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ARTICLE INFO ABSTRACT
Keywords: As a typical multi-granularity data analysis model, multi-scale decision systems have received
Multi-scale decision systems widespread attention from researchers in recent years. However, most multi-scale models strug-

Fuzzy entropy
Uncertainty measure
Feature selection

gle to handle continuous data and fail to accurately characterize the differences between samples
in complex scenes. Moreover, there is a lack of investigation on fuzzy multi-scale uncertainty mea-
sures, as well as their application in dimension reduction. Motivated by these issues, we put forth
a new multi-scale fuzzy relation decision system and investigate the uncertainty measures for
fuzzy relation families at different scales. To this end, 5-fuzzy similarity relationship is presented
to characterize the correlation of target objects. Fuzzy scale entropy is then proposed to reflect
the distinguishing ability of fuzzy relation families with different scales. Some variants of the
uncertainty measure, such as joint fuzzy scale entropy, conditional fuzzy scale entropy, and mu-
tual fuzzy scale entropy, are then presented to reveal the relationship between the distinguishing
ability of feature subsets. Finally, a knowledge reduction algorithm for multi-scale fuzzy relation
decision systems is developed from the perspective of maintaining the distinguishing ability. Ex-
tensive experiments on 16 public datasets exhibit that our model can effectively reduce redundant
features from different scales, and demonstrates competitive classification performance compared
with four state-of-the-art dimension reduction algorithms.

1. Introduction

Feature subset selection is a fundamental variable selection process in artificial intelligence systems. It aims to reduce the compu-
tational complexity of data processing and enhance the generalization capability of classification models by eliminating non-essential
and redundant features [1,2]. Feature evaluation is a crucial step in feature subset selection, which can optimize the identification
of important features. So far, a variety of feature evaluation methods have been put forward, including consistency-based measures
[3], classifier error rate [4], fuzzy relevance and redundancy [5], information-gain [6,7], and so on. All these evaluation methods
can effectively assess the importance of features, thereby obtaining the optimal subset with strong distinguishing ability and low
redundancy.
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$\delta $


$\delta $


$U = \{x_1, x_2, \ldots , x_n\}$


$A = \{a_1, a_2, \ldots , a_m\}$


$(U, A)$


$(U, A, d)$


$d$


$a\in A$


$R_a$


$U\times U$


$R_a:U\times U\rightarrow \{0, 1\}$


\begin {equation}R_a(x_i, x_j)= \begin {cases} 1, & a(x_i)=a(x_j) \\ 0, & \text {else} \end {cases}, \label {Xeqn1-1}\end {equation}


$x_i, x_j\in U$


$R_a$


$a$


$R_d$


$d$


\begin {equation}R_d(x_i, x_j)= \begin {cases} 1, & d(x_i)=d(x_j) \\ 0, & \text {else} \end {cases}. \label {Xeqn2-2}\end {equation}


$(U, A)$


$a_i \in A$


$I$


$(U, \{a_i^j \mid j = 1, 2, \ldots , I; i = 1, 2, \ldots , m\})$


$i = 1, 2, \ldots , m$


$1 \leq j \leq I - 1$


$h_i^{j, j+1}: W_i^j \to W_i^{j+1}$


$a_i^{j+1} = h_i^{j, j+1} \circ a_i^j$


$a_i^{j+1}(x) = h_i^{j, j+1}(a_i^j(x))$


$x \in U$


$W_i^j$


$a_i^j$


$h_i^{j, j+1}$


$(U, \{a_i^j \mid j = 1, 2, \ldots , I; i = 1, 2, \ldots , m\})$


$D = \{ d \}$


$d$


$n$


$\{ d^t \mid t = 1, 2, \ldots , n \}$


\begin {equation*}S = \left ( U, \left \{ a_i^j \mid j = 1, 2, \ldots , I; i = 1, 2, \ldots , m \right \} \cup \left \{ d^t \mid t = 1, 2, \ldots , n \right \} \right )\end {equation*}


$S = (U, \mathcal {F}) = \left (U, \left \{ F_j^k \mid k = 1, 2, \ldots , l_j; j = 1, 2, \ldots , m \right \}\right )$


$U = \{x_1, x_2, \ldots , x_n\}$


$\mathcal {F}$


$U$


$\mathcal {F}_j = \left \{ F_j^1, F_j^2, \ldots , F_j^{l_j} \right \} \subseteq \mathcal {F}$


$l_j$


$i \leq h$


$F_j^i$


$F_j^h$


$(U, \Pi )$


$\Pi $


$B_i$


$1 \leq i \leq k$


$\Pi $


$\{B_1, B_2, \ldots , B_k\}$


$\Pi $


$B_i$


\begin {equation}P(B_i)=\frac {|B_i|}{|U|}, \quad i = 1, 2, \ldots , k, \label {Xeqn3-3}\end {equation}


$|B_i|$


$B_i$


$\Pi $


\begin {equation}H(\Pi )=\sum _{i = 1}^{k}-P(B_i)\log P(B_i), \label {Xeqn4-4}\end {equation}


$\Pi _1 = \{B_1, B_2, \ldots , B_k\}$


$\Pi _2 = \{C_1, C_2, \ldots , C_l\}$


$\Pi _1$


$\Pi _2$


\begin {equation}H(\Pi _1|\Pi _2)=-\sum _{i = 1}^{k}\sum _{j = 1}^{l}P(B_i\cap C_j)\log P(B_i|C_j). \label {Xeqn5-5}\end {equation}


$H(\Pi _1|\Pi _2)$


$\Pi _1$


$\Pi _2$


$\Pi _1$


$\Pi _2$


\begin {equation}M(\Pi _1, \Pi _2)=\sum _{i = 1}^{k}\sum _{j = 1}^{l}P(B_i\cap C_j)\log \frac {P(B_i\cap C_j)}{P(B_i)P(C_j)}. \label {Xeqn6-6}\end {equation}


$M(\Pi _1, \Pi _2)$


$\delta $


$(U, A)$


$x, y \in U$


$a \in A$


$\delta \in [0, 1]$


$\delta $


$a$


\begin {equation}R_{a}^{\delta }(x, y) = \begin {cases} 1 - \vert a(x) - a(y) \vert , & \vert a(x) - a(y) \vert \leq \delta \\ 0, & \text {otherwise} \end {cases}, \label {Xeqn7-7}\end {equation}


$a (x)$


$a(y)$


$\delta $


$\delta $


$\delta $


$B\subseteq A$


$R_{B}^{\delta }=\bigcap _{a\in B}R_{a}^{\delta }$


$\delta $


$B$


$B_1\subseteq B_2$


$R_{B_2}^{\delta }\subseteq R_{B_1}^{\delta }$


$\delta _1\leq \delta _2$


$R_{B}^{\delta _1}\subseteq R_{B}^{\delta _2}$


$\delta $


$\delta $


$(U, A)$


$a_i \in A$


$\mathbb {R}_{a_i} = \{R_{a_i}^{\delta _1}, R_{a_i}^{\delta _2}, \ldots , R_{a_i}^{\delta _I}\}$


$\delta _k$


$k = 1, 2, \ldots , I$


$\delta _1 < \delta _2 < \cdots < \delta _I$


$(U, \{R_{a_i}^{\delta _k} \mid k = 1, 2, \ldots , I, i = 1, 2, \ldots , m\})$


$(U, \{R_{a_i}^{\delta _k} \mid k = 1, 2, \ldots , I, i = 1, 2, \ldots , m\}, R_d)$


$a_i \in A$


$R_{a_i}^{\delta _1} \subseteq R_{a_i}^{\delta _2} \subseteq \cdots \subseteq R_{a_i}^{\delta _I}.$


$\delta _1 = 0. 1$


$\delta _2 = 0. 2$


$\delta _3 = 0. 3$


$I = 3$


\begin {align*}&R_{a_1}^{\delta _1 }=\begin {pmatrix} 1 & 0. 9 & 0 \\ 0. 9 & 1 & 0. 9 \\ 0 & 0. 9 & 1 \end {pmatrix}, \quad R_{a_1}^{\delta _2}=\begin {pmatrix} 1 & 0. 9 & 0. 8 \\ 0. 9 & 1 & 0. 9 \\ 0. 8 & 0. 9 & 1 \end {pmatrix}, \quad R_{a_1}^{\delta _3}=\begin {pmatrix} 1 & 0. 9 & 0. 8 \\ 0. 9 & 1 & 0. 9 \\ 0. 8 & 0. 9 & 1 \end {pmatrix}, \\ &R_{a_2}^{\delta _1 }=\begin {pmatrix} 1 & 0 & 0. 9 \\ 0 & 1 & 0 \\ 0. 9 & 0 & 1 \end {pmatrix}, \quad R_{a_2}^{\delta _2}=\begin {pmatrix} 1 & 0 & 0. 9 \\ 0 & 1 & 0. 8 \\ 0. 9 & 0. 8 & 1 \end {pmatrix}, \quad R_{a_2}^{\delta _3}=\begin {pmatrix} 1 & 0. 7 & 0. 9 \\ 0. 7 & 1 & 0. 8 \\ 0. 9 & 0. 8 & 1 \end {pmatrix}, \\ &R_{a_3}^{\delta _1 }=\begin {pmatrix} 1 & 0. 9 & 0 \\ 0. 9 & 1 & 0 \\ 0 & 0 & 1 \end {pmatrix}, \quad R_{a_3}^{\delta _2}=\begin {pmatrix} 1 & 0. 9 & 0 \\ 0. 9 & 1 & 0. 8 \\ 0 & 0. 8 & 1 \end {pmatrix}, \quad R_{a_3}^{\delta _3}=\begin {pmatrix} 1 & 0. 9 & 0. 7 \\ 0. 9 & 1 & 0. 8 \\ 0. 7 & 0. 8 & 1 \end {pmatrix}, \\ &R_d=\begin {pmatrix} 1 & 1 & 0 \\ 1 & 1 & 0 \\ 0 & 0 & 1 \end {pmatrix}.\end {align*}


$R_{a_i}^{\delta _1}\subseteq R_{a_i}^{\delta _2}\subseteq R_{a_i}^{\delta _3}$


$i=1, 2, 3.$


$(U, \{R_{a_1}^{\delta _1 }, R_{a_1}^{\delta _2}, R_{a_1}^{\delta _3}, R_{a_2}^{\delta _1 }, R_{a_2}^{\delta _2}, R_{a_2}^{\delta _3}, R_{a_3}^{\delta _1 }, R_{a_3}^{\delta _2}, R_{a_3}^{\delta _3}\}, R_d)$


$(U, \{R_{a_i}^{\delta _k} | k = 1, 2, \cdots , I, i = 1, 2, \cdots , m\}, R_d)$


$l_i \in \{1, 2, \cdots , I\}$


$a_i$


$\Gamma =(l_1, l_2, \cdots , l_m)$


$A$


$\mathcal {T} = \{(l_1, l_2, \cdots , l_m) \mid l_i \in \{1, 2, \cdots , I\}, i = 1, 2, \cdots , m\}.$


