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ARTICLE INFO ABSTRACT

Keywords: Three-way multi-attribute decision-making (3MADM) integrated with double hierarchy hesitant fuzzy linguis-
Three-way decision tic term set (DHHFLTS) can not only effectively express the uncertainty of language, but also help reduce the
Multi-attribute decision-making risk of wrong decision-making. However, the existing compared methods for DHHFLTSs dismiss the variances

Double hierarchy hesitant fuzzy linguistic term
set
Conditional probability

in psychological reference points, resulting in mismatches in form and connotation for some linguistic terms.
Furthermore, it is difficult or even impossible to obtain an accurate degree of difference using the existing
DHHFLTS distance method for these linguistic terms. This directly affects the accuracy of obtaining conditional
probabilities results in the three-way decision model. Therefore, this paper introduces the concept of the
superior gradus for double hierarchy linguistic term set (DHLTS) and double hierarchy hesitant fuzzy linguistic
element (DHHFLE), respectively. Then, some novel compared methods are defined that allow the identification
of differences between linguistic variables. Subsequently, based on the superior gradus, a novel distance
measurement is designed with a risk parameters. Through the adjustment of risk parameters, this method can
respectively obtain optimistic and pessimistic results. Also, the relative loss functions designed for DHHFLTSs
aim at getting more objective decision-making results. Finally, the paper proposes a novel 3MADM method
under the double hierarchy hesitant fuzzy linguistic information system (DHHFLIS) and applies it to service
assessment. To verify the effectiveness and rationality, the medical diagnosis data set is used, and the results
are compared with other classic MAMD methods.

1. Introduction may be hesitant to judge the battery life, and he/she may use HFLTS —
normal, good, very good to express his/her opinion. However, all the

In the era of big data, computing with words (CW) has become an linguistic terms included in HFLTS have the same important degrees,
important part of data analytics. CW was first proposed by Zadeh [1] in which is not always adequate when representing the real thoughts
1975, providing a basis for simulating human processing of qualitative of people [9]. PLTS consists of two parts: one part is to utilize the
information. Qualitative information with the linguistic variables has precise numerical value to represent the important degrees of linguistic

been investigated by many scholars [2-6]. These representations are
varied from the perspective of syntactic form and semantic form accord-
ing to different qualitative decision-making problems. Linguistic term
set (LTS) as originally designed has not been able to convey complex
data. The compound structures linguistic terms for expressing complex
data are hesitant fuzzy linguistic term set (HFLTS) [7] and probabilistic
linguistic term set (PLTS) [8]. HFLTS is proposed to allow a decision
maker(DM) to simultaneously hesitate among several linguistic terms.
For example, when a consumer is purchasing an electric car, he/she

terms given by people, and the other part is to show the frequencies of
linguistic terms. However, the process of using precise numerical values
for evaluation tends to be quite time-intensive. The match between
precise numerical values and qualitative assessments is what DMs need
to consider. Thus, Gou et al. [10] proposed a double hierarchy linguistic
term set (DHLTS), which uses linguistic term to represent the important
degrees rather than precise numerical values. DMs are more likely to
utilize complex and detailed linguistic expressions, such as “only a little
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good”, “entirely low”, and “a little bit better”. The linguistic variables
model of DHHFLTS suitably represents the complex data and effectively
captures the uncertainty of DM’s hesitation. For DMs, using DHHFLTS
only requires an easy selection of the language scale based on their
intuition, without the need to think hard and evaluate the appropriate
numerical values.

In recent years, DHHFLTS has been extensively studied by schol-
ars, including aggregation operator, score function, decision-making
methods, etc., and has been applied to a variety of practical scenar-
ios to solve multi-attribute decision-making (MADM) problems. Gou
et al. [10] explored the DHHFLTS and the MULTIMOORA method based
on the Euclidean distance measure, and applied these methods to the
evaluation of haze control measures. Gou et al. [11] proposed a novel
score function and a novel distance measure, which were combined
with VIKOR to evaluate smart healthcare. Liu et al. [12] proposed
the PROMETHEE combining subjective and objective information ac-
quisition methods to evaluate PPP’s advancement. Zhang et al. [13]
proposed a DHHFL-DEMATEL method to identify key performance
indicators in healthcare management. Liu et al. [14] proposed four ag-
gregation operators to calculate the support degree of network account-
ing software. As mentioned above, the final result of these methods,
such as MULTIMOORA, VIKOR, DEMATEL, score function, aggregation
operator, are to rank the alternatives according to some indicator.
Although MADM methods [10,15-17] generate ranked results that
could assist DMs in identifying the superior alternative(s), decision-
making necessitates more than just pinpointing the best choice. It
may also require consideration of acceptable alternative(s). For exam-
ple, investment diversification often involves selecting several suitable
funds with the goal of spreading investment risk. It is well known that
high returns correspond to high risks. Therefore, instead of choosing
a few funds with the highest returns, it is better to obtain more
stable and appropriate returns through a combination of different risk
funds. Especially when the number of alternatives are large, the results
produced by the classic MADM methods can only give rankings, but not
semantic explanations of the decision results of the alternatives. Since
the classic MADM method has the characteristics of two-way decision.
This kind of two-way decision-making limited to “accept” or “reject”
may reduce decision-making efficiency or increase the risk of wrong
decisions. From a human cognitive perspective, triadic thinking is a
much more effective model for problem solving.

Three-way decision (3WD) is about thinking, problem-solving, and
computing in threes [18]. From the perspective of worldview, Yao’s
publication in 2022 discussed the mutually supporting relationship
between the 3WD and the three-world conception, concreting the TAO
(Triading-Acting-Optimizing) framework in more detail. It is a high-
level conceptual model whose structure consists of three-part structure,
which is in line with the idea of granular computing, and provides
the accepted option, the non-commitment option and the rejected
option. As early as 2018, Yao [19] discussed the relationship between
three-way decision and granular computing from a new perspective,
providing a good theoretical and methodological research paradigm for
big data analysis. With the development of 3WD, Yao [20,21] proposed
the notion of three-way granular computing (3WGC) in 2020 which can
effectively reduce decisions risk and yield results that better reflect hu-
man cognition. The above models all focus on the structured thinking,
problem-solving methodology and information processing aspects of
granular computing. The above poins are usually considered to be 3WD
in a wide sense. Corresponding to the wide sense of 3WD is the narrow
sense of 3WD [22]. The difference between them is that the former
focuses on the interpretation of concept connotation and denotation,
while the latter focuses on the semantic explanation of three-way deci-
sion in practical problems. Research on the narrow sense of 3WD can
be roughly divided into two major categories: research into conditional
probabilities and research into loss functions. In this model, the loss
functions determine a pair of threshold parameters as the basis for the
division of three regions: the rule of the positive domain represents
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acceptance of something, the rule of the negative domain represents
rejection something, the rule of the boundary domain represents not to
make a commitment on something for the time being. Liang et al. [23]
introduced a new similarity relationship by deriving conditional prob-
ability under hesitant fuzzy environment. Subsequently, this method
was widely extended to type-2 fuzzy environment [24], hesitant fuzzy
set [25], fuzzy multi-granulation rough set [26], and others. Jia and
Liu [27] proposed the relative loss functions calculation method based
on the objects differences, acknowledging that different attributes will
lead to different losses. This relative concept was subsequently ap-
plied to various fuzzy information systems, such as intuitionistic fuzzy
set [28], triangular fuzzy set [29], and PLTS [6]. It is not difficult to
see that the above models all have specific mathematical expressions
on specific information sets. They have different 3WD models and are
applied to problem solving in different fields, such as risk preference
decision-making [30], medical decision-making [31], and housing price
prediction [32]. Based on existing studies [25,26,33-35], 3WD offers
theoretical and technical support for effectively handling MADM prob-
lems. Therefore, how to apply the idea of 3WD to solve the MAMD
problem is important for the development of 3WD.

The field of three-way multi-attribute decision-making (3MADM)
has seen significant growth in recent years. Different from the tradi-
tional MADM problem, it can not only realize the function of optimal
ranking, but also produce the best/optimal triad in response to the
set of strategies. According to the fuzzy expression can be categorized
as quantitative and qualitative, the existing 3MADM research can also
be classified into two categories. Research in the area of quantitative
expression is concerned with the construction of models in new envi-
ronments, the definition of dominance relationships, and the character
of behavioral psychology. Zhang et al. [36] applied the C-means algo-
rithm to the 3SMADM model. Gao et al. [37] used the 3SMADM method
for evaluating target threats. Wang et al. [38] presented a 3MADM
method with integrating risk strategies. Zhang et al. [39] developed a
3MADM approach combined with TOPSIS to improve classification and
ranking processes. Wang et al. [40] introduced a novel 3SMADM method
incorporating probabilistic dominance relations. Wang et al. [41,42] in-
troduced behavior theories into SMADM and established a novel model
based on the prospect and regret theories. Wang et al. [43] combined
3MADM with the Z-number environment to solve the decision problem
of collaborative human-machine assignment. Among these studies, re-
search combined with behavioral psychology is particularly active. It is
worth noting that Zhan et al. [44] conducted a comprehensive review
and analysis of three-way behavioral decision making (TW-BDM) with
hesitant fuzzy information systems (HFIS) from the perspective of the
past, present, and future for the first time. Similarly, qualitatively
expressed research is about the construction of rough set models for
decision-making in new environments, the determination of dominance
degrees, and so on. Table 1 provides a summary of these qualitative
research.

