
dated and rolled in a pipeline fashion through the multiprocessor net during job execution 
together with codes of the processes (tasks). This pipeline fashion of rolling the jobs de­
fines the global job balancing. The rough grammar uses any operators and metrics inside 
its production rules (not only the concatenation). Therefore, it is active and capable of 
driving purposeful processing by demanding software and data on a multiprocessor (e.g., 
MIMD) system. Performance parameters for our dynamic management of tasks are derived 
and compared to a statically scheduled multiprocessor. Based on these parameters, our de­
centralized methodology is shown to attain a much higher performance level. For example, 
the speedup of the order of tenths is easily feasible for an arbitrary algorithm. Moreover, 
the fault tolerance is highly improved with our decentralized strategy. The production rules 
instantiated as a result of a distributed computation at a previous rough grammar graph 
level are kept as permanent checkpoints for the current computation level. More than one 
layer of permanent checkpoints is definable to increase the level of fault tolerance. 

1. Introduction 

One of the most serious problems arising on a distributed system is an uneven migration 
oftasks (e.g., processes) in the net. Some nodes are of ten overloaded postponing execution 
of jobs. Some other nodes may sit idle waiting for requests and thus contributing to an 
inefficiency of a distributed system. 

Most sequentially executed processes sit idle waiting for requests and blocking other jobs 
if full preallocation of nodes to a job for the entire job execution is incorporated. The remedy 
developed in this paper is a reduction of the idle and wait times of nodes to a minimum by 
a dynamic sequencing of alI the tasks in a processor net in a pipeline fashion. In attempting 
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to construct a pipeline, a problem arises with sending the results back from the server to 
the caller residing on a proceeding node. Any wait for the results from longer tasks and 
then resumption may postpone other processes from using the pipeline and thus disrupt 
current tasks computing in the pipeline even if each node supports multiprogramming. 
Furthermore, a server passing a distributed computation in the direction opposite to the 
pipeline may leave some nodes idle in front of the pipeline. 

Any caller's wait on a separate node definitely increases the average job wait time on 
a net. Attempting to keep all nodes busy, we suggest sending the requestor's code to the 
servers followed by returning the requestor's node to the distributed operating system (and 
to a process coming next). Our dynamic task management is the most advantageous when 
the cost of waiting or being blocked is higher than the cost of sending the requestor's code 
to the server. 

Load balancing (as scattered decomposition, nearest neighbor balancing [14) and the 
simulated annealing [1,2) does not involve the casual or semantic relationships between 
tasks (Le., which tasks are dependents of which predecessors) necessary for preallocation 
of appropriate codes and data near predecessors to reduce efficiently the communication 
links, node idleness and task waits to minimum. Load balancing is capable of solving 
temporal overloading of single nodes (Le., only locally). Task scheduling methods (as 
connectivity matrix and the task table (11}) consider fully the program structure, but are 
static and do not aim specifically towards minimization of task waits and communication 
links. Optimal scheduling or bin packing [1,6,12) are centralized, NP-complete and 
as sume a priori knowledge about execution time of each task which are difficult to accept 
for many distributed jobs. The diffusing computation [4) involves the dynamic program 
structure, but does not balance the load and does not minimize waits. The total waits 
of job tasks become significant if the dependents get blocked and may lead to deadlocks. 
Centralized approaches organize effectively globalload balancing but are not acceptable on 
large distributed systems due to communication problems and low fault tolerance. Fully 
decentralized approaches are not appropriate on large systems because of unpredictable 
fluctuations of local loads. A globalload balancing should be incorporated as well to put 
the local loads in a reasonable order. 

Minsky's conjecture [8) summarizes inefficiency of traditional approaches to parallel 
computations using static schedules of tasks: the speedup of a parallel computer is a log­
arithmic function of the number of processors. Though many particular algorithms (espe­
cially embedded on a SIMD architecture) have linear speedup even for 100 processors [10), 
there has not been any general strategy yet showing linear improvement for any arbitrary 
parallel algorithm. Our simulation of a MIMD architecture with static schedules shows its 
speedup degraded significantly even with respect to a uniprocessor system (see Tables 1 -
6). 

Our rough architecture [20) obeys Amdahl's law limiting the speedup S on a parallel 
machine composed of p processors with an algorithm in which a fraction f of tasks is 
inherently sequential. At any two subsequent stages of a distributed system the time Tp of 
execution of a MIMD program having p tasks and thus needing and getting p processors 
equals: Tp = f * Ts + (1 - 1) * Ts/p, where Ts is the time of sequential execution of all the 
tasks in the entire MIMD program; f * Ts is the time of execution of the sequential fraction 
f of tasks of the MIMD job in one of the two stages (Le., before or after the parallel fraction 
(1 - 1) on another stage). The maximum speedup S on a two-stage parallel machine is: 
S = Ts/Tp = l/U + (1- 1)/p). 
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We consider a general case of a multiprocessor system involving two or more stages. 
The speedup in average on our rough architecture is linear (see section 4) as a function of 
the number of tasks executed at any single stage for an arbitrary algorithm. This is because 
a fuU availability of processors for tasks is assumed at each stage of parallel execution and 
the pipelining assures this. Statistical number of tasks is generated in our simulation in 
the range between the minimum and maximum number of tasks at each stage giving the 
average speedup equal to the value S given by Amdahl's law in which p is the average 
number of tasks at the stage (with full availability of processors) and f = O (because 
only one statistically selected stage of processing is considered). The run times of tasks 
(not requited to be known in advance) at any stage and the run times of tasks have been 
generated by a pseudo-random number generator in our simulation and thus reflect any 
possible situation on a distributed system. 

Our methodology will provide a convenient way of configuring and scaling on site for 
any new algorithm or application. Concurrent programs developed elsewhere will become 
portable. High cost of using parallel systems will be significantly reduced. 

Our methodology provides one interesting feature more. In a fauIt tolerant mode each 
caller's code is used as a permanent checkpoint [18J. If one of servers fails, the job is 
resumed from the last permanent checkpoint by calling other servers capable of servicing 
the request. 

After [l1J we assume, that a task (a process, or an operator) is a compact code fragment 
(e.g., a single program statement, a sequence of statements, or a subroutine or function) 
executable sequentially without any inputs insi de it. A schedule of tasks for execution is 
static, if it is prepared by a compiler and is not updated during execution. Otherwise is 
called dynamic. In the static schedules the necessary nodes (processors) are fuUy preallo­
cated to the job tasks before the run time. 

The rough grammar with its ROUGH MATRIX is the main tool for the dynamic man­
agement of tasks and are presented in section 2. Two novel dynamic task management 
approaches using the ROUGH and pipelining are presented in section 3. Section 4 es­
tablishes a significant improvement in the performance parameters of our dynamic task 
management over static task schedulers. 

2. The Rough Grammar for Distributed Management of Processes 

We introduce the rough grammar [16,19,20J as an extension of the rough sets [9J in order to 
increase drasticaIly the efficiency of distributed processing. Let U denote the entire space 
of data (operands), and R be the space of operators (i.e., the available software modules). 
The concept of the approximation space adapted from the rough sets [9J is used here as the 
couple (U, R). The equivalence relations defined for the rough sets are extended here to R, 
and the concept of the universe U is adapted here in whole. High performance distributed 
processing is composed of broadcasts of software modules and data, and then executions, 
aH will be arranged and controlled by the rough grammar. 

DEFINITION 1. An elementary demand for software and data is a couple (X,r), 
X E U, r E R, (X,r) E U x R, consisting of: a) operands (data) X = {Xl,oo,Xi,oo.XN} 

specified by names, types, meanings and their number with specific metrics m(X) (as 
addresses on a disk and memory requirements); b) an operator r (a software module) 
specified by a triple: (i) a name; (ii) a type, meaning and number of formal arguments; (iii) 
metrics m(r). 
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A demand basicalIy results in a broadcast of the code of the operator to a destination 
node, then a request for actual parameters (data), and finalIy the execution and the out­
putting of results. A result (called objecLapproximation) a(X, r) of execution of r on X 
is composed of: a) The lower approximation A(X, r) of the data X (Le., meanings, types 
and number of elements). More specificalIy, the lower approximation defined for the rough 
sets [9,15] must contain the greatest definable set of alI possible results returned by r as far 
as meaning of the results, type and number of the output data is concerned; b) The upper 
approximation A(X, r) (Le., a specific symbolic (semantic) representation S(A(X, r)) and 
numerical values V(A(X, r))). More specificalIy, the upper approximation [9,15] must be 
the least definable set of alI possible output data during processing of X in its prespecified 
domain by appropriate operators (software) from R; c) Metrics m( a(X, r)) of data and soft­
ware modules (Le., addresses and memory requirements). DEFINITIONS 2.a,b,c specified 
below give semantic, quantitative and rough equalities for two demands (X,r) and (Y,r): 

DEFINITION 2.a of the semantic equality == in (U, R): Two results of processing by r 
are equal semantically, if a software module r working on operands X and Y returns the 
same lower approximations. Then we say, that the demands (X, r) and (Y, r) are the same 
semanticalIy: 

(X,r) == (Y,r), if A(X,r) = A(Y,r). (1) 

DEFINITION 2.b. ofthe quantitative equality = in (U, R): Two evaluations by rare equal 
quantitatively if (X, r) and (Y, r) return the same upper approximations (Le., symbolic and 
numeric values): 

(X,r) = (Y,r), if A(X,r) is identical to A(Y,r). (2) 

If (2) is satisfied, the two demands (X, r) and (Y, r) are said to be equal quantitatively. 

DEFINITION 2.c. ofthe rough equality;:::: in (U,R): (X,r);:::: (Y,r) (i.e. (X,r) is 
roughly equal to (Y,r) in (U,R)), if (X,r) and (Y,r) are equal semantically and if the 
output data are within prespecified tolerances: 

(X,r);::::(Y,r), if (X,r) = (Y,r) A (3) 
(1 V(A(X,r)) - V(A(Y,r)) 1 ::; T, if A(X,r), A(Y,r) contain numerical values, 

and S(A(X,r))uS(A(Y,r))<;;;A(X,r), if A(X,r), A(Y,r) involve symbols), 

where T denotes some assumed admissible tolerances for the numerical values returned 
by r, and A(X, r) is a concept (meaning) or a type of the result returned by r. For instance, 
two software modules may give slightly different numerical results within the same meaning 
and a tolerance T, so they are roughly the same. 

DEFINITION 3. Rough set is any collection of approximations a(X, r) in (U, R). 

POSTULATE 1. If (X, rx) == (Y, ry), then there exists a tolerance T such that (X, rx) 
;:::: (Y,ry). 

This postulate is justified by the fact, that a human being classifies two slightly different 
results as carrying the same meaning or a similar name. 

LEMMA 1. The following obvious relations apply for the above three equalities [15]: 

(X,rx) = (Y,ry) ::} (X,rx) == (Y,ry). (4) 



(X,rx) = (Y,ry) =? (X,rx) ~ (Y,ry). 

II (X,rx) ~ (Y,ry), then (X,rx) == (Y,ry). 

AA(X, R) = A(X, R), 

AA(X, R) = A(X, R), 

AA(X, R) = A(X, R), 

AA(X, R) = A(X, R). 

LEMMA 2. The following properties hold true (compare also [9,15]): 

1 I A(X, R) = A(Y, R), 
then A(X,R) = A(Y,R) and (X,R) ~ (Y,R). 

II A(X,R) = 0, then A(X,R) = ° and (X,R) ~ 0, 

where ° is the empty setj 

II (X,rx) == 0, then (X,rx) ~ ° and (X,rx) = O. 

II (X, R) = 0, then A(X, R) = O. 

II (X,rx) ~ (Y,ry), then (X,rx) - (Y,ry) ~ 0, 

where - is the difference of setsj 
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(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

A(X, rx) - A(Y, ry) = 0, il (X, rx) = (Y, ry). (13) 

II A(X, rx) = A(Y, ry), then (X, rx) n (Y, ry) = (X, rx) = (Y, ry). (14) 

II A(X,rx) = A(Y,ry), then (X,rx)U (Y,ry) == (X,rx) == (Y,ry). (15) 

The proofs result directly from DEFINITIONS 2.a,b,c, LEMMA 1 and POSTULATE 
1. The above equations are applicable for finding out which operators can be used in place 
of other ones, and which intermediate results or their copies are equally useful during a 
distributed processing. 

DEFINITION 3. The rough grammar RG = {N,T,P,S} for a distributed computing 
is a quadruple composed of: a) Start symbols S, being input data U for a distributed 
processingj b) Terminals T being approximations A(X,r) or A(X,r) ofsome specific data 
X in U to be returned as a result of some distributed computation in (U, R)j c) Nonterminals 
N, Le., alI the operators R and intermediate results of processing and the start symbolsj 
d) Production rules P (executable on a distributed system) involving both operands U and 
operators ri, ~ E R, (usually different than concatenation). Typical production rules are 
of the single form for a two place operation ~: 

a(Xl ~ X2) ---> objecLapproximation, (16) 
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where a E Ul, A}; Xl, X2 C U. In many cases the operator Q9 may have only one 
operand Xl, or more than two operands. 

For a given input composed of: a) some data (of a rough nature within prespecified 
types, ranges, domains and/or meanings), b) operation (procedure or function) assumed 
by an algorithm, the operation (production of the rough grammar) produces some out put 
as a result of execution. The operation is not necessarily a concatenation of input data 
(or symbols) in S or N. The exact output of the operation is not easily predictable, this is 
whya computer processing is necessary. The rough grammar production rule predicts only 
a rough structure of the output as a type, range, domain and/or meaning of the results 
of processing using an operation. By analogy to simple computer programming concepts, 
the value or address parameters of the operations are the start and non terminal symbols. 
The address parameters are the nonterminals and the terminals, alI specified by types in 
the headings of the modules. The productions of the rough grammar are executions of the 
modules (procedures or functions). 

A more sophisticated elaboration of rough grammar is needed for control of a distributed 
processing. Values 1 in an entire column of the rough matrix (Fig.1) indicate parallel 
predecessors of a node labeled by the right si de of a rough grammar production rule and 
being a column pointer. The left sides of the production rules are the values of the matrix 
column pointer (and are listed in the row above the rough matrix). The predecessors are 
treated as operands and operators providing computation for a JOIN node. Any branch 
condition is also an operator (see Fig. 1). The node uses for its execution the operator and 
the operands received from the predecessors and returns the approximation of the received 
operands. The possible outcomes (right sides of the production rules) are listed as the 
column pointers to the rough matrix. Each outcome (if it is not empty) is applied as a 
predecessor (a row pointer) to the next stage of the parallel processing (compare Fig.1). 
Synchronization is provided by the rough table (Le., by the rough matrix extended by 
metrics of operators and operands): the computation is fired when a full set of the operands 
arrives for the operations of a production rule specified by '1 's of a particular column. A 
few complete sets of '1 's in different columns may fire a few different productions at a time 
in paralIel, e.g., pointed to by column pointers bl or b3 in Fig.1. A sequence of values 1 in 
one row indicates parallel successors for a FORK node, Le., a set of destinations of a single 
operand or an operator. The rough table may be treated not only as a casual schedule of 
tasks, but also as a parallel program. 

Any right side production rule in the rough gram mar graph of a lower-Ievel (e.g., an 
add-rule: (b 2, add, b3 ) --+ CI) can be demanded by the left-side of a higher-Ievel 
rough-grammar rule (e.g., by rooLadd-rule: (co, add, Cl, CI < O) --+ sum). Hy­
potheses can be spread in this way (e.g., as demands for software checking data properties). 
Some practical results of the implementation of the rough grammar in computer vision are 
published in [16,19,20]. 

