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ARTICLE INFO ABSTRACT

Keywords: Hesitant fuzzy sets find extensive application in specific scenarios involving uncertainty and
Hesitant fuzzy sets hesitation. In the context of set theory, the concept of inclusion relationship holds significant
Hesitant fuzzy information systems importance as a fundamental definition. Consequently, as a type of sets, hesitant fuzzy sets

Parameter reduction

X L i necessitate a clear and explicit definition of the inclusion relationship. Based on the discrete form
Multi-strength intelligent classifier

of hesitant fuzzy membership degrees, this study proposes multiple types of inclusion relationships
for hesitant fuzzy sets. Subsequently, this paper introduces foundational propositions related to
hesitant fuzzy sets, as well as propositions concerning families of hesitant fuzzy sets. Furthermore,
this research presents foundational propositions regarding parameter reduction of hesitant fuzzy
information systems. An example and an algorithm are provided to demonstrate the parameter
reduction processes. Lastly, a multi-strength intelligent classifier is proposed for diagnosing the
health states of complex systems.

1. Introduction

The foundation of modern mathematics lies in set theory established by Cantor [1] (referred to as classical sets hereafter).
Moreover, modern branches of mathematics, including group theory [2,3], topology [4], graph theory [5], among others, form
the underpinnings of computer science. Subsequent to the refinement of classical set theory, various types of sets emerged, encom-
passing fuzzy sets [6,7], interval-valued fuzzy sets [8], intuitionistic fuzzy sets [9], and hesitant fuzzy sets [10], among others. With
the exception of hesitant fuzzy sets, several types of sets have established their foundational theoretical frameworks. Notably, the
definition of the inclusion relationship between two hesitant fuzzy sets, which is one of the fundamental definitions, lacks adequate
clarity. This article develops the foundational theories of hesitant fuzzy sets and hesitant fuzzy information systems, and introduces
a multi-strength intelligent classifier for diagnosing the health states of complex systems.

In the case of the classical set [1], the membership degree of an element is described as either 0% or 100%, and the element’s
relationship with the set is determined by whether it belongs to the set or not. Nevertheless, the real world is fraught with uncertainties.
To address such uncertain scenarios, Zadeh introduced the concept of fuzzy sets [6], where the membership degree of an element in
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a set is a value ranging from O to 1. The membership degree of a fuzzy set denotes the probability of an element belonging to the set
[111, thereby extending beyond the binary values of 0% and 100%. Later, Gorzalczany [8] introduced the notion of interval-valued
fuzzy sets, where the membership degree of an element in a set is represented by an interval included in [0, 1]. Interval-valued fuzzy
sets can handle situations where the precise probability of an element belonging to a set cannot be determined, but an interval can be
identified within which the probability must lie [12]. Additionally, Atanassov [9] introduced the notion of intuitionistic fuzzy sets,
where the membership degree of an element in a set is represented by a bipartite array. Intuitionistic fuzzy sets can capture entities
with dual characteristics, with one value in the bipartite array representing the positive aspect and the other value representing the
negative aspect [13,14].

Torra [10] introduced the concept of hesitant fuzzy sets, where the membership degree of an element in a set is represented by
a multidimensional array. Hesitant fuzzy sets are designed to address situations of uncertainty and hesitation, which are prevalent
in real-world scenarios. For example, in scenarios involving data sampling for equipment monitoring and decision scoring by expert
teams, the feedback often manifests as arrays with multiple diverse values, leading to indecisiveness. Consequently, hesitant fuzzy
sets with a membership degree represented by a discrete array are better suited for capturing the indecisiveness in decision-making
compared to classical, fuzzy, interval-valued fuzzy, and intuitionistic fuzzy sets. Hesitant fuzzy sets find extensive applications in
various domains, including decision-making [15,16], attribute reduction [17], classification [18], linguistic perceptual [19], and
forecasting [20], among others.

Nevertheless, a sufficiently clear definition of the inclusion relationship between two hesitant fuzzy sets is currently lacking. The
definition of the inclusion relationship serves as a crucial foundation for sets, as it establishes equivalence between two sets when one
is a subset of the other and vice versa. Based on the discrete form of hesitant fuzzy membership degrees, this study introduces multiple
types of inclusion relationships for hesitant fuzzy sets and subsequently presents foundational propositions concerning hesitant fuzzy
sets and their families. It is important to highlight that some foundational propositions applicable to classical sets do not hold in the
case of hesitant fuzzy sets.

In recent years, the study of information systems dealing with uncertain information has gained significant attention due to the
increasing prevalence of uncertainty in real-world scenarios. Numerous studies have been conducted in this field, including research
on fuzzy information systems [21], fuzzy incomplete information systems [22], interval-valued information systems [23,24], and
intuitionistic fuzzy information systems [25]. Building upon the foundational propositions of hesitant fuzzy sets, this study explores
various theories concerning parameter reductions in hesitant fuzzy information systems.

The analysis of high-dimensional data with limited sample sizes presents a challenging task, making it difficult to diagnose the
health status of complex systems. Drawing upon the foundational propositions of hesitant fuzzy information systems, we propose
a multi-strength intelligent classifier in knowledge bases [26] to facilitate health state diagnoses for complex systems. The multi-
strength intelligent classifier serves as a promising tool for various tasks, including dimensionality reduction of high-dimensional
data, classification, diagnosis, evaluation, decision-making, and more.

The remainder of this paper is organized as follows. Section 2 introduces various types of inclusion relationships among hesitant
fuzzy sets, along with their foundational propositions, and shows whether certain rules that apply to classical sets also hold for
hesitant fuzzy sets. In Section 3, we put forth propositions concerning families of hesitant fuzzy sets. Section 4 presents propositions
related to parameter reductions in hesitant fuzzy information systems and offers an algorithm for performing these reductions. In
Section 5, we propose a multi-strength intelligent classifier for diagnosing the health states of complex systems. Section 6 provides a
conclusion.

2. Foundations of hesitant fuzzy sets

In this section, we provide a brief overview of fundamental concepts related to hesitant fuzzy sets and introduce various types
of inclusion relationships that are applicable to the discrete form of hesitant fuzzy membership degrees. Our focus is on examining
whether certain rules that apply to classical sets also hold for hesitant fuzzy sets. In further research on hesitant fuzzy sets, it is crucial
for researchers to refrain from relying on the intuitions derived from classical sets and to be mindful of the rules that are valid in
classical sets but not in hesitant fuzzy sets.

If two sets A and B are classical sets, A B and A Ll B represent the intersection and union of A and B, respectively. Furthermore,
A C B represents that A is a subset of the classical set B. Let U be a universal set and E be a set of parameters.
2.1. Reviews of fuzzy sets and hesitant fuzzy sets
Definition 2.1. [6] A fuzzy set F on U is a mapping F : U — [0, 1].
Definition 2.2. [6] F| and F, are two fuzzy sets on U, F; is a subset of F, if F;(x) < F,(x) for all x € U, denoted as F; C F,.
Definition 2.3. [27] A hesitant fuzzy element is a non-empty, finite subset of [0, 1].

Definition 2.4. [10] A hesitant fuzzy set on U is defined as a function that when applied to U returns a subset of [0, 1].

In the following, H F(U) denotes the set of all hesitant fuzzy sets defined over U.
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Definition 2.5. [10] For each x € U, and a hesitant fuzzy set H, the lower bound and upper bound of H(x) are defined
lower bound H ™ (x) =inf H(x),
upper bound H*(x) = sup H(x).

Definition 2.6. [10] Given two hesitant fuzzy sets represented by their membership functions H; and H,, their union and intersection
are defined

union (H; U Hy)(x) ={h € H (x) U Hy(x) : h 2 sup(H[ (x), H; (x))},

intersection (H; N H,)(x) ={h€ H{(x)U Hy(x) : h < inf(H1+(x), H2+(x))}.

Definition 2.7. [10] For x e U and H € H F(U), the complement of H is denoted as H¢, where
HexX)=Uyegm{l -7}

Theorem 2.8. [10,27] The following statements hold for A, B,C € HF(U),
(1) (A% = A.
2) (AnB)* =AU B-.
(3) (AU B)° = A° N B-.
(49) AnNB=BnA, AUB=BU A.
B5)(AnB)NC=AnNn(BNC), AUB)UC=AU(BUCQC).

Let U = {x,y}, A(x) ={0.6,0.5,0.3} and A(y) = {0.5,0.3,0.2}. There are three common expression types for the hesitant fuzzy set
A, shown as follows,
(ype 1) A= (060503} {050302) 1,

(ype2) A= -
(rype 3) A= {(x,(0.6,0.5,0.3)),(»,(0.5,0.3,0.2))}.

y
060503} , {0.50.302})
X + ’

Furthermore, A = B means that A(x) and B(x) are perfectly consistent for each x € U. For example, B =

B=A;C= (0.3,0.3},(0.6,0‘5} + {0.2,0}.}5,0.3), then C # A.

{0.3,0).(6,0.5} + {0.2,0}.}5,0.3}’ then

2.2. The proposed inclusion definitions of hesitant fuzzy sets and their relationships

For two hesitant fuzzy sets H; and H,, Babitha et al. [28] defined that H, is a hesitant fuzzy subset of H, if H;(x) C H,(x) for
all x € U. However, the reference [28] lacks a detailed description of H;(x) C Hy(x).

For two fuzzy sets F; and F,, we have F| C F, & F| U F, = F,. Carlos et al. [29] introduced a definition of inclusion relationship
for hesitant fuzzy sets, i.e., H C H, & H,; U H, = H,. This definition (in [29]) inherits the idea of fuzzy sets, which is convenient
for scholars to refer to the existing theory of fuzzy sets to study hesitant fuzzy sets. However, we hold two different views on this
definition (in [29]), shown as (i) and (ii),

(i) The inclusion relationship of sets is also the ordering relationship of sets. A foundational and important proposition of inclusion
relationship, A C B and B C A if and only if A = B, i.e., the equivalent sets contain each other. We assume that H, = H, means
that H,(x) and H,(x) are perfectly consistent for each x € U. By the description in [29], H (x) C Hy(x) & {h : h € H,(x)} =
Hy(x)=(H,UH,))(x)={he H(x)UH,(x): h> sup(Hl‘(x), Hz‘(x))}, i.e., H;(x) C H,(x) implies h < Hz‘(x) for all h € H,(x). If
H,(x) C Hy(x) and H,(x) C H,(x), then a contradiction is produced, i.e., Hl“‘(x) <H;(x)< H2+(x) <H7(x)< H1+(x).

(ii) The definition of inclusion relationship in [29] is too specific to have a small range of applications. For example, let H;(x) =
{0.1,0.2,0.5}, Hy(x) = {0.6,0.7,0.9} and H;(x) = {0.1,0.5,0.8}, then H,(x) C H,(x) is obvious. However, this definition cannot
describe the relationship of H,(x) and H;(x) and is not applicable for many cases of hesitant fuzzy sets.

This study introduces various types of inclusion relations for hesitant fuzzy sets determined by the strength of the information
contained in hesitant fuzzy membership degrees. Initially, a comprehensive example is provided to clarify Definition 2.10.

Example 2.9. Let U = {x,x,,x3,x4,X5,X¢} be a set of decision-making schemes and H be an expert team that consists of three
experts. H(U) = [0‘?(’0'2} + {060603) 4 {07.0503) 4 (080603) 4 (050301} 4 (0‘9’(;'8’0‘7} are the estimated values of schemes provided

X X X, X
by experts, in which ]the estimatZed values f03r x; are 0.9 ‘;nd 0.2 thatsare obtainedﬁ through the evaluations made by experts. One of
the three experts fails to evaluate the scheme x;.

(1) Here, x; has an estimated value of 0.9, which is greater than or equal to all the estimated values for x,, it is possible that the
scheme x, is better than the scheme x,, denoted as H(x,) C » H(xp).

(2) Here, 0.55 = mean[H (x;)] < mean[H (x,)] = 0.567, where mean[-] is the mean value operator. In comparing the mean values
of estimated values, we find that the scheme x, is better than the scheme x;, denoted as H(x;) C,, H(x,).

(3) On the one hand, the best estimated value of x5 is 0.7, which is greater than or equal to the best estimated value of x,. On
the other hand, the worst estimated value of x5 is 0.5, which is greater than or equal to the worst estimated value of x,. To compare
the respective best and worst cases of schemes x, and x3, it is acceptable that the scheme x; is better than the scheme x,, denoted
as H(x,) C, H(x3).
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(4) To compare the estimated values for schemes x3 and x, one by one (0.7 < 0.8; 0.5 < 0.6; and 0.5 <0.5), it is strongly credible
that the scheme x, is better than the scheme x3, denoted as H(x3) C; H(xy).

(5) We can obtain H(x;) C, H(xs) after truncating the tail estimated value of xs, i.e., deleting the estimated value 0.1 of xs. This
case is denoted as H(x;) C,; H(xs) and is recorded briefly as H(x;) C, H(xs).

(6) The worst estimated value of x¢ is greater than or equal to the best estimated value of x5. Thus, it is necessary that the scheme
X¢ is better than the scheme x3;, which is denoted as H(x3) C,, H(xg).

Comparing the mean value of estimated values is a common approach for decision-making; however, while doing so, some im-
portant information may be lost, such as the best and the worst estimated values.

Definition 2.10. Let H; and H, be two hesitant fuzzy sets on U. Several kinds of inclusion relationships of two hesitant fuzzy sets
are defined as follows,

(1) If H{ (x) < H} (x), then H,(x) C, Hy(x). If H,(x) C, H,(x) for all x € U, then H, C, H,.If H, C, H, and H, C, H,, then
H, =, H,.

) If Hf(x) < H;(x) and H[ (x) < H; (x), then H,(x) C, Hy(x). If H,(x) C, H,(x) for all x € U, then H, C, H,. If H, C, H,
and H, C, H, then H, =, H,.

