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PREFACE

Making decisions under uncertainty and imprecision is one of the most challenging
problems of our age, which for a long time have been tackled by philosophers, logicians and
others. Recently Al researchers have given new momentum and flavor to this area.

Expert systems, decision support systems, machine learning, inductive reasoning, pat-
tern recognition, are areas where decision making under uncertainty is of primary impor-

tance.

There are known several mathematical models of uncertainty (e.g. fuzzy sets, theory
of evidence), however, there is widely shared view that the problem is far from being fully
understood.

The concept of a rough set has been proposed as a new mathematical tool to deal
with uncertain and imprecise data, and it seems to be of significant importance to Al and
cognitive sciences both from theoretical and practical points of view.

A special attention should be paid to the decision support systems, basic topic of this
book — where the rough sets approach offers a new insight and efficient algorithms.

The rough sets philosophy means a specific view on representation, analysis and manip-
ulation of knowledge as well as a new approach to uncertainty and imprecision.

Knowledge is understood here as an ability to classify objects (states, events, processes
etc.), i.e. we assume that knowledge is identified with a family of various classification
patterns. Objects being in the same class are indiscernible by means of knowledge pro-
vided by the classification and form elementary building blocks (granules, atoms) which are
employed to define all basic concepts used in the rough sets philosophy.

In particular, the granularity of knowledge causes that some notions cannot be expressed
precisely within available knowledge and can be defined vaguely only. This leads to the so
called "boundary-line” view on imprecision, due to Frege who writes (cf. Frege (1903)):

The concept must have a sharp boundary. To the concept without a sharp boundary

there would correspond an area that had not a sharp boundary-line all around.
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In the rough sets theory each imprecise concept is replaced by a pair of precise concepts
called its lower and upper approzimation; the lower approximation of a concept consists
of all objects which surely belong to the concept whereas the upper approximation of the
concept consists of all objects which possibly belong to the concept in question. Difference
between the lower and the upper approximation is a boundary region of the concept, and
it consists of all objects which cannot be classified with certainty to the concept or its
complement. These approximations are fundamental tools of reasoning about knowledge.

Tor algorithmic reasons, i.e. in order to provide easy processing and manipulation of
knowledge, suitable representation of knowledge is needed. To this end the tabular form,
known as an information system, atiribute—value sysiem or knowledge representation system
—is used. Attributes in the information system represent various classification patterns. In
this way knowledge can be replaced by data and knowledge processing can be replaced by
data manipulation. In particular, concepts (subsets of objects) can now be defined (exactly
or approximately) in terms of attribute-values, and a variety of other concepts needed
for reasoning about knowledge can by expressed in attribute-value terms. Mostly, we are
interested in discovering various relations between attributes, like exact or approximate
dependency of attributes (cause—effect relations), redundancy of attributes and significance
of attributes, and in generation of decision rules from data.

The rough sets philosophy turned out to be a very effective, new tool with many success-
ful real-life applications to its credit. It is worthwhile to stress that no auxiliary assumptions
about data, like probability or membership function values, are needed, which is its great
advantage.

The rough set concept has an overlap with other ideas developed to deal with uncertainty
and imprecision, in particular with fuzzy sets (cf. Dubois and Prade (1990)), evidence
theory (cf. Skowron and Grzymala—Busse (1992)), statistics (cf. Krusinska, Slowifiski and
Stefanowski (1992)) albeit it can be viewed in its own rights.

The book edited by Prof. Roman Slowiniski shows a wide spectrum of applications of
the rough set concept, giving the reader the flavor of, and the insight in, the methodology
of the newly developed discipline.

Although the book emphasizes applications, comparison to other related methods and
further developments receive due attention. In this sense, the book can be seen as a con-
tinuation of the book on theoretical foundations of rough sets (cf. Pawlak (1991)).

I am sure that the reader will benefit from studying the book by gaining a new tool to
solve his or her problems as well as a new exciting area of research.

Zdzistaw PAWLAK
Warsaw, April 1992
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SCOPE AND GOALS OF THE BOOK

Roman SLOWINSKI
Institute of Computing Science
Technical University of Poznain

60-965 Poznai, Poland

Intelligent decision support is based on human knowledge understood as a family of
classification patterns related to a specific part of a real or abstract world. When the
knowledge is gained in the process of learning by experience, it is induced from empirical
data. The data are often presented as a record of objects (events, observations, states, pa-

tients, ... ) described by a set of multi-valued attributes (features, variables, characteristics,
conditions, ...). The objects are associated with some decisions (actions, opinions, classes,
diagnoses, ...) taken by an expert (decision—maker, operator, doctor, diagnostician, ...).

Such a record is called information system.

A natural problem of knowledge analysis consists then in discovering relationships be-
tween objects and decisions, so as to get a minimum representation of the information
system in terms of decision rules.

The rough sets theory created by Z. Pawlak in early 80’s provides a tool for such
an analysis. The observation that one cannot distinguish objects on the basis of given
information about them is the starting point of the rough sets philosophy. In other words,
imperfect information causes indiscernibility of objects. The indiscernibility relation induces
an approximation space made of equivalence classes of indiscernible objects. A rough sets is
a pair of a lower and an upper approximation of a set in terms of these equivalence classes.

Using the rough sets approach, one can obtain among others the following results:

o evaluate importance of particular attributes in relationships between objects and de-
cisions;

o reduce all redundant objects and attributes, so as to get minimal subsets of attributes
(reducts) ensuring a satisfactory approximation of the classification made by decisions;

e create models of the most representative objects in particular classes of decisions;

o represent the relationships between objects, described by a reduct, and decisions, in
the form of a set of decision rules (if ...then ...) called decision algorithm.
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The decision algorithm represents knowledge gained by the expert on all the set of
objects. This representation is free of redundancies, so typical for real data bases, which
cover the most important factors of experience. The algorithm and the models of objects
can be used to support decisions concerning new objects.

Since its foundation, the rough sets theory has been applied with success in many
domains. The success is mainly due to the following features:

e it analyses only facts hidden in data,
e it does not need any additional information about data,

e it does not correct inconsistencies manifested in data; instead, produced rules are
categorized into certain and possible,

e it finds a minimal knowledge representation,

e it is conceptually simple and needs simple algorithms.

The theory has gained the degree of maturity and acceptance which urges to make
a synthesis of experience with rough sets. After the monograph on foundations of the
rough sets theory (cf. Z. Pawlak, Rough Sets - Theoretical Aspects of Reasoning about
Data, Kluwer Academic Publishers, TDL.D, Dordrecht, 1991), the present volume is a
first tentative of such a synthesis. It is thought of as a handbook, i.e. a source book of
applications, new developments and comparisons with related methodologies.

The book is composed of three parts:

Part I:  Applications of the rough sets approach to intelligent decision support
Part II: Comparison with related methodologies
Part III: Further developments

In Part I, GRZYMALA-BUSSE presents the system LERS for rule induction. The sys-
tem handles inconsistencies in the input data due to its usage of rough set theory principle.
It induces certain rules and posible rules which may be practically used by putting them
into the knowledge base of rule-based expert system.

MROZEK discusses the use of rough sets in computer implementation of a rule-based
control of industrial processes. Decision rules are induced from control protocols describ-
ing a human operator control. The control process of a rotary clinker kiln is chosen for
illustration.

NOWICKI, SLOWINSKI and STEFANOWSKI apply the rough sets approach to di-
agnostic classification of mechanical objects on the basis of vibroacoustic symptoms. The
rough sets analysis concerns: evaluation of diagnostic capacity of symptoms, comparison of
different methods of defining symptom limit values, reduction of the set of symptoms, con-
struction of a classifier of the technical state. An example of rolling bearings is considered.

SZLADOW and ZIARKO develop a process model of heavy oil upgrading using a ma-
chine learning system based on rough sets. The key advantages of using the rough sets
approach are: it allows the use of qualitative and quantitative process information in the
model; it provides a unified description of temporal events and patterns; it permits the use
of "raw” sensor data without preprocessing.
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ZIARKO presents one more application of the rough sets approach to acquisition of con-
trol algorithms from process or device operation data. The presentation is illustrated with
a comprehensive example showing the generation of the control algorithms from simulated
data representing movements of a robot arm.

SLOWINSKI describes his experience with a medical application of the rough set con-
cept. In particular, he analyses an information system containing patients with duodenal
ulcer treated by highly selective vagotomy (HSV). Qualitative and quantitative attributes
are used to describe the patients. Using the rough sets approach, all superflous objects
and attributes have been reduced from the information system and a decision algorithm
has been derived in order to support decisions about the treatment of new duodenal ulcer
patients by HSV.

KANDULSKI, MARCINIEC and TUKALLO apply the rough sets analysis of data
concerning some commonly considered factors of surgical wound infection. The aim is
to establish a hierarchy of these factors with reference to a particular surgical clinic or
department.

TANAKA, ISHIBUCHI and SHIGENAGA present another medical application. They
describe a method of constructing a fuzzy inference system by introducing fuzzy intervals
representing fuzzified attribute values. The reason for using fuzzy intervals is that fuzzy
if-then rules can cover the whole space of attribute values while it is not the case of rules
derived from only lower approximations. The classification power of the proposed inference
model is demonstrated on a diagnostic problem.

KRYSINSKI applies the rough sets approach to analysis of relationships between chemi-
cal structure and antimicrobial activity of quaternary ammonium compounds. The decision
algorithm derived from the information system can be used to support decisions concerning
synthesis of new antimicrobial compounds.

HADJIMICHAEL and WASILEWSKA present an interactive probabilistic inductive
learning system based on the rough set concept. The system is used to study voter prefer-
ences in the 1988 U.S.A. presidential election. Results include an analysis of the predictive
accuracy of the generated rules, and an analysis of the semantic content of the rules.

REINHARD, STAWSKI, WEBER and WYBRANIEC-SKARDOWSKA report their
experience with the use of rough sets to decision support concerning control of water condi-
tions on a polder. Two information systems composed of objects corresponding to periodic
measurements of weather conditions, water surface levels and soil humidity are analysed.

TEGHEM and CHARLET apply the rough sets approach to draw premonitory factors
for earthquakes on the basis of radon emanation. The field of application concerns the Mons
Basin (Belgium) with various geological environment, a geothermal system and a rather low
seismic activity. The analysis has allowed to discriminate the sites with a particularly high
sensitivity to a seismic event.

LUBA and RYBNIK approach two seemingly different problems. One concerns informa-
tion systems theory and the other is connected to logic synthesis. An efficient algorithm for
reduction of attributes (arguments) as well as functional decomposition of decision (truth)
tables is presented. Using manipulations based on both rough sets and Boolean algebra,
the decision table is reduced and decomposed so as to get an efficient implementation.
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In Part I, DUBOIS and PRADE demonstrate that fuzzy sets and rough sets aim to
different purposes and that it is natural to try to combine the two models of uncertainty
(vagueness for fuzzy sets and coarseness for rough sets) in order to get a more accurate
account of imperfect information. In result of the combination, a fuzzy rough set is defined
whose properties and potential usefulness are indicated.

NAKAMURA considers a concept of fuzzy-rough classification. Two logics based on
fuzzy-rough classifications are proposed and compared with the indiscernibility relations.
Decision procedures for the proposed logics are given in a tableau style, useful for an
automated reasoning.

KRUSINSKA, BABIC, SLOWINSKI and STEFANOWSKI make a comparison study
of the rough sets approach and probabilistic techniques, in particular, discriminant analysis
and probabilistic inductive learning, on a common set of medical data. A general discussion
on similarities and differences among compared methods is given. In the comparative
computational experiment, particular attention is paid to data reduction and construction
of decision rules.

TEGHEM and BENJELLOUN describe some experiments made to compare the rough
sets method of data analysis with the Quinlan’s method using the notion of entropy and an
ordinal discriminant analysis method using the Benzekri’s distance. Various pros and cons
are derived from this comparison.

LIN studies approximation theory via rough sets, fuzzy sets and topological spaces.
Rough sets theory is extended to fuzzy sets and Frechet topological spaces which are shown
to be equivalent. It is shown, moreover, that the three theories allow one to draw an exact
solution whenever there are adequate approximations.

POLKOWSKI is also dealing with topological properties of rough sets. He proposes
metrics for rough sets that make them into a complete metric space and shows that the
metric convergence encompasses and generalizes approximative convergence.

In Part III, ORLOWSKA and ORLOWSKI show the role of reducts in the definitions
and other fundamental notions of the information systems theory, such as functional de-
pendencies and redundancy. They demonstrate different ways of computing reducts and
propose a new algorithm which improves the execution time and avoids repetition of the
whole procedure for dynamically changing data.

SKOWRON and RAUSZER introduce the notions of discernibility matrix and discerni-
bility function related to any information system. Several algorithms for solving problems
related to the rough definability, reducts, core and dependencies follow from demonstrated
properties of these notions.

SLOWINSKI and SLOWINSKI analyse rough classification of patients after highly se-
lective vagotomy (HSV) for duodenal ulcer from the viewpoint of sensitivity of previously
obtained results to minor changes in the norms of attributes. An extensive computational
experiment leads to the general conclusion that original norms following from medical ex-
perience were well defined.

LENARCIK and PIASTA consider the problem of norms for discretization of continu-
ous attributes from a probabilistic perspective. They introduce the concepts of a random
information system and of an expected value of the quality of classification. The method
of finding suboptimal norms based on these concepts is presented and illustrated with data
from concretes’ frost resistance investigations.



xvii

VAKARELOV develops a representation theory for Scott consequence systems in Pawlak’s
information systems.

WOJICIK and WOJCIK present a novel methodology for high performance allocation
of processors to tasks based on an extension of the rough sets to the rough grammar.
It combines a global load balancing with a dynamic task scheduling on a multiprocessor
machine.

YASDI describes a method for learning classification rules from a data base. The rough
sets theory is used in designing the learning algorithm. Knowledge representation is con-
sidered in the framework of a conceptual schema consisting of a semantic model and an
event model.

SLOWINSKI and STEFANOWSKI characterize two software implementations of the
rough sets approach. The first one, 'RoughDAS’, performs main steps of the analysis of data
in an information system. The second, "RoughClass’, is intended to support classification of
new objects. Some problems of sensitivity analysis of rough classification are also discussed.

A glossary of basic concepts of the rough sets theory is appended to the book for reader’s
convenience.

The book ends in a subject index.

If the book can be considered as representative for the state—of-the—art in the rough sets
theory and applications, this is due to a large participation of outstanding specialists in this
field. I wish therefore to thank very much all the Authors for their valuable contributions
and active cooperation in this collective work. I wish also to extend my thanks to Prof.
Zdzistaw PAWLAK who kindly accepted to write the Preface to the book.
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Part 1
Chapter 1

LERS-A SYSTEM FOR LEARNING FROM EXAMPLES
BASED ON ROUGH SETS

Jerzy W. GRZYMALA-BUSSE
Department of Computer Science
University of Kansas
Lawrence, KS 66045, U.S.A.

Abstract. The paper presents the system LERS for rule induction. The system handles
inconsistencies in the input data due to its usage of rough set theory principle. Rough set
theory is especially well suited to deal with inconsistencies. In this approach, inconsistencies
are not corrected. Instead, system LERS computes lower and upper approximations of each
concept. Then it induces certain rules and possible rules. The user has the choice to use
the machine learning approach or the knowledge acquisition approach. In the first case, the
system induces a single minimal discriminant description for each concept. In the second
case, the system induces all rules, each in the minimal form, that can be induced from the
input data. In both cases, the user has a choice between the local or global approach.

1. Introduction

Research in machine learning, an area of artificial intelligence, has been much intensified re-
cently. Development of machine learning is so intensive that entire subareas have emerged,
such as similarity-based learning, explanation-based learning, computational learning the-
ory, learning through genetic algorithms, and learning in neural nets.

The most research effort has been done in similarity-based learning, more specifically,
in one of the sub-areas, machine learning from examples. Here, learning is based on es-
tablishing similarities between positive examples, representing the same concept, and dis-
similarities between positive examples and negative examples, representing other concepts.
Similarity-based learning is also called empirical learning, to emphasize the fact that it is
based on inducing the underlying knowledge from empirical data. Thus, a priori knowl-
edge is not required for the similarity-based learning method, although it is biased by a
corresponding, specific method of learning (e.g., a form in which the knowledge is finally
expressed).

Frequently, the goal of machine learning from examples is finding a discriminant de-
scription of the concept [40]. Thus, the task is to include in the description of the concept
all positive examples from the concept and to exclude from the description the complemen-
tary set, containing all negative examples. Some of the systems of machine learning from
examples induce a minimal discriminant description.

Knowledge in the form of rules, decision trees, etc, induced by learning from training
examples, is easy for humans to comprehend. Besides, such rules may be practically used by
putting them into the knowledge base of rule-based expert systems and used for inferences
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made by the systems. However, after learning from training data, knowledge must be
validated. An example which was not used in the training input data for learning may be
incorrectly classified by rules. Therefore, knowledge should be modified.

Moreover, the learning system is frequently forced to deal with uncertainty, or work
with presence of noise [32, 39, 40, 42, 55, 64]. There are two main reasons for uncertainty:
incomplete evidence or conflicting evidence [20]. The problem of inducing rules from
attributes with incomplete values was discussed in [25, 32, 39, 54]. The main focus of this
paper is rule induction from conflicting evidence, i.e., from inconsistent examples.
Practically, it means that two examples, classified by the same values of attributes, belong to
two different concepts.

Most existing learning systems handling uncertainty are based on probability theory.
Some of them use the subjective Bayesian approach [8, 15-17, 21, 22, 45, 57], while some
add statistical tools [4, 5, 32, 39]. A popular method is to induce decision trees [7, 10, 35,
62]. The most popular system from this class, ID3, uses the principle of information gain for
the best choice of an attribute in constructing a decision tree. Although the original system
ID3 was unable to deal with inconsistencies, its modified version has an incorporated chi-
square test and can deal with uncertain data {33, 34, 43, 44, 46, 50-56]. The genuine system
was enhanced in many ways by many authors and influenced many other systems. For
example, incremental versions of ID3 were developed under names ID4 [60] and ID5 [65],
system pruning trees, like C4 and C4.5 were introduced [14, 55, 56], and some systems, e.g.,
CN2 [18] that induce decision lists [58] or system PRG [37], were influenced by ID3. The
performance of many systems is compared with that of ID3, see e.g., [1, 13, 60, 63, 65, 66].
The main advantage of all of these systems is that their algorithm is relatively simple and
efficient. The main disadvantage is that they produce decision trees, which must be
transformed into rules in order to be utilized in production systems [53]. As a result, rules
are not in their minimal discriminant form. The leamning system AQ15 [41] induces rules
from not necessarily consistent data; if probabilities of inconsistent examples are given, they
are classified according to the maximum likelihood. Another system inducing rules from
inconsistent data is presented in [31]. Among other approaches to inductive learning under
uncertainty, human categorization was used in [28]. Fuzzy set theory, used in machine
learning from examples [2, 38, 49], is another approach to deal with uncertainty.

Recently, a lot of attention has been paid to a study of machine learning algorithms
using an approach called probably approximately correct learning. The idea was introduced
in {68] and developed in many papers, see e.g. [29, 30, 69]. Using this approach authors
expect to get some answers for learnability in the presence of noise [3, 6, 9, 36, 59, 61].

In the early eighties Z. Pawlak introduced a new tool to deal with uncertainty, rough
set theory [47, 48]. The main advantage of rough set theory is that it does not need any
preliminary or additional information about data (like prior probability in probability theory,
grade of membership in fuzzy set theory, etc.). Rough set theory is especially well suited to
deal with inconsistencies. In this approach, inconsistencies are not corrected. Instead, lower
and upper approximations of the concept are computed. On the basis of these
approximations, two corresponding sets of rules are induced: certain and possible. This idea
was presented for the first time in [23]. Certain rules are categorical and may be further
employed using classical logic. Possible rules may be further processed using either classical
logic or any theory to deal with uncertainty. The rule induction system, producing certain
and possible rule, is called LERS (Learning from Examples based on Rough Sets). The first
implementation of the system was done in 1988 [19, 27]; further improvements of the system
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and its performance were reported, e.g., in [11, 12, 13, 24, 26]. Another approach to rule
induction, also based on rough set theory, but not using the idea of certain and possible rules,
was developed in [67, 70, 71].

System LERS tests the input data for consistency. In the case of inconsistent data the
system computes lower and upper approximations of each concept. The user has a choice to
use the machine leaming approach or the knowledge acquisition approach. In the first case,
the system induces a single minimal discriminant description for each concept. In the second
case, the system induces all rules, in the minimal form each, that can be induced from the
input data. In both cases, the user has a choice between local or global approach. In the local
approach, a subsystem LLEM2 (Leaming from Examples Module, version 2) computes local
coverings of attribute-value pairs [13]. Local coverings are constructed from minimal
complexes. The minimal complex contains attribute-value pairs, selected on the basis of their
relevancy to the concept. In the case of a tie, the next criterion is the maximum of
conditional probability of the concept given the attribute-value pair. In the global approach,
each concept is represented by a substitutional partition with two blocks: the first block is the
concept, the second block is its complement. A minimal subset of the set of all attributes,
such that the substitutional partition depends on it, is called a global covering. A global
covering may be selected on the basis of lower boundaries [12]. The learning system LERS,
based on rough set theory, and producing certain and possible rules, is installed at the
University of Kansas. It is implemented in Common Lisp and runs on VAX 9000.

2. LERS Preliminary Processing

The input data file for the system LERS must follow the following format. The first line of
the input data file consists of a list, starting from '<', then a sequence of the following
symbols: 'a', 'x', or 'd’; the last symbol of the list is '>'. Symbol ‘a' stands for an attribute, 'x’'
means ignore the value, and 'd' denotes a decision. The user may assign priorities to attributes
by placing integers immediately following any character 'a'. Bigger integers correspond to
higher priorities. The assigned priorities may be changed after entering the program.

Table 1. Hypothermic Post Anesthesia Patients

< a a a a d >

[ Temperature Hemoglobin Blood Pressure  Oxygen_Saturation Comfort ]
low fair low fair low
low fair normal poor low
normal good low good low
nomal good low good medium
low good normal good medium
low good normal fair medium
normal fair normal good medium
normal poor high good very_low

high good high fair very_low
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System LERS will attempt to form rules primarily from attributes with highest priorities.
Symbol 'x' means that the corresponding variable will be ignored in all following
computations. The total number of symbols a, d, and x is equal to the total number of
attributes and decisions in the input data file or decision table. All symbols are separated by
white space characters.

The second line of the input data file starts from '["; then comes a list of attribute and
decision names, and then ']'. The following lines contain values of the attributes and
decisions. Table 1 depicts a typical input data file for system LERS.

In computations of LERS the examples from the decision table are numbered. Thus,
Table 1 is represented by the decision table presented as Table 2.

Table 2. Hypothermic Post Anesthesia Patients

Attributes Decision
Temperature ~ Hemoglobin Blood_Pressure Oxygen_Saturation Comfort
1 low fair low fair low
2 low fair normal poor low
3 nomal good low good low
4 nomal good low good medium
5 low good normal good medium
6 low good nomal fair medium
7 nomal fair nomal good medium
8 nomal poor high good very_low
9 high good high fair very_low

In Table 2, decision Comfort has three values: low, medium, and very low. Each such
value represents a concept, a subset of the set U of all examples {1, 2, 3,4, 5, 6, 7, 8, 9}. Table
2 represents three concepts: {1, 2, 3}, {4, 5, 6, 7}, and {8, 9}. Let d denote a decision and let
w denote its value. A concept is a set [(d, w)] of all examples that have value w for decision d.
In other words, [(d, w)] is a {d}-clementary set of U [47, 48]. Similarly, the block of an
antribute-value pair t = (q, v), denoted [z], is the set of all examples that for attribute g have
value v [13].

The system LERS first checks input data for consistency. This operation is done
immediately after reading the input data file. If the input data are inconsistent lower and
upper approximations are computed for each concept. In local options of LERS the system
induces certain and possible rules from lower and upper approximations for each concept,
respectively. In the case of global options of LERS new partitions on the set U are computed.
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Say that the original decision table described & concepts, i.e., decision has k values. Then 2k
new partitions on U, called substitutional partitions [12] are created. Each substitutional
partition has exactly two blocks, the first block is either lower or upper approximation of the
concept, the second block is the complement of the first block. Substitutional partitions
computed from lower approximations are calied lower substitutional partitions; substitutional
partitions computed from upper approximations are called upper substitutional partitions.
Decisions, corresponding to lower and upper partitions, are called lower and upper
substitutional decisions [12].

In the example from Table 2, concept [(Comfort, low)] = {1, 2, 3} has the following
lower approximation: {1, 2} and the following upper approximation: {1, 2, 3, 4}. Thus, its
lower substitutional partition is {{1, 2}, {3, 4, 5, 6, 7, 8, 9}} and its upper substitutional
partition is {{1, 2, 3, 41}, {5,6,7, 8,9} }.

3. Single Local Covering Option

The single local covering approach algorithm described here is called LEM2. This algorithm
represents the machine leaming approach, i.e., it produces minimal discriminant description.
Algorithm LEM2 is based on the following ideas [13]. Let B be a nonempty lower or upper
approximation of a concept represented by a decision-value pair (d, w). Set B depends ona
set T of attribute-value pairs if and only if

@[T =M[]<B

eT

Set T is a minimal complex of B if and only if B depends on T and no proper subset T*
of T exists such that B depends on T'. Let T be a nonempty collection of nonempty sets of
attribute-value pairs. Then T is a local covering of B if and only if the following conditions
are satisfied:

(1) each member T of T is a minimal complex of B,

(2 U [T] =B, and
TeT
(3) T is minimal, i.e., T has the smallest possible number of members.

The algorithm LEM2 is based on computing a single local covering for each of the
concepts from the decision table. The user may select an option of LEM2 with or without
taking into account attribute priorities. The procedure LEM2 with attribute priorities is
presented below. The other option differs from the one presented below in the selection of a
pair € T(G) in the inner loop WHILE. In the option of LEM2 without taking attribute
priorities into account the first criterion is ignored.

Procedure LEM2

(input: aset B,

output: a single local covering T of set B);
begin



G :=B;
T =0,
while G- @
begin
T:=;
TG) = {t| (1" G = D};
while T=Qor [T ¢ B
begin
select a pair t € T(G) with the highest attribute priority, if a tie occurs, select a
pair t € T(G) such that |{t] N G| is maximum; if another tie occurs, select
apair t € T(G) with the smallest cardinality of [t]; if a further tie occurs, select

first pair;
T:=Tu {t};
G=[1nG;

T(G) = {t| ] "G #B};
TG) =TG)-T;
end {while}
for eachtin T do
if [T-{t}]] S BthenT:=T - {t};

T:=Tvu (T}
G:=B-UIT)
TeT
end {while};

foreach T in T do

if U [S] =B then T:=T- (T}
Se T-{T}
end {procedure}.

For the decision table presented in Table 2, let a concept be defined by the value low
of the decision Comfor:. Also, we will assume that the user has chosen an option of LEM2
without taking into account attribute priorities. Thus, [(Comfort, low)] = {1, 2, 3}. Let B be
the lower approximation of the concept, i.e., B = {1, 2}. Then the set T(G) from the
procedure LEM2 is equal to {(Temperature, low), (Hemoglobin, fair), (Blood_Pressure, low),
(Blood_Pressure, normal), (Oxygen_Saturation, fair), (Oxygen_Saturation, poor)}. Initially,
B =G ={1,2}. Moreover,

[(Temperature, low)] = {1, 2, 5, 6},
[(Hemoglobin, fair)] = {1, 2, 7},
[(Blood_Pressure, low)] = {1, 3, 4},
[(Blood_Pressure, normal)] = {2, §, 6, 7},
[(Oxygen_Saturation, fair)] = {1, 6, 9},
[(Oxygen_Saturation, poor)] = {2}.

Thus, (Temperature, low) and (Hemoglobin, fair) are selected because their blocks
have the maximum intersection with set B. Since the tie occurred, the next criterion is used,
and (Hemoglobin, fair) is selected because its block is of smaller cardinality. Set G is still
equal 10 B, because [(Hemoglobin, fair)] N G = G. Set T(G) becomes {(Temperature, low),
(Blood_Pressure, low), (Blood_Pressure, normal), (Oxygen_Saturation, fair),
(Oxygen_Saturation, poor)}. Since [(Hemoglobin, fair)] & B, the second iteration is needed.
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This time pair (Temperature, low) is selected, T = {(Hemoglobin, fair), (Temperature, low)},
and [T] = [B]. Therefore, the only induced certain rule is

(Hemoglobin, fair) A (Temperature, low) — (Comfort, low).
Remaining certain rules, induced by LEM2, are

(Hemoglobin, good) A (Blood_Pressure, normal) — (Comfort, medium),
(Temperature, normal) A (Hemoglobin, fair) - (Comfort, medium),
(Blood_Pressure, high) — (Comfort, very_low),

and all possible rules, induced by LEM2, are

(Blood_Pressure, low) — (Comfort, low)

(Oxygen_Saturation, por) — (Comfort, low)

(Oxygen_Saturation, good) A (Hemoglobin, good) — (Comfort, medium)
(Oxygen_Saturation, fair) A (Blood_Pressure, normal) — (Comfort, medium),
(Temperature, normal) A (Hemoglobin, fair) — (Comfort, medium),
(Blood_Pressure, high) — (Comfort, very_low),

4. Single Global Covering Option

System LERS computes minimal discriminant description of the concept on the basis of a
single global covering using procedure LEM. This procedure employs the following ideas.

Let C denote the set of all attributes and let d denote a lower or upper substitutional
decision. Let P be a subset of C. The family of all P-elementary sets will be denoted P*. We
say that {d} depends on P if and only if P* < {d}*. A global covering of {d} is a subset P of
C such that {d} depends on P and P is minimal in C. Thus, coverings of {d} are computed
by comparing partitions P* with {d}*. The procedure LEM, option SINGLE_COVERING,
used in LERS to compute a single global covering is presented below.

Procedure LEM_SINGLE_COVERING
(input: the set C of all attributes, partition {d}* on U;
output: a single global covering R);

begin
compute partition C*;
P:=C;
R:=0;
if C* < {d}*
then
begin
for each attribute ¢ in C do
begin
Q=P-{q}

compute partition Q*;
if Q* < {d}* then P:=Q
end {for}

-
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end {then}
end {procedure}.

On the basis of global covering certain and possible rules may be computed.
However, further processing in the form of dropping conditions [40] is necessary. System
LERS uses two different forms of dropping conditions. The first one is called linear because
its time complexity is linear. For a rule of the form

Cl/\CZA"'AC[—)A,

linear dropping conditions means scanning the list of all conditions, from the left to the right,
with an attempt to drop any of / condition, checking against the decision table where the
simplified rule does not violate consistency of the discriminant description, where C,, Cj,..., C;
are conditions and A is an action. Another possibility of LERS is exponential dropping
conditions, in which any subset of the set of all [ conditions of the above rule is checked for
dropping conditions. Single global covering option of system LERS uses linear dropping
conditions.

For the decision table presented in Table 2, let d be a lower substitutional decision,
corresponding to the lower substitutional partition {{1, 2}, {3, 4, 5, 6, 7, 8, 9}}. All global
coverings of {d} are the following sets {Temperature, Hemoglobin}, {Hemoglobin,
Oxygen_Saturation}, and {Blood_Pressure, Oxygen_Saturation}. SINGLE_COVERING
option of LEM will select one of these three global coverings. The choice is affected by
attribute priorities, assigned by the user. Default attribute priorities are in ascending order.
Therefore, the selected global covering will be {Blood_Pressure, Oxygen_Saturation}. After
linear dropping conditions, induced certain rules are

(Oxygen_Saturation, fair) A (Blood_Pressure, low) — (Comfort, low),
(Oxygen_Saturation, poor) — (Comfort, low),

(Oxygen_Saturation, good) A (Blood_Pressure, normal) — (Comfort, medium),
(Oxygen_Saturation, fair) A (Blood_Pressure, normal) — (Comfort, medium),
(Blood_Pressure, high) — (Comfort, very_low),

and possible rules are

(Blood_Pressure, low) — (Comfort, low),

(Oxygen_Saturation, poor) — (Comfort, low),

(Oxygen_Saturation, good) A (Blood_Pressure, low) — (Comfort, medium),
(Oxygen_Saturation, good) A (Blood_Pressure, normal) — (Comfort, medium),
(Oxygen_Saturation, fair) A (Blood_Pressure, normal) — (Comfort, medium),
(Blood_Pressure, high) — (Comfort, very_low).

5. All Global Coverings Option

The algorithm presented here is called LEM, option ALL_COVERINGS. This option of
LEM represents the knowledge acquisition approach to rule induction. That means that the
algorithm discovers the set R of all global coverings for every lower and upper substitutional

partition of {d}* and then it induces rules using the exponential dropping condition
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algorithm. The time complexity of the algorithm LEM, option ALL_COVERINGS is
exponential. Hence, the user is asked to enter the maximum size of the global covering (i.e.,
the number of attributes in a global covering). Only global coverings whose size does not
exceed the maximum size will be generated and used to compute rules.

Algorithm LEM_ALL_COVERINGS
(input: the set C of all attributes, partition {d}* on U;
output: the set R of all coverings of {d});
begin
R:= @,
for each attribute q in C do
compute partition {q}*;
=1;
while k < ICl do
begin
for each subset P of the set C with [Pl =k do
if (P is not a superset of any member of R) and (H {q}* < {d}*)

xeP
then add Pto R,
k= k+1
end {while}
end {procedure}.

After execution of LEM, ALL_COVERINGS option, system LERS executes the
exponential dropping conditions algorithm. For the decision table presented in Table 2, the
set of all induced rules is presented below. Certain rules, induced by all global coverings
option of the system LERS are

(Temperature, low) A (Hemoglobin, fair) —» (Comfort, low),
(Oxygen_Saturation, poor) — (Comfort, low),

(Hemoglobin, fair) A (Oxygen_Saturation, fair) — (Comfort, low),
(Blood_Pressure, low) A (Oxygen_Saturation, fair) —» (Comfort, low),
(Temperature, low) A (Hemoglobin, good) — (Comfort, medium),
(Temperature, normal) A (Hemoglobin, fair) - (Comfort, medium),
(Blood_Pressure, normal) A (Oxygen_Saturation, good) — (Comfort, medium),
(Blood_Pressure, normal) A (Oxygen_Saturation, fair) — (Comfort, medium),
(Blood_Pressure, high) — (Comfort, very_low),

(Temperature, high) — (Comfort, very_low),

(Hemoglobin, poor) — (Comfort, very_low),

and possible rules are

(Temperature, low) A (Hemoglobin, fair) - (Comfort, low),
(Temperature, normal) A (Hemoglobin, good) — (Comfort, low),
(Blood_Pressure, low) — (Comfort, low),

(Oxygen_Saturation, poor) — (Comfort, low),

(Temperature, normal) A (Hemoglobin, good) = (Comfort, medium),
(Temperature, low) A (Hemoglobin, good) — (Comfort, medium),
(Temperature, normal) A (Hemoglobin, fair) - (Comfort, medium),
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(Blood_Pressure, low) A (Oxygen_Saturation, good) — (Comfort, medium),
(Blood_Pressure, normal) A (Oxygen_Saturation, good) — (Comfort, medium),
(Blood_Pressure, normal) A (Oxygen_Saturation, fair) — (Comfort, medium),
(Blood_Pressure, high) — (Comfort, very_low),

(Temperature, high) — (Comfort, very_low),

(Hemoglobin, poor) — (Comfort, very_low)

6. All Rules Option

This option of the LERS algorithm induces all rules that can be induced from the input data
file; each rule is produced in the simplest form. Thus, that option represents the knowledge
acquisition approach to rule induction. Although this option is the most demanding from the
viewpoint of time complexity, the description of the algorithm is very simple. For every
concept, represented by a decision-value pair, the lower and upper approximations are
computed. Then rules are induced directly from the decision table. Thus, for each rule, the
number of conditions is equal to the number of attributes. Finally, exponential dropping
condition algorithm is used. Hence, all certain and possible rules are induced in their

minimal form.

below.

For the decision table presented in Table 2, the set of all induced rules is presented

Certain rules, induced by all rules option of the system LERS are

(Oxygen_Saturation, poor) — (Comfort, low),

(Temperature, low) A (Hemoglobin, fair) = (Comfort, low),

(Temperature, low) A (Blood_Pressure, low) — (Comfort, low),

(Hemoglobin, fair) A (Blood_Pressure, low) — (Comfort, low),

(Hemoglobin, fair) A (Oxygen_Saturation, fair) — (Comfort, low),
(Blood_Pressure, low) A (Oxygen_Saturation, fair) — (Comfort, low),
(Temperature, low) A (Hemoglobin, good) — (Comfort, medium),
(Temperature, normal) A (Hemoglobin, fair) » (Comfort, medium),
(Temperature, normal) A (Blood_Pressure, normal) — (Comfort, medium),
(Temperature, low) A (Oxygen_Saturation, good) — (Comfort, medium),
(Hemoglobin, good) A (Blood_Pressure, normal) — (Comfort, medium),
(Hemoglobin, fair) A (Oxygen_Saturation, good) — (Comfort, medium),
(Blood_Pressure, normal) A (Oxygen_Saturation, good) — (Comfort, medium),
(Blood_Pressure, normal) A (Oxygen_Saturation, fair) — (Comfort, medium),
(Temperature, high) — (Comfort, very_low),

(Hemoglobin, poor) — (Comfort, very_low),

(Blood_Pressure, high) —» (Comfort, very_low),

and possible rules are

(Blood_Pressure, low) — (Comfort, low),

(Oxygen_Saturation, poor) — (Comfort, low),

(Temperature, low) A (Hemoglobin, fair) — (Comfort, low),
(Temperature, normal) A (Hemoglobin, good) — (Comfort, low),
(Hemoglobin, fair) A (Oxygen,_Saturation, fair) — (Comfort, low),



13

(Temperature, normal) A (Hemoglobin, good) — (Comfort, medium),
(Temperature, low) A (Hemoglobin, good) — (Comfort, medium),
(Temperature, normal) A (Hemoglobin, fair) — (Comfort, medium),
(Temperature, normal) A (Blood_Pressure, low) — (Comfort, medium),
(Temperature, normal) A (Blood_Pressure, normal) — (Comfort, medium),
(Temperature, low) A (Oxygen_Saturation, good) — (Comfort, medium),
(Hemoglobin, good) A (Blood_Pressure, low) — (Comfort, medium),
(Hemoglobin, good) A (Blood_Pressure, normal) — (Comfort, medium),
(Hemoglobin, good) A (Oxygen_Saturation, good) — (Comfort, medium),
(Hemoglobin, fair) A (Oxygen_Saturation, good) — (Comfort, medium),
(Blood_Pressure, low) A (Oxygen_Saturation, good) — (Comfort, medium),
(Blood_Pressure, normal) A (Oxygen_Saturation, good) — (Comfort, medium),
(Blood_Pressure, normal) A (Oxygen_Saturation, fair) — (Comfort, medium),
(Temperature, high) — (Comfort, very_low),

(Hemoglobin, poor) — (Comfort, very_low),

(Blood_Pressure, high) — (Comfort, very_low).

7. Conclusions

The paper presents the system LERS for rule induction. The system handles inconsistencies
in the input data due to its usage of rough set principle. Namely, the system induces certain
rules and possible rules, on the basis of lower and upper approximations of each concept.

The system gives many options to the user. The first choice is between using the
machine learning approach or the knowledge acquisition approach. In the first case, the
system induces a single minimal discriminant description for each concept. Practically that
means that the system induces a set of sufficient rules, completely describing every concept,
although only some attribute-value pairs are involved in rules. In the input data much more
knowledge, not discovered by the machine learning approach, may still exist. If the user
wants to discover more rules, the knowledge acquisition approach should be used. The latter
approach is used, e.g., for expert systems, when it is crucial to know as much about the
problem as possible. However, time complexity for the first choice is polynomial, while it is
exponential for the second choice. Thus, for big input data files the second choice may be
not practical.

Within the machine leamning approach, the user has another choice, between local and
global options of computing a single covering. The global option is less demanding
computationally; however, the local option induces simpler rules. Again, the size of the input
data file may dictate the choice.

When using the knowledge acquisition approach, the user's choice is between
inducing rules from all global coverings or directly inducing all rules using local
computations. Although time complexity of both options is exponential, the first one is less
demanding. That may force the user to use it, in spite of the fact that only the all rules option
of system LERS truly induces all rules.
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ROUGH SETS IN COMPUTER IMPLEMENTATION OF

RULE-BASED CONTROL OF INDUSTRIAL
PROCESSES

Adam MROZEK
Institute of Theoretical and Applied Compuier Science
Polish Academy of Sciences
44-100 Gliwice, Poland

Abstract. We discuss the use of elements of rough set theory in computer implementation
of rule-based control of industrial processes. The notions of expert’s inference model for
industrial process control and of control protocol which registers the expert’s decisions are
introduced. The process of extraction of decision rules contained in the control protocol
based on the rough set theory formalism is presented. An example of the analysis of control
protocol concerning the control process of a rotary clinker kiln is chosen as an illustration.

1. Introduction

Elements of rough set theory can be constructively used in computer implementations
of the rule-based control of industrial processes [2,3,5]. The essence of such control lies in
intercepting and imitating by computer the way how the expert controls a chosen industrial
process.

It is also a way of implementation of real-time computer control in industry. This
approach is of special importance when mathematical models of the industrial process in
question are not obtainable or control algorithms related to them are numerically difficult.
Naturally, the human operator control which is a basis for our approach should be satisfac-
tory. Practical realization of such computer control needs some formal description of the
expert’s decision process.

A proposition of such formalization is presented below. Let us introduce the following
notions:

1. expert’s inference model,
2. control protocol as an ordered record of expert’s decisions,

3. elements of rough set theory are needed to select decision rules contained in the
control protocol.

A set of decision rules, properly selected and describing expert’s performance during
the control may be then implemented in computer.

An example of control of a rotary clinker kiln in a cement plant illustrates the above
proposition.
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2. The notion of expert’s inference model

The primary notion of every control is the one of control goal. This notion is difficult to
formalize when expert’s control process is considered. However, the expert can subjectively
judge whether the control goal is achieved or not. The expert, when he controls an industrial
process, first of all focuses his attention on parameters of the process which are directly
related to the imposed control goal. Following their values he can judge upon the states of
the process and thus, indirectly, he knows whether he attains the control goal. Hence, from
the expert’s viewpoint, an industrial process is characterized by:

1. the space of observations determined by measurable and observable variables;
2. the space of control determined by control variables.

The space of observations is explicitly determined by a finite set of coordinates that we

call condition attributes and denote ¢y,cq,---,cy.
The space of control is explicitly defined by a finite set of coordinates that we call
decision attributes and denote di,d3,- - -, dg.

Experts’s inference model is composed of the following steps:

1. decomposition of the space of observations into areas called characteristic states
of the industrial process;

2. decomposition of the space of control into areas called characteristic controls;
3. assignement of a proper characteristic control to each characteristic state.

In the context of the inference model presented above, the control performed by the expert
consists in repetitive execution of the following steps:

1. evaluation of the current situation within the space of observations;
2. assignement of this situation to the proper characteristic state of the object;
3. choice and realization of the proper characteristic control within the space of control;

A natural way of expert’s knowledge representation is thus a construction of a set of deci-
sion rules having the following form: IF {set of conditions} THEN {set of decisions}. In
such notation the decision rules represent dependencies between the set of conditions and
the set of corresponding decisions.

The selection of the set of decision rules needs a proper approach to the representation
and analysis of data describing the expert’s behaviour during the control process.

3. The control protocol

The selection of decision rules needs the proper characterization of the conditions and
decisions sets. Each condition attribute ¢;,7 = 1,2,---,n, has a finite domain of its values
V., and each decision attribute d;,7 = 1,2, -+, k, has its domain Vg,

In a finite time-horizon the expert’s behaviour during process control can be written as
a control protocol having structure presented in Table 1.
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Time Values of condition attributes | Values of decision attributes

moments (t) €1 - €y -+ Cq dy - d;j - dg
i 1 T 1 1 I

i1 Vo ot Vg v, ug, v Ug o Ug,
! ! ! ! 1 {

tl vCI vc.‘ vc" udl udJ udk

N N N N N N

tN A A R A

Table 1. Structure of the control protocol.

Remark: If the set of decision attributes contains only one element, e.g. the num-
ber (name) of characteristic state then the control protocol represents the classification of
chracteristic states of industrial process performed by the expert with the use of the values

of condition attributes.
The control protocol can be analysed in order to obtain:

1. selection of all different decision rules;

2. checking whether there is no contradictory decision rules, i.e. rules in which different
values of decision attributes correspond to the same values of condition attributes;

3. determination of the relevence between the set of values of condition attributes and
decision attributes;

4. elimination of these condition attributes which do not influence the relations between
the set of values of condition attributes and decision attributes.

In the case when the control protocol represents classification of characteristic states
done by the expert, the analysis may have also the following goals:

1. evaluation of quality and accuracy of the classification;

2. determination of the influence of the values of particular condition attributes on this
classification;

3. selection of the set of condition productions as a basis of the recognition of charac-
teristic states.

4. Rough sets in analysis of control protocols

A control protocol presented in Table 1 is formally equivalent to a decision table DT =<
U,CuD,V,f>, where:

— U corresponds to a finite time-horizon of the control performed by the expert
(in a particular case the time moments can be interpreted as situations of the
industrial process described by a set of condition attributes);
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— (C is a finite set of condition attributes;
— D is a finite set of decision attributes;
— V = U,ecup V4> where V; is the domain of the attribute ¢ € C'.

Hence, the problems of control protocol analysis can be reduced to the investigation of
properties of the equivalent decision table DT. Depending on the properties of semantics
of decision attributes in the set D, one can distinguish two tasks of the analysis:

1. evaluation of the classification of current situation to corresponding characteristic
states performed by the expert;

2. discovering decision rules from control protocol and investigation of their properties.

Let, in the case of the first task, D = {d} and d is a class number. The family D =
{Dq, Dy, --- D,} of subsets U represents then the expert’s classification of situations to n
characteristic states of the considered industrial process distinguished by the expert.

In this case, the analysis of the proper decision table is reduced to the investigation of
the quality and accuracy of the expert’s classification and of the influence of the condition
attributes contained in the set C on this classification. It is the basis of the synthesis of
the set of corresponding decision rules for characteristic states recognition.

From the formal viewpoint, it corresponds to the determination for the family D* :
CD*, CD*, Posg(D*), Bnc(D*) Negc(D*), CORE(C), RED(C) and the calculation
of 10(D"), Bo(D*).

One can determine the influence of each condition attribute from the set C on subset
of the family D*, what has a practical importance. It can be done by introduction of the
notion of decidability of sets by condition attributes.

Let D; € D* and c; € C.

1. The set D?-(Cj) = CD; \ C - {¢;}D; is called positively decidable by condition
attribute ¢; € C;

2. Theset D7 (¢;) = C — {c;}D; \ CD; is called negatively decidable by a condition
attribute ¢; € C.

In the same way the idea of decidability of sets by any subset of condition attributes in
C can be defined. We also introduce two measures connected with the above notions:

1. for sets positively decidable by condition attribute ¢; € C,

card(C — {¢;}Ds)
card(CD;) ’

m;-":l—

2. for the sets negatively decidable by a condition attribute ¢; € C,

e — card(C — {¢;} D;) — card(CD;)
P card(U) — card(CD;)

It is easy to see that these measures have the following properties:
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1. 0< m;" <1
m} = 0 if the removal of condition attribute c¢; € C does not change Posc(D;);
m} = 1 if after the removal of condition attribute ¢; € C, Posg_(.;3(D:) = 0 (ie.
D; is internally C — {c;} undistinguishable).

2.0<m; <1;
m; = 0 if the removal of condition attribute ¢; € C' does not change CD;;
mi' = 1 if after the removal of condition attribute ¢; € C, C - {c;} {c¢;}D; = U (ie.
D; is externally C — {¢;} undistiguishable).

In the case of the second task the analysis of the corresponding decision table is reduced
to:

— checking whether decision table is consistent,
— generation of the corresponding decision rules,

— finding the relative core and relative reducts for the set of condition attributes.

From the formal viewpoint it corresponds to the investigation of dependencies between

the set of decision attributes D and the set of condition attributes C determined as C' -5 D,
where k = v,(D*). Then the relative core COREp(C) and relative reducts REDp(C), if
they exist, are found for the set C of condition attributes.

5. Illustrative examples

The process of burning clinker is an example of industrial process for which the approach
described above was successfully applied [2,3]. We present below the way how to pass from
the description of stoker’s behaviour when he controls a rotary kiln to the synthesis of
decision rules for real-time computer control of the process.

5.1 Classification of situations

From the technological point of view, a rotary clinker kiln may be conventionally divided
into some zones. The most significant of them is the burning zone. A stoker evaluates
and classifies the state of burning zone and controls the kiln in order to obtain clinker with
desired physical and chemical properties. Considered condition attributes are the following;:
¢y — burning zone temperature;
¢y — burning zone colour;
¢z — clinker granulation in burning zone;
c4 — inside colour of the kiln.

In the language of stokers the characterictic states of a rotary clinker kiln are:

I — ’very weak kiln”,
II — “weak kiln”,
Il — ”kiln weakening or becoming sharp”,
IV — 7sharp kiln”,
V — oversharpened kiln”.

We shall assume that
Vo, = {1,2,3,4}, where the numbers 1,2,3,4 denote temperature intervals, respectively:
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1=[1380°C - 1420°C], 2=[1420°C-1440°C], 3=[1440°C-1480°C], 4=[1480°C -1500°C],
V., = {1,2,3,4,5} where the numbers 1,2,3,4,5 denote burning zone colour, respectively:
1= scarlet, 2= dark pink, 3= bright pink, 4= decidedly bright pink, 5= rosy white;

Ve = {1,2,3,4}, where the numbers 1,2, 3,4 denote clinker granulation in burning zone,
respectively: 1= fines, 2= fines with small lumps, 3=distinct granulation, 4= lumps;

V., = {1,2,3}, where the numbers 1, 2, 3 denote the inside colour of the kiln, respectively:
1= distinct dark streaks, 2= indistinct dark streaks, 3= no dark streaks.