The folIowing points (a) through (f) describe the differences between the rough grammar 
and the classical grammars: a) Classical Chomsky grammars accept only the operation of 
concatenation on the symbols S and N. The rough grammar accepts any operat ion (arith­
metical, logical and any modules written by programmers including the operation of con­
catenation); b) Chomsky grammar concatenates symbols accepted by its production rules. 
The rough grammar executes operations on symbols and data (including concatenation 
of symbols). The acceptance and execution takes place if the input symbols, appropriate 
operation and out put are specified in a production rule listed as an entry in a rough table 



407 

(Fig.1); c) Start symbols, nonterminals and terminals are not necessarily known in ad­
vance in the rough grammar. Subsequent nonterminals and terminals are computed during 
distributed or sequential processing. Chomsky grammars predict aU results for a given set 
composed of S, N, T and P without necessarily using any sophisticated processing by a 
computer system. Meanings (optional), data structures for inputs and for outputs of op­
erations are only known in the rough grammar, as well as operations for processing given 
by an algorithm and by a programmer. Classical (Chomsky) grammars could be used to 
model computer processing, but because of a possible large variety of start symbols or data, 
unpredictable nonterminals and terminals, too large amount of productions would have to 
be used; d) For unpredictable (i.e., not listed in N or S) variables and start symbols the 
Chomsky grammars faiI. The rough grammar does not necessarily use specific symbols, 
but rather types for the N, S or T and their ranges, domains for data and meanings for 
symbols. By this unpredictable (too specific) inputs are taken care of; e) Roughness (in­
accuracy) of symbols S and N within prespecified type, range, domain and meaning makes 
alI the symbols (including variables carrying data) desired for execution of any operation 
(not only for concatenation) acceptable by the rough grammar. The necessity ofprocessing 
of highly unpredictable and thus rough data (or symbols) makes the rough grammar very 
useful for computer science applications, specifically for high performance distributed pro­
cessing yielding linear improvement and node busyness very close to one what is shown in 
this paper; f) Despite of the above roughness, the rough grammar requires precise specifi­
cation of the operands for execution by using the lower and upper approximations to select 
the most appropriate elements among alI possible symbolic and numeric values of data for 
processing. 

Any production rule (located in the rough grammar graph at a lower-level) can be 
demanded indirectly by a higher-level rough-grammar rule through its right side. Recursive 
demands for computations are spread in this way. AU the productions leading nowhere are 
disregarded by not demanding them. The rough production rule returns NIL, if demands 
cannot be satisfied (e.g., if a datum is missing). Simply, semantics for the right si de of 
the rough grammar rule are checked (i.e., whether it n~flects an expectation, or not). AlI 
the rough grammar graph branches continue until one (in the AN D graph) or aU (in the 
OR graph) values of the operand are NIL or until a terminal T is reached. AlI parents 
getting operands equal to NIL die thereby stopping any further unnecessary derivation. 
Typical formal context-free gram mar terminates at terminal symbols only. Constraining 
alI productions by appropriate operators (e.g., checking some relations on data) permits an 
explicit planning of the productions in the Tun time. Explicit dynamic modification of the 
schedule of tasks is not permitted using the formal context-free grammars. 

The rough grammar is active: its rough table (Fig.1) is suitable to control parallel 
computations by demanding both operators and data and then their executions. The flow 
of the paraUel execution may be affected by explicit conditions listed as operators in the 
production rules. A classical formal grammar production rule is passive: it waits until an 
external procedure makes alI the possible replacements of symbols. The rough grammar is 
also capable of spreading in parallel the demands (to achieve goals) from the graph root 
or updated demands from the grammar graph leaves towards the root in the data-driven 
execution. 
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bo bl b2 b3 Co CI sum sub 
ao 1 

al 1 

a2 1 

a3 1 

a4 1 

as 1 

a6 1 

a7 1 
bo 1 
bl 1 
b2 1 
b3 1 

Co 1 1 

CI 1 1 

CI < O 1 
add 1 1 1 1 1 1 1 

CI> O 1 
sub 1 

Fig.1. A rough matrix (ROUGH TABLE) to control distributed computations. Rows 
represent operators (as add) and operands (as a2, a3). Operators with prespecified operands 
producing expected outcomes (being column pointers) are marked with '1 's in the outcome 
column. Some ofthe rows (operators) can be the branch conditions (e.g., CI < O). Elements 
filled with blanks are irrelevant for the processing. Root of the entire distributed computa­
tion is the entire ROUGH TABLE. The root dependents are the start symbols ofthe rough 
grammar. The start symbols are the operands pointing to a row but not pointing to a col­
umn (e.g., elements ai). The terminal symbols are the column pointers not specified as row 
pointers (e.g., sum, diff). The root may start computations from a terminal symbol (as a 
top-down execution) or from start symbols (in a bottom-up processing). Using the ROUGH 
TABLE in this Figure the following is done: Co = ao + al + a2 + a3; CI = a4 + as + a6 + a7; 
IF CI < O THEN sum = Co + CI; IF CI 2: O THEN sub = Co - CI. Branch (e.g., IF CI < O 
THEN ... ) is represented by an operation in a row entry which needs to return TRUE to 
fire an entire column of 1s the branch belongs to 

The rough grammar can spread distributed computations in a systematic fashion: a) 
as a data driven execution (requests for software when some data become available); b) as 
a demand - driven (top-down) broadcast of codes for data; c) as a demand for both data 
and codes for a required production rule of the rough grammar. This demand broadcast 
for data and codes in one selected direction of a processor net gains the pipeline-like global 
oad balancing. 

Our rough grammar demanding data and codes is dynamic: its production rules (listing 
operators (e.g., procedures and functions) and their operands) can be created or deleted at 
the run time. Each production rule may be seen to correspond to a task and its operands in 
the Gonzalez' and Ramamoorthy's [11] task table. The main difference is, that production 
rules of the rough grammar are passed with acknowledged requests for service together 
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with the predecessor's code to the servers in one prespecified direction of the net making 
the execution similar to a pipeline. The codes and data demanded at a current moment 
are swapped by servers or by predecessors for direct use making the distributed system 
relatively free from waits and from idle subspaces of net, by this purposeful and entirely 
dynamic. 

The rough grammar is capable of exploiting directly its knowledge (e.g., metrics and 
meanings of operands [18]) for a parallel search of the necessary data and for the most 
appropriate software during a distributed processing. The demands are composed of some 
global information concerning data to be processed (as data types (formats and size of 
strings) and their locations, and data meanings), specification of the operators (as names 
and their locations) to be used for the processing of the data, their compatibilities and 
memory characteristics. The receiver of a demand will identify the readiness ofthe requested 
code and data (e.g., their names, types and addresses) and will schedule them for transfer 
to the destination address. Every demand may need to wait for a code (if the code does 
not already exist in a processor memory) and for data. Receiving or having the requested 
code, a target processor can polI the predecessor for the values of the operands matching 
formal specification of the required data types and the data meanings (optionally). Failing 
to get the expected code or data, a new demand can be formed (as a top-down request), 
modified by recent responses (Le., by a full metrics of the recently received code or data). 

Each demand (calI) for software or for data can be made by a predecessor through a 
message containing a name of the operation L1.(r) or a name of operation together with 
operand types L1.(X, r), e.g., through a pattern that must match specification of library 
software or data with types, meanings (optional) and numbers of formal parameters needed 
for the next stage of distributed execution. So, the rough grammar graph (representing a 
computation process) can be activated through a mechanism similar to pattern matching. 
Then, the demanded code and data must be swapped into the allocated processor. Full 
preallocation of nodes for entire job is not required. 

THEOREM 1. The rough grammar is context-sensitive. 
P ROO F. It will be shown that productions of the rough grammar are not applied merely 
to one of the symbols at a time (as in the context free grammars) and that it matters what 
its neighbors are (this is why we call the grammar like this the context sensitive grammar 
[3]). We will use modus ponens method of proof: (p,p ...... q) , where p is the proposition: "it 

q 
matters what are the neighbors of non terminal symbols of a grammar" , and q is: "the 
grammar is context sensitive". By definition, the neighbors of an operator (a nonterminal 
symbol) are the operands. The production is processed using an operator and returns a 
specific approximation depending not only on the current operands but also on their values. 
Hence, the production (as (16)) is applied to more than to one symbol (e.g., operator) at 
a time: to an operator and its operands. So, it matters what are the neighbors of symbols 
such as the operators, and therefore the rough grammar is context sensitive. In particular, 
the derivation can be stopped by a NIL of an expected actual parameter necessary for 
execution (e.g., by the operand absence or by wrong operand type). Hence, the derivation 
is sensitive to the context: to the presence, to the values, meanings and type of operands 
listed on the left side of the production rule. O 

Any context-free grammar cannot stop derivation of a string of symbols when failing 
to find one of necessary string components. Context-free grammar productions are not 
affected by the absence, value or wrong type of a neighbor in a string [3]. 
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In a context - free grammar a unit production is a production NI ~ N2, where NI 
and N2 are nonterminaJs. Two productions NI ~ N2 and N2 --+ N3 I N4 I ... I Nn 
are reducible to one production: NI --+ N3 I N4 I ... I Nn, where N2 ~ N3 I N4 
I . . . I N n is not a unit production. A unit production is eliminated in this way in the 
context- free grammar [3]. This is because unit productions in a context - free grammar 
are strictly deterministic. It is purposeful to get rid of any unit productions in a grammar 
to reduce the number of computations to a minimum by trying to reach immediately a 
non-unit production. 

THEOREM 2. The rough grammar unit productions of the single form: 
a(xl 181 X2) --+ objecLapproximation are not eliminative. 

P ROO F (by contradiction). Let us assume a chain of a few unit productions. Suppose, 
depending on a current operand value, one of two different operands of the operation listed 
on the left side of one of the unit productions (16) is returned. Now let us eliminate this 
unit - production. The remaining chain is now unable to determine the right value to be 
passed to the subsequent production rule, because the operator computing the value is 
dropped, thereby contradicting the possibility of elimination of the unit production rule of 
the rough grammar. Furthermore, the derivation would not be stopped by the value NIL 
or by a wrong type of one of the previously used operands (by virtue of THEOREM 1) 
which would lead to meaningless outcomes of processing (e.g., to a false representations of 
a reality given by data). O 

ASSUMPTION 1. The operators used for distributed computations are associative, Le.: 

where: Xl U X2 U X3 cU; XI, X2, X3 are data or rough approximations of the intermediate 
results of computations, and 1811, 1812, 1813 are operators. 

THEOREM 3. Any context-sensitive rough grammar production with the left side repre­
sented by the compound form: 

a(Xl 1811 X2 ... ®N-l XN) --+ objecLapproximation (18) 

is representable by a set of single form productions executable sequentially. 
P ROO F. Let ak denote a rough approximation of some intermediate results of a computa­
tion. Taking advantage of the assumed associativity, the compound form can be evaluated 
sequentially from the left (top) to the right (bottom): 

O 

a(Xl 1811 X2) --+ al 

a(al 1812 X3) ---> a2 

a(aN-2 ®N-l XN) ~ object...approximation (19) 

THEOREM 4. Any context-sensitive rough grammar production with the left side repre­
sented by a compound form (18) is representable by a parallel structure and executable by 
a parallel algorithm of the complexity O(lo92N) . 
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PROOF. Taking advantage ofthe associativity (ASSUMPTION 1), the original compound 
production (18) involving N == 2n operands (and N - 1 operations) can be rewritten as 
(Fig.7): 

o. 

STEP 1 : 

a(Xl (91 X2) al 

a(X3 (93 X4) --+ a2 

a(XN-l (9N-l XN) --+ aN/2; 
STEP 2: 

a(al (92Xl a2) --+ a2 
1 

a(al (92x2 a2) a~ 

a(aN/2_l (9N-2 aN/2) a2 . 
N/4' 

ST EP n == log2N : 

a( a~-l (9 N/2 a~-l) --+ objecLapproximation == an (20) 

THEOREM 5. Any rough grammar language can be generated by the productions of the 
single form: a(xl (9 X2) --+ objecLapproximation. 

The proof results directly from the last two T H EO RE M S 3 and 4. The rough language 
over the rough grammar is the set of aU the object approximations generated from data (or 
nonterminals) by operators as a result of parallel or sequential computations. THEOREMS 
4 and 3 define applicability of the rough grammar production rules to a more complex 
distributed ar sequential processing. 

THEOREM 6. The Chomsky Normal Form (CNF) for the context-free grammars: 

1. nonterminal --+ string of two nonterminals 

2. nonterminal --+ one terminal 

can be replaced by the single form of the rough grammar rule: 
a(xl <21 X2) --+ objecLapproximation.-
P ROO F. The rough grammar (as a context sensitive grammar) involves the context-free 
grammar (CFG), so, the rough grammar single form (16) is powerful enough. Replacing 
the (9 in the single form by the concatenation, using only nonterminals in the a(xl (9 X2) 
--+ objecLapproximation and ignaring any problems with approximation (i.e., discarding 
a and parentheses on the left si de of the single form (16)) we get immediately the reverse 
of the first statement of the CNF. Having only one terminal to be used on the left side 
of the rule: a(xl <21 X2) --+ objecLapproximation without any need to involve the 
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approximation a, having no necessity to incorporate any operation we get the reverse of 
the second statement of the CNF. O. 

THEOREM 6 shows formally higher generality of the rough grammar production rule 
(16) over the CNF. On a distributed architecture the rough grammar production rule is more 
useful, primarily because the concatenation used in CNF does not demand any operators 
nor is capable to spread the demands and data along the grammar graph. 

3. ROUGH TABLE for Dynamic Task Management 

Let us consider now our decentralized control of a distributed execution by rolling the 
entire code and the rough table. The rough grammar graph is not mapped statically into 
the processor net. The codes of aU processes and the ROUGH TABLE are transferred 
through the processor net in one prespecified direction. The nodes to receive the codes and 
the ROUGH TABLE, especially the JOIN nodes, are scheduled by predecessors at each 
parallel computation stage and are specified in the ROUGH TABLE. Parallel processes 
update only their ROUGH TABLE fragments. The JOIN node (compare any column with 
1s in Fig.1) must merge the updated segments of the ROUGH TABLE received from the 
parallel branches. The entire code and ROUGH TABLE can be divided at a FORK node 
according to the processes executed by the parallel branches (e.g., compare a FORK node 
with ca having more than one 1 in its row in Fig.1). Only the codes and the ROUGH TABLE 
fragments pertinent to the branch nodes can be passed through the FORK branches. The 
major codes (not required currently for some immediate FORK successors) and the ROUGH 
TABLE fragments corresponding to the processes different from the current (immediate) 
parallel FORK path can be sent through the shortest path to a destination JOIN node. 

The properties of this dynamic distributed task control are as follows: a) The organi­
zation is very time effective if process (task) execution time is longer in average than the 
average time of code transfer. If a bus is not used for code transfer (because of a high bus 
contention), each successor code (and by this the major cade) must be passed by direct 
links sooner or later and then the effect of pipelining is overwhelming because of eliminating 
waits and idle times; b) There is no excessive contention for the ROUGH TABLE, because 
the ROUGH TABLE is distributed and each paraUel process has a copy of the ROUGH 
TABLE (in case the ROUGH TABLE is not split into parallel branches of a processor net). 
After complet ing a current process, updating and transferring the ROUGH TABLE, the 
node (processor) may be returned to the operating system and marked free; c) A ROUGH 
TABLE update code can be kept permanently with each processor node; d) The ROUGH 
TABLE is easily accessible asynchronously and can be updated by predecessor when the 
successor is starting to execute its process. Assuming, that a process execution is longer 
than the ROUGH TABLE update, the updated table can be sent by DMA to the successor 
before the successor process completion. 

Advantages of rolling the entire code are as follows: a) An extremely high fault­
tolerant architecture is achieved if direct predecessors are not set free immediately after 
their completion but are kept inactive with their codes for some time as checkpoints for 
quick fault or deadlock recovery. During a recovery the process net is ready to resume 
immediately, without any additional code transfers, from the processor node preceding the 
faulted node [18,20); b) Global pipeline-like load balancing during execution is important 
in preventing migration of codes and the ROUGH TABLE in any direction through the 
entire multiprocessor net and considerably improves the distributed system performance 
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(see section 4); c) The ROUGH TABLE update can be done without any delay, because 
the ROUGH TABLE is kept together with each currently executing process and the update 
request does not need to be sent to the host through many links nor through a common 
bus (usualIy very busy); d) The net is deadlock [17] free, since the processors required for 
the entire job are only the dependent (immediate) nodes and are fully preallocated by a 
dynamic pipeline manner of execution. 

There are also disadvantages: a) Entire jobs are transferred, including ROUGH TA­
BLES. Fortunately, the DMA is advantageous in that problem, and if a bus is not in cor­
porated, alI the transfers of codes must take place through direct links between processors 
sooner or later; b) Job size should basicalIy be smaller than the size of the smallest private 
storage at each node. To remedy this, the job may be split into pages, or predecessor code 
and its successor code are to be kept on at least two nodes, but then fault tolerance may 
be affected. Enormous private memory space may be required. However, private memories 
are becoming inexpensive. 