(3) If mean[H\(x)] < mean[H,(x)], then H,(x) C,, Hy(x). If H,(x) C,, Hy(x) for all x € U, then H, C,, H,. If H, C,, H, and
H,c, H,, then H, =, H,.

(4) Let H{(x) =V ={v,0p,+,0;} and Hy(x) = W = {w;,w,, -, w,} be two descending sequences. If k >/ and w; > v; for
1<i</, then H (x) C, Hy(x). If H{(x) C; Hy(x) for all x e U, then H, C; H,. If H; C; H, and H, C; H{, then H, =; H,.

(5) Let H{(x) =V = {v,0,,,0;} and H,(x) =W = {w,w,,---,w,;} be two descending sequences. If k </ and w; > v; for
1<i<k, then H (x) C, Hy(x). If H(x) C, Hy(x) for all x € U, then H| C, H,. It is obvious that H; c, H, and H, C, H, cannot
hold simultaneously.

(6) If H1+(x) < Hj (x), then H (x) C, Hy(x). If H(x) C, Hy(x) for all x € U, then H, C, H,. If H, C, H, and H, C, H,, then
H, =, H,.

Symbols. (1) Let W = {w;,w,, -, w;} and W' = {w’l,w’z,n- ,w;} be two descending sequences and |W | = |W'|. If w’1 > w,
W) > wy, +++, W) > wj, then the relationship of W and W' is denoted as W < W".

(2) Let g be a positive integer. To take g larger numbers of W and construct a best g-subsequence of W, denoted as W (qg), i.e.,
|W(g)| =q and w <L inf (W (q)) for we W — W (q). For example, let W = {0.9,0.8,0.7,0.65,0.6,0.5}, when ¢ =2, W(q) = {0.9,0.8};

when ¢ =3, W (q) ={0.9,0.8,0.7}.

Remark 2.11. (1) If W is a subsequence of H,(x), H;(x) < W and |H(x)| < |H,(x)|, then H,(x) C, H,(x), vice versa.

(2) If W is a subsequence of H,(x), H|(x) < W and |H(x)| = |H,(x)|, then H(x) C; H,(x).

B)Letg=inf{|H,(x)|,|Hy(x)|}, H (x)(q) and H,(x)(q) be the best g-subsequences of H,(x) and H,(x), respectively. Thereafter,
H,(x)(g) < H,(x)(g) if and only if one of H;(x) C; H,(x) and H,(x) C, H,(x) holds.

(4) Let K = H,(x) N Hy(x), if sup(H(x) — K) < inf(K) < sup(K) < inf(H,(x) — K), then one of H,(x) C; H,(x) and H,(x) C,
H,(x) holds.

Proposition 2.12. The following statements hold for A, B€ H F(U),
(DIfAC, B, then A c, B.
(D) IfAC, B, then A C, B.
(3)IfAC, B, then AC, B.
(49 IfAC, B, then AC,, B.
(5) IfAC, B, then A c, B.
(6)IfAC, B, then AC, B.
(7)IfAC, B, then AC, B.
(8 IfAC, B, then AC,, B.
(9) If A C, B, then one of A(x) C; B(x) and A(x) C, B(x) holds for all x e U.

Proof. (1)-(8) are obvious.
(9)If Ac, B, then A*(x) < B~(x) for all x € U. If |A(x)| > | B(x)|, then A(x) C,; B(x). If |A(x)| < | B(x)|, then A(x) C, B(x). W
A brief summary for Proposition 2.12 is shown as follows,

« ”» «

C,”"=>“C,"=> ca":>“cp”,
“C,TmeC,"s4C,”,
“Cn”i“ctﬁﬁ“cp”.
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2.3. Some propositions about the intersection and union of two hesitant fuzzy sets

Let A and B be two classical sets, we know that AMBC A, AMBC B, AC AuB, BC AU B, and An B AU B. However, these
rules are not necessarily true for two hesitant fuzzy sets A and B (shown as Propositions 2.13-2.20).

Proposition 2.13. The following statements hold for A, A, € HF(U),
(1) A;N A, C, A, fori=1,2.
(2) A, C, A UA, fori=1,2.
(3 A NA,C A VA,

Proof. (1) and (2) are obvious.
() inf{AT(x), AT (0)} < sup{ AT (). AT (). W

Proposition 2.14. The following statements hold for A, A, € HF(U),
(1) AynA, C, A, fori=1,2.
(2) A;C, A UA, fori=1,2.
(3) A|NnA,C, A U A,.

Proof. (1) and (2) are obvious.
(3) inf (AT (x), AT (x)} < supl AT (x), AF(x)} and inf {A](x). A; (0)} < sup{AT (). A7)}, W

Proposition 2.15. The following statements hold for x€ U and A,B€ HF(U),
(1) At least one of (AN B)(x) C,, A(x) and (A N B)(x) C,, B(x) holds.
(2) At least one of A(x) C,, (AU B)(x) and B(x) C,, (AU B)(x) holds.
(3 AnBcC, AUB.
(DIfAC, B, then AnBC,, B.
(5)IfAC,, B, then AC,, AUB.

Proof. For x € U, denote k| = |A(x)|, k, = |B(x)|, @ = mean[ A(x)], and b = mean[ B(x)], where mean[-] is the mean operator. Then
> h+ Y h=ka+kyb.
heA(x) heB(x)
(1) For each x € U, we can divide the relationships of A*(x) and B*(x) into two cases (c1) and (c2) as follows,
(c1) At (x) = BT (x).
h= Y h+ Y h=kja+k,b<sup@b)(k,+ky). mean[(ANB)x)]= Y  h/(k;+ky) < sup(@,b)(k,+ky)/(k; +
he(ANB)(x) heA(x) heB(x) he(AnB)(x)
k,) = sup(a, b). Then, one of (AN B)(x) C,, A(x) and (A N B)(x) C,, B(x) holds.
(c2) A*(x) # BT (x).
AT(x)# BT (x),let V={h: he A(x) or h€ B(x),h& (AN B)(x)} and /' =inf(V), then i’ > inf(A*(x), BT (x)) =sup{h : he
(An B)(x)}.
Since ' > sup{h : h€ (AnB)(x)} and [(ANB)(x)| + |V | = k| +k,, then Y R/I(ANB)YX)|<( Y h+W|V])/(k;+ky).

B he(ANB)(x) he(AnB)(x)
Since W =inf(V),then (Y h+ R |V|)/(k; +ky) < (k1@ + kob)/(k; + k»).
hE(ANB)(x)
Then, we can obtain mean[(AN BYx)]= Y  h/IANBX|<( X  h+h|V])/k + k)< (kja+ kyb)/(k; + ky) <
he(AnB)(x) he(AnB)(x)

sup(a, l;)(kl + ky)/(ky + ky) = sup(a, b). Then, one of (A N B)(x) C,, A(x) and (A n B)(x) C,, B(x) holds.

(2) For each x € U, we can divide the relationships of A™(x) and B~(x) into two cases (c1) and (c2) as follows,

(c1) A= (x) = B~ (x).

h= Y h+ Y h=kia+kyb>inf(ahb)(k, +ky).
he(AUB)(x) heA(x) heB(x)
> h/(ky +ky) = inf(a, b)(k, +ky)/(k + ky) = inf(a,b). Then, one of A(x) C,, (AU B)(x) and B(x) C,, (AU B)(x) holds.

he(AUB)(x)

(c2) A= (x) # B~ (x).

A (x)# B (x),let V={h:he€ A(x) or h€ B(x),h & (AU B)(x)} and A’ = sup(V). h' < sup(A=(x),B~(x)) =inf{h: heE€(AU
B)(x)}.

Since ' = sup(V) and |(AUB)(X)| + |V | =k, +k,, then (Y h+H|V|)/(k,+ky) = (kja+kyb)/(k, +k,). Since h' <inf{h :

he(AUB)(x)
he€ (AU B)(x)}, then D h/I(AUB)YX)|>( X h+ V) (ki + ky).
he(AUB)(x) he(AUB)(x)
Based on the results above, then mean[(AUB)(x)]= Y, h/|[(AUB)x)|>( Y  h+H|V|)/(k; +ky) > (kja+kyb)/(k, +
he(AUB)(x) he(AUB)(x)

ky) = inf(a,b)(k, + k,)/(ky + k,) = inf(a,b). Then, one of A(x) C,, (AU B)(x) and B(x) C,, (AU B)(x) holds.
(3) For each x € U, we can divide the relationships of A~(x), A*(x), B~(x) and B*(x) into four cases (c1), (c2), (c3) and (c4) as
follows,
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(c1) A~(x) = B~(x) and A" (x) = B*(x).

In this case, (A N B)(x) = (A U B)(x), thus mean[(A N B)(x)] = mean[(A U B)(x)], then (A N B)(x) C,, (AU B)(x) is obvious.

(c2) A~(x) = B~(x) and A*(x) # B*(x).

In this case, |[(A N B)(x)| < k; + k, and |[(AU B)(x)| =k, + k,. Let V={h : h€ (AU B)(x),h & (AN B)(x)} and i’ =inf(V).
' >inf(AT(x), BY(x))=sup{h : h€ (AN B)(x)}.

Since [(AN B)(x)| + |V | =|(AU B)(x)| = k| + k, and A’ > sup{h : h € (AN B)(x)}, then > h/IAnB)x)|<( XY h+

he(ANB)(x) he(ANB)(x)
RIVD/(k; +ky). Since i =inf(V), then (Y h+h V), +k)< Y h/tk, +ky).
he(ANB)(x) he(AUB)(x)
Based on the results above, then mean[(ANB)(x)]= Y. h/[(AnNB)X)|<( Y  h+hW|V)/(kj+k)< Y hfk+
he(ANB)(x) he(ANB)(x) he(AUB)(x)

k,) = mean[(A U B)(x)], i.e., (AN B)(x) C,, (AU B)(x).

(e3) A~(x) # B~(x) and A" (x) = BT (x).

In this case, |[(A N B)(x)| = k| + k, and |[(AU B)(x)| < k| + k,. Let V={h: h€ (AN B)(x),h & (AU B)(x)} and A’ = sup(V).
h < sup(A=(x),B~(x))=inf{h: he (AU B)(x)}.

Since [(AU B)(x)| + |V | = (AN B)(x)| =k; + ky and i’ <inf{h : h€ (AU B)(x)}, then > R/AUBX|>( Y h+

he(AUB)(x) he(AUB)(x)
h/|V|)/(k1 + k,). Since h' = sup(V), then ( Z h+h’|V|)/(k1 +ky) > E h/(k; +ky).
he(AUB)(x) he(ANB)(x)
Based on the results above, then mean[(AU B)(x)] = > R/IAUBX)|>( Y  h+R |V +k)= Y h/k+
he(AUB)(x) he(AUB)(x) he(ANB)(x)

k,) = mean[(A N B)(x)], i.e., (AN B)(x) C,, (AU B)(x).
(c4) A~(x) # B~ (x) and A*(x) # BT (x).
Based on the condition A~(x) # B~(x), let V = {h : h€ (AnB)(x),h & (AUB)(x)} and 7’ = sup(V), then i’ < sup(A~(x), B~ (x)) =
inf{h:he(AUB)x)},and |V|+|(AU B)x)| = k; + k.
Based on the results above, then mean[(AUB)(x)]= Y,  h/[(AUB)x)|>( X  h+H|V|)/(k; +ky) > (kja+kyb)/(k, +
he(AUB)(x) he(AUB)(x)
ky).

Based on the condition A*(x) # B*(x), let W = {h : h € (AU B)(x),h & (AN B)(x)} and A" = inf(W), then h" >
inf(A*(x), B*(x)) = sup{h : h€ (An B)(x)}, and |W | + [(An B)(x)| =k, + ky.

Based on the results above, then mean[(ANB)(x)I= Y. h/[(AnNB)x)|<( XY  h+h"|W|)/(k +ky) < (kja+kyb)/(k,+

he(ANB)(x) he(AnB)(x)

ky) < mean[(AU B)(x)], i.e., (AN B)(x) C,, (AU B)(x).

Tosumup, ANBC,, AU B.

4 1f Ac,, B, by (1), then An B C,, B is obtained.

(5)If Ac,, B, by (2), then A C,, AU B is obtained. Wl

{0.7,0.9} {0.7,0.9} + {0.1,0.9} + {0.1,0.8}

Example 2.16. Let U = {x, y,z}, A= 1 S8l 8222, p= B : :
(AN B)(x)={0.1,0.7,0.8}, mean[(A N B)(x)] = 0.53. mean[A(x)] =0.45. (AN B)(x) &, A(x).
(AU B)(y)={0.1,0.1,0.8,0.9}, mean[(A U B)(»)] = 0.475. mean[B(»)] =0.5. B(y) &,, (AU B)(y).
(AN B)(y) C,, A(y) and (AN B)(y) C,, B(y).

A(x) C,, (AU B)(x) and B(x) C,, (AU B)(x).

0.1,0.8} + {0.1,0.8}
x

For two random hesitant fuzzy sets A and B, Example 2.16 shows that (4 N B)(x) C,, A(x) and (A N B)(x) C,, B(x) do not hold
simultaneously, A(y) C,, (A U B)(y) and B(y) C,, (AU B)(») do not hold simultaneously.

(AN B)(x) C,, B(x) and (A n B)(x) ¢,, A(x). Furthermore, (A N B)(z) C,, A(z) and (A N B)(z) ¢,, B(z). It means that (1) of
Proposition 2.15 cannot be written as that one of AN B C,, A and An B C,, B holds. When we discuss the case “C,,” we need to note
that

A NA,C,, A, is uncertain for i = 1,2,
A; C,, A| U A, is uncertain for i = 1,2.