$(l_1, l_2, \cdots , l_m)$


$(U, \{R_{a_1}^{\delta _{l_1}}, R_{a_2}^{\delta _{l_2}} \ldots , R_{a_m}^{\delta _{l_m}}\}, R_d)$


$\Gamma _1=(l_1^1, l_2^1, \cdots , l_m^1)$


$\Gamma _2=(l_1^2, l_2^2, \cdots , l_m^2) \in \mathcal {T}$


$\Gamma _1$


$\Gamma _2$


$\Gamma _1 \preceq \Gamma _2$


$l_j^1 \leq l_j^2$


$j \in \{1, 2, \ldots , m\}$


$\Gamma _1$


$\Gamma _2$


$\Gamma _1 \prec \Gamma _2$


$\Gamma _1 \preceq \Gamma _2$


$t \in \{1, 2, \ldots , m\}$


$l_t^1 < l_t^2$


$B\subseteq A$


$\Gamma =(l_1, l_2, \cdots , l_m)\in \mathcal {T}$


$B$


$\mathfrak {R}_B^{\Gamma }= \bigcap _{a_k\in B}R_{a_k}^{\delta _{l_k}}$


$l_k$


$a_k$


$\Gamma $


$\Gamma _1\preceq \Gamma _2$


$\mathfrak {R}_B^{\Gamma _1}\subseteq \mathfrak {R}_B^{\Gamma _2}$


$\Gamma _1 = (l_1^1, l_2^1, \dots , l_m^1)$


$\Gamma _2 = (l_1^2, l_2^2, \dots , l_m^2)$


$\Gamma _1 \preceq \Gamma _2$


$\delta _{l_k^1} \leq \delta _{l_k^2}$


$R_{a_k}^{\delta _{l_k^1}} \subseteq R_{a_k}^{\delta _{l_k^2}}$


$a_k \in B$


$\mathfrak {R}_B^{\Gamma _1} \subseteq \mathfrak {R}_B^{\Gamma _2}$


$B_1\subseteq B_2$


$\mathfrak {R}_{B_2}^{\Gamma }\subseteq \mathfrak {R}_{B_1}^{\Gamma }$


$\mathfrak {R}_{B_1}^\Gamma = \bigcap _{a_k \in B_1} R_{a_k}^{\delta _{l_k}}$


$\mathfrak {R}_{B_2}^\Gamma = \bigcap _{a_k \in B_2} R_{a_k}^{\delta _{l_k}}$


$B_1 \subseteq B_2$


$a\in B_1$


$a \in B_2$


$\bigcap _{a_k \in B_2} R_{a_k}^{\delta _{l_k}} \subseteq \bigcap _{a_k \in B_1} R_{a_k}^{\delta _{l_k}}$


$\mathfrak {R}_{B_2}^\Gamma \subseteq \mathfrak {R}_{B_1}^\Gamma $


$(U, \{R_{a_1}^{\delta _1 }, R_{a_1}^{\delta _2}, R_{a_1}^{\delta _3}, R_{a_2}^{\delta _1 }, R_{a_2}^{\delta _2}, R_{a_2}^{\delta _3}, \\R_{a_3}^{\delta _1 }, R_{a_3}^{\delta _2}, R_{a_3}^{\delta _3}\}, R_d)$


$B = \{a_1, a_2\}$


$C = \{a_2, a_3\}$


$\Gamma _1=(1, 1, 2)$


$\Gamma _2=(2, 1, 3)$


\begin {equation*}\mathfrak {R}_{B}^{\Gamma _1} = R_{a_1}^{\delta _1}\cap R_{a_2}^{\delta _1}= \begin {pmatrix} 1 & 0 & 0 \\ 0 & 1 & 0 \\ 0 & 0 & 1 \end {pmatrix}, \quad \mathfrak {R}_{B}^{\Gamma _2} = R_{a_1}^{\delta _2}\cap R_{a_2}^{\delta _1}= \begin {pmatrix} 1 & 0 & 0. 8 \\ 0 & 1 & 0 \\ 0. 8 & 0 & 1 \end {pmatrix},\end {equation*}


\begin {equation*}\mathfrak {R}_{C}^{\Gamma _1} = R_{a_2}^{\delta _1}\cap R_{a_3}^{\delta _2}= \begin {pmatrix} 1 & 0 & 0 \\ 0 & 1 & 0 \\ 0 & 0 & 1 \end {pmatrix}, \quad \mathfrak {R}_{C}^{\Gamma _2} = R_{a_2}^{\delta _1}\cap R_{a_3}^{\delta _3}= \begin {pmatrix} 1 & 0 & 0. 7 \\ 0 & 1 & 0 \\ 0. 7 & 0 & 1 \end {pmatrix}.\end {equation*}


$\Gamma = (l_1, l_2, \cdots , l_m) \in \mathcal {T}$


$B\subseteq A$


$B$


\begin {equation}\label {test} H^{\Gamma }(B)=-\log \frac {|\mathfrak {R}_{B}^{\Gamma }|}{|U|^2}\
\end {equation}


$|\mathfrak {R}_{B}^{\Gamma }|$


$\mathfrak {R}_{B}^{\Gamma }$


$B$


$H : (B, \Gamma ) \to \mathbb {R}^+$


$\mathbb {R}^+$


$|\mathfrak {R}_{B}^{\Gamma }|\leq n$


$H^{\Gamma }(B)\geq 0$


$|\mathfrak {R}_{B}^{\Gamma }| = n$


$H^{\Gamma }(B)=\log n$


$|\mathfrak {R}_{B}^{\Gamma }|=n^2$


$H^{\Gamma }(B) = 0$


$\Gamma _1, \Gamma _2\in \mathcal {T}$


$\Gamma _1\preceq \Gamma _2$


$H^{\Gamma _1}(B)\geq H^{\Gamma _2}(B)$


$\Gamma _1\preceq \Gamma _2$


$\mathfrak {R}_B^{\Gamma _1}\subseteq \mathfrak {R}_B^{\Gamma _2}$


$|\mathfrak {R}_B^{\Gamma _1}|\leq |\mathfrak {R}_B^{\Gamma _2}|$


$H^{\Gamma _1}(B)\geq H^{\Gamma _2}(B)$


$B_1\subseteq B_2$


$H^{\Gamma }(B_1)\leq H^{\Gamma }(B_2)$


$B_1\subseteq B_2$


$\mathfrak {R}_{B_2}^{\Gamma }\subseteq \mathfrak {R}_{B_1}^{\Gamma }$


$|\mathfrak {R}_{B_2}^{\Gamma }|\leq |\mathfrak {R}_{B_1}^{\Gamma }|$


$H^{\Gamma }(B_1)\leq H^{\Gamma }(B_2)$


$B_1$


$B_2$


$\subseteq $


$A$


$\Gamma \in \mathcal {T}$


$B_1$


$B_2$


\begin {equation}\label {test} H^{\Gamma }(B_1, B_2)=-\log \frac {|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|}{|U|^2}.\end {equation}


$H^{\Gamma }(B_1, B_2)$


$B_1$


$B_2$


$B_1$


$B_2$
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$\Gamma \in \mathcal {T}$


$H^{\Gamma }(B_1, B_2)\geq \max (H^{\Gamma }(B_1), H^{\Gamma }(B_2))$


$H^{\Gamma }(B_1)=-\log \dfrac {|\mathfrak {R}_{B_1}^{\Gamma }|}{|U|^2}$


$H^{\Gamma }(B_1, B_2)=-\log \dfrac {|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|}{|U|^2}$


$\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }\subseteq \mathfrak {R}_{B_1}^{\Gamma }$


$|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|\leq |\mathfrak {R}_{B_1}^{\Gamma }|$


$H^{\Gamma }(B_1, B_2)\geq H^{\Gamma }(B_1)$


$H^{\Gamma }(B_1, B_2)\geq H^{\Gamma }(B_2)$


$H^{\Gamma }(B_1, B_2)\geq \max (H^{\Gamma }(B_1), H^{\Gamma }(B_2))$


$B_1$


$B_2$


$\Gamma _1, \Gamma _2\in \mathcal {T}$


$\Gamma _1\preceq \Gamma _2$


$B_1$


$B_2$


$\subseteq $


$A$


$H^{\Gamma _1}(B_1, B_2)\geq H^{\Gamma _2}(B_1, B_2)$


$H^{\Gamma _1}(B_1, B_2)=-\log \dfrac {|\mathfrak {R}_{B_1}^{\Gamma _1}\cap \mathfrak {R}_{B_2}^{\Gamma _1}|}{|U|^2}$


$H^{\Gamma _2}(B_1, B_2)=-\log \dfrac {|\mathfrak {R}_{B_1}^{\Gamma _2}\cap \mathfrak {R}_{B_2}^{\Gamma _2}|}{|U|^2}$


$\Gamma _1\preceq \Gamma _2$


$\mathfrak {R}_{B_1}^{\Gamma _1}\cap \mathfrak {R}_{B_2}^{\Gamma _1}\subseteq \mathfrak {R}_{B_1}^{\Gamma _2}\cap \mathfrak {R}_{B_2}^{\Gamma _2}$


$H^{\Gamma _1}(B_1, B_2)\geq H^{\Gamma _2}(B_1, B_2)$


$\Gamma _1$


$\Gamma _2$


$B_1, B_2$


$\Gamma _1$


$B_1\subseteq B_2$


$H^{\Gamma }(B_1, B_2)=H^{\Gamma }(B_2)$


$B_1$


$B_2$


$\subseteq $


$A$


$\Gamma \in \mathcal {T}$


$B_{1}$


$B_{2}$


\begin {equation}\label {test} H^{\Gamma }(B_1|B_2)=-\log \frac {|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|}{|\mathfrak {R}_{B_2}^{\Gamma }|}\end {equation}


$B_1$


$B_2$


$B_1\subseteq B_2$


$H^{\Gamma }(B_1|B_2) = 0$


$B_1$


$B_2$


$\subseteq $


$A$


$H^{\Gamma }(B_1|B_2)=H^{\Gamma }(B_1, B_2)-H^{\Gamma }(B_2)$


$H^{\Gamma }(B_1, B_2)=-\log \dfrac {|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|}{|U|^2}$


$H^{\Gamma }(B_2)=-\log \dfrac {|\mathfrak {R}_{B_2}^{\Gamma }|}{|U|^2}$


$H^{\Gamma }(B_1, B_2)-H^{\Gamma }(B_2)=-\log \dfrac {|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|}{|U|^2}+\log \dfrac {|\mathfrak {R}_{B_2}^{\Gamma }|}{|U|^2}=-\log \dfrac {|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|}{|\mathfrak {R}_{B_2}^{\Gamma }|}$


$H^{\Gamma }(B_1|B_2)=-\log \dfrac {|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|}{|\mathfrak {R}_{B_2}^{\Gamma }|}$