Another possibility is a direct rolling of the ROUGH TABLES only. The root node (or 
host) gets only the main code. Any subsequent successor gets its own code upon request 
sent by its predecessor (based on the ROUGH TABLE) either at the time the predecessor 
terminates its process in a lazy swapper mode or at the time the predecessor starts to 
run its process in the preallocation mode since alI the successors become known to the 
predecessor immediately. Any code is received from the main memory or from the disk 
(e.g., through a bus). Each predecessor node handles: a) the entire ROUGH TABLE (if 
the predecessor does not execute its process in parallei with other nodes); b) or only a 
ROUGH TABLE fragment pertinent to its current process (if another process executes in 
parallei in a shorter branch). 

Advantages of rolling the ROUGH TABLE only are as folIows: a) Only the codes 
scheduled for current or for the folIowing execution are transferred through direct links; b) 
A global dynamic load balancing guiding selection of successor processors is accomplished 
by rolling alI the ROUGH TABLES in one selected direction in the net in a pipeline man­
ner, improving thus significantly the performance parameters. Predecessors may be freed 
immediately after allocating a new nodes to the successor processes (the successor's codes 
are then transferred immediately), after own process complet ion and updating the ROUGH 
TABLE and after passing the ROUGH TABLE to the successor, thereby reducing idle times 
of nodes and waits of tasks; c) There is highly increased fault- tolerance by keeping the 
updated codes as checkpoints in private memories over a limited time or by keeping the 
checkpoints in a main storage; d) The approach is effective for the code transfer by a 
bus. Direct links between processors require several intermediate transfers from a disk; e) 
Deadlock freeness. 

Disadvantages are as folIows: a) Smaller reliability when compared with the rolling of 
the entire jobs, as seen, for example, in the case of a fault of central storage of the job code 
or a fault of the bus; b) There is deadlock proneness if the predecessor nodes wait a very 
short time for execution limited to an assumed extent of diffusing computation. However, 
after receiving partial results the predecessor codes are moved forward to the dependent 
nodes reducing significantly the possibility of a deadlock. A remedy is a deadlock detection 
and recovery [17]. 
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4. Simulat ion and Results 

The performaJlce of MIMD computations on our distributed rough architecture has been 
estimated by a simulation. The performance parameters such as mean and average alIo­
cation time, node busyness, speedup and improvement have been evaluated. The program 
sets the number MaxStageCard of tasks to its smallest initial value at the beginning of 
the simulation. A pseudo-number generator generates the number of tasks for subsequent 
stages of the simulation between 2 and MaxStageCard. Simulation iterations are performed 
for various values of RoughTableOverhead associated with handling the rough tables by ev­
ery task. The duration of each stage is set to time in which the desired QuantumFraction 
fraction of tasks complete their execution. A few different fractions QuantumFraction are 
set for each rough table overhead. Run time of tasks generated for each number of tasks 
CardOfStage[stage] at a current stage are collected in the arrays StageTasks and Stage­
TaskRunTime. StageTasks colIects durations of alI tasks originalIy generated, and Stage­
TaskRunTime includes also alI tasks suspended by the QuantumFraction at the previous 
stage and passed forward to the next stage of distributed execution in the pipeline. 

A procedure Process_Optimal sorts alI tasks coming for a current stage according the 
their durations. The number of tasks completed within assumed QuantumFraction are 
computed. The number of tasks completed is set to one if the number TasksCompleted 
(within the QuantumFraction) is smaller than one (this is to consider stages with very 
small number of parallel tasks). The sum of run times of alI tasks completed within the 
QuantumFraction is determined and alI the tasks whose run time exceed the Quantum are 
collected in the StageTaskRunTime and passed to the next stage. 

The performance parameters: allocation time, node busyness and speedup have been 
computed (see Tables 1 - 6) for: a) A classical static schedule (marked with 'stat') when 
the nodes must be allocated for alI the tasks before the run time; b) Our decentralized task 
scheduling (marked with 'diff') in which static preallocation is not needed but waiLfactor 
of nodes wait until their requests are serviced [20]; c) The entirely dynamic control of 
execution (marked with 'dyn') in which alI the tasks are rolled in one direction of the net 
of processors and the shortest tasks must wait until the longest task complete execution at 
each stage [20]. Overhead associated with handling the rough table is neglected; d) The 
entirely dynamic execution (marked with 'opt') in which alI tasks are rolled in one direction 
in the pipeline manner. The tasks are moved to the next stage when the Quantum set by 
the QuantumFraction expires. Overhead associated with the rough table is considered (see 
Tables 1 - 6). 

5. Conclusions 

AlI the performance parameters have been shown to be at least a few orders higher compared 
to classical static schedules. The improvement is linear at any stage of any distributed 
algorithm, both on a SIMD or MIMD architecture. AHocation time is increased when 
rough control overhead is involved, however, the busyness is also highly increased. The 
linear improvement at subsequent stages is achieved because of keeping busyness aH the 
time very close to 1. 

Linearity of the improvement makes the rough architecture relatively predictable: for 
a given deadline it becomes basicalIy necessary to divide the sequential average run time 
Ts of alI tasks at an average stage by the speedup and multiply the result by the number 



TABLE 1: Simulation of mean performance parameters. Rough Table Overhead 208. 
Quanturn is set ta time in which the fraction 0.1 of tasks complete. 

S. W. Opt Task Allocation time: Node busyness: 
ne f. S c card stat dl.ff dvn opt stat diff dyn 
1 10. O 177 52.2 687186 1027 521 2600 0.0008 0.51 0.51 
2 0.0 176 45.2 594525 1027 530 2599 0.0009 0.52 0.52 
1 0.2 176 46.1 607264 1027 522 2595 0.0009 0.51 0.51 
2 0.2 176 50.7 668216 1028 525 2601 0.0008 0.51 0.51 

Task durat ion is between 1 and 1048. 
Preallocation Failure Slope for static scheduling = 0.1. 
S.no means simulation number; W.f. is the wait factor; 
S c is the count of stages in optimal simulation. 

TABLE 2. 
the wait 

W. Task 
f. card stat stat 

0.0 48.7 640855 0.001 
0.2 48.4 637740 0.001 

opt 
0.99 
0.99 
0.99 
0.99 

S p e e 
stat diff 

0.040 26.84 
0.041 23.92 
0.040 23.72 
0.040 26.24 

d u p: 
dyn 

26.8 
23.9 
23.7 
26.2 

TABLE 3: Simulation of mean performance parameters. Rough Table OVerhead 208. 
Quantum is set to time in which the fraction O 4 of tasks complete 

S. W. Opt Task Allocation time: Node busyness: S p e e d u p: 
ne f. S c card stat diff dyn opt stat diff dvn opt stat diff dvn 
1 10. O 138 46.2 608945 1028 529 1052 0.0009 0.51 0.51 0.89 0.041 24.13 24.1 
2 ~.O 138 45.9 604678 1027 525 1048 0.0009 0.51 0.51 0.89 0.040 23.81 23.8 
1 0.2 139 50.9 672650 1030 524 1046 0.0008 0.51 0.51 0.89 0.040 26.36 26.4 
2 0.2 136 50.7 666302 1025 522 1043 0.0008 0.51 0.51 0.89 0.040 26.23 26.2 

TABLE 4. 
the wait 

W. Task 
f. card stat 

0.0 46.1 0.001 
0.2 50.8 0.001 

TABLE 5: Simulat ion of mean performance parameters. Rough Table Overhead 208. 
Quantum is set ta time in which the fraction 1.0 of tasks complete. 

S. W. Opt Task Allocation time: Node busyness: S p e e d u p: 
ne f. S c card stat diff dvn oot stat dl.ff dvn opt stat diff dyn 
1 10. O 128 50.1 660408 1028 532 740 0.0008 0.52 0.52 0.60 0.041 26.62 26.6 
2 10.0 128 49.7 655751 1030 523 731 0.0008 0.51 0.51 0.59 0.040 25.51 25.5 
1 10.2 128 47.4 622656 1024 520 728 0.0008 0.51 0.51 0.59 0.041 24.63 24.6 
2 10.2 128 46.6 613892 1027 520 728 0.0008 0.51 0.51 0.59 0.041 24.28 24.3 

TABLE 6. value of 
the wait 
w. Task 
f. card stat stat 

0.0 49.9 658079 0.001 
0.2 47.0 618274 0.001 

415 

opt 
77.3 
68.5 
68.9 
76.2 

opt 
50.1 
49.6 
54.4 
55.1 

opt 
22.0 
21.2 
20.4 
20.1 
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of parallel stages (assuming an unlimited amount of processors at each stage of parallel 
execution). To the above result the difference between the run time of the longest tasks 
moved to the last stage and the quantum of the last stage must be added. If the deadline 
is not met, the run times must be reduced by using fast er processors , because it is not 
possible to run the tasks faster. 

The above results are significant because linear improvement has been obtained up to 
now only for some specific algorithms. Static schedules are still in use making parallel 
computers cost ineffective. Static schedules for arbitrary algorithms makes the MIMD 
architectures much less cost effective than on a sequential machine (speedup is degraded 
much below 1, see Tables 1 and 2). 

Fig. 2 shows improvement of our rough computer which is linear independently of the 
overhead associated with handling of the rough tables (for higher overheads the improve­
ment is smaller but stilliinear). 

speedup 
400 .---~----~--~--------~--------~------------~ 

350 

300 

250 

200 

·· .· .. ) ... · ........... . i .. · ....... · ..... .;. ......... ,.- , .......... j ... . ....... . 

..... ·.·4.·· .... , ........ ; ............ , ... ~ ..... , ... . 
-4- overhead' O 

-- overhead' 62 

--G- overhead' 104 

overhead • 208 
150 .. . . i 
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5: i-__ ~~~~~~~~~~r====r::~=···:· · ·:· ··=···l··~·· :·· ~··:····~~ 
o 5 10 15 20 25 30 35 40 45 50 

average task cardinality 

Fig. 2. Linear improvement at an arbitrary stage of a distributed system achieved for 
different overheads associated with handling of the rough table 

Our decentralized task scheduling eliminates the idle times of nodes by allocation of the 
processors in one selected direction of the net to currently executing parallel processes or to 
processes expected to run immediately (i.e., by pipelining the distributed MIMD computa­
tion in the net). It also eliminates the wait times of processes by passing the predecessor's 
code to the dependents and returning the predecessor's node to the next jobs. By this it 
improves significantly the multiprocessor system speedup and other performance parame­
ters over the existing approaches (as scattered decomposition , nearest neighbor balancing, 
simulated annealing, connectivity matrix and task tables J. 

In both approaches to the control of distributed execution high contention for the host 
is eliminated: the host only dispatches the new jobs. Ali jobs migrate in only one direction 
of the net and the globalload balancing is the pipelining which is manageable dynamically 
by the ROUGH TABLES. Each processor memory can be split into a number of frames 
to better fit each process locality in a case of having a process code longer than processor 
private memory capacity. Nodes are allocated only in the direction of the rolling of the 
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jobs (e.g., using scattered decomposition for the nearest nodes). A simulation shows that 
our approach gains a considerable improvement in typical performance parameters over a 
static multiprocessor task scheduling. Higher linear improvement is achieved by allocating 
the next nodes for a smaller quantum (e.g., equal to the time when 10% of tasks complete 
their execution) and passing all the tasks forward when the quantum expires. Jobs may be 
rolled around a multiple interconnected ring net more than once to complete. 

The ROUGH TABLE provides coordination between tasks during execution. Branches 
of the rough grammar can be traced back using the production rules if a re-schedule is 
needed. Parallel tasks will meet at some JOIN node specified in the ROUGH TABLE. 
Each predecessor code is basically sent with the request and the ROUGH TABLE fragment. 
Pipelining and synchronization between tasks are enabled in this way. 

Not only performance parameters are highly improved in our approach. Fault tolerance 
of our decentralized task scheduling is shown to be much better than for static schedules 
[18]. 
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Abstract. The bottle-neck of manual knowledge-acquisition is a major obstacle for knowl­
edge representation. The research described in this paper addresses this problem by sug­
gesting a method for learning knowledge from a database. We attempt to improve represen­
tation with the assistance of experts and from computer resident knowledge. We describe 
the knowledge representation in the framework of a conceptual schema consisting of a se­
mantic model and an event model. In these models a concept classifies a domain into 
different sub-domains. As a method of knowledge acquisition, we apply inductive learning 
techniques for rule generation. The theory of Rough Sets is used in designing the learning 
algorithm. Examples of certain concepts are used to induce general specifications of the 
concepts called classification rules. The basic approach here is to partition the informat ion 
into equivalence classes, and derive conclusions based on equivalence relations. In a sense 
we are involved in a data-reduction process, where we want to reduce a large database 
of information to a small number of rules describing the domain. This is a completely 
integrated approach that includes user interface, semantics, constraints, representation of 
temporal events, induction, etc. 

1. Introduction 

1.1 Motivation 

The main subject of this research is knowledge-acquisition and -representation. In essence, 
the objective is to develop the theoretical and practical background to be able to manage 
the problem of capturing and representing knowledge about a particular subject domain. 
This is a very practical problem faced by the designer of every Information System(IS). 
Questions related to this problem are: 

© 1991 IEEE. Reprinted, with permission, from IEEE Transactions on Knowledge and Data Engineering, VoI. 3, 
No. 3, pp. 293-306, September 1991. 
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1. How to represent the experience and background of an expert as closely as possible 
to the real world by means of system attributes. 

2. How to acquire knowledge in a systematic way, translate it into rules that can be 
utilized by the system, and aggregate these rules with the existing knowledge in a 
manner that is consistent with the existing knowledge base. 

We acknowledge that not alI of the difficulties of developing an information system will be 
eliminated by knowledge acquisition or representation. Further, some of the difficulties will 
be shifted from knowledge acquisition to knowledge representation and vice versa. With the 
growing complexity of today's knowledge based systems this task is becoming more difficult 
even for the designers themselves particularly because of the lack of knowledge of specific 
application. For instance the size of facts in a relational database can increase rapidly after 
a short time. A lot of information can be stored in duplicated form or even as irrelevant. 
As a consequence the system performance will decrease. We have also realized that most 
knowledge representation techniques are not suited for knowledge acquisition in machi ne 
learning and vice versa. 

Learning is one of the most important characteristics of human and machine intelligence. 
Learning techniques have improved significantly in the last years [15). Clearly, it is advanta­
geous to apply those results in the design of database systems. By learning from databases, 
knowledge rules can be extracted from the large amount of data and replace substantial 
portions of data. 

Therefore the main subject ofthis research is the integration of the knowledge representation 
and acquisition processes into a unique framework. In particular we want to enhance the 
knowledge acquisition capabilities by adding a learning component. 

Generally, the solution to these problems can be provided by the following: 

1. Representing the information needs of an enterprise in a conceptual schema that covers 
both static and dynamic aspects of the information. A data model like semantic net 
represents the former whereas an event model represents the latter. 

2. Acquiring knowledge through a learning component that enables the system to ex­
tract knowledge from experiments or sample expert decisions. Inductive learning 
techniques like probability and Rough Sets theory can be used for this purpose. These 
techniques adopt the machine learning paradigm "Learning By Examples" and apply 
an attribute-oriented representation in the learning-process. 

We consider these closely related disciplines when we design a (new) conceptual schema. In 
the case the system already existsj for example a relational database model, and we want to 
enhance the knowledge acquisition capability by extending it with a learning component, 
the additional task will be mapping the conceptual model to the relational database model 
[16,11). 
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1.2 Goals 

The goal of this research project is to design an intelligent tool for assisting the expert to 
transfer his knowledge to a system. Once the information system has been generated by the 
expert, it can be used by an end-user. Here, we define a knowledge engineer as an expert 
in the field of information system design. He is knowledgeable in computer science. On the 
other hand, the expert is a specialist in the application domain and not necessarily familiar 
with computer science. Once the system is operating, the end user can use the information 
by quering the system or adding new facts into the knowledge base. 

This research is dictated by the following specific objectives. 

• Specifying the information needs of an enterprise in a Conceptual Schema comprising 
a semantic model and an event model. 

The semantic model provides a set of semantic constructs. By means of these con­
structs the objects of the real world can be described by a set of attributes, and 
classified into several mutually exclusive and exhaustive classes. We construct the 
classes in the form of a semantic network with related integrity cOllstraints. The 
defined schema has the capability to serve as knowledge representation. Here, an ex­
ample is a description of a possibly unclassified member of the class. A classification 
rule predicts to which class an example might belong. The descriptions are in the 
form of logical expressions or production rules. 