Table 2 presents an exemplary stoker classification protocol during one shift.

From the Table 2 we have D* = {Dy, Dy, D3, D4, D5}, where:

Dl = {1,2,3,},

DZ = {4,5,6,7},

Ds; = {8,9,10,11,12,123,14,15,16,17,18,19,44,45}

Dy = {20,21,22,23,24,25,26,27,28, 29,30, 38, 39,40, 41, 42,43} ;
Ds = {31,32,33, 34,35, 36,37}.

It is easy to compute that yo(D*) = 1, where C = {¢1, ¢g, ¢3, ¢4}

Also the investigation of the influence of particular condition attributes from the set C
on the accuracy of approximation puc(D;) of sets D* and on the quality of approximation
vc(D*) and accuracy of approximation B¢ (D*) of stoker’s classification has its practical
significance. It is illustrated in Table 3.

When we analyse the results in Table 3, we see that the set of condition attributes has
three relative reducts if classification of D* is concerned. They are

Ci={c1,e2,¢3}; Ca = {c,c3,¢4}; C3 = {e2,¢3}

With the aid of the relative reduct Cs = {co,c3} one can present the stoker’s inference
model used during evaluation and classification of situations in rotary kiln as a tree of
situations — Fig.1, [3,1].

5.2 Decisions made by the stoker

The control of rotary clinker kiln performed by a stoker consists in observing the values of
condition attributes characterizing the state of the burning zone and in determination of
such values of the decision attributes which will bring the rotary klinker kiln to a desired
state, i.e.”sharp kiln”.

The following decision attributes vere distinguished in the discussed case: dy — kiln
revolutions, dy — coal worm revolutions.

We shall assume that: V; = {1,2}, where the numbers 1,2 denote the kiln rev-
olutions, respectively 1=0.9[rpm],  2=1.22[rpm], Vy, = {1,2,3,4}, where numbers
1,2,3,4 denote coal consumption measured in revolutions of the coal worm, respectively,
120[rpm], 2=15[rpm], 3=20[rpm], 4=40[rpm].

We display in Table 4 a control protocol registered during one shift and describing the
stoker’s behaviour in this period.

Analysing Table 4 it is easy to see that D* = { Dy, D3, D3, D4}, where:

D, = {58,59,60,61,62,63};
D, ={1,3,11,12,13,15,16,17,29, 30, 31, 32, 33, 44,45,46,47,56,57,64,66,67, 68
69,70, };



Values of observable attributes Number
Situation of characteristic
number [ [ c3 c4 state
1 1 1 1 1 1
2 1 1 1 1 1
3 2 1 1 1 I
4 2 2 1 1 I
5 2 2 1 1 11
6 1 2 1 1 I
7 2 2 1 1 11
8 2 2 2 1 111
9 1 2 2 1 111
10 2 2 2 1 111
11 2 2 2 1 111
12 3 2 2 1 111
13 3 2 2 2 111
14 2 2 2 2 111
15 2 2 2 2 I
16 1 2 2 1 111
17 2 2 2 1 111
18 2 2 2 1 111
19 3 2 2 1 111
20 3 3 2 1 v
21 3 3 2 1 v
22 4 3 3 1 v
23 4 3 3 1 v
24 3 3 3 1 v
25 2 3 3 1 v
26 2 3 3 1 v
27 2 3 3 1 v
28 3 4 3 1 v
29 4 4 3 1 v
30 4 4 3 1 v
31 4 4 4 1 v
32 4 4 4 1 A%
33 4 5 4 1 \'%
34 3 4 4 1 \'%
35 3 4 4 1 v
36 3 4 4 1 A"
37 3 4 4 1 \'%
38 3 4 3 1 v
39 3 3 3 1 v
40 3 3 3 1 v
41 2 3 3 1 v
42 2 3 3 1 v
43 2 3 3 1 v
44 2 2 2 1 I
45 2 2 2 1 111

Table 2. An exemplary stoker’s classification protocol.
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Characteristic Removed condition attribute
state

number None | {c1} | {c2} | {c3} | {ca} | {c1,c4}
I 1.0 1.0 0.0 1.0 1.0 1.0
1I 1.0 1.0 | 0.0 | 0.0 1.0 1.0
111 1.0 1.0 1 0.75{0.28} 1.0 1.0
v 1.0 1.0 {0.79 056 { 1.0 1.0
\" 1.0 1.0 1.0 0.1 1.0 1.0

ye(D*) 1.0 1.0 {0.751 049 1.0 1.0

Bc(D*) 1.0 1.0 | 06 | 032 1.0 1.0

Table 3. pc(Di),1 = 1,2,---,5,7c(D*) and f.(D*) when some condition attributes are
removed.

Il
N

Cs

Figure 1. Tree of situations as classified by stoker.
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Condition Decision

Situation

Condition Decision

Situation

attributes attributes

number

attributes attributes

number

Cy €3 C4 dl d2

€1

36
37

38
39
40
41

42

43

44
45

46

47

48
49

50
51

52

53

54
55
56

57

58
59
60

61

62

63

64
65
66
67

68

69
70

c2 c3 ¢4 dy  dy

1

10
11

12
13
14
15
16
17
18
19
20
21

22
23
24
25
26
27

28

29
30
31

32
33
34
35

Table 4. Control protocol of the klin stoker.
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Number Number of ele- Number of ele- Accuracy
D of ments of lower ments of upper of
elements approximation approximations approximation
51 6 6 6 1.0
S 25 25 25 1.0
Ss3 15 15 15 1.0
S4 24 24 24 1.0

Table 5. Approximation D* by condition attributes from the set C.

Attribute

removed none c1 () c3 ()
Value

k=vc(D*) 1.0 0.38 0.71 0.70 0.71

Table 6. Influence of conditional attributes from set C' on relation C £ D.

D3 = {2,14,18,19,27,28, 34, 35,48,49, 50,51, 52,55, 65};
D4 = {4,5,6,7,8,9,10,20,21,22,23, 24,25, 26, 36,37, 38,39, 40, 41,42, 43, 53, 54} .

We examine the approximation of family D* by condition attributes from the set C.
The results are displayed in Table 5.

In this case we have yo(D*) = 1 and S¢(D*) = 1, hence C — D, where D = {d;, d3}.

The influence of each condition attribute from set C' on the dependency C k=1c(DY) D
has been investigated and the results are shown in Table 6.

Data in Table 6 indicate that the condition attribute ¢; — burning zone temperature
— has the greatest influence on dependency C % D. The other attributes influence this
dependency in a similar way.

Family D* may be also used to interpret the way in which the stoker controls the rotary
kiln. Situations in set D; correspond to a characteristic state of the rotary kiln to which
the stoker refers as to a ”very weak kiln”. Situations in sets Dy, D3, D4 correspond to states
”weak kiln”, "kiln weakening or becoming sharp” , ”sharp kiln”.

We have investigated the influence of each condition attribute from the set C on ap-
proximation of particular characteristic states generated by partitionning of D*; the results
are in Table 7.

As it follows from Table 7, condition attribute ¢; — burning zone temperature —
has substantional influence on the approximation of all characterictic states. The other

attributes influence only "weak kiln” and ”kiln weakening or becomming sharp” states.

5.3 Representation of the stoker influence model

The informations contained in Table 7 may be used to transform the resulting decision
table written in Table 8 into its equivalent decision tree [2,6].



Name of Attribute removed

a set from
D> none ¢ co c3 Cq
Dy 1.0 038 1.0 10 1.0
D, 1.0 027 043 04 046
D5 1.0 004 020 02 0.13
Dy 1.0 027 1.0 10 1.0

yo(*) 1.0 038 071 0.70 0.71

Table 7. Approximation and partioning when condition attributes are removed.

Decision Values of conditional Values of decision

attributes attributes

number c1 co c3 c4 dy ds
Ry 2 1 1 1 1 4
R, 2 2 1 1 1 4
Rs 2 2 2 1 1 4
Ry 2 3 1 1 1 4
Rs 2 3 2 1 1 4
Rs 2 3 2 2 1 4
R~ 3 1 3 2 2 4
Rs 3 3 2 2 2 4
Ry 3 1 2 2 2 4
Ry 3 2 2 2 2 4
Ry 3 2 3 1 2 4
Ry, 3 2 3 2 2 3
Ry3 3 3 3 2 2 3
R4 3 2 3 3 2 3
Rys 3 3 2 3 2 3
Ri6 4 2 3 2 2 2
Ry7 4 2 4 2 2 2
Rqs 4 2 4 3 2 2
Rio 4 1 4 3 2 2
Ry 4 1 3 3 2 2
Ry 4 1 3 2 2 2
Rys 4 3 3 2 2 2
Ras 4 2 3 3 2 2
Roy 4 3 3 3 2 2

Table 8. Resulting decision table DT.
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=2 F:=2 2| 2' di—zlld'l-—z dy =1 l
dy =4 dr =4 dz—- dz— dp =4 dr =2 dz=4

Figure 2. Decision tree equivalent to decision table DT.

This decision tree is presented in Fig.2.

The decision tree in Fig.2 presents the stoker’s inference model during the control of
rotary kiln control yielding from control protocol written in Table 4. When this control
protocol was performed, the burning zone temperature was measured simultanously. Its
values were memorized each one minute interval.

After a shift a corresponding program calculated the histogram of the distribution of
burning zone temperature and determined the mean temperature T3, = 1434[°C] and the
standard deviation op,, = 27.1{°C}. It is assumed that these parameters reflect the quality
of the control.

5.4 Problems of computer implementation

The following measurable attributes were chosen:
¢1 — burning zone temperature, and additionally
¢s — temperature of fumes.

Having measured these parameters, the values of other parameters were dermined:
¢7 — the derivate of temperature in burning zone,
cs — the derivate of temperature of gases leaving the zone.

The selected set of condition attributes (measurable and observable) was used to fill
in the corresponding control protocol and then the decision rules were determined. It is
briefly discussed in [5].

The results of real-time computer control based upon this set of decision rules and with
experimentally chosen control cycle AT, = 3[min]| are also presented in [5].

The computer control results were evaluated using the same criteria as the control of
human expert, i.e the temperature of burning zone as a function of time was registered
during a shift, the histogram of its distribution was determined and then the mean and
standard deviation were calculated. The values obtained were: T, = 1435[°C] and oy, =
17.1[°C].
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Hence, the standard deviation of burning zone temperature was reduced by 10[°C] with
the use of computer control. The fuel consumption was also reduced.

6. Conclusion

We propose a technique of real-time computer control of an industrial process. This ap-
proach is based upon computer implementation of decision rules characteristic for a human
expert who controls the process.

The basic elements of this proposition are:

1. the notion of expert’s inference model,

2. determination of the structure of control protocol which reflects the human expert
behaviour,

3. The use of elements of rough set theory for selection of decision rules mode by the
expert during the control and contained in the control protocol.

The example of rotary kiln control illustrates this proposition.

The accuracy of results, their relatively low cost and short time of the algorithm imple-
mentation indicate the usefulness of this approach, especially when it is difficult to obtain
other control algorithms.
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Abstract. The paper refers to problems of an application of the rough sets theory to
diagnostic classification of mechanical objects. The use of the rough sets approach is shown
on some practical examples. In particular, it concerns : evaluation of diagnostic capacity
of symptoms, comparison of different methods of defining symptom limit values, reduction
of the set of symptoms to a subset ensuring satisfactory evaluation of the object’s technical
state, creation of the classifier of the technical state. The analysed examples concern the
evaluation of the technical state of rolling bearings.

1. Introduction

An efficient maintenance of machines in industrial processes requires reliable information
about their technical state. This information is often extended by prediction of the change
of this state [7,9). It is particularly important for machines playing a critical role in the
process [8]. For these machines, special stationary monitoring systems, often accompa-
nied by diagnostic support systems, are introduced to minimize the outlay given for their
maintenance. For machines having smaller influence on a final result of production, it is
sufficient to perform a periodic control of their technical state using portable measurement
instruments.

The technical state of working objects is non-measurable directly. Its control can be
performed by evaluation of technical parameters of manufactured products or, more often,
of residual (secondary) processes generated by machines during the production process. In
industrial practice, measurements of physical quantities, which are changing in accordance
with the technical state of a machine, are used for this evaluation [1,3]. These quantities
are called symptoms of the technical state. Level of vibration for representative points
of an object (measured in production conditions), level of noise near the working object,
temperature, pressure or mutual position of particular parts in a machine are examples of
typical symptoms of the technical state.
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The choice of points and type of the measurements can follow from the specialists’
knowledge a priori. It is realistic for critical machines, e.g. compressors or turbogenerator
sets. However, in the case of many machines, in particular, complex ones (e.g. compact
multistage transmission gears) this knowledge is very poor.

So, when setting up a diagnostic procedure, one often starts from greater number of
symptoms, estimations of diagnostic signals, or measurement points than it is necessary.
However, using the standard types of symptoms is not always satisfactory, so it is necessary
to create new non-standard symptoms ensuring a reliable evaluation of the technical state.

Another essential issue in technical diagnostics refers to problems of defining symptom
limit values {10,12]. The values of symptoms usually change monotonically with deteriora-
tion of the technical state. The symptom limit values are boundary values of a symptom
which divide its domain into intervals corresponding to considered classes of the technical
state (called conventional classes of the technical state). For some machines, there are
known standards establishing not only the type of measurements but also defining intervals
of symptom values. However, practical experience do not confirm these recommendations
quite often. So, the problem of estimation of the symptom limit values is becoming im-
portant in development of diagnostic procedures for a specified type of machines. These
problems were taken into account in theoretical and practical works in the 80’s, particu-
larly in the field of vibroacoustic diagnostics [10,11,12]. In consequence, several methods for
defining symptom limit values were suggested. It was noticed, however, that they can lead
to different evaluations of the technical state. Moreover, there are no clear indications for
suitable range of their applications. So, it is desirable to have a methodology of comparing
these methods for specified types of machines.

Evaluation of the technical state using the minimal number of symptoms is the most
desired in practice because the lower is the number of symptoms used, the lower is usually
the cost and time of the diagnostic investigation. However, rarely only one symptom is
sufficient for this aim. So, a subset of symptoms must be used for a reliable evaluation. In
technical diagnostics, the subset of symptoms with their limit values is called classifier of
the technical state. In the case of solving diagnostic tasks, where the set of symptoms is
extended by information about an objective technical state of objects, by the classifier of
the technical state we understand the set of decision rules enabling the evaluation of the
technical state on a base of values of symptoms from the considered subset. The latter
meaning of the classifier is used in the present paper. However, it is also possible that there
exist several subsets having good and similar diagnostic capacity. In such situations, a tool
for reduction of the set of symptoms and comparison of several possible classifiers would be
very useful.

The general aim of a majority of technical diagnostic investigations is to solve the
following problems:

(a) evaluation of different methods of defining symptom limit values,

(b) evaluation of diagnostic capacity of particular symptoms,

(c) reduction of a set of symptoms to a minimal subset of symptoms ensuring
satisfactory evaluation of the technical state,

(d) creation of the classifier of the technical state.

The above problems have not been solved yet in a satisfactory way. For example,
problem (a) was undertaken in [10] for vibroacoustic diagnostics but was limited to analysis
of simulation data. The problem (c) was considered more extensively in [2]. However, it
was proved afterwards that the proposed procedure did not lead to good results in some
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cases.

The aim of the following paper is to show, on some practical examples, how to attain
the mentioned aims of technical diagnostics by means of the rough sets approach.

The case of vibroacoustic diagnostics of mechanical objects is considered. Vibration
and noise symptoms are very often used to evaluate the technical state. Their usefulness
results from relatively high reliability of diagnostic information and facility of collecting
such information.

The paper is based on encouraging results of two applications of the rough sets theory
to evaluation of diagnostic capacity of vibroacoustic symptoms reported in [14,15,16].

Two examples concerning evaluation of the technical state of rolling bearings are anal-
ysed. The bearings are in one of two technical states : good and bad. They are described
by symptoms resulting from measurements of noise and vibration of the bearing housings.
In the first example, bearings were installed in a laboratory stand. In the other example,
bearings were installed in a band conveyor and all measurements were taken in a real indus-
trial environment. So, besides presentation of the application of the rough sets approach
to particular steps of diagnostic research, it will be interesting to compare results of the
analysis of two similar examples coming from different conditions of measurements.

In the next section, both analysed sets of data are described. Results of applications of
the rough sets theory are presented in section 3. Conclusions are drawn in the final section.
Considered methods of defining symptom limit values are given in the Appendix.

2. The problem definition

In this section, two considered diagnostic problems (called A and B) corresponding to dif-
ferent data sets are considered. The data sets give base to create the original information
systems for each diagnostic case. It is known that in the rough sets approach, values of
quantitative attributes are translated into some qualitative terms. This translation involves
a division of the original domain into some subintervals and an assignment of qualitative
codes to these subintervals. In technical diagnostics, attributes are symptoms of the techni-
cal state; using symptom limit values one can divide an original domain of a symptom into
subintervals corresponding to conventional classes of the technical state [12]. As a result of
this translation, coded information systems are obtained.

Several methods defining symptom limit values were proposed for diagnostic problems
[1,3,4,5]. In this paper, we consider four of them. They are called L-, W—, P- and C-
methods (formulae enabling determination of the limit values by means of these methods
are presented in the Appendix).

2.1. Problem A — Rolling bearings examined in a laboratory

The analysed data set is composed of observations collected during a laboratory experiment
with a set of 38 rolling bearings. The set of examined bearings is divided into two subsets.
The first one consists of 19 bearings which were recognized to be good ones. At the end
of their production, they were checked by a product quality control which proved that
they were made according to a technical documentation. Other 19 bearings are in the bad
technical state because some of their elements were artificially damaged (rolling elements
or one of the bearing races).
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The investigated bearings were successively assembled on a laboratory stand. Measure-
ments of vibration and noise symptoms were collected in conditions of simulated working
loads.

Vibration and noise levels of a bearing housing were taken as supposed symptoms of
the technical state. In each case, measuring quantities were obtained as a result of band
filtering of a signal for 6 different frequency bands. The filters were 1/3-octave filters with
standard middle frequencies from range: 800 — 2500 Hz.

The data collected from the measurements set up the information system which is
presented in Table 2.1. It contains information about 38 bearings described by means of 12
symptoms $; — 812 . Symptoms s, — sg are measured as accelerations of vibration [m/s2 ]
while symptoms sy — s12 correspond to levels of noise in decibels [dB]. The information
about each object is additionally extended by the two-valued decision attribute D. This
attribute characterizes the real technical state of a bearing (0- for a good technical state, 1
- for a bad state). The information system presented in Table 2.1 is denoted by S1.

Table 2.1. Information system S1 (rolling bearings installed in a laboratory stand)

No. s1 s2 s3 34 S5 s¢ s7 38 S9 810 811 s12 | D
1 0.50 [ 0.79 | 1.41 | 094 { 0.79 | 1.77 | 79.5 | 81.5 | 72.0 | 72.5 76.5 75.5
2 089 | 1.00 { 1.25 | 094 | 059 | 1.77 | 74.0 | 780 | 75.0 | 74.5 | 66.5 | 78.0
3 149 | 149 | 1.25 { 0.70 [ 0.53 | 1.33 | 85.0 | 88.0 | 79.5 | 79.5 | 74.0 | 68.5
4 1.67 | 2.51 2.11 1.12 1.25 | 1.58 | 93.0 | 92.0 | 83.0 | 72.0 | 72.0 | 69.0
5 3.16 | 3.16 | 2.66 | 1.41 | 0.56 | 1.77 | 81.5 | 84.0 | 81.5 | 96.5 | 96.0 | 91.5
6 0.50 | 0.70 | 0.79 | 0.53 | 0.63 | 1.18 } 78.0 | 83.0 | 80.5 | 96.0 | 94.0 | 86.5
7 079 | 0.89 | 1.77 | 0.44 | 0.70 | 1.18 | 80.0 | 76.0 | 82.0 | 78.5 | 94.5 | 92.0
8 1.41 | 2.11 | 2.51 | 1.58 | 1.12 | 3.16 | 80.0 | 80.0 | 79.5 | 83.5 | 79.5 | 94.0

9 1.05 | 0.56 | 0.56 | 1.33 | 1.05 | 0.39 | 85.5 | 79.5 | 74.5 | 74.0 | 77.5 | 71.0
10 063 {1.12 | 070 } 0.79 | 0.70 | 0.39 | 780 | 75.0 | 780 | 77.5 | 75.0 | 76.5
11 063 | 112 | 070 | 0.79 | 0.70 | 0.39 | 75.5 | 71.0 | 82.0 [ 785 | 78.0 | 78.0
12 3.98 | 2.81 | 1.33 | 1.05 { 1.33 | 1.41 | 69.5 | 75.5 | 75.0 | 85.0 | 77.5 | 80.0
13 2.23 | 1.58 | 1.05 | 1.12 | 2.11 | 3.16 | 69.5 | 70.0 | 76.0 | 80.5 | 79.5 | 80.5
14 2.23 | 2.51 | 133063 | 0.74 | 0.56 | 68.0 | 75.0 | 69.0 | 71.5 | 80.0 | 85.5
15 1.18 | 0.74 | 0.44 | 0.39 | 0.70 | 0.66 | 63.0 | 63.0 | 70.0 | 70.0 | 64.0 | 75.5
16 1.41 1.41 1.33 | 1.05 1.77 | 1.67 | 60.0 | 68.0 | 72.5 | 79.0 | 71.0 | 72.0
17 1.88 | 2.66 | 1.25 | 1.58 | 3.54 | 1.77 | 67.5 | 60.0 | 79.0 | 76.0 | 77.0 | 74.0
18 1.25 | 1.18 | 0.50 | 1.00 | 2.66 | 1.05 | 60.0 | 60.0 | 60.0 | 62.0 | 60.0 | 66.5
19 1.67 | 1.41 | 0.89 | 1.49 | 2,98 | 0.75 | 67.0 | 69.0 | 66.0 | 60.0 | 68.0 | 67.0
20 039 | 056 | 0.28 | 014 | 011 | 011 | 795 | 81.5 | 72.0 | 72.5 | 76.5 | 75.5
21 0.23 [ 033 | 0.29 | 0.18 | 0.22 { 0.26 | 78.0 | 75.0 | 74.5 | 66.5 | 78.0 | 75.5
22 043 1 0.21 | 0.16 | 0.10 | 0.35 | 0.29 | 79.5 | 79.5 | 74.0 | 68.5 | 67.0 | 68.0
23 028 | 0.31 | 0.18 | 0.10 | 010 { 0.13 | 72.0 | 72.0 | 69.0 | 71.5 | 73.5 | 76.5
24 0.25 ] 031|031} 026 (023]033]|80.0| 780 77.0 | 73.0 | 83.0 | 8.5
25 0.10 | 0.10 | 0.12 { 0.10 | 0.15 | 0.22 | 72.5 | 72.0 | 72.0 { 70.0 | 74.0 | 80.0
26 0.23 1037 |1 0351022015 (022|755 725 | 745 | 69.5 | 75.0 { 785
27 0.22 | 0.26 | 0.20 { 0.15 | 0.15 | 0.20 | 71.0 | 73.0 | 69.0 | 69.0 | 76.0 | 82.0
28 0.26 | 044 | 0.50 | 0.39 | 0.37 | 0.53 | 71.0 | 77.0 | 67.0 | 66.5 | 78.0 | 76.0
29 0.23 | 0.26 | 0.16 | 0.10 | 0.10 | 0.10 | 66.0 | 66.5 | 68.0 | 64.0 | 71.5 | 71.5
30 0.10 | 0.11 } 0.10 { 0.10 | 0.10 | 0.10 | 72.5 | 720 | 72.0 | 70.0 | 74.0 | 80.0
31 0.18 | 0.23 | 0.16 | 0.13 | 0.11 | 0.20 | 75.5 | 72.5 | 74.5 | 69.5 | 75.0 | 78.5
32 0.12 | 0.22 } 0.16 | 0.10 | 0.10 | 0.15 | 70.5 | 73.5 | 69.0 | 69.0 | 76.5 | 82.0
33 031 | 063 | 022 | 012 | 0.12 | 0.17 | 71.0 | 77.0 | 67.0 | 66.5 | 78.5 | 76.0
34 0.10 | 0.14 | 0.14 { 0.10 | 0.10 | 0.14 | 67.0 | 70.5 | 66.0 | 63.0 | 64.5 | 68.0
35 033 | 042 ) 0.70 | 0.35 | 0.33 | 0.50 | 70.0 | 68.5 | 75.0 | 69.5 | 79.5 | 80.5
36 0.20 [ 0.21 | 0351 0.12 | 0.14 | 0.14 | 700 { 68.0 | 72.0 | 63.5 | 76.0 | 74.0
37 0.11 | 0.15 | 0.10 | 0.10 { 0.10 | 0.10 | 65.5 | 72.0 | 71.0 | 67.0 | 66.0 | 71.0
38 0.15 { 0.15 ; 0.16 | 0.15 | 0.11 | 0.10 | 70.0 | 74.0 | 70.0 { 67.0 | 77.5 | 82.0

R R R H R e-S 0000000000000 0000
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Table 2.2 Symptom limit values for system 51

Symptom | Method Symptom limit values
bl b2 b3 b
51 L 0.22 0.34 0.46 0.58
C 1.57  2.27 2.97 3.36
w 1.34 1.78 2.21 2.64
P 0.60 0.98 1.35 1.73
52 L 0.20 0.30 0.40 0.50
C 1.60 2.26 2.93 3.60
w 1.21 1.54 1.88 2.22
P 0.61 1.01 1.42 1.82
s3 L 0.18 0.26 0.34 0.42
C 1.28 1.81 2.34 2.87
w 0.96 1.23 1.50 1.77
P 050 0.83 1.15 1.47
S4 L 0.15 0.20 0.25 0.30
C 0.96 1.35 1.73 2.12
w 0.70  0.89 1.09 1.29
P 0.39 0.64 0.88 1.12
S5 L 021  0.32 0.43 0.54
C 1.39  2.05 2.70 3.36
w 1.35 1.86 2.36 2.86
P 0.53 0.85 1.16 1.48
S6 L 0.20 0.30 0.40 0.50
C 142  2.05 2.69 3.32
w 1.21 1.59 1.98 2.37
P 054 0.89 1.23 1.58
s7 L 79.60 99.20 118.80 138.40
C 78.94 84.43 8991 95.40
w 21.14 35.16 49.18 63.20
P 81.40 83.20 85.00 86.81
ss L 71.00 82.00 93.00 104.00
C 79.56 84.81 90.07 95.32
w 20.86 34.89 4893 62.96
P 75.03 79.06 83.09 87.12
S9 L 75.10 90.20 105.30 120.40
C 7745 8152 85.59  89.66
w 19.44 33.60 47.76 61.92
P 77.17  79.25 81.32 83.40
S10 L 71.40 82.80 94.20 105.60
C 78.97 85.23 9149 97.75
W 22.13 36.14 50.15 64.15
P 75.51 79.62 83.73 87.83
$11 L 76.90 93.80 110.70 127.60
C 81.67 87.53 9340 99.26
w 21.60 35.59 49.59  63.58
P 80.19 83.47 86.76  90.05
s12 L 76.00 85.50 95.00 104.50
C 82.73 88.03 93.33 98.63
W 22.50 38.12 53.74 69.36
P 79.59 83.19 86.78  90.37

The symptom limit values presented in Table 2.2. were used to translate the original
values of symptoms sy — s12 into coded values 1,2,3,4,5 corresponding to five subintervals
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(i.e. value of a symptom belonging to subinterval (0,b1] is coded by 1 etc.). As a result of
this translation, we obtain the coded information system which is analysed afterwards.

2.2. Problem B — Rolling bearings installed in a band conveyor

The analysed data set is composed of observations collected from 55 rolling bearings in-
stalled in a band conveyor. The set of examined bearings was divided into two classes on a
base of an expert evaluation. The first class consists of 34 bearings recognized to be good.
The second class consists of 21 bearings being in different states of degradation.

Vibration and noise levels of bearing housings were taken as supposed symptoms of the
technical state, similarly to the first diagnostic problem.

Measurements of vibration and noise levels were performed for different measuring fre-
quency bands. The relatively low and high measuring frequency bands were chosen: from
500 to 2000 Hz and from 4 to 16 kHz for noise, and from 100 to 1000 Hz and from 1 to 11
kHz for vibration, respectively.

In addition, taking into account the possibly different propagation of vibrations from the
same source in radial and axial directions of bearings, the measurements in both directions
were taken.

The collected measurements created the data set which is presented in Table 2.3. It
contains information about 55 objects described by 10 symptoms s; — s1¢ -

Symptoms s; — s have the noise nature:
sy — the level of noise for frequency range 500 — 2000 Hz in [dB],
sy — the level of noise for frequency range 4 — 16 kHz in [dB],
Symptoms s3 — s19 have the vibration nature:

s3 — the measurement of vibrations in axial direction and for frequency range
0.1 - 1 kHz,

s4 — the measurement of vibrations in axial direction and for frequency range
1-11 kHz,

s5 — the measurement of vibrations in radial vertical direction and for frequency
range 0.1 — 1 kHz,

s¢ — the measurement of vibrations in radial vertical direction and for frequency
range 1 - 11 kHz,

s7 —  the measurement of vibrations in radial horizontal direction and for frequency
range 0.1 — 1 kHz,

sg — the measurement of vibrations in radial horizontal direction and for frequency
range 1 - 11 kHz,

sg —  the level of resultant vibrations for frequency range 0.1 — 1 kHz, calculated as
Ve + sttt

s10 — the level of resultant vibrations for frequency range 1 — 11 kHz, calculated as

\/s2+ s% + sg .
All measurements of vibrations refer to acceleration of vibrations and are expressed in
[m/s? ].
The information about each object is extended by the two-valued decision attribute D.
It characterizes the real technical state of a bearing (0- for a good technical state, 1- for a
bad state). The information system presented in Table 2.3 is denoted by §2.
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Table 2.3. Information system S2 (rolling bearings installed in the band conveyer)

No. 51 52 53 54 s5 s6 s7 s8 sg 510
1 97.0 85.8 8.0 17.0 31.0 30.0 17.0 24.0 36.2 42.0
2 97.2 83.1 11.0 | 22.0 25.0 21.0 14.0 15.0 30.7 33.9
3 109.6 99.0 340 | 43.0 | 120.0 | 110.0 | 56.0 53.0 136.7 | 129.5
4 109.5 97.5 33.0 | 42.0 | 165.0 | 115.0 | 58.0 55.0 178.0 | 134.2
5 109.2 95.0 28.0 | 36.0 95.0 95.0 48.0 43.0 110.1 110.3
6 92.9 82.6 5.5 7.5 17.0 12.5 12.5 12.5 21.8 19.2
7 97.8 95.0 4.5 6.5 11.5 9.5 8.5 8.5 15.0 14.3
8 97.2 82.6 9.5 14.5 31.0 22.0 23.0 17.0 39.8 314
9 97.9 85.4 6.5 7.5 23.0 16.5 14.5 10.5 28.0 20.9

10 89.4 85.1 7.5 8.0 26.5 17.0 14.5 11.0 31.1 21.8
11 103.6 92.1 17.0 | 23.0 65.0 45.0 | 31.0 27.0 74.0 57.3
12 109.0 | 1044 | 22.0 | 270 75.0 55.0 | 36.0 37.0 86.1 71.6
13 97.7 86.3 8.5 14.5 22.5 17.0 15.0 13.0 28.3 25.9
14 101.7 94.8 9.5 8.5 29.0 14.0 17.5 15.0 35.2 22.2
15 107.1 96.7 20.0 | 29.0 78.0 75.0 40.0 40.0 89.9 89.8
16 107.7 97.7 23.0 | 31.0 95.0 75.0 46.0 43.0 108.0 91.8
17 114.0 | 1133 | 32.0 { 55.0 | 150.0 | 130.0 | 58.0 80.0 164.0 | 162.2
18 94.2 79.4 6.3 2.8 14.5 5.2 15.5 4.5 221 7.4

19 94.4 75.8 6.5 3.1 11.5 5.7 18.0 4.2 223 7.7

20 94.9 77.6 6.0 4.5 12.5 6.8 20.5 5.5 24.7 9.8

21 95.3 78.8 6.3 3.7 15.0 4.8 21.0 5.5 26.6 8.2

22 93.0 71.7 8.5 1.1 17.0 3.5 22.0 1.8 29.1 4.1

23 95.1 73.9 7.8 1.3 17.5 3.8 22.5 1.8 29.6 4.4

24 94.3 76.8 6.3 2.8 11.0 5.5 19.5 4.8 23.3 7.8

25 95.1 76.6 6.5 2.5 12.0 5.5 11.5 4.5 17.8 7.5

26 97.1 82.0 9.5 11.5 37.0 13.5 23.0 12.5 44.6 21.7
27 100.8 86.4 12.0 | 23.0 35.0 35.0 28.0 37.0 46.4 55.9
28 107.1 92.4 23.0 | 28.0 95.0 80.0 | 32.0 42.0 102.8 94.6
29 107.5 | 100.1 | 22.0 | 25.0 80.0 80.0 | 45.0 37.0 944 91.6
30 99.9 95.3 5.6 11.0 16.5 17.0 9.5 15.5 19.8 25.5
31 102.4 | 102.1 5.0 17.0 17.0 25.5 9.5 26.5 20.1 40.5
32 98.3 94.8 10.0 | 23.5 26.5 30.0 21.5 32.0 35.6 49.8
33 100.4 971 12.0 | 23.0 30.0 33.0 20.5 38.0 38.3 55.3
34 107.7 97.3 27.0 { 33.0 90.0 81.0 47.0 46.0 105.1 98.8
35 108.4 95.0 30.0 | 65.0 { 105.0 90.0 55.0 45.0 122.3 | 119.8
36 106.0 91.0 33.0 | 30.0 90.0 100.0 { 70.0 56.0 118.7 | 118.5
37 104.0 91.0 28.0 | 30.0 90.0 70.0 | 46.0 50.0 104.9 91.1
38 103.0 92.0 23.0 | 25.0 75.0 40.0 | 37.0 47.0 86.7 66.6
39 102.0 91.0 22.0 | 23.0 56.0 48.0 | 34.0 48.0 69.1 71.7
40 100.0 88.0 14.0 | 16.0 54.0 46.0 22.0 38.0 60.0 61.8
41 100.0 89.0 13.0 | 19.0 56.0 34.0 30.0 27.0 64.8 47.4
42 102.0 90.0 18.0 | 20.0 48.0 54.0 34.0 30.0 61.5 64.9
43 103.0 92.0 15.0 | 26.0 48.0 52.0 28.0 42.0 57.6 7.7
44 108.0 99.0 32.0 | 68.0 | 160.0 | 140.0 | 66.0 | 130.0 | 176.0 | 202.8
45 112.0 | 114.0 | 32.0 | 52.0 | 110.0 | 100.0 | 58.0 66.0 128.4 | 130.6
46 95.0 84.0 8.0 15.0 26.0 36.0 22.0 34.0 35.0 51.7
47 101.0 96.0 9.5 44.0 54.0 110.0 | 25.0 92.0 60.3 150.0
48 104.0 96.0 20.0 | 34.0 76.0 92.0 38.0 72.0 87.3 121.7
49 104.0 92.0 22.0 | 13.0 76.0 46.0 | 40.0 28.0 88.7 55.4
50 111.0 | 1020 | 44.0 | 66.0 | 220.0 | 210.0 | 92.0 | 110.0 | 242.5 | 246.1
51 112.0 | 1000 | 36.0 | 64.0 | 170.0 | 180.0 | 84.0 | 110.0 | 193.0 | 220.4
52 101.0 94.0 24.0 | 48.0 42.0 82.0 36.0 76.0 60.3 121.7
53 103.0 93.0 14.0 | 34.0 50.0 66.0 | 34.0 54.0 62.1 91.8
54 104.0 98.0 28.0 | 25.0 82.0 94.0 42.0 54.0 96.3 111.3
55 103.0 | 1040 | 20.0 | 27.0 76.0 76.0 | 38.0 52.0 87.3 96.0

'—"—"-‘OOOO!—‘OOOOD—'!—‘D—‘!—‘!—"—‘D—'OO’—"—‘OOO!—"—"—'OOOOOOOOOO!—‘!—‘OOH.—.OOOOOHOOOOU

Methods described in Appendix were used to calculate the symptom limit values for the
data set from Table 2.3. Calculated values are presented in Table 2.4.
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Table 2.4 Symptom limit values for system 52

Symptom | Method Symptom limit values
bl b2 b3 b
81 L 104.0 118.6 133.2 1478
C 106.34 110.81 115.29 119.77
w 12537 161.34 197.31 233.28
P 104.63 107.4 110.17 112.94
82 L 91.0 1103 129.6 1489
C 98.46 10554 112.63 119.71
W 128.1 184.51 240.91 297.31
P 95.67 99.97 104.28 108.58
83 L 22.0 39.5 57.0 74.5
C 25.12 33.04 40.97 489
w 17.61 30.72 43.83  56.93
P 20.6 24.01 2743 30.84
S L 23.0 44.9 66.8 88.7
C 38.22 51.84 65.46  79.08
w 28.39 55.69 82.98 110.29
P 29.94 35.28 40.63  45.97
S5 L 17.00 23.00 29.00 35.00
C 97.69 134.26 170.83 207.40
w 52.15 93.31 134.46 175.61
P 74.85 88.58 102.30 116.03
S L 37.00 72.20 107.40 142.60
C 60.21  82.52 104.83 127.14
w 39.75 77.71 115.66 153.62
p 46.36  54.81 63.27 T71.72
87 L 22.00 35.50 49.00 62.50
C 47.73  62.24 76.75 91.26
w 36.65 64.80 92.94 121.09
P 39.62 46.03 52.43 58.83
Sg L 37.00 72.20 107.40 142.60
C 60.21 82.52 104.83 127.14
w 39.75 77.71 115.66 153.62
P 46.36  54.81 63.27 71.72
Sg L 87.30 159.60 231.90 304.20
C 111.73 151.13 190.53 229.93
w 66.38 117.76 169.14 220.52
P 87.93 103.53 119.12 134.72
S10 L 71.70  139.3 206.90 274.50
C 115.92 15945 202.97 246.5
W 72.60 141.11 209.61 278.12
P 88.69 104.99 121.28 137.57
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3. Rough sets analysis of the diagnostic problems

In this section, diagnostic problem A (rolling bearings in a laboratory stand) and diagnostic
problem B (rolling bearings examined in industrial conditions) are analysed in the same way
using the rough sets methodology. The analysis is organized in the way to solve problems
(a) to (d) listed in the introduction.

3.1. Evaluation of different methods of defining symptom limit values

In the analysis of both diagnostic problems, all methods of defining symptom limit values
were considered. The results, i.e. accuracies of approximations of each particular class of
the technical state and quality of classification of the rolling bearings for the whole set of
symptoms are presented in Table 3.1 for problem A and in Table 3.2 for problem B.

Using the criterion of the quality of classification, it is possible to rank the considered
methods.

For diagnostic problem A, the C-method is the worst and should not be used for the
evaluation of the technical state. All other methods: L, W and P, ensure the maximal value
of the quality of classification. However, from the viewpoint of the number of atoms, the
L-method is slightly better. A higher number of atoms enables better differentiation of
considered bearings using their available description.

Comparing results obtained for diagnostic problem B, it can be noticed that the ranking
of methods is different. The best rank is given to the L-method, the W-method is the
second and the P-method is the third. The worst is the C-method, similarly to problem A.
However, the qualities of classification obtained by the W— and P-methods are significantly
lower than in the case of problem A and are unsatisfactory for evaluation of the technical
state.

3.2. Evaluation of the diagnostic capacity of symptoms

The rough sets theory can also be used as a tool for evaluation of diagnostic capacity of
symptoms. Its application will be shown first on the example of information system S$2
were symptoms s; and s; are given both in two different scales, logarithmic and linear ones
(cf. [16]). The corresponding versions of the information systems are denoted by $2 and
52a. The symptom limit values were calculated in the same way as before.

It is interesting indeed to check whether the different scale of noise symptoms infulences
the evaluation of the technical state. Results of the application of the rough sets approach
to analysis of information system S2a are presented in Table 3.3.

When comparing the results presented in Tables 3.2 and 3.3., it can be noticed that
slightly higher values of the quality are obtained for system S2a but the difference between
the results is rather small.

Another example illustrating the application of the rough sets theory to evaluation of
the diagnostic capacity of newly constructed symptoms was described in [13]. This example
concerns diagnosing of reducers which were initially analysed using traditional symptoms.
In [13], the proposal of new symptoms was given. The rough sets analysis of this case gave
the following results:
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Table 3.1. Accuracies of approximations and quality of classification for information system S1

Methods

L C W P

Number of atoms 35 22 22 26
Class 0

Lower ‘approximation 19 18 19 19

Upper approximation 19 35 19 19

Accuracy of approx. 1.0 | 051 | 1.0 1.0
Class 1

Lower approximation 19 3 19 19

Upper approximation 19 20 19 19

Accuracy of approx. 1.0 | 0.15 1.0 1.0

Accuracy of classification | 1.0 | 0.38 | 1.0 1.0

Quality of classification 1.0 | 0.55 | 1.0 1.0

Table 3.2. Accuracies of approximations and quality of classification for information system S2

Methods
L C W P
Number of atoms 38 23 29 29

Class 0

Lower approximation 32 12 12 13
Upper approximation 36 43 36 38
Occuracy of approx. 0.89 | 0.28 | 0.33 | 0.34
Class 1

Lower approximation 19 12 19 17
Upper approximation 23 43 43 42
Accuracy of approx. 0.83 | 0.28 | 0.44 | 0.41
Accuracy of classification | 0.86 | 0.28 | 0.39 | 0.38
Quality of classification | 0.93 | 0.44 | 0.56 | 0.55

Table 3.3. Accuracies of approximations and quality of classification for diagnostic problem B and
symptoms s; and s in a linear scale (information system S2a)

Methods

L C i P

Number of atoms 43 21 33 29
Class 0

Lower approximation 34 11 13 13

Upper approximation 34 43 36 39

Accuracy of approx. 1.0 |{ 0.26 | 0.36 | 0.33
Class 1

Lower approximation 21 12 19 16

Upper approximation 21 44 42 42

Accuracy of approx. 1.0 | 0.27 | 045 | 0.38

Accuracy of classification | 1.0 | 0.26 | 0.46 | 0.36

Quality of classification 1.0 | 0.41 | 0.67 | 0.53
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- traditional symptoms do not give satisfactory quality of classification (close to 0.6),
—  the new proposed symptoms have increased the quality of classification to 1.0;
moreover, single new symptoms ensured quality in the range from 0.59 to 0.83
— it means that nearly each of them is better than all traditional ones together.

3.3. Reduction of symptoms

The set of all considered symptoms allows to evaluate with a certain quality, the technical
state of objects from the information system. Very often, it is possible to reduce the number
of symptoms without decreasing the quality. This leads to minimal subsets of symptoms.
For problem A, only methods L, W and P were considered, the C-method was rejected
because of inadmissibly low quality of classification. For problem B, only method L was
included to the analysis, others were rejected for the same reason. The results are summa-

rized below.

Problem B, the L-method:

— the core is {ss, 86,57}

— 5 minimal subsets:
{s5,56,57, 58,59}
{s2,54,55, 56,57}
{52,53,55,56,57, 59}
{s4,55,56, 57,58}
{31,85736737,38}

Problem A, the L-method:
— the core is empty,
- 17 minimal subset: two are singletons (symptoms s; and s5 ),
three subsets consist of two elements, 2 subsets of three elements, 2 subsets
of two elements, other subsets of five elements;

Problem A, the W—method:
— the core is empty,
— 31 minimal subsets: one is a singleton (symptom s; );
5 subsets consist of two elements, 15 subsets of three elements,
7 subsets of four elements and other subsets of five elements.

Problem A, the P-method:
— the core is symptom s; ,
— 10 minimal subsets: four of them are composed of three elements
and other subsets of four elements.

Each of obtained minimal subsets can be used to represent the corresponding informa-
tion system. A more detailed interpretation of the great number and structure of minimal
subsets (which is interesting form the viewpoint of practical vibroacoustic diagnostics) was
done in [15,16].
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3.4. Creation of classifiers of the technical state

Reduction of the number of symptoms has not led to univocal and clear results. Each of
the obtained minimal subsets ensures a satisfactory quality of classification and can be used
to create the classifier of the technical state. As it is difficult to analyse a great number of
possible classifiers, other criteria than the quality of classification must be employed. The
minimum cardinality of a subset of symptoms and the minimal number of rules belonging
to the classifier can be used as the secondary criteria. In practice, it is interesting to take
into account also other criteria, e.g. easiness, cost and time of a measurement, or subjective
preferences for certain symptoms.

Proceeding in this way, one can choose the best compromise minimal subset to create
a classifier.

Let us consider first diagnostic problem A. It can be noticed that singleton {s;} was
obtained by two methods : L and W. As a singleton is very attractive for the diagnosis, it
will be used in the first order to create the classifier. Then two element minimal subsets
can be considered. They are given below:

S1-L : {'31733}a {32,34}, {32736},
S1-W : {s2, 7}, {81,586}, {51, 52}, {52, 84}, {51, 84}

Considering problem B, it can be noticed that the core ensures the quality of classifica-
tion equal to 0.65. This value can be increased to the level 0.89 (it means the value slightly
lower than maximum: 0.93) by adding symptoms s4 or sg . So, the subset s4, s5, $6, 57 can
be chosen for further analysis.

After the choice of minimal subsets of symptoms with their limit values, one can de-
rive decision algorithms creating classifiers. The classifier consists of decision rules which
determine the assignment of an object to the technical state class basing on the values of
symptoms represented in the classifier.

Examples of the most attractive classifiers are given below. One of them can be chosen
to the final diagnostic procedure according to the secondary criteria described in section
3.4. and specialist’s preferences.

Example 1.
For problem A (information system S$1), subset {s;} with limit values defined by the
L-method, the classifier is composed of the following decision rules :
if (s1 = 5) then (class=bad);
if (s1 = 4) then (class=bad);
if (s1 = 3) then (class=good);
if (s1 = 2) then (class=good);
if (s1 = 1) then (class=good);
Example 2.
For problem B (information system 52) and subset {sq4,ss5, 56,7} with limit values de-
fined by the L-method, the classifier is composed of decision rules presented below :
if (s7 = 4) then (class=good});
if (s7 = 5) then (class=good});
if (s5 = 1) and (s7 = 1) then (class=good);
if (s5 = 3) and (s7 = 1) then (class=good);
if (s5 = 2) and (s7 = 1) then (class=good);
if (s5 = 2) and (s7 = 2) then (class=good);
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if (s4 = 1) and (s5 = 5) and (s7 = 3) then (class=good);

if (s4 = 4) and (s5 = 5) and (s7 = 3) then (class=good);

if (s4 = 2) and (s5 = 5) and (s¢ = 4) and (s7 = 3) then (class=good);

if (s5 = 5) and (s7 = 1) then (class=bad);

if (s4 = 2) and (ss = 5) and (s7 = 3) then (class=bad);

if (s4 = 1) and (s5 = 5) and (s¢ = 2) and (s7 = 2) then (class=bad);

if (s4 = 2) and (ss = 5) and (s¢ = 3) and (s7 = 2) then (class=bad);

if (s4 = 2) and (s5 = 5) and (s = 2) and (s7 = 2) then (class=bad);

if (s4 = 1) and (ss = 4) and (s¢ = 1) and (s7 = 1) then (class=good or bad);
if (s4 = 1) and (s5 = 4) and (sg = 1) and (s7 = 2) then (class=good or bad);
if (s4 = 1) and (s5 = 5) and (se = 1) and (s7 = 2) then (class=good or bad);
Values of condition symptoms refer to codes assigned to subintervals in domains of symp-
toms. Let us observe that the last three rules are non-deterministic.

Example 3. For problem A (information system S1 ) and {s2,s4} with limit values defined
by the L-method, the classifier is presented graphically in Figure 1.

84\
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\\\\

N

AN A .
1 3 5

Graphical representation of the decision algorithm for problem A, subset {s3,s4} and the

2
L-method:
72%# — denotes bad technical state (class 1)
NN - denotes good technical state (class 0)

(numbers in boxes give information about the number of objects which match the given
combination of values of symptoms s4 and s; )

Figure 1.
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4. Conclusions

The analysis of the diagnostic problems considered in this paper demonstrates the usefulness
of the rough sets approach for solution of several problems in technical diagnostics. In
particular :

1. The rough sets approach seems to be a good tool for objective comparison of different
methods of defining symptom limit values. In our study, the L-method was found the
best in both diagnostics problems.

2. Using the criterion of the quality of classification it is possible to evaluate the diag-
nostic capacity of single symptoms or groups of symptoms of the technical state. This
was shown on the example of symptoms of the same nature but expressed in different
scales and on the example of newly introduced symptoms.

3. Reduction of symptoms, which is very desirable in practice, can be performed on the
basis of minimal subsets of symptoms resulting from the rough sets analysis.

4. Considered examples illustrate how to built the classifiers of the technical state con-
sisting of decision rules. Sometimes additional criteria must also be used for choosing
an appropriate subset of symptoms and for derivation of decision rules. The clas-
sifier is useful for automation of inspection process in production and exploitation
diagnostics.

Let us remark, however, that in both analysed examples only point symptoms of the
technical state and two-valued decision attributes were considered. Taking into account the
development of technical diagnostics, it would be interesting to investigate the possibility of
using the proposed approach to the analysis of information systems with function symptoms
and multigrade technical states.

References
[ 1] Birger Y., Technical diagnostics. Nauka, Moscow (1978) (in Russian).

[ 2] Cempel C., Reduction of data sets in machine diagnostics. Zagadnienia Eksploatacyi
Maszyn, 44 (4), 571-585 (1980) (in Polish).

[ 3] Cempel C., Diagnostically Oriented Measures of Vibroacoustic Processes. Journal of
Sound and Vibration, T3 (4), 547-561 (1980).

[ 4] Cempel C., Estimating the boundary values in diagnostics of machines, Machinery
Maintenance. Eksploatacja Maszyn, 5-6, 10-11 (1988) (in Polish).