Proposition 2.17. The following statements hold for x e U and A|,A, € HF(U),
(1) At least one of A;(x) C; (A} U Ay)(x) and A;(x) C, (A} U Ay)(x) holds for i =1,2.
(2) At least one of (A} N Ay)(x) C; (A U Ay)(x) and (A N Ay)(x) C, (A; U Ay)(x) holds.

Proof. (1) We prove the case that one of A;(x) C, (A; UA,)(x) and A;(x) C, (A; U A,)(x) holds in follows.

Foreachx € U, if Al‘(x) > Az‘(x), then h € (A UA)(x) forall h € A;(x), i.e., A;(x) is a subsequence of (A; UA,)(x). A;(x) < A;(x)
and |A;(x)| < [|(A; U Ay)(x)|, by Remark 2.11 (1) and (2), then one of A;(x) C, (4, UA,)(x) and A(x) C, (A; U A,)(x) holds.

If Al_(x) < A;(x), let K =A[(x)M(A; UAy)(x), then sup(A,(x) — K) <inf(K) < sup(K) < sup((A; U A,)(x) — K), by Remark 2.11
(4), then one of A;(x) C; (A; UAy)(x) and A;(x) C, (A; U A,)(x) holds.

With the same manner, we can prove the case that one of A,(x) C; (A; U A,)(x) and A,(x) C; (4] U A,)(x) holds.

(2) Let K =(A; N Ay)(x)M(A; U Ay)(x), then sup((A; N Ay)(x) — K) <inf(K) < sup(K) <inf((A; UAy)(x)— K), by Remark 2.11
(4), one of (A; N Ay)(x) C4 (A; U A,)(x) and (A N Ay)(x) C, (A; U Ay)(x) holds. W

6
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If two inclusion relationships H;(x) C; H,(x) and H;(x) C, H,(x) in Definition 2.10 are combined in H;(x) C,,, H,(x) (Cy,,
means C, or C,), then Proposition 2.17 can be described as follows:

Proposition 2.17 ’ The following statements hold for A, A, € HF(U),
(1) A; Cyy Aj UA, fori=1,2.
(2)AjNA,Cy AjUA,.

Proposition 2.18. The following statements hold for x € U and A, B € H F(U),
(1) If AC, B, then at least one of A(x) C; (AN B)(x) and A(x) C, (AN B)(x) holds.
(2) If A C, B, then at least one of A(x) C; (AN B)(x) and A(x) C; (AN B)(x) holds.
(3) If A C, B, then at least one of A(x) C, (AN B)(x) and A(x) C; (AN B)(x) holds.
(4) If A C, B, then at least one of A(x) C; (AN B)(x) and A(x) C, (AN B)(x) holds.
(5) If A C, B, then at least one of A(x) C; (AN B)(x) and A(x) C, (AN B)(x) holds.

Proof. (1) A C, B implies that AT (x) < BT (x) for all x € U. So we can deduce that if 47 € A(x) then h € (AN B)(x), i.e., A(x) is a
subsequence of (A N B)(x). A(x) < A(x) and |A(x)| < [(AN B)(x)|, by Remark 2.11 (1) and (2), then one of A(x) C; (AN B)(x) and
A(x) C, (An B)(x) holds.

(2) Ac, B implies A C » B, by the result of (1), then (2) holds.

(3) A, B implies A c, B, by the result of (1), then (3) holds.

(4) A, B implies A C » B, by the result of (1), then (4) holds.

(5) AC, B implies A C » B, by the result of (1), then (5) holds. W

Proposition 2.18" The following statements hold for A, B,C € HF(U),

(DIfAC, B, then AC,,, AN B.
(2IfAcC,B,then AC,,, AN B.
(3 IfAc,, B,then AC,,, ANB.
MIf Ac, B,then AC,, AN B.

0.8,0.9.0.9}

Example 2.19. Let U = {x,y}, A= L Y x +1 y
(AN B)(x) = {0.05,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8}, then (A N B)(x) ¢, A(x), (AN B)(x) ¢, B(x), (AN B)(x) ¢, A(x), and (A N

B)(x) ¢, B(x).
(AU B)(») = {0.8,0.9,0.9}, then A(») C, (AU B)(») and B(y) C, (A U B)(»).

0.1,02,0.50.60.9} |, {0.1,0.7} {0.05,0.3.0.4,0.7,0.8}
- + ,B=

Proposition 2.20. The following statements hold for A, B€ H F(U),
(DIfAC,B, AnBC,B.
(2)IfAC,B, AC, AUB.
MIfAC,B, AnNBC,AUB.

Proof. Since A C, B, then A*(x) < B™(x) for all x € U, then (1), (2) and (3) are obvious. W

Example 2.21. Let U = {x}, A= {210303] p - (020400},

X

(AN B)(x)={0.1,0.2,0.3,0.4,0.5}, (AU B)(x) = {0.2,0.3,0.4,0.5,0.6}. AnB¢, A, AnB¢, B,A¢,AUB, B¢, AUB, AnNB ¢,
AU B.

2.4. Some propositions about a pair of hesitant fuzzy sets (one being a subset of the other) and a random additional hesitant fuzzy set

For three classical sets A, B and C,if AC B, then AC BUC, AnNCC BrnC and ALC C BLC. These rules in the cases of three
hesitant fuzzy sets A, B and C are investigated, shown as Proposition 2.22 and 2.24.

Proposition 2.22. The following statements hold for x € U and A, B,C € HF(U),
(1)IfAch, thenAchuC.
(2QIfAC,B,then AC, BUC.
(3) If A C, B, then at least one of A(x) C, (BUC)(x) and A(x) C, (BU C)(x) holds.
(4) If AC, B, then at least one of A(x) C; (BUC)(x) and A(x) C, (B U C)(x) holds.
(5) If A C,, B, then at least one of A(x) C; (BU C)(x) and A(x) C, (B U C)(x) holds.

Proof. (1) and (2) are obvious.
(3) We prove this proposition after dividing the relationships of 4 € C(x) and the interval [B~(x), B*(x)] into two cases (i) and
(ii) for each x € U.



S. Lu, Z. Xu, Z. Fu et al. Information Sciences 714 (2025) 122212

(i) h & [B~(x), Bt (x)] for all h € C(x).

This case includes two sub-cases, BT (x) < C~(x) and C*(x) < B~ (x).

If B*(x) < C~(x), then A(x) C; B(x) C,, C(x) = (B U C)(x), then A*(x) < B*(x) < C~(x), i.e., A(x) C, C(x) =(BUC)(x). A(x) C,
(B U C)(x), by Proposition 2.12 (9), then one of A(x) C, (BU C)(x) and A(x) C, (B U C)(x) holds.

If C*(x) < B7(x), then A(x) C,; B(x)=(BU C)(x).

(ii) & € [B~(x), B*(x)] for some h € C(x).

This case includes two sub-cases, C~(x) < B~ (x) and B~ (x) < C™(x). Suppose A(x) ={0},0,,*,0,} =0, B(x) ={v|, vy, ,0p} =
V and C(x) = {w;,w,,,w,} =W, and O, V and W are descending sequences.

When C~(x) < B~(x).

It is obvious that 4 € (BU C)(x) for all 7 € B(x). We can divide the elements of A(x) into two descending sequences {0},0,,:*,0;}
and {0y,1,0p40,+,0,}.

Since A(x) C; B(x), for o; € {0],0,,:-,0,}, we have v; > 0; and v; € (BU C)(x), where i = 1,2, -+, b.

Foro; € {0p11,0p42,+,0,} C A(x) and all h € (BUC)(x), we have h > B~ (x)=vj, 2 0, 2 0,1 > 0 where j=b+1,b+2,---,a.

Based on the illustrations of sub-case C~(x) < B~ (x), we have A(x)(q) < (B U C)(x)(q), where g = inf{|A(x)|,|(B U C)(x)|}, by
Remark 2.11 (3), one of A(x) C; (BU C)(x) and A(x) C, (BU C)(x) holds.

When B~ (x) < C~(x).

Suppose v,,_; 2w, =C~(x) and v,, < w,. For all h € (BUC)(x), h > w, = C~(x). We can divide the elements of A(x) into two
descending sequences {0;,0,,:+,0,,_;} and {o,,,0,,,1,*,0,}.

For 0; € {0y,0,,:+,0,,_;}, we have v; > 0, and v; € (BU C)(x), where i =1,2,---,m— 1.

Foro; € {02015, 0,} CA(x) and all h€ (BUC)(x), we have h > C~(x)=w, > v, >0, > 0, where j=m,m+1,---,a.

Based on the illustrations of sub-case B~ (x) < C~(x), we have A(x)(q) < (B U C)(x)(q), where g =inf{|A(x)|,|(B U C)(x)|}, by
Remark 2.11 (3), one of A(x) C, (BU C)(x) and A(x) C, (BU C)(x) holds.

(4) We prove this proposition after dividing the relationships of 4 € C(x) and the interval [B~(x), B*(x)] into two cases (i) and
(ii) for each x e U.

(i) h & [B(x), Bt (x)] for all h € C(x).

This case includes two sub-cases, Bt (x) < C~(x) and C*(x) < B™(x).

When B*(x) < C™(x), we have A(x) C, B(x) C, C(x) = (B U C)(x), then A*(x) < BY(x) < C™(x), i.e., A(x) C, C(x) = (B U C)(x).
A(x) C, (BUC)(x), by Proposition 2.12 (9), then one of A(x) C, (B U C)(x) and A(x) C; (B U C)(x) holds.

When C*(x) < B~(x), A(x) C, B(x)=(BUC)(x).

(ii) A € [B~(x), B*(x)] for some h € C(x).

This case includes two sub-cases, C~(x) < B~ (x) and B~ (x) < C™(x).

When C~(x) £ B~ (x).

We have h € (BUC)(x) for all h € B(x), i.e., B(x) C (B U C)(x). Since A(x) C, B(x), by Remark 2.11 (1), there is a subsequence
of B(x), denoted as Tx), satisfying A(x) < B(x). Since B(x) C (B U C)(x), then there is a subsequence of (B U C)(x), denoted as
(B U C)(x), satisfying A(x) < (B U C)(x). |A(x)| < |B(x)| < |(BUC)(x)| is obvious. By Remark 2.11 (1), A(x) C; (B U C)(x) holds.

When B~ (x) < C~(x).

Suppose A(x) = {07,0,,+,0,} =0, B(x) ={v],0y,,0} =V and C(x) = {w;,w,, - ,w,.} =W ,and O, V and W are descending
sequences.

Suppose v,,_; > w, and v,, < w, = C~(x). We can divide the elements of A(x) into two descending sequences {0;,0,,**,0,,_1}
and {0,,,0,,,1,",0,}.

Since A(x) C, B(x) and v,_; > w, = C(x), then {0,05,:+,0,_1} < {v1,0p,-,0,,_1} for {01,05,-+,0,_1} C A(x) and
{v, 09, ,U_1 } C(BUC)(X).

Since o, < v,, <w, = C~(x), for 0; €{04, 04157504} T A(x) and all » € (BU C)(x), it implies i > 0, where j=m,m+1,--,a.

Based on the illustrations of sub-case B~ (x) < C™(x), A(x)(q) < (BU C)(x)(q) is obtained, where ¢ = inf {|A(x)|, |(BUC)(x)|}, by
Remark 2.11 (3), one of A(x) C; (BU C)(x) and A(x) C, (B U C)(x) holds.

(5) By Proposition 2.12 (9), A C,, B implies A(x) C; B(x) or A(x) C, B(x) for all x € U. By the results of (3) and (4) of Proposi-
tion 2.22, (5) holds. W

(3) and (4) of Proposition 2.22 can be combined as (1) of Proposition 2.22’. (5) of Proposition 2.22 can be written into (2) of
Proposition 2.22’.

Proposition 2.22" The following statements hold for A, B,C € HF(U),
(WIfAcC,, B,then AC,,, BUC.
(2)IfAc,B,then AC,,, BUC.

Proposition 2.23. The following statements hold for A, B,C € H F(U),
(DIfAC,B AnCc,BnC.
(2 IfAc,B, AnCc,BnC.
AIfAC;B, AnNCC,BnC.
(HIfAC,B,AnCC,BNC.
(B)IfAC,B, AnCc,BnC.
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Proof. (1)-(5) are obvious.

Proposition 2.24. The following statements hold for x € U and A, B,C € HF(U),
(DIfAcC,B, AuCc,BUC.
(2)IfAC,B, AUCC,BUC.
(3AIfAC,B, AuCC,BUC.
(HIfAc,B,AuCC,BUC.
(5)IfAc,B, AuCcCc,BUC.
(6) If A C, B, then at least one of (AU C)(x) C, (BUC)(x) and (AU C)(x) C; (BU C)(x) holds.
(7) If A C, B, then at least one of (AU C)(x) C; (BU C)(x) and (AU C)(x) C, (B U C)(x) holds.
(8) If A C, B, then at least one of (AU C)(x) C; (BUC)(x) and (AU C)(x) C, (BU C)(x) holds.

Proof. (1)-(5) are obvious.

(6) For arandom x € U, suppose A(x) = {01,0,,+,0,} =0, B(x)={v],0p,-,0} =V and C(x) = {w;,w,, -, w,} =W, and O,
V and W are descending sequences. Since A C; B, then b< a, and o; <v; for 1 <i<b.

To sort and investigate the two sequences wl= {01,00,+,0,} UW and w?= {v1,0,, -, 0} UW, it is obvious that wligw?.

= B~ (x) < (BUC)(x), then (BU C)(x) is a subsequence of W2 Let g = znf{ |(AUC)(x)|, [((BUC)(x)|}, then ¢ < |[W| = |W?2|.
Jl < w2 for 1 <j<g=inf{|(AUuC)x)|,|(BUC)x)|}, where w e w! and w e w2

By Remark 2.11 (3), one of (AU C)(x) C; (BUC)(x) and (A U C)(x)C; (BU C)(x) holds.