The event model describes the behavior of the system. The vast majority of processes 
in nature exhibit dynamical behavior, i.e. they change over time. We propose a 
method of learning the behavior of such systems from examples. This model can be 
used to controlor predict dynamical systems. 

• Incorporating a learning component that enables the system to extract knowledge 
automatically or interactively. The source of knowledge acquisition is human experts 
or an information base of an existing system. We use the inductive learning techniques 
based on the Rough Sets theory for rule generation. This method like, any other 
empirical learning system, induces a rule from pre-classified examples. In general, 
many examples are required to generate rule(s). Providing a large amount of test 
examples to the system is not always easy. To overcome this drawback we connect 
the learning component to an existing database to gather the necessary information. 

• In contrast to the conventional machine learning systems which generate rules during 
the design time of the knowledge base system, we propose generation of rules during 
the operation of the system so-called "accumulative learning" . 

In this paper we refrain from convincing that the conceptual schema presented is a useful 
tool for knowledge representation. We also refrain from the justification of Rough Set 
theory as a computationally good learning algorithm. Here we extend these techniques and 
apply them in knowledge base design. The major challenge for this research is to modify or 
redefine the above methods in such a way that they fit to each other and show how these 
techniques can be integrated in one unique system. 
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This paper is organized as folIows. Having defined the terms used in this section we present 
the conceptual schema in section 2. Thereafter, we introduce the learning algorithm in 
section 3. In section 4, we illustrate the purposed system architecture. In section 5, we 
provide a summary of the features of this design and briefly touch upon some related work. 

1.3. Accumulative Learning 

By our definition, an accumulative learning system is one which improves performance while 
it is actualIy operating. The system must contain some initial information to begin. The 
system exhibits four main characteristics. 

1. The capability of modifying its behavior on the basis either of its mistakes or its 
successes. 

2. The capability of evaluating its results on the basis of its previous solutions. 

3. The capability of identifying the action that leads to success and assigning credit to 
it. 

4. The capability ofmodifying its knowledge itself or suggesting to the expert the possible 
modification. 

1.4 EXIS 

EXIS derives from an expert system for an information system design. We use the gen­
eral term information system which refers to a knowledge base system, an expert system, 
database system, or a deductive database system. AlI these systems maintain rules which 
usualIy can be regarded as knowledge, expertise or integrity constraints. They are specified 
at the conceptuallevel by a model such as a relational or semantic model. EXIS generates 
a conceptual schema consisting of a semantic and event models for covering the static and 
dynamic aspects of the application. EXIS assists the knowledge engineer by design such a 
schema and provides an efficient way of extracting knowledge rules from the existing base. 
Therefore we refer to EXIS as a type of expert system that simulates the function of a 
Knowledge Engineer. 

This approach is characterized by the architecture illustrated in Figure 7. In this paper we 
are mainly concerned with the learning aspects of the system. 

2. Knowledge Representation 

2.1 The Conceptual Schema 

What is a conceptual schema? 
The starting-point for design of a knowledge base system is some abstract and general 
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description of the part of the uni verse which is to be represented by information in the 
knowledge base. This part of the universe is of ten called the Universe of Discourse (U of 
D). The abstract description is called a conceptual schema. It also serves as a specification 
of knowledge. 

2.2 Semantic Model 

The semantic network presented hereafter contains most structure like classification, gen­
eralization, and aggregation. There are several integrity constraints related to these con­
structs. These constraints contribute to a more precise definition of the concepts. We 
distinguish the folIowing constraints: 

Schema constraints 
are those constraints that maintain integrity of the schema regardless of the particular ap­
plication. For example, the following constraints force the principle of attribute inheritance. 

" A sub-class and its super-class may not both own an attribute with the same name. 
Otherwise, one cannot distinguish whether it is an attribute of a super class or sub-class". 

These constraints are specified in a "Meta Schema" and are not visible to the expert or 
end-user (for more detail please refer to [21]). 

Application constraints 
are those constraints that express the integrity of the application. They are regarded as 
user constraints for example: 

" AU employees must be older than 18 ". 

This kind of constraint is specified or modified by the expert and will be taken into account 
when the end user queries the system. 

Useful constraints 
These are rules that may be true in the current state of the database. An example of such 
a derived rule is: 

" AlI students take eS100 course ". 

This constraint may not be true for an other day. However, it may be useful to take 
advantage of it as long as it is true. 

For each type of constraint we use the with operator to express a set of constraints asso­
ciated with each concept. The with operator is an option and can be omitted if there are 
no constraints. We use the predicate calculus as a specification language to introduce the 
constructs of the schema. 
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2.2.1. Constructs of selllantic Illodel 

Classification of entities 
An entity is a thing which can be distinctly identified. Objects of the real world with 
similar qualities can be grouped into entity classes. Entities may have properties to which 
we refer as attributes. We specify the entity-class in predicate logic as a predicate and the 
attributes of the entity-class as arguments to the predicate in the form: 

We define the entity-class by using the following notation: 

class-name(Unique-identifier, A ttribute-list) with constraint-list 

In general form: Ee with 4> 

el,' .. ,en E Ee are n entities that belong to entity class Ee with a set of 4>1,' .. ,4>m E 4> 
constraints. 

For example, the entity class employee can be defined by the six- argument predicate: 

employee(Ssn, Employ#, Status, Oftice, Category, Salary) with Salary 2 22T 

Where the first argument is used as a key of the relation. 

:3 x [Employ#(x)=2910, Status(x)=single, Oftice(x)=ER52, Category(x) = prof, Salary(x) 
= 35T]. 

Declaration 
The arguments of attributes are associated with their types or with a domain by the pred­
icate dom. For example, if we consider the attribute Age and Birthplace. The domain can 
be defined as 

dom(Age, [1...100] ), 
dom(Birthplace, [FRG, Canada, USA]), 
dom(Ontario, [Ottawa, Toronto]), 
dom(Hessen, [Frankfurt, Darmstadt]), dom(Michigan, [Detroit, Dearborn]). 

The predicate represents a taxonomy of values in an attribute domain, which can be orga­
nized in a hierarchical form as: 

Birthplace FRG Hessen Frankfurt 
Darmstadt 

Canada Ontario Toronto 
Ottawa 

USA Michigan Detroit 
Dearborn 
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Such information can be represented by an implication 

dom(Birthplace = frg) => dom(frg = [hessen, .. ]) => dom(hessen = [frankfurt, darmstadt, .. ]) 

The transivity of the above relation can be defined as: 

Vx, y, z(dom(x, y)&dom(y, z)) -> dom(x, z) 

Association 
Association accounts for the binary relationship between two entity-classes. We specify the 
relationship by: 

We define a relationship by the notation: 

relation-name(Ec1, E c2 ) with 4> 

For example, works-for(person(x), company(y)) indicates that entities from class person are 
working for entities from class company. Note that relationships are recursive and linked 
bi-directional, usually one direction is shown. 

Generalization 
Generalization provides a concise way to express constraints that define some class as a 
more general class of other ones. This construct is also called specialization when viewed 
the other way around, Le. going from more general to the more specific definition. We use 
is- a to show this hierarchy 

is-a(Ec1 , Eco) =dej Vx,y is-a(x,y) -> 3xEc1 (x) & 3y Eco(Y)], where Eco(x) C ECl(Y) 

In general: (EI, ... ,En) is-a Eo with 4>. 

For example, is-a( student(x), person(y)) indicates that entities from class student are subset 
of the class person. 

We use the notation student is-a person equivalent to is-a(student, person). 

Aggregation 
Grouping classes into higher level classes is called aggregation. In a mathematical sense 
aggregation corresponds to the cartesian product. 

In general: 

For example, the fact that author, publisher, and title are components of the entity-class 
book is represented as 

has-a(book, author, publisher, title) with publisher = springer 
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Concept 
A subset of attribute values < Vii, Vi2, ... ,Vin > is referred as a concept. For example 
CSIOO is an entity from entity-class course that is associated with a relationship student­
take-course. A subset of this relationship is a concept. We can infer the rule: 

"AH undergraduate students have taken the CSIOO course ". 

Taxonomy 
A taxonomy is a finite tree whose nodes are labelled by sub-concepts. Any node other than 
a leaf node has two or more successors. The successor concept of each is su bsumed by its 
parent concepts. The union of all successor concepts of any non-Ieaf node is equal to the 
parent concept. Moreover all sibling concepts are mutually exclusive. 

,./ 
e 

.~/ ~. ee 
Taxonomy A 

Taxonomy B 

Figure 1. Example of a Taxonomy 

The schema below illustrates an extract from a conceptual schema applied to an university 
information system. Figure 2 shows the schema in a graphical form. 

person(Ssn, Name, Address, Birth-date) 
employee(Id, Office, Status, Category, Salary) with <t'I, <t'2 
professor(Ssn, Rank, Publication) with <t'3 
teacher(Working-area) 
student(Student#, Program, Year) 
course(Course#, Dept, Class-raom) 

teacher teaches course 

employee is-a person 
student is-a person 

dom(rank, [full praf, assit-prof, asso-prof]) 



'P2: 
Category = worker, Salary ~ 22T 
Category = librarian, Salary ~ 29T 
Category = Faculty, Salary ~ 32T 

'P3: 
Rank=professor, paper published ~ 20 
Rank=associate, paper published ~ 10 
Rank=assista.nt, paper published ~ 5 

StudentI 

Program.-----7o( 

Ssn "'" 
Name~ Addr. person 

Binh w 

Narne Day Hour Room 

reference 

has-a 

~ 
Figure 2. Example of the Semantic Model 
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2.3 Event Model 

An event is constituted by the fact that something has happened either in the UoD or in the 
Information System (IS). By our definition an event is a "signal" , "message" or a "sensor" 
which arrives from outside the system or is generated within the system (compare this with 
placing a token in a Petri net, and activating a goal in Prolog). For example, suppose the 
light goes on in a dark room ; or the world simply changes for some mysterious reason. We 
use events for synchronization of the behavior of the activities within the system. We also 
use events to transmit control information into or within the system. An event happens 
between two points in time, called "start" and "end" times. At alI times between them the 
event is said to be active. Messages are signals containing some data. They allow us to pass 
specific information between the activities. In this kind of setting a signal is a primitive 
message conveying the information that something has happened. 

The set of events is corn posed of two disjoint subsets: 

Ev = exEv U inEv where 

exiernal evenis (exEv) is the set of events that represent instantaneous changes of 
the real world resulting in a state change of the IS. The occurrence of external events is 
dependent on conditions outside the formal scope of IS "exogen". 

exEv = <event-id> «event-var-list» 

iniernal evenis (inEv) cause a state change of the IS and their occurrence depends either 
on another state change (generated by a function) or on a system-handled time condition 
"endogen". 

inEv =<event-id> «event-var-list» 

Events will be implemented in Prolog as a goal for querying and manipulating the knowledge 
base. 

Figure 3 illustrates partial activities of the university environment. Activities are shown at 
the nodes for which they are active for aH children. 

To each node a list that contains pre-condition, add, delete and post-condition is attached. 
These functions are optional and can be ommitted if there is only one event or function. 

The function of the pre-condition is to monitor input events and accept them according 
to the specified input-Iogic. The pre-condition is also in charge of checking the integrity 
constraints of the entity-classes. 

The two operators add, del describe modification of entity-classes at that level. 

The posi-condition describes activating the chUd activities according to the specified out-put 
logic. 

The in-logic, out-logic are: and, xor, sequence, or. 
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These functions are optional and can be omitted if there is only one event or no fUllction. 
For instance: 

pre: and(ev},ev2) 
add: student(Student = hans) 
del: nil 
post: seq( aCl1, aC12, eV3) 

states that if events eVI and eV2 occur (in any order) then add student hans into the 
entity-class student, trigger the actions aCl1, aC12 and the internal event eV3. 

In the diagram an arc without an arrow-head specifies fiow of information and control. 
This information is transferred into the system via event parameters. lndication of the 
event parameters as information or control is determined by the specification of the events. 
Usually, if the value of parameters will be stored in the system, then they will be regarded 
as information. If the value is used for testing the integrity constraints and will disappear 
after use, then they will be regarded as control information. 

An arc with one arrow-head is used to model a read or write access. It is clear that only 
active elements can read or write. An arc with a double arrow specifies read and write, i.e. 
an entity taken from the class is put back into the same class again. Triangles specify the 
events, and circles the activities. 

evll: course-reg(Student, Course) 

V 

ev21: early-reg(E" 

course scheduling 
pre: or(ev21, ev22) 

course offered ~ 
pre-requisit / 
30> max. no 

add: student 

ev12: course-withdraw(Student, Course) 

ith(Firstday, Lastday) 

\7 
ev24: late-with(F, L) 

course withdraw 
pre: or(ev23, ev24) 

department notification 
post: confmnation 

Figure 3. Example of the Event Model 
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3. Knowledge Acquisition 

There are several techniques in the literature for acquiring knowledge from the real world. 
Since man is known for his capability to learn from experience, it is a challenge to see if 
he can create other entities that can think and learn just as man can. This research is a 
small step in this direction. Here we apply inductive learning as a method for knowledge 
acquisition. 

Inductive learning is concerned with algorithms for generating generalizations from expe­
rience. These algorithms are viewed as examples of the general concepts of a hypothesis 
discovery system which, in its turn is placed in a framework in which it is seen as one 
component in a multi-stage process which includes stages of data gathering, forming hy­
pothesis by generalization, hypothesis criticism or justification and adding hypotheses to 
the existing theory. 

Learning from examples is one form of inductive learning. Concepts are derived from the 
characteristic description of a set of objects or entities. The quality of information plays 
an important role in the generation of rules. Poor quality information may give rise to 
erroneous or contradictory conclusions. 

The type of inductive learning that we use for the design of the EXIS learning component 
is concept learning from examples. Relevant examples which represent some instances of 
cert ain concepts are used to induce general specifications of the concepts. The theory of 
Rough Set is used in designing the learning algorithm. The basic approach here is to 
partition the examples into equivalence sets, and derive conclusions based on equivalence 
relations. Examples are stored in a type of the database. Each example can represent an 
expert action, a tuple of database, a situation, etc., depending on the particular application. 

The input to the algorithm is a table filled either with True or False, or with the values 
from the domain of attributes. Table 3.a, 3.b show examples of the input format. In order 
for the learning component to be able to derive general descriptions of concepts that satisfy 
alI or most occurrences of the concepts; the quality of the examples must be considered. 
Poor quality information would not give correct concepts. This becomes the responsibility 
for both the end user and expert when entering examples into the learning component. The 
user should use relevant examples. 

3.1 What can we learn? 

Before we introduce the learning algorithm we illustrate some examples. 

Case 1: Learning expert classification rules. 
Consider a universe of discourse U shown in table below [18]. It consists of eight objects: 
E = {el, e2, ... , e8} e;:tch of which is described by the set of attributes C = Height, Hair, 
Eyes. According to the expert classification, each object belongs to either class "+" or class 
"-". The set of values V 4 = {+, -} of the expert attribute D represents the set of concepts 
which the system wants to learn based on attribute values of C. 
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At C D 
E Height Hair Eyes Expert classification 
el short dark blue -

e2 taU dark blue -

e3 taU dark brown -

e4 taU red blue + 
e5 short blond blue + 
e6 taU blond brown -

e7 taU blond blue + 
e8 short blond brown -

Table 1. 

The generated rules are: 
r1: hair( red) ---+ decision( + ) 
r2: hair( blond), eyes(blue) ---+ decision( +) 

It can be shown that rules r1 is deterministic whereas r2 is non-deterministic. 

Case 2: Learning schema rules. 
Given the structure below, we can learn a rule such as: 

"if a person owns a red car then his wife is young with certainty 0.8. " 

The rule may be written as: 

owns(man, car), car(colour = red), man-wife(man, woman) ---+ woman(age = young) with 
cf = 0.8 

age 
owns 

colour 

type 

is-a is-a 

woman-husb 

man-wife 

Figure 4. Case 2 

Case 3: Introduction of a super-class relationship. 
If sub-classes of a generalization are associated to an entity-class then the entity-class can 
be moved to the super-class; i.e. from 

professor works-for university 
secretary works-for university 
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professor is-a person 
secretary is-a person 

we can induce: person works-for university. 

Figure 5. Case 3 

Case 4: Introduction of a new entity-class 
If two sub-classes share the same properties then it is possible to introduce a new super-class 
as a generalization of the sub-classes. In other wordsj from 

student is-a person 
professor is-a person 
secretary is-a person 
professor is-a employee 
secretary is-a employee 

we can induce: 

is-a 

employee is a person. 