$H^{\Gamma }(B_1|B_2)=H^{\Gamma }(B_1, B_2)-H^{\Gamma }(B_2)$


$H^{\Gamma } (B_1, B_2)$


$B_1$


$B_2$


$\Gamma \in \mathcal {T}$


$B_1\subseteq B_2$


$H^{\Gamma }(B_1|B_2) = 0$


$B_2$


$B_1$


$B_1$


$B_1$


$B_2$


$\subseteq $


$A$


$\Gamma \in \mathcal {T}$


$B_1$


$B_2$


\begin {equation}\label {test} I^{\Gamma }(B_1, B_2)=\log \frac {|U|^2|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|}{|\mathfrak {R}_{B_1}^{\Gamma }|\cdot |\mathfrak {R}_{B_2}^{\Gamma }|}\end {equation}


$B_1$


$B_2$


$B_1$


$B_2$


$\subseteq $


$A$


$\Gamma \in \mathcal {T}$


$I^{\Gamma }(B_1, B_2)=H^{\Gamma }(B_1)+H^{\Gamma }(B_2)-H^{\Gamma }(B_1, B_2);$


$I^{\Gamma }(B_1, B_2)=H^{\Gamma }(B_1)-H^{\Gamma }(B_1|B_2)=H^{\Gamma }(B_2)-H^{\Gamma }(B_2|B_1);$


$H^{\Gamma }(B_1)+H^{\Gamma }(B_2)-H^{\Gamma }(B_1, B_2) =-\log \dfrac {|\mathfrak {R}_{B_1}^{\Gamma }|}{|U|^2}-\log \dfrac {|\mathfrak {R}_{B_2}^{\Gamma }|}{|U|^2}+\log \dfrac {|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|}{|U|^2} =\log \left (\dfrac {|U|^2}{|\mathfrak {R}_{B_1}^{\Gamma }|}\cdot \dfrac {|U|^2}{|\mathfrak {R}_{B_2}^{\Gamma }|}\cdot \dfrac {|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|}{|U|^2}\right ) =\log \dfrac {|U|^2|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|}{|\mathfrak {R}_{B_1}^{\Gamma }|\cdot |\mathfrak {R}_{B_2}^{\Gamma }|}=I^{\Gamma }(B_1, B_2)$


$H^{\Gamma }(B_1)-H^{\Gamma }(B_1|B_2) =-\log \dfrac {|\mathfrak {R}_{B_1}^{\Gamma }|}{|U|^2}+\log \dfrac {|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|}{|\mathfrak {R}_{B_2}^{\Gamma }|} =\log \dfrac {|U|^2|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|}{|\mathfrak {R}_{B_1}^{\Gamma }|\cdot |\mathfrak {R}_{B_2}^{\Gamma }|}=I^{\Gamma }(B_1, B_2)$


$I^{\Gamma }(B_1, B_2)=H^{\Gamma }(B_2)-I^{\Gamma }(B_2|B_1)$


$\Gamma =(1, 2, 1)$


$B_1=\{a_1, a_2\}$


$B_2 = \{a_1, a_3\}$


\begin {equation*}\mathfrak {R}_{B_1}^{\Gamma }=\begin {pmatrix} 1&0&0\\ 0&1&0. 8\\ 0&0. 8&1 \end {pmatrix}, \quad \mathfrak {R}_{B_2}^{\Gamma }=\begin {pmatrix} 1&0. 9&0\\ 0. 9&1&0\\ 0&0&1 \end {pmatrix},\end {equation*}


\begin {equation*}\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }=\begin {pmatrix} 1&0&0\\ 0&1&0\\ 0&0&1 \end {pmatrix}.\end {equation*}


\begin {equation*}H^{\Gamma }(B_1)=-\log \frac {|\mathfrak {R}_{B_1}^{\Gamma }|}{|U|^2}=-\log \frac {4. 6}{3^2}\approx 0. 290,\end {equation*}


\begin {equation*}H^{\Gamma }(B_2)=-\log \frac {|\mathfrak {R}_{B_2}^{\Gamma }|}{|U|^2}\approx 0. 273.\end {equation*}


\begin {equation*}H^{\Gamma }(B_1, B_2)=-\log \frac {|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|}{|U|^2}=-\log \frac {3}{3^2}=\log 3\approx 0. 477.\end {equation*}


\begin {equation*}H^{\Gamma }(B_1|B_2)=-\log \frac {|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|}{|\mathfrak {R}_{B_2}^{\Gamma }|}=-\log \frac {3}{4. 8}\approx 0. 204.\end {equation*}


\begin {equation*}I^{\Gamma }(B_1, B_2)=\log \frac {|U|^2|\mathfrak {R}_{B_1}^{\Gamma }\cap \mathfrak {R}_{B_2}^{\Gamma }|}{|\mathfrak {R}_{B_1}^{\Gamma }||\mathfrak {R}_{B_2}^{\Gamma }|}=\log \frac {3^2\times 3}{4. 6\times 4. 8}\approx 0. 087.\end {equation*}


$S=(U, \{R_{a_i}^{\delta _k} \mid k = 1, 2, \ldots , I, i = 1, 2, \ldots , m\}, R_d)$


$\mathfrak {R}_{B}^{\Gamma }\subseteq R_{d}$


$H^{\Gamma }(d|B) = 0$


$\mathfrak {R}_{B}^{\Gamma }\subseteq R_{d}$


$H^{\Gamma }(d|B) = -\log \dfrac {|R_{B}^{\Gamma } \cap R_{d}|}{|R_{B}^{\Gamma }|}=-\log \dfrac {|R_{B}^{\Gamma }|}{|R_{B}^{\Gamma }|}=0.$


$S=(U, \{R_{a_{i}}^{\delta _{k}}|k = 1, 2, \cdots , I, i = 1, 2, \cdots , m\}, R_{d})$


$B\subseteq A$


$\Gamma \in \mathcal {T}$


$B$


$A$


$B$


$H^\Gamma (d|B) \leq H^\Gamma (d|A);$


$H^\Gamma (d|B-\{a_{i}\}) > H^\Gamma (d|B), \ \forall a_i \in B$


$B$


$d$


$B\subseteq A$


$a_{i}\in A - B$


$\Gamma \in \mathcal {T}$


$a_{i}$


$B$


\begin {equation}IM^{\Gamma }(a_{i}, B)=H^{\Gamma }(d|B)-H^{\Gamma }(d|B\cup \{a_{i}\}). \label {Xeqn12-12}\end {equation}


$B = \varnothing $


$H^{\Gamma }(d|B)=H^{\Gamma }(d)$


$IM^{\Gamma }(a_{i}, B)>\xi $


$\xi $


$a_{i}$


$a_{i}$


$a_i$


${O}(n^2)$


${O}(n^2)$


$a_i$


$A$


${O}(m^2n^2)$


${O}(m^2n^2)$


$\Gamma =(3, 1, 2)$


$\xi = 0. 05$


$B=\varnothing $


\begin {equation*}H^{\Gamma }(d)=-\log \frac {|R_{d}|}{|U|^2}=-\log \frac {5}{9}\approx 0. 255.\end {equation*}


\begin {equation*}\begin {array}{cc} R_{a_1}^{\Gamma } = \begin {pmatrix} 1 & 0. 9 & 0. 8 \\ 0. 9 & 1 & 0. 9 \\ 0. 8 & 0. 9 & 1 \end {pmatrix}, & R_{a_2}^{\Gamma } = \begin {pmatrix} 1 & 0 & 0. 9 \\ 0 & 1 & 0 \\ 0. 9 & 0 & 1 \end {pmatrix}, \\ R_{a_3}^{\Gamma } = \begin {pmatrix} 1 & 0. 9 & 0 \\ 0. 9 & 1 & 0. 8 \\ 0 & 0. 8 & 1 \end {pmatrix}, & R_{a_1}^{\Gamma } \cap R_d = \begin {pmatrix} 1 & 0. 9 & 0 \\ 0. 9 & 1 & 0 \\ 0 & 0 & 1 \end {pmatrix}, \\ R_{a_2}^{\Gamma } \cap R_d = \begin {pmatrix} 1 & 0 & 0 \\ 0 & 1 & 0 \\ 0 & 0 & 1 \end {pmatrix}, & R_{a_3}^{\Gamma } \cap R_d = \begin {pmatrix} 1 & 0. 9 & 0 \\ 0. 9 & 1 & 0 \\ 0 & 0 & 1 \end {pmatrix}. \end {array}\end {equation*}


\begin {align*}H^{\Gamma }(d|\{a_1\})= -log\frac {|R_{a_1}^{\Gamma } \cap R_d|}{|R_{a_1}^{\Gamma }|} = -\log \frac {4. 8}{8. 2} \approx 0. 233, \\ H^{\Gamma }(d|\{a_2\}) \approx 0. 204, H^{\Gamma }(d|\{a_3\}) \approx 0. 125.\end {align*}


\begin {align*}IM^{\Gamma }(a_1, B) = 0. 255 - 0. 233 = 0. 022, \\ IM^{\Gamma }(a_2, B) =0. 051, IM^{\Gamma }(a_3, B) = 0. 130.\end {align*}


$B = \{a_3\}$


$IM^{\Gamma }(a_{3}, B) > \ \xi $


$H^{\Gamma }(d|\{a_3\}) = 0. 125$


\begin {equation*}R_{a_1}^{\Gamma } \cap R_{a_3}^{\Gamma } = \begin {pmatrix} 1 & 0. 9 & 0 \\ 0. 9 & 1 & 0. 8 \\ 0 & 0. 8 & 1 \end {pmatrix}, \quad R_{a_2}^{\Gamma } \cap R_{a_3}^{\Gamma } = \begin {pmatrix} 1 & 0 & 0 \\ 0 & 1 & 0 \\ 0 & 0 & 1 \end {pmatrix},\end {equation*}


\begin {equation*}R_{a_1}^{\Gamma } \cap R_{a_3}^{\Gamma } \cap R_{d} = \begin {pmatrix} 1 & 0. 9 & 0 \\ 0. 9 & 1 & 0 \\ 0 & 0 & 1 \end {pmatrix}, \quad R_{a_2}^{\Gamma } \cap R_{a_3}^{\Gamma } \cap R_{d} = \begin {pmatrix} 1 & 0 & 0 \\ 0 & 1 & 0 \\ 0 & 0 & 1 \end {pmatrix}.\end {equation*}


$H^{\Gamma }(d|\{a_1, a_3\})= -\log \dfrac {|R_{a_1}^{\Gamma } \cap R_{a_3}^{\Gamma } \cap R_d|} {|R_{a_1}^{\Gamma } \cap R_{a_3}^{\Gamma }|}\approx 0. 125,$


$H^{\Gamma }(d|\{a_2, a_3\})= 0,$


$IM^{\Gamma }(a_1, \{a_3\}) = 0. 125 - 0. 125 = 0,$


$IM^{\Gamma }(a_2, \{a_3\}) = 0. 125$
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$B = \{a_2, a_3\}$


$IM^{\Gamma }(a_2, {a_3}) >\xi $


$H^{\Gamma }(d|\{a_2, a_3\}) = 0$


$R_{a_1}^{\Gamma } \cap R_{a_2}^{\Gamma } \cap R_{a_3}^{\Gamma } = \begin {pmatrix} 1 & 0 & 0 \\ 0& 1 & 0 \\ 0 & 0 & 1 \end {pmatrix}$