(7) For a random x € U, suppose A(x) = {01,02,- ,0,} =0, B(x)={v|,0y,:+,0p} =V and C(x) = {w,wy, - ,w,} =W, and O,
V and W are descending sequences. Since A C, B, then a< b, and 0; <v; for I <i<a.

To sort and investigate the two sequences W' = {0,,0,,-,0,} UW and W? = {v,,0v,, -, v,} UW, it is obvious that W! < W?2.

0, = A™(x) < (AUC)™(x), then (AU C)(x) is a subsequence of W'. Let g = inf {|(AUC)(x)|, (BUC)(x)|}, then ¢ < [W!| = [W?|.
wjl. < wj2. for 1<j<qg=inf{|(AUC)x)|,|(BUC)x)|}, where wjl. e Ww! and w? e W2.

By Remark 2.11 (3), one of (AU C)(x) C, (BUC)(x) and (AU C)(x) C, (B U C)(x) holds.

(8) By Proposition 2.12 (9), A C,, B implies A(x) C, B(x) or A(x) C, B(x) for x € U. By the results of (6) and (7) of Proposition 2.24,
then (8) holds. W

(6) and (7) of Proposition 2.24 can be combined as (1) of Proposition 2.24’. (8) of Proposition 2.24 can be written into (2) of
Proposition 2.24/.

Proposition 2.24" The following statements hold for A, B,C € H F(U),
HIfAc,, B,then AuCc,,, BUC.

sot sot

@ IfAcC,B,then AUCC,, BUC.

sot

Example 2.25. Let U = {x|, Xy, X3, X4, X5 Xg, X7, X}, A = (0204]+{0205}+{0305}+{0506}+{0i07}+{0304)+{0304}+(0304]

5
B= (OAI,OAI,O.S} + {0108} + [04041] + {0607} + {0809} + (0.1,01,0.3,0‘5) + {0A1,0A1.0.3,0A5} + [0508) ,C= {0102} + {05} {0.5} + [045045) +
X6 X7 X8 X X2 X3

{0708)+{0107}+{0304}+(0104} {0809)

+

o) A(x]) c B(x]), ‘(An C)(x]) =1{0.1.02,02}, (BN O)(x;) = {0.1,0.1,0.1,0.2}. (AN C)x,) &, (BN C)x}). (AN C)x) &,
(BNO)(x)).

A(x,) C, B(xy), (AN C)(xy) = {0.2,0.5,0.5}, (BN C)(xy) = {0.1,0.5}, (AN C)(x,) &, (BN C)(x).

A(x)) €, B(x), (AU C)(x)) = {0.2,0.2,0.4}, (BU C)(x)) = {0.1,0.1,0.1,0.2,0.5}. (AU C)(x}) Z,, (BUC)(x)). (AUC)(x)) &,
(BUC)(x)). (AUC)x)) &, (BUC)x)).

(2) A(xs) C, B(xs), (AN C)(x5) &, (BN C)(x5). (AN C)(xs) &; (BN C)(xs).

A(xg) C, B(xg), (AU C)(xg) &,, (BUC)(xg).

A(xs) C, B(xs), (AUC)(xs) ¢, (BU C)(xs).

(3) A(x3) C,y B(x3), (AN C)(x3) = {0.3,0.45,0.45}, (BN C)(x3) = {0.4,0.41}. (AN C)(x3) &, (BN C)(x3).

A(x,) C,, B(x,), (AN C)(xy) = {0.2,0.5,0.5}, (BN C)(x,) = {0.1,0.5}. (AN C)(xy) &, (BN C)(x,).

A(x3) G,y B(x3), (AU C)(x3) = {0.45,0.45,0.5}, (BU C)(x3) = {0.45,0.45}. (AU C)(x3) £, (BU C)(x3).

A(x,) C,, B(xy), (AUC)(x,) = {0.7,0.8}, (BUC)(xy) = {0.7,0.7,0.8}. (AU C)(xy) &, (BU C)(xy).

(4) A(xs) C, B(xs), (ANC)(x5) = {0.1,0.6,0.7,0.7}, (BNC)(x5) = {0.1,0.7}. (ANC)(x5) &,, (BNC)(x5). (ANC)(x5) &, (BNC)(xs).

A(x,) C, B(xy), (AUC)(x,) €, (BUC)(xy).

A(xs) C, B(xs), (AU C)(x5) &, (BUC)(xs).

(5) A(xg) C, B(xg), (ANC)(xg) = {0.3,0.3,0.4,0.4}, (BNC)(xq) = {0.1,0.1,0.3,0.3,0.4}. (ANC)(x4) &,, (BNC)(xg)- (ANC)(xg) L
(BN O)(xg). (AN C)(xg) &; (BN C)xg).

A(x;) C, B(x7), (AU C)(x7) = {0.3,0.4,0.4}, (BU C)(x;) = {0.1,0.1,0.1,0.3,0.4,0.5}. (AU C)(x;) &,, (BUC)(x7). (AUC)(x;) &,
(BUC)(xy).

A(xg) C; B(xg), (AU C)(xg) &, (B U C)(xg)-

(6) A(xs) C, B(xs), (AN C)(x5) &,, (BN C)(xs). (AN C)xs) &, (BN C)(xs).

A(xg) C, B(xg), (AU C)(xg) = {0.8,0.9}, (B U C)(xg) = {0.8,0.8,0.9}. (AU C)(xg) Z,, (B U C)(xg).

9
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A(xs5) C, B(xs5), (AU C)(x5) ; (BU C)(x5).

For three classical sets A, B and C, AC B and AC C if and only if A= B C. This rule in the cases of three hesitant fuzzy sets
A, B and C is investigated, shown as Proposition 2.26.

Proposition 2.26. The following statements hold for A, B,C € H F(U),
(D Ac,Band Ac,Cifandonlyif AC,BnC.
(2)Ac,Band Ac,Cifandonlyif Ac, BnC.
(3) AC,Band AC,C, then AC, BnC.
(49 Ac,Band AC,Cifandonlyif AC, BNnC.

Proof. (1) Forall xe U, A*(x) < B*(x) and A*(x) < C*(x) if and only if A*(x) <inf{B*(x),C*(x)}.

(2)Forallxe U, A~ (x) < B™(x) and A~ (x) < C™(x) if and only if A=(x) <inf{B~(x),C~(x)}. To combine the result of (1), then
(2) holds.

(3) For arandom x € U, the relationships of 7 € C(x) and interval [B~(x), B¥(x)] are divided into two cases (i) and (ii) as follows,

(i) h & [B~(x), B*(x)] for all h € C(x).

This case includes two sub-cases, B (x) < C~(x) and C*(x) < B™(x). When B*(x) < C™(x), A(x) C, B(x) = (B n C)(x). When
C*(x) < B (x), A(x) C, C(x) = (BN C)(x).

(ii) A € [B~(x), B*(x)] for some h € C(x).

This case includes two sub-cases, B (x) < C*(x) and C*(x) < B (x).

When B*(x) < Ct(x), h € (BN C)(x) for all h € B(x), i.e., B(x) C (B n C)(x). Since A(x) C, B(x), by Remark 2.11 (1), there is
a subsequence of B(x), denoted as B(x), satisfying A(x) < B(x). Since B(x) C (B n C)(x), thus B(x) is a subsequence of (B N C)(x),
then A(x) C, (BN C)(x).

For another sub-case C*(x) < BY(x), h € (BN C)(x) for all h € C(x), i.e., C(x) C (BN C)(x). Since A(x) C, C(x), by Remark 2.11
(1), there is a subsequence of C(x), denoted as %, satisfying A(x) < m Since C(x) C (B N C)(x), thus C(x) is a subsequence of
(BN C)(x), then A(x) C; (BN C)(x).

To sum up, A(x) C; (BN C)(x) for random x € U, then AC, BN C.

(4) Forall x e U, A*(x) < B~(x) and A*(x) < C™(x) if and only if A*(x) <inf{B~(x),C~(x)}. W

Suppose A(x) = {0.3,0.5,0.7}, B(x) = {0.8,0.9}, C(x) = {0.6,0.8,0.9}. A(x) C; (B n C)(x), but A(x) ¢; B(x). The converse of
Proposition 2.26 (3) does not hold.

2.5. The proposition of the complement of hesitant fuzzy set and the transitivity of the inclusion relationships in hesitant fuzzy sets

Proposition 2.27. The following statements hold for A, B€ H F(U),
(1) Ac, B, then B C, A°.
(2) AcC,, B, then B¢ C,, A“.
(3) AC, B, then B¢ C,, A°.
(4) AcC, B, then B C, A°.

Proof. (1) For all x € U, since A C, B, then A*(x) < B*(x) and A~(x) < B~(x). Then (B°)"(x)=1—-B*(x) <1 - A*(x) = (4°)"(x)
and (BS)*(x)=1— B~(x) < | — A~(x) = (A°)*(x). Then B¢ C,, A°.

(2) For each x € U, and each H € HF(U), mean[ H¢(x)] = (|H(x)| X 1 — | H(x)| X mean[ H(x)])/| H(x)|, since | H(x)| = |H(x)],
then mean[H¢(x)] = 1 — mean[H (x)]. A C,, B, thus mean[A(x)] < mean[B(x)], then 1 — mean[B(x)] < 1 — mean[A(x)], it implies
BC(x) C, A°(x).

(3) For each x € U, we can sort the elements of A(x) and B(x) at first. Let A(x) = {h},hy, -, h;} and B(x) = {A’ ,h’z, ,h;{} be
two descending sequences.

Since A C; B, then h’1 > hy, h’2 > hy, -, h;C > hy and k <I. Then, 1 — h’l <l—hy, 1- h’2 <1—hy, -, 1= h;( <1-hy. Thereisa
subsequence of A°(x), denoted as A"—(x), satisfying B¢(x) < A‘_(x)

Since |A°(x)| = |A(x)| = | B(x)| = | B°(x)|, by Remark 2.11 (1) and (2), then B¢(x) C,,, A°(x).

(4) For all x € U, since A C,, B, then A*(x) < B~(x). (A9)~(x)=1— A*(x) > | — B~(x) = (B)*(x), then B*(x) C, A°(x). W

{0.2,0.25} B= {0.1,0.1,0.41} {0.1,0.2,0.3}

Example 2.28. Let U = {x,y}, A= L + 5 N + 8
(1) A(x) C, B(x). A°(x) = {0.6,0.6}, B¢(x)={0.9,0.9,0.59}. B¢(x) ¢, A°(x), B*(x) £, A°(x).
(2) A ¢; B(y). A°(y) = {0.8,0.75}, B(y) = {0.9,0.8,0.7}. B°(y) €, A°(y), B°(Y) £, A°(), B°W) &,y A°(¥), B(y) &, A°(y),
BC(y) &, A°(y), B(») €, A°(p).

0.4,0.4}
x

It should be noted that
AC[,B#BC CPA”.
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Proposition 2.29. The following statements hold for A, B,C € HF(U),
(1)IfAchandBcpC, thenACpC.
(2 IfAc,Band BC,C, then AC,C.
3IfAc,Band BC, C, then AC, C.
(HIfAC,Band BC,C, then AC,C.
(5)IfAC,Band BC,C, then AC, C.
(6)IfAc,Band BC, C,then AC, C.

Proof. (1) and (2) are obvious.

(3) Ac,, B and B C,, C imply that mean[A(x)] < mean[B(x)] < mean[C(x)] for all x € U, where mean[-] is the mean value
operator. Then A C,, C.

(4 Ac,Band BC,C imply that |A(x)| > |B(x)| |C(x)| forall xe U.
Let C(x) = {hC, h,f IC(x)I }, B(x) = {hB, IB(x)I} and A(x) = {hA, . hIAA( )I} be three descending sequences, since
A(x) C; B(x) and B(x) C, C(x), then A > hf > h;‘, h2C hy > hy, -, and hlc(x)l o 2 M- Henee, A, C.

(5)Ac;Band B¢, C imply that |A(x)| < |B(x)| <|C(x)| forall xeU.

Let C(x) = {hC hC . IC(x)I }, B(x) = {hB, IB(X)I} and A(x) = {hA, . hf‘A( )I} be three descending sequences, since
c B> A c Bs B B
A(x) C; B(x) and B(x) C, C(x) then h1 > h1 > h h > h h -, and h\A(x)| h\A(X)I > h\A(x)|' Hence, AC, C

(6) AC, B and B C, C imply that A*(x) < B~ (x) < B+(x) < C (x)forall xeU,then AC,C. W
2.6. The situation of equality in hesitant fuzzy sets

Theorem 2.30. The following statements hold for x € U and A, B € H F(U),
(1) A=B, thenA=pB, A=,Band A=, B
(2) A=,B& A=B.
3 A= BﬂlenA— B, A=,Band A=,
1C)) IfA ., B, then h’ n" for aln e A(x) and all K"’ € B(x).
(5)IfA—,, B, then A=,B, A=,Band A=, B

Proof. (1) Obvious.

(2) It is obvious that A = B implies A =, B.

On the other hand, for each x € U, we can sort A(x) and B(x) to obtain two descending sequences A(x) = {h, h,,---,h;} and
B(x)=1{g1,8, .8} Since A=, B, i.e., A(x) C; B(x) and B(x) C; A(x). Then |A(x)| = |B(x)|, h; < g; and g; < h; for 1 <i < |A(x)].
It means that A = B.

(3) By (2) and (1), then (3) is obvious.

(4) For each x € U, if A=, B, i.e., A(x) C, B(x) and B(x) C, A(x), then B*(x) > B~(x) > A*(x) > A~(x) > B*(x), then h’ = n"
for all A’ € A(x) and all 4" € B(x).

(5) By (4), (5) is obvious. W

Theorem 2.30 indicates that if one of A =, B, A=, B and A =,, B does not hold then A =, B and A= B (A =, B) do not hold.