[ 5] Cempel C., Plant Determination Symptom Limit Value for Vibration Condition Mon-
itoring, Proc. of Conf. on Technical Diagnostics, Prague, p 79-82 (1989).

[ 6] Cempel C., Limit values in the practice of machine vibration diagnostics. Mechanical
System and Signal Processing, 5 no. 6, 483-493 (1990).

[ 7] Finley H., Principles of optimum maintenance. Course materials. The Howard Finley
Corporation (1988).



47

[ 8] Kelly A., Harris M.J., Management of industrial maintenance. Newness-Butterworths,
London (1978).

[ 9] Mitchell J.S., An Introduction to Machinery Analysis and Monitoring, PannWell
Books Company, Tulusa, Oklahoma (1981).

[10] Nowicki R.,Methods of evaluation of the technical state in vibroacoustic diagnostics of
machines, Ph.D Thesis, Technical University of Poznai (1985) (in Polish).

[11] Nowicki R., Statistical methods of evaluation of the technical state of machines. In
Proc of 7-th School on Diagnostics (DIAGNOSTYKA 85 - Poznai-Rydzyna), WPP,
Poznati, 225-238 (1985) (in Polish).

[12] Nowicki R., Badly Conditioned Problems of Technical State of Mechanical Objects.
Zagadnienia Eksploatacji Maszyn, 2 (1991) (to appear) (in Polish).

[13] Nowicki R., Stowifiski R., Stefanowski J., Possibilities of an application of the rough
sets theory to technical diagnostics. In Proc. of IX National Symp. on Vibration
Techn. and Vibroacoustics, AGH Press, Krakow, 149-152 (1990).

[14] Nowicki R., Stowiriski R., Stefanowski J., Rough Sets Based Diagnostic Classifier of
Reducers. International Journal of Man-Machine Studies (1991), (submitted).

[15] Nowicki R., Slowidski R., Stefanowski J., Evaluation of Diagnostic Symptoms by
Means of The Rough Sets Theory, Computers in Industry (1992) (to appear).

[16] Nowicki R., Stowiniski R., Stefanowski J., Rough sets analysis of diagnostic capacity of
vibroacoustic symptoms. Journal of Mathematics and Compulers with Applications,
(1992) (to appear).

Appendix

The symptom limit values can be defined in many different ways (cf. [1,4,5,10]). We shall
use four methods described below :

The C—method :

b=3+0 oA 1)
where:
5 — mean value of a symptom, calculated as:
= Eile Si 9
s = ——M— ( )

M — number of measurements of a symptom (number of observations);
S; — result of measurement of a symptom,
o — standard deviation of a symptom calculated as:
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_ Zgl (Si — 3)2 3

e T )
P, - the fiability index of an object (a ratio of the work time to the work time increased by
the repair time), A — the permissible probability of superfluous repairs performed in order

to avoid break—down;

The P-method :

]

b=(1_7-1)§’f (4)

where:
~ — Pareto’s shape coefficient calculated as:

y=1+ 1+<-3—)2 )

g

The W—method :

b= sprn + G — sarw) T2 (14 K1) In (%) 6)

where:
smMIN — minimal observed value of a symptom ,
k - Weibul’s shape coefficient calculated as:

S~ SMIN
k= ————
: ™
I'(n) - the gamma function of the (n) argument,

The L-method :

b=4sp — 3spIN (8)
where:

sy — the mode value of an empirical distribution of results (of observations).

The value of b, calculated according to formulae (1),(4), (6) and (8) is treated as a
threshold value (i.e. an ’alarm’ value) which separates good and bad technical states.
Three additional limit values b1, b2 and b3 are uniformly distributed over the range of
symptom variability and are interpreted as ’alert’ values of symptom [3]. They are defined
as follows :

bl=s*+0.25% b - s* (9A)
b2= s* + 0.50 + b - s* (9B)
b3=s* + 0.75 % b - s* (9C)
where:
- in the case of the C-, P— and W-methods:
=3

- in the case of the L-method:
" =sp .
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Abstract. A process model for heavy oil upgrading was developed using a machine learning
system based on rough sets. The model has incorporated temporal patterns for control-
loop responses and key relationships between the variables at low (feedback) and high
(supervisory) control levels. The model predicted reactor temperature distribution with 90
to 95 percent accuracy. Accuracy depended on the number of training cycles and on the
temperature resolution used. The key advantages of using the rough sets approach were:
1) it allowed the use of qualitative and quantitative process information in the model; 2) it
provided a unified description of temporal events and patterns; and 3) it permitted the use
of "raw” sensor data without preprocessing.

1. Introduction

The advances made in process control theory in the last 20 years have resulted in the
development of robust, model-based adaptive control for a number of industrial applica-
tions. Practical methods have been developed for controller design and tuning, control
optimization, etc., using a model-based approach.

The interest in process models came from an observation that operators with a correct
mental model of a process are more successful in executing correct control actions. Also,
with the introduction of computerized numerical techniques, the relationships between pro-
cess variables were easier to model and the models were easier to implement in control
design. The modelling techniques most often used have been differential equations and
parametric correlations. Unfortunately, this has resulted in different degrees and forms of
data representation at different control levels. For the control loop level, dynamic deter-
ministic models are often used while for the process optimization level, static parametric
models are easier to implement. :

Adaptive process control based on deterministic models and statistical correlations has
several disavantages, namely:

1. Data required for design of models are not always available; relationships between
variables are not always known and may change with time.

49



50

2. Often there is no simple causal functional relationship between specific modelled
variables and closed-loop trends, e.g., multivariable controllers or multiple faults.

3. Control based on deterministic and statistical models uses only a fraction of the
information available on process dynamics and closed-loop responses.

Also, in building control algorithms from closed-loop data, two major difficulties must
be addressed:

1. Noisy data must be filtered out in order to extract robust control information:
however, excessive filtering may cause loss of information.

2. In multivariable controllers or for multiple faults diagnosis, one must assume certain
functional dependencies in order to interpret information from closed-loop data.

Early research on implementation of AI knowledge-based methods in process control was
aimed at support of algorithmic methods in order to overcome some of the above mentioned
shortcomings. For example, Astrom (1986), Oyen (1986) and Buezli (1986) worked on
incorporating knowledge-based information in controller monitoring and tuning. Birky et
al. (1988) researched the use of knowledge-based systems in selection of controller
configuration, and Garrison et al. (1986) studied the use of knowledge-based systems in
control optimization.

These early knowledge-based process control applications required implementation teams
which had in-depth knowledge of Artificial Intelligence methods, computer programming,
process engineering and control theory. The problems studied were often either too complex
and costly for the state-of-the-art technology or too simple to yield significant returns on
research investment. Nevertheless, considerable research and development work continued
at large universities and FORTUNE 500 companies in the mid and late 1980’s. The
introduction, in 1990/91, of knowledge-based expert tools such as Gensym G2, Honeywell
TDC 3000 Expert, Talarian RTIME and Mitch RTAC created more interest in the
application of AI methods in industrial process control. In addition, other AT methods such
as machine learning emerged as viable tools for control applications in the space and defence
areas - areas which traditionally have been at the forefront of AI developments.
Information on recent AI research in process control can be found in monographs and
articles by Stephanopoulos (1989), Mavrovouniotis (1989), Whitely and Davis (1990).
Information on industrial applications appears in the work of Rowan (1989), Shum et al.
(1989), and Stephanopoulos (1989).

This paper discusses the work performed at REDUCT Systems Inc. on the application of
rough sets-based, machine learning for development of process models from process data.
This research project is one of several underway at REDUCT on the development of
knowledge-based computerized control methods for process control and optimization, fault
detection and diagnosis, and for building of operator and robot controlled models. Previous
work on the application of rough sets in process control is described in the work of Pawlak
(1985), Mrozek (1986) and Ziarko et al. (1989).
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2. Discovering Process Models From Process Data

Adaptive process control requires that robust and accurate process models representing the
dynamics of the process’s behavior be developed. These models are then used for
performing real-time process control tasks such as:

- controller tuning, etc.
- assessment of load disturbance dynamics

- generation of hypotheses concerning the propagation of faults and testing of these
hypotheses

- detection of performance deterioration, etc.

This section describes how process models can be derived from process data using the
rough sets methods. The major advantages of using rough sets are:

1. They allow the use of "raw" process (sensor) data without the need for preprocessing
such as filtering to eliminate noise, "finger printing” to capture events with different
time scales, etc. g

2. They permit the identification and capture of temporal trends of closed-loop
responses (dead-time, time constants, sustained process disturbances, etc.)

3. They capture temporal patterns describing relationships between process variables for
supervisory control.

The process modelled in this example was a heavy oil upgrading process for
hydrocracking of vacuum bottoms from heavy oil to naphtha and gas oil. A brief
description of the process follows.

2.1, HEAVY OIL HYDROCRACKER

Heavy oil hydrocracking is a crude oil upgrading process commercially applied at two crude
refineries in western Canada. New higher efficiency hydrocracking processes are currently
being developed in two demonstration plants, one of which, CANMET Hydrocracking, was
modelled during this project. The advantages of applying hydrocracking processes are a
high crude oil conversion and a high hydrocarbon liquid yield. The key to the performance
of the process is optimal operation of the hydrocracking reactor.

The hydrocracking reactor in the plant modelled was a three-phase column reactor with
fine particulates of catalyst dispersed in the liquid heavy oil phase (Figure 1). In normal
operation, liquid feed containing fresh catalyst and recycle hydrogen enters the inlet nozzle
in the reactor bottom and gradually rises to the top exit of the reactor. The overall heat of
reaction of hydrogen with heavy crude is exothermic which means that either net heat must
be removed or the reactor’s contents must be quenched by a coolant. The reactor is,
therefore, equipped with four quench nozzles located along the height of the reactor, where
cold hydrogen gas is injected to control each zone temperature (Figure 2).
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The objective of the reactor control system is to achieve a flat temperature profile in the
reactor by a combination of feed preheating and quench hydrogen injection in four reactor
zones.

At normal operation of the reactor, the reactor temperature is kept within 3.5°K of the
nominal process operating temperature of about 725°K. An average deviation of 1.5°C of
the reactor temperature from optimal operating conditions results in a decrease in heavy
crude conversion by 1 to 2 percent. This provides a strong incentive for the development
and implementation of control systems which can maintain reactor operating conditions as
close to the optimal conditions as possible.

The current approach to process temperature control uses adaptive controllers with
statistical process control. The rationale for the development of knowledge-based adaptive
control for cascade controllers, was to incorporate additional information in the process
model in order to improve the model’s predictive capability. The status of the coolant
actuators is typical of information which might be incorporated into the model. The
development study used both, plant- and simulator-generated process information to
increase the number and type of data studied. More information on the process and
simulator was given in McLellan et al. (1986). For this study, the reactor simulator was
simplified by modelling the reactor as four well mixed zones in series.

2.2. ROUGH SETS ANALYSIS

To discover a rule-based model of the process from process data, it was necessary to define
the state vector S(t) of the process at time instance t in terms of measured parameters (four
temperatures and four valves’ positioning). The process state vector had to be defined in
such a way as to contain enough information to uniquely determine the next process state
vector S(t+1). Assuming such a definition is possible, the process model consisted of the
following two components:

1. Specification of the initial state of the system:
S(to) = So

and

2. Specification of the state transformation function:

F: S(t) = S(t+1)

The objective of the rough sets analysis of the above defined model was:

- to determine whether the adopted definition of the process state vector included
sufficient and necessary information for derivation of a state transformation function

- to eliminate all redundant information (parameters) from process state vectors
- to generate a set of process model rules describing the state transformation function
over the process domain.

The state transformation function, when fully specified in terms of rules, constituted a
process model which describes the behavior of the system.
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2.2.1. Data Acquisition. Four models were derived for control of four temperature zones.
The objective of each model was to predict reaction temperature in subsequent time
instances (T(;H)’, where z is the reactor zone number, based on current and past process
data for all temperatures (T?, T, T¢2, T¢3) and coolant valve actuator settings V0, Vi,
V2, V8. The process state vector S(t)* was defined as a time window of length n
containing information about current temperatures, past temperatures, and actuators’ settings
ranging from the previous time instance t-1 through to the (-n)th past time instance t-n.
For example, for zone=0, the state vector was defined:

S(t)° = <(T(t-n)% T(t-n)ts T(t-n)% T(e-n)®)s
(V(t-n)?, Vie-n)l, Ve-n)? Vie-n)®), ...
e (Te-1)° Te-1)?, Tee-1)% Te-1)%)
(V-8 V-l V-2, Vi-1)°)>

To create the rule-based model of the system, the state vectors S(ty), S(tw+1), ..., S(tm)
were measured in the time interval from ty to ty, and stored in an attribute-value format.
In a typical run, the time window length (w) was 20 resulting in 164 attributes in the
tabular representation. As shown below, this window length was sufficient to provide
discriminating and unambiguous process models.

The next objective was to discover predictive rules for each temperature zone based on
the attribute-value format table for state vectors S(tw) to S(tm). Finding the rules
characterizing each temperature zone (Tg?, Tol, ToZ2, T¢®) was equivalent to finding the state
transformation function F. To obtain the state transformation function, two analysis steps
had to be implemented based on the theory of rough sets.

2.2.2. Step l. Data Quantization and Dependency Analysis. One of the premises of the
rough sets theory is that reducing the precision of data representation reveals data
regularities (Pawlak, 1982). Consequently, the first step in the analysis of process data was
data quantization, i.e., replacing actual temperatures with temperature ranges (two different
temperature cuts were tested, 0.7°K and 1.4°K). However, replacing precise numeric values
with ranges sometimes may cause information loss, which in this case would impede the
model’s ability to predict the reactor temperature based on information in the state vector.
To determine whether or not the information contained in the state vectors after range
conversion is sufficient to characterize the four temperatures To?, Tol, To2, To3, a data
dependency analysis was performed using REDUCT’s rough-sets based data analysis and
modelling software DataLogic/R+. The dependency was computed by treating each of the
temperatures To?, To!, To2, To3 as a decision attribute and all past temperatures and control
valve settings as conditions. The state vector S(t) was considered to contain a sufficient
amount of information to construct the state model of the process when the dependency was
fully functional for all temperatures. If the dependency was below 1, the size of the time
window "w" was increased in steps until full dependency was reached. It was determined
that window size w=20 ensured full functional dependency for all four temperatures.

2.2.3. Step 2. Elimination of Redundant Parameters. After finding sufficient definition of
the state vector, the next problem was elimination of redundant state vector components
(parameters). To eliminate redundant parameters from the state vector, an attribute reduct
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was computed with respect to every one of the four target temperatures, To®, Tol, To2, To3.
Because each of the computed reducts contains sufficient information to characterize exactly
one temperature, their union is a minimal state vector characterizing all temperatures. The
degree of reduction achieved over 1000 process records represented in the time window
w=20 was approximately 80 percent.

2.3. RULE GENERATION AND TESTING

Following computation of the minimal state vector a set of rules was generated from the
data table. These rules were restricted to the state parameters contained in the minimal
stage vector. A subset of rules was produced for each temperature Tgo? To!, Tg2, To® by
using proprietary algorithms implemented in REDUCT’s rough sets-based software. A
typical format of the model-rules generated is depicted in Table 1. The rules are displayed
in decision table format with ranges as rule outcomes, and inequalities and/or equalities as
rule conditions.

Table 1. EXAMPLE OF MODEL RULES

Decision :: 72.1.60 < t03 <= 723.00 if:

0 | v201=1 & t64>721.50 & t54<=723.00 & t13>721.50
OR

i | v93=1 & t64>721.50 & t33<=723.00 & t13>721.50
OR

2 | v201=1 & t54<=723.00 & t33>723.00
OR

3 | t745>721.50 & t33<=721.50
OR

4 | t74<=721.50 & t54<=721.50 & t13>721.50

Decision :: 723.00 < t03 <= 724.40 if:

0 | vidl=1 & t74>723.00 & t54>723.00 & t54<=724.50
OR
1 | vid4l=1 & t81>726.00 & t74>723.00 & t74<=724.50 & t54>723
OR
2 | t81<=726.00 & 174<=724.50 & 164>723.00 & t54<=724.50
OR
3 | vi61=0 & v141=1
OR
4 | t81<=727.50 & t64<=723.00 & t13>723.00
OR

(%

t81<=727.50 & t74<=723.00 & t13>723.00
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A number of test runs were performed to evaluate the accuracy of the models. The
models were derived for training data bases varying from 100 to 1500 sampling points. This
corresponded to an input of 1.7 to 27.1 cycles per training session (at 59 points per cycle).
The models were then tested against the simulated reactor temperatures using identical input
conditions (Figure 3).

As expected, the results varied depending on the temperature resolution or accuracy
sought in the model. For a model with a temperature range of 1.4°K, the accuracy of the
model exceeded 95 percent for 10 or more training cycles. For a temperature resolution of
0.7°K, the accuracy exceeded 90 percent for 25 or more training cycles. Since each cycle
took about 6 minutes, an accurate process model could be generated within 1 to 2 hours of
the reactor achieving quasi-steady-state conditions. This was sufficient to update the
control model for changes in the feed composition and/or for major process disturbances.

3. Conclusions

The example of a heavy oil hydrocracker shows how rough sets can be applied for
development of knowledge-based, adaptive process controllers. Incorporation of additional
information on the status of the coolant valve actuators allowed for building more accurate
process models directly from process data, without any need for complex data preprocessing.
The key issue in rough sets application, the possibility of losing information due to data
generalization (ranging), did not hinder the building of predictive models. The dependency
analysis showed that for the two data precisions considered (0.7°K and 1.4°K), full
functional dependencies were obtained for a time window size of 20 or more. This ability
of rough sets-based machine learning system to identify temporal patterns in data, while at
the same time ensuring full functional dependencies, is most useful in application of the
method in real-time control.

The key characteristics of real-time control applications are:

1. Temporal Reasoning: Control actions and. decisions depend on current and past data
(trends).
2. Changing Focus of Attention: The invoked class of control rules often changes which

requires unified representation of the control knowledge.

Time is the key variable in real-time systems. The system needs the ability to reason
about past, present and future events as well as the sequences in which events happen. The
ability of rough sets method to identify such temporal patterns and to ensure that their
representation is based on the strongest, non-redundant variables, makes this method well
suited for performing these tasks.

The rough sets-based approach also facilitates development of uniform knowledge
representation for high and low control levels. The current approaches use deterministic
dynamic representation at low level control and static parametric representation at high level
control. A rough sets-based system uses rule-based representation of knowledge at both
control levels. This results in:

1. unified description of temporal events at all levels of control (feedback, diagnosis,
optimization, etc.)
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2. elimination of the assumptions about the relationships between low and high level
control variables

3. use of qualitative and quantitative knowledge contained in the process trends.

REDUCT’s future work in this area will focus, therefore, on development of a unified
knowledge representation for feedback and supervisory control, using a rough sets-based
approach, for real-time systems applications.
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Part I
Chapter 5

ACQUISITION OF CONTROL ALGORITHMS
FROM OPERATION DATA

Wojciech P. ZIARKO
Computer Science Department
University of Regina
Regina SK, S{S OA2, Canada

Abstract. The article deals with automatic acquisition of control algorithms from pro-
cess or device operation data. Our objective is to present a methodology for elimination of
the mathematical modelling and programming stages in the control system development.
In the presented approach these stages are replaced by a training stage followed by genera-
tion of decision rules equivalent to a Boolean network. The rules are produced from logged
operation data obtained from experienced operators. The rules are subsequently converted
into control program source code. The adapted training methodology has been developed
within the framework of the theory of rough sets [1] and implemented as a commercial
system for data analysis and rules extraction system by REDUCT Systems Inc., Regina,
Canada. The presentation is illustrated with a comprehensive example demonstrating the
generation of the control algorithms from simulated data representing movements of the
robot arm.

1. Introduction

The traditional approach to the design of computerized control systems requires that the
control strategy to achieve a specific goal be known in advance and clearly described in
the form of a control algorithm. The control algorithm typically is a procedure associat-
ing observable sensor readings with some control actions. Control algorithms are easy to
construct for simple, well defined problems such as, for example, controlling the opera-
tion of a photocopier. Most practical problems, however, are not that straightforward and
the development of a control algorithm is a major chalenge involving complex and costly
mathematical modelling. In addition to that, the mathematical models of many complex
industrial or chemical processes are not known complicating the matter even further. On
the other hand, despite tha lack of mathematical models, it is well known that experienced
operators are capable of successfully controlling complex devices or processes to achieve
desired device behavior or product quality. Attempts to convert such control knowledge of
human operators into formalized control algorithms so that they could be used as a basis
of automated control system were until recently largery unsuccessful. This situation has
started to change in recent years with the introduction of mathematical theory of rough sets
[1-5] and related data analysis and empirical modelling algorithms. It has become possible
to provide a robust solution to the long-standing problem of automatic conversion of oper-
ator past experience, as represented in the log of process data, into computer processible
control algorithms. What it means in practice is that control programs could be developed
by training the computer rather than by programming it. The programming, or control
algorithm development stage in the traditional sense, could be eliminated completely from
the control system design process. The use of training instead of direct programming has
a number of advantages, some of which are summarized below.
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1. Control algorithms can be developed for previously untractable problems provided
experienced operators are available.

2. The development cycle is short and the development cost is low due to elimination of
the need for creation of a mathematical model and programming.

3. Control algorithms can be easily changed or updated, just by retraining them, e.g. to
suit other applications.

4, Control systems can be easily customized by training them for a variety of different
applications.

The primary application areas for this methodology are robotics and industrial process
control. It should be emphasized at this point, however, that the presented approach is still
at the early stages of development and further research and experimentation are needed to
establish it as a practical method of control algorithm development for robots or industrial
processes. In Section 3 a relatively simple example illustrating the application of the method
to acquire control rules for robotic arm movement is presented. The sole purpose of this
example is to familiarize the reader with the technique rather than trying to solve a robot
arm control problem. It is the author’s conviction, however, that the presented approach is
applicable to complex real life control problems whose description and solution is beyond
the scope of this article.

2. Major Stages in the Process of Control System Development From Experience

According to the proposed methodology in the process of control system development from
past experience one can distinguish the following three major stages:

1. training
2. control code generation
3. operation by a computer with embedded control code

The control algorithm is generated automatically from training data accumulated during
the training session. During such a training session, the system for which the controller is
to be developed (the plant) is operated manually by one or several experienced operators
who are capable of running the system in such a way that the predefined goals are met.
While the system is being operated the data reflecting the control actions taken and the
sensor readings sampled with a predefined frequency are being logged (Figure 1).

After the training stage the data are processed by the Control Algorithm Generator which
will analyze them and produce a control algorithm. The control algorithm which is
expressed in the form of decision rules equivalent to a Boolean network is then used as a
basis of computer code generation. The code written either in assembler or the C
programming language can then be incorporated into a control program (Figure 2).
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Figure 2. CONTROL CODE GENERATION

Finally during the operation phase, the control program is executed repeatedly to
interpret sensor readings and to produce control signals activating system actuators (Figure
3). The control program has to be activated with the sensor sampling frequency to interpret
the plant’s state information within the brief time interval in between successive samples.
This requirement is essential in order to ensure that generated control decisions correspond
to the operator of the human operator.
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3. Generation of a Control Algorithm for the Movement of a Robotic Arm:
An Example

To demonstrate the approach a simple problem of controlling simulated movements of a
robotic arm while transporting an object from a lower storage shelf to an upper shelf was
selected. Our objective was to obtain an algorithm to interpret arm state information as
expressed by a number of sensor readings, rather than by following a sequence of
predefined stages. The selected problem is intentionally simple to better illustrate the
method and the generated control rules.

3.1. ACQUISITION OF EXPERIENCE DATA

The hypothetical arm used in our experiment is illustrated in Figure 4.

The arm is assumed to have three flexible joints, each equipped with a powerful engine
to change the respective angles 1, 2 or 3 between arm sections. The operator can control
these engines by turning them on for forward movement (FOR), reverse movement (REV)
or turning them off. In addition to that the operator can activate an engine at "fingers" of
the gripper to move them closer to each other or further apart, or to increase (decrease) the
pressure on the object.

It is assumed that the speed of the joint engines is 10° per second and that the rate of
pressure increase/decrease on the gripper is 2 psi per second.
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Figure 4. THE ROBOT ARM

In our simulated operation, the operator manipulates engines at the joints and the gripper
fingers to grab the object, pulls it from the lower shelf, moves it up to the level of the
upper shelf, places the object on the upper shelf and releases the grip. To capture the
control knowledge of the operator five sensors have been attached to the arms: angle
sensors measuring angles 1, 2 and 3, and 2 pressure sensors at the ends of the fingers. In
addition to that, 4 sensors have been used to detect the movements of joint and gripper
engines. While the arm is manipulated by the operator the readings from these sensors are
sampled with the frequency of 10 samples per second, resulting in a log file of 199 training
samples. That is, each training sample is a vector e; recording sensor measurements taken at
the time instance t:

e¢ = (ANGLEIL, ANGLE2, ANGLE3, PRESS, ENGI, ENG2, ENG3, GRIP)
where:

- ANGLEI1-3 are readings reflecting angles 1-3 as illustrated in Figure 4.
- PRESS is a measured pressure at the ends of the arm fingers.

- ENGI1-3 reflect the status of joint engines (forward movement, reverse movement or
idle).

- GRIP represents the status of the gripper (opening, closing, idle).

The small excerpt from the training set is shown in Table 1.
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ANGLEl ANGLE2 ANGLE3 PRESS| ENGI  ENG2  ENG3  GRIP
68 260 282 0 0 0 0 0
67 259 281 0 - - - 0
66 258 280 0 - - - 0
86 246 250 0 0 0 0 .
Table 1.

The whole log data table used in the experiment is presented in Appendix 1. In the
training table symbols 0, - and + have been used to represent idle, backward or forward
engine movements respectively.

3.2, DATA PREPROCESSING

The main objective of this exercise was to use simulated operation log data to produce
general control rules for each of the four manipulation engines controlled by the operator.
The rules are supposed to link some specific conditions expressed in terms of sensor data
ANGLEI1-3 and PRESS with engine 1-3 or gripper activation commands such as move
forward (FOR), reverse (REV), stop or no change (NC). Generally, each rule is a logical
expression conforming to the following format:

if PCANGLEI1, ANGLE2, ANGLE3, PRESS) then COMMAND

where P(*) is a predicate of four respective sensors variables and COMMAND is any of
FOR, REV, STOP or NC.

Before such rules can be generated it is necessary to identify control commands taken by
the operator based on the engines activity data in the training table. This can be done by
looking at changes in the engine activity at consecutive time instances. For example, if the
engine was idle at time t, and running in reverse direction at time t+1 then the control
command REV had to be issued at some point of time between t and t+l. Because our
sampling rate of 10Hz is relatively high compared to the speed of the engines and expected
activity of the operator one can assume, with a negligible error, that the command REV was
issued at time t. Similarly, other commands can be associated with different time instances,
in particular the null command NC (no change) will be assigned to a time instance t if the
engine activity did not change within time interval <t, t+1>. By applying such command
detection rules the original training table (Table 1) has been converted into a table in which
engine status data have been substituted by control commands (Table 2).

The whole training table is shown in Appendix 2. The training table in such a converted
format can be used to generate control rules. Separate set of control rules should be
produced for each joint engine ENGI1-3 and GRIP. For the purpose of this example the
rules were extracted only for engine 1 because the rules for other engines are similar.
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ANGLEl ANGLE2 ANGLE3 PRESS| ENGI  ENG2  ENG3  GRIP
68 260 282 0 REV REV REV NC
67 259 281 0 NC NC NC NC
66 258 280 0 NC NC NC NC
86 246 250 0 NC NC NC NC

Table 2.

3.3. GENERATION OF CONTROL RULES

Following the initial data preprocessing stage the rule extraction software supplied by
REDUCT Systems Inc. has been used to extract control rules for each of the three engines
and the gripper. The rules have been generated according to a proprietary machine learning
algorithm developed based on the idea of reduct [1]. The algorithm produces a non-
redundant set of classification rules from both symbolic and numeric data. The main
advantages of this algorithm are the completeness and the generality of the rules and the
absence of the essential information loss in the process of rules generation. The generated
rules are structured in the form of a decision tree in which internal nodes represent decision
points, branches are associated with rule preconditions and leaves correspond to control
engine commands. For instance, the rule structure for controlling engine 1 is given in
Figure 5.

STOP NC FOR NC FOR NC STOP NC

Figure 5. TREE STRUCTURED CONTROL RULES
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where the following conditions 1-10 (or their negations denoted as 1) are associated with
branches of the tree:

1. 68<ANGLE1<69 AND PRESS<2

2. ANGLE3<244 AND 68<ANGLEI< 69

3. (244<ANGLE3<274) OR
((ANGLE3<275 OR ANGLE3>284) AND PRESS<18) OR
(218<ANGLE2<256 AND PRESS>18) OR
(256<ANGLE2<279 AND 69<ANGLE1<84) OR
((ANGLE2<249 OR ANGLE2>279) AND ANGLEI1>84) OR
(275<ANGLE3<284 AND PRESS>18 AND (ANGLE1<68 OR ANGLE1>69)) OR
(66<ANGLE1<68)

PRESS<17

ANGLE3<271
282<ANGLE3<287
ANGLE3=277

ANGLE3<239 AND PRESS=20
ANGLE2=260

10. ANGLE2=278

Y o N oA

Each path from the root of the tree to a leaf represents a control rule with a control
command associated with the leaf of the tree. It can be verified that the example rules
provide a 100% accurate model of the operation of the arm when moving the object. They
can be easily converted into a control program code to operate the robot arm fully
automatically.

4. Automatic Operation

After the control rules have been generated and transformed into control programs the robot
arm, or any other device in a general case, can be operated fully automatically. During such
an automatic operation the current state of the arm is being checked with the same
frequency of 10Hz as when accumulating the training set. The state is checked by sampling
sensor readings, ANGLEI-3 and PRESS in our case. The sampled readings are then
compared to control rules preconditions to decide which control actions are to be taken next.
It is essential that the total of the sampling time and decision making be significantly less
than the time between two successive samples, i.e. 0.1 sec for the arm control. To make it
possible a fast processor, e.g., a signal processor, can be used to process the decision making.

s. Conclusion

Creation of control algorithms for complex processes or devices is not a straight forward
task. Nevertheless human operators, after some training, can control them quite effectively.



69

In our presentation, we have attempted to demonstrate a methodology for direct acquisition
of control algorithms from logged device or process operation data, thus avoiding the
mathematical modelling and programming steps. In the heart of the methodology is the
utilization of a system for data analysis and rules extraction derived from the theory of
rough sets. Although the approach looks promising, as demonstrated by the example of
robot arm, more experimentation with actual mechanical devices or processes is needed
before the methodology reaches its maturity. If successful, it might open up new
application areas for automatic control, i.e., to deal with problems which are difficult to
model using standard mathematical techniques.
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Part 1
Chapter 6

ROUGH CLASSIFICATION OF HSV PATIENTS

Krzysztof SLOWINSKI
Department of Surgery
F.Raszeja Mem. Hospital
60-833 Poznai, Poland

Abstract. An information system containing 122 patients with duodenal ulcer treated
by highly selective vagotomy (HSV) is analyzed with the concept of rough sets. Twelve
attributes are used to describe the patiens: 11 attributes concern anamnesis and preope-
rative gastric secretion and 12th attribute defines classification of patients according to
long term results of the operation in the Visick grading. Using the methodology based on
the rough sets theory, the information system is reduced so as to get a minimum subset
of attributes ensuring an acceptable quality of the classification. A "model” of patients in
each class is constructed upon the analysis of values adopted by attributes from this subset.
Then, the reduced information system is identified with a decision table, assuming that the
attributes in the minimum subset are condition attributes and that the result of treatment
is a decision attribute. From this table, a decision algorithm is derived, composed of 44
decision rules. The algorithm and the models are helpful in decision making concerning the
treatment of new duodenal ulcer patients by HSV.

1. Introductory remarks

Highly selective vagotomy (HSV'), also called proximal gastric vagotomy, is a newest and
effective method of treatment of duodenal ulcer which consists in vagal denervation of the
stomach area secreting hydrochloric acid [1,2]. In the Department of Surgery at the F.
Raszeja Mem. Hospital in Poznan, 122 HSV patients took part in the follow—up program.
They were described by 11 pre-operating attributes and classified from the viewpoint of
long term results of the operation into 4 classes of the well known Visick grading. These
data were collected in view of investigating dependencies existing among the pre-operating
attributes and the result of operation with respect to an expert’s opinion. To carry out this
investigation, we have used the rough sets methodology (cf. [3, 4, 10]). First, we have found
the minimum subset of attributes significant for high quality classification. Basing upon
analysis of the distribution of values adopted by attributes from the subset in particular
classes, we have constructed models of patients for each class. The models corresponding to
good results of the operation have determined indications for treatment of duodenal ulcer
by HSV. Moreover, a decision algorithm has been derived which, together with the models
of patients, is helpful in decision making concerning the treatment of duodenal ulcer by
HSV.

17
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2. Material
2.1. Information system

The information system is composed of 122 patients with duodenal ulcer treated by HSV,
described by 11 pre-operating attributes. Attributes 1-4 concern anamnesis, and the re-
maining attributes are related to pre-operating gastric secretion examined with the his-
taminic test of Kay [8]. The table representing the information system is given in the
Appendix. The patients are classified according to a long term result of HSV, evaluated
by a surgeon in the modified Visick grading. The grading was derived from the following
definition [5]:

1. Excellent: absolutely no symptoms, perfect result.

2. Very good: patient considers result perfect, but interrogation elicits mild occasional
symptoms easily controlled by a minor adjustment of diet.

3. Satisfactory: mild or moderate symptoms easily controlled by care, which cause some
discomfort, but patient and surgeon are satisfied with result which does not interfere
seriously with life or work.

4. Unsatisfactory: moderate or severe symptoms of complications which interfere with
work or normal life; patient or surgeon dissatisfied with result; includes all cases with
recurrent ulcer and those submitted to further operation, even though the latter may
have been followed by considerable symptomatic improvement.

The Visick grading defines classification Y of set U composed of 122 patients, i.e. J =
{Y1,Y,,Y3,Y4} is a partition of U into four classes. In other words, considering the result
of the operation as an extra attribute 7', classification Y is equal to T* — the family of
equivalence classes of T'.

All attributes, except 1 and 4, take arbitrary real values from intervals defined by
extreme cases.

2.2. Values of attributes and their clinical norms

In clinical experience, exact values of the considered quantitative attributes are usually
translated into qualitative terms, e.g. ”low”, "medium”, "high” and ”very high”. This
translation is due to some empirical norms defining intervals of attribute values corre-
sponding to the qualitative terms. The terms are then coded by numbers 0, 1, 2, 3 which
create the domain of coded attributes. The norms adopted are shown in Table 1.

3. Method and results
3.1. Reduction of attributes

Let us consider classification Y defined by the result of operation. Table 2 shows the
accuracy of approximation of each particular class Y; by the set of all the eleven attributes
denoted by @. It can be seen that class 3 is —definable and classes 1, 2 and 4 are roughly
(—definable in the information system, although the accuracy of their approximation is
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Table 1. Norms for attributes

No. Attribute Domain (code) Remarks
(units) 0 1 2 3 4
1. Sex 4 Q - - -
2. Age [years] <35 > 35 - - -
3. Duration of disease | < 0.5 | (0.5,3] >3 - -
[years]
4. Complication of none acute multiple | perfora- | pyloric
ulcer haemor- | haemor- | tion in | stenosis
rhage rhages | the past
5. HCL concentration <2 (2,4] >4 - -
[ mmol HCL/100ml]
6. Volume of gastric <70 | (70,150] | > 150 - -
juice per 1h [ml] basic
7. Volume of residual <50 | (50,100] | > 100 - - secre-
gastric juice [ml] tion
8. Basic acid output <2 (2,3] >3 - -
(BAO) [mmol HCL/h]
9. HCL concentration <10 | (10,15] > 15 - - secre-
[mmol HCL/100ml] tion
10. Volume of gastric < 100 | {100,250] | > 250 - - stimu-
juice per 1h [ml] lated
11. | Maximal acid output | <15 | (15,25] | (25,40) > 40 - by his-
[mmol HCL/h] tamine

very high. The quality of classification by set @ equals 0.97. The information system is
almost selective. The number of atoms is 116; 5 atoms are 2—element sets and all the
remaining are single element sets. Moreover, only two 2-element atoms are composed of
patients belonging to different classes. This proves that the norms for attributes are well-
defined.

Table 2. Accuracy of approximation of aech class by @

Class | Number of Lower Upper Accuracy
patiens approx. approx. po(Ys)
card (Y;) | card(QY:) | card(QY:)
1 81 79 83 0.95
2 19 18 20 0.9
3 8 8 8 1.0
4 14 13 15 0.87

In order to check whether a set of attributes is dependent or not, we have to remove one

attribute at a time and compute the number of elementary sets for each case. If the set,
say P, is independent, then the reduction of one attribute, say r, results in the equality of
at least two rows of the reduced information system. These equal rows (P-elementary sets)
are clustered together forming a ( P-{r})-elementary set, and thus we get a smaller number
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of elementary sets. Let us notice, however, that if the clustered rows belong to the same
P-lower approximation of set Y;(i = 1,...,n), then ap(Y;) = ap_(3(¥;) fori = 1,...,n, and
Br(Y) = Bp-(r}(¥), 7P(¥) = Yp-(+}(¥); otherwise, the signs of equality are replaced by >.
Proceeding in this way, we have found out that set Q of all eleven attributes is dependent
and has one following reduct (minimal set) including nine attributes:

{2,3,4,5,6,7,9,10,11}

Then, we removed the particular attributes from the reduct and observed the decrease in
the accuracy of classes Y;(i = 1,...,4) and the quality of classification Y. We did this
to find the smallest set of relevant attributes which would give a satisfactory quality of
classification.

Let an ordered subset of attributes be called a sequence of attributes. The elimination of
attributes from set Q, according to a given sequence, consists in removing the first attribute,
then the first and the second, and then the first, the second and the third, and so on, until
all the attributes in the sequence have been removed. Using a trial-and—error procedure,
we found three sequences of attributes, denoted by F, G and H, which are characterized
by the least steep descent of the accuracy of classes and the quality of classification in the
course of elimination. These sequences contain 6 attributes each. The accuracy of classes
and the quality of classification approximated by the sets of 5 remaining attributes are given
in Table 3. The results of the elimination of attributes according to sequences F, G and H
are presented graphically in Figures 1, 2 and 3, respectively, in the system of coordinates
where the abscissa corresponds to the removed attributes and the ordinate to the accuracy
of particular classes and the quality of classification. The legend given in Figure 1 applies
to all the three figures. Let us remark that the elimination of any attribute from outside
the considered sequence causes a steep descent in the quality of classification (by at least
0.17 and by at most 0.43).

Table 3. Accuracy of classes and quality of classification
approximated by a set of five attributes

Accuracy of Quali- Doubtful
Seq- Removed classes ty of region of
uence attributes classi- classification
1 2 3 4 | fication | (no. of patients)
E 1 81127 3(0.52|0.37]0.17 | 0.33 0.59 50
G 811 21710{0.60(0.39|0.31]0.16} 0.65 43
H 811 712 51062024 (054|038 0.68 39

The analysis of Table 3 and Figures 1, 2 and 3 leads to the conclusion that set R of the
most significant attributes ensuring a satisfactory quality of classification is composed of
attributes from outside of the sequence H, i.e.

R=Q - H ={3,4,6,9,10}
The reasons for it could be summarized in the following points:

(¢} The quality of classification for @ — H (0.68) is higher then for @ — F (0.59) or @ — G
(0.65).
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(i7) The (Q — H)-doubtful region of classification Y is the smallest (39) in comparison to
the (Q — E)-and (Q ~ G)-doubtful regions of ¥ (50 and 43, respectively).

(i71) The low accuracy of class 2 (0.24) for @ — H is not disturbing in this case because
in the (Q — H)-boundary of class 1 there are almost the same patients as in the
(Q — H)-boundary of class 2, and both these classes correspond to positive results of
the treatment by HSV. Indeed, in Bng(Y1) there are 37 patients — 23 of them also
belong toBngr(Y2).

The list of attributes from set R, in the descending order of the influence on the quality
of classification, is as follows:

— duration of the disease (3);

— complications of ulcer (4);

— basic volume of gastric juice per 1 hour (6);

— HCI concentration under histamine (9).

volume of gastric juice per 1 hour under histamine (10);
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Figure 1. Accuracy of classes and quality of classification vs. removed attributes
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3.2. Models of patients in each class

In this paragraph, we carry out an analysis of the distribution of values adopted by at-
tributes from set R in particular classes in order to define the most characteristic values of
these attributes for each class. The set of characteristic values for a given class defines a
model of patients belonging to this class in terms of attributes from set R.

When analysing the distribution, we took into account the patients belonging to R-lower
approximation of classes only. This distribution is described in Tables 4 to 8, respectively.
The internal part of each table is composed of boxes including three numbers:

ai4

bij[%] | ei;[%]

where
1 — number of class,
j — value of an attribute analysed in a given table,
a;; — number of patients belonging to RY; who take the same value j of the attribute
under consideration,
bij — aij/ Tiy card(RY;),

cij — aij/ Yoy aij-

The last column in the tables shows characteristic values of the particular attributes
following from the distribution. We avoid to overestimate high values of ¢;; corresponding
toa;; = 1.

Table 4. Distribution of values taken by attribute 3

No. of Values of attribute 3 Card | Characteristic
class (RY;) values of
0 1 2 attribute 3
1 2 24 33 59 —long
2.4% | 40% | 20% | 69% | 40% | 77% “medium
2 1 3 4 8 —long
1.2% | 20% | 3.6% | 8.6% | 4.8% | 9.3% —medium
3 2 5 0 7 -medium
24% | 40% | 6% | 14% | 0% | 0% —short
4 0 3 6 9 “long
0% 0% | 3.6% | 8.6% | 7.2% | 14%

b 5 35 43 83
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Table 5. Distribution of values taken by attribute 4

Charac
No. Values of attribute 4 Card teristic
of (RY;) values of
class 0 1 2 3 4 attribute 4
36 16 3 3 1 59 —lack of
1 complication
43% 8% 19% 84% 3.6% | 43% | 3.6% 37% 1.2% | 33% —acute
haemorrhages
2 1 1 3 2 1 8 —multiple
1.2% I 2.2% | 1.2% l 53% | 3.6% | 43% | 2.4% | 25% | 1.2% I 33% haemorrhages
3 4 1 0 2 0 7 —perforation
a8% | 8.7% | 1.2% [ 53% | o% | o% | 24% | 25% | o% | o% of ulcer
4 5 1 1 1 1 9 —lack of
6%T 11% 1.2%] 5.3% | 1.2% | 14% | 1.2% l 12.5% | 1.2% | 33% complications
3 46 19 7 8 3 83
Table 6. Distribution of values taken by attribute 6
No. of Values of attribute 6 Card | Characteristic
class (RY:) values of
0 1 2 attribute 6
1 19 29 11 59 —medium
23% | 6% | 35% | 6% | 13% | 55% ~small
2 1 6 1 8 —medium
1.3% L4% '7.2%l 16% | 1.2% Ts%
3 3 1 3 7 -high
3.6% | 12% | 1.2% | 2.6% | 3.6% | 15% ~small
4 2 2 5 9 ~high
2.4% | 8% | 2.4% ] 5.3% | 6% [ 25%
> 25 38 20 83




Table 7. Distribution of values taken by attribute 10

No. of Values of attribute 10 Card | Characteristic
class (RYY) values of
0 1 2 attribute 10
1 10 35 14 59 -medium
12% I 67% | 42% | 4% | 17% | 67%
2 1 5 2 8 —medium
12% [ 6.7% | 6% | 11% | 2.4% | 9.5%
3 1 4 2 7 —high
1.2% | 6.7% | 4.8% l 85% | 24% | 9.5% —medium
4 3 3 3 9 —small
3.6% | 20% | 3.6% | 6.4% | 3.6% | 14.3% “high
> 15 47 21 83
Table 8. Distribution of values taken by attribute 9
No. of Values of attribute 9 Card | Characteristic
class (RY;) values of
0 1 2 attribute 9
1 16 15 28 59 ~high
19% | 629 | 18% | 63% | 34% | s0%
2 4 2 2 8 ~low
18% | 15% | 2.4% | 0% | 2.4% | 5.7% ~medium
3 3 2 2 7 —low
3.6% | 12% | 2.4% | 91% | 2.4% | 5.7% ~medium
4 3 3 3 9 ~low
3.6% | 12% | 3.6% | 14% | 3.6% | 8.6% -medium
> 26 22 35 83

85
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The set of characteristic values for a given class define a model of patients belonging to
this class in terms of attributes from set R. These models are the following:

e Class 1

— long or medium duration of the disease,

— without complications of ulcer or acute haemorrhage from ulcer,

— medium or small volume of gastric juice per 1 hour (basic secretion),
— medium volume of gastric juice per 1 hour under histamine,

— high HCI concentration under histamine.
o Class 2

— long or medium duration of disease,

— multiple haemorrhages,

— medium volume of gastric juice per 1 hour (basic secretion),
— medium volume of gastric juice per 1 hour under histamine,

— low or medium HCI concentration under histamine.
o Class 3

— medium or short duration of the disease,

perforation of ulcer,

— high or small volume of gastric juice per 1 hour (basic secretion),
— high or medium volume of gastric juice per 1 hour under histamine,

— low or medium HCI concentration under histamine.
e Class 4

— long duration of the disease,

— without complications of ulcer,

— high volume of gastric juice per 1 hour (basic secretion),

— small or high volume of gastric juice per 1 hour under histamine,

— low or medium HC] concentration under histamine.

3.3. Decision algorithm

The information system describing H SV patients can be identified with a decision table
DT =< U,Cu D,V,f >, where C is the set of condition attributes composed of all 11
pre—operating attributes and D is the set of decision attributes including only the result
of the operation. As we have stated in paragraph 3.1, the information system is almost
selective, thus, decision table DT is almost deterministic.

Using the procedure implemented in the microcomputer program RoughDAS [6], we
shall derive the decision algorithm from the reduced decision table
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DTr =< W,RU D,V,f >, where W is the R-positive region of classification J in R-
representation of the information system, i.e. W = POSg(Y) = UL, RY;, and R =
{3,4,6,9,10}; card(W) = 83. Let us observe that decision table DT is deterministic.

It is known that, depending on the order of analysed attributes from set R, we can
get slightly different decision algorithms. It is then natural to keep one with the smallest
number of descriptors appearing in all decision rules. Using RoughDAS to decision table
DTg and different orders of analysed attributes, we obtained decision algorithms having
from 44 to 48 decision rules. In Table 9, we present the best decision algorithm for the
following order of attributes: 3 — 4 — 9 — 6 — 10

Table 9. Decision algorithm derived from R-representation of the H SV information system

Condition attributes | Class || Condition attributes | Class
3] 4] 6] 9]0 3] 4] 6] 9]0

0]3 =123 2 =2
1)1 2 =1 1] 2 2 =2
1{0 2 =122 1 =2
211 1 =1 12 0 =2
212 2 =1 (o0}1([1]0 =2
2|1 2 =1 (1}3([1]0 =2
213 0 =110124])10]|0 =2
210172 =>102|]0[2]|1]2| =2
1({1(0]1 =1]0]0 =3
111(2]1 =1 113(0]1 =3
214)12(0 =1 (1]13]2]|0 =3
0j1})21|0 =101]0f0]1 =3
1{0/|1]1 =1 1|1{2}|0}|2]|=3
2111010 =1J1]0|2|0|2]| =3
210(2(2]0 =1 2|4 2 =>4
110[0]JO0|0]|=1§1]2 1 =4
210j0f0f1|=1H1]3]2]|1 =4
2101 ]0]|2 | =1|2|1]1]0 =4
{1201 |=1)2}0[0]0]0| =4
21012(0f2|=1f2]0|2|2]|2]| =4
210|111 ]2]=1)1]0}2]j0[1]| =4
2]0j0j171|=142|0]01}0] =4
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4. Discussion

The models of patients in each class as well as the decision algorithm need, however, a
comment. The information system applies to patients who have been operated with
HSV, thus, the surgeons expected good result of the operation on these patients, taking
into account clinical experience. Hence, the distribution of patients in classes is not uniform.
For this reason, the results of our analysis may be useful in establishing indications rather
then contraindications for HSV. In other words, the most adequate models and decision
rules are those concerning class 1 and class 2.

In decision making concerning the treatment of duodenal ulcer by H SV, the decision
algorithm should be considered along with models of patients. It is connected with the
fact that decision rules may be supported by different numbers of cases from the reduced
information system; the distribution of this number is just amalgamated in the models.

In the literature concerning indications for treatment of duodenal ulcer by HSV, the
anamnesis and secretion attributes are commonly taken into account. Some authors have
considered more extensive anamnesis data [11] or other secretion tests [7]. The prevailing
opinion is that the attributes have unequal influence on indication for treatment by HSV. It
is generally agreed that the main indications is ineffectiveness of the conservative treatment
of uncomplicated duodenal ulcer, while secretion criteria have not been generally agreed
upon [7].

To date, retrospective studies based on traditional statistical methods, or only on clini-
cal experience and intuition, have not revealed, however, the attributes to be the most
important in predicting the outcome of the operation. The rough sets methodology give
us, for the first time, a well founded answer on this pertinent question.

Taking into account indications following from models and decision rules concerning
class 1 and 2, in years 1987 — 1991 we applied HSV to 70 new patients with duodenal
ulcer. Fifty six of them are presently at least one year after operation.

The distribution of patients in particular classes of operational results is the following:

class 1 — 85.7% (48 patients)
class 2 — 7.1% (4 patients)
class 3 — 0.0%

class 4 — 7.1% (4 patients).

The above distribution is more advantageous than the one in the previous HSV infor-

mation system which was the following:
class 1 — 66.4% (81 patients)
class 2 — 15.5% (19 patients)
class 3 — 6.6% (8 patients)
class 4 — 11.5% (14 patients).

This proves that indications for treatment by H SV resulting from the rough sets analysis
have been satisfactorily verified in practice.