Firstly, most of these methods are researched on MADM problems
within the framework of decision-theoretic rough set (DTRS). Zhang
et al. [3] and Lei et al. [4] further develop two universes rough
set frameworks and multi-granularity DTRS frameworks, respectively.
Secondly, these researches focuses on loss functions and conditional
probabilities. These methods can be categorized into two different types
of calculation methods: subjective acquisition and objective compu-
tation. Liang et al. [45] proposed linguistic operators for acquiring
conditional probabilities and loss functions, while Li et al. [46-48]
used different methods to obtain conditional probabilities. Thirdly,
these methods construct models in different LTS environments and
vertify the effectiveness and feasibility through experimental analyses
in various applications. Furthermore, these methods based on the use of
different LTS have the most literatures on PLTS [6,48] and HFLTS [3-
5], with a small number of other fuzzy linguistic methods [2,45,49,50].
As analyzed earlier, the expression mode of PLTS involves numerical
values as the degree of linguistic variable, which may consume time
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Table 1

Some relevant studies on three-way decisions combined with linguistic variables.
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Methods Qualitative expression Application background Conditional probabilities Loss functions

Liang et al. [45] LTS The new product idea selection LTS’ operational laws LTS’ operational laws

Sun et al. [2] LTS The emergency plans evaluation Fuzzy linguistic logical operator Subjectively expressed by LTS
Zhang et al. [3] HFLTS Person-job fit problem Rough set Subjectively expressed by HFLTS
Lei et al. [4] HFLTS Green supplier selection Objectively expressed by HFLTS Subjectively expressed by HFLTS
Ma et al. [5] HFLTS Green supplier selection Objectively expressed by HFLTS Subjectively expressed by HFLTS
Li et al. [46] DHLTS Enterprise selection for resumption Grey relational analysis Subjectively expressed by DHLTS
Li et al. [47] DHHFLTS Enterprise selection for resumption Entropy Subjectively expressed by DHHFLTS
Li et al. [48] PLTS Medical supplies company selection Belief degrees Objectively expressed by PLTS
Wang et al. [49] q-ROULS Venture Capital Options Subjectively expressed by q-ROULS Subjectively expressed by q-ROULS
Qin et al. [50] LIVIFN 3D printers selection Grey relational analysis Objectively expressed by LIVIFN

during the data collection. HFLTS may not adequately capture complex
evaluation content. DHHFLTS not only provide a more comprehensive
representation of complex evaluation information but also offer greater
convenience in practice. Considering the 3MADM and fuzzy linguis-
tic sets are the two main tools for processing uncertain information
systems, and are also recognized as related but different and comple-
mentary. Based on the above analysis, the following problems remain
for their further study:

(1) Regarding compared methods in DHHFLTS, existing expected
variance compared methods cannot fully distinguish different
DHHFLTSs with the same expected variance value Since these
methods do not adequately consider the differences in psycho-
logical reference points.

(2) It is a common to use distance measures to characterize the
differences between objects and then obtain the equivalence
relationship between each object. However, converting DHH-
FELE to fuzzy numbers to calculate distances weakens the ac-
curacy of the results because there are cases where the different
forms of DHHFLE but the same converted fuzzy numbers cannot
distinguish the differences.

(3) The current methods for computing conditional probabilities,
such as these Refs. [46,47], are often too subjective to keep
the accuracy of decision results. While there are a few studies
that have combined DHHFLTS with 3WD, even fewer have fo-
cused on employing objective methods in handling conditional
probabilities and loss functions.

(4) The character of two-way often leads to results lacking in refer-
ence when applied in the DHHFLTS environment. This contrasts
with 3WD, where a more significant correlation is observed
between results and their respective application backgrounds,
offering greater relevance and applicability.

CW in the form of DHHFLTS for evaluating values is an emerging
phenomenon. Therefore, it is very necessary to build 3MADM models
for different CW decision-making environment. The research work of
this paper will make new contributions in the following aspects:

(1) In view of the problem that DHLTS cannot be completely distin-
guished by current researches, based on the fact that people have
different psychological reference points for judging things, a new
compared method based on the superior gradus is designed to
completely distinguish DHLTS and DHHFLE.

(2) In response to the problem of not being able to characterize the
distances between different objects due to the inability to fully
distinguish between them, proposing a new distance measure-
ment based on the superior gradus. This measurement can take
into account both optimistic and pessimistic risk attitudes. The
goal of this new measurement is to make conditional probabili-
ties calculations more objective and to provide better sensitivity
to various DHHFLTSs.

(3) Aiming at the problem that the existing loss function under
the DHHFLIS is set by the experts’ experience which makes the
decision-making results not objective enough, the relative loss
functions for all objects are developed. This method aligns with
common sense and intuition.

(4) Constructing a novel 3MADM method under the DHHFLIS,
which goes beyond mere expansion and integrates the strengths
of DHHFLTS and 3WD method in a comprehensive manner. It
could help to enrich the relevant theory research in the field of
CW.

The structure of this paper is as follows. Section 2 provides the
preliminaries of DHHFLTS and the 3WD model. Section 3 proposes two
novel compared methods. In Section 4 the novel 3SMADM model under
the DHHFLIS is provided. Section 5 shows the processing and algorithm
of the novel method. In Section 6, the novel method is used to handle a
practical case of service assessment. Section 7 is comparative analysis.
Section 8 summarizes the conclusions and future work.

2. Preliminaries

This section briefly reviews some concepts related to the DHHFLTS,
3WD model, and appropriate examples have been added to explain the
linguistic variables model of DHHFLTS.
2.1. Double hierarchy hesitant fuzzy linguistic term sets

The DHLTS concept based on the binary linguistic structure was

first proposed by Gou et al. [10]. It consists of two levels of completely
independent LTS.

Definition 1 ([10]). Let S={s,

t= —1,...,—1,0,1,...,1} and

O=1{o0ilk=-¢,....,—1,0,1,...,¢ ¢ be the first and second hierarchies
of LTS, respectively, and their impact on each other is entirely negli-
gible. Then the DHLTS is defined as S,= is,@k)‘t =-7,...,—1,0,1,...,

,k=—¢,...,—-1,0,1,...,¢} , where 51(0,) denotes the DHLTS.

Example 1. {S1<0-1>}’ {S0<01>’S1’S2<00>}’ and {s3<00>} in Fig. 1 rep-
resent “much slightly good”, “between much ordinary and just right
good”, and “just right perfect”, respectively. The second linguistic
expression, “between much ordinary and just right good”, includes
all the LTSs from “much ordinary” to “just right good”. As a result,
s, is used to denote the central linguistic terms without using to the
DHLTS form. Obviously, s, represents “slightly good” and is also the
core linguistic terms.

DHLTS can only express a single semantic, but not for more complex
semantics, such as “between much ordinary and just right good”. Thus,
Gou et al. [10] extended DHLTS to hesitant fuzzy set and defined the
DHHFLTS.

Definition 2 ([10]). Let Sp= s,<0k>t=—‘r,...,—1,0,1,...,‘r;k=

~¢.....=1,0,1,....¢} be a DHLTS. Hy, = <x,h50 (x)> ‘er} de-

notes a DHHFLTS on U. When applied to U, it is represented by a mem-
bership function, which yields a subset of S,. h 5o (%) is a set of spe-

cific values in Sy, expressed as hg (x)=< s x)|s € Sy;
0> €Xp So () 4’!(%;) ) 4),(%’) 0
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Fig. 1. The second hierarchy LTS O of s,.

1=1,2,...,Li¢;=—7,...,75¢, = —¢,...,¢},be a continuous DHLTS
where L represents the number of DHLTSs in A so 9 and the s .
1\ %

x)(I=1,2,..., L) within each Ay o (x) signifies the potential degree of
linguistic variable x with respect to S,. For convenience, hg, (x) is
called a DHHFLE, and @ x ¥ be the set of all DHHFLEs.

Although the subscripts of DHLTS and DHHFLE are discrete, CW
requires that the ambiguity and uncertainty of the information should
be preserved as much as possible. In order to realize the operation
between the DHLTSs, the discrete subscripts be extended into a con-
tinuous form to avoid losing too much information in the calculation
processing. For implementing the equivalent transformation of DHLTS
and DHHFLE with interval values [0, 1], Gou et al. [10] defined two
equivalent transform functions for making the mutual transformations
between the DHLTS (DHHFLE) and HFE.

Definition 3 ([10]). Let S, = {S¢
continuous

h50= S¢l<0@,>’S¢l<%,> S SO;I =1,2,...

71‘7’1 ef0,1]1;/=1,2,...,

( >'¢1 €l-r.7l,9, € [—c’g]} be a
' DHLTS,
Ligy €[-7.71,0, € [6.61}

be a DHHFLE, and h,= L 3 be a set of HFEs.
There are two transformed functions f and f~! as follows:

o+ (t+ )¢

[Tl x =661 = (0,10, f (¢, ) = et , €Y}
700,10 = -7, el X [=6, 61, £ () = 227 = TH0, 0y ey, —e1))
= 227, = 7]+ Koy @y, —e-pen-ch-1))-
(2)

According to this definition, the transformation functions F and F~!
are established as follows:

F: <I>><¥’—>6,F<hso> = {y,‘y, =f(¢,,<p,)} =h,,

L) =15,

Then the expect and variance function of hg,

3
Fl:o->oxv¥ F- ( >’¢, (o) =/~" (n)} =hg,. 4
1

is also defined as

below:

E(ns)=7 2w ®)
y,eF(hSO)

o(ns)= |7 2 (YI‘E(hSo))2' ®)
y,eF(hSo)

Based on Egs. (5) and (6), the compared laws for DHHFLEs are

illustrated as follows:

M IfE (hSOI) >E (hso2>’ then hg,, is bigger than kg, ,, denoted
as hg,1 > hg, o,
@ 1 E (hsy1 ) = E (hs,y ), then

o If U(hsol) < U(hS02>! then hg,; is bigger than hg »,
denoted as hg, | > hg,,,

«Ifv (hSOl) =v|(hs,, ), then hg,, is equivalent with hg,_ ,,
denoted as hg, | = hg,,.