$R_{a_1}^{\Gamma } \cap R_{a_2}^{\Gamma } \cap R_{a_3}^{\Gamma } \cap R_{d} = \begin {pmatrix} 1 & 0 & 0 \\ 0 & 1 & 0 \\ 0 & 0 & 1 \end {pmatrix}$


$H^{\Gamma }(d|\{a_1, a_2, a_3\}) = 0$


$IM^{\Gamma }(a_1, \{a_2, a_3\}) =0.$


$IM^{\Gamma }(a_1, \{a_2, a_3\}) < \xi $


$B = \{a_2, a_3\}$


$K = 5$


$\delta _i = i/10$


$i \in \{1, 2, \dots , 10\}$


$\xi $


$\pm $


\begin {equation}a'(x)= \frac {a(x) - \min a}{\max a - \min a}, \label {Xeqn13-13}\end {equation}
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\begin {equation}F_F = \frac {(n - 1)\chi _F^2}{n(t - 1)-\chi _F^2} \sim F(t - 1, (t - 1)(n - 1)) \label {Xeqn14-14}\end {equation}


$\chi _F^2 = \frac {12n}{t(t + 1)}(\sum _{r = 1}^t A_r^2 - \frac {t(t + 1)^2}{4})$


$\alpha = 0.05$


$F(4.60)$


$F_F$


$\alpha = 0. 05$


\begin {equation}\mathrm {CD}_{\alpha }=c_{\alpha }\sqrt {\frac {t(t + 1)}{6n}} \label {Xeqn15-15}\end {equation}


$c_{\alpha }$


$c_{0.05}=2.728$


$\mathrm {CD}_{0.05}=1.52$
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Granular computing [8] is a powerful paradigm for knowledge representation and data analysis, enabling the decomposition of
complex problems into manageable “granules”. It provides a framework for multi-perspective data modeling, integrating methodolo-
gies such as rough sets, fuzzy sets, and quotient space theory. Typical granular computing models have been developed to leverage
this paradigm, such as multi-granularity rough set [9,10], multi-scale rough sets [11,12], and multi-neighborhood rough sets [13].
These methods facilitate hierarchical data analysis by integrating information across different granular levels, enhancing the ability
to handle complex datasets and extract meaningful insights.

Multi-scale decision systems formalized by Wu and Leung [14] in 2011 is an innovative granular computing paradigm. Its core
idea is decomposing attributes into hierarchical scales, enabling flexible data representation from fine to coarse granularity. In recent
years, multi-scale decision systems have attracted considerable attention and gradually become a research hotspot. Li and Hu [15,
16] proposed a stepwise optimal scale selection algorithm based on attribute significance, iteratively evaluating scale combinations
to maximize classification efficiency. Huang and Li [17] developed covering multi-scale systems that utilize covering relations to
construct granular spaces for incomplete data. Xie et al. [18] introduced set-valued multi-scale systems where set-valued attribute
representations were applied to address incomplete information. Key research directions in multi-scale systems focus on optimal scale
selection and decision rule acquisition. She et al. [19] delved into the selection of optimal cuts in complete multi-scale decision tables,
contributing to the optimization of hierarchical scale structures. Zhang et al. [20] integrated three-way decision theory with Hasse
diagrams to visualize and optimize scale combinations in complex systems. For decision rule extraction, Wu et al. [21] developed an
edge discovery algorithm for incomplete multi-scale decision tables. Zhan et al. [22] established a complex proportional assessment
strategy that has been used to link multi-scale systems with expert decision-making frameworks. Deng et al. [23] designed a three-way
decision methodology with multi-scale decision information systems. She et al. [24] explored generalization reducts and optimal cuts,
demonstrating the model’s adaptability. Xia et al. [25] introduced three-way approximations fusion with granular-ball computing,
providing a novel framework for uncertainty processing in multi-scale systems.

In recent years, an endless stream of multi-scale models and multi-scale data analysis methods have emerged. Yang et al. [26]
solved classification learning tasks at different scales. Deng et al. [27] studied granular ball-based feature subset selection for incom-
plete generalized double multi-scale decision tables. Zhang et al. [28] put forward a multi-scale information fusion-based multiple
correlations for unsupervised attribute selection, which is also an important exploration in the field of multi-scale decision systems.
Wang et al. [29] further investigated incomplete generalized multi-scale ordered information systems, integrating optimal scale
combination selection with practical classification tasks. Xiao et al. [30] introduced a sequential three-way decision framework for
group consensus under interval multi-scale systems. In addition, researchers have applied multi-scale thinking to different fields and
achieved many outstanding results [31-36].

As an uncertainty measure, information entropy serves in granular computing to characterize knowledge uncertainty, evaluate
feature significance, and analyze multi-granular data. Miao and Wang [37] first introduced Shannon’s entropy into rough sets to es-
tablish an information-entropy-based uncertainty measure framework; Qian and Liang [38] proposed combinatorial granular entropy
and ordered granular entropy for discrete variables analysis; Dai et al. [39] developed a conditional entropy model for incomplete
systems. In fuzzy set theory, the applications of information entropy focus on similarity measure and fuzzy partitioning. Yager [40]
extended entropy to fuzzy similarity relations; Bertoluzza [41] studied uncertainty measures for fuzzy partitions; Zhu et al. [42]
constructed a cross-scale granular entropy model. In [43], fuzzy relative entropy is presented to evaluate the importance of features
in outlier detection. Xu et al. [44] discussed a multi-criteria decision-making model by means of intuitive fuzzy ternary ranking and
intuitive fuzzy entropy. To evaluate the uncertainty of multi-label data, Hamidzadeh et al. [45] proposed an entropy-based opti-
mization function via integrating fuzzy rough sets, kernel fuzzy rough sets, and genetic algorithm. Yang et al. [46] investigated a
multi-neighborhood entropy, and applied it to unsupervised outlier detection. In [47], an incremental feature selection algorithm is
developed by integrating local neighborhood rough sets and composite entropy. Zhang and Zhao [48] explored a fuzzy neighborhood
joint entropy for fuzzy decision systems. In [49], a multi-perspective dynamic neighborhood entropy is presented to evaluate data
uncertainty. Xie et al. [50] designed an optimal scale combination selection strategy by using combinatorial entropy.

The motivations of this study are elaborated from the following three dimensions.

(1) Most multi-scale decision systems struggle to handle continuous data, failing to effectively characterize the differences between
samples in complex scenarios. Although a small amount of research has involved fuzzy multi-scale scenes [12]. But they lack a method
for constructing multi-scale information with clear semantics.

(2) Most of existing uncertainty measures are with single-scale [46-49]. They are difficult to effectively evaluate the uncertainty
of feature subsets at different scales. Recently, Xie et al. [50] proposed a multi-scale entropy for optimal scale selection. However,
this method cannot handle fuzzy data and is difficult to accurately characterize target objects.

(3) There exists a notable lack of exploration into fuzzy multi-scale uncertainty measures, as well as their application in dimen-
sionality reduction. In practical applications, it is difficult to capture the dynamic discriminative ability of feature subsets across
scales.

These gaps motivate us to explore multi-scale fuzzy relation decision systems and study uncertainty measures with different scales.
The main contributions of this research are reflected in three aspects.

(1) A §-fuzzy relation is introduced to construct a novel multi-scale fuzzy decision system, addressing the limitations of tradi-
tional models in handling continuous data and maintaining dynamic balance of multi-scale information. This system enables precise
characterization of continuous features and fuzzy dependencies.

(2) Fuzzy scale entropy and some of its variants, such as joint fuzzy scale entropy, conditional fuzzy scale entropy, and mutual
fuzzy scale entropy, are then presented reflect the distinguishing ability of feature subsets at different scales. Compared to single-scale
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Fig. 1. The framework diagram of MSFRE.

uncertainty measures [46]-[49], the fuzzy scale entropy can characterize the differences between samples at multiple scales, thus
fitting the data more accurately.

(3) A knowledge reduction algorithm for multi-scale fuzzy relation decision systems (MSFRE) is developed from the perspective
of maintaining the distinguishing ability.

The remaining part of this paper is structured as follows: Section 2 reviews the relevant research on multi-scale rough sets and in-
formation entropy; Section 3 presents the multi-scale fuzzy relation decision system and its uncertainty measures; Section 4 elaborates
in detail the MSFRE algorithm; Section 5 validates the effectiveness of the algorithm through experiments; finally, the contributions
of the whole paper are summarized.

As shown in Fig. 1, the overall process of MSFRE consists of four steps: (1) Multi-scale data analysis; (2) Single feature processing;
(3) Uncertainty measures via fuzzy scale entropy; (4) Feature subset selection.

2. Basic knowledge

In the section, we introduce some basic notions about multi-scale information system and Shannon entropy.

2.1. Multi-Scale information systems

Multi-scale information systems, originally introduced by Wu and Leung [11,14], represent a specific form of multigranulation
model that has increasingly become the focus of extensive academic exploration.

Let U = {x,x,,...,x,} be a universe of discourse, and A = {a;,a,,....qa,} be the set of attributes, then (U, A) is called an infor-
mation system. Additionally, (U, A, d) is referred to as a decision system, where d is the decision attribute.

For a € A, R, is defined as a binary relation on U x U, thatis R, : U x U — {0, 1}, and is specifically defined as follows.

Ry(x;,x)) = {L . 6

0, else
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where x;,x; € U, R, is called the indiscernibility relation induced by the attribute a. Especially, R, is the indiscernibility relation
induced by the decision attribute d,

Ry(x;x,) = {L - @

0, else

Definition 1. [14] Let (U, A) be; an information system, and each attribute a; € A haves I scales. Then, a multi-scale information
system can be expressed as (U, {a: lj=12,....,1;i=1,2,...,m}).Fori=1,2,...,mand 1 < j < I — 1, there exists a surjective mapping
h{’j“ : W,.j - Wl.j“, such that a{“ = h{’jﬂoa{, namely af“(x) = h{’j“(a{(x)) for x € U, where Wij denotes the domain of a{, and
h{ J+ s called a granularity transformation mapping.

Scale variations in multi-scale information systems are represented by these mappings.

Definition 2. [33] Let (U, {a{ |j=1,2,...,1;i=1,2,...,m}) be a multi-scale information system. D = {d} is a non-empty finite set
containing a single decision attribute d with n distinct scales {d’ | r =1,2,...,n}. Then,

S = (U,{a{ j=1,2..,1;i= 1,2,...,m} ufd 1= 1,2,“.,"})
is called a generalized multi-scale decision system.