5. Final remarks

The results of the rough sets analysis of the information system including 122 H SV patients
can be summarized in the following points:

1. The proposed norms for attributes define the domain ensuring a good classification
of patients.
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2. The information system was reduced from eleven to five significant attributes
{3,4,6,9,10} which ensure a satisfactory quality of classification.

3. Models of patients in each class were constructed in terms of the most significant
attributes.

4. A decision algorithm was derived from the reduced representation of the information
system.

5. The models of patients considered together with the decision algorithm provide indi-
cations for treatment of duodenal ulcer by HSV.

After this successful application, we have used the rough sets methodology to analysis
of an information system concerning acute pancreatitis treated by peritoneal lavage [9,12].
The approach to the analysis is somewhat different from the HSV case [13].The difference
follows from specificity of each treatment but also from different proportions between the
numbers of patients and attributes. The information system describing HSV patients
have a high ratio of the number of patients to the number of attributes, contrary to the
information system concerning peritoneal lavage in acute pancreatitis; moreover, this kind
of treatment is performed in many stages which yet multiplies the number of analytical
attributes.

In both cases, using the rough sets analysis, we reduced the information system so as
to get a minimal subset of attributes ensuring an acceptable quality of classification. Then,
the reduced information system has been identified with a decision table.

In the case of the peritoneal lavage, the chosen subset of attributes gives the best des-
cription of the patient’s state in the course of treatment. The decision algorithm represents
in the most economical way all sorts of dependencies existing between the state of patients
and the necessary number of peritoneal lavage stages.

As was mentioned above, the ratio of the number of patients to the number of attributes
influences the way of the analysis. When this ratio is high (HSV), the number of minimal
sets is small and the core is almost as large as the minimal sets; then, the minimal subset
of attributes ensuring an acceptable quality of classification is obtained in result of remov-
ing the less significant attributes from the minimal sets. However, when the ratio is low
(peritoneal lavage), the number of minimal sets is great and the core is very small; then the
minimal subset of attributes ensuring an acceptable quality of classification is obtained in
result of adding the attributes with the greatest discriminatory power to the core.

The above applications of the rough sets methodology show the suitability of the rough
sets theory to the analysis of both typical and contrasted medical information systems.
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Appendix

The H SV information system with original values of attributes

Patient Pre—operating attributes Class
no. 112 3 |4 5 6 7 8 9 10 11
1 1146 12 {0 ] 5.6 79 | 50 | 4.4 19 | 119 22.6 1
2 027 3 |1{125| 58 { 15 | 7.3 | 26 | 120 | 31.2 1
3 0125f 6 |0]|115| 77 | 156 | 89 |16.1} 93 15 1
4 0{48( 3 {0] 156 29 2 | 45 [28.7]186 | 53.4 1
5 1126|05(0| 76 | 80 | 45 | 6.1 | 17.1| 101 | 17.2 3
6 0132 5 [1]119] 56 | 100 | 6.7 | 13.6 | 150 | 20.4 1
7 01267 2 (1] 6.1 | 19 8 12 1 14.8 | 58 8.6 1
8 1128 2 (1] 6 36 | 40 | 2.2 | 204 | 65 | 13.3 1
9 015530 |0}16.8 1118 12 |19.8[40.4]172| 69.6 1
10 0121 5 |3]1209)111| 32 }|23.2|34.5|270| 93.1 2
11 0137 2 10}12.6 152 | 30 |19.2|38.7)202| 78.2 1
12 048] 5 (2] 23 | 73 6 1.7 | 5.5 [ 199 | 10.9 2
13 04320 (381497 | 32 78| 11 |120]| 13.2 2
14 0)3¢( 2 )0} 10 15| 15} 1.5 |18.8] 121 | 22.7 1
15 0149 14 | 2]11.7|118| 38 | 13.8 | 23.2 | 266 | 52.5 1
16 0127 3 | 1] 95 | 154} 25 | 146 ] 13.5| 141 | 19.1 1
17 012810 {01}20.9 178 ] 26 |36.1{23.3(214 49.8 1
18 1140 4 {0} 81 | 62 | 17 5 5.6 | 41 2.3 4
19 016020 10)13.4)107 ] 27 |143} 19 | 335 63.5 1
20 01221 4 |0] 3.5 176| 40 | 6.1 | 5.6 | 190 | 10.6 2
21 0]21y 4 (0] 1 155 66 | 1.6 | 2.6 | 160 | 4.2 1
22 0121 6 |4 4 |360|210 144 34 j211}| 7.1 1
23 0128, 0 |1 6 |152| 15 | 9.2 | 9.8 | 227 | 22.3 1
24 0)]31) 2 |3)18 )60 | 10| 11 |123}117| 144 3
25 0137 3 {0 85 | 94 { 20 8 |17.3| 188 | 32.6 1
26 0{22( 2 0] 83 (111} 28 | 9.2 |20.8(192| 39.8 1
27 01437 5 |0] 1.9 1401 53 | 7.5 {163 | 94 | 15.2 1
28 1(59}t 1 |0 48 |30 | 12 | 14 ] 93 | 27 5.2 1
29 0132 3 |0) 28 |164| 35 | 4.5 |10.3| 178 ] 18.3 1
30 0|34 8 (0| 63 | 8 | 13 |52 | 74 (130 9.6 1
31 0|51 1 0] 86 (87|25 | 75 |13.71230] 314 1
32 0141200} 26 |29 |15 ] 08| 6.1 |[108] 6.6 1
33 1{50) 5 |1} 25| 44 | 120 1.1 | 4.2 | 49 2.1 1
34 0(24] 2 |0]141|160] 22 | 22.5|21.2|209 | 44.4 1
35 0{32] 3 [0 9 [122| 45 [109}15.7(223| 35 1
36 0{30; 8 [0] 85 [121| 26 |10.3| 5.7 [ 261 | 11.4 1
37 0163 2 |0} 58 )60 | 34 ) 3.5 | 87 |133| 11.5 1
38 0130 2 (1| 17 {171 60 | 2.8 | 4.7 | 139 | 6.6 1
39 0121 4 |0)|14.7{182| 31 |26.8]27.5(379 ] 104.2 4




The HSV information system with original values of attributes

Patient Pre-operating attributes Class

no. 1] 2 3 |4 5 6 7 8 9 10 11

40 0{42]| 6 |0| 6.8 | 319|254 |21.8]| 9.7 | 266 | 25.7 1
41 0(71] 4 |2 2 34 | 27 | 1.1 | 4.2 | 185 7.8 4
42 0f{34] 2 J0| 41 |212) 32 | 87 | 53 |154| 8.1 4
43 0|5 2 [3| 53 ]|166|124| 87 | 6.8 |236| 16 3
44 0f{60] 0 {1114 }127| 30 |14.5| 9.3 | 148 | 13.8 2
45 033 2 |2| 87 {135] 54 |11.8]| 29 | 186 | 53.8 2
46 014020 |1{11.6] 123 | 88 | 14.2 | 22 | 152 | 33.3 1
47 113210 (1)10.3 120 20 |12.3}11.9} 135 16.1 1
48 037} 3 |0 75 |8 | 21| 64| 15 |189| 283 1
49 1{31} 5 |3 4 56 | 43 | 2.2 | 7.4 | 137 ] 10.2 1
50 0125 7 [3] 22 |184) 10 | 4.1 | 5.4 | 459 | 24.7 1
51 11271 1 3] 31 140 60 | 44 | 6.6 | 167 11 2
52 015 ]15|1| 83 | 60 | 17 5 (114 72 | 8.2 1
53 01231 2 |0 6 133 | 26 8 11.5 | 113 13 1
54 033|140 29 |191| 23 | 5.6 | 155|136 | 21.1 2
55 05| 6 |3| 56 |140) 35 | 7.9 ] 125|129} 16.1 1
56 1127 7 (1] 7.1 | 270|180 | 19.1 | 11.2 | 345 | 38.7 1
57 051 3 |1| 35 |111| 50 | 3.8 151|212 32 1
58 01317053 4.7 |525]|105)24.7 | 10.8 | 627 | 67.7 1
59 0150 8 | 4]10.6|185| 21 [19.6 | 25.3|224| 56.6 4
60 113112 0] 2 45 | 63 | 0.9 | 7.1 [ 165 | 11.7 1
61 1147 2 |0]26.1| 68 [ 46 | 17.7| 28 | 307 | 86 1
62 0134 4 2|88 95| 32| 83 |11.8]183 | 21.6 2
63 042 1 {3 3.7 | 514 75 | 19.2 | 12.5| 312 | 39.1 4
64 027 2 |2 4 96 | 14 | 3.8 | 149 | 69 | 10.3 4
65 1{32{05|0| 78 |69 | 78 | 54 | 16.7| 51 | 8.5 3
66 1135 3 |0 23 | 43 | 28 1 83 190 | 7.5 1
67 013 |10(0| 32|79 38|26 | 9.2 |165| 15.2 1
68 0}34] 2 |0] 55 |108{ 80 6 |11.1)121 | 134 1
69 0127 4 [0 3.3 |159| 72 | 5.2 5 | 127| 6.3 1
70 1132| 7 {0] 61| 43 | 74 | 2.6 | 10.8| 326 | 35.1 1
71 1147115 (2] 22 (112 ] 35 | 24 | 16.7| 53 8.7 1
72 0{35| 7 |0f 44 [118| 38 | 52 | 5.7 {129 | 74 1
73 0281514 73 |23 |110| 1.7 | 9.8 | 21 | 20.6 2
74 0]45{24 (0| 14 | 60 | 28 | 0.9 | 7.1 | 146 | 10.3 1
75 1127} 10 [ 0] 21 |187|225(39.1|39.1|387|151.4 4
76 0127 4 (0106|127 30 | 14 11 | 430 | 45.6 1
77 0126 3 |0 3.8 283 |43 | 11 |11.7|260| 30.3 1
78 0127 4 {0 46 | 79 | 20 | 3.6 | 8.7 | 184 | 16.1 1
79 0]28) 1 {11 1 |214) 40 | 2.1 | 86 | 442 | 37.9 3
80 050|320 51 {171 30 | 88 | 5.1 | 135 7 2




The HSV information system with original values of attributes

Patient Pre-operating attributes Class

no. 112 3 (4] 5 6 7 8 9 10 11

81 028 11 {0 4.3 | 145 65 | 6.3 6 196 | 11.8 4
82 027 4 |0]| 6 |225( 50 |13.6|18.8| 129 | 24.2 3
83 0|48} 10 [0 | 11 |102]| 20 |11.2 | 16.3 | 142 | 23.2 1
84 030 10 {0 9.4 | 249} 70 {23.5|18.6 | 194 | 36.1 1
85 134 15 |{0|159|136| 60 {21.6 | 17.8 | 184 | 32.8 1
86 0/221 3 |0]10.6|198| 30 [20.9]|11.9 188 224 2
87 03| 5 [0] 86 |155( 37 |13.3]|13.9|232( 32.1 2
88 0151 1 1|14.9) 80 | 20 {11.9|20.7 | 128 | 26.5 1
89 1(30| 10 {0 6.8 | 136|100 | 9.3 | 20.7 128 | 26.5 1
90 03| 5 [0 7.4 |213| 90 | 15.7|10.5| 266 | 28 2
91 0|35 4 (0] 3.8 ] 57 [116| 2.2 | 10.4 {191 | 19.8 1
92 030 10 [0 7.6 | 158 | 22 | 12 | 12.1 | 169 | 20.4 4
93 043 6 [0] 31 |122) 15| 3.8 | 1.6 |208] 3.4 1
94 0|42 10 |0 | 11.7|159 | 132 | 18.6 | 19.6 | 127 | 24.9 1
95 145 12 |0 52 | 53 | 32 | 2.7 | 13.8 | 286 | 39.5 4
96 0(34) 15 |1] 45 | 104 70 | 4.6 | 12.4 | 263 | 32.6 2
97 0(36] 5 |0]| 7.1 |110} 26 | 7.9 |13.5|277 | 374 1
98 0{30| 9 |0 43 (134} 55| 58 | 88 |336 | 29.6 1
99 031 5 12|25 119 [ 134|048} 9.1 [ 149 13.5 1
100 0125 9 |0]| 82|60 1| 78|49 142|151 214 1
101 030} 10 1| 15 [122| 8 | 1.9 | 5.3 |220| 11.6 4
102 0133 5 (2| 57|68 |10 39| 64 |245]| 15.6 1
103 032} 2 |0 6 (187 60 {11.2| 11 |285| 31.4 2
104 01451 22 | 2| 87 | 80 | 90 7 (423270 1143 1
105 038 2 |0 58|58} 8 34 | 7.1 | 148 | 10.6 4
106 1|56{083|(0| 88 | 73}]30 |64 20 | 68 | 13.7 1
107 1145} 11 (0] 6.3 | 50 {105 3.1 {13.2} 91 12 4
108 01321 2 1|89 |143 | 75 {12.8110.9 280 | 30.4 1
109 0]60 2 j0| 42 [195] 50 | 81 | 6.5 | 265 | 17.3 3
110 11441 3 2] 3.7 | 8 5 3.2 | 7.7 | 170 | 13.1 2
111 0{49) 4 |0 63 (180 15 {11.4| 21 | 115 | 84.2 1
112 1128] 10 |0] 95|98 | 60 | 93 | 14.7]134| 19.7 1
113 0126 2 10| 83|82 60| 68 (263330 86.9 1
114 0139 5 (0| 75 |137( 14 103 |10.7| 160 | 17.1 1
115 0149 9 (0| 31 |150 | 40 | 4.6 7 |261| 184 1
116 0430 1 11174 76 | 29 | 13.2 | 248|229 | 56.7 1
117 0|52 4 1|57 |45 | 27 | 2.6 | 154|242 37.2 1
118 0145 3 [0 52|67 (128} 3.5 |11.8|230| 27.1 3
119 0153 7 (0| 74| 68 | 30 5 8.7 | 140 | 12.2 1
120 0129 6 10|157(120( 40 | 18.8|12.3 220 | 27 2
121 0128 4 |0} 89 |8 | 28 | 7.8 |123}|163| 20 2
122 0|38 5 |2 1 |128] 6 1.3 | 5.8 | 145 | 8.4 1
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Abstract. The paper presents rough set analysis of commonly accepted factors of surgical
wound infection. Two separate sets of data are compared and some possible transformations
of the information system are proposed.

1. Introduction and preliminaries

In the years 1987-1988 we collected data concerning possible factors of surgical wound
infection. Our aim was to establish a hierarchy of commonly accepted factors. The results
obtained, published in [5], encouraged us to continue our investigation. In this paper we
present the outcome of our research carried on between years 1988 and 1990 and compare
the findings of both sessions. Taking into consideration the character of this volume we
focus on possibilities of rough set analysis of medical data rather than on their clinical
aspect.

The paper is organized as follows: below in this section we describe the motives of our
work and sketch the formal apparatus employed. Section 2 concerns the methodological
side of the experiment. The description of the information system itself is given in section
3. In section 4 a comparison of the two sets of data is presented. Hierarchies obtained
during the second series of investigation are presented in section 5 with full details. Section
6 is devoted to various modifications of the information system. Final remarks close the
paper.

One of the most common complication in the process of surgical wound healing is infec-
tion. Factors influencing infections are generally known but their significance is differently
estimated by various authors. It is rarely considered however that those differences might
be caused by distinct prophylactic routines in the centers where the investigations are con-
ducted. Thus it seems reasonable to examine the problem of infection with reference to a
particular surgical clinic or department. So far, the most often applied method for indicating
connections between various factors has been a statistical analysis. Such a statistical analy-
sis has also been employed to process data concerning wound infections cf.[2,11]. Rough set
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methods enable us to eliminate presuppositions which usually accompany statistical tests.
The evaluation of the outcome can be done by comparing it with information presented in
monographs like [10], in manuals like [3] or in other publications concerning only some of
the factors cf. [4,7,8], . In this paper we can confront the results we just obtained with
their counterparts obtained three years earlier. It should be mentioned that we did not
cumulate the two sets of data but we conducted all calculations for years 1987-1988 and
1988-1990 separately. This is of course a much more challenging test for the stability of the
results than if we only added new data to the old ones.

In our investigations we employ only a small part of rough set formalism which gives
a possibility to determine the significance of attributes in the process of classification. We
proceed as follows. For a given information system S = (U, Q,V, p), classification X of set
U and an attribute ¢ € @ we calculate the numbers 8(¥ ) and (&) and then Bg_ ()
and 7g_{g}(¥). The smaller the difference between fSg(x') and Bo-{g3(X) (tesp. Bo(X)
and Bg_(g)(x)), the less important the attribute q is as far as the process of estimating
X by elements of ) is concerned. We must stress, however, that in general the above
mechanism reveals only the degree of co-occurrence of attribute g and the feature generating
the classification X. Whether it is a cause-result connection must be decided by material
conditions of an experiment (cf. remarks concerning attribute 7 in [10]).

2. Description of the experiment

All data were collected in the same general surgery department composed of 70 beds.
They concerned the healing of surgical wounds after procedures performed on neck, chest,
abdomen and limbs. Operations of anus and of wounds caused by accidents were not taken
into consideration.

Generally, patients admitted to the department were similarly prepared for an inter-
vention. Only in some emergency cases (in which, for example, hemorrhage was involved)
patients did not take a bath before the operation or had not the whole body washed. The
skin in the area of incision was shaved and washed in the department on the day of the
operation. Just before the intervention the operative site was prepared two more times:
for the first time with an antiseptic agent Abacil, then with a 0.5% alcoholic solution of
Hibitan. In contaminated and infected operations surgeons routinely changed gloves prior
to sewing the wound up. At this stage of operation towels were replaced and skin margins
were disinfected with Hibitan. After putting stitches in muscles but before closing skin, the
wound was washed out with a 3% hydrogen peroxide solution. Surgeons were not strictly
attributed only to a limited kind of interventions but still, some selection depending on the
difficulty of an operation and on an operator’s skills was made.The vast majority of oper-
ators were full-time surgeons of the Clinic. Sometimes however operations were executed
by trainees or surgeons staying at training courses. Interventions were classified as clean,
contaminated and infected. Clean operations were always performed in a strict aseptic op-
erating room. Efforts were also made to execute contaminated and infected operations in,
respectively, aseptic and septic operating rooms. The degree of a surgical wound infection
is defined basing upon the course of healing. A wound is considered healed by first intention
if the margins of the wound show no symptoms of inflammation, one does not observe an
infiltration or a seropurulent discharge. A moderately infected wound is painful, reddened,
there appears an inconsiderable, mostly serous, exudation from it. A wound is extensively
infected if there is a discharge of pus from it and there are perceivable general symptoms
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of infection (fever, tachycardia, shiver etc.). If it was certain that an intervention would be
performed in an infected area, antibiotics or other antiseptic drugs were prophylactically
administered. This policy was continued after an intervention. As a result of our research
carried out in the years 1988-1989 a decision was taken to divide the department into an
aseptic and septic sections. Patients developing an infection of a wound were transferred
to a septic section. Data for computation were recorded on charts, successively filled dur-
ing a patient’s stay in the department. Charts used in the second series (1988-1990) of
research contained more entries than those from the first series (1987-1988). For numerical
calculations a microcomputer was used.

3. Description of the information system

The information system described objects (patients) in terms of the following set of at-
tributes:

. type of intervention,

. sex,

. age,

. weight,

. personal cleanliness,

. coexisting infectious focus,

. time of stay in the hospital before the surgical intervention,
. time of stay in the hospital after the surgical intervention,

. presence of infectious cases in the hospital room,

10. preparation for the surgical intervention in the department,
11. diagnosis,

12. mode of intervention,

13. kind of intervention,

14. type of anesthesia,

15. duration of intervention,

16. surgeon,

17. type of operating room,

18. order of intervention,

19. wound suture,

20. antibiotics before the surgical intervention,

21. metronidazole before the surgical intervention,

22. antibiotics after the surgical intervention,

23. metronidazole after the surgical intervention,

24. type of antibiotics received,

25. coexisting diseases conducive to the development of infection.

O 00 1O OV W =

The domains of attributes were as follows:

D; clean, contaminated, dirty

Dy male, female

D3 76 values (in years)

D4 deficiency, normal, mean adiposity, considerable adiposity
Ds yes, no



Dg yes, no

D7 <12, 12-24, 24-48 (hours), 2—-3, 3-6, >6 (days)

Dg 3-6, 7-9, >9 (days)

Dy yes, no

Dyg yes, no

Dy, 89 values

D;; emergency, elective

D3 24 values

Dy4 general, local, conduction

D5 <0.5, 0.5-1, 1-1.5, 1.5—2, >2 (hours)

Dy 22 values

D,7 strict aseptic, aseptic, septic

D, first, second, next

Dyg tight with a drain, tight without a drain, loose with a drain, loose without
a drain

Dy yes, no

D3 yes, no

Djyy yes, no

Djy3 yes, no

Djy4 aminoglycosides, cephalosporins, penicillins, tetracyclines,
polymyxins, macrolides, sulfonamides or their combinations

Dys no, diabetes, other disease

The classification X of the set of objects was given by sets X, X2 and X3 such that:
e X, consisted of patients whose surgical wound was healed by first intention,

e X, consisted of patients whose surgical wound was moderately infected,

e X3 consisted of patients whose surgical wounds was extensively infected.

Attributes 1-19 were grouped in the following way: the first group included attributes which
characterize a patient (attributes 2-8), the second group was composed of those attributes
which characterize the hospital (attributes 9-19). Attribute 1 (type of intervention) can be
added to both those groups: it obviously characterizes a patient but, being connected with a
diagnosed disease as well as with the kind of intervention, it also characterizes the hospital.
We denote the set of attributes 1-8 by P, and the set of attributes 9-19 together with
attribute 1 by H. In this paper, especially in its next section, we will be discussing results
obtained in the years 1987-1988 (cf.[5] ) as well as new results from the years 1988-1990,
which are presented for the first time. We denote the first and the second series of research
by A and B respectively. The sets of attributes in A and B are different. In comparison
with A, the set of attributes in B was enriched with attributes 11, 13 and 20, 21, 22, 23, 24.
Attributes 20-24 describe in short the course of antibiotic prophylaxis and treatment. In
some cases we also changed the domains of attributes. Table 1 presents the alterations. We
must explain the intentions of those changes. We decided to give values of attribute 3 (age)
in distinct years in order to have the possibility of gluing them in age intervals. The value
‘considerable deficiency’ (attribute 3) never occurred in A. As it was also the case in B, we
skipped this value in the domain of attribute ‘weight’. The values of attribute ‘time of stay
in the hospital before the surgical intervention’ in series A were distributed irregularly: we
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Table 1.
attribute name attribute number domain
ind | inB in A | in B
age 2 3 <20, 21-30, 31— | 76 values (in years)

40, 41-50, 51—
60, 61-70, >T70

(years)
weight 3 4 considerable de- | deficiency, nor-
ficiency, mal, mean adi-

deficiency, nor- | posity, consider-
mal, mean adi- | able adiposity
posity, consider-
able adiposity

time of stay in 6 7 <12, 12 24, 24- | <12, 12-24, 24—

the hospital be- 48, >48 (hours) 48 (hours), 2-3,

fore the surgical 3-6, >6 (days)

intervention

time of stay iIn 7 8 <2, 36, T7-|36 79 >9

the hospital af- 9, 10-14, 15-21, | (days)

ter the surgical >21 (days)

intervention

duration of in- 12 15 <0.5, 0.5-1.5, | <0.5, 0.5-1, 1-

tervention >1.5 (hours) 1.5, 1.5-2, >2
(hours)

had small intervals up to 48 hours and only one value for a stay longer than 48 hours. In
this situation we added three new values describing longer stay. The attribute ‘time of stay
in the hospital after the surgical intervention’ can not be treated as a factor inducing wound
infections though undoubtedly this feature co-occurs with them very often (cf. our earlier
remark concerning cause-result dependence). To eliminate the influence of this attribute
we restricted its domain to only three values. Finally, the finer partition of the domain
of the attribute ‘duration of intervention’ was introduced as requested by surgeons. The
values of attributes 3 (age), 7 (time of stay in the hospital before the surgical intervention)
and 15 (duration of intervention) in series B can be glued in such a way that the obtained
intervals coincide with values of those attributes in series .A. The sets of attributes P and
H in B with glued values for attributes 3, 7 and 15 will be denoted Py and Hy. Of course,
from the theoretical point of view, the employed in B information systems with original and
glued attributes are different. The matter however seems to be so obvious that we omit
formalisms here. Having introduced the sets Py and Hy we are able to compare the results
of series A and B.



Table 2.
[4 ] | B |
303 X, 836
34 X, 107
7 X3 39
r343 [overa.ll ] 982 ]

4. Comparison of hierarchies in A and B.

The distribution of objects (patients) in sets X;, X2 and X3 of the series 4 and B is
presented in Table 2. Tables 3, 4 and 5 show the accuracy of approximation of both
classifications by sets of attributes characterizing patients and the hospital.

Table 3.
l A | B i
Bp(X)=10.82 [ Bp,(X) =0.55
Bu(X)=0.97 | By, (¥) =0.73

Table 4.
(A (ee(X)) | [ B (er(Xi) ]
0.89 X1 0.71
0.43 X, 0.17
0.60 X3 0.14
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Table 5.
(A aX) [ B (pm(Xi)) |
0.98 X1 0.83
0.84 X2 0.40
1.0 X3 0.40

As early as [5] we admitted that the values of accuracy of approximations of X, and
X3 by P in series A are too low. In series B we obtained even lower values of accuracy for
sets Pg and Hg both in case of the classification X and in case of sets X7, X5, X3 taken
separately. So low values can bring the usefulness of further investigation in question. We
decided to continue research for the following reasons:

e The aim of our work is to establish the hierarchy of known risk factors. The fact
that the attributes insufficiently approximate our classification is a matter of quite
different nature. One can suspect that the adopted norms for the values of domains
are not properly set or one can look for additional features which could better char-
acterize circumstances of infection origin. In the latter case, however, one should be
very careful: although, for instance, in some research the positive result of a bacterio-
logical examination in a wound prior to its closing turned out to be three times more
significant than other factors of infection (cf.[2]) but this presence could hardly be
admitted as a cause or a risk factor of infection. It is rather a prodrome of a coming
infection and as such should influence the way of drug administration.

o As we will see in two next parts of the paper changes in domains of attributes in B
(transition from Pg and Hg to P and H), as well as taking into consideration new
factors improve values of the accuracy of approximation.

o The hierarchies of attributes in A and B turned out to be similar.

We pass to the comparison of hierarchies obtained in .A and B. As we said previously,
in order to do it correctly we must employ the sets Pop and Hg in B. For an attribute ¢; €
P we define a number A%(X) in the following way:

AB(X) = Bp(X) — Bp_(gy(X)

In case of a selected class X; of a classification X the above definition has the form

Ap(Xg) = pp(Xi) = pp—(51(Xk)

Naturally, both definitions can be applied to the remaining sets of attributes in A and B.
The number Aj, informs us about the decrease of the accuracy of approximation (of a set
or the whole classification) after skipping the attribute g; € P. Comparing hierarchies we
set attributes in order according to values Aé) (@ =P,Hin A, Q = Py, Hp in B) calculated
for the classification X. Table 6 shows hierarchies obtained in series A and B.

We must explain the origin of the partition of attributes into groups of significance
presented in this table. Two hierarchies can be compared in different ways: one can examine
the presence of an attribute on exactly the same positions in both of them or one can
admit a maximal difference between positions occupied by this attribute. One can also
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Table 6.
A B
i group of group of i
attribute number A}-D(X) significance || significance Ajgn(X) attribute number
8 0.35 I I 0.30 3
3 0.25 I I 0.20 8
4 0.17 II II 0.19 1
2 0.14 II II 0.15 4
1 0.11 II1 11 0.141 7
7 0.08 11T 1I 0.137 2
5 0 11 111 0.05 6
6 0 111 I11 0.004 5

compare hierarchies by checking the number of common attributes in sets consisting of first
two, three etc. attributes of each hierarchy. If the order of attributes is determined by
a certain numerical coefficient then attributes can be grouped according to the value of
this coefficient. We chose this last method. As the values of Aj, and A‘);o are distributed
rather regularly we decided to divide the intervals (0,0.35) and {0,0.30) into three equal
parts (0.35 and 0.30 are maximal values of A} and A}O). Thus we created two partitions
of P and Py into attributes of small, medium and great significance. This partition is
shown in column ‘group of significance’ in Table 6. Having defined the method of dividing
attributes, let us observe that six out of eight attributes characterizing a patient in 4 and
B remain in their groups of significance. Moreover, the two attributes which left their

Table 7.
A B
i group of group of i
attribute number A’h(z\f’) significance || significance AiHn (X) | attribute number
15 0.1 I 1 0.45 16
16 0.08 | II 0.20 18
9 0.04 1I II1 0.12 1
18 0.03 111 111 0.09 19
14 0.02 I I1I 0.06 15
17 0.2 III 111 0.05 17
10 0.0 111 II1 0.044 10
12 0.0 1 111 0.043 14
19 0.0 IT1 I1I 0.027 9
1 0.0 I 111 0.012 12

places moved only to the adjoined group, thus there were no jumps of attributes from the
group of small to the group of great significance and vice versa. In particular, attribute
1 (type of intervention) turned out to be of medium significance in B. This result is more
consistent with surgeons’ experience than the small significance of the attribute revealed
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in A. The influence of the second attribute which did not remain in its group - 7 (time of
stay in the hospital before the surgical intervention) - is not categorically estimated so far
as wound infections are concerned [3,1]. It is worth mentioning however that if we specify
the values of this attribute more precisely, its significance will be greater (see the discussion
in the next section). Let us compare now the hierarchies obtained in A and B for the set
of attributes characterizing the hospital. The results are presented in table 7. One sees
that when the same method is applied to determine the groups of significance, seven out of
ten attributes remain in their previous groups. Unfortunately these seven attributes are of
small influence. Concerning the three attributes which changed their significance, we can
provide a reason only for the decrease in significance of attribute 9 (presence of infectious
cases in the hospital room) from the second to the third group of significance. In our
opinion this fact can be associated with the division of the department into a septic and
aseptic part, as described in section 2. Let us note that although the places occupied by
attribute 9 in both hierarchies are separated by six positions, the difference between values
A%(x) and A%, (X) which equal 0.04 and 0.027 respectively is not so dramatic. This is the
result of the adopted method of dividing attributes into groups of significance. Attribute
15 (duration of intervention) which in A was the most important one belongs in B to the
set of factors of small significance. A certain improvement of its position can be obtained
by adding new values to its domain (we describe it in the next section). But still, the small
importance of this factor, as revealed in series B, is inconsistent with surgeons’ experience.
We are also lacking any foundation for a sudden increase in the role of attribute 18 (order
of intervention).

5. Hierarchies for sets of attributes P and Hin the second series of
research

In this section we will deal with sets of attributes P and H containing full information
about objects. The most disturbing feature of the information system employed in series
B is the considerably great numbers of values of some attributes, like attributes 3 (age),
11 (diagnosis), 13 (kind of intervention). Such a proliferation can result in high values of
the accuracy of approximation although in case of inadequate choice of attributes even the
domains of large cardinality can not automatically ensure good results (we do not take into
consideration extreme situations in which for example every object of a system stays in one-
to-one relation with a certain element of a domain). On the other hand, if norms for values
of attributes are not known, or if they are a matter of discussion, an information system
with more values enables, by identifying those values, a verification of the correctness of
adopted norms. In our case, as the aim of the work is to establish the hierarchy of risk
factors, we will be interested in the problem of stability of obtained results with respect
to variously defined domains of attributes. Let Ps (resp. Pio) denote the set of attributes
obtained from P by gluing values of attribute 3 (age) every 5 (resp. 10) years. Table 8
shows the increase in accuracy of approximation of classes X1, X5 , X3 and X depending on
the type of the set of patient attributes, whereas hierarchies obtained for the sets mentioned
are represented in table 9. If we disregard attribute 8 (time of stay in the hospital after
the surgical intervention), then those hierarchies turn out to be similar to one another. In
particular, attribute 3 keeps its first position and the discriminating role it plays increases
with the number of values it can take. The least important attributes, namely 2, 5 and 6,
did not change their significance either. There is some change, however, as far as the middle



Table 8.
LT owr(X) | wee(X) | we(X) | pe(Xi) |
X, 0.71 0.77 0.85 0.96
X, 0.17 0.22 0.34 0.71
X, 0.14 0.32 051 0.95

l

[ Br,(X) =055 ] Bp,(X) =0.63 | Bp,(¥) =0.75 | Br(x) = 0.93 |

Table 9.
Po P1o Ps P

] B85 ) [ 1 [ B (@) | 7 [ b (@) [ 7 [ Ap(@)
13 0.30 3 0.32 3 0.42 3| 0.60
2| 8 0.20 7 0.23 7 0.19 71 010
3|1 0.19 8 0.17 8 0.154 41 0.071
4] 4 0.15 1 0.16 1 0.147 1 0.069
5147 0.141 4 0.15 41 0.146 |8 | 0.066
61 2 0.137 2 0.11 2 0.10 2| 0.04
716 0.05 6 0.04 6 0.03 5 0.008
81 5 0.004 5 0.007 5| 0.009 | 6| 0.006

group of attributes is concerned. The growth of importance of attribute 7 (time of stay
in the hospital before the surgical intervention) is caused by the expansion of its domain
during B. Observe also the relatively stable position of attribute 1 (type of intervention) in
all four hierarchies. Another regularity is indicated in table 10. It shows the hierarchy of

Table 10.
X1 X X3
att'ributez number AIP(Xl) ) I A’P(Xg) ] l AZP(X3)

1 3 0.43 3] 0.66 310.92
2 7 0.06 710.18 710.48
3 4 0.044 410.17 110.25
4 8 0.041 110.164 410.19
5 1 0.039 81 0.158 810.17
6 2 0.024 210.10 2 10.09
7 5 0.005 510.03 510.0
8 6 0.004 6] 0.02 610.0

attributes from set P calculated for each class X, X3, X3 exclusively . If we ignore attribute
8 again, then we see that the significance value A%(X;), determined for the first four most
important attributes (3,7,4,1), increases with the growth of j, that is with the extent of
wound infection. A similar dependence, though not as strong, can be observed for the most
important hospital attributes. Table 11 shows accuracy of approximation of the sets X;,
X3, X3 and classification X by sets of attributes Hy and H. The increase of accuracy for H
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Table 11.
ta (Xi) p (Xi)
X1 0.83 0.92
X, 0.40 0.65
X3 0.40 0.60

[ [8m(x)=073]8r(¥)=10.87]

is obtained not only by expanding the domain of attribute 15 (duration of intervention) but
also by adding two new attributes: 11 (diagnosis) and 13 (kind of intervention). However
those additional attributes rank very low in the hierarchy for H as can be seen in table 12.
The change of the domain of attribute 15 resulted in the shift from 5th position in set

Table 12.
[ i[akx)]

1|16 0.27
2 | 18] 0.08
3 [ 15] 0.07
4 |17 ] 0.03
5 |19 ] 0.016
6 | 10| 0.014
7 1111 0.012
8 9| 0.009
9 11 0.005
10 [ 12| 0.0
1113 0.0
12141 0.0

Ho to 3rd in H. The most essential changes are reported in case of attribute 1 (type of
intervention), which dropped 5 steps, though it is a factor of little significance both in Hg
and H. Attribute 1 and its connection with attributes 11 and 13 are discussed in section
6.1. Observe that the most significant attributes in Hp — 16 (surgeon) and 18 (order of
intervention) — also preserved their high positions in # and the least important ones —
14 (type of anesthesia), 9 (presence of infectious cases in the hospital room) and 12 (mode
of intervention) — stay in the lower part in the hierarchy for H. The hierarchy of attributes
from H calculated for all individual classes of classification X is presented in table 13. For
attributes 16 (surgeon), 17 (type of operating room) and 18 (order of intervention), being
among the most important ones, we observe a similar regularity as in the case of set P,
namely the increase of the coefficient A’ together with the extent of wound infection.
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Table 13.
X1 X2 X3
A [ i AR(X) [ i [A(Xa)

1) 16| 0.17 16 | 0.35 16 | 0.39
24 18 | 0.05 15| 0.15 18 1 0.20
31151 0.04 18 1 0.14 17 { 0.10
4] 17 | 0.016 19 | 0.048 15 | 0.087
5| 19 | 0.008 17 | 0.045 19 | 0.030
6 | 11 | 0.0078 10 | 0.044 10 | 0.030
7 || 10 | 0.0068 11 | 0.042 91 0.011
8 0.0058 91 0.021 110.0
9 11 0.0033 110.019 11} 0.0
10 | 12 | 0.0 121 0.0 12 | 0.0
11 | 13 | 0.0 13 { 0.0 13 | 0.0
12 || 14 1 0.0 14 | 0.0 14 { 0.0

6. Transformations of the information system
6.1. Type of intervention vs. diagnosis and kind of intervention

In A attribute 1 (type of intervention), belonging both to set P and H, turned out to be
a factor of small influence on wound infection (though in P it was the most important
attribute among those of small significance, decreasing the accuracy of approximation by
0.11). This result does not agree with the experience of clinicians and with publications on
the topic, and in [5] we could not find any reasonable explanation for that situation. In B
attribute 1 occupied the third position in the hierarchy for Py, belonging thus to the set of
attributes of medium influence, whereas in the sets Ho and H it was an attribute of small
influence.

As we have mentioned already, attribute 1 is a factor characterizing a patient and also,
due to its connection with diagnosis and kind of intervention, refers to a hospital. The
following two arguments incline us to regarding attribute 1 as a factor characterizing a
patient rather than a hospital:

e not only attribute 1 but also attributes 11 and 13 associated with it have small
significance in H.

e if we replace in P attribute 1 by attribute 11 or 13 or both, then the accuracy of
approximation by such a set of attributes will be close to that calculated for set P.

Table 14 illustrates the described process of replacement (by P~, P13, Py3, P13 we denote
P — {1}, P - {11}, P — {13}, P — {11,13} respectively). If a further study confirm our
conjecture then it will be possible to exclude from the information system attributes 11 and
13 and take into account only attribute 1 with has much smaller domain.

6.2 The expansion of sets P and H.

By P35 we denote set P with added attribute 25 and we calculate the accuracy of approxi-
mation by Pss. It is clear from table 15 that the addition of attribute 25 does not change



107

Table 14.
[ [ ee G [ue-(X) [ e (X9 [ p (X0 [ ey (X9 |
X, || 0.96 0.92 0.97 0.96 0.97
X2 || 0.71 0.54 0.82 0.74 0.82
X3 || 0.95 0.70 1.0 0.86 1.0
,BP(X) ﬂP—(X) ﬂpl—l(x) IBPI*S(X) ﬂpl—l 13(X)
0.93 0.86 0.96 0.93 0.96
Table 15.
[ [ee(X) | 1Py (Xi) |
X; | 0.96 0.962
X, 1071 0.73
X3 | 0.95 0.95

[ TB8r(x) =093 B, (¥) = 0.933 ]

the accuracy much. The small significance of this attribute, confirmed also by table 16,
might be caused by the rather small number of patients who had coexisting diseases (52
objects) or by a neutralizing influence of antibiotic treatment.

Table 16.
| i [Ap, (1))
1| 3 [0.56
217 ]0.076
3| 8 | 0.066
41 4 |0.057
51 {0.051
6| 2 | 0.033
71 5 | 0.008
8 |25 0.008
91 6 | 0.006

An essential improvement of approximation is obtained after adding attributes 20-24
(describing antibiotic therapy) to set H. The new set of attributes will be denoted Hy .
Tables 17 and 18 show the accuracy of set H4 and hierarchies of its attributes respectively.
As for additional attributes, it is attribute 22 (antibiotics after the surgical intervention)
which turned out to play the strongest discriminant role in the approximation. We cannot
however interpret this result unequivocally, because the reasons for which antibiotics are
administered after operation may be totally different. It might be done when the symp-
toms of infection are already present, or when the probability of appearance of infection
is exceptionally high (e.g. in case of elderly people). In neither of those cases can we say
that administering antibiotics causes wound infection. We can at most speak about the
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Table 17.
pa (Xi) pi, (Xi)
X, | 0.92 0.936
X, | 0.65 0.90
X5 | 0.60 0.93

[ [8a(x)=087] Bu,(x) =0.97 ]

Table 18.

[ [ [AL(&)]
1116 0.13
2|22 0.05
3|15 0.039
4118 | 0.034
5119 | 0.01
6|11 | 0.008
7124 0.008
8| 17 | 0.006
9] 1 |0.004

10 0.002
11 | 10 | 0.002
12 | 12 | 0.002
13 | 13 | 0.002
14 | 14 | 0.002
15 | 20 | 0.002
16 | 21 | 0.002
17 | 23 | 0.002

coexistence of the two attributes. This however may only confirm an obvious fact that if a
wound is infected then antibiotics are administered or it may ascertain the ineffectiveness
of preventive usage of antibiotics.

6.3 Reduction of the number of objects in the information system

In order to eliminate the influence of accidental factors, we excluded from our system
those objects for which the value of attribute 15 (duration of intervention) appeared in
the system less than six times (rare interventions). For the information system obtained
this way, consisting of 964 objects, we carried out all usual calculations. As follows from
table 19, the omission of rare surgical interventions does not influence much the value of
approximation both for sets P and H.

We employed the procedure described above with reference to attribute 16 (surgeon).
In this case we left in the system only these objects for which the value of attribute 16
appears in the system more than 10 times (971 objects). Table 20 shows the accuracy of
approximation calculated for such a system. It is clear that the differences in approximation
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Table 19.
P H
full reduced full reduced
system system system system
pp(Xi) || pp(Xi) pa(Xa) || pr(Xi)
0.96 0.95 4X; b 0.92 0.92

0.71 0.698 | 14X, 0.65 0.644
0.95 0.949 | a4 X3 0.60 0.596

Bp(X) || Bp(X) Bu(X) || Bu(X)

0.93 0.924 0.87 0.869

Table 20.
P H

full reduced full reduced
system system system system
;LP(X,') ,lLP(Xi) /”'H(Xi) /’LH(Xi)

0.96 0.96 aX; b 0.92 0.92

0.71 0.716 | 14X, > 0.65 0.649
0.95 0.947 | 1 X3D> 0.60 0.588

Br(X) || Br(X) Bu(X) || Bu(X)
0.93 0.93 0.87 0.87

between the full system and the reduced one are minimal.

7. Final remarks and conclusions

We tried to show in this paper how using even a small part of rough set theory can bring
clinically interesting results. The information system we presented is not a perfect one. We
still cannot find a factor characterizing the elements from classes X, and X3; furthermore
high values of accuracy of approximation are obtained through the use of attributes with a
large number of values. However, such a situation is determined by the fact that the risk
factors of postoperative wound infection have not been established definitively and their
influence may vary depending upon specific conditions of particular hospitals. In addition,
there is no general agreement as to the norms for attribute values. Thus our approach
seems to be justified. Because our system is comprised of all data available at the moment,
we are able to eliminate redundant attributes or glue values. The elimination has proved
to be successful in the case of attributes 11 and 13 which could be replaced by attribute 1.

Finally, let us point out once more that our general aim is to establish the hierarchy
of known risk factors. The fact that the results obtained previously (described in [5]) and
presented here appear to be stable encourages us to continue the research.
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Part 1
Chapter 8

FUZZY INFERENCE SYSTEM BASED ON ROUGH

SETS AND ITS APPLICATION TO MEDICAL
DIAGNOSIS

Hideo TANAKA  Hisao ISHIBUCHI Takeo SHIGENAGA
Department of Industrial Engineering
Unwversity of Osaka Prefecture
Sakai, Osaka 591, Japan

Abstract. In this paper, a method of constructing fuzzy if-then rules in an expert system
is described by the proposed approach, where the lower approximations in rough sets are
used to extract if-then rules from the given information system and fuzzy if-then rules are
constructed from the extracted if-then rules.

1. Introduction

Z.Pawlak(1982) has proposed a new concept of approximate data analysis based on rough
sets. An application of rough sets to medical analysis for heart disease has been done also by
Z.Pawlak(1984). In this analysis, inconsistency of medical test data and expert’s diagnoses
can be clarified. A.Mrozek (1989) has constructed if-then rules by rough sets to control a
rotary clinker kiln in a cement plant. This research was concerned with constructing an
expert’s inference model.

In this paper, we propose a new method of reducing information systems by con-
sidering the classification given by experts, which is based on Z.Pawlak’s suggestion in
Z.Pawlak(1984). Our proposed method can reduce more attributes than Z.Pawlak’s method
described in Z.Pawlak(1984). Also, a method of constructing a fuzzy inference system is
described by introducing fuzzy intervals represented as fuzzification of attribute values.
The reason for using fuzzy intervals is that fuzzy if-theun rules can cover the whole space of
attribute values. In other words, coventional if-then rules derived from only lower approx-
imations can not cover the whole space because the number of the derived rules is rather
small comparing with the number of possible rules constructed by the combination of all
intervals of each attribute.

H.Tanaka et al. (1990) have already constructed a fuzzy expert system based on the
reduced information system and applied it to a diagnosis problem. This paper aims to
improve the performance of the fuzzy expert system in H.Tanaka et al.(1990) by proposing
a new fuzzy inference model. This fuzzy inference model is constructed by considering
all fuzzy if-then rules whose conclusions are the same, although in usual fuzzy inference
models, the inference result depends on the most fitting fuzzy if-then rule. In order to
consider all fuzzy if-then rules inferring the same conclusion, we use the average—product
combination in the classification process. The classification power of the proposed inference
model is demonstrated by an application to the same diagnosis problem as in H.Tanaka et
al.(1991).

111
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2. Reduction of Information Systems by Classification

An approximation space A is defined as A = (U, R), where U is a set called the universe and
R is an equivalent relation. Equivalence classes of the relation R are called elementary sets
in A. The empty set is assumed to be also elementary. Any finite union of elementary sets
in A is called a definable set in A. Let X C U. An upper approximation of X in A denoted
as A*(X) is defined by the least definable set in A, containing X. A lower approximation
denoted as A,(X) is defined by the greatest definable set in A4, contained in X.

An accuracy measure of X in A = (U, R) is defined as

ag(X) = Card(A.(X))/Card(A*(X)) (1)

where Card(B) is the cardinal number of the set B. Let F' = {Xy,...,X,} be a classifica-
tion of U, i.e. X;N X; = ¢ for every i # j and UX; = U. Then, F is called a partition of
U and X; is called a class. An accuracy measure of F' in A is defined as

Bo(F) = Card(UA.(X;))/Card(U) (2)

Z.Pawlak’s method does not consider the given classification. A new method for reduc-
ing attributes in an information system is proposed here, considering the given classification.
Let S = (U,Q,V,, F) be an information system, where U is the universe of 5, an element
of U is called an object, () is a set of attributes, V = UV} is a set of values of attributes,
P :U x @ — V is a description function and F is a classification of U.

[Theorem 1] Given a classification F, it follows for the subset P’ ¢ P that

Bp/(F) < Bp(F) 3)

where Sp(F) is the accuracy measure of F, defined by (2) with regard to the subset P of
the attributes Q.

The followings can be defined from Theorem 1.
[Definition 1]
i) Let P be a subset of Q. A subset P is said to be independent in an information system
S if and only if

Bp:(F) < Bp(F) for all P c P (4)
Also, P is said to be dependent in § if and only if there is P/ ¢ P such that
Bp/(F) = Bp(F) (5)
ii)Let P’ C P and P” = P — P'. A subset P’ is said to be superfluous in P if and only if
Bin(F) = p(F) ®)

[Theorem 2] If P’ c P is superfluous in P and {p;} is superfluous in P~ P’, then P'U{p;}
is superfluous in P.
[Definition 2] A subset P C Q is called reduct of Q in S if and only if @ — P is superfluous
and P is independent in S.

An algorithem for obtaining reduct of @ can be described from Theorem 2 and Definition
2 as follows.
[Algorithm]
Step 1: Find a superfluous attribute, say p;, in Q. If there is not such a p;, go to Step 3.
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Step 2: Set @ = Q — {p;} and go to step 1.
Step 3: End. @ is a reduct of the given attributes.

Using the above algorithm, superfluous attributes can be taken away one by one. Thus,
reduct of @ can be obtained by the algorithm.
[Example 1]
Let us consider the example shown in Table 1. The reducts of the given attributes obtained
by Z.Pawlak’s method are as follows.

{q1,92,93}, {@1,93,04}, {22,3,94} (7

On the other hand, the proposed method based on the accuracy measure can generate
the following reduct.

{g3,94} (8)
In what follows, let us show that {g¢s,q4} is a reduct of the given set of attributes. The
lower approximations of X; and X2 by @ = {q1,...,¢4} are as follows.
Au(X1) = {21,232}, A(X2) = {5, 26} (9)
Thus,
Bo(F)=4/6=0.67 (10)

Considering P = {q3, ¢4}, we have the same lower approximations of X; and X, by P asin
(9). Therefore, 8p(F) = 0.67, which means that the accuracy measure is not reduced by
removing two attributes. Then, let P’ = {g3} and P” = {q4}. Thus we have

Bp(F) = 2/6 = 0.33 < Bp(F) (11)
Bpn(F) = 1/6 = 0.17 < Bp(F) (12)

which lead to the fact that P = {g3,¢4} is a reduct.
Comparing (8) with (7), we can conclude that our proposed method for reducing at-
tributes is more effective than Z.Pawlak’s method.

TABLE 1. An example of information system

F U
1
X1 o)
T3
T4
X2 zs

L6

1

LS

3 4

DD = NN = =

W N NN N =D
NN NN b= e

W W NN W
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3. Fuzzy Inference Model

Integers are used as values of attributes in Section 2. In general, a value of attribute is
obtained as a real number. Thus, a real number is assigned to some integer as shown in
Tabel 1. Given F = {X},..., X,} derived from expert knowledge, the lower approximation
of each X; can be obtained in the reduced system. From the example of Table 1, we have
three rules constructed by the lower approximations of X; and X3 as follows.