Then a linguistic expected-value of hg, is obtained as follows:

le: ®x¥ = Sy.le(hg,) =

IIM[‘

1
Sff(dh)(":a(w,))’ Z¢1,1e (Pl = Z

(7)

Example 2 (Continue with Example 1). Given that {s1<0_]>} and

{swl),sl,sz(%)} are two DHHFLEs. Let 7 =3, ¢ =3, ¢, = 1, and ¢, =
—1. According to the transformed functions f, it could get f(1,-1) =
% = % Then y, = 1 5 L becomes the independent variable of the
inverse function f~!. Two different results can be calculated according

toEq.(2),i.e.f‘1<%) [2><3><——3]<
[0.671(2) or f~! (%) - [2><3>< 1 -3]

1<0 (2 fi-a-[peaxii-a) 1)

based on these two results are {sg,_,y ¢ and { sy, ) } When the
number of DHLTSs in DHHFLE is greater than or equal to 1, the set of y,
can be obtained by the transformation function F and F~! between the
DHHFLE and HFE. Let hg, be the {s(,(ol),sl,sz(%)}, then F (hso> =

{g, %%} In this way, the expectation and variance of hg, can be

x(G+i+i)=%
o(hs,) = \/;X<(g_g)2+(§_g)2+(g_g)z) _ 0235, The

linguistic expected-value of &, for the subscripts of linguistic variables
is le (hs, ) =

2xax il 3- [2><3>< u —3] )

=1[0.67]+1(—1). The DHLTS obtained

obtained, respectively, as E (h 50) = ~ 0.69 and

Sy = S1(0p33)*
><(0+l+2)<ol <]+0+0)>
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Definition 4 ([10]). Let 50 be a continuous DHLTS, kg, hg,,, and
hsy, be any three DHHFLEs, and u be a constant. Then some opera-
tional laws between DHHFLEs are defined as follows:

hsoy @ hsyy = F! U {n+rn-rnnt| ®
y‘EF(hSOI)’hEF(hsoz)
phs,=F1 U {1-(-p*}|. ©
reF(hsy)
" -1
<h50) =F U (10
yGF(hSO)
C
(nso) =F'| v 0-n. an
yEF hso

Example 3. Let hg, = {Sl(o_1>}’h502 = {s3<00>}, and u = 2.
Then it is possible to get y, = L and y, = 1 according to Defi-

nition 3. The effect of Egs. (8)—-(11) are as follow: hSo1 @ hSO , =
2
F‘l(%+1—%xl) = F'(), phsy = F‘1<1—(1—%) >
2 c
F-1(0.85), (hso)” = p-! <(%> ) = F-1(0.374), and (hSO]) -

Fl (1 - %) = F~1(0.389).

2.2. Three-way decision model

In 3WD model, the domain is divided into three distinct regions.
Bayesian minimal risk decision’s rules separate the 3WD problem into
the sets of states and actions. The state sets indicate =& = {C,~C},
indicating whether the object x is in state C or not. Ypp, Yzp, and
Yyp represent the incurred losses for executing actions sets A =
{ap,ap.ay}, when the object x belongs to C. Similarly, Ypy, Yan,
and Yy, denote the incurred losses for executing the same actions
when the object x belongs to —C. The loss functions values satisfy
0 < Ypp < Ypp < Yypand 0 < Yyny < Ypy < Ypn. [x] is the

equivalence class of x for all the equivalence relations. The expected

loss R (d,'[x]) ,=P, B, N can be expressed as follows [51]:
R <a,,
R <a3
R <a-N

where Pr { C [x]2 is the conditional probability of the object x; belong-

[x]> =YppPr (c [x]) +YpyPr (ﬂc [x]) , 12)

[x]> =YppPr <c [x]> +Ypn Pr <ﬂc [x]) . 13)

[x]> =YypPr <c

[x]> +YynPr (ﬂc

[XJ> , (14

ing to C, and the object x is described by its similarity equivalence
class [x]. According to the minimum risk decision, the decision rules

are obtained as follows:
[X]> <R <dN [XJ),

(@) If R <a,, [x]> <R <a3
[XJ> <R <dN [x]>,

decide x € POS (O),
[X]> <R <d3 [X]>,

(B) If R izB‘[x]> <R <aP
[x]) = 1, the decision rules (P)-(N) can

[x]) and R (dp

[x]) and R <a‘B

decide x € BN D (C),
N) If R [zN'[x]> <R (ap
decide x € NEG (C).

[x]) + Pr <—|C

be simplified with

[x]> and R <dN

Since Pr (C

- _ YenYen
“ B (Yen—Ypn)+(Yep—Ypp) and
as (P1)-(N1):

o= Ypn-Y NN
(Yen=YNN)+(Ynp—YBP)
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(P1) If Pr <C

[x]> > u, then decide x € POS (C),

B Ifv<Pr (C

[x]) < u, then decide x € BN D (C),

(N1) If Pr <C

[x]> < v, then decide x € NEG (C).

According to (P1)-(N1), for the object x, when its conditional proba-
bility is greater than or equal to the threshold u, it will be classified into
the positive domain (POS (C)). Conversely, the object is classified into
the negative domain (N EG (C)) with its conditional probability is less
than or equal to the threshold v. The conditional probability of object
between u and v, it is classified into the boundary domain (BN D (C)).

3. The novel compared methods for DHLTSs and DHHFLEs

The process of making a choice requires comparison between dif-
ferent objects. Comparing different objects can help DMs identify the
advantages and disadvantages of each object. The primary goal of
comparison is to optimize the decision-making process by improving its
accuracy and efficiency. Therefore, a complete comparison of different
objects is essential for making wise and effective decisions. This section
will discuss novel compared methods to identify the differences.

3.1. The compared method for DHLTSs based on the superior gradus

People tend not to evaluate things absolutely, but relative to cer-
tain standards, expectations, or prior experiences. This relativity is a
common phenomenon in human evaluation of things. For example,
reference dependence theory states that when people make decisions,
they consider losses and gains based on a reference point rather than
absolute values. For another example, the anchoring effect points out
that during valuation, the starting price often becomes an “anchor”,
affecting the final valuation decision. Therefore, when evaluating any-
thing, people are always based on certain reference points, whether
consciously or unconsciously, these reference points shape people’s
judgments and decisions. This phenomenon can effectively communi-
cate individual inclinations and decisions in a nuanced manner. Where
a description like “far from perfect” is required, the word ‘“perfect”
might serve as the core linguistic terms in the compound structure for
some individuals. Others might choose different words as core linguistic
terms to express the same meaning. These differences of core linguistic
terms and their understandings can affect the interpretation of the same
object or concept. Unfortunately, these nuances are often overlooked
in the existing compared methods. The current methods for comparing
DHLTSs, which typically involve transforming DHLTSs s, into HFEs y,
using Eq. (1), have limitations in Example 4. The compared method
of expected variance based on the calculation process is disregard
individual preferences and psychological reference points, resulting in
mechanistic calculations that lack sensitivity to the subtleties arising
from such subjective factors within a given linguistic scale.

Example 4. Let s,(,,), 53(o,)> and s3(, ;) be three different DHLTSs. As
depicted in Fig. 2, they share the same y,, f <s1<0;>> =f (32<00)) =

f <s3<073)) = 0.833. According to the linguistic scale, sy, signifies
“entirely slightly good”, s,(,, conveys the meaning of “just right good”,
and s3,_,) represents “far from perfect”.

It is important to recognize that even though the DHLTSs in Fig. 2
may have the same physical meaning, their interpretative content can
be very different. This is due to the non-monotonic nature of Eq. (1),
which can result in identical y;, values within the range [0, 1] for dif-
ferent DHLTSs. As mentioned earlier, there may be differences in how
people perceive the same object or concept due to different reference.
To better illustrate this concept, Example 5 is going to be considered
and explored in the real-life situations.
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terrible bad slightly bad ordinary slightly good good perfect

S

Sier)  S200)  S3(os)

Fig. 2. DHLTS with the same value based on the transformation function f.

Example 5. Suppose two individuals who need to buy an electric
car are asked to evaluate a vehicle featuring a driving range of 330
kilometers. It is widely recognized that individuals exhibit varying sen-
sitivities toward electric vehicle mileage, influenced by their different
preferences and concerns. If an individual who has only daily commut-
ing needs, would probably rate the kilometers as sy, ,, representing
the meaning of “just right good”. If another who has the need of
short-distance travel, might rate it as s, ,,, represents “entirely slightly
good”. Obviously, the latter has a little of “mileage anxiety”. Although
$2(0yy aDd 51,y have the same y;, the former gives s, based on the
reference s, and gives sy,,, based on the reference s,. In other words,
the former prefers sy, ) to sy, for evaluating the mileage of electric
vehicles.

To account for variations in linguistic evaluation stemming from
psychological preferences, a model is needed to characterize such
differences. This model should accurately capture the nuances and
differences in Example 5 scenarios. It should preserve the original
linguistic evaluation information while incorporating parameters that
align with the degree of psychological preference, thereby enhancing
the sensitivity of the evaluation. By introducing some parameters from
Definition 5, the metric model can effectively highlight the differences
observed in Example 5. These parameters can be tailored to reflect
the specific psychological preferences and subjective factors relevant
to the decision-making process. This is designed to ensure a more
precise representation of linguistic evaluation and consider the varying
importance and preferences assigned to different linguistic terms. The
developed metric model aims to capture the complexity of linguistic
evaluation and provide a quantitative framework for comparison. This
enables DMs to make more informed evaluations based on their in-
dividual psychological preferences and reference points. In summary,
the construction of a metric model incorporating parameters that align
with psychological preferences offers a comprehensive framework for
evaluating linguistic information. Through it, DMs can confidently
capture and effectively address the nuanced differences that may arise
from a range of psychological perspectives.