By extending partitions to coverings, Huang and Li [17] formalized multi-scale covering decision systems.
Definition 3. [17] A multi-scale covering information system is a pair S = (U, F) = (U, { Fj" | k=1,2,... Jisi=1,2,. m}), where

. . . . . !
U = {x,x,,...,x,} is a universe, F is a family of coverings of U, each F; = {FJ1 Fj2, ,ij } C F has ¥ levels of scales. If i < h, then

ij is finer than Fj”.
2.2. Shannon entropy

Given an approximation space (U, II), where the partition II consists of several blocks B;, 1 <i < k. If IT is regarded as a random
variable with possible values { B, B,, ..., B}, then the probability of IT taking the value B; is denoted as
|Bi
P(B)=—-, i=12,..,k 3)
Yo
where |B;| is the cardinality of B;.
The Shannon information entropy of I1 is defined as

k
H(I) =Y —P(B;)log P(B)), 4
i=1
Information entropy reflects the uncertainty characteristics of the approximate space. With the help of information entropy, a
comparative analysis of the two partitioning situations can be achieved.
For the partitions I1; = { B, B,, ..., B} and I1, = {C|, C,, ..., C;}, the conditional entropy of I1, relative to II, can be expressed as
ko1

H(I|I) ==Y Y P(B;n C))log P(B;|C)). (5)
i=1 j=1
The conditional entropy H (I, |I1,) represents the remaining uncertainty of partition IT; when partition II, is known.
The mutual information between I1; and I, can be calculated as follows

kol P(B;nC))

M(l'[l,l'lz) = ZZ P(Bi an)log W
i=1 j=1 i J

(6)
Here, the mutual information M (I1;,I1,) quantifies the level of association between the two partitions.
3. Multi-scale fuzzy relation decision system

In this Section, we first introduced §-fuzzy similarity relation to characterize the correlation between samples. Based on this, a
novel multi-scale decision system, i.e., multi-scale fuzzy relation decision system is formulated. Fuzzy scale entropy and some of its
variants are then presented characterize the differences in classification ability of feature subsets at different scales.

Definition 4. Let (U, A) be an information system. For any x,y € U, a € A, and § € [0, 1], the 6-fuzzy similarity relation induced by
a is defined as

R = {1 ~lat —awl, latv -l <6 )

0, otherwise
where a(x), a(y) are the normalized attribute values, § is the scale parameter.

4
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Table 1

Original Decision System.
U/A a a, a; d
X, 04 0.6 0.2 1
X, 0.5 0.3 0.3 1
X3 0.6 0.5 0.5 2

The smaller 6 is, the stricter the similarity judgment becomes. Therefore, by adjusting 5, we can obtain a series of fuzzy similarity
relationships with different scales.

Definition 5. Let B C A, R‘Z = (N,ep RS is called the 5-fuzzy similarity relation induced by B.
We can easily obtain the following properties.

Proposition 1. If B; C B,, then R%z c Ril.

Proposition 2. If §; < 6,, then R';' C R‘;Z.

Proposition 1 indicates that the more features there are, the more detailed the fuzzy similarity relationship is, and the stronger
the discrimination ability of the feature subset is.

Proposition 2 indicates that the smaller § is, the more refined the characterization of the relationship between samples becomes.
In this way, by taking different values of 4, it is easy to obtain a series of fuzzy similarity relations at different scales.
Definition 6. Let (U, A) be an information system. For each attribute a; € A, we formulate a family of fuzzy similarity relations R, =
{Ri:,Rzlz, Ri,l }, where §, (k =1,2,...,1) represents different scales, and §;, < §, < --- < §;. The tuple (U, {sz |k=1,2,...,1,i=

1,2,...,m}) is called a multi-scale fuzzy relation information system. Furthermore, (U, {Rif‘ |k=1,2,...,1,i=1,2,...,m},Ry) is ref-
ered to a multi-scale fuzzy relation decision system.
For any a; € A, we have RZ“ c R,'zlz c-C RZ,’ . This exhibits a hierarchical structure from finer to coarser of fuzzy relations.

Example 1. A decision system is presented in Table 1. Let §; = 0.1, 6, = 0.2, 63 = 0.3, and I = 3.

By formula (7), it can be obtained that

1 09 0 1 09 08 1 09 08
Rl=109 1 09| R2=[09 1 09 RZ?=[09 1 o09f
0 09 1 08 09 1 08 09 1
1 0 09 10 09 107 09
Ri=lo 1 of R2=[o 1 o8f R2=[07 1 o8]
09 0 1 09 08 1 09 08 1
109 0 1 09 0 109 07
Ri=l09 1 of RR2=[oo 1 o8f RY=|0o 1 08}
o o0 1 0 08 1 07 08 1
11 0
Ry=[1 1 0
0 0 1

We can easily see that Ri‘ C Rﬁ? [« RZ? ,i=1,2,3.

Thus, (U, {Ri‘1 , Rﬁf, R?l , Rﬁ;, Rii Ri; Ri; , RZ Rz; }, Ry) is multi-scale fuzzy relation decision system.
Definition7. Let (U, {Rif lk=1,2,---,1,i=1,2,---,m}, R;) be amulti-scale fuzzy relation decision system. Let /; € {1,2,---, I} denote
the selected scale of a;. We call the scale index setI" = (/,,/,, ---,1,,) a scale combination of A, The collection of all scale combinations
is denoted by 7 = {(I;, Iy, -+, 1,) | [; € {1,2, -, 1},i=1,2, -, m}.

o1,

5 5

For a given scale combination (/;,/,, --,1,,), we obtain a single-scale fuzzy relation decision system (U, { Rall‘ Ry ,Ra': 1 Ry).
Letl', = (l:, lé, ,I,'n) and I, = (3, l%, ,1’2") € T, a partial order relation is defined as follows

(1) T, is finer than or equal to I', (denoted as I'; < I',) if and only if lj‘. < ljz. forall j € {1,2,...,m}.

(2) T is strictly finer than I'; (denoted as I'; < I',) if I'; <T’, and there exists at least one index 7 € {1,2,...,m} such that lt1 < l,z.

5
Definition 8. Let BC A,I' = (I{,l,,--,1,) € T. The fuzzy similarity relation induced by B is denoted as ERII; = ﬂak cB Ra'k“ , where [,
is the scale of a; under I'.

Proposition 3. IfT'; <T,, then ERI;‘ c ERZZ.
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6[1 5,2

Proof. Given I’y = (/},1},....1,) and T, = (?,12,...,I2) with T’ <T,. We have &1 <op. Thus, R, C R, for all g, € B. By Defini-

tion 8, we obtain that 9{;‘ [« ERII;Z. O

From Proposition 3, we can see that the hierarchical characteristic of the multi-scale fuzzy relation: a fine-grained scale not only
inherits the original fuzzy partition but also can further expand the new discrimination boundaries through refinement.

Proposition 4. If B; C B,, then ERI];2 c ER];].

5
N r _ !
Proof. By Definition 8, we have R B = N R,

5
aes Ra's 9111;2 = No,en, Ra’k". Since B, C B,, for any a € B;, we obtain that a € B,. It
follows that ()

] 31
k k r r
R, €Ny es Ruk.HenceﬂiBzgiRBl. O

a€By o =

Proposition 4 depicts the association between the inclusion relation of attribute subsets and the inclusion relation of corresponding
multi-scale fuzzy relations.

Example 2. Continued from Example 1, we have obtained a multi-scale fuzzy relation decision system
51 Doy 33 pdl pd pd
WU (R R2, R RO, R R,

RO\ R, R} Ry). Let B = {a,ay}, C = {ay, a3}, Ty = (1,1,2), I, = (2, 1,3).

az?

It is calculated by Definition 8 that

1 0 0 1 0 08
r 5 5 r 5, 5
Ry =R nRl=[0 1 of R2=RZ2nR =|0 1 0]}
0 0 1 08 0 1
1 0 0 1 0 07
r 5 5y _ | S 55 _
RO=RInR2=[0 1 0] RZ=R)nRZ=[0 1 0
0 0 1 07 0 1

Currently, most uncertainty measures are based on distinguishing information at a single scale. However, different scale com-
binations contain different sample discrimination information. In fact, the granularities of sample description vary among different
scales, and a single scale is difficult to fully reflect the characteristics of the data.

Definition 9. LetI' = (l/;,/5,--,/l,,) € T and B C A. The fuzzy scale entropy of B is defined as

H"(B) = —log —2 ®)

where |RY | represents the cardinality of RT.

The fuzzy scale entropy of B assesses the discrimination ability of the fuzzy similarity relation family under a specific scale combina-
tion. It represents a mapping from the feature space into the real space: H : (B,I') » R*, in which R* is the domain of non-negative
real numbers. Using this mapping, the larger its value is, the stronger the discrimination ability of the fuzzy similarity relation family
is, and the smaller the uncertainty is.

Based on the inequality IS{ZI < n, the non-negativity H'(B) > 0 can be derived. Correspondingly, when |§Rl;| = n, the system
reaches the maximum uncertainty H"(B) = logn; when |R| = %, the system has a deterministic state H"(B) = 0.

By using fuzzy scale entropy, one can analyze the discrimination ability of fuzzy similarity relations for samples under different
scale combinations, and then screening out the optimal scale combination is of great significance for accurately depicting samples.
Next, we will delve into analyze the specific impacts of different scales on the discriminative information they contain.

Proposition 5. LetT'|,T', € 7. If T} <T,, then H"1(B) > H"2(B).

Proof. Since I'; <T,, by Proposition 3, we have ERI;‘ « 2)‘{11;2. Hence, IERII;‘I < mll;z

H™(B). O

|. Then, by Definition 9, we obtain H'1(B) >

This proposition indicates that the finer the scale, the larger the fuzzy scale entropy, and the stronger the ability of the fuzzy
relation family to distinguish samples.

Proposition 6. If B; C B,, then H'(B)) < H'(B,).
Proof. Since B, C B,, we have 9"11;2 C ERI;I. So, |2R]l;2| < |2Rll;1 |. By Definition 9, we obtain HT (B,) < H'(B,). O

This proposition shows that under the same scale combination, the larger the size of the feature subset, the higher its corresponding
fuzzy scale entropy and the stronger its discrimination ability.

Definition 10. Let B, B, C Aand I" € 7, the joint fuzzy scale entropy of B, and B, is defined as

r r
IRE R

H'(B,,B,) =—1Io
(By, B,) g U2

©)]
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The joint fuzzy scale entropy H' (By, B,) represents the ability of the fuzzy similarity relations to jointly distinguish samples under
B, and B,.

Proposition7. If B, B, C A, andT € T. Then H"(B,, B,) > max(H' (B;), H'(B,)).

R RE ART
Proof. From Definitions 9 and 10, we have HT(B,)=—lo Bll HY(B,,B,) = —1o, M Since RE NML c RO
. s = 2 ek 1 D2) = g U2 . B, B, ="'’

we get |2R;l nmgz|5|m;l|, thus H'(B,,B,)> H"(B,). Similarly, we can obtain H'(B,,B,) > H'(B,). So H'(B,B,) >
max(H'(B)), H'(B,)). O

Obviously, the joint fuzzy scale entropy of B, and B, exceeds the fuzzy scale entropy of any single one. This indicates that the
discriminative ability of the joint features increases with the addition of new features. This is because by introducing new features,
we can obtain a more refined fuzzy similarity relation.

Proposition 8. LetT'|,I, € 7, T <T,, and By, B, C A. Then H"1(B;, B,) > H"2(B,, B,).