If {fys=1}A{ys =1} theny € Xj
If {y3 =1} A{ys =3} theny e X; (13)
If {ys =2} A{ys =3} theny e X,

where reduct of Q is {gs,¢4} and y = (y3,¥4)' is a pair of integers representing attribute
values of ¢35 and g4 of an inferred object. It should be noted that only the lower approxi-
mations of F' are used to construct if-then rules. Therefore only the data being consistent
with expert’s diagnoses are used. In the example of Table 1, the following if-then rule is

taken away.
Hf{ys3=2}A{ys =2} thenye Xjorye X, (14)

Since an input vector y into our inference model is a real number vector, if-then rules
(13) are fuzzified by introducing fuzzy intervals. For example, the first rule in (13) can be
written as

Hys=1IAy=Ithenye X (15)
where 1 is a fuzzy interval as shown in Figure 1. In general, the j—th fuzzy if-then rule for
inferring X; from an input vector y = (y1,...,ym ) is represented as

If ys = A'ij and --. and y,, = Ainj then y is X; (16)

where A')Cj is a fuzzy interval specified by a membership function ,u}'q-(yk).

Figure 1 . Fuzzy division of attribute value

Let mxi(y) be a grade to which y is belonging to X;. Using the concept of fuzzy
inference, three types of 7x;(y) can be considered as follows.
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i) Max - Min composition:

wxi(y) = /(0 A+ A i (ym) ()

which is widely used in fuzzy control and also was used in H.Tanaka et al.(1991).

ii) Max - Product composition:

mxi(y) = V(i) x - x T i(Ym)) (18)

j
iii) Average - Product composition:

() x - x 7 (Ym))
" number of rules infering X;

(19)

xi(¥y)

which is proposed in this paper to use for medical diagnosis.

It should be noted that the grade of y fitting to all the fuzzy if-then rules infereing X;
is defined as iii). In i) and ii), the value of wx;(y) is determined by only one fuzzy if-then
rule so that it can be said that all the fuzzy if-then rules are independent each other.

The decision rule can be written as

If mxe(y) =7x1(y) V-V 7xn(y), then y € Xi (20)

where F' = {X,...,X,} is given by expert’s diagnoses. These three types of wx;(y) are
compared with each other in the following application.

4. Fuzzy Inference System for Medical Diagnosis

Our proposed method described in Section 2 and 3 is applied to medical diagnosis of hepatic
disease. All test data are obtained in Kawasaki Medical College as follows:

i) A classification F = {Xj,...,X5} obtained by experts:

X, = Healthy person, X = Hepatoma, X35 = Acute hepatitis
X4 = Chronic hepatitis, X5 = Liver cirrhosis

ii) The number of data is 568 and the data are divided into two parts: data for mod-
elling(468 persons) and data for checking (100 persons). Data for modelling are used
for constructing fuzzy if-then rules and each person in the data for checking is as-
signed to one of the five classes using the constructed fuzzy if-then rules. Fuzzy
if-then rules are evaluated by the data for checking.

ili) The number of attributes (medical inspections) is 20. Values of each attribute are
divided into 3 to 6 intervals as shown in Table 2, where the integers corresponding to
*H*¥ are not used.

A missing value is assigned to 0 whose value of membership function is 1 over the domain.
This means that an attribute ¢; is disregarded in fuzzy if-then rules if the value of ¢; is
missing.
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TABLE 2. Division of medical test data

Medical Integers of attribute values

inspection | 1 2 3 4 5 6
% SP ~ 55/ 56~ 65|66~ 75| 76~ 85| 8.6~ Hokrk
42 II ~ 4] 5~ 6| 7T~ 9| 10~ rorEx rorEx
(15} TBil ~ 1.0 1.1~ 5.0{ 5.1 ~10.0({10.1 ~ 20.0| 20.1 ~ *EEk
qa DBil |~ 40| 41~ 60 61~ 80| 81~ 100 ko *hxx
g5 Alp ~ 80| 81~ 200(201~ 300} 301 ~ 400| 401 ~ *Ek
g6 | G.GTP |~ 30| 31~ 100101 ~ 200 201 ~ 300| 301 ~ roREx
q7 LDH [~ 100/ 101 ~ 250|251 ~ 500 501 ~ 1000 1001 ~ Fkk
gs | Alb-G |~ 2.0 21~ 3.0(3.1~ 40| 41~ 50| 51~ *kkx

(1) ChE |~ 100|101 ~ 150|151 ~ 200 201 ~ 250| 251 ~ 500| 501 ~
q10 GPR |~ 25| 26~ 100{101 ~ 200| 201 ~ 500! 501 ~ 1000 1001 ~
1 GOT |~ 20| 21~ 100101 ~ 200 201 ~ 500| 501 ~ 1000 1001 ~

q2| BUN |~ 9| 10~ 20| 21~ 30| 31~ 40| 41~ A
@3] UrA |~ 2.7/ 2.8~ 85| 8.6~ Ak FEEK FEEK
g1sa| Retic |~ 1.5/ 1.6~ 3.0/ 3.1~ 6.0| 6.1~ A oA
@s| Plt |~ 1.0{ 1.1~ 5.0| 5.1~ 10.0010.1 ~ 15.0(15.1 ~ 35.0{ 35.1 ~
@16 | Lympho |~ 20.0(20.1 ~ 40.0{40.1 ~ 60.0| 60.1 ~ A FAk*
q17| Fibrino (~ 200] 201 ~ 400 401 ~ Hokokk Fokokk *okk
q1s| Alb-% |~ 45.045.1 ~ 65.0[65.1 ~ Hhkk ok A
qi9| AlL% |~ 25| 26~ 3.7 3.8~ 5.0| 5.1~ Ak Hhkk
q0| AFP |~ 20| 21~ 100{101 ~ 200 201 ~ 1000{ 1001 ~ Ak

First, let us define the ratio of correct inference. If y is inferred correctly, y is given
one point and if y is inferred erroneously, y is given zero point. When y is inferred more
than or equal to two classes, y is given 1/(the number of classes) point if the correct class is
included in the inferred classes and otherwise, given zero point. Then, the ratio of correct
inference is defined by

Sum of points to checking data
The number of checking data

x 100(%) (21)

The results are as follows:

i) The number of attributes in the reduct of @ is 7. The seven attributes are used for
constructing fuzzy if-then rules and comparing three fuzzy inference methods.

ii) There are 367 if-then rules constructed by the low approximations of X;,7=1,...,5.
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iii) The ratios of correct inference to checking data by different three types of compositions
are shown in Table 3. It can be concluded from Table 3 that Average - Product
composition is the best in the sense of the highest correct ratio and no multiple

inference.

TABLE 3 . The ratios of correct inference to checking data

Type of Correct Number of Number of Number of
compo- ratio correct error multiple
sition inferences inferences inferences
Max - Min 67.5 62 25 13
Max - 68.2 66 29 5
Product
Average - 74.0 74 26 0
Product
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Part I
Chapter 9

ANALYSIS OF

STRUCTURE - ACTIVITY RELATIONSHIPS
OF QUATERNARY AMMONIUM COMPOUNDS

Jerzy KRYSINSKI
Medical Academy
Chair of Pharmaceutical Technology
60-780 Poznar, Poland

Abstract. Relationships between chemical structure and antimicrobial activity of quater-
nary imidazolium, quinolinium and isoquinolinium compounds is analysed. The compounds
are described by a set of condition attributes concerning structure and by a set of decision
attributes concerning activity. The description builds up an information system. Using the
rough sets approach, a smallest set of condition attributes significant for a high quality of
classifications has been found. The analysis of distributions of values of significant attributes
in the best and worst class led to the definition of typical representatives of the best and
worst imidazolium compounds in the terms of the significant condition attributes. A deci-
sion algorithm has been derived from information system, showing up important relations
between structure and activity. This may be helpful in supporting decisions concerning
synthesis of new antimicrobial compouds.

1. Introduction

One of the most important issues in search for new chemical compounds with an expected
biological activity is to settle the dependence between the chemical structure and biological
activity. The knowledge of dependence between the structure and activity enables one to
foresee the biological activity of compounds and, in this sense to lead the research in a
right direction. Moreover, the chance of synthesis of new biologically effective preparations
increases. Until now, all analysis of dependence between structure and efficiency of an-
timicrobial agents has been based on statistic methods such as regression, correlation and
discriminat analysis. These methods are usually summarized under the heading ”quanti-
tative structure-activity relationships” (QSARs). In the most general sense, QSARs are
mathematical expressions which describe the dependence of biological activity of chemical
compounds in terms of suitable molecule parameters. All these methods use either struc-
tural parameters or parameters concerning physical chemistry properties of a molecule
(Franke et al. (1973, 1980), Gabler et al.(1976), Weuffen et al. (1981)). The number and
values of applied parameters differ from one method to another. For exemple in the Hansch
approach, activity and structure parameters are use together with parameters derived from
hydrophobic, electronic and steric substituent effects (Hansch et al. (1971, 1972, 1973),
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Weuffen et al. (1981)). Similary, non-elementary discriminant functions used in the dis-
criminant analysis, describe a distibution of compounds over classes of different biological
activity in terms of the same hydrophobic, electronic and steric molecule parameters used in
the Hansch approach (Franke (1980), Weuffen et al. (1981)). Another well known method
by Free-Wilson is based on the analysis of activity and structure parameters (Free and
Wilson (1964), Gébler et al. (1976).

As was mentioned in other chapters, the statistic methods are usually appropriate for
the analysis of big populations in which the attributes have quantitative character and
their values are continuous. Otherwise, application of these methods would be impossible
or would give great computational difficulties. Moreover, the statistic methods used by
QS ARs require a relatively high expenditure of experimental work connected with calcu-
lation of the parameter values.

The method based on the theory of rough sets is alternative to the statistic methods
of analysing the relationship between the structure and activity of chemical compounds.
This method does not require great expenditure of experimental work, it takes easily into
account discrete attributes and it can be used for small populations as well (Stowinski et
al. (1988), Krysiniski (1990, 1991)).

Quaternary ammonium compouds, such as imidazolium, quinolinium and isoquinolin-
ium chlorides, are being used for disinfection and antiseptics. They are characterized by a
great antimicrobial activity. Their usage is limited however, because new resistant bacteria
appear, mainly gram negative ones. Therefore it is necessary to look for new active antimi-
crobial compounds which would replace unactive, preparations. The result of the rough
sets analysis gives a better chance for synthesis of new ammonium compounds with strong
bacteriostatic activity.

In this chapter, we describe an application of the rough sets method to the analysis of
the relationship between structure and antimicrobial activity of 247 quaternary imidazolium
chlorides and of 72 quaternary quinolinium and isoquinolinium chlorides.

2. Quaternary Imidazolium Chlorides

2.1. Information system

The basis for analysis of structure activity relationship of quaternary imidazolium chlorides,
is building of an information system. The information system is a set of objects (imida-
zolium chlorides), which is described by a set of attributes. The set of attributes includes
eight condition attributes and one decision attributes. The condition attributes describe
the object’s structure (substituent in imidazole), whereas the decision attribute define the
object’s classification according to the value of minimal inhibitory concentration (MIC).

In table 1, the domain of condition attributes of imidazolium chlorides is presented.
Conventional code numbers correspond with substituted imidazole.

Imidazolium compounds are divided into 5 classes of antimicrobial activity (Y;...Ys).
The classes correspond to the following ranges of the minimal inhibitory concentration
(decision attribute):
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Class Y; - very good - MIC < 10 mg/dm?
Class Y2 - good - 10 < MIC < 50 mg/dm®
Class Y3 — middle ~ 50 < MIC < 200 mg/dm?
Class Yy - weak ~ 200 < MIC < 500 mg/dm®
Class Y5 — very weak - MIC > 500 mg/dm?®

The classification was made for two bacteria, Pseudomonas aeruginosa NCTC 6749
which showed the greatest resistance against imidazolium compounds (classification Y )
and Escherichia coli NCTC 8196 (calssification Y, ).

In table 2, a part of information system is shown where lines corresponding to the objects
and the columns to the attributes. 247 objects were hold in the information system.

Table 2. Information system of imidazolium chlorides (part)

[ Objects Attribute Class of classification
112134516718 W Y2
1 0l0jJ0J1|]0j0| 270 5 5
2 0010|121 0|0}t 470 5 4
3 ofofJo|l1|0f0)] 6 |0 5 3
4 0{o0j0y11|]0j0| 810 5 4
5 00 jJj0f1)0f0o}j10}0 5 4
6 0l 0jo0}110|0(f12]0 5 3
7 0l0jJjoJ1j0}j0(14}0 5 3
8 0|0 j0|1)0]lO0}J16}0 5 3
9 114 ]10j1t0{0( 2 {0 5 4
10 114 10[1[0j0} 410 5 3
11 141701110 j0)6 1|0 5 3
12 114 |10[1j0}0( 8|0 5 3
13 1| 41(0(1]0]0}{10]0 5 3
14 14 (0(1]0[0|12)0 5 3
15 114 |10[1f({0j0(14]0 5 2
16 114 10]1(0]0f{16]0 5 2
17 2(101]2]0]0|1} 410 5 3
18 2101210)0j1]6 |0 4 2
19 2101210101810 3 1
20 21012]0j011]107}0 4 2
247 1112 |10{1]10j0[|16]0 5 5

2.2. Reduction of attributes and the quality of classification

Initial quality of classification J; and Y, , i.e. for the whole set of condition attributes, was
qual to 1. From the set of 8 condition attributes were received in both classifications per
one minimal set diminished by attribute 1. In order to find the minimal set of condition
attributes which are important for the quality of classification and accuracy of classes a
computational test was done based on removal of respective attributes from the minimal
set and observation of the quality of classification and accuracy of classes. Fig. 1 and 2
show the ways of attributes reduction in the classification Y; and Y, , respectively. These
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ways are characteristic of the lowest starting downfall of the classification quality of all the
examined ways. Removing attributes 1, 3, 5 and 8 in both classifications still gave a high
quality in Y; equal to 0.85 and in Y, equal to 0.82. Reduction of attribut 4 diminished the
classification quality in Y; to 0.59 and in Y to 0.53. After removing attributes 2, 6 and
7 separately, the quality of classifications and accuracy of classes diminished still furether
(fig. 1 and 2). Thus for the high quality of classifications ¥; and Y2 and for the accuracy
of classes appeared essential:
attribute 2 — kind of alkyl in substituent in 1% imidazole position

attribute 4 - kind of subtituent in 2"¢ imidazole position
attribute 6 - kind of X in substituent in 3°t imidazole position
attribute 7 - kind of alkyl in substituent in 3° imidazole position.

(y)*
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0.1 - &

#
b 4
oL+r— . —.
1 1 1 1 1 11 A A A A Removed
653333Al.672c|ttribu’tes
583

o up(Y1); o pp(Y2); + wp(Ya); A pp(Ya); x pp(Ys); * Yp(¥);

Figure 1. Accuracy of classes u,(Y;) and quality of classification Y of removed
attributes.
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Figure 2. Accuracy of classes p,(Y;) and quality of classification Y, of removed
attributes.

2.3. Analysis of distribution of the values of attributes 2, 4, 6 and 7 in the
given classes

Distribution of values of respective attributes in the given classes of classificatons Y; and
Y, was presented in Tables 3-10. The three numbers in each field of the table have the
following meaning:

bi;[%) ci;[%)
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Table 5. Distribution of values taken by attribute 4 of Y,

Characteristic
No. of Values of attribute 4 Lower value of
class 0 1 2 approx. attribute 4
1 9 0 0 9 without
4119 substituent
2 20 8 1 29 without
92]20| 3718 [05]6 substituent
3 26 27 5 58 -
12 [26 [ 124 [ 27 ] 23] 31
4 24 21 1 46 -
1124 97 [21[05] 6
5 22 44 75 alkyl or phenyl
10 [22]203[44 [ 41[56 residue
Total 101 100 16 217
Table 6. Distribution of values taken by attribute 6 of Y
Characteristic
No. of | Values of attribute 6 | Lower value of
class 0 1 approx. attribute 6
0 9 9 sulphur atom
41 ] 10
13 16 29 =
6 |10] 74 | 18
27 31 58 -
12421 [143] 35
27 19 46 -
12421 88 21
61 14 75 oxygen atom
28.1[48] 6.5 [ 16
Total 128 89 217
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Table 9. Distribution of values taken by attribute 4 of Y,

Characteristic
No. of Values of attribute 4 Lower value of
class 0 1 2 approx. attribute 4
1 35 27 2 64 without
16.6 [ 34 [12.8 27 0.9] 25 substituent
2 41 35 81 alkyl residue
19.4 [40 [ 16.6 [ 35| 2.4 [ 62
3 18 22 0 40 -
8.5 [17]104 ][22
4 7 12 1 20 -
33 [7[52]12]05]12
5 2 4 6 phenyl residue
09 ]2[1974
Total 103 100 8 211

Table 10. Distribution of values taken by attribute 6 of Y

Characteristic
No. of | Values of attribute 6 | Lower value of
class 0 1 approx. attribute 6
1 28 36 64 sulphur atom
13.3 [23 [ 17.1] 41
2 43 38 81 -
204 [35] 18 |44
3 31 9 40 oxygen atom
1472514310
4 18 2 20 oxygen atom
85 [14][ 09 ]2
5 4 2 6 -
19 [3]097]2
Total 124 87 211
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a;; — number of objects in class ¥; which take the attribute value equal to ”;”;
bi;[%] — the ratio of a;; to the total number of properly classified objects;
¢i;{%] — the ratio of a;; to number of objects properly classified which take

7] 3]

” 2N

the attribute value equal to ”j”.

As it comes out from the presented tables, the characteristic value of the respective at-
tributes can be obtained only in the case of some extreme classes (best of all ¥; and worst
of all Y5 ). In the case of intermediate classes it is difficult to differentiate the characteristic
values of attributes and therefore they were not presented in the tables. The distribution
of values of those attributes in various classes of classification }; is shown in Tables 3-6.
As a result of distribution of the attributes values we obtained the best (class Y7 ) and the
worst (class Y5 ) imidazolium compounds for the classifications Y; and Y, .
The typical compounds belonging to class Y7 of classification Y; (Pseudomonas aerug-

inosa NCTC 6749):

— have a decyl or dodecyl substituent in the first imidazole position,

— have no substituent in the second imidazole position,

— have a substituent with a sulphur atom in the third imidazole position
The typical compounds belonging to class Y5 of Y7 :

— have no substituent or have a methyl or butyl residue in the first imidazole position,

— have a phenyl or alkyl residue in the second imidazole position,

- have a substituent composed of an oxygen atom and an ethyl, propyl, butyl, nonyl,

undecyl and hexadecyl residue in the third imidazole position.
However in Tables 7-10 were presented the distribution of the values of respective attri-
butes in given classes for classification Y5 .
The typical compounds belonging to class Y of classification Yy (Escherichia coli

NCTC 8196):

— have an octyl or decyl residue in the first imidazole position,

— have no substituent in second imidazole position,

— have a substituent composed of a sulphur atom and an oktyl and benzyl residue

in the third imidazole position.

The typical compounds belonging to class Y5 of Y, :

— have an ethyl residue in the first imidazole position,

~ have a phenyl residue in the second imidazole position,

— have an ethyl and propyl chain in the third imidazole position.

2.4. Decision algorithm

In the classification case Y; — 168 decision rules were obtained among them 13 non-
deterministic ones. In the Y classification, 162 decision rules were obtained among them
14 non—deterministic ones. From the practical point of view, the deterministic rules which
lead to the best and the worst compounds are the most interesting ones. Therefore in tables
11 and 12 the decision algorithm for the class ¥; and Y5 of imidazolium chlorides are shown,
respectively. The absence of values in given rules means that they can be arbitrary.

The obtained algorithms are an objective picture of an experiment connected with syn-
thesis and antimicrobial activity of imidazolium compounds. To the most active compounds
in the classification Y; (class Y7 ) belong chlorides with decyl in the 1-position, without
substituent in the 2-position and with sulphur atom in the substituent in the 3-position
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and such compounds which in the 1-position have a dodecyl chain, in the 2-position have
no substituent and in the 3-position have sulphur atom together with butyl, hexyl or oktyl
chain.

To the worst compounds (class Y¥; ) of Y; classification belong chlorides which in the
1-position of imidazole have no substituent or have a short (methyl, ethyl, butyl) or long
(decyl, dodecyl) alkyl chain; and in the 3-position have the oxygen atom with a short (ethyl,
propyl, butyl, pentyl, hexyl) or a long (undecyl, dodecyl, tetradecyl, hexadecyl) alkyl chain
and in the 2-position have phenyl residue.

To the most active compounds (class Y7 ) of Vs classification belong prevailingly chlo-
rides with oktyl, decyl and dodecyl chain in the 1-position of imidazole, without substituent
in the 2-position, and in the 3-position with the sulphur atom and a oktyl, decyl and dodecyl
chain.

To the worst compounds (class Y5 ) of Y, classification belong chlorides which in the
1-position have no substituent or have ethyl chain, in the 2-position have no substituent
or have phenyl residue and in the 3-position have oxygen atom and ethyl, propyl, pentyl,
hexyl or hexadecyl chain.

The obtained decision algorithms are an objective picture of the experiment connected
with the synthesis and antimicrobial activity of imidazolium chlorides. It represents, at
the same time, the possibilities of real relationships between the chemical structure and
biological activity of imidazolium chlorides. From the relationships results that the greatest
influence on the antimicrobial activity of imidazolium chlorides has the length of alkyl chain
in the 1-position and a kind of substituent in the 3-position of imidazole.

Table 11.  Decision algorithm Table 12.  Decision algorithm
for classification Y, for classification Vo
of imidazolium chlorides of imidazolium chlorides
Attribute Class Attribute Class Attribute Class Attribute Class
2 4 6 7 2 4 6 7 2 4 6 7 2 4 6 7
10 0 1 1 o] 1 14 5 8 6 1 8 1 1 4 1
12 0 1 4 1 0 1 5 5 8 8 1 8 1 1 12 1
12 0 1 6 1 0 1 7 5 8 10 1 1 2 1 8 1
12 0 1 8 1 0 1 9 5 8 7 1 4 0 1 8 1
0 16 5 0 0 4 5 8 9 1 10 0 1 10 1
4 2 5 10 1 14 5 8 11 1 12 0 1 6 1
4 4 5 10 1 16 5 2 12 1 4 0 0 10 1
4 14 5 12 1 12 5 6 10 1 8 0 0 12 1
4 16 5 12 1 14 5 6 12 1 8 0 0 14 1
0 3 5 0 1 0 4 5 10 4 1 10 0 0 8 1
4 3 5 0 1 0 6 5 10 6 1 10 0 0 10 1
4 5 5 0 1 0 8 5 10 5 1 12 0 0 4 1
4 7 5 0 1 0 10 5 10 0 1 12 0 0 6 1
4 9 5 0 1 0 12 5 10 7 1 12 0 0 8 1
2 5 5 4 1 0 6 5 0 1 8 1 12 0 0 10 1
2 6 5 4 1 0 8 5 4 1 10 1 12 1 1 4 1
1 4 5 4 1 0 10 5 4 1 12 1 2 5 5
6 4 5 4 1 0 12 5 8 1 5 1 0 1 2 5
12 16 5 1 0 0 6 5 1 1 12 1 0 1 3 5
10 11 5 6 o0 6 5 6 1 8 1 12 1 16 5
12 2 5 1 2 0 6 5 10 1 8 1 2 0 0 6 5
12 3 5 1011 01 12 5 0 1 1 6 1
12 9 5 12 | 1 0 4 5
12 11 5 12 1 0 8 5
0 1 2 5 12 1 (0110 5
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3. Quaternary Quinolinium and Isoquinolinium Chlorides

The analysis of relationships between structure and activity of quaternary quinolinium
and isoquinolinium chlorides was led up in the same way as the analysis of quaternary
imidazolium chlorides.

3.1. Information system

The information system was built on the basis of the set of 72 objects (quinolinium and
isoquinolinium chlorides) described by 11 condition attributes (substituent in quinoline and
isoquinoline) and 1 decision attributes.

In the table 13 was presented the domain of condition attributes. Likewise as in the anal-
ysis of imidazolium chlorides 2 classifications were driven for 2 bacteria for Pseudomonas
aeruginosa NCTC 6749 (classification Yy ) and for Escherichia coli NCTC 8196 (classifi-
cation Y, ).

The quinolinium and isoquinolinium chlorides were divided into 3 antimicrobial activity
classes (Y7 , Y2 and Y5 ). The following ranges of the minimal inhibitory concentraton
(MIC) correspond to the classes:
for the classificaton Y;:

Class Yy - very good - MIC < 200mg/dm®

Class Y, — middle - 200 < MIC < 500mg/dm®

Class Y3 — weak - MIC > 500mg/dm® .
For the classification Y :

Class Y1 — very good - MIC < 50mg/dm®

Class Y, - middle -~ 50 < MIC < 300mg/dm>

Class Y3 — weak - MIC > 300mg/dm? .

3.2. Reduction of attributes and the quality of classification

From a set of 11 condition attributes were obtained in both classifications per one minimal
set reduced by attributes 1 and 6. Then a reduction of succeeding attributes was led from
the minimal set, observing the classification quality and the accuracy of classes. After the
reduction of condition attributes it became clear that for a high quality of classification Y,
and accuracy of classes are important 5 following attributes:

attribute 2  — kind of X in substituent R}
attribute 3 - length of alkyl in R!
attribute 4 - kind of substituent R2

attribute 7 - length of alkyl in R?
attribute 10 - kind of substituent R°.

However for a high quality of classification }, and accuracy of classes are important 6
following attributes:
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attribute 2 - kind of X in substituent R!
attribute 3 - length of alkyl in R!
attribute 4 - kind of substituent R?
attribute 7 — length of alkyl in R?
attribute 8 - kind of substituent R>

attribute 10 — kind of substituent R5.

3.3. Decision algorithm

We presented in tables 14 and 15 the decision rules obtained after the removal of unimpor-
tant attributes for the classifications quality and accuracy of classes. In classification Y1 32
decision rules were obtained, among them 8 non-deterministic ones, and in classification
Y2 — 49 decision rules among them 10 non—deterministic. From the practical point of view,
as it was mentioned before, we are interested in deterministic rules leading to the best and
the worst chemical compounds.

In the classification Y; the most active (class Y7 ) are the isoquinolinium chlorides
which in the 2-position have a nonyl, decyl and undecyl chain. From all quinolinium
chlorides the most activ are those with methyl or methoxy group in the 6-position and
with octyl, decyl and dodecyl chain in the 1-position and these with the hexyl-, octyl-
and dodecylthiomethyl substituent in the 1-position. The worst activity (class Y3 ) have
the isoquinolinium chlorides with the substituent of butyl, pentyl, hexyl and benzyl in the
2-position. However, from all quinolinium chlorides which belong to this class we perceive
all compounds with methyl chain in the 2-position and these which in the 1-position have
butyl and pentyl chain or hexylthiomethyl and hexyloxymethyl substituent as well.

In the clssification Y2 to the best class Y7 of isoquinolinium compounds belong chlorides
with heptyl, nonyl, decyl and undecyl chain in the 2-postion and these which have in
the 2-position heptyl, octyl and dodecyl chain together with the methyl group in the 3-
position. From among the quinolinium chlorides belong to the Y; class these with the
methyl and methyloxy group in the 6-position or those with bromide atom in the 3-position
and the lengh of which chain in the 1-position is from hexyl to dodecyl. To the Y3 class
belong the isoquinolinium compounds with the butyl chain in the 2-position. However
from the quinolinium compounds to this class belong all chlorides with methyl group in
the 2-position and with oxygen atom in the substituent in the 1-position. In this class are
also the quinolinium chlorides with sulphur atom which have the alkyl chain from hexyl to
dodecyl in the 1-position.

The obtained decision algorithms represent important relationships between the chemi-
cal structure and antimicrobial activity of quaternary quinolinium and isoquinolinium chlo-
rides. These relationships show that alkyl chain length in the substituent in the 1-position of
quinoline and in the 2-position of the isoquinoline as well as the substituent in the 6-position
of quinoline have the highest influence upon the antimicrobial activity of the quaternary
quinolinium and isoquinolinium chlorides.

From the point of view of antimicrobial activity the proposed attributes make sure a
good compounds classification.

We should pay attention to the fact that the descriptors number which appear in the
decision algorithm of imidazolium chlorides is only 25% (classification Yy ) or 27% (classi-
fication Y3 ) of the descriptors number which appeared in the initial information system.
However in the decision algorithm of quinolinium and isoquinolinium chloides the descrip-
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tors number makes adequately 15% (classification Y1 ) or 29% (classification Y, ) descriptors
numbers which arise in the initial information system.

The method based on the rough sets theory is characteristic because it does not cor-
rect non-deterministic relationships but presents the real conditions of these relationships.
Moreover in comparison with the initial information system the obtained decision algo-
rithms are deprived of all redundand, unimportant informations which put shade on the
picture of these relationships.

The obtained decision algorithms give distinct indications which may be useful in the
synthesis of new activ antimicrobial quaternary imidazolium, quinolinium and isoquinolin-
ium chlorides.

The method based on the theory of rough sets may be also used for the analysis of rela-
tionship between chemical structure and biological activity of other chemical compounds.
Comparing this to the statistic methods used in QS ARs, it seems to be a simpler and more
accessible method.
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Abstract. We present here an interactive probabilistic inductive learning system and
its application to a set of real data. The data consists of a survey of voter preferences
taken during the 1988 presidential election in the U.S.A. Results include an analysis of the
predictive accuracy of the generated rules, and an analysis of the semantic content of the
rules.

1. Introduction

We present here an interactive probabilistic inductive learning system CPLA/CSA that has
been implemented by the first author and discuss its application to a set of real data.

To build our system we extend the rough set-based learning algorithms described by Wong
& Wong in [9]; Wong & Ziarko in [10]; Pawlak, Wong, & Ziarko in [6]; and Wong, Ziarko
& Ye in [11] to a conditional model as described by Wasilewska in [8] and Hadjimichael &
Wasilewska in [2], and formulate our Conditional Probabilistic Learning Algorithm (CPLA),
applying conditions to a probabilistic version of the work [9] by Wong & Wong. We propose
the Condition Suggestion Algorithm (CSA) as a way to use the syntactic knowledge in the
system to generalize the familly of decision rules.

Our system allows for semantic knowledge to be deduced from the database in ways not
previously explored by other systems. It is distinctive in that it includes the conditions
feature which allows user control over sets of attribute values, and thus allows a greater
flexibility of analysis. More specifically, conditions specify equivalences on sets of attribute
values, such that objects may become indistinguishable.
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Moreover, the system is distinctive in that it defines a feedback relationship between the
user and the learning program, unlike other inductive learning systems which simply input
data and output a decision tree. This interactiveness allows for rule (tree) compaction and
generalization.

Finally, our system is also distinctive in that it yields a family of production rules using
easily comprehended descriptions formed of attribute-value pairs. Compared to the decision
trees used by many other inductive learning systems, this format is more easily understood
and manipulated by humans.

The Conditional Probabilistic Learning Algorithm (CPLA), which form a part of our system
is founded on the model of Wong and Ziarko’s INFER ([10]). It uses the probabilistic infor-
mation inherent in a database and generates a family of probabilistic decision rules based
on a minimized set of object attributes. We generalize further on Wong and Ziarko’s model
by adding conditions to the system. Conditions are a form of user input which make the
system interactive and can reduce the size of the rule family. Also, the decision rules are
input to the Condition Suggestion Algorithm (CSA), which generates suggested conditions.
Conditions, applied to a decision rules, generalize them, resulting in a smaller and more
concisely described family of rules. The entire system is graphically described below:

r---» CPLA

1

' INFER

Ushe Rules

| Conditions . CS A
Suggested
Conditions ! A !

1 I

L---- USER el il < Suggested

Conditions

The diagram above shows how the three elements of the system, CPLA, CSA, and the
user, form a cycle in which the user moderates the feedback from CSA. The cycle begins
by taking any (possibly empty) set of user-supplied conditions and running CPLA on the
examples database with those conditions. CPLA, by definition, will remove the statistical
functional dependencies. It will then output a family of decision rules which will then be
passed to CSA, where suggested conditions will be generated. The user can examine the
suggested conditions and select a subset of them to feed back into CPLA for another pass,
beginning the cycle again. The suggested conditions may affect the rule family in two ways
(in addition to reducing the number of rules generated). They may introduce superfluous
attributes, and they may change decision rule certainties. The cycle continues until the
user is satisfied with the final generation of decision rules.
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The model and system we use, is described in detail in Hadjimichael & Wasilewska in [3].

This paper presents the algorithms which form the basis of the system and describes its
application as a learning system to real data. The results discussed are based on data from
a survey of voters in the 1988 U.S. presidential election.

We observe that the conditions feature was able to yield a roughly 47% decrease in the
number of rules, and up to 88% predictive accuracy.

2. Formal Basis

The goal of inductive learning is to automatically infer the decision rules from specific
examples given by an expert. The automated inference of decision rules is the subject
of the works of many authors (among which are Michalski [4], Quinlan [7]). Descendants
of these systems improved their decision tree output, but still maintain the simple data-
in/tree-out format.

Wong & Wong presented in [9] an inductive learning algorithm, ILS, and compared it
favorably to those systems. In particular, they showed this to be an improvement over the
earlier systems of Michalski (AQ11) (1978) and Quinlan (ID3) (1983), because it allowed for
shorter descriptions (and thus shorter decision trees) based on a smaller set of attributes.
Furthermore, the output was in the more comprehensible production rule format. ILS
improved on the above-mentioned methods by using Rough Set theory (Pawlak, [5]), as did
INFER (Wong & Ziarko, [10]). INFER also took advantage of the probabilistic information
inherent in databases to generate probabilistic decision rules.

The probabilistic approach allows us to retrieve some of the information discarded by the
deterministic approach by attaching a degree of certainty to probabilistic rules which would
have not existed in the earlier, deterministic case (see also [10], [9], [6], and [12]).

The model we propose here expands on ILS and INFER of Wong & Wong [9] and Wong &
Ziarko [10], respectively, by generalizing and adding conditions to the system. Conditions
introduce into the model a new form of generalization, and a channel for user feedback,
allowing for a more powerful analysis of the dataset.

Given a knowledge representation system K = (OBJ, AT, E, VAL, f) as in the works above.

We formally define conditions as family of equivalence relations {cond,},c ar defined in the
set VAL,. lLe., for each a € AT, cond, C VAL, x VAL,, and cond, is an equivalence
relation. By cond,(v) we mean {v': (v,v') € cond,}.

Notational Remark: We will list only pairs which define the conditions explicitly. We
will not list pairs which assure the reflexive, symmetric, and transitive properties.

We also generalize the notion of indiscernibility, by adding to it the notion of conditions,
and we define, for any A C AT, and any family of conditions {cond,},c 4, a family of binary
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relations R(A) on OBJ as follows:
01R(A)o, iff (Va € A)((f(o1,a), f(0z,a)) € cond,).

We will call the identity conditions the set of conditions cond, = {(v,v):v € VAL,}.

Notational Remark: Given A C AT, if we define only cond, for a certain attribute
a € A, then we mean that cond, for all b # a,b € A, are identity conditions.

We incorporate probability into our system by extending the models of the previously
mentioned works. Let A be any subset of AT. Let R(A)* = {41, A4s,...,A,} denote
the partition induced by R(A) on OBJ, where 4; is an equivalence class of R(A). Let
R(E)* = {E1, E,,...,Ep} (where E is the set of expert attributes) denote the partition
induced by R(E) on OBJ, so that each element of R(E)* corresponds to one of the expert-
defined concepts. Given a relation R(A), and the partitions R(4)* = {41,...,4,} and
R(E)* = {Ei,...,En}, we let P denote the conditional probability, P(E;|A;) = P—%%%@,

where P(E;|A;) denotes the probability of occurrence of event E; conditioned on event A;.

Given a set of equivalent objects, A; € R(A4)*, A C AT, we may describe those objects in
the following standard way:
/\aEA(a’ ’U),

where (a,v) are pairs such that f(o,a) = v, for o€ A;.

If we also have a family of conditions {cond,},c4, we define the conditioned description
(from now on referred to simply as the description) of any equivalence class 4; € R(A)*:

/\ (a, cond,( f(o,a))).

acCA

We will use des(4;) as a shorthand notation for the description. When it is not obvious
from the context, we will use des4(4;) to indicate the attributes from which the description
is formed.

Notational Remark: Note that in a description, if the only condition on the value of
an attribute is that it is equivalent to itself, then in the description we write the pair
(attribute, value) rather than (attribute, {value}).

We add to a knowledge representation system K conditions and conditional probabilities,
the result is a conditional probabilistic knowledge representation system, CPK. I. e. we
formally define CPK,

CPK = (K, Ap),

where K is the deterministic knowledge representation system and Ap is the conditional
probabilistic approximation space,
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.Ap = ({(VAL, {conda}aeA, R(A))}AQATa P),

respectively.

2.1. Learning

Inductive learning consists of generalization from a set of examples. Therefore, when given
an example object, we generalize its description by removing superfluous atiributes from
the description. This yields a minimal-length description, i.e. a description based on just
enough attributes to distinguish the objects in the set from those outside it. The minimal
length description will be the most general, as it involves the fewest attributes, and thus
the fewest constraints.

By the nature of CPLA, all superfluous attributes are removed, so that the resulting set
of rules contain the minimal number of attributes required to distinguish the objects in
the concept from those outside it (Hadjimichael & Wasilewska, [3]). The result of the
learning process is a set of rules which together describe the concepts learned, in terms of
generalized object descriptions, as defined above. Each rule is a mapping from a description
to a concept. The collection of rules which all map to the same concept can be considered
to compose the description of the concept. The goal of CPLA is to generate such rules, as
general as possible, and thus, as few as possible, with the shortest possible descriptions.

2.2, The Algorithms

The Conditional Probabilistic Learning Algorithm traces its roots to the papers of Wong &
Ziarko ([10]), Pawlak, Wong, & Ziarko ([6]), and Wong, Ziarko, & Ye ( [11]). From Wong,
Ziarko, & Ye ( [11]) it inherits the procedural structure of the algorithm. As an extension of
Wong and Ziarke’s INFER algorithm ( [9]), it maintains the property that the output will
have no superfluous attributes. It takes the most from Pawlak, Wong and Ziarko’s 1988
paper [6], however, as it utilizes the entropy function suggested in their paper to calculate
attribute dependencies, and it uses the probabilistic rules proposed in their paper, i.e. we
define, after (6], the family of decision rules {r;;} as:

1. des(A,') = des(Ej) if P(Ele,') > 0.5
2. des(A;) == NOTdes(E;) if P(E;]A;) < 0.5

3. des(A;) = unknown(E;) if P(E;|4;) = 0.5
where, the certainty of a rule is defined as:

¢ = max(P(E;|A;), 1 - P(E;l4;))



142

The algorithm is: (as presented in detail in (Hadjimichael & Wasilewska, [3]))

e Input a Conditional Probabilistic Knowledge Representation System, (K, Ap), where
K = (OBJ,AT,E,VAL, f) and Ap is the conditional probabilistic approximation
space.

e Let OBJ' = OBJ, A= ¢, B = AT.

¢ Repeat until OBJ' = ¢ or B = ¢.

Loop: Find a € B such that H(R(E)*|R(A U {a})*) is minimum for OBJ'.
If AU {a} is statistically dependent on A, then let B « B — {a}, goto Loop.
Let B — B — {a}.

Let A — AU {a}.
For each E; € R(E)* from OBJ'
For each A; such that P(E;|4;) = 1.0
Output des(4;) =g des(E;)
Let OBJ' «— OBJ' — A;

« IfOBJ # ¢

For each E; € R(E)*
For each A; such that 4; N E; # ¢
Calculate p; ; = P(E;|A;).
Calculate ¢ = maz(p; ;,1 - p; j)-
Ifp,; >1—pi;
—— Output des(4;) = des(E;)
Ifpi; <1-pij
— Output des(4;) = NOTdes(E;)
pi;=1-pi;
— Output des(A4;) 2% unknown(E;).

o End.

Often, a system may contain attributes whose values are irrelevant in determining the expert
classification of the objects. These attributes are not conditionally statistically superfluous,
but the information they supply has no effect on the expert’s global decision. The problem
is one of determining which attributes contribute nothing to the expert’s classification.
There are two possible indicators. (1) Two widely separated values (assuming ordered
values) of an attribute can be unified through conditions without decreasing the accuracy
of the system. (2) All values of an attribute may be unified without loss of accuracy. These
indicators can lead us to conclude that the attribute to which these values belong must not
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be significant to the expert’s classification, since differences in the attribute’s values do not
play a part in the final classification.

This kind of syntactic information is extracted by the Condition Suggestion Algorithm.
The main idea behind Condition Suggestion is the collapsing of similar rules into one rule.
Or, equivalently, the generalization from a set of specific rules to a more general rule.

To proceed with our definition of similarity, we introduce a further notational shorthand:

DES(E;) = des(E;)
DESy(E;) = NOTdes(E;)
DES3(E;) = wunknown(E;).

So all rules may now be denoted by:

des(A;) == DES(E;).
The principle upon which the Condition Suggestion Algorithm (CSA) is based is the idea
of rule similarity as appears in (Hadjimichael, 1989). Specifically, given a conditional

probabilistic knowledge representation system, and a set of of attributes, A C AT, let
r;,; and 7,4 be some two rules from the family of rules {r; ;}:

r;; - des(4;) =% DESy(E;)

Tpq : des(A,) = DES,(E,)

(where A;, A, € R(A)*, Ej,E, € R(E)*, 1 < k,7 < 3). We define a similarity relation,
sim, as follows:
T'i,j Sim Tp’q iff C1 = Ca, ] = q, k= r.

However, to avoid over-generalizing, we choose as Suggested Conditions, conditions based
on sim’. For: r;;,7p4 € {ri;},

Tij* desB(Ai) é? DESk(Ej)

Tpq : desc(Ap) =% DES.(E,)

. 1 . .
rijsim rp, iff c;=c,i=¢q,k=r,B=C.

We use the sim’ relation to determine which rules we would like to merge together. Con-
ditions are suggested which would aid in such a merging. The procedure is described in

(3].
The alhorithm is:

e Input A family of rules, {r; ;}.
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¢ Generate the suggested new conditions, CON D’
let COND' = ¢.
for each rule, r;; : dess(4;) => DESk(E;) € {r:;}

Search {r;;} for all similar rules r; ; : des4/(4;) =< DES(E;), A = A’. Let
D = {4;}, the set of domains of those rules.
Update CON D' with the conditions:

cond, = {(v,v') : (Vo€ D) (30’ € D)(v = f(o,a) A v' = f(d',a))}.
output COND'.

¢ End.

3. Application

We have applied CPLA to a voter survey data from the 1988 U.S.A. presidential election?.
Our analysis was concerned with:

1. the semantic analysis of rules and conditions — What information about the election
itself could we extract from the rules and suggested conditions?

2. the effect of conditions on the number of rules — How did conditions affect the number
of rules output by CPLA?

3. the predictive accuracy of the rules — How did the conditions affect the ability of the
rules to classify previous unseen examples?

Item (1) consists of an analysis of CPLA results. This is a non-standard analysis, since we
are discussing the semantic content of the rules themselves. Items (2) and (3) are more
traditional analyses of performance issues.

3.1. The Data

In the database of election survey responses, example objects were the responses of an
individual to a set of questions. Each question is considered an attribute, and each answer,
a value. The attributes, AT, and their corresponding values, VAL,{a € AT) are listed in
Table 1. The expert attribute was the survey respondent’s vote, in this case, George Bush
or Michael Dukakis.

!Data acquired courtesy of Dr. Taber and Dr. Lodge, Department of Political Science, SUNY at Stony
Brook.




AT VAL,

a; | Party Identification {1,...,7}
a; | Ideological Distance from Dukakis {0,...,7}
a3 | Ideological Distance from Bush {0,...,7}
ag | Bush Issue-distance: Government Services {0,...,7}
as | Bush Issue-distance: Defense Spending {0,...,7}
ag | Bush Issue-distance: Health Insurance {0,...,7}
a7 | Bush Issue-distance: Standard of Living {0,...,7}
ag | Dukakis Issue-distance: Government Services | {0,...,7}
ag | Dukakis Issue-distance: Defense Spending {0,...,7}
ayo | Dukakis Issue-distance: Health Insurance {0,...,7}
@11 | Dukakis Issue-distance: Standard of Living {0,...,7}
ai2 | Race {-1,0,1}
a3 Sex {0, 1}

a4 | Age {18,...,100}
a5 | Education {1,...,7}
aie | Type of Community raised in {1,...,7}
a17 | Rate Intelligence: Bush {1,...,7}
ais | Rate Intelligence: Dukakis {1,...,7}
aje | Rate Compassion: Bush {1,...,7}
azo | Rate Compassion: Dukakis {1,...,7}
as; | Rate Morals: Bush {1,...,7}
az2 | Rate Morals: Dukakis {1,...,7}
a3 | Rate as Inspiring: Bush {1,...,7}
a4 | Rate as Inspiring: Dukakis {1,...,7}
azs | Rate as Leader: Bush {1,...,7}
ass | Rate as Leader: Dukakis {1,...,7}
az7 | Rate as Decent: Bush {1,...,7}
ass | Rate as Decent: Dukakis {1,...,7}
aje | Rate as Caring: Bush {1,...,7}
azo | Rate as Caring: Dukakis {1,...,7}

Table 1: Attributes
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The database consists of 444 records. In order to discuss both rules generation, and predic-
tive accuracy, we randomly split the database into two parts. Two thirds of the data were
designated as “training data,” and used by CPLA to inductively generate rules. The re-
maining third was designated as “test data,” and was used to measure predictive accuracy,
as described in Section 3.5. A small portion of the database is given below.

Objects Attributes Expert Attribute
Respondent Party Id Ideological | ... | Caring: || Vote
Dist. Duk. Dukakis
1 independent 2 ... 7 Dukakis
2 liberal 1 e 5 Dukakis
444 conservative 6 eee 3 Bush

3.2. Application Process

In the application of CPLA to the data there were three phases:

A: Application to the training set with all 30 attributes, and no initial conditions, i.e.
{conda}acar = ¢

B: Application to the training set with all 30 attributes, and with the condition that ages
(a14) are grouped into intervals of 10. This was done to compensate for the fact that
the age attribute yields a very fine partition and thus very specific rules.

C: Application to the training set using only the four attributes selected as non-superfluous
in phase A. Various sets of 4 attributes chosen are:
1. party identification, age, health insurance: Dukakis, ideology: Dukakis
(01, Q14,10 az)-
2. party identification, ideology: Bush, age, education (a1,as,a14, ass).
3.  party identification, age, government services: Bush, ideology: Dukakis
(411, 14, G4, az)-
{cond,}acaT = ages grouped into groups of 10
and selected conditions suggested by CSA.

3.3. Semantic Analysis

From our analysis, we conclude that CPLA/CSA has done a fair job of generating a set of
useful rules describing the concepts “voter for Bush” and “voter for Dukakis.” We are also
able to draw other conclusions, both about voting patterns, and about the relevant survey
questions. It is interesting to note that all these conclusions seem reasonable, and have
been made by computer scientists. We must now compare our conclusions to an analysis
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via standard techniques by political scientists. Such a comparison will be the subject of a
separate paper.

By examining features such as choice of attributes, order of attribute selection, effects of
conditions on performance, we have been able to make the following observations:

o Party Identification (a1), in every trial, is always the first attribute chosen by CPLA.
This leads to our conclusion that party affiliation is the most important deciding
attribute.

e Almost all attribute value ranges were between 0 and 7. But when conditions elimi-
nating distinctions between 0, 1, 2 and 5, 6, 7 were imposed, the performance of the
system did not decrease. A logical conclusion is that such distinctions are unnecessary.

o The attributes Party Identification, Age, and Issues (a1, a14, @4 — @11) Were chosen
to create the rules, while personal feelings (a17 — azo) were discarded as superflu-
ous, indicating perhaps that personal feelings were not reliable predictors of voting
patterns.

o The most frequently chosen non-superfluous attributes related to Dukakis. We might
conclude therefore that voters were reacting to Dukakis rather that voting for Bush.

¢ From the rules we note that personal feelings about issues (as —a11) were often at odds
with party affiliation, and that voters voted often according to their party affiliation,
despite their personal feelings about issues. This also shows the importance of party
affiliation.

¢ The attribute Ideological Distance from Dukakis indicated that (1) respondents far
from Dukakis in ideology (value of a; > 5) usually voted for Bush, and (2) respondents
close to Dukakis in ideology (value of a; < 3) voted for both candidates. We might
conclude from this that ideology was not strong enough a factor to make Dukakis
sympathizers vote for Dukakis, implying that perhaps there were more more important
factors involved for those voters.

¢ The age attribute (a;4) is important even when grouped by conditions into 10’s.
However, there was no obvious trend connecting age to voting patterns.

3.4. Performance Issues

Initial results show a significant decrease in the number of rules (see Table 2). The ini-
tial family of rules generated was entirely deterministic. After adding conditions, the re-
sulting rules were still all entirely deterministic ~ indicating a good choice of conditions.
Furthermore, in all cases, approximately 85% of attributes were discarded as superfluous.
Although in most trials the exact attributes chosen were not exactly the same, they were
similar enough to indicate a trend.
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attributes in | non-superfluous Conditions JImprovement
Phase | training set | attributes found used Rules | (rule reduction)
A 30 4 none 168 -
B 30 5 by user 89 -47%
C 4 4 by CSAé&user 99 -41%

Table 2: Rule reduction results.

3.5. Predictive Accuracy

Because the ultimate goal of inductive learning is to use the knowledge acquired to recognize
(classify) previously unseen objects, we are interested in measuring this ability. Predictive
accuracy is the standard measurement tool. It is a measure of the “usefulness” of the rule
family. Therefore, after CPLA generated a family of rules, we tested these rules on the test
data to see how well they would predict the expert classification of each test object.

Because we have begun with a well-defined formal model, we can define formally the stan-
dard notions used above: classification, and prediction.

Object, o, satisfies a; in a rule r : desp(A;) = des(Ey) if, for a pair (a;,cond,,(v;)) in
desa(A;j), f(o,a;) € cond,,(v;)).

Object, o, and rule, r : des4(A;) = des(Ey), are an ezact maich if o satisfies all a; € A.