Figure 6. Case 4 
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Case 5: Discovering cause-effect relationship 
Consider a collection of cars characterized by their attributes shown in the table below [22]. 
We are interested in discovering the cause-effect relationship between a set of condition 
attribute C and a conclusion attribute D. The relative contribution or significance of an 
individual attribute is represented by a significance factor that refiects the degree of decrease 
of dependency between C and D due to the removal of an attribute a from C. 

In practice, the stronger the infiuence of an attribute a on a relationship between C and D 
the higher the value of its significance. From the table we conclude that there is a strong 
interaction between engine and max-speed with respect to affecting the acceleration, and 
both factors seem to contribute almost equally to the outcome. 

Cars Size Engine Color Max-speed Acceleration 
1 full diesel black high good 
2 fun propone black high good 
3 compact gas white high excellent 
4 full gas white high excellent 
5 medium diesel red low good 
6 compact gas white low good 
7 medium gas black average excellent 
8 medium diesel red average poor 

Attribute 
Significence 

Table 2. 

3.2 The Rough Set learning method 

We specify the theory by mean a tuple 

S = (U, At, V, f, R) where: 

- U Is a non-empty, finite set called the Universe. The elements of U are inter­
preted as "objects". We will assign different meanings to the objects of the 
uni verse depending on the particular application and the purpose for which 
we are employing the system. For instance, events, entities, situations, books, 
human beings, entity-classes, predicates OI expert actions can be considered as 
objects. 

- At The knowledge about these objects is expressed through the assignment of 
some features (attributes) to the objects. At is a non-empty set of attributes, 
of which the disjoint subsets of attributes C and Dare referred to as condition 
and conclusion (expert decision) respectively. If the objects are characterized 
in the system by predicates we will refer to them as "attribute predicates". 
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- V 1s a set of attribute values. V =u Va, where Va is the domain of attribute a E 
At. 

- f 1s a function which assigns attribute values to each object in U. It is defined as: 

f = U x Ai -> V such that f(e, a) E Va for every eE U and a E At. 
The set 

Des(S) = (a,v): a E At, v E Va called a set of descriptors of S. 

- R 1s a set of rules. The basic structure of a rule is a predicate in the form 

rule (no, rule-body, cf) 

The first argument is a rule number that uniquely identifies a rule, the second 
argument consists of head and body (conclusion and condition). A rule with 
a null condition expresses a fact. The degree of certainty with which the rule 
holds or, equivalently, the possibility for a rule to be true is shown by the third 
argument. The value of cf is a real number in the interval [O, 1]. 

Consider S = (U, At, V, f, R) for U = el, e2, ... , elO, At = al, a2, a3, V = vO, vI, v2 and f 
is given by the Table 3.a. 

At 
C D 

U al a2 a3 
el vI vO v2 
e2 vO vI vO 
e3 v2 vO vO 
e4 vI vI vO 
e5 vI vO v2 
e6 v2 vO vO 
e7 vO vI vI 
e8 vI vI vI 
e9 vI vO v2 
elO vO vI vI 

U w x y z al(x, y) a2(x, y) a3(x, z) a4(w, x) a5(y, w) a6(z, w) 
el wl xl yl zI T F F F F ACI 
e2 w2 x2 y2 z2 T F F F T AC3 
e3 w3 x3 y3 z3 T F F T F AC4 
e4 w4 x4 y4 z4 T F F T T AC3 
e5 w5 x5 y5 z5 T F T F F ACI 
e6 w6 x6 y6 z6 T F T F T AC3 
e7 w7 x7 y7 z7 T F T T F AC4 
e8 w8 x8 y8 z8 T F T T T AC3 

Table 3.a, 3.b 
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Table 3.b shows switching from propositional calculus to predicate calculus. The problem 
that arises is that attributes must be generated dynamically. For the sake of notational 
simplicity and generality we use letters for the attribute value. The variables x, y, zare 
arguments of the attribute predicates al> a2, a3, ... The predicates are satisfied with the 
attribute value being true or false V = {T, F} thereafter, the actions ACl> AC2 ,· •• take 
place. 

Indiscernibility relation and partitions 
Usually it is the case that information about objects represented by attributes and attribute 
values is not sufficient for distinguishing alI the objects of a system. In Table 3.a, objects 
el, e4, e5, e8, e9 cannot be distinguished by attribute al, objects el, e5, and e9 cannot be 
distinguished by the attribute al and a2. To deal with such cases the "equivalence relation" 
{Ă : A ~ At } on the set U is defined as folIows: 

(e;,ej) E Ă if and only if'v'a EA (f(ei, a) = f(ej,a)). 

The equivalence classes of the relation A are called "A-elementary sets" in S. If a E A, the 
equivalence class determined by a will be denoted by a. 
Thus every sub set A ~ At defines a cert ain "classification (partition)" of U denoted by A 
and the equivalence classes of the relation A are called "blocks of the classification". Some 
elementary sets in S defined in table 2.a are as folIows: 

{al} - elementary sets 
El = {e2, e7, elO} 
E2 = {el, e4, e5, e8, e9} 
E3 = {e3, e6}. 

{al, a2} - elementary sets 
El = {el, e5, e9} 
E2 = {e2, e7, elO} 
E3 = {e3, e6} 
E4 = {e4, e8}. 

{a3} - elementary sets 
El = {e2, e3, e4, e6} 
E2 = {e7,e8, el O} 
E3 = {el, e5, e9} 

Any -finite union of A-elementary sets will be called an "A-definable set" in S. An empty 
set is A-definable for every A ~ At in every S. 

3.3 Approximate Classification of a Set 

Let U consist of a set of objects, and let A be an equivalence relation induced by the par­
tition 
E = {El, E2, ... , En} on U. The pair (U, A) or (U, A) is called an "approximation space" 
defined by attributes A. Let Des(Ei) denote the description of an equivalence class (elemen­
tary set) Ei of the relation A on E. (The terms "equivalence class" and "elementary set" 
are interchangeable). Any two objects el, e2 E Ei, have the same description: Des(el) = 
Des(e2) = Des(Ei), if they both belong to the same elementary set Ei (i.e. el, e2,E E). 
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Let us as sume that attribute a3 generates a classification Y = {Yl, Y2, Y3}. We want to 
classify the set Y based on the values of attribute al (i.e. A = {al}). In order to measure 
how well the set of description {Des (Ei) I Ei Eal} can specify the membership functions 
of objects in classes of Y, we use the foHowing notions (17): 

1. The A-Iower approximation of a class Yj of Y in {U, A} is defined as 
AYj = u{Ei E Ă I Ei ~ Yj}, 

i.e. AY j is the union of aH those elementary sets each of which is contained in Yj. 

2. The A-upper approximation of a class Yj of Y in (U, A) is defined as 
AYj = u{Ei E Ă I EinYj t= O} 

i.e. AY j the union of aH those elementary sets each of which has a non-empty 
intersection with Yj. 

3. The set AY j - AY j is caHed the A-doubtful region of Ei in (U, A). It is not possible 
to decide whether or not any object in AY j - AY j belongs to Ei based only on the 
descriptions of elementary sets of Ă. The ratio 

(y .) _ lUI - I AY j - AY j I 
aA J - lUI ' 

provides a measure of the degree of certainty in determining whether or not objects 
in U are member of the subset Y. 

It is obvious that 1 :2: a :2: O, and we say that: 

• Set Yj is totally A-definable if a = 1. This means that in this case the membership 
of objects in Y can be uniquely specified by the description of the elementary sets of 
A-, 

• Set Yj is partially A-definable if 1 > a > O. 
1 > a > O iff AY t= AY and (AY t= U or AY t= O). That is, not aH objects in U can 
be classified with certainty into two disjoint subsets Y and U - Y; 

• Set Yj is totally A-nondefinable if a = o. 
a = O iff AY j = U and AY j = o. In this case we are unable to specify the membership 
of objects in Yj at aH. 

The lower approximation AY of the partition Y is defined as a collection of lower approxi­
mations of aH its classes. Similarily, the upper approximations of AY of the partition Y is 
a set of alI upper approximation of alI its classes. Obviously aH blocks of AY are disjoint, 
although, in general, they do not form a partition of U. 

Example 1: Consider the collection of objects as shown in table 2.a. 
Let Y = {Yl = (e2, e3, e4, e6), Y2 = (e7, e8, elO), Y3 = (el, e5, e9)} be a partition of U 
defined by a3 as conclusion and let A = al, a2 be conditions which generate the foHowing 
classification on U: 



El = (e2, e7, elO) 
E2 = (el, e5, e9) 
E3 = (e3, e6) 
E4 = (e4, e8) 

Des (El) = (al: = vO, a2: = vI); 
Des (E2) = (al: = vI, a2: = vO); 
Des (E3) = (al: = v2, a2: = vO); 
Des (E4) = (al: = vI, a2: = vI). 

From Ei ~ Y we obtain AY = {{e3, e6}, { }, { el, e5, e9 }}. 

From 
El n Y: {{e2, e7, eIO}, {e2, e7, el O}, {}} 
E2 n Y : {{ }, { }, {el, e5, e9 }} 
E3 n Y : {{ e3, e6} , { } , { }} 
E4 n Y : {{e4, e8}, {e4, e8}, { }} 
By taking the union of these it follows: 
AY = {{ e2, e3, e4, e6, e7, e8, el O} {e2, e4, e7, e8, elO}, {el, e5, e9}}. 

Hence the A-doubtful region Y is given by 

AY - AY = {{ e2, e4, e7, e8, elO}, {e2, e4, e7, e8, elO}, { }} and 

10-5 05 °A(Y1) = ]'() = . ; ~ - 10-5 - O 5· 
~A(Y2) - ]'() - . , 

Extracting Decision Rules From Examples 

10-0 l 
OA(Y3) = ]'() = . 
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A rule may represent, for example, actions (decisions) of an expert. Rules are built up as 
follows: 

Tij : Des( Ei) => Des(Y j) I Ei n Y j t= {} 

where Des(Ei) and Des(Yj) are the unique descriptions of the condition class Ei and con­
clusion class Yj, respectively. A rule rij is deterministic if Ei n Yj = Ei, and rij is non­
deterministic if Ei n Yj t= Ei. In other words, if Des(Ei) uniquely " implies " Des(Yj), then 
rij is deterministic; otherwise rij is non-deterministic. 

Example 1 continued: Consider the collection of objects given in Table 3.a. The partition 
corresponding to equivalence relation (a(a2) is E = {El, E2, E3, E4} where: 

Des (El) = (al := vO, a2 := vI), 
Des (E2) = (al := vI, a2 := vO), 
Des (E3) = (al := v2, a2 := vO), 
Des (E4) = (al := vI, a2 := vI). 

The portion corresponding to equivalence relation Y is Y = {YI, Y2, Y3} where: 

Des (YI) = (a3 := vO) 
Des (Y2) = (a3 := vI) 
Des (Y3) = (a3 := v2) 

By definition the rules for class YI are: 
rl1: Des (El) --> Des (YI) ; 
r21: not exist because E2 n YI = O 
r31: Des (E3) --> Des (YI) ; 

al(vO) & a2(vl) --> a3(vO) 

al(v2) & a2(vO) --> a3(vO) 
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r4l: Des (E4) ----> Des (Yl) ; al(vl) & a2(vl) ----> a3(vO) 
The rules for class Y2 are: 

r12: Des (El) ----> Des (Y2); al(vO) & a2(vl) ----> a3(vl) 
r22: not exist beeause E2 n Y2 = o. 
r32: not exist beeause E3 n Y2 = o. 
r42: Des (E4) ----> Des (Y2); al(vl) & a2(vl) ----> a3(vl) 

The rules for class Y3 are: 
r13: not exist beeause El n Y3 = O 
r23: Des (E2) ----> Des(Y3); al(vl) & a2(vO) ----> a3(v2) 
r33: not exist beeause E3 n Y3 = O 
r43: not exist beeause E4 n Y4 = O 

3.4 Learning Algorithm 

Based on the eoneepts presented, we give the learning algorithm: 

Input: 

1. Type of rule to be generated. 

2. Number of eonditions and conclusion attribute list. 

3. A sequenee of examples with the eorresponding set of attribute values. 

4. A flag indieating whether the eonclusion attribute is given by the user or not. 

The user ean input the above information interaetively Of through an input file. 

Proeedure Learning Algorithm; 

Initialize i = 1, i denotes the ith eonclusion attribute; 

StepO: Initialize j = 1, j denotes the partition of the values in the conclusion attribute; 

Stepl: Initialize: 

ep = list of alI examples numbers; 

ep = list of alI eondition attributes; 

b = empty set represents a sub set of condition attributes; 

y = list of situation numbers in whieh the jth eondition attribute is equal to 't' (true); 

Step2: Compute the set of eertainty values cx(y) for eaeh bp sueh that bp = b u {e}, for 
alI {e} E {ep}. Select the set of attributes bp = b E {e} with the highest eertainty 
value cx(y), set b = bp; 
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Step3: If b-lower approximation is an empty set then go to Step 5; 
For those equivalence classes in b-Iower approximation, output the deterministic de­
cision rule; 

Step4: Set ep = ep - [(ep - b-upper) u (b-Iower)); y = y - b-Iower; 
If ep is an empty set then go to Step 6; 
Set cp = cp - b; 
If cp is non-empty then go to Step 2; 

Step5: For those equivalence classes in b-upper approximation, output the non-deterministic 
decision rule, then go to Step 4; 

Step6: Set j = j + 1; 
if j ::5 no. partition sets of conclusion attributes then goto Step 1; else go to Step 7. 

Step7: if flag = n then goto Step 9; 

Step8: retract aH dynamic variables and terminate; 

Step9: Set i = i+1j 
if i ::5 number of conclusion attributes then initialize the variables and goto Step Oj 
else retract aH dynamic variables and terminate. 

End Procedure Learning Algorithmj Table 

4. System Architecture 

The EXIS methodology is as foHows: 

First the knowledge engineer configures the knowledge base and defines the meta-schema 
by declaring the constructs as relations, generalizations, aggregations, etc. with their asso­
ciated schema integrity constraints. After the system has been created the domain expert 
performs an initial schema generation step, in which he defines his application by using the 
constructs provided to him by the designer. This conceptual schema will be stored in the 
knowledge base. 

Finally, the user enters data into the database or applies queries to the system. In this 
step, the learning component extracts a set of rules from the knowledge base or database, 
which can be added to the existing knowledge base. 

To discover knowledge, the system needs to: 

• Gather information by making some queries from the expert or databasej 

• Form hypothesis, such that aH positive examples and no negative examples are cov­
ered; 
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• Evaluate the result by consulting with the expert and perhaps modifying or discarding 
the hypothesesj 

• Continue this cycle until a correct rule emerges and is added to knowledge base. 

Both theoretical and practical considerations led us to the architecture which is illustrated 
in Figure 7. The architecture contains the following main components: 

Knowledge Base We distinguish the term knowledge from data. Knowledge is informa­
tion about general concepts and data are information about entities or relationship. For 
example: 

"alI students have taken CSIOO" 
"Jim has taken CSIOO" 

is knowledge 
is data. 

The knowledge base employed by the learner contains two different kinds of predicates: 

m eta predicates 
Representing the meta schema and defined by the designer and assumed to be correct. 
They are specified by arbitrary Horn-clauses. 

application predicates 
Representing the constraints and are defined by the expert or derived from the database. 

Learner The learning component generates rules by using the knowledge base or explicit 
examples. 

Evaluator The generated rules can be added to the knowledge base after expert approval. 

Schema generator The expert has the possibility of defining the conceptual schema in­
teractively. The declarative language that is used, is very close to Prolog, for example: 

entity class and its attributes: 
red) 
generalization: 

person(Name:string, ID#: integer, colour = 

is-a(person, employee, student) 

Update processor The generated rule can be added to the knowledge base after expert 
approval. In order to generate the consistency of the knowledge base after an update, we 
need an integrity maintenance algorithm for preventing updates from violating integrity 
constraints. Such algorithms already exist and have been successfully implemented and 
tested in a real application. We make use ofthis subsystem [3]. 

DB access DB contains the set of data relevant to the specific learning task. This data 
are obtained by performing operations, such as retrieval, selection, projection, and join to 
collect the necessary data for learning. We will adopt in our future work a similar system 
as has been presented in [20]. 