Definition 5. Let §0 = {s 'd),E[—T,rJ,(p/ € [-¢¢l;l =
¢’<"¢1>

1,2,...,L ; be a continuous DHLTSs, and ¢, (o be the subscript of

S, < > Then the superior gradus is defined as follows:
1%,

_E+p-1

e-1 as)

sg t [-7, 71X [=¢,¢] = [0,1], sg <s¢l<aw>>

where ¢ is the base of superior gradus index, « = (% + 5), p= 2(2_,1'
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The superior gradus sg is a monotonic function where sg { s s <D >>
1\ %,

possesses a unique corresponding value, representing the DM’s pref-
erence degree. The higher the value of superior gradus, the more
willing the DM is to accept the DHLTSs expression given by him/her.
This quality becomes particularly useful when faced with situations
like in Example 4. Even when several DHLTSs share the same value,
the superior gradus are capable of ranking them based on the DM’s
psychological preference with clarity. According to Definition 5, the
following properties can be obtained.

Property 1. Let S,, S}, and S? be any DHLTS, they satisfy the following
rules:

(D sg (SO) =Liff¢,=7,0,=0,
@2) sg (SO) =0,iff g =-7,0, =0,
(3) sg(Sp) =52 (53), Uff & = b7 0 = ],
(4) If sg (S(l) > sg(Sé) and sg(Sé) > sg(S,), then sg(Sé) >
58 (So)'
. _ _ (" p)-l _
Proof. Given sg(S,) = sg <s¢l<%]>> = 5, wherea
[ 1 _
(%+35) 0=

(1) Substituting ¢, = 7,¢, = 0 into the above equations, it can be
easy to obtain @ = 1,4 =0, and sg (S,)) = 1.

(2) Substituting ¢, = —7, ¢, = 0 into the above equations, it can be
easy to obtain « =0, # =0, and sg () = 0.

(3) Since ¢} = ¢7,¢] = @7, it is easy to know that o' = o? and
gl =p% sg (Stl)) =sg (Sé) is holds.

(4) It is easy to know that ' > o > a and #' > g2 > p. Since sg is
a monotonically increasing function with respect to a and 8, it
is easy to obtain that sg (S(l)) > 52 (S,)-

Based on Eq. (15), the compared laws between DHLTS are shown
as follows:

(1) If sg(S)) > sg(S3), then S} is superior to S2, denoted as
84 > 82,

(2) Iflsg (S(zl)) = sg
SO = SO'

(Sé), then Sé is equivalent with S2, denoted as

The first hierarchy core linguistic terms in DHLTS is expanded to
derive the superior gradus which demonstrates variations in individual
preferences when selecting the first hierarchy terms based on their
initial intuition. This improvement emphasizes the influence of the first
hierarchy terms and could better align with human language habits.
The superior gradus resolves the issue of being unable to compare
different DHLTS that share the same y;. Using the superior gradus, a
unique value can be assigned to each DHLTS to reflect the degree of
the DM’s preference. The superior gradus of DHLTS in Example 4 can
be obtained as sg (sl<03>) = 0.65, sg <52<00>) =0.76, and sg SSS<0_3)> =
0.90. Fig. 3 can more clearly see that the sg function can distinguish
overlapping points well. Subfigures (a) and (b) present the principle
that superior gradus can distinguish partially overlapping points. Sub-
figures (c) and (d) are cross-sectional views of subfigures (a) and (b)
respectively. When the second linguistic terms of DHLTS is fixed, what
is shown is the fluctuation of superior gradus as the first linguistic
terms changes. The design of superior gradus also conforms to the
changing trend of DHLTS itself mapping to the [0,1]. Meanwhile, based
on the compared laws, the compered results also can show that s3(,_,) >
52(09) > S1(o5)- This method allows for a more detailed evaluation and
comparison of DHLTS, while also closely aligning with human linguistic
habits, ensuring a more intuitive and accurate reflection of the real
feelings and preferences of the DM. Among the compared methods of
DHHFLTS, the sg function provides a new perspective.
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Fig. 3. The differences between function f and superior grdus sg.
Table 2
Two situations of DHHFLEs’ compared result.
Situations DHHFLESs E v {sg} F SG
Same L 1= {8100y S2000 } 0.583 0.007 {0.450,0.660} {0.500,0.667) 0.557
Rsy2 = 1S 100y Soton) } 0.583 0.007 {0.327,0.475} {0.500,0.667} 0.401
Different L hsys = {Sn(a}wsl(au)ssz@,‘)} 0.667 0 {0.475,0.525,0.660} {0.667,0.667,0.667 } 0.553
R0 = {S1000) S200.0) 0.667 0 {0.552,0.660} {0.667,0.667) 0.606

3.2. The compared method for DHHFLEs based on the superior gradus

The existing methods for comparing any two DHHFLEs are also
deficient. There are situations where two DHHFLEs have the same
expectation and variance values. DMs may have varying psychological
differences. Due to the hesitation characteristics of DHHFLEs, the num-
ber of DHLTS contained in DHHFLE often varies. Based on the current
compared methods, they are impossible to distinguish the variances
among various DHHFLEs. There may be either two or three DHLTS,
leading to two situations shown in the Table 2.

Situation 1 The DHHFLESs have the same the number L of DHLTS,
but the included DHLTS are not the same. hg,_; = {sl (0_3)>52(0_s) ( and

hso2 = 4 5-1(03)s S0(03) }, they all have the same DHLTS number L = 2.
According to the compared method of expected variances, they also
have the same expected values, i.e., E (hSOl) =FE (hsoz) =0.583 and
v (h Sol ) =v (h S 02) = 0.007. However, they display differences in both
literal interpretation and intuitive understanding. The diversity of core
linguistic terms result in the intuitive superiority of hg ; over hg ;.
Thus, the compared method based on the superior gradus for DHHFLEs
is proposed when they have the same DHLTS number L.

Definition 6. Let hSO:{S¢1<0¢,> S¢]<0¢l>ESo;l=1,2~--,L§¢1€

[-7.7],9, € [-¢.¢] ¢ be the continuous DHHFLE, and SG be the
superior gradus of DHHFLE. Then the SG is defined as follows:

s0() =12 ()

where L is the number of DHLTS in Ay, .

(16

Let hg,, and hg , be any DHHFLEs. The number of DHLTS in two
DHHFLEs is equivalent. The superior gradus is directly calculated by
the Eq. (16), then the two compared laws between DHHFLEs are shown
as follows:

1) If SG Shsm > SG (hSoz)’ then hg  is superior to hg, ),
denoted as hg,, > hg, ),
(2) If SG (hsm =5G (hsm)’ then hSm is equivalent with hSoz’

denoted as hg, | = hg,,.
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If the superior gradus of one DHHFLE surpasses the other, the
former DHHFLE is determined to be superior in its linguistic represen-
tation. If the superior gradus values of the two DHHFLEs are identical,
it suggests that their linguistic representations are equivalent in terms
of their evaluative impact or meaning.

Situation 2 The DHHFLEs have different number L of DHLTS.
hsy3 = 4 50(03)> S1(0p) > 52<o_3>} and hg 4 = {s1<00>,s2<0_3> are shown in
Table 2. In a hesitant environment, the number of DHLTSs are different
due to the diverse references and preferences of core linguistic terms.
The core linguistic terms is the semantic corresponding to the scale
of the first hierarchy of linguistic terms. The number of DHLTSs in
hsy3 is Ly = 3, while the number of DHLTSs in hsya is Ly = 2.
Since L; > L,, there is a higher degree of uncertainty, leading to the
intuitive superiority of hg 4 over hg ;. However, they share the same

expectation and variance values, i.e., E (h 503) =E (h 504) = 0.667 and

v (h503> =v (hso4) = 0. According to Egs. (5) and (6), this implies
they are equal. Obviously, the lower uncertainty hg,, is superior to
hs,s-

Even so, in order to maintain consistency in the calculation pro-
cess. Regarding the number of DHLTSs, further thinking can be done.
When the number of DHLTSs is the same, the DHHFLEs exhibit equal
uncertainty due to the identical number of DHLTSs. But when the
numbers differ, how can these uncertainties be effectively measured? Is
it possible to extend two DHHFLEs with different numbers of DHLTSs
to the same length? Inspired by Xu and Xia [52], they recommended
incorporating values according to the decision maker’s risk preference
to guarantee comparability between shorter and longer DHHFLEs. Con-
sequently, the shorter DHHFLEs are extended to achieve the same
length when two different lengths of DHHFLEs are compared. Thus,
two types of extension methods are summarized as follows:

» Type I If the decision maker is optimistic, add the maximum
DHLTS s, from the shorter A, to complete the same length,

» Type II If the decision maker is pessimistic, add the minimum
DHLTS s, from the shorter hg_ to complete the same length.

Considering the varying risk attitudes of decision makers, two ex-
tension methods can be applied to equalize the lengths of differing
DHHFLEs. Consequently, different SG values can be computed using
Eq. (16). The abbreviation “opt” is used to represent the adoption of
Type I, while the abbreviation “pes” is used to represent the adoption
of Type II. To better grasp these two extension methodologies, an
illustrative Example 6 is provided below.

Example 6. Comparing hg, 3 and hg 4, hg,4 is shorter than hg 3, and
52(0_3) > S1(og)+ THUS, hg 4 = {s1<00),s2<0 3>} will be extended to h"‘IZ4 =
{sl<00>, 52(0_s)s s2<0_;)} with the optimistic attitude, SG (h”S’z) =0.624.

= {51(00)’ 52(0_3)> S1(0g) }
with the pessimistic attitude, SG (h”‘34) = 0.588. From Table 2, it is

_ ; pes
hso4 =1 S1(0p)> 52(0_5) ( Will be extended to hsa4

shown that SG ( i, , | = 0.553. In other words, according to the calcu-
lation results, regardless of whether it is an/a optimistic or pessimistic
attitude, hg, 4 is better than hg 3. This shows that Definition 6 can
distinguish them and the results are reasonable.