A rule 7 : des4(A;) = des(Ew), classifies an object, o, into the expert class, des(Ey), if r
is an exact match.

Given a rule, 7 : desy(A;) => des(Ey), classifying o, des(Ey) is called the rule’s prediction.

A rule classifies an object, o, correctly if its prediction, for o, des(Ey), is equal to f(o, E),
where E is the expert attribute. Otherwise, the classification is incorrect.

Predictive accuracy of a family of rules is defined, for a test database, as the percentage of
test objects correctly classified by the rules.

If there is no rule which matches an object exactly, then there is no prediction for that
object, and the object is unclassified.

We have dealt with the problem of unclassified objects by creating a guessing heuristic.
When we use this heuristic, no test object is ever left unclassified.

For every unclassified object, o, we determine p(o, ) for each rule, r:

number of attributes satisfied by o in rule r

o, 1) = .
plo7) number of attributes in description of rule r

We “guess” that object o satisfies rule r if m = max, p(o,7). This heuristic yields the
g J
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Predictive Accuracy Improvement
Phase | exact match with guessing | exact match with guessing
A 55% 7% - -
B 7% 84% 41% 9%
C 84% 88% 52% 14%

Table 3: Predictive Accuracy

“closest” match of an object and description, when no exact match is available. Results
show this to be a useful technique.

3.6. Performance Conclusions

Overall, for this dataset, conditions proved themselves to be useful for system optimization.
First, they decreased the number of rules without introducing any probabilistic factors into
the rule family. Second, they increased the predictive power of the rule family. Table 3
shows the predictive accuracy of the rules without guessing (“exact match”), and with
guessing. The improvement described shows the increase in predictive accuracy of tests B
and C as compared to A, both with and without the guessing heuristic.

A': This case obviously yields the poorest results since there has been no attempt at gener-
alization. CSA suggests (among others) conditions which in general make “highly-valued”
scales, such as the range 1-7, into “fewer-valued” scales, such as {1, 2, 3}, {4}, {5,6,7}.

B: In this case we have partitioned V ALy, into groups of 10, to make that attribute yield
a coarser partition, and thus more general rules. Immediately, more general, and therefore
fewer, rules are generated. By making the rule family more general, we have increased the
number of possible objects which might satisfy a rules description, and thus the number of
correctly classified objects (and incorrect) increases, as can be seen in Table 3.

C: In this case, with the CSA-suggested conditions, we’ve still decreased the number of rules
from A, although not as much, but we’ve significantly increased the predictive accuracy
of the rules. Thus, with the “guessing” heuristic in place, we achieve a respectable 88%
predictive accuracy (for this database).

Thus we see that conditions have yielded a significant improvement. Conditions alone (no
guessing) took the predictive accuracy from 55% to 84%. Furthermore, it is interesting to
note that as conditions were added to the system, they seemed to “replace” the guessing
algorithm. While in Phase A guessing improves accuracy by 20 percentage points, in
Phase C guessing only yields 4 points improvement. This phenomenon can be explained
by noting that both conditions and guessing are a form of generalization. In the first
case, generalization is by making equivalence classes of attributes, while in the second
case generalization is by dropping a clause (somewhat arbitrarily) from the description.
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Together, these techniques have improved predictive accuracy from 55% (exact match, no
guessing), to 88% (conditions + guessing), a 60% improvement.

In this study, we have also noted that CSA conditions may blur distinctions too much.
In an attempt to merge many rules, CSA may suggest many conditions. Application of
too many conditions leads to overgeneralization. Furthermore, rules need to be assigned
some sort of strength, indicating how much evidence supports them. “Weakly” supported
rules can confuse conclusions. Nevertheless, conditions are still necessary to make sense of
such data. In our study conditions helped indicate the usefulness of various gradations in
possible attribute values.

4. Conclusion

We have presented a probabilistic inductive learning system built on the ILS model of Wong
& Wong ([9]), and the INFER model of Wong & Ziarko ([10]). We have demonstrated that
the resulting system can be effective in the inductive learning task, as well as the task of
semantically analyzing the training database. The Conditional Probabilistic Learning Algo-
rithm (CPLA) incorporates the concept of conditions and allows for direct user interaction
with the Data. The Condition Suggestion Algorithm (CSA) extracts syntactic knowledge
from the knowledge representation system and allows the user to translate it to semantic
knowledge. This syntactic knowledge is presented as suggested conditions which generalize
attribute values, and thus generalize decision rules.

The application of CPLA/CSA to the 1988 U.S.A. election survey data demonstrates our
learning system can not only result in a smaller, more efficient set of decision rules to
describe a concept, but can also allow a non-domain expert to extract useful semantic
meaning from the data.
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AN APPLICATION OF ROUGH SET THEORY
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Abstract. In this work results of two experiments on application of rough set theory
in land improvement sciences are included.

1. Introduction

It is generally known, that rational exploitation of water resources both on the micro as
well as on the macroregional scale has a fundamental effect on the level of living and
managing the natural resources by the inhabitants of a given region. Hydrogeological and
land improvement investments disturb in a permanent manner the natural environment and
are very capital-intensive. The effects of erroneous investment and exploitation decisions
are usually difficult to remove and they create many ecological hazards.

To these belong also the hazards existing in Poland, in particular, such as:

* pollution of drinking water as the effect of industrial contamination and plant protec-
tion agents penetration into ground waters and underflows (for instance — Siechnice
near Wroclaw);

* filtration of brine from mines and floating tailings into surface underflow (for instance
— Lubin Basin);

* degradation of large areas of cultivated land due faulty designing of drainage facilities
{for instance the region of Greater Poland acquiring the characteristics of a steppe)
or as a result of too close a location of open-cast mines (for instance - Belchatéw and
Konin regions).
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Therefore, in many scientific centers research has been carried out to find suitable method-
ology, which would make it possible, in a simple way, to formalize or describe the filtration
and transport of ground and surface water phenomena.

These investigations have been carried out not only in the direction of constructing
models which would allow to better describe the physical nature of these phenomena, but
also in the one of obtaining models, which can be easily adapted for monitoring, controlling
and computer assisting in taking an economic as well as exploitation decisions.

This work attempts to verify the question if by utilizing the rough set methodology [3], it
is possible to find some basic relationships between selected input parameters of a river basin
and a land improvement object (such as, rainfall, evaporation, air temperature, water level
and others) and the starting (output) state described by one essential parameter (height of
water rain off or the state of soil humidity, respectively) and thus if this methodology can
be used to build expert systems assisting the control of the object.

Calculations are based, on the one hand, on the measurement results carried out during
100 days (from March 7, 1984 till June 14, 1984) at the experimental river basin of Ciesielska
Woda (a tributary of the Polish river Widawa) by the Institute of Land Improvement and
Grassland of the Academy of Agriculture in Wroctaw [1] and, on the other hand, on the
results of measurements carried out in the years 1976-1979 at Piwonia Gérna object (region
of Wieprz-Krzna canal in Poland) by the Institute of Land Improvement and Grassland at
Lublin [8].

2. Ciesielska Woda

The experimental river basin Ciesielska Woda is provided with a weather station, which
carries out measurement of rainfall, air temperature, wind velocity and direction, air hu-
midity, insolation, atmospheric pressure and evaporation. In the terminology of rough set
theory, the measurement set can be treated as the information system (see {3], [7], [6]).

Let us consider the information system constructed on the basis of measurement results,
made in connection with the experiment (cf. {1], {2], [4]):

§=(U,Q,V,F)
where
U=1{1,...,100} is a set of objects composed of numbers assigned to succeeding measuring
days;

Q = {q1,42,¢3,¢4,¢5,46,97,48} is a set of atiributes understood as physical quantities
taken into account in the experiment:

q1 — wind velocity;

g2 — evaporation;

g3 — rainfall measured during the day of water rain off measurement;

¢4 — rainfall measured one day before water rain off measurement;

gs — rainfall measured two days before water rain off measurement;

ge — rainfall measured three days before water rain off measurement;

g7 — rainfall measured four days before water rain off measurement;

gs — water rain off from the river basin;
V = U{Veiq € Q}), where V,, is the domain of attribute q;, i.e. the set of identifiers
of classes discriminated from the measuring range of possible values of ¢; attribute (their



155

number is the consequence of the maximum, permissible from the system user’s point of
view, indiscernibility of system states);
f:U x Q — V is the function information i.e. measurement funclion assigning to each
measured quantity at given day a corresponding identifier of the indiscernibility class of the
measured results.

The accepted, in the calculations, division of measuring ranges of particular attributes
into classes and domain of attributes are presented in Table 1.

TABLE 1. Division into classes of measuring ranges of the attributes
and determination of their domains.

Attribute Measuring range Division into Identifier Domain of attributes

q1[m/s] 1-14 1-2.99
3-5.99
6-9.99
10-14

{1,2,3,4}

o A

¢z2(mm] 0-7 0-0.99
1-1.49

1.5-1.99

2-2.99

3-3.99

4-4.99

5-5.99

6-7

{1,2,...,8}

00 =1 O GV ik W=

g3, 94 0-27 0-0.9
g5, 96 1-1.9
g7[mm] 2-2.9
3-3.9

4-4.9

5-5.9

6-6.9

7-9.9

10-14.9

15-19.9

20-27

gs [1/s] 76-103 76-79.9
80-94.9
95-103 3

{1,2,...,11}

© 00O W~

—
— o

{1,2,3}

N =

Distinguishing in set ) of all attributes of the information system .S one or some at-
tributes and treating them as the decision attributes, a decision table DT = (U,CUD,V, f)
can be formed, where C is the set of condition attributes and D the distinguished set of
decision attributes (C U D = Q). Analysis of the decision table makes it possible to find,
in a simple manner, the decision rules and by this to build an expert system, which can be
used for object control assistance.
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Because in the considered case the set of experimental data did not promise a chance
of building a reliable expert system (too small a number of data) for verification to what
extent the decision attribute (in water rain off experiment) can be described by means
of conditional attributes, there was used coefficient yo(D*) of quality of approzimation
of D* classification by C and determinant dg(D*) of a measure of significance for one
element subsets B of set C considering this, induced by decision attribute, classification.
Determinant §g(D*) is set as a difference:

6(D") = v¢(D") ~ vc-B(D), BCC.
Calculation results for two decision tables:
DTy = (U,Cyu D,V, f) and DT, = (U,Cou D,V, f)

where
Cr = {a1, 9,4}, Cr={0,92,43,94,95. 96,97} and D = {gs}

are presented in Table 2.

TABLE 2. Accuracy of approximation and measure of significance.

701(D*) 702(D*) B 762—B(D*) éB(D*)

0.47 0.86 {q} 0.79 0.07
{q2} 0.80 0.06
{g3} 0.85 0.01
{q4} 0.81 0.05
{g5} 0.86 0.00
{q6} 0.83 0.03
{g7} 0.84 0.02

3. Piwonia Gérna

The Piwonia Goérna object is a typical polder object on which water-air relations in the soil
can be controlled by changing in a proper way the water surface level in the surrounding
land improvement ditches. Objects of this type are characterized cither by constant or long
term excess of humidity in the zone of root layer of the meadow plants, or by long-term of
humidity deficiency. This does not promote high crop of these plants. At Piwonia Gérna
organic soils MtII ba, well friable, containing in the layer down to 30cm from 16.9% to
26.6% of macropores are predominating. Good capillary conduction is obtained due to the
quantity of mesopores and micropores, which oscillates in the range {rom 38.9% to 48.8%
of the volume for mesopores and from 20.9% to 26.9% of the volume for micropores.
Dynamics of fluctuation of ground water level and the water level in the drainage system
was studied in the period from April to October during 5 years. These measurements were
made in control wells and on water gauges. In 1976 measurements were made once a week
and in the remaining years three times a month, on the average. Samples of soil formation
were taken, counting from its surface to ground water level at the following depths: 5-10
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cm, 15-20 cm, 25-30 cm, 35-40 cm, 55-60 cm, 75-80 cm and 95-100 cm. Soil humidity was
determined by the drier-weight method (per cent of soil volume).

In the below calculations only average humidity was taken into account, which was in the
meteorological conditions on the objects measurements carried out by the meteorological
station, located at the nearby place Sosnowica were utilized. In the investigation the total
rainfall in decade periods and average temperatures in particular decades were taken into
account.

It is assumed that the optimal arrangement of water-air relations in the layer from 0 to
30 cm containing the essential part of grass roots is within the limits determined by two
critical humidity states:

— state of maximal humidity at which air content is 6% of the volume, and

— state of minimal humidity corresponding to the suction pressure pP 2.7, at which the

soil humidity is approximate to the limiting level of water easily accessible for plants.

Conducted parallel on the considered polder field and laboratory investigations showed,
that the best conditions for correct grow of plants are when the coefficient of soil humidity
was in the range from 42% to 58%. Therefore the measuring range of the decision attribute
(soil humidity) was divided into three classes of value with identifiers:

1 — when the soil humidity is greater than 58% (too great an amount of water in soil);

2 — when humidity coefficient is within the range from 42% to 58% (optimal conditions

of meadow plants growth);

3 — when humidity coefficient is smaller than 42% (too small quantities of water in soil).

Experimental investigations concerning the discussed polder (cf. [5]) led to construction

of decision table:
DT3 = (Ulv CS u D37 V’v f’)

where
the set of objects U’ was limited here to numbers 1-42 setting the successive days of
measurements during which full information about the value of the selected attributes
could be taken into account;
the set C3 consists of 6 conditional attributes:

p1— air temperature;

po— rainfall;

ps— water level in Wieprz-Krzna Canal (WKC);

p4— water level in ditch 12;

ps— water level in ditch 15;

pe— ground water level in soil sampling site;
the set D3 assigns one decision attribute:

p7 — soil humidity in sampling site.
Thus

CB = {plap2ap35p4ap57p67p7} and Dy = {[)7}'

Measuring ranges of particular attributes p; ...p7. their corresponding divisions into
classes, identifiers of these classes and domain of these attributes are presented in Table 3.

Because in the measuring data of soil humidity no record from class 3 was found, it was
accepted that the domain of decision attribute p7 is only the set {1,2}.
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TABLE 3. Division classes of measuring ranges of attributes
and designating their domain.

Attribute  Measuring range  Division into  Identifier = Domain of attributes

p1[°C) 0-20 0- 4.99
5- 9.99
10-14.99
15-20.00

p2 [mm] 0-90 0-14.99
15-29.99
30-44.99
45-59.99
60-74.99
75-90.00

ps [em] 0-210 0-29.99
30-59.99

60-89.99

90-119.99

120-149.99

150-179.99

180-210.00

{1,2,3,4}

eI N

{1,2,3,4,5,6)

SOV A WN =

{1,2,3,4,5,6,7}

Sl W N

-3

P4, P5,P6 0-120 0-14.99
[cm] 15-29.99
30-44.99

45-59.99

60-74.99

75-89.99

90-104.99

105-120.00

(1,2,3,4,5,6,7,8)

p7 [%] 42-71 42-57.99
58-71.00

{L,2}

— N [0 N e e - W

Let us notice that classification D} induced by decision attribute pr consists of two
subsets U’: X; — for excessive humidity of soil and X, - for good humidity of soil. For
verification to what extent decision classes X; and X3 can fully or roughly be character-
ized by subset B of the set of all conditional attributes C5 and for defining the degree of
completeness of our knowledge about X; and X, using the conditional attributes of B we
compute the coefficients pp(X1) and pp(X3) of accuracy of the approzimation of X; and
X, by B, respectively. Calculation results of these coeflicients as well as coefficients pug(D3)
and yg(D%) of the accuracy and quality of classification D} by B, respectively, are placed in
Table 4 (cf. [5]). Any subset B of set C'5 obtained by removing from it conditional attributes
Pirs---Di, (tk € {1,...,6}) is here identified by a sequence of numbers (7, ..., 4,).



TABLE 4. Measures the accuracy of approximation by subset B by Cs.

B

Identifier  pp(X1) pp(X2) ws(D3) 7B(D3)

1.0000  1.0000  1.0000  1.0000
(1) 1.0000  1.0000  1.0000  1.0000
(2) 1.0000  1.0000  1.0000  1.0000
(3) 0.7692  0.7273  0.7500  0.8571
(4) 0.8400  0.8095  0.8261  0.9048
(5) 1.0000  1.0000  1.0000  1.0000
(6) 1.0000  1.0000  1.0000  1.0000
(1,2) 0.7692  0.7273  0.7500  0.8571
(1,3) 0.7308  0.6957  0.7143  0.8333
(1,4) 0.8400  0.8095  0.8261  0.9048
(1,5) 1.0000  1.0000  1.0000  1.0000
(1,6) 1.0000  1.0000  1.0000  1.0000
(2,3) 0.7407  0.6818  0.7143  0.8333
(2,4) 0.8400  0.8095  0.8261  0.9048
(2,5) 0.9167  0.9000  0.9091  0.9524
(2,6) 0.9167  0.9000  0.9091  0.9524
(3,4) 0.5000  0.4444  0.4737  0.6429
(3,5) 0.6071  0.5600  0.5849  0.7381
(3,6) 0.7407  0.6818  0.7143  0.8333
(4,5) 0.7308  0.6957  0.7143  0.8333
(4,6) 0.7308  0.6957  0.7143  0.8333
(5,6) 1.0000  1.0000  1.0000  1.0000
(1,2,3) 0.5455  0.3750  0.4737  0.6129
(1,2,4) 0.5862  0.5200  0.5556  0.7143
(1,2,5) 0.6786  0.6087  0.6471  0.7857
(1,2,6) 0.7407  0.6818  0.7143  0.8333
(1,34) 0.4516  0.3929  0.4237  0.5952
(1,3,5) 0.4828  0.4643 04737  0.6429
(1,3,6) 0.6552  0.5652  0.6154  0.7619
(1,4,5) 0.6667  0.6250  0.6471  0.7857
(1,4,6) 0.7308  0.6957  0.7143  0.8333
(1,5,6) 0.9167  0.9000  0.9091  0.9524
(2,3,4) 0.4545  0.3333  0.4000  0.5714
(2,3,5) 0.5172  0.4815  0.5000  0.6667
(2,3,6) 0.6552  0.5652  0.6154  0.7619
(2,4,5) 0.5862  0.5200  0.5556  0.713
(2,4.6) 0.7037  0.6522  0.6800  0.8095
(2,5,6) 0.7692  0.7273  0.7500  0.8571
(3,4,5) 0.4242  0.3214  0.3770  0.5476

159
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TABLE 4. Cont.

B
Identifier — pp(X1) pp(X2) ws(D3) v8(D3)
(3,4,6) 0.4688  0.3704  0.4237  0.5952
(3,5,6) 0.6071  0.5600  0.5849  0.7381
(4,5.6) 0.5714  0.5385  0.5556  0.7143
(1,2,3,4) 0.3611  0.2069  0.2923  0.4524
(1,2,3,5) 0.3514  0.1724  0.2727  0.1286
(1,2,3,6) 0.5000  0.2500  0.4000  0.5714
(1,2,4,5) 0.4375  0.3571  0.4000  0.5711
(1,2,4,6) 0.4688  0.3704  0.4237  0.5952
(1,2,5,6) 0.6000  0.5000  0.5556  0.7143
(1,34,5) 0.2647  0.2424  0.2537  0.4048
(1,3,4,6) 0.4118  0.2857  0.3548  0.523%

(1,3,5,6)  0.4118  0.2857  0.3548  0.5238
(1,4,5,6)  0.1143  0.1842  0.1507  0.2619
(2,34,5) 02778  0.1875  0.2353  0.3810
(2,34,6)  0.3590  0.1071  0.2537  0.1048
(2,35,6)  0.4667  0.4286  0.4483  0.6190
(24,5,6)  0.2703  0.1563  0.2174  0.3571
(3,4,5,6)  0.3611  0.2069  0.2923  0.1524

(2,34,5,6) 02143 0.0000  0.1200  0.2143
(1,3,4,5,6) 0.0000  0.0714  0.0370  0.0714
(1,24,5,6)  0.0000  0.0000  0.0000  0.0000
(1,2,3,5,6) 03171 0.0345  0.2000  0.3333
(1,2,34,6) 03171 0.0345  0.2000  0.3333

(1,2,3.4,5)  0.0000  0.0714  0.0370  0.0714

Values of coefficients yg(D3) or ug(D3) given in Table 4 can be used for determination
of the core of C3 and reducts of C'3 with respect to classification Dj. Reduction of con-
ditional attributes has, as it is well known, a great practical significance. We can reduce
superfluous conditional attributes from DT5 using Table 4. Because the considered decision
table DT is consistent (see Table 4: y¢,(D3) = pe, (D3) = 1, hence C'3 — D3), the core
of C3 as well as the reducts of C'3 with respect to D} (see [6]), we can calculate, using two
measures to describe inexactness of approximate classifications: the accuracy and the qual-
ity of classification D3. For calculation of D3-Core of C'5 we can use the following property:

these and only these attributes p € C3, for which y¢,_(,,(D3) < L (or pe, — () (D3) < 1)
belong to the set.
It is apparent, that the set {ps, p4} is D3-Core of C'5. However, to ascertain that for B € Cj,
B is Da-reduct of C3 let us avail ourselves of the criterium according to which B fulfills the
conditions:
78(D3) =1 (or pg(D3) = 1) and for every p€ B yp_(p1(D3) < 1 (or up_g,3(D3) < 1).
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Hence Ds-reducts of Cy are the following sets:

B(2) = {p1,P3, P4, P5, P6} >
B(1,5) = {P2,P3,P1,P5} ,
B(1,6) = {P2>P37P4>P5} )
B(s,s) = {p1, P2,P3,P4} -

Let us note additionally, that the set B = {ps,ps,ps} on high quality coefficient
(vB(D3) = 0.9524) is the minimal set. It can be found by the use of similar method
as the minimal sets in Slowifiski paper [7].

If, as the set of condition attributes we accept only the core {p3, p4}, i.e. the water level
in Wieprz-Krzna Canal and ditch 12, then the lower approximation of X; and X3 sets may
be graphically shown, as in Fig. 1

—~~
E
Q
N
@)
X
=
£
©
>
o
60
[
O
© 30
=
Nl B
0 L

120 105 90 75 60 45 30 15 O
Water level in ditch 12 (cm)

Figure 1. Dependence of humidity on water level in WKC and ditch 12. Location of areas
B, G, N, where: G area of lower approximation of X; (appropriate humidity), B area of
approximation of X3 (too great humidity), N — boundary area.

As it follows from the distribution of the lower approximation of X; and X5 sets for the
preservation of appropriate humidity in soil it is enough to maintain the water level in
ditch 12, 75cm below the soil surface.

If we accept now the set {ps, p3,ps4} as set of condition attributes, we enrich thus the
previous model, the quality of approximation will increase and the distribution of lower
approximation of X; and X, sets will be formed as in Fig. 2.

One can see that in order to maintain appropriate humidity in soil it is enough to retain
the water level in ditch 12, 75¢m below the soil surface, if water level in Wieprz-Krzna
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Canal is lower than 180cm. When the water level in Wieprz-Krzna Canal is higher, the
water level in ditch 12 should be below 90cm.

Rainfall = 15 mm
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Figure 2. Dependence of humidity on water level in WKC, water level in ditch 12, and
rainfall. Location of area on which the humidity is: B - too great, G — proper, where
the vertical line marks the rainfall limit = 15mm.

4. Conclusions

1. Authors suppose that it is possible to construct a warning system of flood danger
based on rough sets methodology.

2. Authors believe that an attempt at application of rough sets methodology in the
control of water-air relation on a polder is noteworthy.

References

[1] Dejas, D., Reinhard, A., Stawski, B., and Weber, T. (1987) ‘Optimization of Polder
Systems* (in Polish), Report of Institute of Land and Forest Improvement, Wroclaw

(2] Dejas, D., Reinhard, A., Stawski, B., and Weber, T. (1988) ‘Optimization of Polder
Systems* (in Polish), Report of Institute of Land and Forest Improvement, Wroclaw

[3] Pawlak, Z. (1990) Rough Sets. Theoretical Aspects of Reasoning aboul Data, Kluwer,
Dordrecht ,1991.



(4]

(5]

[6]

(7]

163

Reinhard, A., Stawski, B., and Weber, T. (1989) ‘Application of Rough Sets in Study
of Water Outflow from River Basin® Bull. Pol. Ac. Sc. Techn. Sc., vol. 37, No 1-2,
97-103.

Reinhard, A., Stawski, B., Szwast, W., and Weber, T. (1989) ‘An Attempt to Use
Rough Set Theory for the Control of Water-Air Relation in a Given Polder‘, Bull
Pol. Ac. Sc. Techn. Sc., vol. 37, No 5-6, 339-349.

Skowron, A., and Rauszer, C. (1991) ‘The Discernibility Matrices and Functions in
Information systems‘, Research Report 1/91. Institute of Computer Science, Techni-
cal University of Warsaw.

Stowinski, K. (1990) ‘Application of Rough Set Theory Analysis of Duodenal Ulcer
Treatment by Highly Selective Vagatomy and the Accule Pancrealilis by Peritoneum
Lavage* (in Polish), Work for the Doctor habilitowany Degree, Poznai.

Szajda, J. (1980) ‘Working out a Method of Irrigation Prognosis in Conditions of
Shallow Ground Water Level* (in Polish), Institute of Grassland Improvement, Plant
of Natural Basis of Land Improvement, Lublin Division, Lublin.



Part 1
Chapter 12

USE OF "ROUGH SETS” METHOD TO DRAW
PREMONITORY FACTORS FOR EARTHQUAKES
BY EMPHASING GAS GEOCHEMISTRY:

THE CASE OF A LOW SEISMIC ACTIVITY CONTEXT,
IN BELGIUM

Jacques TEGHEM Jean-Marie CHARLET
Faculté Polytechnique de Mons
9, rue de Houdain
7000 Mons, Belgium

Abstract. The "Rough sets” method has been applied to earthquake prediction using the
gas geochemistry. The field of application concerns the Mons basin (Belgium) with various
geological environment, a geothermal system and a rather low seismic activity in 1987 two
seismic sequences with events of magnitude upper than 1,5-2 have been recorded. A data
base includes the radon concentrations in soils for eight points of measurement in different
geological environments, with different climatological parameters and seismic activity. The
"Rough sets” method has allowed to discriminate the sites with a particular sensitivity to
a seismic event.

1. The problem

There is a relation between seismic risk and gases concentration in soils or ground waters.

An abundant specialized literature exists on the subject (see an overview in Chi-Yu
King,[4}; Charlet and al.[2], and a discussion has been often carried on the reasons of the
relation.

Among the gases more concentrated in the earth crust than in the atmosphere (ter-
restrial gases), radon is particularly interesting because it is easy to detect, due to its
radioactivity properties.

Radon 222 is a decay product of uranium with a half live of 3,8 days. Radon escapes
from the geological formations by a process named emanation controlled to a large degree
by the distribution of the stress conditions or the tectonic events (active fault in relation
with seismic zomne,...). For earthquake prediction one can use radon in soils or radon in
underground waters.

From the scientific literature about the subject one can extract the following points
[2,4,5):

— many authors draw attention to a variation (often an increasing) of radon concentra-
tion and other terrestrial gases as a premonitory factor of seismic events,

165
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concentration en radon

1956 58 B0 62 64 [13

Figure 1. Variation of radon concentration in the Tashkent basin [11]

Figure 2. Radon stations in the geological environment of the Mons basin



167

~ the study of the variations of the radon concentration in the Tashkent basin [11]
has shown a typical form with a long-term anomalies, several years earlier and a
short-term anomalies characterized by a greater increase of the radon concentration
in ground waters during the days or the hours preceeding the earthquake, first slowly
and more suddenly just before (fig.1),

— there doesnt’t exist any correlation between the level of the gas emanation and the
amplitude of the seism on the Richter scale,

— its distribution around the epicenter of the earthquake is not uniformly localised,
depending on the geological situation of the region and of the nature of the superficial
formations; for a well-defined region some points are more relevant than others to
measure the emanations,

— the variations of these emanations are probably a better indicator that their absolute
values.

Moreover, some climatic parameters certainly influence the level of the gas emanation;
but, till now, it is not clearly established what are the effects of these parameters. Some
statistical analysis existing in the literature seem to prove that, for instance, the radon
emanations increase with the humidity level and decrease when the atmospheric pressure
level is increasing [6].

Nevertheless, the reality is probably not so simple: the multivariate model to explain the
relationships between climatic parameters, nature of the underground and gas emanation
is still to discover.

To study the behaviour of a radon in natural environment, the geology laboratory
of the FPMs undertook a survey in the Mons basin, a region characterized by various
geological formations, a geothermal system and a seismic active zone of rather low intensity
(to magnitude 3).

Of course Belgium is not a very seismic active zone but it can be noted that some authors
[1] reported radon anomalies with amplitude of about 20 % above background and durations
of 3-8 days before some small earthquakes of magnitude 3-3,5. Moreover the Mons basin
has been the subject of numerous studies because of the scientific interest of the geological
series which can be found there. Presently geodynamic studies have been undertaken in
collaboration with the Royal Observatory of Belgium in the frame of a common scientific
project (relations between microseismic activity, tectonic events and gas geochemistry).

2. The data base, a radon survey in the Mons basin (fig. 2)

The Mons basin forms an area of strong subsidence limited by important tectonic accidents
like the North-Artois-Shear-Zone and the Variscan front. It is therefore characterized by a
tectonic instability which is denoted by some seismic activity (intensity 2,5 - 4,5 MSK).

The carboniferous limestone which outcrops in the north of the basin is karstified in the
deep zone. It is the seat of an important geothermic system worked in the central part of
the basin (Saint-Ghislain, ...) by drillings some thousand meters deep. Hot and rich inert
gas springs (Beloeil - Stambruges) are probably in relation with this geothermic system.

Moreover the geological formations are diversified and sometimes contain uraniferous
beds which can constitute local or regional radon sources.
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Since 1983 the geological laboratory of the Faculté Polytechnique de Mons (so-called
GEFA) set up a system of radon emanation measuring stations in the Mons basin (with
the contribution of a so-called project PRIME).

The measures are made in soils with a particular type of detectors - so called "boukoal”-
using activated coal and originally developped by the laboratory GEFA (3).

Several sites are chosen to cover the various geological environments in the specified
region and several detectors are placed in each site.

The sites are separated in two sets and the measures are kept every week, alternatively
for each set, so that measures at one site are available every two weeks, with a difference
of one week between the two sets of sites. In the same time, several climatic factors have
been registered.

In 1987 two seismic activity periods have been recorded by the Royal Observatory of
Belgium : the so-called seismic sequence of Dour covers the period from January to May
87, the one of Charleroi from September to December 1987. So 1987, is a year of seismic
activity in comparison with 1985-1986 which one can consider as a background relating to
seismic activity.

Logically, the geology laboratory has been interested to use this data base to analyse if
some factors are able to characterise the periods of seismic activity.

3. The available knowledge table

The initial information system {7]
S=<U;Q=CuD; V,f>

given by the geology laboratory contains the following data :
. U : the set of objects

There are 155 objects in the system. Each one corresponds to the data related to one
week, so that the universe covers the measures made during three years (1985 till 1987).

. C : the set of condition attribute

— There are 15 condition attributes.
The eight first correspond to 8 different sites : Cy and C; belong to the first set of
sites, C3 till Cg belong to the second one.
At each site, several "boukoal” detectors are present and a mean of measured rates
of radon emanation is calculated on the different detectors.

An assumption of normal distribution N(m, o) is made for each site and five classes are
introduced :

g[;]m—

—o0, m—of;]m~ o, m—

Z m4 2hlm+ 2, m+of;]lm+ o+
37 3’m 3’m b 0.7 OO’

numbered from 1 to 5, respectively.

The descriptor f(z,q) of an object z for such an attribute ¢ takes thus its value in the
domain V¢ = {1,2,3,4,5}, indicating a very low, low, average, high, very high level of
radon emanation for the week z on the site corresponding to q.
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Remark

As for technical Teasons (see section 1), the measures on each site are only available every
two weeks, the data are repeated for two successive weeks to obtain a complete information
table (see table 1), alternatively for sites Cy, C2 and Cj till Cs.

— The conditional attributes Cy till C13 correspond to five climatic factors, respectively :

Cy : the atmospheric pressure
Cho : the sun period

Ch; : the air temperature

C12 : the relative humidity
C13 : the rainfall.

The data for an object z is the mean value of an attribute on the week z; a similar
assumption of normal distribution is made and again five classes are defined.

For an attribute g ¢ {Cy, C10, C11, C12, C13} the descriptor f(z,q) of an object z is again
a valueof Vg = {1,2,3,4,5} indicating the level of these climatic attributes during the week
x.

— The two last attributes C14 and Cy5 indicate if there exists, or not, some frost, at the
ground level and two centimeters below this level respectively;
SO flz,9)=1 case of frost
=0 otherwise
for g € {C14,C15}

Remarks
(1) It is sufficient to keep these data at the day before the measures of the "boukoal”
are taken.

(ii)  Probably, it must be interesting to measure the possible frost more deeply below the
ground level, but this information is not available for these periods.

. D : the decision attributes

Clearly, there is an unique decision attribute related to the risk level of seismic activity.
The geology laboratory proposed to distinguish only two classes for this attribute g:
f(z,q) = 1 if the registered magnitude on the Richter scale is less or equal to 1.5,

f(z,q) = 2 otherwise.

This limit of magnitude 1.5 corresponds to the perception of some troubles by the human
body and it is the reason of this choice.

Nevertheless, this limit introduce a large dissymetry between the two equivalence classes
DM and D) of relation D : effectively (see table 1), the two D-elementary sets (see [7])
contains respectively 147 and ... 8 objects respectively:

DM =|{z e U f(z,D) = 1} |= 147

DO =|{zeU f(z,D) =1} |=8

4. The analysis of the information system by the rough set approach

A major difficulty to apply to this information system a classical statistical method of
discriminant analysis - for instance like the one described in [10] - is the very low num-
ber of objects present in class D(®) : the sample of objects included in this class is not
representative enough in the statistical meaning.
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For this reason, we have for the first time experimented a rough set approach [7],
applying the first version of the software proposed by R. Stowiiiski and J. Stefanowski [9].
The information table is given in annex 1 ; all the 155 objects are atoms.

4.1.

The main characteristics of the information system described by table 1 is that the quality
of the classification corresponding to the set C of all conditional attributes is equal to one :

vc(D) =1,

where D = {D®), D} is the partition of U defined by the decision attribute D.
The decision table associated to the information system is thus consistent.

4.2.

The CORE(C) is empty, because RED(C) is a large and diversified family of reducts of C.
Here is the sample of 10 possible reducts of C, those containing 4 or 5 attributes :

Table 1. Sample of reducts

Rl = {1727435}
R2 = {1,274,6}
RS = {172,4,12}
Ry = {274,5,9}
Rs = {1,268}
Re = {1,2,5,6}
R7 = {1,2,6,9}
Rs =1{1,2,3,6,10}
Ry = {1,2,3,6,11}
R =1{1,23,6,12}
We observe that :
~ there are always at least three attributes corresponding to sites (attributes Cy till Cs);
the attributes related to climatic factors play a less important role, and this is not really
a surprise; for this reason, in the following, we will only draw our attention to the
atrributes corresponding to sites,
— in the set of ten interesting reducts, the sites appear with the following frequency :

Table 2.

Sites | Frequency in the ten reducts
2 1
0.9
0.7
0.4
0.3
0.3
0.1

00 OV W b Oy =
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4.3.

It is interesting to determine the quality of the classification using some subsets of attributes.
First we consider singletons :

Table 3.
Attribute | 1 | 2|6 | 3] 4] 8]|5|7]
Quality of approximation | 0.56 | 0.45 | 0.31 | 0.23 [ 0.18 | 0.15 | 0.12 | 0 |

We derive from tables 2 and 3 that the two more interesting sites are 1 and 2, and after
the sites 6, 4 and 3.

Then, we successively examined several subsets of attributes, with two or three at-
tributes, to analyse the corresponding quality of classification (see table 4).

Table 4.

Subset P | Quality yp of the approximation
{1,2} 0.83
(2,6} 0.74
(2,4} 0.75
(1,4) 0.72
(1,6 0.69
{2,3} 0.69
{1,3} 0.66
{4,6} 0.58
{3,6} 0.53
(3,4} 0.52

{1,4,6} 0.96

{2,4,6} 0.96

{1,2,6) 0.92

(1,2,4) 0.90

{1,2,3} 0.87

{2,3,4} 0.84

(2,3,6} 0.83

{3,4,6} 0.82

{1,3,4} 0.81

{1,3,6} 0.80

4.4

For each reduct, it is possible to obtain a set of deterministic rules; in each case, the number
of rules is greater or equal to 25.
The minimum of rules are obtained respectively with :
. reduct Ry : 25 rules, with 6 rules for class D(?
. reduct Rs : 26 rules, with 7 rules for class D(2)
. reduct Ry : 27 rules, with 7 rules for class D(®)
The deterministic rules corresponding to these three reducts are given in annex 2.
We remark that the nine first rules, using only attributes 1 and 2, are common to the
three situations.
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4.5.

Clearly the attributes 1 and 2 are of major importance for the analysis.

Moreover we observe that the objects z classified in class D(?) always correspond to low
values of attribute C and high values of C; ; effectively

f(z,Ch) € {1,2} Vze D®

f(z,C2) € {3,4,5} VzeD®

This observation appears clearly from table 5, giving the distribution of the 155 objects
- the 147 one of DU the 8 of D(?)- in the {1,2} - elementary sets :

Table 5.
Cy
1 2 3 4 5
Cy
4 1
1 2 8 4
2 1
3 10
2 10 14 4
1 4
3 6 14 4 8 2
4 0 8 2 12 4
5 5 6 6 4 8

Nevertheless, there exist some objects z, classified in DM with the same characteristics.

Remark
Similary, we have mean values for attribute Cj :
f(z,C3) € {2,3,4} VzeD®

4.6.

A final interesting observation may be derived by a precise observation of the objects
classified in the six particular elementary sets defined by the descriptors.

(Cy=1fori=1,2;Cy=jforj=3,4,5}

Effectively almost all the 34 objects - with only very few of exceptions - classified in
these six elementary sets are either objects - i.e. observations at a precise week - with
seismic activity (i.e. belonging to class D(?)) or ... observations located in time, just before
or just after these weeks; so almost all these observations are coming from the two periods
with an anormal high level seismic activity.

This clearly appears from table 6, in which the numbers refered to the objects of the
information system (see annex 1).
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Table 6.
138, 139, 146, 147 102, 103, 104, 105 106
144, 145 107

126, 127, 140 111, 117, 128, 129

148, 149, 150,

151, 154, 108, 109, 118, 119

156 110

141 114, 115, 116

So, we may suppose that the norm used to define the decision classes are not appropriate.

A further analysis is needed : new norms of the decision attribute must be tested,
defining, for instance, the limit between classes D@ and D@ as the value 1.2 or 1.3 on the
Richter scale instead of 1.5. With such modification, we will probably have a better quality
of approximation using the {1,2} - elementary sets.

5. Conclusions

The application of the ”rough sets” method shows that the attributes 1 and 2 are the
most important attributes for earthquake predictions in the Mons basin. These attributes
concern two radon points of measurement situated in the Northern part of the Mons basin
where the Paleozoic basement outcrops with the carboniferous limestone and the shales of
the Namurian. Uraniferous beds occur in the black shales facies of the Upper Visean -lower
Namurian (superficial radon source, Blaton, Cy). Otherwise the "Beloeil - Stambruges”
site Cy concerns the environment of a spring in relation with the geothermal system of St
Ghislain characterized by a deeper radon source. Besides the geological formations of the
Northern part of the Mons basin are affected by transversal and longitudinal faults.

On the other hand, among the sites with a very low or nul value of the quality of
approximation, it may be noted the Nimy site (attribute 7) situated in the tertiary sands.

So it is quite logic that the best sites sensitive to seismic prediction are situated in the
Northern region.

However, the interpretation introduces a question. Usually a seismic risk lead to an
increase of the radon concentration and thus the low radon concentration of the Blaton site
with the possibility of a seismic risk could appear abnormal. However, a paper of Monnin
and Seidel 1988 [7] about a theoretical study of the radon emission before an important
geophysical event shows that a decrease of the radon emission is possible following the
situation of the point of measure.

According to Monnin and Siedel, radon in soils does not originate from deep zones. Its
variations of concentration depend upon the motion of other gases from deeper origin that
transport it. One may point out that Blaton is a site with an uraniferous anomaly situated
near the ground surface (at about five meter deep), whereas Stambruges site is connected
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with spring waters in relation with the geothermal system of the Mons basin and so the
radon source is deeper.

Finally table 6 shows very well the precursory feature of the measure of the radon
concentration because the same elementary sets include not only the events with magnitude
upper 1.5 but also measures situated before or after the seismic events.

In conclusion, the "rough sets” method is really suited to discriminate the radon anoma-
lies in relation with seismic events.
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Annex 2. Decision rules corresponding to three reducts

Reduct R; = {1,2,4,5}

1. Cl=5— d=1

2. Cl=4— d=1

3. Cl=3— d=1

4. Cl= C2=2— d=1

5. Cl=2 C2=1— d=1

6. Cl = C2=2— d=1

7. Cl=1 C2=1— d=1

8. Cl=2 C2=5h— d=1

9. Cl=1 C2=3— d=1

10. Cl1=1 C2=14 Ch=3— d=1

11. Cl1=1 C2=14 Ch=2— d=1

12. Cl=1 C2=5 Ch=2— d=1

13. Cl=2 C2=14 Ch=3— d=1

14. Cl=2 C2=14 Ch=4— d=1

15. Cl=2 C2=14 Ch=b— d=1

16. Cl=2 C2=3 Ch=5— d=1

17. Cl=2 Cc2=3 Ci4=2 Ch=4— d=1

18. Cl=2 C2=3 C4=3 Ch=4— d=1

19. Cl=2 C2=14 Ci=14 Cb=2— d=1

200 Cl=1 C2=5 Ch=3— d=2

21. Cl=1 C2=14 Coh=56— d=2

22. Cl=2 C2=14 C4a=5 Ch=2— d=2

23. Cl=2 C2=14 C4=2 Cs5=2— d=2

24. Cl=2 C2=4 C4=1 Csb=2— d=2

25. Cl=2 C2=3 C4=1 Ch=4— d=2
Reduct R = {1,2,4,6}

1. Cl=5— d=1

2. Cl=4— d=1

3. Cl=3— d=1

4. Cl= C2=2— d=1

5. Cl=2 C2=1— d=1

6. Cl=1 C2=2— d=1

7. Cl=1 C2=1— d=1

8. Cl=2 C2=5— d=1

9. Cl=1 C2=3— d=1

10. Cl1=1 C2=14 C4i=2— d=1

11. Cl1=1 C2=5 C4=2— d=1

12. Cl1=2 C2=14 C4i=4— d=1

13. Cl=2 C2=3 C4i=2— d=1

14. Cl =2 Cc2=3 C4=3 — d=1

15. Cl=2 C2=4 C4=3— d=1

16. Cl=1 Cc2=14 C4=5 C6=5— d=1

17. Cl1=1 C2=4 C4=3 Co=5— d=1

18. Cl1=2 c2=14 C4=1 C6=3— d=1

19. Cl1=2 C2=4 C4=5 C6=3 — d=1

20. Cl=2 C2=14 C4=5 Co=1— d=1

21. Cl=1 C2=5 C4=3 — d=2

22. Cl=2 C2=14 C4i=2— d=2

23. Cl=2 Cc2=3 Ci=1— d=2

24. Cl=2 C2=14 C4=5 C6=5— d=2

25. Cl=2 C2=14 C4=1 C6=2— d=2

26. Cl=1 C2=14 C4=3 C6=3 — d=2

27. Cl=1 C2=14 C4=5 C6=3— d=2
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Reduct Rs = {1,2,6,8}

1. Cl=6— d=1

2. Cl=4— d=1

3. Cl=3— d=1

4. Cl=2 C2=2— d=1

5. Cl=2 C2=1— d=1

6. Cl=1 C2=2— d=1

7. Cl=1 C2=1— d=1

8. Cl=2 C2=5— d=1

9. Cl=1 C2=3— d=1

10. Ci1=1 C2=14 C8=3— d=1

11. Cl=1 C2=5 C8=4— d=1

12. Cl=2 c2=1 C8=5H— d=1

13. C1=2 C2=3 C8=3— d=1

14. Cl1=2 C2=3 C8=5H— d=1

15, Cl1=2 C2=3 C8=2— d=1

16. Cl=1 C2=14 C6=5H C8=4— d=1
17. Cl=2 C2=14 C6=1 C8=4— d=1
18. Cl1=2 C2=14 C6=3 C8=4— d=1
19. Cl=2 C2=1 C6=1 C8=4— d=1
200 Cl=1 C2=5h C8=2— d=2

21. Cl=2 C2=14 C8=2— d=2

22. Cl=2 C2=14 C8=3— d=2

23. Cl=2 Cc2=3 C8=1— d=2

24, Cl=1 C2=14 C8=2— d=2

25. Cl=2 C2=1 C6 =2 C8=4— d=2
26, Cl=1 C2=1 C6=3 C8=4— d=2
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Abstract. This paper is dedicated to two seemingly different problems. The first one
concerns information systems theory and the second one is connected to logic synthesis
methods. The common aspect in considering these problems together is the important
task of the economic representation of data in information systems and as well as in logic
systems. An efficient algorithm to solve the task of attributes/arguments reduction as
well as functional decomposition of decision/truth tables is presented. In the latter case
a new technique is suggested, which decomposes the original decision/ truth table into an
equivalent set of subtables. Using manipulations based on both rough sets and Boolean
algebra theory, the decision table is reduced and decomposed so as to get an efficient
implementation.

1. Introduction

The aim of the paper is to investigate the connections between currently researched theories:
the theory of multiple-valued Boolean functions and the theory of rough sets, particularly
its use in information systems and logic synthesis. Both of these theories are the subject
of intensive research due to the importance of their practical applications. In the case of
multi-valued functions this involves the logic synthesis of VLSI circuits, in the case of rough
sets: the analysis and synthesis of information systems.

The two issues, until now researched independently of one another, have resulted in a
series of computational methods, algorithms and their computer implementations, which
possess so many similarities that it is worthwhile to investigate and apply their common
realizations.

An important problem in the practical application of information systems is the reduc-
tion of knowledge. This problem has been investigated from a number of points of view:
one of them is whether the whole set of attributes is always necessary to define a given
partition of an universe and the other concerns the simplification of decision tables, namely
the reduction of condition attributes in a decision table.

A similar problem arises in logic synthesis where circuits performance can be presented
as truth tables which are in fact decision tables with two valued attributes,
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where condition attributes are in fact input variables, and decision ones are to
represent output variables of the circuit. In the practical application of Boolean
algebra the key problem is to represent Boolean functions by formulas which are as
simple as possible. One approach to this simplification is to minimize the number
of variables appearing in truth table explicitly.

The paper begins with an overview of basic notions related in information
systems and rough sets. Then we discuss relations between multiple-valued logic
and decision table systems with respect to rough set model of data. Particularly it
is shown that elimination of input variables can be easily obtained using standard
attribute reduction process used in decision tables. Finally, benefits arising from
the logic decomposition are presented.

2. Information systems and rough sets

An information system is a pair 4 = (U, A), where
U - is a nonempty, finite set called the universe and

A - is a nonempty, finite set of attributes i.e.each element a € 4 is a
total function from U into V,, where V, is called the domain of a.

With every subset of attributes B C A, a binary relation IND(B), called B -
indiscernibility relation, is defined as follows:

IND(B) = {(z,y) € U? : for every a € B, a(z) = a(y)}
As IND(B) is an equivalence relation and

IND(B) = | IND(a)
a€EB

the family of all equivalence classes of IND(B) is usually denoted by U/IN D(B).
Some subsets (categories) of objects in an information system cannot be ex-
pressed exactly by employing available attributes but they can be roughly defined.

If A = (U, A) is an information system, B C A, and X C U then the sets
{z€eU:[z]pCX} and {z€U: [z]gNX #0}

where [z] p denotes the equivalence class of IN D(B) including z, are called B-lower

and B-upper approximation of X in A. The lower and upper approximations will
be denoted by BX and BX, respectively.

The set BX is the set of all elements of U which can be with certainty classified
as elements of X, in the knowledge represented by attributes B. Set BX is the
set of elements of U which can be possibly classified as elements of X, employing
knowledge represented by attributes from B.

We shall also employ the following denotation:

POSp(X) = BX
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and will refer to POSp(X) as B-positive region of X.

The positive region POSp(X) or the lower approximation of X is the collection
of those objects which can be classified with full certainty as members of the set
X, using classification given by IND(B).

A special class of information systems, which is of great importance in many
applications is decision table DT.

The decision tables are information systems with the set of attributes divided
into two disjoint sets C and D, called respectively condition and decision attributes
ie. DT = (U, A, C, D).

By C-positive region of D, denoted POSinp(c)(IND(D)) or POSc(D) for
simplicity we understand the set

POSq(D) = U CcX
z€U/D

We say that ¢ € C is D-dispensable in C, if
POSinp(c)(IND(D)) = POSinpc—(chH(IND(D))

otherwise ¢ is D—indispensable in C.
In other words c is relatively dispensable in C' and c¢ is relatively indispensable in
C, respectively.

If every ¢ in C is D—-indispensable, we will say that C' is D-dependent (or C is
independent with respect to D).

The set S C C will be called a D-reduct of C, if and only if S is D-independent
subset of C and POSs(D) = POSc(D).

The set of all D-indispensable attributes in C will be called the D—core of C,
and will be denoted as COREp(C).

COREp(C) = [ |REDp(C)

where REDp(C) is the family of all D-reducts of C.

A set D of decision attributes in a DT system T = (U, A, C, D) depends on
a set C of condition attributes in T, in symbols C = D, if IND(C) C IND(D).

With every x € U we associate a function d; : A — V, such that d,(a) =
a(z), for every a € C U D; the function d, will be called a decision rule (in T'), and
z will be referred to as a label of the decision rule d;.

If d, is a decision rule, then the restriction of d; to C, denoted d,|C, and the
restriction of d; to D, denoted d,|D will be called conditions and decisions (actions)
of d., respectively.