Theorem 2.31. The following statements hold for A, B,C € HF(U),

(DANA=,A AUA=, A

(2 ANA=,A, AUA=, A.

(3 AnA=,A AUA= A

(D (AUB)NA=,A, (ANB)UA=, A.

(5) (AUB)NA=,A, (ANB)UA=, A.

(6) (AUB)NC=,(CNA)U(CNB), (ANB)UC=,(CUA)N(CU B).
(7) (AuUB)NC=,(CNAU(CNB), (ANB)UC=,(CUA)N(CUB).

Proof. (1)-(3) are obvious.

Let A’, A", B', B", C' and C" be six fuzzy sets. For all x € U, let A’(x) = AT (x), A" (x) = A~ (x), B'(x) = BT (x), B" (x) = B~ (x),
C'(x)=C*(x) and C"(x) = C~(x).

For the proofs of (4)-(7), we give a simple example as follows. By the results of fuzzy sets [6], (A’(x) U B'(x))n A’(x) = A’(x) and
(A"(x)UB"(x)) N A" (x) = A”(x), i.e., (A*(x)U B*(x)) N A*(x) = A*(x) and (A~ (x)U B~(x)) N A~(x) = A~(x), then (AU B)N A =, A.

(4)-(7) are easy to be proved by the results of fuzzy sets in [6]. [l

Example 2.32. Let U = {x}, A = (010203} ' p_ (030405} - _ (0304505
(AN B)(x)={0.1,0.2,0.3,0.3}, ((AnB)uA)(x)—{Ol 0.1.02.02.03.03. 0.3} #,, A(x).
(AU B)(x) ={0.3,0.3,0.4,0.5}, (AU B)n A)(x) = {0.1,0.2,0.3,0.3,0.3} #,, A(x).
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((AuB)NC)(x)={0.3,0.3,0.3,0.4,0.45,0.5}, (AN C)u (BN C))(x)={0.3,0.3,0.3,0.3,0.4,0.45,0.5}, (AU B)Nn C)(x) #,, (AN
C)U (BN C))(x).

(AN B)uC)(x)=1{0.3,0.3,0.3,0.45,0.5}, (AuC)n (BU C))(x)={0.3,0.3,0.3,0.3,0.4,0.45,0.45,0.5,0.5}, (AN B) U C)(x) #,,
((AuC)N(BUCO))(x).

In addition, 0.4 & ((A N B) U C)(x), however, 0.4 € (AUC)N(BUC))(x).

Inspired by Theorem 2.30 and Example 2.32, it should be noted that

(ANB)UA#A,
(AUB)NA#A,
(AUB)NC#(ANC)Uu(BNC),
<(AnB)uC;é(AuC)m(BuC),
(ANB)UA#, A,
(AUB)NA#, A,
(AUB)NC#,(ANC)U(BNC),
(ANB)UC#,(AUuC)Nn(BUC).

When considering the C,, and =, relationships, the primary focus lies on determining the upper bound for an object x € U and a
hesitant fuzzy set defined over U. Consequently, several inclusion and equal situations that are applicable to fuzzy sets can also be
extended to hesitant fuzzy sets in the form of C, and =, relationships. Nevertheless, the absence of the implication A C, B #» B¢ C, A°
indicates that the C,, and =, relationships do not align with the inclusion relationships and equal situations observed in fuzzy sets.

Sections 2.2 and 2.3 reveal that certain commonly observed inclusion and equal situations do not apply to hesitant fuzzy sets but
are valid for classical sets.

3. Foundations of families of hesitant fuzzy sets

Let #, and %, be two families of hesitant fuzzy sets. If H; € %, holds for all H; € %, we say that 7 is the classical subset of
75, denoted as #| C #,.

Theorem 3.1. Let 7 C H F(U) be a family of hesitant fuzzy sets over U. The following statements hold,
(D(WH:HeX)c,U{H :HeX}.
2 ({H:HeX}c,U{H HeX}.
3 (H:HeZX}c,U{H:HeX)}.
Y (H:HeX}c,, J{H :HeX}.

Proof. (1) Foreachxe U, inf{H"(x): He X} <sup{HV(x): HeE X}.

(2)Foreach xe U, inf{H (x): He X'} < sup{H (x) : H € Z'}. To combine the result of (1), then (2) holds.

(3) For each x € U, let H;f(x) =inf{H"(x): HE X}, Hs_up(x) =sup{H (x): HeX}.

If HY: ()< Hy,y (), (N(H : HE X)) C,, (UIH : H € 7)) is obvious.

If Hy (x) < H;lf(x), we construct a set of numbers V' ={h: h€ H(x),H €%, H_ (x) <h< H;lf(x)}.

If(W(H:HEXNx)—V #0, then w<inf(V) forall we (V{H : HeZ)Nx)— V.1 (J{H : HEZ})(x)—V #0, then
w' > sup(V) for all w' € (J{H : H € Z'})(x)— V. Then, mean[(\{H : H € #})(x)] < mean[V] < mean[((J{H : H € #Z})(x)], i.e.,
(WMH:HeZ)x)c,(U{H : HeZ})(x).

(4) For each x € U, H,: p (x) and H_ (x) are constructed as (2) above.

sup

If Hf'f(x) < H (x), by Proposition 2.12 (9), (\{H : H € # })(x) Cy, (U{H : H € # })(x) is obvious.

in sup

If Hy, (0 < HY (), let V =((H: HeZ NN (U{H : HeZN), inf(UIH : HET)(x)=V)> H} (x)> Hy, (x)>

sup i sup

sup(\{H : H € %})(x)— V), by Remark 2.11 (4), (\(H : H € #})(x) C. (J{H : HEZ)(x). W

Theorem 3.2. Let Ac HF(U) and % T H F(U) be a family of hesitant fuzzy sets over U. The following statements hold,
(1) AC, H forall HE ¥ ifandonly if AC,(\{H : HEX ).
@IfAC,H,fora H,€ ¥, then AC, | J{H : HEX ).
(3) AC,H foral HE X ifandonlyif Ac, (\{{H : He X}
(DIfAC,H,foraH, e, then Ac,J{H : HeX}.
(5)IfAC,Hforal HEJ, then AC,(\{H : HE %}.
(6)IfAC, H, fora H,€ %, and |A(x)| < |H(x)| forall H € % and x€ U, then AC, | J{H : HEe X}.
(7) ACc, H foral He ¥ ifandonlyif AC,(\{H : HEX}.
(8 IfAC,H,foraH,e,then AC,|J{H : HEX}.

Proof. (1) Foreach xe U, AT (x)<inf{H*(x): H € #} if and only if A*(x) < H*(x) for all H € # .
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DAC, H, €, A*(x)<S H} (x)<sup{H"(x) : HE X} forall x€ U.

(3)Foreachxe U, A~ (x)<inf{H (x): He '} if and only if A~ (x) < H™ (x) for all H € % . To combine the result of (1), then
(3) holds.

BDAC, H e, At () SH(x)<sup{H*(x) : HEX }and A~(x) < H_ (x)<sup{H (x): HeX } forall xe U.

(5) Foreach x e U, AC, H forall H € %, then |A(x)| < |H(x)| and |A(x)| < |("{H : H € Z })(x)| are obvious.

H, (x) can be sorted into a descending sequence H,(x) = {h; ,hlz,, ---} for each H, € # and y €T, where I is an order set and
ri=ie. , o

Let H = {77, n" "} be a subsequence of ((H, : H, € %,y € T})(x), where &' =inf{h} : hi € H(x),y €T} for 1
J<TAX)]. _

A(x) can be sorted into a descending sequence A(x) = {v;,v,, "+, Vg }- Since hjy 2> v; for all y €T" and 1 < j < |A(x)|, then

B =inf{h) b € H (x).y €T} > v, for 1 <j < |AM)], Le., Ax) < H.

[AG)| < [(N{H : H € %})(x)|, by Remark 2.11 (1), then A(x) C, ({H : H € #})(x).

(6) [A()| < |H(x)| for all H € % and x € U. Let H, = {h],h2, -, h*™'} be a subsequence of (J{H, : H, € #.y € T})(x),
where h] = sup{h : h} € H,(x),y €T} for 1 <j <|A()|.

For two descending sequences A(x) = {v}, 0y, Uz } @and H,(x) = {hé,hi, -}, since A C, H,, then v; < h{; <h = sup{hjy' :
h, € H,(x),y €T} for 1<j < |AR)|, i.e., A(x) < H,.

[A)| < [(U{H : H € })(x)|, by Remark 2.11 (1), then A(x) C, (J{H : H € #})(x).

(7) For each x e U, At (x) <inf{H (x) : He &} if and only if A*(x) < H™(x) forall H e #.

8 Ac, H, € %, then A*(x) < H (x)<sup{H (x): HeZ } forallxeU. W

Theorem 3.3. Let 7, %, C H F(U) be two families of hesitant fuzzy sets over U. The following statements hold,
(DIfH\ T H,, then \{H : HeH,}C,(\{H : HEX}.
@YX\ CTH,, then J{H : HEH ) C,|U{H : HEX)}.
Y H\TH,, then \{H: HeX )}, U{H : HEX,}.
DIfH Ty, then({H:HeX)c,(\(H:HeX}.
B)IfH, C ), then J{H : HeX ) C, U{H : HEX,}.
(O IfH,C %), then \{H:HeX }c, U{H : HEX,}.
NDIfH C%, then J{H : He X} C,,y U{H : HEX,}.
B IfH "Xy then(\{H:HEX ) ooy UJIH : HEX,)}.

Proof. (1) For each x € U, if %, C %,, then {H*(x) : H € %,} C{H*(x) : H € %,)}. inf (H*(x) : HE¥,} > inf (H*(x) : H €
9,), then ((H : H € ,)(x) C, ((H : H € %, ))(x).

(2) For each x € U, if #, C %,, then {H*(x) : HE %, } C{H*(x): HE %,}. sup{ H*(x) : H € %,} < sup{ H*(x) : H € %},
then (U{H : H € #,)(x) C, (U(H : H € 1))

(3) If #, C %, by Theorem 3.1 (1) and Theorem 3.3 (2), (\{H : He ¥} C, U{H : He %} C, U{H : H € #,}.

(4)Foreachxe U, it Z\C#,,then {H (x): HeF |} C{H (x): HeX,}. inf{H (x): He X} >inf{H (x): He #,}.
To combine the result of (1), then (4) holds.

(5)ForeachxeU,if #, C#,, then {H (x): HeX |} C{H (x): HeZ,}. sup{H (x) : He ¥} <sup{H (x) : H € %,}.
To combine the result of (2), then (5) holds.

(6) If %, C %,, by Theorem 3.1 (2) and Theorem 3.3 (5), (\{{H : He#,} c,U{H : He %} c,U{H : HE %,).

(7) For each x € U, let sup] = sup{H (x) : H € #} =(U{H : He Z}) (x), sup; = sup{H (x) : HE€ %,} = (U{H : He
1) ().

LetV =(UJ{H : HeZ N)N(U{H : H € %, })(x). Since #| C %, then sup] < sup;.1fhe(J{H : H € ¥, })(x) and sup; <
h, then he (J{H : H € %,})(x). It means that sup((J{ H : H € #,})(x) = V) < sup; . On the other hand, sup; <inf(J{H : H €
%,1)(x) — V), by Remark 2.11 (4), then (J{H : H € %, )(x) C,, (U{H : H € %,))(x).

(8) For each x € U, let inffr =inf{H*(x): H € X}, sup; = sup{H™(x) : H € ,}.

If inf1+ < supg:, by Proposition 2.12 (9), ({H : H € #,})(x) Cy,; (U{H : H € %, })(x) is obvious.
If sup, <inf|". Let V=(H:HeZ}H)x)n(J{H : HEZ})(x).

Base on the condition %) C %5, if h € (\{H : H € #,})(x) and sup; < h, then h € (U{H : H € #,})(x). It means that
sup((MH : He X\ H)(x) = V) < supy. On the other hand, sup; < inf(U{H : H € %,})(x) — V), by Remark 2.11 (4), then
(WH:He¥ )X Cop (UIH: HEL D). A

Theorem 3.4. Let 7, %, C H F(U) be two families of hesitant fuzzy sets over U. The following statements hold,
(1) Thereis a H,+ € %, satisfied H, C, H,« for all H, € %), then \J{H, : H, € #,} C,U{H, : H, € %>}
(2) Thereis a H,« € ¥ satisfied H,« C, H, for all H, € %, then (\{H, : H, € #,} C,(\(H, : H, € %>}.
(3 H,C,H, foral H,€ %, and dll H, € %, then |J{H, : H, €} C,({H, : H, €¥)>}.

(4) Thereis a H,« € ¥, satisfied H, C, H - for all H, € %, then \J{H, : H, € %} c, U(H, : H, € %>}
(5) Thereis a H,~ € ¥, satisfied H,« C, H, for all H, € %), then (\{H, : H, € %} C,(\{H, : H, € % }.
(6)IfH,C,H, foral H,€ %, and dll H, € %, then | J{H,, : H, € #,}C,(\{H, : H, €%,}.
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(7) Thereis a H,« € %, satisfied H, C,, H,« for dll H, € %, then \J{H, : H, € %} C, U{H, : H, € %>).
(8) Thereis a H,« € ) satisfied H,« C,, H, for all H, € %), then \{H, : H, € ¥} C,(\{H, : H, € %,}.
(DIfH,C,H, foral H,€ %, and dll H, € %, then |J{H, : H, € #,}C,({H, : H, €Z,}.

Proof. (1) For each x € U, there is H,« € %, such that H} (x) < H;;(x) for all H, € #y, then sup{H}(x) : H, € #} < H;;(x) <
sup{ HY(x) : H, € 7%, }. Then (J{H,, : H, € %, )(x) C, (U(H, : H, € ().