The architecture is scalable. The extended layer resides on one workstation, while the 
existing system may reside at another end relay on special purpose hardware. 
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Many of EXIS's modules have already been implemented, as a stand-alone system. The 
revised version of EXIS incorporating the new aspects is under development . The system 
runs on the Sun workstation using Prolog. 

Expen Evaluator Schema Generator 

i:~l 

1, u;m L..m=-.I~· 
Proeessor 1"'" 

". 
Base 

Knowledge 

Leamer 

Knowledge 
Enginecr 

Expcn 

&EJ 1--- --6 End User 

Figure 7. Architecture of EXIS 

5. Conclusion 

We have described a system that integrates knowledge-representation and -acquisition in 
a unique framework. The approach ranges across the spectrum, from transfer of expertise 
from experts to the creation of equivalent expertise through empirical induction. 

In the following the main features of the system are summarized. 

More expressive knowledge representation 
The representation of knowledge in a semantic model and event model facilitates knowledge 
acquisition. It has more expressive facilities such as generalization, specialization, associa­
tions, aggregation. The model can be formed using the constructs. They relieve the expert 
by defining explicitly ali domain knowledge. 

Approximate rules 

The rules we find capture general knowledge, while recognizing that there will be uncertainty 
to those rules. We do not expect what we discover are perfectly consistent with the data, 
or to account for all of it. Our algorithms have the same fiexibility. 
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Efficiency 
The method employed can be applied to realistic databases, i.e. ~ 105 records. This implies 
that the algorithm is efficient and scales well. 

Relational database 
Most current databases are relational. Our algorithm is capable of dealing with relations 
and their inter-dependencies. 

Accumulative learning 
We don't claim that we will be able to discover all knowledge at once. If we generate one 
rule every six months and the rule is a significant one, we will be satisfied. 

Interaction 
We do not attempt to automate the discover of information and generate knowledge au­
tomatically. We pay more attention to interaction between designer, expert and user to 
exploit the capabilities of each. It is generally easier for a system to be told about necessary 
changes in its behavior than to figure them out by itself. 

Correciness 
Since programs that learn from examples perform induction, it is not reasonable to expect 
them to produce rules that are completely correct. The error rate of the learner is strongly 
dependent on the choice of examples. This means that it is very unlikely that an efficient 
algorithm for deriving optional hypotheses exists. Therefore, many systems in the literature 
resort ,to heuristic approaches or combinations of deductive and inductive learning. We will 
look at such improvements in our future work. 

5.1 Related work 

Machine learning is commonly recognized as a fundamental way for overcoming the knowl­
edge acquisition bottle-neck. As a result knowledge based systems, especially expert sys­
tems, are now showinging extraordinary growth. There have been increasing efforts to 
induce knowledge from existing data. As a result, there have been improvements in the 
technology. In the following we mention some of them. 

INDUCT is a subcomponent of a knowledge acquisition tool KSSO [8]. It uses entity 
attribute grid techniques to elicit knowledge from the expert and uses the empirical induc­
tion approach to build a knowledge base in terms of classes, objects, properties, values and 
methods(rules). The tool also accepts rules entered by experts and entity-attribute data 
from database. INDUCT deals nicely with noisy data and missing values. 

The ASSISTANT professional program [1] was developed at the Jozef Stefan Institute of 
Ljubljana, Yugoslavia. It uses a version of the ID3 algorithm by Quinllan [4], and is similar 
to the work of Leo Breiman et all [2]. The primary purpose of the algorithm is to extract 
rules from sets of events preclassified into a small number of classes. The division of the set 
of events may be described either by finding for each cluster a description that covers all 
events in the cluster, or a discrimination that will specify features that makes a particular 
cluster (and hence the contained events) unique from the other clusters. An event is a 
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description of some phenomena, articulated as a vector of attributes. Each attribute takes 
only one value at a time. The function of the discrimination algorithm is to cap ture and 
display the relation between the attribute values of an event and its classification. The 
Assistant algorithm in its present incarnation is not capable of doing what is proposed 
here on larger data sets than 30 events, at least not on the IBM-PC version. By assigning 
each event its own class, a discriminant description of each event can be generated. If 
the learning set is constrained to contain unique events only, the Inform ation- Theoretic 
measure and the associated computation can be simplified. 

KATE [13] is a tool that learns from examples using the induction technique ID3. It includes 
an object-based language to represent training examples and background domain knowl­
edge. The language is used to represent hierarchies of clauses and descriptions( taxonomies), 
constraints, and procedural calls, which enables the deduction of descriptors from other de­
scriptors. KATE's designers claim that the frame-oriented hierarchy representation conveys 
more information than taxonomies of deseriptors ar semantic nets. KATE differs also from 
EXIS in the same way as functional programming does from logic programming. 

The INLEN system [12] combines a database expert system and machi ne learning capabil­
ities in order to provide a user with a powerful tool for manipulating both data and knowl­
edge, and for extracting knowledge from data and/ar knowledge. INLEN provides three 
sets of operations: data management, knowledge management operators and knowledge 
generation operators for communication to the system in the tree area database, knowledge 
base and machine learning respectively. 

In summary, we have described a completly integrated approach that includes several con­
cepts. We have defined and redefined these concepts in such way that they fit to each other 
and form one unique system. We hope, we have made a useful contribution to overcoming 
the difficulties of design such a systems. 
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Abstract. Two software systems based on the rough sets theory are described in this 
chapter. The first one, called 'RoughDAS', performs main steps of the analysis of data 
in an information system. The other one, called 'RoughClass', is intended to support 
classification of new objects. Some problems of sensitivity analysis referring to the handling 
of quantitative attributes in the rough sets analysis are also discussed. 

1. Introduction 

The rough sets theory is a tool for analysis of data in an information system. In this 
analysis, the most essential problems refer to: evaluat ion of an importance of attributes 
for classification of objects, reduction of alI superfluous objects and attributes, discovering 
of most significant relationships between condition attributes and objects' assignments to 
decision classes, and representation of these relationships, e.g. in a form of decision rules. 

Once data analysis accomplished, other problems refer to an application of these results 
to classification of new objects basing on previous experience. 

From a practical point of view, the rough sets analysis of real data sets should be 
performed by a computer software, except of very small data sets. In this chapter an 
interactive computer program, called 'RoughDAS' [4], is described. It was created for the 
rough sets based analysis of information systems and enables: approximation of each class of 
objects, calculation of accuracies of approximations and quality of classification, searching 
for reducts of attributes, reduction of non-significant attributes, derivation of the decision 
algorithm from reduced information system. This program has been successfulIy applied 
in several practical problems, among others, analysis of treatment of duodenal ulcer by 
highly selective vagotomy (ef. [3],[10],[12]), analysis of data from peritoneallavage in acute 
pancreatitis [13], analysis of the structure of compounds in pharmacy [5], analysis of the 
technical state of technical objects like reducers or rolling bearings [7],[8]. 

In practical applications, information systems of ten cont ain data of discrete and con­
tinuous character. It is known that the rough sets analysis of information systems gives 
satisfactory results when domains of attributes are finite sets of rather low cardinality. This 
requirement is of ten met naturalIy when attributes have a qualitative (discrete) character. 
However, attributes taking arbitrary values from given intervals, i.e. having a quantitative 
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character, can be also handled in the analysis after translation of their values into some 
qualitative terms, e.g. low, medium or high levels. This translation involves a division of 
the original domain into some subintervals and an assignment of qualitative codes to these 
subintervals. The definition of boundary values of the subintervals should take into account 
experience, knowledge, habits and conventions used by the experts and, possibly, an error 
of measurement of some attributes. Such an approach to handling quantitative attributes 
was used in the analysis of the above mentioned problems and was implemented in the 
considered software. The definition of boundary values of the subintervals can influence, 
however, the quality of classification, so the problem of checking the sensitivity of results to 
changes in the definition of these values is becoming important and will be briefly discussed 
in the paper. A computer program for sensitivity analysis will also be presented. 

The results obtained using the rough sets analysis, in particular, the reduction of at­
tributes and the decision algorithm, have agreat practical importance. For instance, in 
medicine, reduction may cause eliminat ion of superfluous clinical tests harmful for patientsj 
in technical diagnostics it may decrease the cost and time of diagnosis. The decision algo­
rithm shows alI important relationships using a minimum number of decision rules and/or 
a minimum number of attributes appearing in alI decision rules. So, the decision algorithm 
is more readable for the user than the original information system. 

On the other hand, these results represent a knowledge gained by an expert (decision 
maker) on alI cases from his experience recorded in the information system. It is interesting 
and desirable, in fact, to use this knowledge for supporting decisions concerning classifi­
cation of new objects (ef. [14]). By new objects one understands objects unseen in the 
expert's experience (Le. information system) which are described by values of condition 
attributes only (alI or from a reduced set). The assignment of these objects to classes is 
unknown. The aim of the expert is to predict this assignment on the basis of his knowledge 
coming from previous experience. 

The idea of such supporting was presented in [14]. It was based on looking through 
the decision algorithm performed to find a rule whose condition part is satisfied by the 
description of the new object. When such a rule is found, it is used to support classification. 
In some cases, when the proper rule does not exist in the algorithm, it is necessary to find, 
so called, 'nearest rules'. The nearest rules are rules which are close to the description ofthe 
classified objects according to a chosen distance measure. These ideas were implemented 
in the software system called 'Rough Class ' . 

In the next section, a general description of the 'RoughDAS' is given. It is folIowed by 
a short description of the program enabling sensitivity analysis of the roughs sets results. 
Finally, the 'RoughClass' software for classification support is briefly presented. 

2. 'RoughDAS' - Rough Sets based Data Analysis System 

2.1. Basic features 

'RoughDAS' (i.e. Rough Sets based Data Analysis System) is a microcomputer program 
for the analysis of information systems by means of the rough sets theory. It performs 
alI main steps of the rough sets approach, Le. approximation of classes, calculation of 
accuracies of approximations and quality of classification, searching for reducts of attributes, 
reduction of the information system, derivation of the decision algorithm from the reduced 
information system. It is implemented as an interactive software and runs on IBM PC 
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microcomputers under PC-DOS. AU options from the menu are presented in a tree form in 
Fig. 2.1. Next paragraphs give more information about main options. 

EDIT 
f----- EDIT INFORMATION SYSTEM 

f----ORIGINAL INFORMATION SYSTEM EEDIT OBJECT 
DELETE OBJECT 
DISPLAY OBJECTS 
PRINT OBJECTS 

'---- CODED INFORMATION SYSTEM E EDIT OBJECT 
DELETE OBJECT 
DISPLAY OBJECTS 
PRINT OBJECTS 

f----- EDIT TABLE OF NORMS t:= CHANGE NORMS 
DISPLAY NORMS 
PRINT NORMS 

~--- GENERATION OF CODED INFORMATION SYSTEM 
ATOMS 
QUALITY 
REDUCTION 
f----- CORE OF ATTRIBUTES 
f----- REDUCTION t:= PERMANENT 

TEMPORARY 
ADJOIN TO CORE 

f----- SHOW ATOMS 
'----- PRINT ATOMS 

RULES E MACHINE GENERATION OF RULES 
INTERACTIVE GENERATION OF RULES 
DISPLAY DECISION ALGORITHM 
PRINT DECISION ALGORITHM 

OPTIONS 
II---- DISPLAY DIRECTORY 
'----- CHANGE DIRECTORY 

Figure 2.1. Options available in 'RoughDAS' 
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2.2. Edition of input data 

'RoughDAS' accepts input data in the form of an information system, Le. in the form of 
a table where rows refer to objects and columns refer to attributes and classifications of 
objects. As the input data can contain qualitative and quantitative attributes, they have 

to be encoded homogeneously using some norms. For this reason, two kinds of informat ion 
systems are considered : original information system and coded information system. The 
original information system contains both qualitative and quantitative attributes taking 

values from their original domains. The coded information system contains attributes with 
coded values. Cod ing of attribute values is performed in two different ways for qualita­
tive and quantitative attributes. For the former, the values are simply coded by natural 
numbers, and for the latter, the original values are substituted by codes being numbers of 
subintervals including them. The quantitative attributes are coded using, so called, table of 

norms. It is a structure containing definitions of all boundary values of subintervals defined 
by the user. The coded information system is further analysed by means of the rough sets 

theory. 
A maximum size of input data, Le. size of the table representing the information system, 

depends on the size of the operational memory in the user's microcomputer. For example, 
having 640 kB RAM, the user can create the information system with: 

- up to 30000 objects, 
- up to 255 condition attributes, 
- up to 4 different classifications of objects, i.e. decision attributes. 
The 'RoughDAS' uses its own standard of files. It can be noticed that several files con­

taining data and results are created during a session with 'RoughDAS', precisely : original 
and coded information systems, table of norms, atoms generated from the coded informa­

tion system for a given classification, elementary sets created using a core of attributes, 
elementary sets created using a reduced set of attributes, decision algorithm. 

2.3. Reduction of attributes and searching for reducts 

The coded information system gives a base for generation of atoms and for approximation 

of classes. 'RoughDAS' generates the atoms in the option Atoms. The accuracies of ap­

proximations, quality of classification and the contents of each approximation are available 

through the option Quality. The detailed description of each created atom can be also 

obtained in the option Show Atoms. 

The process of the reduction of attributes can be performed in several ways in the option 
Reduciion. The most recommended is finding the reducts of attributes at first and then 

reducing them while keeping the satisfactory quality of classification. A preliminary step in 

this direction consists in creation of the core of attributes in the option Core of atiributes. 

The algorithm for finding the reducts of attributes is implemented using the idea of the 

"depth-first-like" algorithm proposed by Romanski [l1J. The implemented algorithm finds 

alI existing reducts of attributes. It is much more efficient than previously used procedures 
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(see [1]) because it avoids superfluous checkings of unnecessary subsets owing to the concept 
of, so called, fences and cones [11] restricting the area of searching. It is particularly useful 
in situations when the core of attributes is empty and the number of attributes is relatively 
high. 

For a chosen reduct, the user can perform further reduction of attributes in the option 
Permanent reduction. If he has any doubts concerning the choice of the set of attributes, 

he can experiment with reduction in the option Temporary reduction. This option allows to 
delete some attributes only temporarily and check the result of approximation of the clas­
sification by the reduced set of attributes. The temporarily deleted attributes are restored 

after this test, so the user can make another trial immediately after. It is possible to make 

up to 5 trials at once (on one screen). 
If the user gets too many reducts of attributes and is unable to choose one of them, he 

should use option Adjoin to core. In this option, when the core is not empty , the user can 

built a re duct by adding attributes to the core. In each step of this procedure he is informed 
about a possible in crease of the quality of classification after addition of one of remaining 
attributes. In this way the user can guide the construction of one reduct according to his 
preferences. 

2.4 Derivation of a decision algorithm 

The decision algorithm can be derived from every (reduced) information system. Gen­
eration of decision rules in 'RoughDAS' can be performed in two ways : automatica/ly or 
interactively. In both cases this generat ion is performed using the procedure based on the 

discriminatory coefficient ALP H Ap(Y), where 
ALPHAp(Y) = (card(U) - card(Bnp(Y))jcard(U) 

(see [2],[3] and [14]). The scheme of the procedure (in pseudoPascal) is presented below. 
Let y = {Y1 , ... , Yn} be a classification of U, C and B subsets of attributes, D is a decision 
attribute referring to the classification of objects. 

Considered procedure, 
begin 

for j:=1 to n do {set the class number} 

begin {for each class} 
U' := U; { U' denotes remaining objects in class Yj} 
C' := C; { C' denotes remaining condition attributes } 
B := []; { the subset of condition attributes used to built decision rules, B is 

empty in the first step } 

Y := Yj ; { choose the current class} 

repeat 

for i := 1 to card( C') do 
begin 

B' := B U [Ci]; {Ci E C'} 
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calculate discriminant coefficient ALP H AB'(Y); 
end; 
select Ck with the highest value of ALP H AB'(Y); 

B:= Bu [ckl; 
if BY <> [1 then 
begin 

identify B-elementary sets {XI, ... ,Xm } contained in BY; 
generate deterministic decision rules: 
{DesB(Xi) => DesD(Y)}; 

end 
U' := BY - BY; {remove objects from outside BY and from insi de BY} 
Y := Y - BY; {remove objects belonging to BY which are already described 

by created decision rules} 

C':= C'- B'; 
until (U'=[]) or (C'=[]); 
if U' <> [1 then 
begin 

identify C-elementary {Xl, ... ,Xm } on U' and ; 
generate non-deterministic decision rules: 
{Desc(Xi) => DesD(Y)} ifthey have not been generated for previously considered 
classes; 

end 
end 

end {procedure} 

Let us notice that ALP H AB{Yj) may attain the highest values for several subsets B' 
- it is typical for early stages of building decision rules, when sub set B' = B + {Ci} is of 
relatively low cardinality. In this case, depending on selection of attribute Ci appended to 
subset B, one can get slightly different decision algorithms. 50, the choice of this attribute 
should be done by the user. In general, the user should check alI possibilities in order to 
find the decision algorithm which best fits his preferences. In the interactive generation, 

the user controls the process of building rules by selecting attributes appended to B. In 
the machine generation, he cannot influence the selection of attributes. The attributes are 
selected automatically according to the criterion of the highest value of ALP H A. In the 

case of ties, the most significant attribute (according to the definition of significance given 

in [9]) is chosen. If this criterion is still not discriminatory, the first attribute from the list 
is chosen. The obtained decision algorithm is presented to the user and stored in a file. 