The decision rule is consistent (in T') if for every y # z, d;|C = dy|C implies
d;|D = dy|D; otherwise the decision rule is inconsistent. A decision table is
consistent if all its decision rules are consistent; otherwise the decision table is
inconsistent.
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The following equivalence is important property that establishes the relation-
ship among consistency, dependency and positive region of decision attributes in a
decision table:

a) decision table T = (U, A, C, D) is consistent
b) D dependson C i.e. C = D
c) POSc(D) = U.

3. Relations between multiple—valued logic and decision tables
with respect to rough set model of data

Let z; be a multiple-valued variable, and C; = {0,1,...,¢c;— 1} be a set of values
it may assume. A generalized Multiple-Valued Boolean function with n input, m
output variables is defined as a mapping;:

F(ml,...,xn): C1 XC2 Xoee XCn '—>Dm,

where D = {0,1,*} represents the binary value of the function (0 or 1) . The
value * (don’t care) at one of the outputs means that the value is unspecified, and
a value of 0 or 1 will be accepted to realize this part of the function.

Every element of the domain C; x C2 X - -+ X Cy, is called a minterm. A listing
of minterms with the value of the function is called a truth table. Truth tables
do not include minterms with the function value not specified for all outputs. Set
of minterms for which the function value is unspecified is called DC-set (Don’t
Care-set). Functions with nonempty DC'-set are called partially defined.

It is worth to note that truth tables are in fact decision tables, where condi-
tion attributes represent input variables, and decision ones are to represent output
variables of the circuit intended to implement the function.

Therefore truth tables may be viewed as Decision Tables T = (M, A, X,Y)
where
M — is a nonempty, finite set of objects,
A — is a finite set of variables (arguments); A = X UY, where X is a set of input
variables and Y is a set of output variables, X NY = §, moreover
a — is a function assigning a value of variable for every object m i.e.

a: M — V,,

where V, is a domain (set of possible values) of variable a. According to physical
implementations we assume that the set of values of output variables V, = {0,1,*}.

Applying the notion of a decision rule in the case of truth tables we shall refer
to d.|X, and to d.|Y as input and output vectors, respectively. In this form the

1) The assumption of binary values of outputs implies from the structure of com-
monly used PLAs i.e.multi-valued input, two-valued output PLAs [17], [19], [20],

[21].
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value of potential outputs are specified for each possible combination of the inputs.
According to the definition of Boolean function an input vector will be called a
minterm.

In general, any pair of minterms in a table specification of Multiple-Valued
Boolean (MV B) function may have identical values for some number of input vari-
ables. Therefore an analogous indiscernibility relation as in information systems
can be introduced. This relation, denoted IND), is associated with any subset of
input variables as follows:

Let BC X, my,mqe € M,
(m1,m2) € IND(B) if and only if 2(m1) = z(m;) for all z € B.
This means, that (mi,my) € IND(B) if values of arguments belonging to B
are identical for both m; and ms. Minterms m; and m; are said indiscernible by

arguments from B. The indiscernibility relation is an equivalence relation on M
and

IND(B) = () IND(=). (1)
z€B

Thus, the relation IND partitions M into equivalence classes M/IND(B). Such
partitions are of primary importance in logic synthesis [10], [11]. To simplify, we
shall denote partition M/IND(B) by P(B) and call such a partition as an input
partition generated by set B. Then, the equivalent formula to those of (1) may be
written as

P(B) = [[ P(=)
z€B
where [] denotes the product of partitions.
Two output vectors, y1 and y2, are said to be consistent if their corresponding

entries are the same whenever they are both specified i.e. Vi € {n +1,...,n +m}

(yli = y2i) v (yli = *) v (y2i = *)'

The consistency relation on output vectors is denoted as y; ~ ya.

In general, any pair of minterms in a logic specification table may have consis-
tent output values for some number of output variables. Thus, the relation called
output-consistency relation and denoted as CON, can be associated with any sub-
set B of output variables. The output—consistency relation is defined as follows:

Let BCY,p, g M,

p, 4 € CON(B) iff y(p) ~ y(q) for every y € B.

where a; ~ as if ay, a; are the same whenever are both specified.
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A set of minterms constitutes a consistent class, if every pair of minterms in the
set is consistent. Those classes that are not subsets of any other output-consistent
class are called Maximal Consistent Classes (M CC's).

Clearly, the consistency relation is not an equivalence relation on M. Hence, it
”partitions” M into non—disjoint subsets; but for a given CON relation there is a
unique collection of maximal output—consistent classes of minterms. Therefore, we
can use the same notation for output consistency subset, i.e. Prp(B), where index F
is intended to distinguish input (IN D) and output (CON) relation. When B =Y,
then we will denote the CON relation simply as Pr. Because of non—disjointness
of blocks of Pr, relation CON will be called a rough-partition (r—partition).

Conventions used in denoting r—partitions and their typical operators will be
the same as in case of partitions i.e. an r—partition on a set M may be viewed as a
collection of non—disjoint subsets of M, where the set union is M. Thus r—partition
concepts are simple extensions of partition algebra [5], with which reader familiarity
is assumed.

Especially relation less or equal to holds between two r—partitions II; and II,
(II; < 1I,) iff for every block of I in short denoted by B;(Il;) there exists a B;(II2)
such that B,’(Hl) - Bj(Hz).

If the II; and II; are partitions, this definition reduces to the conventional
ordering relation between two partitions.

This points out the main difference between decision tables and incompletely
specified Boolean functions. While the equivalence classes of partitions in decision
table systems consist of disjoint subsets, the subsets of consistent minterms may
be overlapping. This is the reason for generalizing the typical partition description
which in the case of Boolean functions proves to be not sufficient in depicting truth
tables.

To present a Boolean function F, i.e., functional dependence between outputs
Y and inputs X, usually described by formula ¥ = F(X), the table specification
should be consistent.

A logic specification table is consistent iff for every pair of row vectors ry =
(x1,¥1), r2 = (X2, ¥2), X1 = X implies y; ~ y3 (i.e. for every my, mg, m; = my
implies F(my) ~ F(m3)).

Example 1

Consider partially defined, multiple—valued Boolean function F' shown in

Table 1.
In the example:
M = {1,...,10},
X ={z1,...,26}, Y = {y1,92,¥3,¥1},

and V,, = {0,1}, Vi, = {0,1,2,3}. The IND relations for B = By and B = By,
where By = {z,} and By = {z;,z3} are as follows:

P(Bl) = {{176}7 {2a3747577’8»9’ 10}}’
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P(B,) = {{1,3,4}, {2}, {5}, {6,9}, {7,8,10}}.

Table 1

L1 T2 T3 T4 Ts Te | Y1 Y2 Y3 Y4

1 0 1 0 1 0 0 0 0 0 =
2 1 0 0 O 1 3 0 0 1 =«
3 1 1 o 2 2 3 1 1 1 0
4 1 1 0o 2 3 3 * 0 1 1
5 1 1 1 0o 2 3 1 0 0 O
6 o 0 2 0 2 3 * 0 0 =
7 1 1 2 0 2 2 0 1 =« 0
8 1 1 2 0 2 3 1 = 1 1
9 1 0 2 2 1 3 1 0 x 1
10 1 1 2 2 3 2 0 1 =x 1

Proceeding in the same way for the output—consistency relation CON, we
obtain the following r—partitions:

Pr(y1) = {{1,2,4,6,7,10}, {3,4,5,6,8,9}}
Pr = {{1,6}, {3}, {2,4}, {5,6}, {6,9}, {4,8,9}, {7}, {10}}

4. Elimination of input variables

In this section the process of detection and elimination of redundant variables will
be described using the concepts of decision systems, however appropriate simplifi-
cations caused by functional dependency features as well as the generalization to
the case of rough partition will be efficiently applied.

An argument z € X is called dispensable in a logic specification of function
F iff P(X — {z}) < Pr, otherwise i.e. P(X — {z}) £ P, an argument is called
indispensable (i.e., an essential variable [9]).

The meaning of an indispensable variable is similar to that of a core attribute
i.e. these are the most important variables. In other words, no one indispensable
variable can be removed without destroying the consistency of the function speci-
fication. Thus, the set of all indispensable arguments will be called the core of X
and will be denoted as CORE(X).

In order to find the core set of arguments we have to eliminate an input variable
and then to verify whether the corresponding partition inequality holds. A key
theorem will be stated below to make this procedure more efficient.
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The concept of core plays an important role in reducing the computational
complexity relevant to the process of arguments reduction.

Example 2.

Let us characterize indispensability of arguments in the specification of function
F from Example 1. Since P(X — {z,}) < P, z; is dispensable in function F. In
contradiction, z3 is indispensable argument, because P(X — {z3}) £ Pr and this
fact can be observed by inconsistency of the table specification after eliminating z3.

As the reduction of arguments is of primary importance, in this section we
reformulate this problem to apply more useful tools which are efficiently used in
switching theory [11]. First of all we reformulate fundamental notions.

A set B={b1,...,b:} C X is called a minimal dependence set (i.e. reduct) of
a Boolean function F iff P(B) < Pr, and there is no proper subset B’ of B such
that P(B') < Pp.

It is evident that an indispensable input variable of function F' is an argument
of every minimal dependence set of F.

Example 3.
The minimal dependence sets for function of table 1 are as follows:

1) {.1'1,.’E3,$5,.’E6},
2) {IQ,Ig,Is,lﬁ},

From this analysis it follows that, in the case of solution 1), dispensable input
variables are x5, 74, which means that these variables are superfluous in the defini-
tion of logic function described by Table 1, i.e.: P(z1,z3,5,26) < P, and no one
proper subset of B = {x1,z3,z5,%¢} satisfies this condition. Hence, Table 1 can
be replaced by more compact form shown in Table 2.

Table 2

Ty T3 Is Tg Y1 Y2 Ys Ya
110 0 0 O 0 0 O *
2 1 0 1 3 0 0 1 *
3|1 0 2 3 1 1 1 0
4 1 0 3 3 *x 0 1 1
511 1 2 3 1 0 0 0
6| 0 2 2 3 « 0 0 *
7 1 2 2 2 0 1 = 0
8 1 2 2 3 1 * 1 1
911 2 1 3 1 0 = 1
10 1 2 3 2 0 1 = 1
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Now we introduce two basic notions, namely discernibility matrix and discerni-
bility function, which will help us to construct an efficient algorithm for argument
reduction process.

Let F be a multiple-valued Boolean function and X = {zy,....,z.}, M =
{m1,...,m:}. By Cpq, where p, ¢ are minterms of M, such that F(p) % F(q), we
denote a set of input variables, called discernibility set, defined as follows:

Cprqy = {z € X : dp(z) # dy() for p,g = 1,...,t and p < g¢}.

where d,(z) denotes a decision rule restricted to the set X.

A discernibility function fr for a function F' is a Boolean function of n variables
T1,...z, defined by the conjunction of all expressions V(Cpq), where V(Cpq) is the
disjunction of all elements of Cpq, 1 <p< g <t

We will describe the collection C' = {C4,...,C:} of all Cpq sets in the form
of the binary matrix M for which an element m;;(z = 1,...r = CARD(C),j =
1,...,t = CARD(X)) is defined as follows:

1 if z; € C;
m;; =

0 otherwise

Thus, the M matrix is a 0-1 matrix determined by the C,q sets. Our goal is
to select an optimal set L of arguments corresponding to columns of M. Here a
”column covering ” L means that every row of M contains a ”1” in some column
which appears in L. More precisely, a column cover of binary matrix is defined as
a set L of columns such that for every ¢ :

Zmij > 1.

J€L

Covers L of M are in one-to—one correspondence with the reduced subsets of
arguments (i.e. reducts).

One can easily observe a strong relation between the notion of a reduct of
function F (RED(X)) and prime implicant of the monotonic Boolean function fr,
namely we have the following equivalence:

{zi,,...,zi,} € RED(X) iff z;; A--- Az;, is a prime implicant of fr.

This remark implies that in a computation of a reduct set of a given F, one can
apply known algorithms for computing all prime implicants for a given monotonic
Boolean function.

An interesting approach is based on the fact that the unate complementation
is intimately related to the concept of a column cover of the binary matrix [1].

Theorem 1 [1]: Each row i of M, the binary matrix complement of M,
corresponds to a column cover L of M, where j € L if and only ifﬁij =1.
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The rows of M include the set of all minimal column covers of M. If M was
minimal with respect to containment, then M would precisely represent the set of
all minimal column covers of M.

Let each column of M corresponds to conjunction factor of Fis, which is defined
by the disjunction of all M;, where M; is the conjunction of negative literals 7;
corresponding to m;; = 1.

To obtain discernibility function in the minimal disjunctive normal form ( DN F)
we apply the fast complementation algorithm of unate Boolean functions adopted

from ESPRESSO [1].
The fast complementation algorithm for monotonously decreasing function Fs
is based on the Shannon expansion of Fyy, for simplicity denoted by F

F = Iszj —+ T]‘F;j (2)

where F;;, Fj, are cofactors of F' with respect to splitting variable z; i.e. the
results of substituting 1 and O for z; in F.

Hence applying the property of unateness i.e. F,; < Fg;, F' can be expressed
as

F = T]'FEJ. + sz = FE,- (—.’c-]' + sz) (3)
Thus by complementing (3) we obtain a simplified formula:
F = :E]‘sz + F‘;j

which is the key to a fast recursive complementation process.

In order to find an efficient algorithm to complement a function we will again
represent F' as binary matrix M(F). Let there be an one-to—one correspondence
between columns of M and variables of F. Let each row of M(F') correspond to a
product term of M. Then

1, if in 2—term there is variable of column j,
M;;(F) = {

0, otherwise.
The matrix M(F') will be directly used in complementation algorithm.

We illustrate the unate complementation algorithm with a following example.

Let F = T1T2T4 + T3T4 + T1T2 + T1%4. Hence:

M(F) =

=]
O~ O
OO = O
- O =

In order to identify the splitting variables we choose them among the shortest
terms in F. Here we select the second term, yielding variables 3 and z4. Since the
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variable that appears most often in the other terms of F' is z4, we decide to choose
this one.
Now we compute the cofactors of F' with respect to the variable z4:

7, = 1% + T3 + T1T2 + 71, F,, = Tz
1 1 00
0 01 0
M(Fz,) = 110 0 M(F,,) =[1 1 0 0]
1 0 0 O

The cofactor with respect to z; is obtained by setting up the jth column to 0,
and the cofactor with respect to z; is obtained by excluding all the rows for which
the jth element is equal to 1.

In each branch of the recursion we examine the possibilities for complementa-
tion using easily computable special cases:

a) There is a row of all 0’s in M(F') (empty conjunction is equal 1)

b) M(F) is empty (empty disjunction is equal 0)

¢) M(F) has only one row (apply De Morgan Law to the unique
term).

In our example the complement of F,, is: Fz, = 23 + 71

M(F.,) = [0 10 0]

1000

Fz, must be processed further and yields:

Frz =1 Frz, = T3
0100
oo 10 L
M(FE4?1 - 01 0 0 M(F1411)_[0 0 1 0]
0 0 0 O

and hence Fz,z, = 0, Fz,z, = 3.

M(F7471) =0 M(_qu-’vl) = [0 0 1 0]
By merging these results we obtain

Fz, = ©1Fz,., + Fzz, = 1123 + 0 = 2123

M(-F_E«t) = [ 1010 ]
and finally

F = $4F14 + F_a = z4(z2 + 1) + T123 = 224 + T174 + T1T3.
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We interpret the final expression as the set of reducts: {z2,z4}, {z1,z4}, {z1,23}.
This agrees with the result that can be obtained using discernibility function pro-
posed in [22]. For the discernibility matrix M(F') the appropriate function fas is
as follows:

fr = (21 + 22 + z4)(z3 + z4)(z1 + 22)(21 + 24)

Hence, performing the multiplication and applying absorption law we obtain the
same set of reducts.

5. Logic decomposition

It is sometimes the case that a set of Boolean functions cannot be made to fit into
any single module designated for implementation. The only solution is to decompose
the problem in such a way that the requirements can be met by a network of two
or more devices each implementing a part of the functions.

A similar problem arises in information systems where functionally dependent
data can be projected out of a given DT — decision table and complete DT can
always be recovered by means of the joining operation. This resolution is important
to the system designer, for it allows him design freedom. He may or may not decide
to break down a file into components, depending on possible storage savings or other
considerations. It is important to him to be aware of the logical possibilities that
functional dependency offers. It would be very interesting to elaborate a method of
breaking down a DT into components, depending on possible storage savings. To
solve this problem we adopt the decomposition technique that has been developed
specially for logic functions.

Basically the need for decomposition arises very naturally in the case of func-
tional dependencies. The meaning of the dependency relation is as follows: holding
the condition C = D assures that if a pair of objects cannot be distinguished
by means of attributes belonging to set C, then it cannot be distinguished by at-
tributes from set D, in other words values of attributes from D are determined by
values of attributes from set C.

The intuitive meaning of this concept appears from Table 3, where the condi-
tion attributes are z1,...,z¢ and decision ones are y;, y2.

The values of decision attributes are explicitely indicated by the tuples of
condition attributes i.e. we write D = F(C), which means D functionally depends
on C. We see, for example, that if we take object number 1, then we have the tuple
of decision attributes equal 10, similarly object number 4 implies decisions 01.

Functionally dependent data (such as attributes D) can be projected out of
a given file and complete file can always be recovered by means of the joining
operation.

To show the implication of the functional dependencies for data base admin-
istration consider a functional dependence, F', given in the form of a truth table
specification. The set Y of outputs can be partitioned into two disjoint subsets such
that the input supports of the obtained components are X and X, respectively.
These may be easily obtained because each output usually depends on a different
set of variables, whose cardinality is smaller than for the primary X set. Thus, we
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can group the outputs into separate sets, to obtain the minimal input support sets
Xy and X,.

Table 3

Ty T2 Tz T4 T3 Te Y1 Y2

1 1 1 0 1 0 0 1 0
2 1 1 0 0 0 0 1 0
3 2 2 1 1 2 1 0 1
4 1 0 0 1 2 1 0 1
5 1 0 0 2 0 1 0 0
6 2 2 1 3 3 0 0 1
7 2 2 1 2 0 1 1 0
8 1 1 0 0 0 1 0 0
9 1 0 0 3 3 0 0 1
10 0 2 1 3 3 0 0 1

Example 4.

Consider again the multiple-output function of Table 1. The dependence sets
of input variables for every single—output function are as follows:

Y {Iz,xs,we}, {503,564,336}, {-77375557556}7 {$2,$4,$6}, {334,335,166}
y2 : {z1, 23,25}, {72, 23,25}, {23,25,26}, {24, 25,76}

Ys ¢ {$1,$3}

ya ¢ {z3,25,26}

Therefore, we can determine an optimal two—block decomposition (in this case
called parallel [11]), G = {y1,ya} and H = {y2,y3} with the input support sets
Xy = {z3,25,26} and Xy = {z1, 23,5}, respectively.

A more complex structure is in hierarchical decomposition in which the global
description is broken down sequentially into smaller and smaller subtables and at
each step of the process the data associated with the attributes being resolved
should be regenerable from the several data collections defined. We shall explain
this problem using the truth table model of data.

Let F be a multiple-valued function representing functional dependency ¥ =
F(X), where X is the set of multiple-valued input variables (condition attributes)
and Y is the set of binary output variables (decision attributes). Let A, B be the
subsets of X such that X = AUB and ANB = §.

We state the decomposition problem as the following question: when can the
functional dependency ¥ = F(X) be derived in two steps
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a) G(B) = g,
b)Y = H(A,g)
where g is some fictitious, auxiliary attribute.

Example 5.

Consider the DT-system given in Table 3, where x1,...,z¢ are condition at-
tributes and y;, y2 are decision ones. As IND(C) C IND(D), D functionally
depends on C i.e. all decisions are uniquely determined by conditions. Now
we will consider a possibility of deriving such functional dependency in hierar-
chical way using the tables which specify dependencies: ¢ = G(z4, s, z6) and
F = H(z,, z2, x3, g), where ¢ is the fictitious decision attribute playing the role
of the auxiliary condition attribute. It can be easily verified that, for instance, the
tuple of attribute values 1,1,0,1,0,0 indicates the auxiliary decision ¢ = 0. Thus
joining this result with the values of attributes =1, z2, 3, we have:

H(z1, 22, 23, 9) = (y1, ¥2)-
It is the same result as in the table specifying functional dependency F'. Veri-

fying other valid objects of table F' we conclude that as for all © € U described by
attributes z1,..., ¢

H(z1, 72, 23, G(z4, 25, z6)) = F(1,...,%),

so it is possible to regenerate the global table from the subtables each describing a
different subset of attributes.

In the above example we used a two—valued fictitious attribute. As the data
tables are usually stored in computer memory we are usually interested in fictitious
attributes with minimum number of values. The minimum number of values of
fictitious attribute g sufficient to represent function F in the form F = H(A, G(B))

is equal to

r(4) = L(log2v(P(A)|Pr)),
where (1) denotes the number of elements in the largest block of partition II, I'(z)
is the smallest integer equal to or larger to z and P(A)|Pr denotes the quotient

partision.
We say that there is a simple hierarchical decomposition of F iff

F = H(A, G(B, C)) = H(4, g)

where G and H denote functional dependencies: G(B, C) = g and H(4, g) = Y.
If in addition, C = @, then H is called a simple disjoint decomposition of F.

In other words we try to find a function H depending on the variables of the
set A as well on the outputs of a function G depending on the set B U C. The
outputs of the function H are identical with the function values of F.

The following theorem states the sufficient condition for hierarchical decompo-
sition.

Theorem 2: Functions G and H represent a hierarchical decomposition of
function F i.e. F = H(A, G(B, C)) iff there exists a partition Ilg > P(B U C)
such that
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P(A)-Tlg < Pr (4)

where all the partitions are over the set of objects and the number of values of
component G is equal to L(Ilg), where L(II) denotes the number of blocks of
partition II.

In the theorem partition IIg represents component G, and the product of
partitions P(A) and Ilg corresponds to H. The truth tables as well as decision
tables of the resulting components can be easily obtained from these partitions.

Example 6.

Let us decompose the function F of Table 3, where the characteristic partition
is as follows:

Pr = {{1,2,7}, {3,4,6,9,10}, {5,8}}

For A = {z1,z2,23}, B = {z4, 5,26}, we obtain
P(A) = {{17278}5 {3,6,7}, {45559}7 {10}}

P(B) = {{1}, {3,4}, {5,7}, {6,9,10}, {2}, {8}}
I = {{1,2,3,4,6,9,10}, {5,7,8}}

It can be easily verified that since P(A) - IIg < Pp, function F' is decompos-
able as FF = H(z1,z2,73, G(z4,5,26)), where G is one-output function of three
variables.

The truth tables of components G and H can be obtained from partitions P(A),
IIg, and Pp. Encoding the blocks of Il respectively as 0 and 1, we immediately
obtain the truth table of function G it is presented in Table 4. The truth table of
function H can be derived by reencoding input vectors of F' using an intermediate
variable g. The truth table obtained in this way is shown in Table 5.

Table 4 Table 5

T4 Ts Tg g 1 T2 T3 g Y1 Y2

O O WM~
O WO N O
—_ O O = = O
—_ O O = OO
O = NN
N O ONNRFH H
—_ O O =M= OO
O OH OO
S OO+~ O+
o= O+ OO0
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The gain of the decomposition implies from the fact that two components (i.e.
tables G and H) generally require less memory space than non-decomposed table.
If we express the truth table’s relative size as § = a)_ b;, where a — the number
of objects, b; — the number of bits needed to represent variable z;, we can compare
the common size of the decomposition components with the size of the primary
(non-decomposed table). In the above example the size Sr of primary table is
10-12 = 120 units and the size of decomposed tables is 6 - 6 + 8- 6 = 84 units i.e.
70% of the Sp.

The main task of decomposition process is to find a subset of inputs for com-
ponent G that hierarchically connected with component A will implement function
Fi.e. tofind P = P(BUC), such that there exists Il¢ > Pg that satisfies condi-
tion (4) in Theorem 2. To solve this problem, consider a subset of primary inputs,
D = BUC , and an m-block partition P(D) = (By; Bs; ...; Bn) generated by
this subset.

A relation of compatibility of partition blocks will be used to verify whether
or not partition P(D) is suitable for hierarchical decomposition.

Two blocks B;, B; € P(D) are compatible iff partition II{; obtained from par-
tition P(D) by merging blocks B; and Bj; into a single block Bj; satisfies condition
(4) in Theorem 2, i.e., iff

P(A) -, < Pr

A subset of n partition blocks, B = {B;,,Bi,,...,Bi,}, where B;; € P(D),
is a class of compatible blocks for partition P(D) iff all blocks in B are pairwise
compatible.

A compatible class is called Maximal Compatible Class (M CC) iff it cannot
be contained in any other compatible class.

If we can form suitable M CCs of blocks, we can merge them into a singular
block to obtain partition IIg such that

P(A)~HGSPF (’5)

where partition IIg represents function G, and the product of partitions P(A) and
IIg corresponds to function H. The truth table description of these functions can
be easily obtained from the partitions.

Example 7.

Let for function F described by the following partitions on M = {1,...,15}
P = {{1,...,7}, {8,...,15}}

P, = {{1,2,3,13,14,15}, {4,...,12}}

P = {{1,2,3,7,8,9,13,14,15}, {4,5,6,10,11,12}}

Py = {{1,4,5,7,8,10,13}, {2,3,6,9,11,12,14,15} }

Ps = {{1,3,4,6,...,10,12,15}, {2,5,11,13,14}}

Pr = {{1,9,14}, {5,7,8,13}, {2,6,12}, {4,11}, {3,10,15}}
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sets A and B are as follows: A = {z3,74}, B = {z1,%2,s}. Then for the quotient
partition

P(A)|Pr = {{1}, {7,8,13}; {9,14}, {2}, {3,15}; {10}, {5}, {4}; {6,12}, {11}}

and if the blocks of

Ps = {{1,3}, {2}, {4,6,7}, {5}, {8,9,10,12}, {11}, {13,14}, {15}}
are denoted By, ..., Bg, we obtain the corresponding MCC's

MCC1 = {B4, B¢, Br},

MCC2 = {B;, By, Bs, Bs},

MCC3 = {B2,B4,Bs},

MCC4 = {Bs, Bs},

MCC5 = {Bs, B},

MCC6 = {B2,Bs},

McCCT = {Bs,Bz}.

To obtain II; the minimum cover of compatible classes must be found i.e.
the set MCC = {MCC;,,...,MCC;,} with minimum cardinality such that
MCC;, U---UMCC;, = {By,...,B,}. For the above obtained MCC'’s one of
feasible minimal covers is {{ By, B4, Bs, Bs}, {B2, B3}, {Bs, B7}}.

Thus Tl = {{1,3,5,11,15}, {2,4,6,7}, {8,9,10,12,13,14}} .
It is easy to verify that P(A) - Ilg < Pp, and therefore
F = H(zs, z4, G(21, 72, Z5)).

7. Conclusions

Designing of logic circuits is driven by tremendous demand of industry for more pow-
erfull design tools. This paper has demonstrated that advanced algorithms applied
in rough set theory can apparently become extremely useful in solving problems
typical for logic designing [1], [3], [13], [23]. From this implies the idea of mutual
realization of CAD system which could be useful for both these problems. Such
a system has been implemented by the authors in a case of attributes/arguments
reduction and the results we have obtained so far fully confirm the efficiency of the
applied algorithms [12].

The logic decomposition algorithms presented in this paper have been also
appied in supporting the logic synthesis system PLATO [11].
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Chapter 1

PUTTING ROUGH SETS AND FUZZY SETS
TOGETHER *

Didier DUBOIS Henri PRADE
Institut de Recherche en Informatique de Toulouse - C.N.R.S.
Université Paul Sabatier
31062 Toulouse, France

Abstract. In this paper we argue that fuzzy sets and rough sets aim to different purposes
and that it is more natural to try to combine the two models of uncertainty (vagueness for
fuzzy sets and coarseness for rough sets) in order to get a more accurate account of imperfect
information. First, the upper and lower approximations of a fuzzy set are defined, when the
universe of discourse of a fuzzy sets is coarsened by means of an equivalence relation. We
then come close to Caianiello’s C-calculus. Shafer’s concept of coarsened belief functions
also belongs to the same line of thought and is reviewed here. Another idea is to turn the
equivalence relation relation into a fuzzy similarity relation, for a more expressive modeling
of coarseness. New results on the representation of similarity relations by means of a fuzzy
partition of fuzzy clusters of more or less indiscernible points are surveyed. The properties
of upper and lower approximations of fuzzy sets by similarity relations are thoroughly
studied. Lastly the potential usefulness of the fuzzy rough set notions for logical inference
in the presence of both fuzzy predicates and graded indiscernibility is indicated. Especially
fuzzy rough sets may provide a nice semantic background for modal logic involving fuzzy
modalities and/or fuzzy sentences.

1. Introduction

The contemporary concern about knowledge representation and information systems has
put forward useful extensions of elementary set theory such as fuzzy sets (Zadeh (1965))
and rough sets (Pawlak (1982)), among others. In this paper we pursue an investigation
around these two notions in order to lay bare their respective specificity, instead of turning
them into rival theories (e.g. Pawlak (1985)). Basically, rough sets embody the idea of
indiscernibility between objects in a set, while fuzzy sets model the ill-definition of the
boundary of a sub-class of this set. Rough sets are a calculus of partitions, while fuzzy
sets are a continuous generalization of set-characteristic functions. Marrying both notions
leads to consider rough approximations of fuzzy sets, but also approximations of sets by
means of (fuzzy) similarity relations or fuzzy partitions. These hybrid notions come up in
a natural way when a linguistic category, denoting a set of objects, must be approximated
in terms of already existing labels, or when the indiscernibility relation between objects no
longer obeys the ideal laws of equivalence and is a matter of degree. Moreover, the attempt
to mix up vagueness and approximation leads us to bring together past works developed
independently of rough sets, and often before them, but based on the same ideas.

* This paper draws from and continues a previous article by the authors, entitled ”Rough fuzzy
sets and fuzzy rough sets”, that appeared in the Int.J.of General Systems in 1990.
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The first section contains basic definitions of rough sets and fuzzy sets and points out the
contrast between the intended purposes of the two notions. Section two defines upper and lower
approximations of fuzzy sets and belief functions, and bridges the gap with Caianiello’s C-calculus
(Caianiello (1973)). It is indicated that under a different terminology, Shafer (1976) has used the
same model as Pawlak in the theory of evidence, i.e. a calculus of partitions.Section three
generalizes rough sets by weakening the concept of equivalence into similarity (Zadeh (1971)), as
suggested in a previous paper (Farifias del Cerro and Prade (1986)). The rough set idea then
comes close to well-known concerns in mathematical taxonomy and approximation theory. This
section equivalently builds fuzzy rough sets from fuzzy partitions. Relevant results on fuzzy
partitions defined as fuzzy quotient sets of similarity relations are recalled. Basic properties of
fuzzy rough sets are investigated. A last technical section briefly recalls some links between rough
sets and modal logic, and reviews some works that have introduced fuzzy sets in these constructs.
In the conclusion, some research directions are surveyed.

2. Rough Sets and Fuzzy Sets : Two Different Topics

2.1. ROUGH SETS

Let X be a set, and R be an equivalence relation on X (i.e. reflexive, symmetric and transitive). Let

X/R denote the quotient set of equivalence classes, which form a partition in X. X/R is a coarsened
version of X ; elementary parts of X/R are usually coarser than the ones of X, and denoted X1,

X2,..., Xj,.... The cardinality of X/R is thus generally smaller than that of X (except if R is the
equality on X). An equivalence relation is the simplest model one can think of to represent the fact
that, in X, it is not possible to distinguish some elements from others. x R y then means : x is too
close (or too similar) to y so that both elements are indiscemible.

Examples

1. Measurement scale X = [0,2.5] is a human size scale between O and 2.5 meters, that allows for
infinite precision. In practice, only millimeters can be measured, i.e. X/R is a set of adjacent
intervals, whose representatives are of the form n/1000 with 0 £ n < 2500, n integer.
x R (n/1000) means that x can be rounded by n/1000, x R y means that x and y are rounded by
the same number of millimeters. In usual communication between individuals on this matter,
the implicit representation of this scale is even coarser : only centimeters (or inches) make
sense. Indiscernibility also occurs in decision theory, when the respective ratings of two
potential decisions are too close to ensure that one of these decisions is strictly preferred to the
other (Roy (1985)).

2. Information system X is a set of item identifiers (objects), & is a set of attributes a, V, the set

{a(x) 1 x € X} of attribute values for attribute a. The equivalence relation R is defined by xR y
if and only if Va e &, a(x) = a(y). [x]R denotes the class of objects which have the same

description as x in terms of attributes in &. This example is given by Pawlak (1984).

3. Image processing X is a rectangle screen, i.e. a Cartesian product [0,a] x [0,b], X/R is a
discretization grid into pixels, [(x,y)]R being the pixel that contains a point (x,y) in X. This is
the 2-dimensional version of example 1.
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Let S be a subset of X. The main question addressed by rough sets (Pawlak (1982)) is : how to
represent S by means of X/R ? Denote [x]R the equivalence class of x € X. A rough set is a pair of
subsets R*(S) and R«(S) of X/R that approach as close as possible S from outside and inside

respectively :
R¥(S) = {XIg I [XIr " S# ¥, x e X} 1)
Rx(S) = {[xJr I [X]r €S, x € X} )

R*(S) (resp. : R«(S)) is called the upper (resp. : lower) approximation of S by R. R*(S) contains
Rx(S). When R*(S) # R«(S), it means that due to the indiscernibility of elements in X, S cannot
be perfectly described. More precisely, the set difference R*(S) — R«x(S) is a rough (imprecise)
description of the boundary of S by means of "granules” of X/R.

These notions are actually older than Pawlak's paper. They were already introduced by Shafer
(1976) in his book (chapter 6), where coarsenings and refinements of a frame of discenment are
introduced. A frame of discernment is a set of alternatives perceived as distinct answers to a
question. Coarsening a frame of discemment X comes down to clustering elements and build a
partition. Refinement is the converse operation, i.e. distinguishing sub-alternatives corresponding
to single elements. In other words X/R is a coarsening of X, and X is a refinement of X/R.
Following Shafer, let us denote ® the mapping that, for any subset of X/R, computes its

refinement in X. Namely if X; € X/R,

o(X;) = {x | Xj is the name of the equivalence class [x]R } ?3)
and for A c X/R,
oA =Ux;e A XX @

It is important to distinguish between X, an element of X/R, and ®(X;), a subset of X. R*(S) and
Rx«(S) are respectively called outer and inner reductions by Shafer (1976). Viewing X as the name
of an equivalence class, ®(Xj) can be viewed as the extension of Xj, and will be termed so in the
following, by analogy with logic.

2.2. FUZZY SETS

A fuzzy set (Zadeh (1965)) F of X is defined by a mapping Uf : X — L where L is an ordered set
of membership values (often a complete lattice, at least) and pup(x) is the degree of membership of

x in F. L = [0,1] generally ; L = {0,1} in the case of usual sets. Allowing for partial membership
intends to account for the ill-definition of the extension of the predicate named F.

Examples (contin

1. Measurement scale : Rounding off sizes to millimeters does not always allow to distinguish
between people whose size is close to within one millimeter, i.e. if S = {1.71815, 1.71816},
R*(S) = [1.718]R but R*(S) = @. Contrastedly the set of tall sizes is fuzzy because (especially
when expressed in millimeters) some sizes are compatible with tall to a degree that may be
different from total compatibility and total incompatibility. Generally the more refined the
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scale, the more likely linguistically relevant subsets will be fuzzy. Vagueness lies in the subset
F denoted by "tall" while indiscernibility is a property of the referential itself, as perceived by
some observer, not of its subsets. The model of "tall" can be more or less refined by
modification of the set L of membership values.

2. Information systems ; Fuzziness in information systems often lies in the formulation of queries
that describe subsets of relevant objects by a flexible specification of admissible attribute
values.Then the set of retrieved objects is fuzzy (e.g. Tahani (1977)). Moreover the presence
of ill-described objects in a data base can be expressed in terms of possibility distributions on
the set V, of attribute values ; these possibility distributions are modelled by fuzzy sets,
following Zadeh (1978). For instance, all we know about x is that its size a(x) is "about 2
meters”, with the underlying assumption that a(x) is in [1.8,2.2] and the most plausible value
is 2. If a user is interested in "tall objects”, the response of the information system may consist
of two (fuzzy) sets of relevant objects : the set of certainly relevant objects, and the (larger) set
of possibly relevant objects (Prade and Testemale (1984)). These two sets are nested ; the
corresponding pair is called a twofold fuzzy set (Dubois and Prade (1987)). Its existence is
due to the presence of (vague) incomplete information in the data base, but not to the
indiscemibility of objects. The idea of indiscemibility in fuzzy data bases is at the heart of the
approach proposed by Buckles and Petry (1982) where a fuzzy relation models, on each
attribute domain, to what extent two attribute values are interchangeable ; see (Prade and
Testemale (1987)) for a comparative discussion between this latter approach and vague
incomplete information data bases.

3. Image processing : given a subset S of the screen defined by the contour of an object, various
approximations R*(S) and Rx(S) of this subset can be obtained by modifying the graininess of
the discretized picture. However generally, objects on a screen appear rather like fuzzy sets of

the screen, due to grey levels. The object can be made more or less fuzzy by acting on the
number of grey levels, i.e. contrast modification. Number of allowed levels of grey ny and

number of pixels n in the screen are almost unrelated parameters (only nj < np must hold in
the picture).

It should be clear from the above examples that rough sets and fuzzy sets are not meant to play
the same role in knowledge representation problems. As a consequence they are not rival theories
but capture two distinct aspects of imperfection in knowledge : indiscemibility and vagueness, that
may be simultaneously present in a given application. It is then natural to combine these notions,
rather than compare them from a formal point of view.

Of course, it may be tempting to identify the boundary of a rough set as containing borderline
elements and then decree that the upper and lower approximations of a set S can be viewed
respectively as the support (i.e., elements with positive membership) and the core (i.¢., elements
with complete membership) of a fuzzy set F(S) defined on X/R. Then, as suggested by Pawlak
(1985), elements in the boundary can have membership value .5. This idea is further extended by
Wong and Ziarko (1985) (see also Pawlak et al. (1988)) who suggest to use the conditional

probability P(S | ©(X;)) to evaluate the degree of membership pr(s)(Xj). However these views

can be but partially in agreement with fuzzy set theory since they impose severe restrictions on the
choice of fuzzy set-theoretic connectives (see Wygralak (1989) for the three-valued logic approach,
and Wong and Ziarko (1985) for the probabilistic view).
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3. Upper and Lower Approximations of Generalized Sets

3.1. APPROXIMATIONS OF FUZZY SETS

Let X be a set, R be an equivalence relation on X and F be a fuzzy set in X. The upper and lower
approximations R*(F) and R«(F) of a fuzzy set F by R are fuzzy sets of X/R with membership

functions defined by
HR*F)Xp) = sup{Pp(x) | ex(X;) =[x]R} 5)
HR «(F)X}) = inf{Lp(x) | o(X}) =[x]R} (©)

where HR*(F)(Xi) (resp. : HR*(F)(Xi)) is the degree of membership of Xj in R*(F) (resp. :
Rx(F)). R*(F), R«(F)) is called a rough fuzzy set. These expressions derive from possibility

theory (Zadeh (1978), Dubois and Prade (1988)) ; (5) (resp. : (6)) is the degree of possibility
(resp. : necessity) of the fuzzy event F, based on the (crisp) possibility distribution defined from

the characteristic function of w(Xj). To see it, note that the fuzzy extensions ®(R*(F)) and
@(Rx(F)) can be defined via the extension principle (Zadeh (1965)), as :

HaR*E)X) = HR+EXD = [1jE). V x € o(X;) @)
HaR«E)X) = HR«F)X) = Ni(E), ¥V x e o(X;) ®)

where [T; (resp. Nj) is the possibility (resp. necessity) measure whose distribution is Hax(X;)
hereafter denoted =, i.e. [1;(F) = supy min(mj(x), up(x)) ; Nj(F) = infy max(1 - mj(x), LE(x))
(see Dubois and Prade (1988) for instance). Note that =; is a crisp possibility distribution, i.e.
mi(x) € {0,1}, and x € o(X]) is equivalent to &(X;) = [x]R and to w;j(x) = 1 ; this is why (5) and
(6) are the same as (7) and (8).

The extension of &(A) of a fuzzy set A of X/R is defined by

HaA)®) =RAXK) if x € X;

o(A) is a fuzzy set with constant membership on the equivalence classes of R. These fuzzy sets are
unaltered by the equivalence relation, as shown now :

Proposition 1 : A fuzzy set H on X is equal to its upper or lower approximations if and only if H is
constant on the equivalence classes of R.

Proof : Let x € X; and ppy(x) =h;, V x € X;. Then

Ho®R*H)®) = HR*H)X))
= Supxe X; HH(X) = N = pH(X)

= infye X; FHOO = Ry R «(H))X)-
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Conversely, if ®(R*(H)) = H then V xg € Xj, LH(X) = Supxe X; UH(XQ) = hj. And the same for
R«(H). Q.E.D.

The following properties of upper and lower approximations still hold for rough fuzzy sets :
Proposition 2

oR«(F)) ¢ F c oR*(F))

R*(F U G) = R*F) URXG)

R+(F N G) = R«(F) "R«(G)

R*(F N G) ¢ R*(F) " R*(G)

R«(F U G) 2 R«(F) UR«(G)

R*(F) = R«(F)

R*(o(R*(F))) = R«((R*(F))) = R*(F)
Ri(@(Rx(F))) = R*(@R+(F))) = R«(F)

where the fuzzy set union, intersection, complementation and inclusion are defined by (Zadeh
(1965)) :

HEUG(X) = max(RE(x), KG(x))
UEAG(X) = min(UE(x), BG(X))
HE(X) =1 - pR(x).

F c G & Vx, up(x) £ ug(x)

Proof : The reason why the two last equalities hold is that if H is a fuzzy set with constant
membership on equivalence classes (as are ®(R*(F)) and ®w(R*(F))), then R*(H) = R«(H) = H,
and Proposition 1 applies. Q.E.D.

Letting m; = infy X Hp(x) and M; = supyxe X; pR(x) for any fuzzy set F in X, then it is easy to
check that

Ho®*E)X) = Zi=1,n M; - BaX;)®) = sup{RE(y) I xR y}

HoR+E)X) = Li=1,nM; - Ke(x;)®) = inf{pp(y) | xR y}.

3.2 THE LINK WITH C-CALCULUS

If we apply (7) and (8) to a fuzzy set of the real line such as "tall” in example 1, we obtain for
H(R*(F)) and KR «(F)) Piecewise constant functions that are used in integration theory to
bracket the integral of up by means of Darboux sums. Moreover the two last equations of Section
3.1 are basic equations of C-calculus (Caianiello (1973), (1987)). A composite set or C-set is a
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triple (3, m,M) where x = {Xj, ..., X} correspond to a partition of X, and m, M are mappings
X — [0,1] such that

Vxe X, m(x)=2m,; - P-(o(Xi)(x) =m;j if x € &(X;) %
Vxe X,Mx)=3M; - um(xi)(x) =M;jifx e o(Xj) (10)

where 0 £ m; <M; <1, Vi= 1,n. Every function f : X - [0,1] defines a composite set, letting
m; = inf{f(x) | x € 0(X;)} and M; = sup{f(x) | x € ©(X;)}. Clearly these equations are (5) and (6)
where X/R = ¥, and f = pf is the membership function of a fuzzy set. The links between fuzzy

sets and C-calculus were pointed out in the first paper on C-calculus (Caianiello (1973)) and more
recently by Caianiello and Ventre (1984) and by Gisolfi (1992). But it is clear that a C-set is
nothing but a rough fuzzy set, i.e., a more general and, by the way, earlier notion than a rough set.

A basic operation in C-calculus is C-product (Caianiello and Ventre (1985)). Given two C-sets
(¢x,mM) and (x'.m'\M"), a C-set is obtained, say (x".m",M") such that x" = {@(X;) "
m(X'j) 1Xje % X‘j e %'}, m" = min(m,m’), M" = max(M,M’). However the two latter relations,
expressing a fuzzy set intersection and union respectively, do not give exact result for the rough
fuzzy set, defined using x" ; indeed, if m and M are defined from f as well as m' and M', only the
following inequalities hold

min(m;m’) <inf{f(x) 1 x € aXj) N (X'}
<sup{f(x) I x e (Xj) N (x)(X‘j)} < max(Mi,M'j) (11)

It is interesting to notice that the main applications of C-calculus are in image processing, i.e. in
the setting of example 3. However C-product of rough sets make sense in example 2. If R, and Ry,
denote the equivalence relations defined on X by attributes a and b respectively, the refined
equivalence relation R}, defined on X by both attributes correspond to the partition obtained by

intersecting the equivalence classes for attribute a and attribute b, i.e. a C-product. In terms of
rough sets, (11) writes (Pawlak (1984)) :

R34(8) N Rp4(8) € Rgp(S) S Rp*(S) = Ry*(S) U RK*(S) (12)

3.3. APPROXIMATIONS OF RANDOM SETS

In Shafer (1976)'s book, chap. 6, preliminary results are given about coarsening and refinement of
belief functions. The author assumes that a belief function is defined on X/R and computes its
refinement on X. Conversely, given a belief function on X, Shafer computes its coarsening on
X/R. This work is pursued in Shafer et al. (1987). A belief function on X is defined by a finite set
& of non-empty subsets to which positive masses p(S), S € & are allocated, so that ¥g p(S) = 1.

When & contains only a family of nested sets, the belief function is called consonant and is a
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necessity measure in the sense of possibility theory (Dubois and Prade (1988)) i.e. the random set
(% p) is equivalent to a fuzzy set F with

V x e X, up(x) = Xxec s P(S) (13)

U is called the contour function of (F ,p) by Shafer (1976), even when (¥ ,p) is not consonant.
In the consonant case, the equivalence between (% ,p) and F via (13) comes from the fact that F is
the set of level-cuts of F,i.e. F = {Foloe (0,1]} withFy = (x| pp(x) = a} ; the I-cut, called

the core of F, is not empty because F does not contain the empty set.
Coarsening X using an equivalence relation R leads to introduce upper and lower
approximations of (¥ ,p), say R*(F),p*), R«(F).px) on X/R, with

R*¥(F)={R*S)ISe F};p*A)=Z {p(S) | A =R*(S)} (14)
Rx(F)={Rx(S) IS e F}; px(A) =X {p(S) | A =Rx«(S)} (15)

(14-15) generalize (1-2) into what can be called "rough random sets".

The consistency of the rough random sets and the rough fuzzy sets (i.e. the equivalence
between (14-15) and (5-6)) is easily achieved if we invert (13). Starting from a fuzzy set F on a
finite set X, letting o] = 1 2 aip 2... 2 o be the set of positive membership grades, the random
set equivalent to F is defined by (Dubois and Prade (1988))

Fg= {Foyri=1k}

PFFq;) = 0 — @y
with o 41 = 0, by convention. We moreover need the following :
Lemmal : V ae (0,1], R*(F)g = R*(F) and R#(F)g = R«(F).
Proof : See Dubois and Prade (1990).
Now the following result becomes easy (Dubois and Prade (1990)) :

Proposition 3 : R*(F) is equivalent to (R*(F g),pg*) ; R+(F) is equivalent to (R«(FE),PE,)

For instance R*(F) < (g:R*(F)vPR*(F)) o= (R*(?F),PF*) using the lemma. Indeed
ccer*(F) = {R*(F)ai li=1k}= {R*(Fai) i = 1,k}. As for the masses, PF*(R*(F(xi)) =
pR*(F)((R*(F)OLi) = pF(Fai) =04 — 0j4+1. Now if R*(Fai) = R*(Fai+1) for some i, then
F R*(F) Would contain possibly non-distinct sets. Allowing for non-distinct focal sets is a matter
of convention and does not affect the equation (13) that produces the membership function.
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3.4. APPROXIMATIONS OF BELIEF FUNCTIONS

Another way of proceeding is to project the belief and plausibility functions from X to X/R
directly. Let Bel and Pl be two set-functions defined on 2X, built from (F p), as follows :

Bel(S) = Z1.Tcs P(T) (belief function)
PI(S) = ZT.TS =@ P(T) (plausibility function).

Then define Belg and Plg on 2X/R g5 Belp(A) = Bel((A)) ; PIR(A) = PI(@(A)), V A < X/R. Let

Bel* and Belx on 2X/R derive from (R*(F),p*) and (R«(F),p«) respectively. It is easy to see that
Belg = Bel*. Indeed,

V A e 2X/R Bel*(A) = Ip.BcA P*B) = SSR*S)cA KS) = Zs:Scaa) XS) = Bel(a(A)

since R*(S) ¢ A is equivalent to S ¢ @(Rx(t(A))) = 0(A). Similarly, P1* = Plg.

The effect of coarsening X by means of R can be analyzed on X itself. Namely, noticing that
the belief function is defined by means of the set inclusion, the presence of R leads to four possible
definitions of inclusion of a subset T in a subset S, when only their upper and lower

approximations are discerned : R«(T) € Rx(S) ; R*(T) c R«(S), R«(T) — R*(S), R*(T) < R*(S),
respectively denoted xCx, *Cx, »c*, *c*. Their strength compares as follows

T *cx S implies T *cx S which implies T +c* S (16)
T *Cx S implies T *c* S which implies T »c* S an

These concepts, that may be called "rough implications”, can be compared with the usual
implication. Namely *Cx is stronger than ¢, and C is stronger than the three others. *cx and *c*
do not compare. Based on these implications four definitions of a rough belief function are
obtained on 2X

Bel*«(S) = zT*(;*S (D)
Bel«x(S) = XTycss P(T)
Bel**(S) = ZT*Q*S p(T)
Belx*(S) = Y14c*s p(T)

Notice the following equivalences : T*c+ S & T c ®(R«(S)) and T *c* S & T < 0(R*(S)).
They can be justified by the identities R*(w(Rx(S))) = R+(S), R*(w(R*(S)) = R*(S) and the
inclusion T < @(R*(T)). As a consequence

Bel*x(S) = Bel*(R«(S)) ; Bel**(S) = Bel*(R*(S))
= Bel((R«(S))) = Bel(@(R*(S))) (18)
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i.e. Bel*x and Bel** derive from the belief function Bel* = Belg with underlying random set
R*(F).p*).