The idea behind Definition 6 is to combine the superior gradus
of each DHLTS into one numerical value for the entire DHHFLE.
Any two DHHFLEs can be compared directly using superior gradus.
This provides a clear and easily understood compared laws, allowing
DHHFLEs with the same number of DHLTS to visually assess their
relative superiority. Consider a real application scenario: suppose you
are comparing online reviews of two restaurants. The first restaurant
has a majority of “very good” reviews, while the second restaurant
also has a majority of “mostly very good” reviews. While both sets of
reviews may have the same score, it is important to carefully analyze
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the subtle differences between them. For example, “mostly very good”
could mean that there is a small percentage of less positive reviews,
which could have an impact on a potential customer’s choice. Here,
the use of superior gradus model provides the flexibility to deal with
these subtle differences, providing consumers with deeper insights and
helping them make more informed decisions.

4. 3MADM under the DHHFLIS

In this section, the DHHFLIS of 3MADM is introduced first. Then,
the conditional probabilities based on a new distance measurement is
proposed. Finally, an objective calculation method of the relative loss
functions is presented.

4.1. Conditional probabilities

To increase efficiency when dealing with decision-making involving
MADM, the initial step is to translate MADM problems under the
DHHFLIS into the 3WD framework.

Definition 7. Let the DHHFLIS bea I.S = { U, AU D, V', hs, } where U
is a nonempty finite set of objects, called the universe. A is a nonempty
finite set of conditional attributes, D = {d} is a singleton set of decision
attribute and An D =@, and V = U,c4pV,. Suppose U/D = {C,~C},
x € U, and V; = {0,1}. For any x € U, the value of each conditional
attribute is denoted as h so (- Meanwhile, For any x € U with each
conditional attribute has its own loss functions.

Definition 8. A 3MADM framework is {IS,LF}, where {IS} is
DHHEFLIS, and {LF} is loss function. For any x € U, the loss function
is denoted as LF = {U, nAee | hsp | JhAve | J h*en | W8N [ hANN }
So So So So So So
h’;-o (x)(»=P,B,N;0 = P,N).
20

The 3MADM framework under DHHFLIS is defined. Conditional
probabilities in the 3WD model are calculated based on evaluating
similarity equivalence classes. Liang et al. [23] discussed why previous
similarity equivalence class investigations could not be directly applied,
due to data types incompatible with hesitant fuzzy information systems.
They proposed a similarity equivalence class for distance and neighbor-
hood models in hesitant fuzzy information systems. Accordingly, this
paper defines the similarity equivalence class under DHHFLIS.

Definition 9 ([23]). Let IS = {U,AT uUD, V,hso} be a DHHFLIS,
given any x;,x; € U, the similarity equivalence class of x; respect to
conditional attributes A is defined as follows:

B{;A:{xJ-GUdiStA (x,-,xj)sé}, a7

where B;, is the set of the similarity equivalence class of x;, § is a
constant and & > 0, dist4 (x;,x;) is a distance function.

Equivalent classes [xi] of different objects can be clearly obtained
by introducing Boolean matrices. In order for the present framework to
apply the Eq. (17) to obtain a binary relationship as B;,, the distance
function must be redefined under the DHHFLIS. However, the existing
distance [23] cannot fully distinguish between different DHHFLEs.
From hg,, = } and hg, =

S1{o_3) $2(0_3) {S 1o3)» 90<o3>}’ it could

2 2\ 12
get dzst(hsol,hsoz) = W 12. Obviously, the two

DHHFLEs with different semantics should be different, and the distance
should not be zero. Based on Section 3, the novel distance under the
DHHFLIS will be defined.

Definition 10. A new distance measurement under the DHHFLIS based
on the superior gradus can be defined as follows:

12
dist , (x;,%;) = [IAI Z( (SG (x;) - SG (xj))z)] : 18)
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Table 3
The relative loss functions.

Actions C(P)
; Y, Yon Anp ¢
ap hso” (%) = {er)} hg” (xa) = (hs,, (xik)>

c
R (i) = (7 (x,))

R (%) = {Setony }

o

-C(N)

ag h;g" (xu) =n- h;‘zp (%)

ay h;zp (Xik)

where |A| denotes the cardinality of set A, SG (h}o (x,»)) and

SG (hgo (xj)) are the superior gradus of DHHFLEs after elements’
lengths adjusted with different risk attitude type corresponding to
SG (x,-) and SG (xj), *= pes, opt.

Property 2. Let x, and x, be any two objects, the distance function satisfies
the following properties as follows:

(1) Boundary: 0 < dist, (x;,x;) <1,

(2) Symmetry: dist, (x;,x,) = disty (x5, x;),

(3) Complementarity: dist4 (x,x,) = 1, iff SG (x;) = 1,8G (x,) =

0or SG (xl) =0,5G (xz) =1,

(4) Reflexivity: dist (x|,x,) =0, iff x| = x,.

Then, combining with the Eq. (18), the conditional probabilities of
the object x; can be obtained as follows:

Pr <C‘[x,»]) = %,Pr <ﬂc [x,.]> =1-Pr <c

4.2. Relative loss functions

M) . a9

The determination of the loss function is important in 3WD and
selecting a suitable loss function will determine the accuracy of the
decision result. However, it becomes evident that the loss values car-
ried by different objects should be different, different selection leads
the different loss values. As described in Example 5, when selecting
the appropriate electric vehicle, the opportunity cost of selecting one
vehicle over another differs for each individual. The loss functions of
traditional 3WD is fixed [51], which implies that they have the same
loss. This may lead to objects being misclassified. Based on Jia and
Liu [27], the relative loss functions calculation method is proposed. To
make the decision results more accurate, the concept of relative loss
function needs to be extended into DHHFLIS. Suppose kg, (x;) be the
DHHFLEs of the ith object under the kth conditional attribute. Table 3
is the relative loss functions of object x; respect to the conditional at-
tribute a,. The relative loss satisfy h’S/gP (xi) < h)S/zP (xi) < h);g”’ (xix)
and hz;g” (xi) < h?ﬁN (xi) < hz;gN (xix)-

A semantic interpretation of the relative loss functions in Table 3 is
provided. In state C, when object x; takes action ap, it implies that the
gains under the conditional attribute a, are fully accessible, signifying
no loss, which denotes as 277 (x;) = {s_m()} } While taking action
ay leads to a complete loss of the gain under conditional attribute q, it
corresponds to the relative loss hgz P (x;) with the whole membership
degree of x;,. When taking action ap, the relative losses are determined
based on risk preference and correspond to varying degrees of risk
attitude. The parameter # signifies the loss degree arising from adopting
non-commitment, acceptance, and rejection. With # € [0, 1], the loss
generated by classifying the object into the boundary domain can be
measured in terms of the attitude towards the loss. Similarly, in state
-C, hz(’: ¥ (x;; ) represents the loss that is opposite to the value of object
x; associated with the conditional attribute a,. It can be considered
as the complement. Furthermore, the loss of h?o’N (x;;) represents

a partial loss of hgg N (x;), and hg’(‘)’ N (x;;) represents the rejection
of taking action results in no loss. If all the conditional attributes
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are independent, the relative loss functions with different attributes
should be consolidated into a comprehensive relative loss function. To
preserve the completeness of the information aggregation procedure,
the Hamacher aggregation operator [47] of DHLTS is extended to the
DHHFLTS. Given the relative loss functions of each object, operators
should be used to aggregate them.

Definition 11. Let hg, (x;) (i =1,2,...,m;k =1,2,...,n) be the DHH-
FLEs of the ith object under the kth conditional attribute, and w, be
the conditional attributes’ weight vector. The double hierarchy hesitant
fuzzy linguistic Hamacher weighted averaging(DHHFLHWA) operator
is mapping of Q™ — Q. The operator is defined as follows:

DHHFLHW A (hSO (xi1) > hs, (xi2) 505 hs, (xm))

=@)_, (wkle (hso (x,.k)>) , (20)
where 2 denotes the set of all DHHFLEs.

In accordance with Definition 4 of operational rules, the result with
Hamacher weighted averaging can be deduced.

Theorem 1. Let hg, (x;) (i =1,2,...,m;k = 1,2,...,n) be the DHHFLES,
then the Hamacher weighted averaging of DHHFLEs are as below,
DHHFLHW A (hg, (xi1),hs, (x2) -5 hs, (xi))
=@, (wile (hs, (xi))) ) 1)
T, (14@-1-F (te( sy (i) ) ) ) ™ ~TTizy (1 (15 () ) ) ™
Ty (1+0-10F(1e( sy (xa))) ) +O0-D Ty (1=F (re(sy () ) )™

where 6 is the parameter of Hamacher t-norm and t-conorm.

= F-!

Consequently, the comprehensive relative loss function for the ith
object with all conditional attributes, can be obtained as demon-
strated in Table 4. According to Egs. (12)-(14), the expected loss

R <z‘1, [x,-]) (e=P, B, N) can be recalculated as follows:

R <a,, [x,.])

= SG (hlrr (x;) ) pr <c

[x,.]> +SG (h’;gN (x,) ) Pr <ﬂc

(22)
» <a3 [x,.]>
= SG (h0ar (x;) ) Pr <c [x,]) +5G (Ao (x,) ) Pr (ﬂc [x,.]> :
(23)
» <aN M)
= SG (R0¥r (x;) ) Pr <c [xi]> +5G (W (x,) ) Pr <ﬂc [x,.]) :
24

Following the Bayesian decision-making process, the updated deci-
sion rules can be derived as follows:

M) < m(aB [x,»]), and m(ap [x,»])

<R |(ay ‘ [x;] ], then x; € POS (C),
x,,]), and »z(aB [x,.]>

[x,.]> < m(ap
x,.]>, and m(aN [x,-])

®3) If m(a,,

(B3) If m(aB

<R dN|[x[]>, then x; € BND (C),

[x,-]) < 2R<a,,

<R <aP|[x,.]>, then x; € NEG (C).