3. Sensitivity analyser 

In the rough sets approach quantitative attributes are handled by transforming their original 
values into some coded qualitative terms. This involves a division of the original domain of 



451 

the quantitative attributes into some subintervals, as it was mentioned in the introduction. 
The definition of boundary values of these subintervals is a key point at the beginning 
of the sensitivity analysis. It is usually done by experts according to their experience, 
knowledge, habits or conventions. The definition of boundary values can influence results 
of the analysis, in particular the quality of classification. Until now, there is no general 
way to define the optimal boundary values. Sometimes, heuristics resulting from practical 
experience can be used, as it was in the case of methods defining symptom limit values in 
vibroacoustic diagnostics of rolling bearings (see [7),[8]). It is thus interesting to check how 
sensitive are the obtained results to minor changes in the definition of boundary values. In 

other words, what is the robust ness of the model to minor changes in the input data. 
In order to get answer to above questions, one can use the program called Sensitivity 

Analyser [6). Changing the definition of boundary values for several attributes at once is 
rather not appropriate, so in the Sensitivity Analyser this possibility is restricted to one 
attribute at a moment. The program allows to move bounds of subintervals of a chosen 
attribute to the left and to right of the original bounds and to observe the influence of this 
movement on the quality of classification. The magnitude of the movement is expressed in 
the percentage of the original boundary values. The movement to the left and to the right 
corresponds to the negative and positive percentage respectively. The Sensitivity Analyser 
uses the same file standard as 'RoughDAS'. It is possible to select the set of attributes to 
be considered, e.g. the reduced set chosen as a re suIt of analysis with 'RoughDAS'. The 
maximum range of the movement (in percents) to the left and to the right has to be given 
by the user. The definition of the range is accompanied by the number of control points in 
this range. The program builds new coded information systems and computes the quality 
of classification for alI control points. The process of this examination can be repeated for 
each attribute leading to a better definition of the boundary values. 

4. 'RoughClass' software for classification support 

4.1 Basic concepts 

'RoughClass' is a software system created to support classification of new objects, i.e. 
objects described by values of condition attributes only. 

The system performs an analysis of the decision algorithm in order to find a rule whose 
condition part satisfies the description of the new object. If the system succeeds, the 
rule is presented to the decision maker. The decision rule may be either deterministic or 

non-deterministic. If the system fails to find an exactly matched decision rule, i.e. the 
description of the new object does not match any rule, it means that there is no such case 

in experience represented in the information system. The Iatter case is a consequence of 
the fact that the rough sets analysis of experience represented in the information system is 

performed under the 'closed world assumption' [9), whereas the classification of new objects 
is often performed in practice under the 'open world assumption' (ef. p 4.2.). 
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If an exactly matched decision rule does not exist, the 'RoughClass' heIps the decision 
maker by the analysis of 'nearest ruIes' [14). The nearest rules are rules which are close 
to the description of the classified object using a chosen distance measure. The procedure 
implemented in 'RoughClass' finds a set of nearest rules and presents them to the decision 
maker. Rules are characterized by a distance from the new object. 

It should be noticed that matching rules and finding nearest ones is connected with 
two other points: a kind of inconsistency in a decision algorithm and different reliability of 
ruIes. The first one is another consequence of the 'closed wor1d assumption'. Application of 
a decision algorithm obtained under this assumption to classification of objects which come 
from an 'open wor1d' may lead to a special kind of inconsistency which consists in a non­
univocal classification of an object by deterministic rules matching exactIy its description. 
The second point is connected with the fact that decision rules are not equalIy important 
for the decision maker. Some rules can be based on many objects while others can be based 
on very few or single objects. They have then a different strength. Both problems can be 
examined by 'RoughClass' and will be discussed in the next paragraph. 

'RoughClass', similarly to 'RoughDAS', is a program implemented for IBM PC com­
patible mieros running under PC-DOS. It uses the window-menu technique. The program 
accepts the 'RoughDAS' standard of fiIes. So, the user can anaIyse his problem using both 
programs for the same data. The input data for the 'RoughClass' are files taken from 
'RoughDAS' containing the decision algorithm and the coded information system. Some 
main options concerning the process of classification are presented in Fig. 4.1. They will 
be described briefly in the next points. 

EDIT 
..... 1 ---EDIT DECISION ALGORITHM 

ANALYSE DECISION RULES 

I DETECT AND DELETE INCONSISTENCIES 
L.. ---CALCULATE STRENGTH OF RULES 

CLASSIFY NEW OBJECT 
IL---- FINDING MATCHED RULES 

1 FINDING NEAREST RULES 

CLASSIFY NEW OBJECTS 

~ DISTANCE MEASURE 

~ DIFFERENCE MEASURE 

1--- CLASSIFY SET OF OBJECTS 

L.. ---RECLASSIFICATION 

Figure 4.1. Options available in 'RoughClass' 
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4.2. A special kind of inconsistency in the decision algorithm 

As it was mentioned in p 4.1. the procedures for derivat ion of decision algorithms by means 
of the rough sets theory (ef. [2],[9],[15]) work under the 'closed world assumption' (Le. it 
is assumed that experience contained in the analysed information system is complete). In 
consequence the algorithms which work correctly for objects having description consistent 
with the previous experience, may lead to non-univocal classifications for some possible 
objects having descriptions not represented in the information system. This case is typical 
for the 'open world assumption' where experience represented in the information system is 
not complete. 

For example, let the analysed decision algorithm contain two following rules (these rules 
where derived from the information system presented in [14]): 

#1 : ii (al = 1) and (a2 = 2) then (d = 1) 
#2 : ii (a2 = 2) and (a3 = 2) then (d = 2) 

If it is assumed that the experience represented in the information system is complete, 
both rules work correctly. If the experience is not complete, a new object may appear 
with the following description : (al = 1) and (a2 = 2) and (a3 = 2). Such an object 
cannot be classified univocally using rules #1 and #2. This kind of inconsistency in the 
decision algorithm results from the fact that procedures for the derivat ion of the decision 
algorithm analyse only objects represented in the given information system. They try to 
build the shortest decision rules by eliminating alI redundancies perceived in the objects' 
description (ef. p.2.4). For instance, in rule #1, it is sufficient to use conditions (al = 1) 
and (a2 = 2) only because in the considered information system only objects from class 1 
have this combination of the values of al and a2. In other words, only these objects can 
create the a1,a2-elementary set which belongs to the lower approximation of class 1. Hence 
conditions for a3 and a4 are not added. 

For this reason, it is necessary to check the consistency of the algorithms before using 
them to classify new objects. 

In 'RoughClass' the option called Deted and Delete Inconsistencies detects the above 
described inconsistencies in the analysed information system and removes them by adding 
to one of two inconsistent rules additional conditions for the attributes occurring only in 
the other rule (ef. [14]). 

In the presented example, the inconsistency can be removed by adding to rule #1 the 
condition for attribute a3. The procedure must check what is the value of a3 for objects 
used to built rule #1 in the coded information system. As a result, the following rules are 
obtained: 

#1' : ii (al = 1) and (a2 = 2) and (a3 = 3) then (d = 1) 
#2 : ii (a2 = 2) and (a3 = 2) then (d = 2) 

which are not inconsistent. 

4.3. Reliability of decis ion rules 

Let us notice, that decision rules in the decision algorithm are not equally important or 
reliable. They can be build on a base of different numbers of objects from the information 
system. One rule may be supported by a single object while another by many objects. So, 
the first one will be 'weaker' then the latter, i.e. less reliable for the decision support. 

For this reason, in 'RoughCIass', the description of each decision rule is extended by 
information about the number of objects in the information system which support the given 
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rule. This number is called strength of the rule. 
The introduction of this coefficient seems to be useful for analysis of non-deterministic 

rules. In the non-deterministic rules, decisions are not univocally determined by conditions. 
So, the strength is defined for each possible class. If the strength of one class is much greater 
than the strength of other classes indicated by this coefficient in the non-deterministic rule, 
one can conclude, that according to this rule, the classified object most likely belongs to 
the strongest class. 

4.4. Classification of new objects 

Using 'RoughClass' it is possible to classify single objects introduced by the user or sets 
of objects, i.e. from the files. It is also possible to perform reclassification of the coded 
information system using the 'leaving-one-ol.lt' method. 

Firstly, 'RoughClass' looks over the set of decision rules to find the rule matching the 
description of the new object. If such a rule exists, the user gets the following information : 
possible assignments of the object on the basis of this rule, its strength and particular 
objects used to create it. 

Otherwise the user is informed by 'RoughClass' about the rules nearest to the description 
of the new object. 'RoughClass' finds the nearest rules using the distance measure [14) 
understood in the way described below. 

Let A denote the set of condition (coded) attributes (al> a2, ... , an). These attributes 
can have different nature : ordin al or nominal. The ordinal attributes are denoted by O 
and nominal by N, so A = O uN. When comparing two description from the viewpoint of 
a condition attribute, one has to check whether its value are identic al or not. In the latter 
case, if the attribute is ordinal, one has to measure the magnitude of the difference. 

As a decision rule may cont ain less condition attributes than the description of a classi­
fied object, the distance between the decision rule and the classified object is computed for 
attributes existing in the condition part of the rule only. For other attributes it is assumed 
that there is no difference. 

Let a given new object x be described by values Xl> X2, • •• , Xm (m < n) of the attributes 
occurring in the condition part of rule Y described by values Yb Y2, ..• , Ym of the same 
attributes. The distance of object x from the rule Y can be defined as follows : 

D = ~O= kidf + E kjdD1
/ P 

iEN JEO 

where: 
m - number of attributes occurring in the rule, 
p = 1,2, ... - natural number to be chosen by the analyst, 
di - partial distance for nominal attribute ai , 

di = O if xi - Yi = O and di = 1 otherwise, 
dj - partial distance for ordinal attribute a , 

dj =1 Xj - Yj 1 /(Vjmax - Vjmin), 
Vjmax and Vjmin - maximal and minimal value of aj , respectively, 
ki and kj are importance coefficients of the attributes. 
Let us notice that depending on the value of p, the distance measure is more or less 

compensatory. For p = 1 the distance measure is perfectly compensatory and for p = 00 , it 
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is perfectly non-compensatory. The greater is the value of p the greater is the importance 
of the largest partial distance in D. Typically used values of pare 1,2, and 00 • 

The importance coefficients can be determined either subjectively or taking into account 
the classificatory ability of the attributes (ef. [9], where the classificatory ability of the 
attribute ai is expressed by the difference between the quality of classification for the set of 
aH considered attributes and the quality of classification for the same set of attributes but 
without attribute ai ) 

For a given object the distance from each rule is calculated and rules are ranked accord­
ing to the value of D. The rules which are not more distant from the given object than a 
threshold T defined by the user are displayed to him. Other restrictions for the distance 
between the given object and the rule can also be introduced by the user, e.g. the maximal 
number of differences on corresponding positions of attributes. 

The presented nearest rules are described by the foHowing information : possible assign­
ments of the object on the basis of a given rule, its distance from the object, its strength, 
objects creating it. In addition, other parameters can be displayed, e.g. the number of 
differences between the object and the rule. 

5. Conclusions 

Three different microcomputer programs useful in the rough sets analysis were shortly 
described in this paper. The first one - 'RoughDAS' is intended to be used for to the analysis 
of information systems by means of the rough sets theory. The second one - 'Sensitivity 
Analyser', is a useful tool for the sensitivity analysis of the rough sets to changes in the 
definition ofboundary values for quantitative attributes. The third program -'RoughClass', 
allows to apply the results, obtained by 'RoughDAS', for supporting classification of new 
objects. 
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APPENDIX 

GLOSSARY OF BASIC CONCEPS 

1. Information system 

An information system is the 4-tuple S =< U,Q, V,j >, where 

U is a finite set of objects (observations, states, cases, events, ... ), 

Q is a finite set of attributes (features, variables, characteristics, ... ), 

v = UqEQ Vq and Vq is a domain of the attribute q and 

f: U x Q ---> V is a total function (alternative denotation p) such that f( x, q) E Vq for 
every q E Q, x EU, called informat ion function. Any pair (q, v), q E Q, v E Vq is 
called descriptor in S. 

The information system is in fact a finite data table, columns of which are labelled by 
attributes, rows are labelled by objects and the entry in columns q and row x has the value 
f(x, q). Each row in the table represents information about an object in S. The information 
system is also called knowledge representation system 

2. Indiscernibility relation 

Let S = < U, Q, V, f > be an information system and let P ~ Q and x, y EU. We say that x 
and y are indiscernible by the set of attributes P in S iff f( x, q) = f(y, q) for every q E P. 
Thus, every P ~ Q generates a binary relation on U, which is called indiscernibility 
relation, denoted by 1 N D( P) (alternative denotation F). IN D( P) is an equivalence 

relation for any P and the family of all equivalence classes of relation IN D(P) is denoted 
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by U I IN D(P) or, in short, by U I P (alternative denotation P*). The family is also called 
P-basic knowledge about U in S. 

Eqivalence classes of relation IND(P) are called P-elementary sets (concepts or 

categories of P-basic knowlege) in S. [XhND(P) denotes a P-elementary set including 
object x. Q-elementary sets in Sare called atoms. 

Desp(X) denotes a description of P- elementary set X EUl IN D(P) in terms of 

values of attributes from P, i.e. 

Desp(X) = {(q,v): f(x,q) = v, ţjx E X, ţjq E p} 

3. Approximation of sets 

The idea of the rough set consists of the approximation of a set by a pair of sets, called the 
lower and the upper approximation of this set. Suppose we are given information system 

S. With each subset Y ~ U and an equivalence relation IN D(P) we associate two subsets: 

EX = U {X EUl IN D( P): X ~ Y} 

PY = U{X EUl IND(P): XnY f. 0} 

called the P-lower and the P- upper approximation of Y, respectively. 
The P-boundary of set Y is defined as 

BNp(Y) = PY - EY 

Set EY is the set of al! elements of U, which can be certainly classified as elements of 
Y, employing the set of attributes P. Set PY is the set of elements of U which can be 
possibly classified as elements of Y, using the set of attributes P. The set B N p(Y) is the 
set of elements which cannot be certainly classified to Y using the set of attributes P. 

The following denotations are also employed: 

POSp(X) = EX, P- positive region of X 

N EGp(X) = U - PX, 

BNp(X), 

P- negative region of X 

P- borderline (or doubtful) region of X 

(alternative denotation Posp(X), Negp(X) and Bnp(X)). 
An accuracy of approximation of set Y ~ U by P in S or, in short, accuracy of Y, 

is defined as: 
o:p(Y) = card(EY) 

card(PY) 

(alternative denotation ţLp(Y) or ,8p(Y)) . 
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4. Approximation of classifications 

Let Y = {YI, Y2 , ••• , Yn} be a classification (partition) of U in S, and P ~ Q. Sub­
sets Yj (j = 1, ... , n) are classes of y. Then, EY = {EYI, EY2 , ••• ,EYn} and PY = 
{PYl , PY2 , . .• , PYn} are called the P-lower and the P-upper approximation of classi­
fication y, respectively. EY is also called P- positive region of y. BNp(Y) = PY - EY 
is called P-boundary of Y or P- doubtful region of y. 

The accuracy of classification is defined as 

L'J=l card(EYj) 
Q p (Y) = =."c-n -=---"'=-':":" 

Lj=l card( PYj) 

(alternative denotation ţtp(Y) or ţ3p(y)). 
The coeflicient 

L'J=l card(EYj) 
1'p(Y) = card(U) 

is called the quality of approximation of Y by Por, in short, quaIity of classification. 
It expresses the ratio of alI P-correctly classified objects to alI objects in the system. 