Dubois and Prade (1985) study the concept of upper and lower belief function induced by a
multiple-valued mapping. If Q and €' are two sets, I" a mapping from Q to 2€Y' _ @, Bel a belief
function on 2, and A" a subset of Q', two set functions Ubel and Lbel can be defined on ' as
follows

Ubel(A") = Bel({0 e Q1 T(w) N A' = @}) (upper belief function)
Lbel(A") = Bel({0 e Q| T(®) c A'}) (lower belief function)

It is nothing than iterating Dempster (1967)'s construction of belief functions from probability
spaces. It can be proved that Lbel < Ubel and that Lbel is still a belief function while Ubel is not,
generally. As a consequence, it is easy to figure out that

« Bel*« is the lower belief function induced by Bel* from X/R to X by means of the multiple-

valued mapping  that associates to each X; the equivalence class [x]g such that ®(X;) = [X]R
» Bel** is the upper belief function induced by Bel* in the same way.

This is obvious noticing that R¥(S) = {X; | o(Xj) N S # @} and Rx(S) = {Xj | o(X;) < S}.
Moreover the set-function Bel*x is a belief function on 2X, while Bel** is not in spite of the
misleading appearance of (18). The random set equivalent to Bel*x has focal elements

{O@®R*(S)) | S € &}, and the mass allocated to @(R*(S)) is p*(R*(S)), Bel*sx derives from the
extension of (R*(%), p*). To see it just remember the identity between Belg and Bel* on X/R,
that is based on the equivalence between T < &(Rx(S)) and a(®R*(T)) < S, so that

Bel*4(S) =2XTco®w(S)PM  from (18)
= ZoR*(T)cs M
= Za(A)cS PH(A).
These properties of Bel*x have been studied by Shafer et al. (1987), where Bel*x is called the
"coarsening" of Bel, moreover Shafer et al. (1987) notice that
Bel*x(S) = max{Bel(T) | T < S, T = &(A) for some A ¢ X/R} 19
a relation that is obvious from (18). Similarly

Bel**(S) = min{Bel(T) | S c T, T = ®(A) for some A ¢ X/R} 20)

since ®(R*(S)) is the smallest subset containing S and being the exiension of a subset of X/R. But
Bel** is generally not a belief function on 2X,

A similar analysis can be carried out for the lower approximation of (¥ ,p), and it can be
checked that Belx*(S) = Belx(R*(S)) and Belxx(S) = Belx(Rx(S)). See Dubois and Prade (1990)

for details. Especially Belxx is still a belief function.
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Now remembering the relationship between the various "rough” inclusions we obtain the
following inequalities :
Bel*x(S) < Bel(S) < Bel**(S)
Belx*(S) = Belx(S) = Bel(S)

The first one is also clear from (19-20) which indicate a tight bracketing. However there is no
inequalities between Bel** and Belxx, generally. The interest of the latter inequality lies in the fact
that Belxx is a belief function that may act as an upper bound to Bel, so that Bel can be bracketted
by two belief functions namely Bel*x (from below) and Bel+« (from above) that correspond to the

upper and lower approximations of (¥ ,p) and are a generalization of rough fuzzy sets. This result

extends Lemmas 11 and 12 of Shafer et al. (1987) that only consider Bel*x as an approximation of
Bel on X due to R. He never considers Belxx. Of course dual results can be obtained for the

plausibility function since Bel(S) = 1 — PI(S).

4. Approximation of Sets with Graded Similarity Relations
4.1. FUZZY SIMILARITY RELATIONS AND FUZZY EQUIVALENCE CLASSES

Another extension of rough sets consists in equipping X with a proximity relation, i.e. a fuzzy set
R on X2 such that RR(X.X) = 1 (reflexivity), HR(X,Y) = LR (¥,X) (Symmetry) and a *-transitivity
property of the form

HR(X,2) 2 PR(X.Y) * UR(Y.2) @n

for some operation * satisfying a * b < min(a,b). Zadeh (1971) has introduced such relations.
They generalize equivalence relations in the sense that the core of R, i.e. {(x,y) | ur(x,y) = 1} is
an equivalence relation. Examples of admissible transitivity axioms are obtained for * = min
(Zadeh's similarity relations), * = product, * = Tm (a Tm b = max(0, a + b~ 1)), see Bezdek and
Harris (1978). Particularly 1 — uR is an ultrametric distance for * = min, and satisfies the usual
triangle inequality for * = Tm. Trillas and Valverde (1984), (1985) have assumed * is a triangular
norm (Schweizer and Sklar (1983)), i.e a non-decreasing semi-group of the unit interval with unity
1, that subsumes the three basic operations. We thus get close to the numerous works devoted to
approximation in metric-like spaces, a brief survey of which is in Farifias del Cerro and Prade
(1986).

A simple way to get a fuzzy relation satisfying (21) with * = Tm is to start with n classical
equivalence relations Ry, ..., R on X and to define (Bezdek and Harris (1978))

HR(.Y) = Ei=1,n O HR;(X.) (22)

where Yo = 1 and @ > 0, Vi. When the R; are nested (R < Ry <... € Rp), R satisfies (21)

with * = min. When X has cardinality more than 3, Tm-transitivity is more general than convex
decomposability into equivalence classes. However the problem of finding a criterion to determine
if a Tm-transitive proximity decomposes into (22) is still unsolved, except for min-transitive ones
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for which the Rj's are the (nested) level cuts of R, i.e. {{R) | x Ry y & UR(X,y) 2 A} |

A € [0,1]} (Zadeh (1971)). More insight into this problem has been recently provided by Kitainik

(1991).
Another interesting problem is to define the counterpart of equivalence classes for

*-transitive proximity relations. In fact that is a basic problem in taxonomy. Following Zadeh
(1971) we can define the fuzzy class [x]R of elements close to x by

KX =HREKY) Vy e X 23)

This definition coincides with the one of usual equivalence classes when R is a non-fuzzy relation.
Hohle (1988) has proposed a definition of what should be a fuzzy equivalence class X; by means

of three axioms :

i) HX; is normalized, i.e. 3x, uXi(x) =1
if) x; (%) * LR(XY) < ux; ()
i) px;0 * px; () S HR(KY)

i) correspond to the requirement that an equivalence class be not empty ; ii) requires that elements
in the neighborhood of y should be in the equivalence class of y. Lastly, iii) states that R should

contain the Cartesian product (here in the sense of *) of any equivalence class by itself ; in other
words any two elements in X are related via R. Note that axiom ii) can be expressed under the

form
Xi®Rc X

where uXi®R(y) = supg uxi(x) * UR(X,y) acts as a matrix-vector product. Due to reflexivity of

R, the property X; c Xj ® R always hold so that ii) expresses that Xj is an eigen fuzzy set of R
(Sanchez (1978) in the algebra (max, *)). The following facts are easy to establish.

Lemma 2 : A fuzzy set [X]R as in (23) is a fuzzy equivalence class.
Proof : Reflexivity of R ensures that [x]Jg is normalized. ii) and iii) both reduce to the *-
transitivity, provided that we account for the symmetry of R.
Q.E.D.
Lemma 3 : For any normal fuzzy set F, F ® R is an eigenvector of R.

Proof : F®R) ®R=F® (R ® R) = F ® R due to transitivity and reflexivity of R. Q.E.D.

Lemma 4 : If X and Xj are two equivalence classes such that uxi(x) = uxj(x) =1 for some

x € X, then Xj = X;.
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Proof (inspired by Hohle (1988)) : Letze X

uxj(z) = llXj(Z) * SUPxe X uxi(x) * uxi(x) (since Xj is normalized)
= SUPxe X qu(Z) * lJ'Xi(X) * uXi(x)
< supge X UR(X,Z) * uxi(x) (due to axiom iii)
= HXI(Z)
since X;j is an eigen fuzzy set ; by symmetry we conclude that X; = X;. Q.E.D.

Particularly, if Xj < X;j then X = X. In other words the set of fuzzy equivalence classes cannot be
ordered via fuzzy set inclusion. So far we have proved that the set of fuzzy equivalence classes
contain the fuzzy sets {[x]R | x € X} (all members of this family are not necessarily distinct) and
no fuzzy subsets of these fuzzy sets. We conclude by the last result :

Lemma 5 : Assume that F is a normalized fuzzy set such that 3 x € X, F ¢ [x]R. Then F is not a
fuzzy equivalence class of R.

Proof : By assumption, Vx, dy, pr(X.y) < HE(y). Let x such that ug(x) = 1. Then for some y,
UR(X,¥) < HE(Y) = BE(Y) * UE(X). Hence axiom iii) is violated. Q.E.D.

What has been proved is that a fuzzy equivalence class can neither be strictly included in some
[X]R. but at the same time should be included in some [X]R. To conclude

Proposition 4 : The set of fuzzy equivalence classes in the sense of Hohle is the set {[x]R, x € X},
for any *-transitive similarity relation.

If Xy... Xy, are the distinct fuzzy equivalence classes, we even have that R is the fuzzy union of
the fuzzy Cartesian products X; x X in the sense of the triangular norm *. Indeed

MUizl’n Xixxi(X,Y) = maXian MXI(X) * qu(y)
=maxze X HR(X,2) * uR(y,z) since Vi, 3z, Xj = [z]R
= UR(X%Y)

through symmetry and *-transitivity. Note that Héhle (1988) works in a more general setting
where reflexivity of R is changed into weaker properties, equality in X is itself changed into a
special similarity relation, and the unit interval is changed into a more abstract algebraic structure.
Since the notion of fuzzy quotient set is well-defined, the fuzzy equivalence classes [x]R allow
for an extension of rough sets to account for graded indistinguishibility. But the set X/R is now a
collection of fuzzy sets that makes a "fuzzy partition" of X. However note that if the core R{ of R

is a very fine equivalence relation, i.e. such that x # y = [x]R1 # [y]Rl, then [x]R # [y]R as well



216

so that X/R = {[x]R ! x € X} contains as many elements as X. This problem motivated Hohle's
investigations. However, the specialization of his results to the unit interval and *-transitive fuzzy
relations turns out to exactly correspond to Zadeh's original proposal for fuzzy equivalence
classes.

4.2. FUZZY PARTITIONS

A more direct way of obtaining a fuzzy coarsening is to start with a family ® of normal fuzzy sets
of X, say Fq, Fp, ..., Fy, with n < Xl generally. ® is supposed to cover X sufficiently, i.e.

infy max;—1 n },Ll:i(x) >0. 24

Moreover, a disjointness property between the F;'s can be requested, e.g.
Vi,j, supx min(upi(x), qu(x)) <1 (25)

This is the weakest possible view of a fuzzy partition ; in the literature (e.g. Bezdek (1981)) a
stronger definition is often adopted i.e.

Yi=1n HF; (0 = 1, Vxe X

However it is not requested here. Fq, ..., F play the role of fuzzy equivalence classes of a
similarity relation, e.g. @ = {[x]gr | x € X}. This situation often occurs when a measurement scale
X is shared into a few linguistic categories, e.g. [0,2.5] m. shared into fuzzy sets which mean
"short", "medium-sized", "tall", "very tall',.... In that case the term set ® = (Fy, ..., F,} plays
the role of the quotient set X/R. The problem of deriving a fuzzy partition from a fuzzy similarity
relation is solved by (23). Indeed X/R satisfies (24) and (25) : the fuzzy union of the [x]R is
exactly X : (24) holds and its left-hand side is 1. Moreover if [x]R # [ylR then Jz, UR(X,2) =
MR (y,z) = 1 hence (25) holds too.

The converse problem i.e. given a family of fuzzy sets on X that represents clusters of similar
elements, find the underlying relation has been solved by Valverde (1985). Namely given a

triangular norm (Schweizer and Sklar (1983)) * on [0,1], let = be a multiple-valued implication
that derives from * by residuation, i.e.

a=>b=sup{xe [0,1]la*x<Db}

Note thata=>b=1assoonasa<b, and 1 = b="b. Let Fy,..., Fj be fuzzy sets on X. Then the
fuzzy relation R defined by

HR(X,Y) = minj=1 p (Max(RE;(x), K () = min(RE;(x), KE; (1)) (26)
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is a max-* transitive similarity relation. Moreover if the family of fuzzy sets is X/R =
{Ix]JR | x € X}, then (26) applied to this family produces R again.

However if we start with any family {Fy, Fp, ..., Fp} of fuzzy sets on X, the relation R is
defined only up to the choice of the transitivity property (via the choice of *), and X/R #
{F1, Fp...., Fp} generaily. Hence the problem is to select the operation * that produces a fuzzy
quotient set X/R that is as close as possible to {Fq, Fa, ..., Fp}. See Lépez de Mdntaras and

Valverde (1988) on this topic.
The application of (26) to the 3 basic kinds of transitive similarity relation gives :

— max-min transitivity
MRGGY) = minjpp (x)#p(y) MIOME ). RE;O))

= 1 otherwise
—max-product transitivity (Ovchinnikov (1982))

— . [UF(x) UF(Y)
HROGY) = mili=Ln M o §)° B,

— max-linear transitivity

HR(GY) =minj= n 1 - IUE00) — KE M)

The basic reason why we recover R when synthetizing a *-transitive fuzzy relation from its fuzzy
quotient set using (26) is that it comes down to solve the relational equation (with symmetric and
reflexive relations R) derived from the transitivity property. This property can be viewed as

acknowledging R as a solution to R ® T < R. The equation R ® T ¢ R is equivalent to
T ¢ R ®—> R where ® is the max-* matrix composition and ®— is the min-=> matrix
composition, after results by Sanchez (1976) and Pedrycz (1985). Moreover R is also a solution to
T®R R, so that T ¢ (R ®— R)~1 (where for a fuzzy relation S, ns—-1(x,y) = ug(y,x)). As a
consequence

TcT*=R®->R1NnR>R)

where M translates into min, i.e.

HT*(x,y) = min(ming (UR(x,2) => UR(z,Y)), ming' (LR(y.z) = UR(Z'X)))
= ming(min(UR(x,2) = UR(¥:2), UR(Y:2) = UR(X,2)))
(because, R is symmetric, and due to the properties of min).
= minz(max(UR(x,2), LR (¥,2)) = min(uR(y.2), LR(X,2)))

since min(a = b, ¢ = b) =max(a,c)=>b
min(a = b, a =» ¢) = a = min(b,c) (see Di Nola et al. (1989))
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By construction R ¢ T*. Letting z = x in the expression of uTx, leads to T* < R, due to
reflexivity and symmetry of R. (26) is thus completely justified by the identity T* = R.

4.3. FUZZY ROUGH SETS

Given a fuzzy partition @ on X,counterparts of (1-2) and (5-6) in this setting allow a
description of any fuzzy set F by means of the term set ®, under the form of an upper and a lower
approximation ®*(F) and ®«(F) as follows

M; £ pgpx(F)(Fj) = supx HF;(x) * Hp(x) @7
m; £ fep,(F)(Fi) = infy WF;(X) = HpKX) 28)

where a > b=1-a * (1 —b) is called an S-implication (Trillas and Valverde (1985)). Clearly,
these equations also generalize the basic definitions of C-calculus. (27) was first proposed with
* = min by Willaeys and Malvache (1981) in order to approximately represent a fuzzy setin X on a
coarser referential of fuzzy sets of X. (27) and (28) are nothing but the degrees of possibility and
necessity of the fuzzy event F, in the sense of Zadeh when * = min (Zadeh (1978), Dubois and
Prade (1988)). M;j being the degree of possible membership of Fj in F, and m; the corresponding
degree of certain membership.This definition makes sense even when F is not fuzzy. The pair
(®P«(F), ®*(F)) can be called a fuzzy rough set. When F; is crisp, it particularizes to the rough
fuzzy set of Section 2.1.

Assume now that @ is a fuzzy quotient set that derives from a fuzzy relation R via (23).The

knowledge of R is anyway sufficient to define the "extension" of fuzzy rough sets in the sense of
(3-4). Given a subset S of X, (7) and (8) generalize into

V x € X, By R*(S))(X) = sup{URr(x.y) Iy € S} (29
V x € X, BpRa(S)®) = inf{l - ur(x.y) Iy e S} (30)

Moreover (29-30) in turn generalize in accordance with possibility theory into

Vx e X, HpR*(F))X) = supy HE(Y) * LR(X,Y) (3D
V x € X, LpRx(F)*) = infy LR (Xy) = LE(Y) (32)

which define upper and lower approximations of a fuzzy set F through a similarity relation R.
Againa > b=1-a#*(1-b)in(32). (31) and (32) have been proposed by Farifias del Cerro and
Prade (1986) with * = minimum. The equivalence between (27-28) and (31-32), when ¢ = X/R,
is almost self-evident, since the index i in (27-28) is just replaced by the element x in (31-32),
based on (23) ; moreover, if x and x' generate the same fuzzy equivalence class, their degrees of
membership in (31-32) coincide. Besides, (31) and (32) represent the distorsion of a fuzzy set F
due to the indiscernibility relation on X, as if looking at F with blurring glasses.
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(27-28) suggest a new approach to linguistic approximation. Assume X/R = {Fy, Fp, ..., Fy}
is a term set that partition X into linguistically meaningful fuzzy subsets. The problem of linguistic
approximation is one of finding the best term that may qualify a given unnamed fuzzy set F. This
problem is commonly encountered in fuzzy set-based software that accept linguistic inputs, model
them by fuzzy sets, and must ouput responses in a linguistic format again. Then the fuzzy sets

computed by the program must be named by means of some user- oriented vocabulary. See for
instance Novak (1987),... If Ix and I* denote the set of indices such that

m; = UR,F)(Fj) > 0 and Mj = pr+F)(Fp) >0

respectively, F can be bracketed by ORing the Fy's in Ix and in I* (which contains I«). The Mj's
and m;'s may be used to define linguistic modifiers for the selected terms in the term set. Namely,
Fmeans "L Fjjor Ljp Fjjor... Ljp Fip" where p is the cardinality of I*, and L; is a modifier of
F;. Rougly speaking, the following modifiers could be chosen :

ifM;<0.5 L; means "not very possibly"
ifmj=0,M;=0.5 L; means "possibly”

ifmj =205 L; means "rather certainly”

ifmj=1 Lj means "certainly” (and can be omitted)

This approach to linguistic approximation is quite different from the one of Bonissone (1979)

and followers, based on minimizing a distance between F and the fuzzy sets produced from the
F;'s by means of unary modifiers and logical connectives. Here we view linguistic approximation

as a problem of rough classification in the sense of Pawlak et al. (1986). Our procedure looks
more robust than the ones based on a nearest-neighbour classification process. But it cannot
precisely name fuzzy sets included in the Fj's, by construction.

Nakamura ((1988), (1989), (1991a, b)), and Nakamura and Gao (1991) have proposed another
view of fuzzy rough sets. They consider the upper and lower approximations of fuzzy sets in the
sense of a min-transitive fuzzy relation. These upper and lower approximations are viewed as a
family of rough fuzzy sets in the sense of Section 2.1, induced by the level-cuts of the fuzzy

relation. Namely if R is a fuzzy similarity relation, let Ry = {(X,y), pR(X,y) = }. When R is min-
transitive, Ry is an equivalence relation for all o € [0,1]. Moreover we have the representation
theorem (Zadeh (1971)) :

HR(X,y) = sup{o | x Rg ¥}

The upper and lower approximations of a fuzzy set F with respect to a min-transitive fuzzy relation
is then defined by Nakamura as the sets of fuzzy sets R *(F) and R «(F) such that

R*F) = (R*(0.F), a € [0,1]}
R«(F) = {(Re(o,F), 0. [0,1]}

where (R*(0o,F), Rx(0,F)) is a rough fuzzy set with respect to Ry, i.e.
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HoR*(0,F)X) = SUp{RE(Y), y € [XIR}
Ho®x(o,F)X) = inf(LE(Y), y € [XIR}-

It is easy to verify that *(F) and SR+(F) are nested families of fuzzy sets. More specifically
o > B entails R*(0,F) < R*(B,F) and R«(B,F) < Rx(o.F).

Note that the nestedness property works opposite ways in R *(F) and R, «(F) since when o
increases, R becomes finer, and the upper (resp. : lower) approximations become smaller (resp. :
larger).

As pointed out in an earlier paper (Dubois and Prade (1990)). Nakamura's approach can be
related to ours (when * = min) through the notion of median. Namely R*(F) and R«(F) are
medians of the families R*(F) and R.+(F) in the sense of Sugeno's integral, i.e.

MR *(F))(X) = Supg min(et, feyR*(a,F))X)) (33)
Hp@R«()X) = infg max(1 — o, ReyR«(o,F))X)- 34)

The first equality holds because

supg, min(e, supy min(UE(Y), KR o (%.¥)) = supy min(Lg(y), supg, min(e, PR (X,y)))

using Zadeh's representation theorem. The other equality obtains letting R +(F) = R *(F). Note
that the synthesis process is not the same in (33) and (34) because KLyR*(q,F))(X) is decreasing
with o while Pg(R4(o,F))(X) is increasing, especially supy min(o, Ky (R« (o, F))X) =

H(Rx(1,F))(X), i.e. the rough fuzzy set with respect to the finest equivalence relation obtained

from R. To see that (33) is a Sugeno integral, it is enough to notice that the set function g on X X
X such that g(Rg) = u(o(R*((x,F))(x) is indeed a fuzzy measure since RB < Ry entails g(RB) <
g(R). The other expression is also a fuzzy integral noticing that

HoR+(F)®) = infg max(B, LeR«(1-B,F)X)
= supp min(B, LR «(1-,F)X)

Again g((R)B) = “m(R*(l—B,F))(X) is a fuzzy measure in the sense of Sugeno.
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4.4, PROPERTIES OF FUZZY ROUGH SETS

Basic properties of rough sets can be extended to fuzzy rough sets. Using classical pointwise
definitions of union, intersection and complementation, by maximum, minimum, and 1 — -
respectively, and the usual definition of fuzzy set inclusion, the following properties hold on the

term set & = X/R

Rx(F U G) 2 R«F) UR(G) ; RF U G)=R¥F) U R*(G) (35)
R*(F N G)  R*(F) nR*(G) ; R«(F N G) = R«(F) " R«(G) (36)
R¥(F) = Re(D) 37

where inclusion is in the sense of fuzzy set theory. They are another way of stating basic relations
between N(F), N(G), N(F U G), N(F n G) on the one hand, and II(F), [I(G), II(F v G),
I1(F 1 G), on the other hand, in possibility theory.

The following properties also hold for fuzzy rough sets

oR+(F)) cF c o (R*(F))
R#+(F) = Rx(F) ; R¥*(F) =R*(F)

where Rxx(F) is short for Rx(@(Rx(F)) ; R**(F) = R*(w(R*(F)). The latter equalities take
advantage of the *-transitivity of R, i.e.

HaR**(E)X) = suPy HeyR*(F))(Y) * LRK.Y)
= supy (supz HLF(2) * BR(Z,Y)) * BR(X.Y)
= supy z UF(z) * HR(Y:2) * HR(X.Y)
= Sup W) * supy UR(X.Y) * UR(Y2)
= sup, UR(z) * UR(z,X) since R®R=R

= Ko®R*(E)X)-

However the equalities R*(R+(F)) = R+(F) and R«(R*(F)) = R*(F) that hold for rough fuzzy sets
no longer hold for all kinds of fuzzy rough sets.

Proposition 5 : For continuous triangular norm * and a symmetric, *-transitive fuzzy relation, the
upper approximation of the lower approximation satisfies the following properties :

-) if * = minimum : MR «(F)) < HoR*R+(F))) <max(0.5, lJ'(,o(R*(F)))
-)if * = product : HeR*R«(F))) = LR +(F)) if By R« (F)) ) 2 12

< N < _ 1
Ho®R«() = HaR*R+FD) = 70 10 ra@)®)
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—) if * = Tm then R*(R+(F)) = R«(F)

. 1+ foRe(F)
—) if Tm < * then PR« (F)) < HoR*R«(F))) < -——u—-mé—Ri————

Proof : R«(F) < R*(R«(F)) is obvious. Let us check the upper bounds

Hao®R*R+(F))X) = supy [inf; 1 - uR(y,z) * (1 - up(2))] * pR(X,Y).

from (32). This expression can be upper bounded using transitivity, changing pg(y,z) into
HR(YX) * UR(X,2)

Ho®*R+(F)X) < supy [inf; 1 - pr(y.x) * UR(x.,2) * (1 - up(2))] * HR(X,Y)
= supy (1 - PR(Y:X) * LR*(F))(X) * RR(X.Y)
= supy (R(XY) = HeR«(F)X) * UR(X.Y)
< SUPae [0,1] (a-o ]J.O)(R*(F))(X)) * 3.

This quantity is not easy to compute in the general case.

If * 2Tm then (1 -a*b)*a<(1-max(0,a+b-1))*a<min(l,2 - a-b, a). This quantity
reaches its maximum for a = 1 — b/2, and we thus obtain

1 *
Ho@®R*R+E)X) £ 1-(1/2) - ppr*(E)X) = _ﬂl;_@_)_(x_)

For the three basic t-norms, we obtain more precise results :

* = minimum : then we have to compute

SUPae [0,1] min{max(1l - a, b), a] = max[sup, min(1 - a, a), sup, min(a,b)]
=max(1/2, b). Hence the result.

* = product : we have to compute
4(11 5 ifb<12
S“pae[o,l] (1-a+abja= b oo

Hence the result.

* =Tm : we have to compute
Supae [0,1] Max(0, min(1, 1 —a + b) + a— 1) = sup,¢ [0,1] max(0, min(a,b)) = b.

Hence the result. Q.E.D.
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Dual inequalities hold for R«(R*(F)).

Proposition 6 : For a continuous triangular norm * and a symmetric, *-transitive relation, the lower
approximation of the upper approximation satisfies the following properties

=) if * = minimum : LR *(F)) 2 KR «R*(F))) = Min(0.5, LyR*(F)))
—) if * = product : PyR*(F)) = HoR«R*(F))) iIf Ro@®R*@) = 1/2

HoR*(F) 2 FoRxR*E) = 1~ 1/4- F«W

=) if * = Tm then R+(R*(F)) = R*(F)

=) if * 2 Tm then ReyR*(F)) 2 HoR+R*(F))) 2 172 - BoyR*(F))-

Proof : R«(R*(F)) = R«(Rx(F)). Hence it is enough to use the bounds for R«(F). Q.E.D.

The definition of R«(F) as in (32) is based on so-called S-implications, that derive from triangular
norms through the classical definition of material implication ¢ = Y= =@ v Yy = —(Q A —VY) ;
hence a— b=1-(a * (1 —b)). There is another definition of multivalued implication, based on
the deduction theorem, i.e. ¢ ; ¥ — & < @ — y — &, which translates in the multiple-valued

framework by a * b<cif and onlyifa<b => c, hence b = ¢ =sup{x | x * b < c}. These are
called R-implications (R means residuation) by Trillas and Valverde (1985) and encountered in
Section 4.2. These two families were laid bare by these authors as well as the authors of this paper
(Dubois and Prade (1984a, b)). The expression (32) suggests another definition of the lower
approximation, based on the residuated implications

HaxR+(F))(X) = infy pR(X.Y) => PR(Y).

The following properties of residuated implications based on continuous triangular norms will be
useful :

Lemma$5

i) ((a*b)=>c)*as<b=>c
ii) a=>b=c)=(@*b)=>c
ii) a=>b=xc*xaxbx*c.

Proof : Let us show i)
((axby=>c)*a =(sup{xi(a*xb)*x<c})*a
=sup{a*xl(@a*x)*b<c};lety=a*x
<sup{y,y*bs<c}=b=c. (since {a * x I x € [0,1]} < [0,1]).
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As for ii) first notice that due to i), (a * b) > c e {x!x * a<b = ¢} ; hence (a * b) =
c<sup{x!x*a<b=c}=a= (b= c). The converse inequality can be established as follows :

a=>(b=>c) =sup{xla*x<sup{ylb*y<c}}
<sup{xla*b#*x<sup{y*bib*y<c}} (sinces<tentailss *u <t *u)
=sup{xla*b*x<c}=(*b)=>c

Lastly,a=>b*c*a=sup{x|x*a<b#*c#*a} >2sup{xIx<b*c}=b=*c,sincex<b=*c
entails x * a <b * ¢ * a, which proves iii). Q.E.D.

Proposition 7 : The lower approximations R «(F) based on a R-implication satisfy the following
properties

) R«(F NG)=RxF) "R«(G)
i) Rx(F U G) 2R«(F) UR«(G)
i) R«(F)cF

iv) Rxx(F) = Rx(F)

v)  R*Rx(F)) =R«(F)

vi)  R«(R*(F)) = R*F).

Proof : i) is a simple consequence of = being monotically increasing in its second argument ; ii) is
as obvious ; iii) obtains since infy HRXY) = UR(Y) £ (LR(X,X) = UR(X)) = UR(X) because R is
reflexive.

V) HoRws@)® =infy pR(xy) = (inf; (UR(Y2) = nE2))
=infy 7 BR(X.Y) = (UR(Y:2) => UF(Z))
= inf,, (supy (LR(%Y) * UR(¥,2)) = nR(z)) using ii) in lemma 5
= inf,, PR(X,2) = REZ) = LR «(F))®

V) KoR*R+(F)))X) = Supy HR(X,y) * (infz (UR(Y.2) => LF(2))

< supy inf; PR(X,Y) * (MR(Y.X) * HR(X.2)) = UF(2))
due to *-transitivity of R ;
< supy inf; UR(x,z) = 192 ¢4] due to i) in lemma S, and symmetry of R

= LoR«(@)®) ;

hence R*(R#(F)) < R«(F). But R«(F) ¢ R*(R«(F)) is also obvious (by letting x = y and taking
advantage of the reflexivity of R in the expression of H(R*(R«(F)))(X)). Hence the result.
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Vi) LeR«R*F)X) = infy (UR(X,y) = (supz HR(Y2) * LF(z)))

2 infy sup; LR(X,y) = (LR(Y.X) * BR(X,2) * LF(Z))
using the *-transitivity of R
> infy supz LR(X,z) * UR(z) due to symmetry of R and iii) in lemma 5

= HaR*(E) %)

Hence R*(F) < R«(R*(F)). Hence the equality R*(F) = R+(R*(F)), since R*(F) o R«x(R*(F)) is
obvious by letting x =y in the expression of Ly R «(R*(F)))(X)- Q.E.D.

Note that all the properties pertaining to the lower approximation must be computed independently
of the properties of the upper approximation because when the lower approximation is based on a
residuated implication, we do not have R*(F) = R« (F) any longer. To keep this property means to
modify the definition of the upper image by means of a non-commutative conjunction defined,
symmetrically to S-implication, as a A b=1-a => (1 - b) given a R-implication =>. The study of
the upper approximations based on non-commutative conjunctions is left for further research.
However, remembering that the non-commutative conjunction can also be built by residuation from
the S-implication (i.e. a A b=sup{xla — x <b} for a large class of t-norms (e.g. Dubois and
Prade (1984b), Fodor (1991)), there is clearly an interesting investigation to envisage along this
research line.

Note that Nakamura's approach has the advantage of preserving all properties of rough sets

since for rough fuzzy sets everything is preserved indeed (see Section 3.1). Then for all o € [0,1],
R*(o,F),Rx(0,F)) verifies all the properties enjoyed by rough fuzzy sets, and this can be written
in a more compact way in terms of (R *(F), R »(F)). However Nakamura's approach has the

disadvantage of being very heavy, since a fuzzy rough set in his sense may correspond to an
infinity of rough fuzzy sets, indexed by . On the contrary, our approach leads to a more compact
description of fuzzy rough sets, at the expense of losing some properties.

4.5. FUZZY ROUGH SETS AND MODAL LOGICS

There have been several works by Orlowska (1984), Farifias del Cerro and Orlowska (1985) that
relate rough sets to modal logic. The basic idea is to interpret a rough set in terms of the two
modalities L (necessary) and M (possible). Namely if p is a proposition whose meaning is defined
via the subset S ¢ X, Lp and Mp then correspond to R*(S) and R*(S) respectively. R plays the
role of the accessibility relation on X in order to equip modal logic with the usual semantics
(Chellas (1980)). A modal logic in the usual sense is thus defined at the syntactic level. At the
semantic level, a model is viewed as (X, R, m) where X is a set of objects, R an equivalence
relation on X and m is the meaning function. m defines for each formula p the set of objects m(p)
for which p is true. Satisfiability is defined in the usual sense, especially for Lp and Mp :

x satisfies p if and only if x € m(p)
x satisfies Lp if and only if Vye [xIr,y € m(p),ie. [xIg < m(p).
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x satisfies Mp if and only if Jye [xIr, y € m(p),i.e. [XIr " m(p) % D.

Clearly this can be written m(Lp) = Rx(p), m(Mp) = R*(p). Since R is an equivalence relation
the corresponding modal logic is the S5 system (Orlowska (1984), Nakamura (1991a)). The
axioms of this system are embodied in the properties of rough sets with respect to set-theoretic
operations and iteration of lower and upper approximation operations.

Fuzzy rough sets and rough fuzzy sets offer a nice opportunity for developping a meaningful
modal-like logic involving fuzzy modalities (induced by a fuzzy accessibility relation) acting on
fuzzy propositions (whose meanings are fuzzy sets of X). Some attempts have been made in the
past along this line. Nakamura and Gao (1991) have pointed out that since fuzzy rough sets
(viewed as an indexed family of rough fuzzy sets) satisfy all properties of rough sets, it is possible
to develop a S5-like modal fuzzy logic ; this logic is presented in (Nakamura (1991a)). The same
author considers the case when the fuzzy relation is only symmetric and reflexive in (Nakamura
(1989)). He basically focuses on indexed modalities, Ly denoting the necessity modality

associated with the level-cut relation Ry, (see also Nakamura (1991b)).

In a different context Ruspini (1991) envisages a fuzzy logic where fuzziness comes from
indiscemibility between possible worlds. Namely, m(p) is not attainable, only fuzzy upper and
lower approximations R*(m(p)) and R«(m(p)) make sense. R is defined as a *-transitive similarity
relation, and (Lp,Mp) correspond again to the fuzzy rough sets R*(m(p)) and R«(m(p)). Ruspini
focuses on the notion of rough deduction ; namely when a proposition p implies the proposition q
to degree o, it means that V x € m(p), 3 y € m(q) which is a-similar to x, i.e. such that
UR(X,y) = o. In other words the degree of implication of q by p is the value

I(qlp) =infyem(p) SUPxe m(q) HR*.Y)
= infye m(p) FR*(m(q))¥)-

This degree is a degree of inclusion of m(p) in the upper approximation of m(q) obtained by
"stretching” the set of objects x satisfying q in a suitable way. A companion degree of consistence
is defined by

C(@! p) = suPye m(p) MR*(m(q))(¥)-

Denoting I(q | X) = HR *(m(q))(%), Ruspini (1991) considers another implication degree, here
denoted Ig(q | p) constructed gom stretching both p and q and taking into account a piece of
incomplete evidence s under the form of a subset S of possible worlds, one of which is the true
one :

IsqIp =infyglpIx) =>1(qlx)

where = is a residuated implication associated to the triangular norm *. In fact Ruspini calls
"conditional necessity distribution" Nec(q | p) any lower bound to this quantity and "conditional
possibility distribution” any upper bound.

Note that what is computed is a degree of inclusion of the restriction to S of the upper
approximation R*(m(p)) into R*(m(q)). It generalizes the classical notion of deducing q from p,
given evidence S since letting R be the equality relation
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Is(@lp)=1 ifandonlyif Scm(—pvq)
if and only if S N m(p) < m(qQ).

A transitivity property is obtained, namely
Iqlx)21s(q!p) * I(pix)

which is due to the property a * (a = b) < b that characterizes R-implications. Ruspini (1991)
considers the above inequality as an inference rule that is the basis of Zadeh's generalized modus
ponens. The other inequality

C@lx)2Ig(q!p)* C(p|x)
is also proved by Ruspini (1991).

The above view of fuzzy logic considers fuzziness as a by-product of graded
indistinguishability. Namely any subset A of a set X of possible worlds is perceived as a fuzzy set
R*(A) due to the similarity relation R on X. This is well in accordance with Orlowska and
Pawlak's intuitions. However Ruspini never considers the lower approximation Rx(A) which is
another fuzzy set included in R*(A). It is the pair (R«(A),R*(A)) that should be regarded as the
result of blurring A by means of R. This fuzzy rough set involves both fuzziness (grades of
membership) and imprecision (interval-valued membership grades). Particularly, there are three
companion entailment degrees to Ig(q | p), changing upper approximations into lower
approximations, as done in Section 3.4, corresponding to so-called "rough implications”.
Ruspini's fuzzy logic considers that given evidence s whose set of models is m(s) = S, and
indistinguishability R, necessity and possibility degrees of any proposition p Nec(p) and Pos(p)
are defined as

Nec(p) <I(p!s)
Pos(p) =2 C(p | s).

These notions of possibility and necessity differ from the ones proposed by Zadeh (1978) and
embedded in the authors' possibilistic logic (Dubois and Prade (1991)). In possibilistic logic ail
elements of X can be distinguished, but the available evidence s is fuzzy, thus inducing an ordering
relation on X, encoded by the possibility distribution rt = Hm(s)- The preferred worlds x are such
that t(x) is maximal. The possibility and necessity of a proposition p are then defined by

N() = infg m(p) I - 700)
TT(p) = supx¢ m(p) (x)

which are again degrees of inclusion of m(s) in m(p) and consistence of m(s) and m(p)
respectively. (Nec,Pos) and (N,IT) do not have the same properties generally. Namely it is
possible to prove (Ruspini (1991))

Ip Aqls)<min((pls), I(qls))
I(pvqls)2max(I(p!s), I(qls))
C(pAqls)<min(C(pls), Cqls))
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C(p v qls)y=max(C(pls), C(qls)).

Moreover I(—p I s) # 1 — C(p | s). On the contrary, N(p) = 1 — [I(—p) and N(p A @ =
min(N(p),N(q)). an equality which fails in Ruspini's approach. But the equality would hold if
I(p I s) were based on the inclusion of S in the lower approximation of m(p), instead.

To conclude, Ruspini's approach to fuzzy logic comes close to attempts at devising modal
logics of rough sets by Orlowska and to extensions as done by Nakamura, although Ruspini does
not try to propose a modal logic system per se. Moreover Ruspini's fuzzy logic contrasts with
possibilistic logic in the sense that the former is a logic of similarity while the other is a logic of
preference. It would be fruitful to put them together by keeping the indistinguishability relation, but
allowing for fuzzy evidence under the form of a possibility distribution ranking the possible worlds
in terms of preference. Then the necessity-like index could be generalized into

I(p 1) = infy T(x) = HR*(m(p))®)

With 7T = i ), using an S-implication. Clearly when R is the equality on X, I(p | s) reduces to the
degree of necessity of possibilistic logic. Similarly,

C's) = supx T(x) * KR*(m(p))®)

generalizes both the consistence index and the possibility measure. Ruspini's notion of conditional
possibility and necessity does not coincide to the similar notion in possibilistic logic. Namely when

R reduces to an equality, Ig(q | p) = N(—p v q) where N is a {0,1}-valued necessity measure

defined from m(x) = 1 if x € S and ®(x) = 0 otherwise. On the contrary, in possibilistic logic
N(q ! p) is defined as

N(q!p) =N(=pv @) if N(=pVv q) > N(—p Vv Q)
= 0 otherwise

i.e. N(q | p) expresses to what extent q is a more plausible conclusion than —q in the case when p
is true, given evidence s. The conditional possibility is [1(q | p) = 1 — N(—q | p) while Ruspini
views it as an upper bound on Ig(q | p). When S is fuzzy, the following extension can be proposed

Is(q ! p) = infy m(x) = (I(p | x) = I(q! x)).

where T = ug and — is a S-implication. Note that we must use an S-implication to combine & with
the other expression in order to encompass N(—p Vv q) as a particular case of the above expression,
when R is an equality. Indeed N(p) = infy m(p) 1 —n(x) # infy (x) = p,m(p)(x), generally.
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5. Conclusion

This paper has shown that the idea of a rough set can be combined with fuzzy sets in a fruitful
way. It enables several independent approaches to approximation models to be unified. Further
research is needed on the following aspects :

Modal logic approaches

It is obvious that fuzzy rough set offer a good opportunity to relate and/or put together fuzzy
sets and modal logic, a task that has been considered in the past from various perspectives (see
Dubois and Prade (1980) for a survey of early attempts) especially fuzzy accessibility relations.
Prade (1984) and Dubois et al. (1988) have considered incomplete information systems for which
a modal formalization is due to Lipski, and have extended it to fuzzy incomplete information
systems (indistinguishability between attribute values is discussed in this context in (Prade and
Testemale (1987)). More recently, Farifias del Cerro and Herzig (1991) have related possibilistic
logic to the modal conditional systems of Lewis (1973). Fuzzy rough sets offer a tool for graded
extensions of the S5 system as pointed out by Nakamura (1991a, b). Here the difficulty depends
about where the fuzzy component lies. Deriving a modal logic of rough fuzzy sets looks difficult
because one must start from the syntax of a multiple-valued logic where conjunction and
disjunction translate into max and min. To the authors knowledge, such a fuzzy counterpart of
propositional calculus does not exist. Especially, this is not Lukasiewicz logic, but a multiple-
valued logic based on a Kleene algebra. If the corresponding syntax can be worked out in harmony
with fuzzy set-based semantics then the modalities induced by an equivalence relation will
correspond to those of S5. The converse task, i.e. adding fuzzy modalities deriving from a
similarity relation to propositional calculus has been considered by Nakamura (1991b) using a
multi-modal calculus. Doing it in the style of fuzzy rough sets defined in this paper looks less
straightforward because all properties of the S5 modalities do not hold, and there is a degree of
freedom as to the choice of the connective family that defines the lower approximations.

Handling several similarity relations

The full rough sets theory handles several indiscernibility relations that correspond to, for
instance, as many attributes in the framework of information systems. The way equivalence
relations may combine has been the topic of algebraic studies, and these results have been cast in
the modal logic DAL of Farifias del Cerro and Orlowska (1985). An algebraic study of the
combination modes of *-transitive fuzzy relations is certainly an important topic.

Modeling independence in a fuzzy setting

Lastly, Pawlak (1984) as well as Shafer et al. (1987) and Pearl and Verma (1987) have studied
concepts of independence and redundancy between partitions, each with different terminologies.
Especially Pawlak's notion of independence is weaker than the one of Shafer et al. (1987). It might
be useful to pursue the unification work along this line, and generalize it with fuzzy partitions,
viewed as fuzzy quotient sets of similarity relations.
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Part 1II
Chapter 2

APPLICATIONS OF FUZZY-ROUGH
CLASSIFICATIONS TO LOGICS

Akira NAKAMURA
Department of Computer Science
Meiji University
Tama-ku Kawasaki, 214, Japan

Abstract. From a point of view of handling imperfect knowledge like uncertainty, vague-
ness, imprecision, etc., a concept of fuzzy-rough classifications is introduced. This is a
notion defined as a kind of modification of the rough classifications. Two logics based on
the fuzzy-rough classifications are proposed, and various properties are examined as com-
pared with the indiscernibility relations. Also, decision procedures for the proposed logics
are given in the tableau style which is useful in automated reasoning.

1. Introduction

In ancient times the logic was built as the science of reasoning on human knowledge, and
the establishment of symbolic logic in the early years of the 20th century suggests the
possibility of mechanical processing of this reasoning. Further, rapid progress of computer
in these days enable us to realize this aim. In such a stream, the researches on knowledge
have been one of the central topics in artificial intelligence. Originally, the logic has two
aspects, namely, the formal one (syntax) and the material one (semantics), and these two
are strongly related each other. In this reason, the problem of knowledge representation
must be argued from the point of view of logic.

In recent years a variety of formalisms have been developed which address several aspects
of handling imperfect knowledge like uncertainty, vagueness, imprecision, incompleteness,
and partial inconsistency. This is a reason that the formal system must be discussed from
the meaning. In [11] Pawlak introduced the notion of rough sets whose issue is reasoning
from imprecise data. In [12], he provided the basic theory and results about the rough sets
from a point of view of its possible application to artificial intelligence. The idea of the
rough sets
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consists in approximations of a set by a pair of sets called the lower and the upper
approximations. In fact these approximations are interior and closure operations in a certain
topology generated by available data about elements of the set. In [10], Orlowska discussed
theoretical foundations of knowledge representation from a point of view of the above rough sets
modeling indiscernibility of knowledge. Indiscemibility relation is a binary relation that identifies
objects which have the same descriptions with respect to a set of attributes of objects. For

example, the persons who were born at the same time are not distinguishable with respect to

Meanwhile, the theory of fuzzy set formalized by Zadeh [13] is a well-established and active
field, with numerous applications in such areas as artificial intelligence, pattemn recognition,
circuit theory, control theory, etc. . Further, in [14] the similarity relation in the fuzzy theory
has been introduced as a generalization of the equivalence relation. Along this line, in [7] the
present author developed a logic for fuzzy data analysis which was built by extending
indiscemibility relations to the fuzzy case. Further, in [8], starting the fact that the equivalence
relation is the base of model for the S5-modal system the author proposed the S5-modal fuzzy
logic and examined some relationships of this logic to a topological soft algebra.

As a continuous work of previous papers [7] - [9], in the first half (the Section 2 to the Section
4) of this paper we propose a logic based on fuzzy-rough classifications and examine various
properties of this logic. Roughly speaking, fuzzy-rough classifications mean a kind of degree of
the equivalence relation, which correspond to the fuzzy degree of S5-modality. We introduce the
family of modal operations {[A]}3e (0,11 - This operation [A] is also considered as a kind of
modification of ind(A) based on indiscernibility relation. Also, it is related to the quantitative
modal logic in [3]. And by making use of the technique based on the tableau method the paper
gives a decision procedure for this logic.  Next, in the second half (the Section 5 to the Section
6) we propose a fuzzy logic based on the above fuzzy modalities. This logic is obtained from
[9] by generalizing the quantifiers to fuzzy-rough classifications. And we will show a decision
procedure which is obtained by extending the results of the first part.

Finally, relationships of imprecise monadic predicate logic to $5-modal fuzzy logic are
discussed. This is a similar relation to that between the ordinary monadic predicate logic and the
usual S5 modal logic. Further, remarks about an axiomatization of the logic L1 in the first part
and a relationship of these modal operations to rough quantifiers are given with references [4]
and [6]. Also, some problems of practical techniques of a tableau method for the proposed
logics are suggested as a future view.
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2. Preliminaries and basic definitions
Let us consider a system S =< OB, AT, {(VALg}qe AT » f>. This system is usually called

the information system , and is the same as that denoted by S =<U, Q, V, f>. That is, OB,
AT, VAL 4 and f are defined as follows:

OB is a set (not necessarily finite) of object,

AT is a set (not necessarily finite) of attributes,

VAL, is a set of values of attribute a for each AT, and VAL is the union of all the set VALq ,

f is amapping from OBX AT into VAL.

We define a binary relation R on the set OB as follows:
(04, Oj) € R iff f(o;,q)= f(Oj, a) foreach a€ AT.

The relation R on the set OB is referred to as indiscernibility with respect to attributes from the
set AT ([10] and [11]). It is easily shown that R is an equivalence relation on the set OB.
Speaking more generally, let R be an equivalence relation defined on X. Let us denote the
equivalence class of x in X in the sense of R by [x]Jr. Given a subset S of X and an equivalence
relation R, a lower approximation R(S) and an upper one R*(S) of S with respect to R are

defined as follows:
Definition 2.1. Let S be a subset of a given set X and R be an equivalence relation defined on

X. Rx(S) and R*(S) are defined as follows:
R«(S)={x€ XI[xIRES S}, R*S)={x€ XIXIRNS*d}. 0
Now, let us begin to discuss the fuzzy case of the previous definition. Fuzzy sets are defined
by their membership function p. Let S and T be fuzzy sets. The membership functions of S N
T,SUTand S are defined as follows:

HSAT () = min(g(x), pp(x)),

Hsut 0 = max(p.s(x), PT(X)),

HS® = 1- pug(x).

A fuzzy relation R is defined as a fuzzy collection of ordered pairs. In this paper, our attention
is focused on a special case of the fuzzy relation. That is, we employ the notion of similarity
relation due to Zadeh [14]. The similarity relation is essentially a generalization of the notion of
equivalence, and it serves as a very useful concept for the logical approach to fuzzy data analysis.
Definition 2.2. A similarity relation R in X is fuzzy relation in X which is:

(a) reflexive: MR(X,X) = 1 for all x in dom R,

(b) symmetric: HR(X,y) = LR (Y.X) for all x,y in dom R,
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(c) transitive: HR(X,z) 2 V(LR (X,Y) A UR(Y,2)) for all x,y, z in dom R. 0
y

We generalize here Definition 2.1 to the fuzzy case. To this end, we introduce a new notion

denoted by R(A).
Definition 2.3. For a similarity relation R and A € {0,1], R(A) is defined as follows:

RQ) = {(xy) IlpRx, ) 2 A }. 0

It is well known that R(A) is the usual (non-fuzzy) equivalence relation ([14]). Also, foro. <
B R(P) S R(e) ([14]). Note that Vx((xlr(e) S IXIR@) or Vx(XIR@) S [XIR(or)) -
Definition 2.4. For a subset S of X, A € [0,1], and a similarity relation R R#(L)S and
R*(A)S are defined as follows:

Rx(A)S ={x€ XI[x] RQ) S S}
R*(M)S = {x€ XI [XIray N S * ¢} O
The above definition is obtained from Definition 2.3 of [7] by modification.

3. Logic of fuzzy modalities
In this section, we describe the syntax and semantics of a logic L based on fuzzy modalities.

Consider three classes of symbols:
() Propositional variables: p, q, ..., 1, P2.-.- -

(ii) Propositional operations: — (negation), A (conjun<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>