IR AR IR2 AR"2)
B B, r B B . .
T , H'2(B|, B,) = —log —l B . Since I') <T,, by Proposi-

. r r r r
tion 3, we have }RBII nERB‘Z C ERBZI niRBzz. So H''(B,,B,) > H"2(B,,B,). O

Proof. From Definitions 10, we have H'1 (B, B,) = —log

This proposition reveals a key-scale-fineness-driven distinction mechanism in joint fuzzy scale entropy. When I'; (finer scale) and
I', (coarser scale), act on the same feature subsets B, B,, the finer I') induces a smaller indistinguishable relation.

Proposition 9. If B, C B,, then H'(B,, B,) = H' (B,).

This proposition indicates that when newly added features are contained within other existing features, the addition of these
features will not enhance the discriminative ability. In this case, the original feature subset already implicitly contains the uncertainty
information.

Definition 11. Let B|, B, C A and I' € 7, the conditional fuzzy scale entropy of B, with respect to B, is

r r
|9{B] nERBZ|

H'(By|B,) = ~log T
IR, |

(10)

The conditional fuzzy scale entropy reflects the increment of the ability of feature subset B, to distinguish samples under the
condition of feature subset B,. When B, C B,, H'(B,|B,) = 0.

Proposition 10. Let B;, B, C A, then H'(B,|B,) = H'(B,, B,) — H'(B,).

IRy nRE IRY |
Proof. From Definitions 9 and 10, we have HF(BI,Bz)z-log#, H"(B,) = —log TiE Since H'(B,,B,) -
IRL nRE | IR | IRL nRL | IRL nRL |
HT(B,) =-1Io ! 2 +lo 2 =_lo L 2 and H'(B,|B,) = —log ———2 Thus, H'(B,|B,) = H'(B,, B,) —
2 g [P g T g ISREZI 1152 g |9’t],;2| 1152 1- B2
H'(By. O

The conditional fuzzy scale entropy H' (B, B,) represents the additional discriminative information for samples when B, is the
known feature subset B,. This reflects the improvement in the ability to distinguish samples with the addition of a new feature subset,
based on the information of the existing feature subset.

Proposition 11. LetT' € 7, B, C B,, then H'(B,|B,) = 0.
This proposition point implies that when B, contains B, B, does not add additional discriminative information for samples.

Definition 12. Let B, B, C A and I" € 7, the mutual fuzzy scale entropy of B; and B, is defined as

2 r r
UPIRE AR |

I"(B,, B,) = log
r T
IR |- IR,

(1)

|
2
The mutual fuzzy scale entropy measures the common discriminative information between the two feature subsets B, and B,.

Proposition 12. Let B;, B, C A and " € T. Then the following properties hold.
(1) 1"(B,, B,) = H"(B))+ H"(B,) - H'(B,, B,);
(2) I"(By, B,) = H'(B)) — H"(B,|B,) = H"(B,) — H"(B,|B));
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>H'(B,)

—H"(B,| B,y«——>1I" (B, B,)*+—1—>H"(B,| B )<

—> Hr(Bl):
> H'(B,B,)<

Fig. 2. Relationship diagram of fuzzy scale entropy and its variants.

Proof. (1) H"(B)) + H"(B,) - H'(B,, B,) = —log —— — log —— + log —— 2 = . R 2 ) =
U2 U2 U2 IYRE,II IW‘;ZI |U|2
IUI2|¥R‘;] NRY | -
log —————= = I"(B, By)
r r
1R, - 1Ry, |
IRT | IR, nRE | [UPIRE nRE |
(2) H'(B,) — H'(B,|B,) = — 1o L +lo ! 2 =1o ! 2 = I"(B,, B,)
1 1152 g U2 g lmgzl g |mg]|'|ml;2| 1 B2

Similarly, it can be proved that I"(B,, B,) = H"(B,) = I"(B,|B,). O

The first item indicates that the mutual fuzzy scale entropy is the difference between the sum of the scale entropies and the joint
fuzzy scale entropy. The second item shows that the mutual fuzzy scale entropy is the difference between the fuzzy scale entropy
of one of the two feature subsets and their conditional fuzzy scale entropy. This reflects that the mutual fuzzy scale entropy is the
common part of the discriminative information of the two feature subsets. The relationships among fuzzy scale entropy, conditional
fuzzy scale entropy, and mutual fuzzy scale entropy can be illustrated by Fig. 2.

Example 3. Continuing from Example 1 and Example 2. LetI" = (1,2,1), B; = {a;,a,} and B, = {a;,a3}. we have

1 0 o0 1 09 0
RL =0 1 o8] W, =|oo 1 o0
1 2
0 08 1 0o 0 1
1 0 0
r r
ERBInERBZ=0 1 0}
0 0 1

By Definition 9, we have
5

r _ Bl _ 46
H' (B))=—log T ——10g3—2~0.290,

RL |

HY(B,) = —log IUIE ~ 0.273.

We can obtain by Definition 10 that

- |§Rg] nm1;2| 3
H (B,B,) =—log ———— = —log — =1log3 ~ 0.477.
(By, By) g U2 g32 g
By Definition 11, we have
IR, nRY | 3
HY(B,|B,) = -1 . 2 = —log — ~ 0.204.
(B,1B,) og |m1; i %8 15
2

We can obtain by Definition 12 that
21_l r
UPIRG AR g

1"(B,,B,) =1lo =1o
1) =08 L 1R, | $16x48

~ 0.087.

These uncertainty measures provide a theoretical basis for feature selection. By measuring the discrimination ability of samples
under different scale combinations, it helps to excavate the potential information of feature subsets.

8
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4. Feature selection algorithm based on multi-scale fuzzy relation entropy

In this section, we utilize multi-scale fuzzy relation entropy to develop a novel feature selection algorithm.

Theorem 1. Let S = (U, {Ri”? |k=1,2,....1,i=1,2,....,m}, R;) be a multi-scale fuzzy relation decision system with 911; C Ry, then
HY(d|B) = 0.
IR, N Ryl _ IR

Proof. Since R, C R,. We have H'(d|B) = — log ———— 0g —— =
B= " TR SIRT]

In the multi-scale fuzzy decision system, conditional fuzzy scale entropy can be used to measure the distinguishing ability of feature
subsets. The smaller the conditional fuzzy scale entropy of a feature subset is, the stronger its distinguishing ability for samples is,
and the higher the importance of this feature subset is. The decrease in conditional fuzzy scale entropy reflects the improvement of
the distinguishing ability of the new feature subset.

In classification learning, it is necessary to seek a reduct of the multi-scale fuzzy relation family. The sufficiency requires that the
selected multi-scale fuzzy relation family maintains the maximum distinguishing ability under different decisions, and the necessity
requires that there are no redundant fuzzy relations in the selected relation family. Based on this, the definition of the reduct of the
multi-scale fuzzy relation family is given as follows.

Definition 13. Let S = (U, {Rif |k =1,2,---,1,i=1,2,---,m}, R;) be a multi-scale fuzzy relation decision system, B C A,andI"' € 7.
We say B is a reduct of A relative to d if B satisfies

(1)HT(d|B) < H"(d|A);

(2)H"(d|B - {a;}) > H'(d|B), Va; € B.

Obviously, a reduct of B relative to d is the minimal feature subsets, which can keep or decrease the conditional discernibility
measure.

As mentioned above, the conditional fuzzy scale entropy can quantify the distinguishing ability of feature subsets. The smaller
this value, the stronger the distinguishing ability. The improvement of the overall distinguishing ability by the newly added fuzzy
relations can be characterized by the decrease in the conditional fuzzy scale entropy. Therefore, the importance of a feature can be
defined as follows.

Definition 14. Let BC A, q; € A— Band I € 7. the importance of g; related to B is defined as
IM"(a;, B) = H'(d|B) — H'(d|BU {a;}). 12)

When B = @, we define H' (d|B) = H'(d). If IM"(a;, B) > £ ( threshold &), it indicates that after adding the feature g;, the dis-
crimination ability of the feature subset is improved, and the larger the value is, the more important the feature g; is. This index
provides a theoretical basis for feature selection by quantifying the gain of conditional fuzzy scale entropy.

Next, we design a feature selection algorithm, which performs feature subset selection and screens out optimal features by condi-
tional fuzzy scale entropy.

Algorithm 1 Feature Selection with Multi-scale Fuzzy Relation Entropy (MSFRE).

Input: A multi-scale fuzzy relation decision system
S=U.(R}k=12...1i=12...m}.R), and €.
Output: Optimal feature subset B.

: Let B = @;

: Compute the conditional fuzzy scale entropy H' (d|B);

: For each feature o, € A— B

Compute R;

r .
Compute R BUla;)

Compute H''(d|B U {g;}) according to Definition 11;

Compute the importance I M (q;, B) according to Definition 14;
: End For

9: Find a;, with the maximum value I M"(a, B);

10: If IM"(ay, B) > &

11: Let B« BU{a,}and A < A —{a;};

12: Goto Step 2;

13: Else

14: Output B and terminate the algorithm;

15: End If

PN DR

Next, we discuss the time complexity of the new algorithm.

In step 5, the fuzzy similarity relation for g; is calculated with the time complexity O(s?). In step 6, the computation of the
conditional fuzzy scale entropy can be obtained in O(n?). In steps 10-12, each g; in A must be evaluated in the worst case within
O(m*n?). Thus, the overall time complexity of MSFRE is O(m?n?).
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Next, we use an example to illustrate the idea of this algorithm.

Example 4. Continuing from Example 1, let I' = (3,1,2), and & = 0.05.

Initialize B = @. By Definition 9, we have

IR, 5
HY(d) = —log —L = —log = ~ 0.255.
(d) og TiE 0g9

According to Algorithm 1, we compute the fuzzy similar relation for each attribute.

1 09 08 1 0 09
RL =109 1 09] RE=f0o 1 o0}
1 a
08 09 1 09 0 1
1 09 0 109
R, =09 1 08 R, NR;=|09 1
0 08 1 0 0
1 0 0 L 09
R, NR;=[0 1 0} R, NR;=|09 1
0 0 1 0 0
It is calculated that
IR, N Ryl 438
H"(d = —log———— = —log == ~ 0.233,
(dl{ar}) = —log EX g

H'(d|{a,}) = 0.204, H' (d|{a3}) ~ 0.125.
We can obtain by Definition 14 that
IM"(a;, B) = 0.255 — 0.233 = 0.022,
IM"(ay, B) = 0.051, I M"(a;, B) = 0.130.

==l = =]

From steps 10-12, we should set B = {a;}. Since M (a3, B) > ¢, it must go to the next cycle. We can easily obtain that

H'(d|{as}) = 0.125. Consequently,

1 09 0 1o
r r I I
R AR, =[09 1 08| RLnR, =0 1
0 08 1 0 0
109 0
I I I I
RLnRLnR;=[09 1 0 RLNR) nR,=
0 0

It follows that - -
|Ra1 n Ra3 NRy|

|th;1 nR1;3|
IM%(a;, {a3}) = 0.125 = 0.125 = 0, IM(a,, {a3}) = 0.125.