5. Reduction of attributes 

The set of attributes R ~ Q depends on the set of attributes P ~ Q in S (denotation 
P --+ R) iff IN D(P) ~ IN D(R). Discovering dependencies between attributes is ofprimary 
importance in the rough sets approach to data analysis. 

Another important issue is that of attribute reduction, in such a way that the reduced 
set of attributes provides the same quality of classification as the original set of attributes. 

The minimal sub set R ~ P ~ Q such that 1'p(Y) = 1'R(Y) is called Y- reduct of P (or, 
simply, reduct if there is no ambiguity in the understanding of y). Y-reduct of Q is also 
called minimal set (or subset) in S. 

Let us notice that an information system may have more than one Y-reduct. REDy(P) 
is the family of alI Y-reducts of P. Intersection of alI P-reducts of P is called Y-core 
of P, i.e. COREy(P) = nREDy(p). The Y-core of Q is the set of the most charac­
teristic attributes which cannot be eliminated from S without decreasing the quality of 
approximation of classification y. 

6. Decision tables 

An information system can be seen as decision table assuming that Q = CUD and CnD = 0, 
where C is a set of condition attributes, and D, a set of decision attributes. 

Decision table DT = < U, C uD, V, f > is deterministic (consistent) iff C --+ D 
and, otherwise, it is non-deterministic (inconsistent). The deterministic decision ta­
ble uniquely describes the decisions (actions) to be made when some conditions are 
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satisfied. In the case of a non-deterministic table, decisions are not uniquely determined 
by the conditions. Instead, a subset of decisions is defined which could be taken under 
circumstances determined by conditions. 

From the decision table a set of decision rules can be derived. Let U lIN D( C) be 
a family of alI C -elementary sets called condition classes in DT, denoted by Xi (i = 
1, ... ,k). Let, moreover, U I IN D(D) be a family of alI D-elementary sets called decision 
classes in DT, denoted by }j (j = 1, ... , n). 

DesC(Xi) => DesD(}j) is called (C, D)-decision rule. The rules are logical statements 
(if ... then ... ) relating descriptions of condition and decision classes. 

The set of decision rules for each decision class }j (j = 1, ... , n) is denoted by {Tij}. 
Precisely, 

{Tij} = {DesC(Xi) => DesD(}j): Xi n}j =1- 0, i = 1, ... , k} 

Rule Tij is deterministic (consistent or certain) in DT iff Xi ~ }j, and Tij is non­
deterministic (inconsistent or possible) in DT, otherwise. 

The set of decision rules for alI decision classes is called decision algorithm. 

Reference 

Pawlak, Z. (1991). Rough Sets. Theoretical Aspecis of Reasoning about Data. 

Kluwer Academic Publishers. Dordrecht. 



SUBJECT INDEX 

accuracy 
measure, 112, 333 
of approximation, 42, 158, 458 
of classes, 79, 122 
of classification, 21,459 
predictive, 148 

algorithm, ef. decision algorithm 
of complementation, 190 
of control, 30, 61 
of learning, 138, 438 

antimicrobial activity, 119 
approximating sequence, 305 
approximation 

adequate, 300 
by neighbourhood, 292 
lower, X, XIII, 4, 182, 207, 235, 305, 333, 404, 436, 458 
of a concept, 4, 291 
of a set, 458 
of belief functions, 211 
of classification, 459 
of fuzzy sets, 207 
of random sets, 209 
space, XIII, 435 
theory, 204, 287 
upper, X, XIII, 4, 182,207,235,305,333,404,436,458 

approximative convergence, 310 
AQI5, 4 
atom, IX, 170, 269, 448, 458 
attribute(s) 

binary, 254 
coded, 37,55,78,168,252,363,446,454 
condition, 20, 120, 145, 154, 183, 269, 380, 459 
continuous, see quantitative 
coreo~ 43,160,170,187,317,338,448,459 
decision, 20, 36, 155, 183, 269, 459 
dependency of, 9, 55, 79, 141,332,354,459 
discrete, see qualitative 
discretization or quantization, 55, 373 
dispensable, 183, 318, 338 

relatively, 347 
totally, 355 

domain of, 35, 99, 121, 168, 184, 316, 363, 446, 457 
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indispensable, 183, 318, 338 
relatively, 347 
totally, 355 

minimal subset of, see re duct 
nominal, see qualitative 
ordinal, see quantitative 
pre-operating, 77 
priority, 7 
qualitative, 55, 120, 252, 445, 454 
quantitative, 55, 252, 373, 445, 454 
reduct of, 43, 112, 160, 170, 316, 367, 459 
significance of, 96, 251 
superfluous, 112, 141, 251 
value, 114 
-value pair, 5, 138 

system, X 
Bayesian method, 256 
belief function, 204, 211 
Bellzekri distance, 273 
Boolean function, 184 
boundary 

line, IX, 203 
region, X, 333,458,459 

C-calculus, 204,208 
CAD, 197 
canonical representative, 306 
category, see concept 
cause-result or cause-effect relationship, X, 96, 119, 162, 433 
chemical structure, 119 
Chomsky grammar, 406 
circuit VLSI, 181 
class 

conventional, 35 
equivalence, XIII, 214, 289, 305, 316, 435 
impure, 268 
of conditions, 460 
of decisions, 78, 122, 131, 173,257,460 
pure, 268 

classification, 148, 271, 291, 316, 363, 459 
error, 376 
fuzzy-rough, 234 
given by an expert, 22, 78, 98, 115, 122, 430 
of new objects, 252, 256, 454 
patterns, IX 
rough, 77, 363 
rule, see decision rule 

classifier, 34,44, 255 



closed world assumption, 451 
closure, 234, 290, 305 
Codd theory of databases, 315 
complementation algorithm, 190 
complete inverse image, 288 
complex, 7 
composition 

Max-Min, 115 
Max-Product, 115 
Average-Product, 115 

computational complexity, 319, 332 
concept, IX, 3, 141, 287, 426, 458 

continuous, 287 
fuzzy, 287 

conceptual schema, 422 
concretes' frost resistance, 373 
condition, 139 

attributes, 20, 120, 132, 145, 155, 168, 269,380,459 
class, 460 
dropping, 10 
suggestion, 143 

consequence 
logical, 243 
relation, 391 

consistency, 160, 326, 459 
relation, 185 

control 
algorithm, 30, 61 
code generation, 63 
of an industrial process, 19, 49 
protocol, 19 
rule-based, 19,49,62 
variables, 20, 55 

convergence, 306 
of attributes, 43, 160, 170, 187, 317, 338, 448, 459 
relative, 349 

correctness of classification, 375 
covering 

global, 5,9 
local, 5, 7 

CPLA, 138 
CSA, 138 
data 

acquisition, 55, 64 
analysis, 61, 235, 252, 445 
base, 167, 316, 419 
empirical, XIII 
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preprocessing, 66 
quantization, 55 
table, 54, 66 

decision, XIII 
algorithm, XIII, 45, 86, 129, 133, 254, 258, 326, 371, 449 
attribute, 20, 36, 155, 169, 183, 269, 459 
class, 78, 122, 131, 173,257,460 
making, 77, 328 
procedure, 239, 243 
rule, 19, 34, 129, 171, 183, 328, 419, 460 
support, IX, XIV, 119,363 
table, 21, 155, 157, 183, 267, 326, 459 
tree, 4,26,30,67,255,261,268 

decomposition technique, 192 
dependency 

functional, 192, 317 
of attributes, 9, 55, 79, 141, 322, 354, 459 
statistical, 273 

description, 458 
conditioned, 140 
discriminant, 3 

descriptor, 133, 168,457 
deterministic 

decision rule, 4, 129, 171, 268, 451, 460 
decision table, 86, 459 

diagnosis 
medical, 111 
technical, 33 

diagnostic capacity, 41 
discerni bili ty 

function, 189, 335 
matrix, 189, 335 
relation, 333 

discretization, 373 
discriminant 

120, 252, 271 
450 

analysis, 
coeffi ci en t , 
description, 
score, 254 

3 

distance 
Benzekri, 273 
between objects, 253, 454 
Hausdorff, 307 

dropping condition, 10 
duodenal ulcer, 77,363 
earthquake prediction, 165 
election survey, 144 



elementary 
concept, 296 
set, 172, 268, 435, 458 

Elysee method, 272 
empirical 

data, XIII 
learning, 3 

entropy, 141,255,267 
equivalence 

class, XIII, 214, 289, 305, 316, 435 
fuzzy, 215 

relation, 182,235,267, 288, 306, 316, 457 
evidence 

confiicting, 4 
incomplete, 4 
theory, X, 204 

example 
inconsistent, 4 
negative, 3 
positive, 3 

EXIS, 422, 439 
expert 

classification, 22, 98, 115, 122, 430 
inference model, 19 
system, 3, 111, 154,422 

extension, 344 
factors 

of surgical wound infection, 95 
premonitory for earthquakes, 165 

Fisherian discrimination, 253 
Frechet space, 287 
fuzzification of attribute values, 111 
fuzzy 

data analysis, 234 
equivalence class, 215 
expert system, 111 
inference, 111, 114 
interval, 114 
logic, 234 
-modal operation, 237 
partition, 203, 216 
reIat ion , 235 
-rough 

classification, 234 
quantifier, 249 
set, 204, 218, 294 

rules. 111 
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set, X, 114, 203, 235, 294 
proper, 294 
twofold, 206 

granularity, IX, 205 
Hausdorff metric, 306 
heavy oiI upgrading, 49 
hierarchy of attributes, 100, 103, 276 
highIy selective vagotomy (HSV), 77, 256, 363 
human operator, 19, 63 
ID, see iterative dichotimizer 
image processing, 204, 206 
imprecision, IX 
inconsistency, 13, 327, 453, 459 
indiscernibiIity, IX, XIII, 204, 306 

relation, 182, 203, 235, 290, 316, 332, 435, 457 
infection, 95 
INFER, 139 
information 

coded, 386 
exact, 300 
function, 457 
imperfect, XIII 
system, X, XIII, 36, 78, 97,120,154,168,182,204,235,251,269,315,332,397,448, 

457 
dynamic, 315 
random, 374 

theory, 267 
informativity, 256 
intelligent decision support, XIII 
interior, 234,290, 305 
iterative dichotimizer, 4, 255, 268, 442 
knowledge 

acquisition, 5, 321, 430 
anaIysis, XIII, 49, 315 
base, 287, 290 
basic, 458 
gained by experience, XIII, 3, 420 
human, XIII 
probabilistic, 373 
representation system, X, 139, 168, 203, 328, 419, 457 
validation, 4 

Iattice, 296, 391 
Iearning 

accumulative, 422 
algorithm, 138, 438 
empirical or by experience, XIII, 3 
from exampIes, 3, 420 



inductive, 137, 255 
interactive, 137 
machine, 3, 49 
probabilistic, 141, 255 
process, 420 
set, 256 
similarity-based, 3 

leaving-one-out method, 257,454 
LERS, 4 
location model, 255 
logic, 391 

decomposition, 192 
fuzzy, 234 
imprecise monadic predicate, 247 
L#, 236,243 
modal, 204, 225, 229 
multiple-valued, 184 
synthesis, 181 
S5-modal fuzzy, 226,234,247 

medical 
diagnosis, 106, 115, 332 
information system, 78,97,256,363 

membership function, 114,207,235 
metric, 307 
minimal set, see reduct 
Minsky conjecture, 402 
minterm, 185 
model, 236 

event, 421 
of an object, patient, XIII, 83,124 
of fuzzy inference, 114 
semantic, 421 

modus ponens, 227 
monotonic decreasing, 299 
natural projection, 289 
neighbourhood system, 287 
noise, 36, 38 
nondeterministic 

decision rule, 4, 129, 183, 268, 451, 460 
decision table, 459 

norms, cf. attribute discretization or quantization, 78, 99, 158, 173, 252, 278, 363, 448 
object, IX, XIII, 122, 168, 316, 457 

approximation, 405 
mechanical, 33 

open world assumption, 451 
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operation 
fuzzy-modal, 237 
modal, 236, 240 
propositional, 240 

parallel computing, 402 
partition, 9, 185, 203, 269, 289, 316, 380, 435, 459 

algebra, 186 
fuzzy, 203, 216 
substitutional, 5 

Pawlak topology, 287, 305 
poset, 296 
predictive accuracy, 148 
printing company, 277 
production rule, 405 
prime implicant, 354 
pruning tree, 4, 255 
quality of classification, 21,42,80, 122, 156, 171,269,364,448,459 

aposteriori, 375 
a priori, 375 
expected, 376 

quaternary ammonium compounds, 119 
quotient set, 289 
radon emanation, 165 
rectangle, 240 
reduced 1I"-rough set, 306 
reducers, 41 
reduct, 43,80,112,160,170,316,338,367,459 

relative, 349 
weak, 316 

reduction 
bottom-up, 322 
of attributes, XIII, 28, 55, 78, 113, 122, 131, 322, 338, 449, 459 
of information system, 108, 112, 338, 446 
of knowledge, 328 
of symptoms, 43 
top-down, 322 

region 
boundary or doubtful, 270, 371, 458, 459 
negative, 458, 459 
positive, 183, 345, 458, 459 

relation 
cause-effect or cause-result, X, 96, 119, 162, 433 
consequence, 391 
consistency, 185 
discernibility, 333 
equivalence, 267,288,306,316,457 
fuzzy, 235 



indiscernibility, 290,316, 332, 435, 437 
similarity, 143,203, 213, 235 

relational database, 316, 420 
restriction, 332 
risk factors, 101 
robot arm, 61 
robustness analysis, 364 
rolling bearings, 35 
rotary clinker kiln, 19, 344 
rough 

architecture, 402 
classification, 77, 363 
grammar, 401 
qualifier, 234 
set, 203,233,288,305,332,404,458 

fuzzy, 204, 207, 294 
learning, 419 
random, 210 
topological, 291 
7r-, 306 

table, 408 
RoughDAS, 87,174,181,260,445 
RoughClass, 445,454 
rule 

certain, consistent 01' deterministic, 4, 129, 171, 183, 268, 451, 460 
generation, 56,67,438,449 
if-then, XIII, 20, 66,111,141 
mached, 452 
nearest, 260, 454 
possible, inconsistent 01' nondeterministic, 4, 129, 183, 268, 451, 460 
probabilistic, 141 
similarity, 143 

scheduling, 401 
Scott consequence system, 391 
semantic, 137,291,218,404,421 
sensitivity analysis, 363, 450 
sequence of attributes, 80 
set(s) 

dependent, 79,339,459 
elementary, 172, 268 
fuzzy, X, 114, 203, 235, 287 

-rough, 204, 218, 294 
independent, 79, 339 
negatively decidable, 22 
positively decidable, 22 
quasi classical, 296 
random, 209 
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rough, 203, 287, 305, 332 
learning, 435 
-fuzzy, 207 
-random, 210 
topological, 291 

twofold fuzzy, 206 
1l"-rough, 306 

significance 
factor, 433 
group of, 102 
measure, 156 
of attributes, 96, 251 

similarity relation, 143, 203, 213, 235 
space 

Frechet, 287 
metric, 306 
of approximation, XIII, 435 
of control, 20 
of operands, 403 
of operators, 403 
topological, 287 

state 
characteristic, 20 
empty, 375 
mixed, 375 
pure, 375 
technical, 33, 36 
vector, 55 

statistic(s), X, 120,252,271 
Snedecor F, 254 
Wilks A, 254 

stoker, 24,344 
strellgth of rules, 150, 253, 454 
substitutional 

decision, 7 
partition, 7 

symptom, 33 
limit values, 35, 47 
of the technical state, 36 

S5-modal fuzzy logic, 234, 247 
table 

consistent or deterministic, 86, 184, 459 
data, 56, 66 
decisiOll, 21,86,155,157,267,326,459 
inconsistent or nondeterministic, 459 

Tarski consequence relation, 391 
taxonomy, 204, 426 



topologica! 
rough set, 291 
soft algebra, 234 
space, 287, 305 

training 
cycle, 49 
data, 4 
stage, 63 

triangular norm, 213 
uncertainty, IX, 4, 268 
universe, 305,317,332 
water condition control, 153 
variable 

elimination, 187 
measurable, 20 
multiple-va!ued, 184 
observable, 20 

vibration, 36, 38 
VLSI circuit, 181 
voter preferences, 137 
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