(2) For each x € U, H.(x) < H;f(x) for all H, € #,, then inf{H;(x) : H, € #} < H.(x) < inf{H;f(x) : H, € #,}. Then
("{H, : H, e })(x) <, (ﬂ{Hy : Hy € 75 (x).

(3) For each x e U, H} (x) < H;'(x) for all H, € #, and all H, € %, thus sup{ H} (x) : H, € #} < H;'(x) for all H, € 7,
then sup{ H}} (x) : H, € 7} <inf {H}(x) : H, € %,}. Then (J{H, : H, € 7, )(x) C, (" H, : H, € %, })(x).

(4) For each x € U, there is H, € #, such that H_(x) < HV_* (x) for all H, € #,, then sup{H (x) : H, € ¥} < Hy‘*(x) <
sup{ Hy‘(x) : Hy € #,}. To combine the result of (1), then (4) holds.

(5) For each x € U, H (%) < HV‘(x) for all H, € %,, then inf{H,(x) : H, € #,} < H_.(x) < inf{Hy‘(x) : H, € %,}. To
combine the result of (2), then (5) holds.

(6) For each x e U, H_(x) < H;(x) forall H, € %), and all H, € %, thus sup{H_ (x) : H, € #|} < Hy‘(x) for all H, € %>,
then sup{ H (x) : H, € %} < inf{Hy‘(x) : H, € %,}. To combine the result of (3), then (6) holds.

(7) For each x € U, there is H,« € #, such that H} (x) < HJ;(x) for all H, € %), then sup{H(x) : H, € #,} < Hy‘*(x) <
sup{H, (x) : H, € %,}. Then (UlH, : H, e\ )0 C, (ULH, : H, € %,})(x).

(8) For each x € U, H.(x) < H (x) for all H, € %, then inf{H}(x) : Hy € %} < H},(x) < inf{H;(x) : H, € %,}. Then
(N{H,: H,eZ })(x)C, (ﬂ{Hy : Hy € 7,5 })(x).

(9) For each x e U, H} (x) < HZ(x) for all H, € #, and all H, € %, thus sup{H} (x) : H, € #) < HZ(x) for all H, € %,
then sup{ H}} (x) : H, € 7} <inf{H; (x) : H, € %,}. Then (J{H, : H, € #,)(x) C, ("{H, : H, € Z)(x). W

4. Parameter reductions of hesitant fuzzy information systems

This section focuses on examining various propositions related to parameter reductions in hesitant fuzzy information systems
(HFISs), followed by the introduction of an algorithm specifically designed for parameter reductions in such systems.

4.1. Parameter reductions based on several kinds of f-partition in hesitant fuzzy information systems

First, we review the definition of the hesitant fuzzy information system as follows.

Definition 4.1. [30] A HFIS is a quadruple (U, F, E, V'), where U is a non-empty finite set of objects, E is a non-empty finite set of
attributes, F : U X E - V is an information function and F(e)(x) = v € V is a hesitant fuzzy element for x € U and e € E.

In cases where the information system encounters a missing value, it is designated as null (v = null).

In the initial information systems, if an object has the characteristic with respect to attribute e, then F(e)(x) is denoted as 1 (i.e.,
F(e)(x) = 1), otherwise, F(e)(x) is denoted as 0 (i.e., F(e)(x) = 0). However, hesitant fuzzy elements are not limited to binary values
of 1 or 0. A key challenge lies in determining whether an object x € U possesses attribute e € E. We address this challenge based on
the analysis of Example 2.9 and Definition 2.10.

Considering the scenario where f(e;) = {0.5,0.4,0.3} represents an evaluation indicator provided by three experts to assess the
objects x; € U on the attribute e;. If f(e;) C, Fle(x)) = {0.6,0.3,0.2}, an adventurous decision-maker would conclude that x;
possesses the attribute e; (or that object x, is acceptable to him concerning attribute e,). A risk-neutral decision-maker might reject
the weaker inclusion relationship “C,” and instead prefer the stronger inclusion relationship “C,” (Proposition 2.12, “C,”=“C,”).
If f(e;) C, F(e)(x,) ={0.6,0.3,0.3}, the risk-neutral decision-maker might find object x, acceptable and not x; when considering
the attribute e;. A conservative decision-maker may accept the inclusion relationship “C,” but reject “C,” and “C,”. If f(e;) C;
F(e;)(x3)=1{0.6,0.5,0.3}, the conservative decision-maker might find object x5 acceptable, while rejecting x; and x, for the attribute
e.

Based on the preceding discussion, the object set U can be segmented according to the evaluation indicator f and various inclusion
relationships. As illustrated in Example 4.12, f(e;) ¢, F(e)(x) for x € {x;,x,,x3}, whereas f(e;) C, Fle)) for y € {x4,x5,xg}.
Consequently, the object set U is divided into two subsets: {x,x;,x3} and {x,4, x5, xg}. The objects {x4, x5, X} possess the attribute
e; according to the evaluation indicator # and “C,” inclusion relationships, while {x,x,,x3} do not. The partition derived from
“c,” and f is henceforth denoted as the pf-partition, with analogous notations for the cases of other inclusion relationships (in
Definition 2.10), af-partition, mp-partition, sf-partition, ¢f#-partition, and nf-partition.

By applying the aforementioned operations, it is possible to determine whether an object x € U possesses the attribute e € E
under the indicator # and various inclusion relationships. The HFIS is thereby converted into a 0-1 binary value information system,
facilitating more straightforward information analysis.

14



S. Lu, Z. Xu, Z. Fu et al. Information Sciences 714 (2025) 122212

Hereafter, Nflﬂ is referred to as the pf-partition of U with respect to e;, defined as Nflﬂ ={{x: Bl g, Fle)x),xeU},{y:
pley) <, F(e))),y € U}} = {{x1,x2,x3}, {x4,%5,Xxg}}. Moreover, Nflﬂ(xl) represents an element of Nflﬂ containing x;, where
NP (x)) = {x).%3.%3}. Additionally, N2 (x,) = N2’ (x3) = {x).x.x3}, while N2’ (x,) = NI (x5) = NI (x6) = (x4, x5. %6 }.

Definition 4.2. Let (U, F, E, V) be a HFIS and § € H F(E) be an evaluation indicator, F : UXE -V, ACE.

(1) Let Nepﬁ ={{x:ple)c, Fle)(x),xeU}L{y: Ble)Z, F(e)y),y€U}} be a pp-partition of U with respect to e, Nfﬂ(x) be an
element of Nfﬁ which contains x, N‘;ﬁ(x) = [‘I{Nfﬂ(x) :e€ A}, and CovPP(A) = {Nzﬂ(x) xeU).

(2) Let Ne"p ={{x:ple)C, Fle)(x),xeU},{y: ple) ¢, F(e)(y),y € U}} be a af-partition of U with respect to e, Ngﬂ(x) be an
element of Nfﬂ which contains x, Njﬂ(x) = rl{Ne”ﬂ(x) :e€ A}, and CovP(A) = {NZﬂ(x) xeU).

(3) Let Nemﬂ ={{x:pleC, Fle)x),xeU},{y: ple) ¢, F(e)(y),y € U}} be a mp-partition of U with respect to e, Nemﬁ(x) be an
element of N(f"ﬂ which contains x, N;"ﬂ(x) = rl{Nemﬁ(x) :e€ A}, and Cov™P(A) = {N;"ﬂ(x) xeU}.

(4) Let Njﬁ ={{x:ple)C, F(e)(x),x €U}, {y: ple) &, F(e)(»),y € U}} be a sp-partition of U with respect to e, Nesﬂ(x) be an
element of N which contains x, Njﬂ(x) =n{N*(x): e € A}, and Cov*F(A) = {N;ﬂ(x) xeU}.

(5) Let N;ﬂ ={{x:ple)C, Fle)x),xe U}, {y: ple) &, F(e)(y),y € U}} be a tf-partition of U with respect to e, N;ﬂ(x) be an
element of Néﬂ which contains x, N;ﬁ(x) = I']{N;ﬂ(x) :e€ A}, and Cov'f(A) = {N;ﬂ(x) :xeU}.

(6) Let N:ﬂ ={{x:ple)c, Fle)x),xeU},{y: ple) ¢, F(e)(y),y € U}} be a nf-partition of U with respect to e, N:ﬂ(x) be an
element of N which contains x, Nzﬂ(x) =m{N"¥(x) : e € A}, and Cov"P(A) = {N:ﬁ(x) xeU).

Proposition 4.3. Let (U, F, E, V) be a HFIS and f € H F(E) be an evaluation indicator, F : U X E — V, e € E. The following statements
hold,

(1) Suppose N = {K,,K,}, then K, MK, =% and K, UK, = U.

(2) Suppose N = {K,,K,}, then K, K, =@ and K, UK, = U.

(3) Suppose N = {K,.K,}, then K, MK, = and K, UK, = U.

(4) Suppose N3¥ = (K|, K,}, then K, MK, =0 and K, UK, = U.

(5) Suppose NP = {Ki,K,}, then K MK, =@ and K; UK, =U.

(6) Suppose N’ = {K,,K,}, then K, K, =0 and K, UK, = U.

Proof. (1)-(6) are obvious.

Proposition 4.4. Let (U, F, E,V) be a HFIS and f € H F(E) be an evaluation indicator, F : U X E — V, e € E. The following statements
hold,

(D If ye N (x), then NI (y) = NI’ (x).

@ If ye N (x), then N (y) = N (x).

(3) If ye NI (x), then N} (y) = N’ (x).

@ Ifye N (x), then N (y)= N (x).

() If ye N (x), then N’ (y) = N (x).

(6) If ye N/ (x), then N’ (y) = N/’ (x).

Proof. (1)-(6) are obvious.

Definition 4.5. Let (U, F, E, V') be a HFIS and f € H F(E) be an evaluation indicator, F : UXE - V,a€ AC E.

(1) If CovPP(A) = CovPP (A — {a}), then a is called a reducible parameter of the HFIS (U, F, A, V') based on pf-partition, denoted
as a € RPP(A); if CovPP(A) # CovPP(A — {a}), then a is called an irreducible parameter of (U, F, A, V') based on pf-partition, denoted
as a € CorePP(A).

(2) If Cov*(A) = Cov®¥(A — {a}), then a is called a reducible parameter of the HFIS (U, F, A, V) based on af-partition, denoted
as a € RP(A); if Cov?(A) # Cov® (A — {a}), then a is called an irreducible parameter of (U, F, A, V) based on af-partition, denoted
as a € Core®(A).

(3) If Cov™P(A) = Cov™P(A — {a}), then a is called a reducible parameter of the HFIS (U, F, A, V') based on mf-partition, denoted
as a € R™(A); if Cov™P(A) # Cov™P (A — {a}), then a is called an irreducible parameter of (U, F, A, V') based on mf-partition, denoted
as a € Core™(A).

(4) If Cov*P(A) = Cov*?(A — {a}), then a is called a reducible parameter of the HFIS (U, F, A, V) based on sp-partition, denoted
as a € R%P(A); if Cov*#(A) # Cov*#(A — {a}), then a is called an irreducible parameter of (U, F, A, V) based on sf-partition, denoted
as a € Core’?(A).

(5) If Cov'?(A) = Cov'P(A — {a}), then a is called a reducible parameter of the HFIS (U, F, A, V') based on tf-partition, denoted
as a € R'P(A); if Cov'P(A) # Cov'P(A — {a)}), then a is called an irreducible parameter of (U, F, A, V') based on #-partition, denoted
as a € Core'’(A).
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(6) If Cov™(A) = Cov"P(A — {a}), then a is called a reducible parameter of the HFIS (U, F, A, V) based on np-partition, denoted
as a € R"P(A); if Cov"P(A) # Cov™ (A — {a}), then a is called an irreducible parameter of (U, F, A, V') based on nf-partition, denoted
as a € Core"’(A).

Theorem 4.6. Let (U, F, E,V) be a HFIS and § € H F(E) be an evaluation indicator, F : U X E — V, A C E. The following statements

hold,
(D u{C:CeCoP’(A))=U
(2) u{C : CeCo®(A)} =U
(3) u{C : CeCov(A)} =U.
(P u{C:CeCo*’(A)}=U
(5) u{C : CeCov’(A)}=U.
(6) L{C : C e Cov"(A)} =U.

Proof. (1) Forall x € U, x € N/’ (x), then x e N{ N (x) : e € A} = N*(x) € Cov”(A). Then, U CU{C : C € Cov?’(4)}.
On the other hand, C C U for all C € CovP?(A), then L{C : C € Cov”’(A)} C U.
Hence, LI{C : C € CovPP(A)} =U.
The proofs of (2)-(6) are similar to the proof of (1). W

Theorem 4.7. Let (U, F, E,V) be a HFIS and § € H F(E) be an evaluation indicator, F : U X E — V, A C E. The following statements
hold,

(D) If C; #C}, then C; 1 C; = for all C;,C; € CovPP(A).

(2 If C; #C}, then C; N C; = for all C;,C; € Cov®(A).

(3 If C; #C), then C;NC; = for dll C;,C; € Cov™(A).

(4 If C; # C;, then C;N C; = for all C;,C; € Cov*’(A).

(B IfC; #Cj, then C;NC; =4 for dll C;,C; € Cov'?(A).

O IfC; # C, then C; N C; = @ for all C.C; e Cov"P(A).

Proof. (1) If there are C;, C; e CovPP(A) such that cGne;# @, then there is x € C; M C;.

Since C; #C s then one of C; — G #@and C ;=G # @ holds. These two cases can derive the following two cases, case 1, y € C;
and y ¢ C s and case 2, y¢ C; and ye C e The proof of case 1 is shown as follows,

(i) Since x,y e C; € CovPP(A), then f(e) C, F(e)(x) if and only if f(e) c, F(e)(» forec AC A; and f(e’) Z, F(e’)(x) if and only
if f(e’) ¢, F(e')(y) for others ¢’ € A — A.