H'(d|{a;,a3}) = —log

- O O

(=N}

0 0
1 0}
0 1

~ 0.125, H'(d|{a,,a3}) = 0,

We then verify that a, is with the maximum of significance. Thus, we update B = {a,, a;}. Since IM"(a,,a;) > &, we turn to the

next cycle. It is calculated that H'(d|{a,,a5}) = 0.
Subsequently,

1 0 0 1

r r ro_ r r r -
Ra]nRaanaz_ 0 1 O,Ra]nRaanaand_ 0
0 0 1 0

Successively, we compute that
H'(dl{a).ay.03}) = 0, IM' (a). {a3.03}) = 0.

0 0
1 0
0 1

Based on the fact that IM"(a;, {ay,a3}) < &, we determine that B = {a,, a3} is the optimal feature subset.

The MSFRE algorithm realizes the efficient selection of feature subsets under multiple scales by quantifying the changes in con-
ditional scale entropy. In Example 4, the algorithm screens out the smallest and most effective feature subset by comparing the
importance of different features, embodying the core idea of optimizing feature combinations based on uncertainty measures.

5. Experimental results and analysis

In this section, to verify the performance of the proposed algorithm, we compare it with four state-of-the-art feature selection mod-
els: Neighborhood Rough Set (NRS)[51], Correlation-based Feature Selection (CFS) [52], Fuzzy Neighborhood Rough Set (FNRS)[71,
and Directed Fuzzy Rough Set (DRFFS)[34]. First, we compare the classification accuracies of different datasets. Then, the sizes of the
attribute subsets selected by these data reduction algorithms are shown. Finally, we further evaluate the effectiveness of the proposed

model through significance tests.

10
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Table 2

Dataset Description.
NO. Dataset Instances Attributes classes
1 Iris 150 4 3
2 Newthyroid 215 5 3
3 Bupa 345 6 2
4 Car 1728 6 4
5 Glass 214 9 7
6 Wine 178 13 3
7 Australian 690 14 2
8 Wdbc 569 30 2
9 Ionosphere 351 34 2
10 Dermatology 358 34 6
11 Spectfheart 267 44 2
12 Sonar 208 60 2
13 Toxicity 171 1203 2
14 Lung 203 3312 5
15 Arcene 200 10,000 2
16 SMK_CAN_187 187 19,993 2

Ten-fold cross-validation is adopted to evaluate these algorithms. First, we use two classic classifiers, namely the K-Nearest Neigh-
bors (KNN) (K = 5) and Classification and Regression Tree (CART), to assess the classification accuracy on the dimensionality-reduced
data. In MSFRE algorithm, for each attribute, we adopt 10 scales (5; = i/10, where i € {1,2,...,10}). To simplify the experimental
setup, all attributes are constrained to adopt the same scale parameter, ensuring synchronous adjustment of their scales across the
entire dataset. The threshold ¢ was set as 0.01 for high-dimensional data and 0.001 for low-dimensional data. Subsequently, we
calculate all classification results of different classifiers through ten-fold cross-validation. The classification performances of different
feature selection algorithms are compared by the average accuracy (mean + standard deviation) and the size of the selected attribute
subsets.

Sixteen datasets are used in the experimental analysis, including UCI Machine Learning Repository' (Iris, Car, Glass, Wine,
Australian, Ionosphere, Spectfheart, Sonar, Toxicity), Scikit-Feature Datasets®> (Arcene, SMK_CAN_187), ELVIRA Biomedical Data
Set Repository® (Lung) and KEEL Datesets Repository* (Newthyroid, Bupa, Dermatology, Wdbc). An overview of these datasets is
presented in Table 2. All data are normalized using the min-max normalization method, with the formula as follows

a(x) — mina

dx)= 13

maxa —mina

where a(x) is the raw value of object x on feature g, and min e and max a denote the minimum and maximum values of feature a
across all objects in the dataset, respectively. Through this method, the data are normalized to the interval [0, 1].

(1) Comparison of Classification Accuracy

Tables 3 and 4 list the means and standard deviations of classification accuracies under the 5NN and CART classifiers, respectively.
The values that are bold and underlined represent the highest accuracy on the dimensionality-reduced data.

¢ The proposed MSFRE outperforms other algorithms on most datasets. For the 5NN classifier, MSFRE achieves the highest accuracy

8 times; for the CART classifier, this algorithm achieves the highest accuracy 9 times.

Although MSFRE performs poorly on some datasets (such as Car), compared with the original data, the average classification

accuracy of this algorithm has improved: the 5NN classifier has improved by 4.58 %, and the CART classifier has improved by

5.66 %.

¢ In terms of the standard deviation of classification accuracy, MSFRE ranks second only to DRFFS under the 5NN classifier. This
indicates that MSFRE has relatively high stability in the classification of dimensionality-reduced data.

e Compared with other algorithms, MSFRE performs excellently in extracting important features. The features selected at the optimal
scale combination have stronger generalization ability in classification learning. For the CART classifier, compared to DRFFS, the
classification accuracy of MSFRE has increased by 4.20 %; compared to NRS, it has increased by 3.99 %; compared to CFS, it has
increased by 3.65 %; and compared to FNRS, it has increased by 3.64 %.

(2) Size of the Selected Feature Subset

From the perspective of knowledge reduction, these five algorithms can efficiently select key attributes and significantly reduce the
number of attributes. Table 5 shows the average size of the selected feature subsets when the average accuracy reaches its peak under
two classifiers through ten-fold cross-validation for different algorithms. Compared with the original data, the number of attributes
selected by each algorithm has been greatly reduced.

[Online]. Available: http://archive.ics.uci.edu/ml/index.php.
[Online]. Available: https://jundongl.github.io/scikit-feature/datasets. HTML.
[Online]. Available: http://leo.ugr.es/elvira/DBCRepository.
[Online]. Available: https://sci2s.ugr.es/keel/index.php.
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Table 3
Comparison of Classification Accuracy of Dimensionality-Reduced Data Using 5NN(%).
Dataset Raw data DRFFS NRS CFS FNRS MSFRE
Iris 94.33 + 3.87 94.56 + 3.78 96.21 + 4.66 95.33 + 4.50 96.00 + 5.62 94.67+5.26
Newthyroid 90.93 + 4.02 93.02 + 2.45 93.01 + 4.52 93.05 + 5.83 93.51 + 6.24 94.91 +2.57
Bupa 58.99 + 3.21 63.19 +4.44 53.97 +12.26 55.61 + 8.44 53.01 +12.09 57.94+8.87
Car 68.83 + 1.25 68.93 + 1.93 68.92 + 4.33 70.02 +0.17 70.01 +1.17 69.61+3.03
Glass 65.24 + 8.64 64.29 + 6.04 63.66 + 11.88 71.54+775 66.86 + 5.75 66.39+11.34
Wine 94.86 + 2.95 94.86 + 2.63 96.67 + 4.68 93.24 + 6.36 90.88 + 10.93 96.50+7.43
Australian 75.29 + 2.69 86.01 + 2.86 71.16 + 13.12 84.49 + 0.70 84.35 + 0.75 83.33+2.29
Wdbe 90.37 + 0.88 95.04 + 2.01 95.38 +2.51 93.85 + 3.81 90.50 + 2.25 95.25+3.10
Ionosphere 82.73 + 3.63 84.57 + 3.97 88.17 + 4.21 88.75 + 4.47 83.48 + 3.01 89.17 +4.93
Dermatology 95.07 + 2.59 93.38 +12.90 91.33 + 3.86 96.31 + 5.29 95.76 + 4.21 96.93 +3.32
Spectfheart 74.09 + 4.52 76.09 + 4.94 75.28 +7.30 76.48 +7.43 78.66 + 2.40 76.89+7.21
Sonar 81.46 + 2.62 76.59 + 6.32 81.38 + 12.14 78.79 + 10.06 74.17 +11.99 86.55 +5.39
Toxicity 59.71 + 8.09 57.35 + 5.92 62.20 + 12.82 62.03 + 8.17 56.18 + 11.64 62.61 +7.11
Lung 84.50 + 3.50 85.15+7.17 85.24 +9.27 86.76 + 6.99 87.74 + 5.19 93.62 +4.04
Arcene 62.50 + 5.77 63.50 + 9.27 68.00 + 8.23 68.54 + 9.07 68.50 + 8.58 73.00 +11.11
SMK_CAN_187 61.62 + 5.67 63.51+4.81 64.71 + 11.18 65.71 + 8.87 65.79 + 10.73 76.37 +10.77
Average 77.53+3.99 78.75+5.09 78.46+7.94 80.03+6.12 78.46+6.41 82.11 +6.11
Table 4
Comparison of Classification Accuracy of Dimensionality-Reduced Data Using CART(%).
Dataset Raw data DRFFS NRS CFS FNRS MSFRE
Iris 93.00 + 1.76 94.33 + 3.53 93.33 £7.70 93.83 +7.03 93.23 +7.03 96.00 + 4.66
Newthyroid 91.16 + 3.92 92.56 + 4.63 93.51 + 4.38 95.35+4.93 94.89 + 7.43 93.92+3.85
Bupa 62.80 + 4.94 63.48 + 4.67 58.59 + 11.04 57.09 + 6.83 55.95 + 7.60 63.50 + 6.36
Car 80.93 + 1.31 81.22 + 1.52 87.78 +4.26 84.02 + 0.17 86.52 + 2.39 82.87+2.22
Glass 63.57 + 11.28 65.00 + 6.55 60.82 + 9.06 69.61 + 6.78 64.89 + 7.23 70.63 + 9.60
Wine 88.86 + 6.09 92.86 +2.95 92.61+6.65 92.12 + 5.40 92.09 + 6.13 90.52 + 5.24
Australian 81.96 + 2.50 83.33 + 3.58 69.96 + 9.14 83.51 + 3.55 72.61 + 3.71 83.91+455
Wdbce 92.83 + 3.30 93.01 + 2.65 92.09 + 2.65 90.86 + 3.69 97.69 +2.52 95.78+2.77
Ionosphere 85.98 + 4.70 86.57 + 4.72 86.62 + 5.36 92.60 + 5.07 93.13 +3.50 92.58+3.37
Dermatology 70.23 + 3.28 70.85 + 13.88 94.13 + 3.82 78.48 + 4.39 86.58 + 5.72 9527 +3.22
Spectfheart 72.64 + 6.43 73.21 +3.75 72.26 + 5.15 72.68 +7.34 76.07 + 4.14 80.51 +7.86
Sonar 71.71 + 5.66 74.39 + 6.00 73.50 + 8.58 74.98 + 11.51 74.40 = 11.59 78.38 +5.58
Toxicity 52.65 + 9.35 60.00 + 8.20 64.35+743 53.73 +13.05 52.71 + 16.13 60.13+10.90
Lung 89.00 + 3.37 84.75 + 8.62 84.81 + 6.95 82.76 + 7.88 87.26 + 7.62 93.17 +6.95
Arcene 69.75 + 4.78 67.50 + 11.68 66.50 + 11.32 71.00 + 10.22 68.50 + 11.07 76.50 + 11.07
SMK_CAN_187 60.81 + 9.56 68.08 + 4.80 63.64 + 10.72 67.31 +10.93 63.63 + 12.37 64.74+8.66
Average 76.74+5.14 78.20+5.73 78.41+7.14 78.75+6.80 78.76+7.26 82.40 + 6.05
Table 5
Average Size of Feature Subsets Selected by Different Algorithms.
Dataset Raw data DRFFS NRS CFS FNRS MSFRE
Iris 4 4 4 4 2 2
Newthyroid 5 5 5 4 5 4
Bupa 6 5 3 4 3 3
Car 6 6 2 5 1 4
Glass 9 9 8 6 8 6
Wine 13 6 9 5 5 8
Australian 14 12 3 1 1 4
Wdbe 30 10 13 3 1 4
Tonosphere 34 15 12 3 2 3
Dermatology 34 7 10 6 13 7
Spectfheart 44 5 24 5 1 1
Sonar 60 8 12 7 19 1
Toxicity 1203 2 12 8 3 15
Lung 3312 3 7 11 6 10
Arcene 10000 13 10 4 7 8
SMK_CAN_187 19993 2 9 9 9 24
Average 2172.9 7.0 8.8 5.2 5.3 6.5
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Table 6
Optimal Attribute Subsets of DRFFS and MSFRE Algorithms.
Dataset DRFFS MSFRE
Iris 3,4,1,2 4,3
Newthyroid 4,5,1,2,3 2,5,1,4
Bupa 3,6,1,2,4 2,5,1
Car 1,2,3,4,5,6 6,5,4,3
Glass 3,4,51,2,6,7,8,9 3,4,1,9,5,2
Wine 1,5,7,10,12,13 12,13,1,2,5,11,10,7
Australian 5,6,1,2,4,13,14,8,9, 8,9,12,4
10,11, 12
Wdbc 2,9,12,19, 22, 23, 25, 28, 21, 8, 22
28, 29, 30
Ionosphere 1,3,6,7,9,14,16,17, 28,16, 4
20, 25, 26, 28, 30, 33,34
Dermatology 8,19, 5, 6, 28, 29, 34 16, 28, 15, 29, 5, 31, 3
Spectfheart 6, 26, 32, 40, 41 11
Sonar 1, 27, 30, 11, 36, 45, 12, 10
53
Toxicity 39, 204 585, 561, 701, 359, 889, 26, 227, 1145, 100, 236, 626,
840, 870, 627, 312
Lung 491, 2153, 2841 1464, 3178, 614, 2579, 1792, 2750, 1111, 580, 2702, 1765
Arcene 1601, 1780, 5580, 6657, 5818, 766, 9986, 9699, 8769, 7205, 8146, 2101
2496, 2533, 3008, 3358,
4645, 5333, 6929, 8186,
7813
SMK_CAN_187 5702, 6109 6676, 17896, 10156, 12503, 13576, 1887, 11471, 11111,