(N3) If m(aN
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Table 4
The comprehensive relative loss function of DHHFLIS.
Actions C(P) =C (N)
. Y, Y, Yoy Yox
ap ngr () =@y, (wede (B (x4))) n (x) = @y, (wide (g (xu)) )
. Yap n Yar Yoy n Yoy
ap hg! (x) =@, (u,vkle (hs,, (x[k)>> R (x;) = @1, (wk[e (hs(, (x“)>>
. Y, " Yy Yow " Y
ay n (x) = @y, (wide (27 (xu)) ) ne () = @, (wele (R (xu)) )
Table 5
The explanation of symbols.
Symbols Description
So A discrete DHLTS
So A continuous DHLTS
hs, A DHHFLE
7,6 The first and second linguistic scale
tk The first and second discrete linguistic variables subscripts
b, @ The first and second continuous linguistic variables subscripts
1=1,2,...,L The number of elements in DHHFLE
Y The DHLT corresponds to the hesitant fuzzy values

The expect/variance value of DHHFLE
The linguistic expected-value of DHHFLE

relative loss function for executing actions when an object is in and not in state
set of objects that satisfy a similarity measure less than a constant 6 under conditional attributes A

sg The superior gradus of DHLTS

SG The superior gradus of DHHFLE

0 The parameter of Hamacher t-norm and t-conorm

E={C,~C} The set of states, denoting that an object is in and not in state
A={ap.ag.ay} The set of actions

. The symbol of action («=P, B, N)

Ypp:Yap:Ynp: Ypn:Yan- YN The loss function for executing actions when an object is in and not in state
R R R B R RN The

B;, The

dist 4 (x;.%x;) The distance between different objects under conditional attributes A
Pr (C | [x] ),Pr <—|C | [x] ) The conditional probability that an object is in and not in state

R (a, |[x,] ) The expected loss of action with their equivalence class

u, v The threshold values

Also, the decision rules (P3)-(N3) can be simplified as (P4)-(N4):

(P4) If Pr (C

[xi]> > u, then decide x; € POS (C),

BHIfv<Pr|C

[x,-]) < u, then decide x; € BN D (C),

(N4) If Pr (C

[xi]> < v, then decide x; € NEG (C).

the ... threshold

SG(thN (x,-))—SG(thN ()
(SG(h;ZN (x[))—SG<h§gN (x[)))+(SG(h§g”(x,))—SG(h;ZP(x,)»
sc(h?é” (x‘-)>—SG(h§gN )

(SG(h;ZN (x,-))—SG(hgzN (xi)))+(SG(h§ZP(x‘-))—SG(h§5P ))

According to (P4)-(N4), Objects classified into PO.S (C), BND(C),
and N EG (C). These three regions will have differing semantics de-
pending on the scenario. For example, a disease diagnosis scenario
(using benefit attributes) implies a confirmed patient in the positive
domain, a further examination in the boundary domain, and an uncon-
firmed diagnosis in the negative domain. Based on the rules (P3)-(N3),
then differently divided regions express the meaning of POS (C) are
considered more likely to occur to those in BN D (C), and those in
BN D (C) are considered more likely to occur to those in N EG (C).

This section involves many symbols, most of which are summarized
in Table 5 for clarity.

where value

and v =

5. The processing of the novel SMADM method

Section 5.1 provides a brief description of the MADM problem under
the DHHFLIS. Section 5.2 shows the processing and the algorithm of the
novel 3MAMD method.
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5.1. Problem description

In the set {IS, LF}, there are m objects U = {x],...,xm}, n con-
ditional attributes AT = {a,,...,a,}, one decision attribute D = {d},
and the weight of each conditional attribute g, is w;. These attribute
weights denote their importance levels, satisfying };_, w, = 1, with
0<w, <1, k=12,...,n The ith object’s evaluation value for the kth
conditional attribute is /5, (x;), and the values kg, (x;) of all objects
under the all conditional attributes constitute a evaluation matrix
Hg, . Due to their diverse characteristics, the conditional attributes in
DHHFLIS can encompass both cost and benefit attributes with varied
dimensions and scales. Negative indicators are employed to normalize
measurements and prevent inconsistencies. The method [53] can be
employed, as follows:

HSU = {

The detailed calculation process is illustrated in Fig. 4.

hfo (xik)an,for benefit — type B =

"(b,(uwu) €hso {S_‘p’(”*w) } '

(25)

> s,
hs, (x,-k)an, for cost —type 0

5.2. Algorithm

The logical connection between each step is vividly demonstrated
through the depiction of Algorithm 1.

Remark 1. Step 1 checks the type of conditional attributes and carries
a complexity of O(1). In Step 2, the complexity of normalizing for each
a, € AT is O (nm), n is the number of conditional attributes and m is
the number of objects. In Step 3, the complexity associated with the
computation of distances is O (m). The complexity of determining the
conditional probabilities in Step 4 is O (m). In Step 5, the complexity
of the relative loss functions for each object is O (nm?). In Step 6,
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| Prerequisites Step 1 |
| |Identify objects that require Identify attributes that be |
[ decision-making used for decision- making |

Is there the cost attribute need to benefit?

Step 2
Normalize the cost attributes

v
Step 3
Construct a distance matrix
between objects based on
risk attitudes

y
Step 5
Construct the relative loss

functions for each object
with different attributes

\ 4
Step 4
Calculate the conditional
probabilities of each object

y
Step 6
Obtain the comprehensive

relative loss function
through DHHFLHWA

) |

Step7 & 8
Calculate the expected loss value of each object and obtain the
classified results

Fig. 4. The specific calculation of processing.

Algorithm 1 The algorithm of the novel 3MADM method

Input: IS = {U,AT U D,V hg }, the first hierarchy linguistic scale 7, the
second hierarchy linguistic scale ¢, the parameters 6,7, 6.

Output: The decision results of each objects x; (i = 1,...,m).

: Firstly, check the type of conditional attributes.

: for a; € AT do

Normalize Hg, (xy) (i =1,2,....mk =

: end for

: for x; e U do

Compute the distance by Definition 6 and Eq. (18).

: end for

: for x;, e U do
Calculate the conditional probabilities based on the Eqgs.(17)(19).

: end for

: for x, e U do

L2,....n).

ONODU S WN -

e
= o 9

12:  Aggregate the comprehensive relative loss function by the Egs.(7)(20).
13: end for

14: for x, e U do

15:  Compute the expect loss R by the Egs.(22)-(24).
16: end for

17: for x, e U do

18:  Decision-making through (P4)-(N4).

19: if POS(C) then

20: X; = dp.

21: end if

22: if BND(C) then

23: X; = dp.

24:  end if

25: if NEG(C) then

26: X; = dy.

27:  end if

28: end for

29: return The decision results of all objects.
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the aggregated of the comprehensive relative loss function complexity
is O (m?). In Step 7, the complexity of computing the expected loss
is O (n). Lastly, in Step 8, the complexity is O (m). Consequently, the
complexity of the novel 3MADM method under the DHHFLIS with is
(0] (nmz).

6. Case study

In this section, the novel 3MADM method is applied to a practical
case and present its final ranking and classification results in charts and
table.

6.1. Case background

As China’s population ages and the number of patients with chronic
conditions rises, the demand for quality healthcare and rehabilitation
services has increased significantly. It is projected that by 2030, the
prevalence of chronic diseases in China will reach 65.7% and affect
younger individuals. 80% of patients with chronic diseases will require
nursing care and rehabilitation to alleviate their symptoms. Tradi-
tional Chinese Medicine (TCM) has significant advantages in managing
chronic diseases. It plays an important role in maintaining population
health through its clinical efficacy, flexible treatment methods, and a
focus on preventive care. Community health centers provide essential
services in preventing and treating chronic diseases, including disease
prevention, health management, medical treatment, rehabilitation, and
health education. The number of TCM Rehabilitation Clinics Centers
(TCMRCC) in community health services are growing, but there is a
lack of standardization in service quality and scientific management.
This impedes the clinics’ capacity to address the rehabilitation needs of
patients with chronic conditions. Enhancing service quality, balancing
resource allocation, and strengthening healthcare professionals’ reha-
bilitation and physical therapy skills are crucial for the improvement of
clinic services. The quality of clinic services is mainly evaluated based
on the conditional attributes listed in Table 6.

Q Community needs to assess some services of TCMRCC. The objects
of clinics are U = {xl,xz,x3,x4,x5}. The conditional attributes in
Table 7 are noted as A = {ay, a,, a3, ay, a5 }. Suppose the weights vector
of conditional attribute is w = {0.2,0.2,0.2,0.2,0.2}, the DHLTS S, with
the first hierarchy LTS scale is S = {s_, = terrible,s_; = very bad, s_, =
bad,s_, = slightly bad,s, = ordinary,s, = slightly good,s, =
good, s3 = very good, s, = perfect}, and all the second hierarchy LTS
scales are the same as O = {o_, = far fromo_; = scarcely,o_, =
only a little,o_; = a little,oy = just right,o; = much,0, = very much,
03 = extremely much, o, = entirely}. After several experts in this field
evaluated the five TCMRCC, the evaluation information is organized
and assembled into Table 7. Decision attribute d indicates the experts’
prediction of meeting the service standards of these clinics: “1” is the
achievement of standards, “0” is not up to standard, corresponding = =
{C,~C} and V,; = {0, 1}. In this case, condition state is C = {x,,x3,x5}.
Table 8 is the comprehensive loss functions of object x;.

6.2. The novel 3SMADM method for the case under the DHHFLIS

Under the DHHFLIS, some necessary settings need to be given first.
In this case study, all the conditional attributes are benefit-type, so
normalizing attribute values is not necessary. Skip the Step 2 and go to
the Step 3. According to the explanation of Situation 2 in Section 3.2,
the distance results between two different of distance results between
objects can be calculated according to the optimistic attitude and the
pessimistic attitude by Eq. (18), as shown in Table 9. Also, the process
instructions in Steps 5 and 6, the loss degree parameter 7 is set to 0.5.