(ii) Since x € C;, y £ C; and C; e CovPP(A), then there is at least one e* € A such that f(e*) C, F(e*)(x) and f(e*) Z, F(e*)(y),
or fi(e*) ¢, F(e*)(x) and f(e*) C, F(e*)(y).

There is a contradiction in (i) and (ii). Hence, C; N C; = .

The proof of case 2 (y ¢ C; and y € Cj) is similar to the proof of case 1 (y € C; and y ¢ Cj ), and case 2 also can obtain C; I Cj =0.
Then, C;NC; = for all C;,C; € CovPP(A).

The proofs of (2)-(6) are similar to the proof of (1). W

Theorem 4.8. Let (U, F, E,V') be a HFIS and f§ € H F(E) be an evaluation indicator, F : U X E -V, AC E, x,y € U. The following
statements hold,
(1) If y € N? (x), then N?(x)= N" ().

@ Ifye N (), then N (x)= N (y).
(3) If ye N’ (x), then N (x)= N (y).
@ Ifye NP (x), then N (x) = N ().
() If ye N’ (x), then N (x)= N (y).
) If ye N’ (x), then N"’(x)= N"’ (y).

Proof. (1) Suppose N”’(x) # N”(y), since N”(x),N?(y) € Cov?(A), let N”(x) = C; and N*’(y) = C;. By Theorem 4.7,
Gnc;=0.

On the other hand, y € Nzﬂ(x) and y € N‘;ﬂ(y), then ## {y}CC; N C;. There is a contradiction.

Hence, Nﬁﬂ(x) = Nf‘ﬂ(y).

The proofs of (2)-(6) are similar to the proof of (1). W

Theorem 4.9. Let (U, F, E,V)) be a HFIS and € H F(E) be an evaluation indicator, F : UXE — V, a € A C E. The following statements
hold,
(D a€ RP(A) if and only if NIP () =u(N (1) ye N’ (x)} forall x € U.
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Table 1

A quadruple (U, F,E,V).

Information Sciences 714 (2025) 122212

U

e e, ey ey es e e

X {0.5, 0.3, 0.2} {0.7, 0.6, 0.5} {0.8, 0.7} {0.7, 0.2} {0.6,0.5,0.3, 0.3} {0.6, 0.3, 0.3} {0.8, 0.8, 0.6, 0.5}
Xy {0.4, 0.4, 0.3} {0.7, 0.7} {0.7, 0.6, 0.5} {0.7, 0.5, 0.5} {0.7, 0.5, 0.3, 0.3} {0.6, 0.3, 0.3} {0.6, 0.4, 0.3}

X3 {0.3,0.2, 0.1} {0.7, 0.6} {0.6, 0.5} {0.7, 0.2} {0.6,0.5,0.3,0.1} {0.6, 0.3} {0.3, 0.3}

Xy {0.8,0.7, 0.7} {0.4, 0.3} {0.3, 0.3, 0.2} {0.9, 0.7} {0.5, 0.5, 0.2} {0.9, 0.8, 0.7, 0.6} {0.9, 0.7}

X5 {0.8,0.7, 0.6} {0.3,0.3, 0.2} {0.3,0.3,0.1} {0.8,0.8,0.7} {0.6, 0.2, 0.2} {0.7, 0.6, 0.5, 0.3} {0.5, 0.3}

X¢ {0.7, 0.7, 0.6} {0.8, 0.6, 0.5} {0.2,0.1, 0.1} {0.8,0.7, 0.7} {0.6, 0.2} {0.6, 0.5, 0.3, 0.1} {0.5, 0.3, 0.1, 0.1}

(2) a € R%(A) if and only if N*(x) = u{Nj;’i{a)(y) 1 yeNPx)} forall x e U.
(3) a € R"(A) if and only if N™ (x) = u{N;”f{a)(y) cye N™(x)} forall x e U.
(4 a € R(A) if and only if N*P(x)= u{N;”_(a)(y> 1 ye NP ) forall xeU.
(5) a € R(A) if and only if N (x) = u{Njf_{a)(y) 1 yeNP(x)} fordll x e U.
(6) a € R"P(A) if and only if N"(x) = u{N:’i(a)(y) :yeN"(x)} forall x e U.

Proof. (1) The HFIS (U, F, A, V') has one more parameter a than (U, F, A—{a}, V). Then Nﬁﬂ(x)z NN (x): e€ A} =Nzﬂ_{a}(x)|‘|

NP (x)=n{N"(x): e€ A-{a}} I NP’ ().
The proof of necessity.
a € RP(A), then N?(x)=N"" (o) forall xe U N?(x)=N" @@n N2’ (x), then N @@ NPP(x)forall xe U.
By Proposition 4.4, if y € N”?(x), then N”(x) = N”’(y).
If y€ NI (x), then N7 ()€ NP (1= NP (), then (N () : ye NP (0} £ NJP ().
; PP 2 2 . PP
Since y € NA_(G)(y), then N,"(x)C u{NA_[a](y) :y€ N, (x)} holds.
Then N2’ (x)=U(N'’, () : ye NI ().
The proof of sufficiency.
If N2 (x) = u(N?" @ ye N2 (x)}, since x € N’ (x), then N’ ™ N2 (x). Then N”(x) = N’ @®n NP (x) =
N (0 (), Le, a € RIP(A).
The proofs of (2)-(6) are similar to the proof of (1). W

Theorem 4.10. Let (U, F,E,V) be a HFIS and € H F(E) be an evaluation indicator, F : U X E -V, a,b € AC E. The following
statements hold,
(D) If NP = N, then a € RP(A) (b€ RP(A)).

@ If N’ =N’, then a € R(A) (be R (A)).
(3 If N}’ = N/, then a € R"(A) (b€ R™(A)).
W If N =N, then ae R¥(A) (be R¥(A)).
() If N’ =N}, then a € R#(A) (be R (A)).
@) If N’ =N,”, then a € R"(A) (be R"(A)).

Proof. (1) N2/ =N, ie, N’(x)= N (x) for all x e U, then N*(x)= N*’

A—{a.b)
NP (x)=N" (apy T NP @x)=N" (o) Le, a € RPP(A).
b€ RPP(A) can be proved by the same manner of the case a € RP#(A).

The proofs of (2)-(6) are similar to the proof of (1). W

NN’ n NP ()= NP

A_{u’b)(x)l‘lN:ﬁ(x)l‘l

a € RPP(A) or b e RPP(A) holds, however, {a, b} C RP’(A) is not determinate. The situations of (2)-(6) are the same as the situations
of (1).

Theorem 4.11. Let (U, F,E,V) be a HFIS and € H F(E) be an evaluation indicator, F : U X E -V, a,b € AC E. The following
statements hold,

(1) If b€ RPP(A — {a)), then b € RPP(A).

(2) If be R (A — {a)}), then b € R (A).

(3) If b€ R"P(A — {a}), then b€ R™(A).

(9 If be RP(A - {a)}), then b € R*#(A).

(5) If be RP(A - {a})), then b e RP(A).

(6) If be R"P(A — {a}), then b€ R"(A).
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Proof. (1)Since b€ R”¥(A—{a}), by Theorem 4.9, N’ (x)=U{N*’  (3): y€ N/’ (x)}. Since N?’  (y)=N"" Ol NP

A—{a,b} A—{b}
N/’;ﬂ_(a’b](y), then N/’ (x)= u{fo_[a’b](y) :ye NP} u{Nj;ﬂ_(b)(y) ye NP ).

Since y e N/ () (), then NP x)yeu(N? ORI N?(x)} holds.

Based on the results above, then N:ﬂ(x) = u{N/’;/J_(b)(y) 1 y€e leﬁ(x)}, by Theorem 4.9, b € RPP(A).
The proofs of (2)-(6) are similar to the proof of (1). W

0.6,0.5,0.3} + {0.5,0.5,0.3}
el €

Example 4.12. U = {x1,x,,*,x¢}, E={e;,e,,-:-,e;},aquadruple (U, F, E,V) is shown in Table 1. Let § = { +
(040303} | (070605} , (060302} | [060301} | {0.60302)

e3 ey es [ ey

(1) For the Theorem 4.11 (1), a € RP’(A) and b € RP#(A), however b & RPP(A — {a)}).

Nflﬁ = Nf}ﬂ = {{x1,xp,x3}, {x4, X5, X6} }, Nfzﬁ = {{x1,xp,%3,X¢}, {x4,x5}}.

Leta=e,b=e;and A = {e|,ey,e3}. CovP’(A) = {{x],%;,%3}, {X4, X5}, { X6} } = CovPP(A—{a}) = CovPP(A—{b}),i.e.,a € RPP(A)
and b € RPP(A).

CovPP(A —{a,b}) = {{x|, %3, X3,Xg}, {X4, X5} }. CovPP(A — {a,b}) # CovP’ (A — {a}), i.e., b& RPP(A — {a}).

(2) The cases of Theorem 4.11 (2), (3), (4) and (6) are similar to the case of Theorem 4.11 (1).

a € RPP(A) and b e RPP(A), b & RPP(A — {a)}).

With the similar ways above, Cov??(A) = Cov® (A — {a}) = Cov® (A — {b}), Cov®P(A — {a,b}) # Cov®P (A - {a}), i.e., a € R (A)
and b € RP(A), b ¢ R¥(A — {a)}).

Furthermore, a € R™(A) and b € R"™(A), b & R™(A — {a}); a€ R**(A) and b€ R*#(A), b ¢ R¥(A — {a}); and a € R"P(A) and
be R"(A), b& R"(A - {a}).

(3) For the Theorem 4.11 (5), a € R#(A) and b € R (A), however b & RP(A — {a}).

N& = (1x1,%2, %3}, (x4, X5, X6} = Noby NP = ({3}, {2, X3, x4, %5, %6} }.

Leta=es, b=eq, A= {es,eq,e7}. Cov'P(A) = Cov'P(A—{a}) = Cov'P(A—{b}) = {{x1}, (%2, %3}, (X4, X5,%g} }. Cov'P(A—{a,b}) =
{1}, {x2, X3, X4, X5, X6 } # Cov'P(A — {a}).

a€ R"P(A) and b € RP(A), b RP(A - {a)).

When a pf-partition is employed to convert a HFIS (U, F, A, V) into a 0-1 binary value information system, the resulting system
is denoted as Sp =(U,F,A, V)ﬂ, with similar notations applied for .S,, S, S, S;, and S,,.

Let BP = {B? : CovPP(A) = CovPP(A — BP)} and I? = {I? : I? = A — B?, B? € P} be two families over A in S,=U,F,A V).
The similar ways to define (%¢,1%), (B",1"), (%*,1°), ($',1') and ($",1") in S, = (U,F,A,V);, S, =U,F,A V), S, =
(U,F,A, V)ﬂ, S, =(U,F,A, V)ﬂ and S, =(U,F,A, V)ﬂ, respectively.

Theorem 4.13. Let (U, F, E, V') be a HFIS and § € H F(E) be an evaluation indicator, F : U X E -V, AC E. The following statements
hold,

(1) Core?(A) =Mppern IP.

(2) Core®(A)=Nyacgal®.

(3) Core™(A)=NmegnI™.

(4) Core’P(A) =nNpseqs I°.

(5) Core’(A)=Npcp I

(6) Core™(A)=Mnegnl".

Proof. (1) For all B? € &P, CorePP(A)C A — BP, then CoreP?(A)C Mpregr(A — BP) =Mppeqpl?.

For all e & CorePP(A), {e} € BP, then (CorePP(A))° C Uppeggr BP. Then CorePP(A) 1 (Upregr BP) =Mppegr(BP) =Mppecgr(A —
BP)=MppepnIP.

Hence, Core?’(A) =Npepo 1P

The proofs of (2)-(6) are similar to the proof of (1). W

Theorem 4.14. Let (U, F, E,V') be a HFIS and § € H F(E) be an evaluation indicator, F : U X E -V, AC E. The following statements
hold,

(1) e € CoreP’(A) if and only if there is at least a pair of x,y € U whose relations are different in S; =U,F,AV); and S’% =
(U,F,A={e}.V),

(2) e € Core®f(A) if and only if there is at least a pair of x,y € U whose relations are different in S; =(U,F,A, V)ﬁ and SZ =
(U,F,A—{e},V)

(3) e € Core™(A) if and only if there is at least a pair of x,y € U whose relations are different in S! = (U,F,A,V); and S2 =
(U,F,A—{e},V)

(4) e € Coref(A) if and only if there is at least a pair of x,y € U whose relations are different in Ssl =U.,F,A V), and SS2 =
(U,F,A—{e},V)
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(5) e € Core'®(A) if and only if there is at least a pair of x,y € U whose relations are different in le =(U,F,AV); and Sl2 =
(U, F, A= {e},V);.

(6) e € Core"(A) if and only if there is at least a pair of x,y € U whose relations are different in S! = (U,F,A,V); and S? =
(U, F,A={e},V);.

Proof. (1) To denote A’ = A — {e}.

The proof of necessity.

e € CorePP(A), then CovPP(A) # CovPP(A — {e}) = CovPP(A’). There is x, € U satisfying Nzﬁ(xo) # Nﬁf(xo). Then there is y,
satisfying y, € N f;ﬂ (xo) and yo & N Ze (xg), or another case y, € N f;ﬁ (xo) and yy € N Ze (x)- There is a pair of x,y, € U that their
relations are different in S; =U.F,A V) and Sg =U,F,A—{e}, V).

The proof of sufficiency.

For any x, y € U, if the relations of x and y are different in S; =U.F,A V) and S’% =U,F,A-{e}.V)y,ie,y€ Nzﬂ(x) and y &
Nf;l,}(x), or another case y ¢ N/‘;ﬂ(x) and ye Nﬁ’,i(x). In either case, we can deduce Nﬁﬂ(x) #+ Nﬁl,i(x), i.e., CovP?(A) # CovPP(A—{e}),
then e € CoreP?(A).