11394, 2131, 18779, 4161, 12075, 1850, 7557, 19672,
16262, 7229, 8531, 18940, 16072, 5702, 17546, 16583

It can be seen from Table 5 that these reduction methods can effectively reduce the number of attributes. In most cases, MSFRE
selects fewer features than the other four algorithms. For the Car dataset, MSFRE selects fewer than DRFFS and CFS. For the Glass
dataset, MSFRE selects 6 features, same as CFS. It selects fewer than DRFFS, NRS, and FNRS. This shows that the proposed algorithm
is more effective in reducing redundant attributes.

For low-to-medium dimensional data (e.g., Spectfheart with 44 raw features or Sonar with 60 raw features), critical discriminative
information resides in a small number of high-quality features. MSFRE’s mechanism identifies these information-dense features,
enabling it to maintain peak accuracy with just one feature.

For ultra-high-dimensional data (e.g., SMK_CAN_187 with 19,993 raw features), discriminative information is dispersed across
weakly correlated subsets. Selecting 2 features with DRFFS or 9 features with NRS leads to information loss due to excessive dimen-
sionality reduction. In contrast, MSFRE selects 24 features, covering all necessary discriminative subsets while balancing dimension-
ality reduction and performance.

In summary, MSFRE does not merely pursue minimal dimensionality. It adapts to the data’s information distribution and task
requirements, aligning with the goal of knowledge reduction. This highlights the importance of adaptive feature selection, especially
when balancing reduction and information integrity in high-dimensional data.

The optimal feature subsets of DRFFS and MSFRE are shown in Table 6. Table 6 lists the optimal attribute subsets when DRFFS and
MSFRE achieve the highest accuracy. It can be found that on most datasets, such as Iris, Newthyroid, Puba, etc., the optimal features
selected by MSFRE are mostly subsets of the optimal features selected by DRFFS. Take the Iris dataset as an example. DRFFS selects
features (3, 4, 1, 2), while MSFRE selects features (4, 3). The feature set of MSFRE is contained within the feature set of DRFFS.
For other datasets, such as Car and Glass, although the optimal features selected by the two algorithms differ, there are common
features in the feature subsets. This indicates that for a given classification task, there are multiple feature subsets with acceptable
classification capabilities.

Overall, this shows that MSFRE tends to select more concise subsets in feature selection, possibly having certain advantages
in removing redundant features. However, the situations vary across different datasets, which also reflects the diversity in feature
selection strategies and effects among different algorithms.

(3) Statistical tests

Additionally, the Friedman statistical test [53], the Nemenyi statistical test [54] and the Bonferroni-Dunn statistical test [54] are
used to assess the statistical differences between MSFRE and other algorithms. These two significance test methods are widely used
because they can utilize all the information in the related samples.

Let ¢ be the number of algorithms for comparison, n be the number of datasets, and A, be the mean rank of algorithm r. By
Friedman test, when the original hypothesis holds, F, follows a Fisher distribution

(n— 1))(%
Fp=——"F L Ft-1,t-Dn-1)
nt—1)— )(12F

12n t 2 _
t(t+1)(2r=1 A,

14)

2
where 2 @ ).
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(a) 5NN classifier
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|
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CFS DRFFS
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(b) CART classifier
Fig. 3. CD diagram of Nemenyi test.
cD
L
1 2 3 4 5
MSFRE —— L DRFFS
s — L NRS
FNRS
(a) 5NN classifier
cD
—
1 2 3 4 5
MSFRE — L NRS
CFS DRFFS
FNRS
(b) CART classifier
Fig. 4. CD diagram of Bonferroni-Dunn test.
Table 7

Statistical Test of Five Models with Two Classifiers.

Average Ranking )

Classifiers I Fp
DRFFS NRS CFS FNRS MSFRE

5NN 3.75 3.50 2.63 3.25 1.88 14.60  4.43

CART 3.31 356 3.00 319 1.94 10.10  2.81

Table 7 lists the statistical test of five models with two classifiers. At level a = 0.05, the critical value of F(4.60) is 2.5252. The
Fp values under 5NN and CART classifiers are 4.43 and 2.81, respectively, which are both greater than the critical value. Form
Table 7, we reject the original hypothesis at « = 0.05. In this case, the five algorithms are considered to be markedly different in terms
of classification performance. Therefore, the Nemenyi test and the Bonferroni-Dunn test are commonly used to further explore the
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Fig. 5. The classification accuracy of different scale combinations.
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Fig. 5. Continued.
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differences in performance of the five models. The critical distance of the test is

CD, =, % (15)
where c, is a critical value.
In reference [54], the CD diagram is used to intuitively demonstrate the differences. If there is not a line connecting two algorithms,
they are significantly different. The CD diagram of the Nemenyi test and the Bonferroni-Dunn test is shown in Fig. 3 and Fig. 4, the
Nemenyi test result is ¢ o5 = 2.728, and CD o5 = 1.52 (t = 5, n = 16). For the Bonferroni-Dunn test, we can calculated ¢ o5 = 2.343,

and CD o5 = 1.31, ( =5, n = 16). From Fig. 3 and Fig. 4, the following conclusions can be drawn.

¢ For the 5NN classifier: Both the Nemenyi test and Bonferroni-Dunn test yield consistent results: at the significance level « = 0.05,
MSFRE significantly outperforms NRS and DRFFS, and exhibits competitive levels of performance compared to CFS and FNRS.

e For the CART classifier: under the Nemenyi test and Bonferroni-Dunn test, at a significance level of @ = 0.05, MSFRE significantly
outperforms NRS.

Overall, MSFRE provides competitive performance compared with the other four algorithms. Finally, Fig. 5 shows the classification
accuracy curves of the 5NN classifier and the CART classifier when the scale combination changes. For simplicity, I'; denotes that the
scale of each attribute is set to the first one simultaneously, that is, §; = 0.1. I, denotes that the scale of each attribute is set to the
second one simultaneously, that is, §, = 0.2. Similarly, other scale combinations are defined in the same way, where I'; is the finest
scale, I'|, is the coarsest scale, and I', — T’y are intermediate scales. From these figures, the following observations can be drawn.

« Most datasets achieve peak accuracy and stability at intermediate scales (I'; — I';). For instance, the CART classifier on the
Iris dataset reaches 96.00 % accuracy at I'y, with accuracy declining when deviating from this scale. This demonstrates that MSFRE
effectively balances details and noise, ensuring the algorithm’s stability.

« High-dimensional datasets are sensitive to fine scales (I'; — I';). For example, the 5NN classifier on the Arcene dataset achieves
73.00 % accuracy at I';, while accuracy plummets to 60.00 % at the coarse scale (I';,). Fine scales preserve weak discriminative signals
in high-dimensional data, whereas coarse scales discard critical information.

« Discrete datasets exhibit sensitivity to coarse scales (I'; — I'|y). Their performance improves only at coarse scales: the 5NN
classifier on the Car dataset reaches 69.61 % accuracy at I';, while at the fine scale (I'}), it overfits to 59.22 % due to noise. Coarse
scales filter interference and focus on core discriminative features.

Consequently, intermediate scales are most appropriate for continuous data, fine scales for high-dimensional data, and coarse
scales for discrete data. In practical applications, scales can be matched to dataset characteristics accordingly, which aligns with
human multi-granularity thinking and enhances classification efficiency.

6. Conclusion and future work

In this article, we have introduced the idea of §-fuzzy relation into multi-scale models and formalized a new decision system
model, i.e., multi-scale fuzzy relation decision system. Fuzzy scale entropy and some of its variants are then presented to characterize
the differences in classification ability of feature subsets at different scales. Moreover, feature selection is addressed from the view of
maintaining the classification ability of fuzzy relations family, and MSFRE is designed to reduce redundant features by quantifying
conditional fuzzy scale entropy. Compared to single-scale fuzzy rough methods, fuzzy scale entropy effectively captures differences in
classification capabilities across multiple scales. Extensive numerical experiments showed that the presented MSFRE can effectively
reduce redundant attributes, and obtain better classification accuracy. Future work may include.

(1) At present, most multi-scale models are designed for static data, while real data is often dynamically changing. Therefore,
considering dynamic update algorithms for optimal scales and exploring dynamic acquisition of decision rules would be a meaningful
task.

(2) An adaptive scale selection mechanism will be developed to automatically optimize the scale parameter §, based on data
characteristics, reducing manual tuning dependency and improving model scalability for high dimensional datasets.
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