In order to get Table 8, according to Eq. (21), it is necessary to
assume that the parameter 0 is 2. Different risk attitudes are distin-
guished by assuming the parameter § of 0.15 for optimistic attitude
and 0.1 for pessimistic attitude. As a result, the expected loss values for
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Table 6
The explanations of conditional attributes.
Attributes Explanations
a, The Equipments and facilities Tangibility, including the clinic’s facilities,equipments, medical
environment, medical procedures, etc.
a, The skill of medical staff Responsibility, including the ability of difficulty help, emergency
ability, ability of operation, etc.
a; The human resources of health Guaranteed performance, including the number of doctors and nurses,
medical ethics, service attitude, professional training, etc.
a, The concept of Chronic disease Professional, including care for the patient, familiar the patient’s
health management condition, consider the patient’s interests, protect patients privacy, etc.
as The efficiency of service Reactivity, including waiting time, complaint handling, regular
follow-up, etc.
Note: The conditional attributes are set with the model of SERVICE QUALITY [54]. In this case, the conditional attributes are
all benefit-type, i.e., the greater the rating, the better the service.
Table 7
The evaluation of TCMRCC.
¢ ¢ [ d
*1 {51020 32000 5300} {“'1<u,‘>’53<o,.>v32<u1>} {S1<02>*30<a,.>v"—1<az>} {Vzm ‘uu,w‘um} { )y 5040, » 5~ l<u>} 1
*2 {5200, S100,1> S0t} {53000 530000 52000} {51<ug>’30<o,.>’3—1<oz>} {52@2 > 530012 S o‘>} {S 0,7 5-2(01)* 5—1<o,.>} 0
X3 {52<a,,>s51<oz>’51<o,3>} {53<oz>v52(a,:>} {S(J(n:)*S—Z(n,)*S—Z(nz)} {31@ > 53(00)> 524, m} {5 1(0y)* S-2(0,) } 1
X4 {530 92053001} {52003 51000 {5—1<oz>~5—1<m>’5—2<o;>} {Sma, Slmsxow} {m,w Ke2)» $-2(o.. >} 0
Xs {52000 5200 1000} {5200, 520020 S300 } {52000+ S100 ) {52<nx 53(02)7 53¢0 o} {Sua 2y 5001y S=1¢o >} 1
Table 8 other hand, the feasibility and effectiveness of the novel method are
The comprehensive relative loss functions of each objects. verified through comparison of ranking and classification. At the end,
*1 *2 *3 Xa *s the similarities and differences between this novel method and other
ap C 0 0 0 0 0 decision-making methods are analyzed, and the advantages of this
ap.C 0.204 0.183 0.188 0.166 0.222 novel method are summarized.
ay C 0.679 0.630 0.643 0.594 0.713
ap_~C 0.355 0.447 0.417 0.451 0.306
ag_~C 0.086 0.114 0.105 0.115 0.071 7.1. Comparative analysis of the TCMRCC service assessment
-C 0 0 0 0 0

each clincs with different risk attitudes can be calculated. To provide
a clearer representation of the expected losses for these objects, the
results are illustrated in Fig. 5. According to the decision rules (P4)-
(N4), the classified result for the five clincs can be obtained with an/a
optimistic/pessimistic risk attitude as POS (C) = {x,xs}, BND(C) =
{xz,x3}, NEG(C) {x4}. Here the same classification results for
optimism and pessimism are caused by the fact that there are only
five objects during calculation and the resulting numerical intervals
are not very different. However, according to the calculation results,
the ranking result of these five clinics can still be obtained with an
optimistic risk attitude as x5 > x; > x3 > x, > x, and with a
pessimistic risk attitude as x5 ~ x; > x3 > x, > x;. With the
optimistic attitude, since the expected loss value of x; is relatively the
smallest, x5 has the highest quality of service among all chronic disease
rehabilitation clinics in the community. With the pessimistic attitude,
cause x; and x5 have the same expected loss value, x; and x5 become
the two clinics with high-quality service from the results. For x, and
x3, whose expected loss value is at the average level, there are still a
lack of some useful evaluation information. That is to say, these clinics
need to continue to improve their service capabilities for the clinic. In
addition, x, does not meet qualified standards requires strengthening
supervision.

7. Comparative analysis

In the previous section the novel 3MADM method is used to solve
a practical case. In this section, on the one hand, the performance of
the novel method is verified through comparison of TCMRCC service
assessment and Breast Cancer Coimbra Data Set(BCCD), and on the

The service assessment results of the TCMRCC are utilized to com-
pare the ranking results with those existed methods, in order to ver-
ify the consistency of the results produced by the proposed method.
For the purpose of demonstrating the validity of the novel 3MADM
method, several classical MADM methods under the DHHFLIS are used
to comparing, including Gou et al.’s [10,11,55] and Liu et al.’s [12,14]
methods. Furthermore, the reasonableness of the proposed method is
justified by comparing the results with Li et al.’s methods [46,47].
The parameters involved in the method of this paper remain the
same as Section 6.1. The corresponding parameters mentioned in other
literatures also remain unchanged. The ranking results of the service
evaluation and the most standardized clinic(s) derived from different
methods are shown in Table 10.

Table 10 shows the rankings and selected objects derived from
various methods, including the proposed method with optimistic and
pessimistic attitudes. A closer examination of these results yields sev-
eral observations. This shows that the results calculated by the method
of this paper are consistent in ranking with the results of the classical
method. The proposed method distinguishes itself by considering dif-
ferent decision-making attitudes. With optimistic attitude, x5 distinctly
perform better than other clinics. However, both x5 and x, emerge
as front runners with pessimistic attitude, where suggest that these
two clinics are deemed preferable when potential risks or unfavorable
outcomes are emphasized. Although the rankings for most methods
are consistent, Liu et al.’s method [12] presents a distinct ordering
for x, and x;. This difference may arise from unique considerations or
perspectives incorporated into their approaches. While classical MADM
methods effectively rank the clinics, they fail to classify them into
different categories or grades. The proposed method fills this gap by not
only ranking but also classifying the clinics based on specific decision-
making attitudes. Above the analysis, the proposed method offers a
richer understanding and nuanced ranking. Specifically, the distinction
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Table 9
The distance and conditional probabilities of objects.
Objects  x, X, X3 X4 Xs Conditional
probabilities
Opt Pes Opt Pes Opt Pes Opt Pes Opt Pes Opt Pes
x; 0 0 0.137 0.137 0.110 0.125 0.167 0.175 0.116 0.114 0.75 1
X, 0.137 0.137 0 0 0.072 0.092 0.156 0.164 0.198 0.193 0.67 0.5
X3 0.110 0.128 0.072 0.002 0 0 0.172 0.174 0.177 0.182 0.67 0.5
Xy 0.167 0.175 0.156 0.164 0.172 0.174 0 0 0.228 0.228 0 0
X5 0.116 0.114 0.198 0.193 0.177 0.182 0.228 0.228 0 0 1 1
x1 x2 %3 x4 %5 x1 X2 x3 x4 x5
T T T T T T T T T T
0.6 —a— The expected loss P 10.6 0.6 = The eXpeCted loss P 10-6
—eo— The expected loss B 05 —o— The expected loss B 05
0.51 —+— The expected loss N 105 % The expected loss N :
0.4F 0.4 0.41 10.4
0.31 10.3 0.3 10.3
0.2 10.2 0.2F 10.2
1F 10.1 0.1F J 10.1
0.1 0.1
0.0 10.0 0.0 0.0
1 1 1 1 1 1 1 1 1 1
x1 x2 x3 x4 x5 x1 x2 x3 x4 x5

(a) Optimistic risk attitude.

Fig. 5. The expected loss of R (a,

Table 10

[x

(b) Pessimistic risk attitude.

]) with different risk attitudes.

Rankings and the selected object(s) from different methods.

Methods Ranking results The selected object(s)
Proposed method(optimistic attitude) X5 > X| > X3 > Xy > Xy Xs
Proposed method(pessimistic attitude) X5 R X| > X3 > Xy > Xy X5, X
Gou et al.’s method [55] X5 > X| > X3 > X, > Xy Xs
Liu et al.’s method [14] X5 > X| > X3 > Xy > Xy Xs
Gou et al.’s method [11] X5 > X| > X3 > X, > Xy X5
Liu et al.’s method [12] X5 > X| > Xy > Xy > Xy Xs
Gou et al.’s method [10] X5 > X| > X3 > Xy > Xy Xs
Table 11
Rankings and the selected object(s) of alternatives.
Methods Regions Ranking results The selected object(s)
POS(C) X5 > X,
Proposed method(optimistic attitude) BND(C) X3 > X, X5
NEG(C) x4
POS(C) X5 R X
Proposed method(pessimistic attitude) BND(C) X3 > X, X5, X
NEG(C) x,
POS(C) X5 > X,
Li et al.’s method [46] BND(C) X4 > Xy > X3 Xs
NEG(C) [/
POS(C) X5
Li et al’s method [47] BND(C) X4 > Xy > Xy > X X5
NEG(C) [/

between optimistic and pessimistic attitudes allows DMs to understand
the impact of their inherent biases or risk preferences on the final
ranking. Fig. 6 visually represents these rankings, providing a clearer
view of the relative standing of each clinic across the various methods.

The methods compared in Table 11 use the same qualitative linguis-
tic of expression as the methods in this paper. Comparative Analysis
with Li et al.’s Methods: Li et al.’s method [46] agrees with optimistic
attitude in the POS(C) region by also preferring x5 over x,. However,
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in the BND(C) region, this method exhibits a distinct ranking, placing
x, ahead of x, and x;. Additionally, the NEG(C) region has no selection
for this method. Li et al.’s method [47] offers a more straightforward
ranking in the POS(C) region by solely preferring xs. However, it
presents a markedly different ordering in the BND(C) region, with x,
leading followed by x,, x3, and x;, showing a significant variation from
the proposed method. Both Li et al.’s methods have no selection in the
NEG(C) region. This absence could suggest that these methods might
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Rankings

1 2 3 4 5
Objects
Fig. 6. The ranking results of service assessment with different methods.

not consider any alternative suitable or might not be equipped to han-
dle this particular region effectively. The proposed method incorporates
both optimism and pessimism, providing a range of possibilities for
DMs. An optimistic attitude depicts a more risk-taking behavior, while
a pessimistic attitude favors caution.

7.2. Comparative analysis of BCCD

To further demonstrate the feasibility and effectiveness of the
method, the Breast Cancer Coimbra Data Set (https://archive.ics.uci.
edu/datasets) is introduced. The purpose of using this data set is to
prove that the novel method has better performance than the classical
methods when processing more data. It is also to prove that the
classification results of the proposed method can be displayed more
intuitively than the ranking results in the case of more data.

This data set does not yet contain estimated values from DHH-
FLTS and therefore needs to be transformed based on the Eq. (3)(4)
before applying the novel 3MADM method. It includes 116 objects
and 10 attributes, with nine conditional attributes and 1 decision
attribute. Firstly, it is assumed that conditional attributes must have
mutually independent properties. Four relevant conditional attributes
(Age, HOMA, Resistin, and MCP.1.) are removed. Secondly, several
medical experts are invited to convert the crisp numbers of conditional
attributes (BMI, Glucose, Insulin, Leptin, and Adiponectin) to DHHFLTS
based on the setting of Fig. 7. Thirdly, the DHLTSs are aggregated
according to Eq. (20). Suppose all the conditional attributes are of the
benefit-type, the decision attributes in the data set include labels “1”
represents healthy controls and “2” represents patients. After prepro-
cessing the data, DHHFLIS could be get and be applied to the novel
3MADM method, using Algorithm 1.

Similarly, the parameter settings are the same as above. In addition,
since the loss functions in Li et al.’s method is subjectively given and
cannot be used for this data set, the relative loss functions proposed in
this paper is used to calculate the loss functions during the calculation
process. In order to present scientific and reasonable experimental
analysis, it is necessary to provide some semantic explanations for the
proposed methods and the comparative methods. As can be seen from
Fig. 7, the corresponding meaning of the designed linguistic scale is that
the higher the value of the linguistic scale, the greater the probability of
disease. Take the conditional attribute BMI as an example, the greater
the value, the greater the possibility of obesity. It can be seen from
public information inquiry, research has found that obesity increases
the likelihood of breast cancer. Since obesity may lead to changes in
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very low [low  normal high veryhigh
e Nt
O o, O3 Oy
0, ={0, = just right,o, = only a little,0, = a little}
0, ={o0_, =very much,o_, = much,o, = just right,o0, = only a little,0, = a little}
0, ={o_, =only alittle,o_, = alittle,o, = just right,0, = much,o, = very much}
0, ={o0_, =only alittle,o_, = alitile,0, = just right}

Fig. 7. Distributions of the four parts of the second hierarchy LTSs.

hormone levels, especially increased levels of estrogen, which increases
the risk of breast cancer. And obese people have a higher risk of
breast cancer than people of normal weight. According to the above
explanation, the classic MADM method of obtaining ranking results
based on the object’s score can be understood as the higher the object’s
score, the higher the possibility of disease. In order to better identify
differences, the comparison here focuses on the selected “patients”.
Due to the varying number of objects in the positive, boundary, and
negative domains between optimistic and pessimistic attitudes, it is
crucial to gather an equal number of objects according to the number
of negative domains for each risk attitude to facilitate a comparative
analysis. According to the optimistic attitude, there are 41 objects
categorized to POS(C) and 50 objects categorized to POS(C) with the
pessimistic attitude. The following analysis mainly obtains comparison
objects based on these two sets of numbers, which are used to compare
the correctness of the analysis object selection with the classical MADM
methods.

The ranking results of the selected “patients” are displayed in Fig. 8.
Although there are some differences in the ranking results, it can still
be seen from the figure that most methods show similar ranking trends.
However, the proposed method caused significant changes in rankings.
Since the computational methods designed are more sensitive to lin-
guistic variables. In other words, when the amount of data is large, the
possibility of whether the performance of these methods is still suitable
decreases. In contrast, the classical methods applying Eqgs. (1)(3) are
relatively insensitive to changes in certain linguistic variables, resulting
in less obvious fluctuations and interval differences compared with
the proposed method. Also the classification results using the 3WD
method are presented in Fig. 9. It shows that compared with other
methods, the proposed method is more sensitive to the risk attitude of
DMs and effectively achieves a clear division of the three classification
areas. With the pessimistic attitude, the number of objects included in
NEC(C) is larger than the number of objects included in POS(C) with
the optimistic attitude. The characteristics presented indicate more
cautious and conservative decision-making results. With the optimistic
attitude, the number of objects in BND(C) is greater than the number of
objects in BND(C) with the pessimistic attitude. Since some conditional
attributes are deleted during data processing, resulting in the loss of
some relevant important information, and sufficient information needs
to be added to obtain more accurate classification results. Although
the methods of Li et al. [46,47] are all 3MADM frameworks, they
contain fewer patients in the negative domain, making it difficult to
make reasonable decisions, resulting in a discount in the efficiency of
decision-making.
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Fig. 8. The ranking results of the selected “patients”.
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Fig. 9. The comparison of classification with 3WD methods.

Moreover, as the objects in this data set are labeled, it is feasible
to determine whether the “patients” chosen by these methods are
accurate. To verify whether the results selected by these methods
are reliable, the ER is the error rate [56] of diagnosis is used to
measure the correctness of the “patient” diagnosis. A lower value of
ER signifies higher diagnostic accuracy of the method. Fig. 10 reveals
that regardless of whether it is optimistic or pessimistic, the method
in this paper shows a lower ER. The ER of optimism is significantly
higher than that pessimism. This situation reflects the difference of
DMs’ cautious judgment in the two states, which is consistent with
the actual situation. The other four methods are all classical MADM
and exhibit relatively high ER. There may be two reasons. One is
the performance of the classical MADM decreases when calculating
more data. The other one is the methods lack the target concept and
do not effectively utilize a priori information. The proposed method
surpasses conventional MADM methods in terms of patient diagnostic
accuracy. Not only does this method effectively categorize patients, it
also minimizes losses during the decision-making process.

7.3. Discussion

In this paper, the novel 3MADM method is applied under the
DHHEFLIS to solve decision problems with two kinds of data sets and
the practicality is demonstrated. Simultaneously, the validity, reason-
ableness, and effectiveness of the proposed method for ranking and
classification have been confirmed. Next, the differences between the
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Fig. 10. The ER for different methods.

novel 3MADM method and other methods will be analyzed, and its
advantages will be summarized. From Table 12, these differences can
be seen clearly.

The novel 3MADM method proposed in this paper stands out from
others in several significant ways:

(1) The proposed 3MADM method uniquely segments objects into
positive, boundary, and negative domains, unlike the classical
MADM methods.

The proposed method of estimating conditional probabilities
under DHHFLIS utilizes a distance measure based on superior
gradus. This contrasts with Li et al.’s [46,47] methods through
subjective way where the DM directly provides conditional prob-
abilities.

The relative loss functions are designed through objective
method. This method tackles a problem that remains unre-
solved in other methods [46,47], where loss functions are often
acquired through a subjective way.

In the comparative analysis, all methods are used to address the
MADM problems of DHHFLTS. But there are some differences in
the calculation process. Except for the proposed method which
uses superior gradus as the compared method, all other methods
base their calculations on Egs. (1)(3).

(2

3

4

The advantages of the proposed method are listed as blow:
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Table 12

The difference between the proposed method and other methods.
Methods Conditional Loss Rankings Classifications

probabilities functions

Liu et al.’s method [14] None None Yes No
Gou et al.’s method [11] None None Yes No
Liu et al.’s method [12] None None Yes No
Gou et al.’s method [10] None None Yes No
Gou et al.’s method [55] None None Yes No
Li et al.’s method [47] Objective Subjective Yes Yes
Li et al.’s method [46] Objective Subjective Yes Yes
Proposed method Objective Objective Yes Yes

(1) It introduces a novel 3MADM method under DHHFLIS that
provides two ranking and classification results compared to the
method of two-way decision-making.

Distance measurements based on the superior gradus better
characterize the differences between the two types of DHHFLEs.
This distance which extends Xu and Xia’s [52] approach by
considering the number of DHLTS for different risk attitudes,
allows Eq. (18) to produce different results depending on risk
attitude.

This paper adopts the model of the relative loss functions [27],
generating the relative loss functions for each object with condi-
tional attributes. The extended Hamacher’s weighted averaging
operator enhances result reliability and objectivity.

The novel 3MADM method reduces the subjective impact on
decision-making results and further diminishes decision-making
risk by conditional probabilities-based on superior gradus and
relative loss functions while acknowledging differences.

@

3

4

8. Conclusion and future work

This paper introduces a novel 3MADM method under the DHH-
FLIS. Through comparative analysis of other methods using service
assessment and the BCCD with different risk attitudes, the validity, rea-
sonableness, and effectiveness of this novel method are demonstrated.
In summary, the proposed method offers the following contributions:

(1) The novel compared methods based on the superior gradus make
better distinguish between different DHLTSs or DHHFLEs.

(2) The new way of measuring distance based on the superior gradus
concept can characterize the distances between different ob-
jects, and make the conditional probabilities calculations more
objective.

(3) The relative loss functions calculation method under the DHH-
FLIS is supplemented, and make the calculation process more
convincing.

(4) This paper offers a comprehensive assessment of 3MADMV, in-
cluding the service assessment and the BCCD comparative anal-
yses.

The TAO framework is an effective tool based on the human cogni-
tive process and raised to the philosophical level to deal with uncertain
decision-making problems. In the future, due to the uncertainty char-
acteristics of the MADM problem, research on the MADM problem
and the TAO framework will also become a trend. Some topics with
the TAO-MADM method under the DHHFLIS are worth investigating.
Firstly, combining MAGDM [57] using into three-way group conflict
analysis model [58] is helpful. Secondly, the weight of the DMs and the
corresponding consensus [59] can be studied. Thirdly, the application
of sequential 3WD [60] under the DHHFLIS can be considered.
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