The proofs of (2)-(6) are similar to the proof of (1). W

4.2. Example and algorithm of parameter reduction in hesitant fuzzy information systems

In this subsection, we provide an example and an algorithm of parameter reduction based on the pf-partition in HFISs. The
parameter reductions based on other kinds of f-partitions can be calculated using a method similar to that of pf-partition.

Example 4.15. A quadruple (U, F, E,V') and § are shown in the Example 4.12. Let A = E, we can thus calculate the families %?
and T” of the HFIS (U, F, A, V) based on pf-partition.

We show the processes of calculating the 9%? and I? in the following steps:

Step 1. Calculate N, fi P for every e; € A.

NP = {{x).%0.%3 ), {x4.%5. %6} )5

N2 = {{x).%3.%3. X6} {X4. X5} },

fo = {{Xl,xz,x3}, {x4’x57x6}}7

fo: {{xl,xz,x3,x4,x5,x6},ﬂ},

NP = {{x),x5.%3. %5, %6 ). (%4},

fo:{{xl,xz,x3,x4,x5,x6},ﬁ},

NP = {{x1.%3.%4). {x3.%5. X6} ).

Step 2. Obtain an initial %7, if ¢; € RPP(A), then {e;} € BP. |BP| =1 for every B in the initial %”.

In this example, the initial %? = {{e;},{e3},{es}, {e5},{eg}}.

Step 3. Select each B” € %7 one by one, if ¢; € RP(A — BY) for an ¢; € A — B, then remove B! from %” and add Bf Ui {e;} to
BP. Here, e; may not be the only one that satisfies e € RPP(A — Bf’ ) in some cases. Thus, if e; € RPP(A — Bl‘.’ ) for e ,EA- Bf’ , then
B} Ui{e;} is also added to 7.

For B! = {e|}, es € R(A — BY), es € RP(A - B}) and ¢5 € R?P(A — B}), then {e|} is removed from %”, and B} L
{es}) = {er,es), B‘;’ U {es} = {e;,es) and Bf U {eg) = {e;,eq) are added to %BP. Based on the results above, then %’ =
{{er.eq). {eg,es) {er.e6). {es), {ea ). {eg} )

To deal with other B? € %”, then we obtain B? = {{e|,e,},{e|.es5}.{e].eq). {e3,e4}. {e3,e5}), {e3. 66}, {eq. 5}, {eq. €6}, {e5,€6} ).

Step 4. Repeat the similar operations of Step 3 until e & RPP(A — BP) for every B? € %" and every e € A — B?. Then, the final
AP is obtained as follows:

RBP = {{e1,ey,e5,e4},{€3,€4,€5,64}}.

Step 5. Calculate 7?7, 7? = {A — B? : B? € %"}.

Zp:{{eza€3,€7}v{e|,ezse7}}-

CovPP(A) = CovPP(IP) for all I? € IP.

A detailed algorithm of parameter reduction of HFISs based on the pf-partition is shown as follows,
5. Application example of foundational theories of hesitant fuzzy sets and hesitant fuzzy information systems

Complex systems like large wind turbines and shield tunneling machines often have a limited number of failed samples and
numerous factors that can potentially impact system failure. The presence of such systems poses challenges in terms of performing
system diagnosis and making decisions regarding system replacement. To address these scenarios, we introduce a multi-strength
intelligent classifier as an alternative approach.

We assumed that | F(e)(x;)| = | F(e)(x 5l foralle € E and x;,x S €U, then the relationship “C,” will not be considered in Section 5.

19



S. Lu, Z. Xu, Z. Fu et al. Information Sciences 714 (2025) 122212

Algorithm 1 Parameter reduction of HFISs based on pf-partition.
Input: HFIS (U, F,A,V) and f.

Output: % and I”.

. Calculate Nf,ﬂ for every ¢; € A.

. Obtain an initial B, if ¢; € R”’(A), then {e;} € B*.

. While There is B” € %" and e € A — B? such that e € R”’(A — B?) do

. repeat

. B — B — (B).

While There is e € A — BP that satisfied e € R”’(A — B?) do

repeat

B? — BP LI {BP L {e}}.

9. until all the B? LI {e} are added to " for some e € A — BP that satisfy e € R"’(A — BP).
10. end while

11. until e ¢ R”(A — BP) for every B? € 98” and every e € A — B”.

12. end while

13. 17 « {A— B? : B’ € B"}.

©ONO U A WN

5.1. Knowledge bases and similar degree functions
Definition 5.1. [26] A pair (U, R) is called a knowledge base, where R # @ and R is a family of equivalence relations on U.

As shown in Example 4.12, let A = {e,e,,e3,€4}, CovPP(A) = {{x1,x5,x3},{x4,x5},{x¢}} can be considered as a knowledge,
denoted as (U, R4 ,p))- Furthermore, R4 5 (x1.x2) = 1 or xy € [x11g, 5 Riapp)(x1.x4) =00rx, & [x11g,, . Cov™(A), Cov™P(A),
Cov*?(A) and Cov"#(A) are knowledge generated by Ri4ap)> Riampys Riasp) and Ry ,p), TESpectively.

Let R* = { R4 pp)» Ria,ap)> Riamp)s Riaspys Rianpy > then (U, R”) is a knowledge base.

Definition 5.2. Let (U, F, E,V) be a HFIS and f € H F(E) be an evaluation indicator, F : UX E >V, x;,x; €U, e€ AC E, and
A= {-e; i e; €A},

(1) Attribute recognition functions:

EPP(x,) = ;1\, where AC AU —A,and e € Aif B(e) C,, F(e)(x;); otherwise, ~e € A.

9 (x;) = A, where AC ALI-A, and e € A if f(e) C, F(e)(x,); otherwise, —e € A.

gmP(x;)= A, where AC ALI-A, and e € A if f(e) C,, F(e)(x,); otherwise, —e € A.

&9(x;) = A, where AC AL-A, and ¢ € A if f(e) C, F(e)(x,); otherwise, ~e € A.

&"P(x;)= A, where AL ALI-A, and e € A if f(e) C,, F(e)(x;); otherwise, - € A.

(2) Similar degree functions:
1678 (NP (x;)|

SimP? (x;, x;) = 4]

Sim® (x;, x;) = w
Sim™ (x;,x;) = w
Sim(x;,x;) = w

Sim”ﬁ(x,-,xj)= %

As shown in Example 4.12, f(e;) ¢, F(e;)(x;); and f(e;) C, F(e;)(x;) for e¢; € E — {e;}. It means that the object x; has
no characteristic concerning e, based on pf-partition. Then, &”%(x,) = {—ej,e;,e3,e4,e5,¢,€7}. In the same manner, .fpﬁ(x5) =

1670 GepnePl (xs)| _ [Heaesestl _ 3
|E| |E| 7

{e}, ey, mes, ¢4, €5, 6,77 }. Furthermore, Sim??(x,x5) =

Theorem 5.3. For X C U, the following statements hold in the knowledge base (U, R™).
(1) SimPP(x,y)=1forx,ye X € (WU, Rg ppy)-
2) Sim®(x,y)=1 forx,ye X e (U’R(A,aﬁ))-
(3) Sim™(x,y) =1 for x,y € X € (U, Rig p))-
@ Sim*f(x,y)=1 forx,ye X e (U, Rasp)-
(5) Sim"(x,y)=1forx,ye X € WU, Ry up)-

Proof. (1) For X € (U, R4, = Cov?’(A) and x € X, since {x,y} C X =N{N’(x) : e € A}, then y € N/’ (x) for all e € A. There-
fore, we can obtain that PP (x) = £P8(y), then SimPP(x,y) = 1.
The proofs of (2)-(5) are similar to the proof of (1). W
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Table 2

Credible degrees that the equipment is healthy

Information Sciences 714 (2025) 122212

Kinds of Credible degrees of Health Sample
partition systems’ health states ~ grade set
nf-partition necessary credible Gl U,
sp-partition strong credible G2 U,
mf-partition middle credible G3 u,
af-partition middle credible G3 U,
pp-partition weak credible G4 U,
other cases not credible G5 U,

5.2. Multi-strength intelligent classifier for health status diagnosis of complex systems

In this section, we introduce a multi-strength intelligent classifier designed to diagnose the health status of complex systems. We
provide a description of the health state partitions for the complex system, discuss the conditions for terminating the training of the
intelligent classifier, and describe the classification approach employed by the intelligent classifier.

5.2.1. Partitions of health states

In order to use the results of the previous section to diagnose the health status of the system, we divide the health level of the
system into five levels according to Definition 2.10, shown in Table 2. For example, x € U, means that it is necessary credible that x
is a healthy equipment; y € U, means that it is not credible that y is a healthy equipment, i.e., y is a failed equipment.

5.2.2. Conditions under which the multi-strength intelligent classifier terminates training
If Sim"? (x;,x j) > PT (Sim"? (x;,x j) < NT), then x; and x ; are (not) considered as two samples in the same category based on
np-partition, where PT is a positive threshold and NT is a negative threshold.

1 Y Sim(x,.x;)> PT,

2
Cluz) wxev;
21 Z Simsﬂ(x,.,xj)ZPT,
Cluz) xix,evs
1 o
_— Sim"™(x;,x;) <NT,
Uy x|Ux|

* *
x;€US x; €U,

Czl Z Simmﬁ(x,-,xj)ZPT,

U x;.X; €U,

1 ,
_ Sim*P(x;,x;) < NT,
|U# | x |UZ| xieU%jEU;‘ v
1)
1 im®
= Z Sim® (x;,x;) = PT,

U] xix;€Uq

1
U1 x|UF Z

x; €U, x;€eUy

Sim*(x;,x;) < NT,

C21 2 Sim"’ﬂ(xi,xj)ZPT,

.
U1 xi-x; €U,

1
[ARICH Z

Sim‘”p(x,-,xj) <NT,
x,-EUl,ijU;

Sim”’p(x,-,xj) < NT.

s

1
FARICH Z

x;€Up.x;€U

Based on the Proposition 2.12, C,=C,=C,=C, and C,=C;=C,,, then we define U; = UyuUSuU;uU; and U =U LU LU,
to distinguish U7, where U = U, MUy, US = U MUy, Uy = U, MUy, Uy = U, MU i, Uy =U, MU, and U}*:UfrlU The
conditions for the intelligent classifier to terminate the training are shown in the inequality array (1), where Cjzv =N X(N -1)/2.

The final two inequalities in the inequality array (1) serve to differentiate failure samples from healthy samples, where the samples
in U; and U’ exhibit fewer shared attributes according to the pf-partition, while the samples in U, and U demonstrate fewer shared
attributes based on the mf-partition. Consequently, these last two inequalities in inequality array (1) impose restrictions on samples

tain> tain tain*®
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to avoid having numerous features from both healthy and failed samples, thereby preventing the classifier from classifying the same
sample as both healthy and failed.
The inequality \U§|—>1<IU,TI U*Z o Sim"P(x,, x ;) < NT restricts samples x; € U; and x; € U, from having many features of both
x;€U{ x;€U,
G1 and G2 health grades and prevénts a sample x; € U, from being classified as x; € U,,, i.e., it prevents the classifier from classifying
samples of low-level health states into a set of high-level health states. The other inequalities with a condition of “< NT” in array
(1) serve a similar purpose.

5.2.3. The classification way of the multi-strength intelligent classifier
When the training of a multi-strength intelligent classifier is finished, it is used to classify other samples. Let Cl(x) =
{Cl,(x),Cl(x),Cl,(x),Cl (x), Cly(x), le(x)}, where the calculations of C/(x) are shown in equation array (2).

Cl,(x)= Ul Y sim(x.x,),
| ”l x; €Uy
1 s
Cl(x)= TR Z Sim*P(x,x,),
S x €Uy
Cl,(x)= Ul* Y Sim™(x,x,),
| ’"l x;€U,,
(2)
1 .
Cl,(x)= T 2 Slm“ﬁ(x,x,-),
a' x;eUy
1 )
czp(x)=W Z SimP? (x,x,),
P x;eUy
1 )
le(X)=W Z Slmpﬂ(x,x,-).
I xeuy

The values in Cl(x) have three cases (i), (ii) and (iii) as follows.

(i) One of the values in CI(x) is greater than or equal to PT, then x is assigned to the class corresponding to the maximum value
in Cl(x).

(ii) More than one value in Cl(x) is greater than or equal to PT, then x is assigned to more advanced health states. For example,
Cl,(x) > PT and CI(x) > PT, then x is assigned to U,. By Proposition 2.12, C,=C,, then case (ii) exists. On the other hand, the
inequality m U; o Sim"? (x;,x;) < NT prevents the sample x € U, from being classified as x € U,,. Hence, x € U, cannot

: x;€U¥ x; €U,
obtain C/,(x) > PT, but xje U, can obtain Cl (x) > PT.If Cl,(x) > PT and Cl (x) > PT, then x€ U,,.

(iii) No value in ClI(x) is greater than or equal to PT, the classifier is invalidated for x. For small sample size and high dimension

data, it is difficult for the classifier to learn all the features of the data, case (iii) may be present in a new monitoring sample.

5.2.4. The algorithm of the multi-strength intelligent classifier

The algorithm for training the multi-strength intelligent classifier is shown as Algorithm 2 where AcT is the threshold of the correct
classification rate of the testing samples. And, referring back the assumption of Section 5, |F(e)(x)| = |F(e)(y)| for all x,y € U.
When U, A* and f* are obtained, a multi-strength intelligent classifier (U, .R",{Sim}) is obtained, where R" =

{R4ppy Reaapys Reampys Reaspys Rianpy )t 1s illustrated below Definition 5.1, {Sim} is a family of similar degree functions and
(Sim} = {SimPP(-), Sim® (), Sim™P(-), Sim*F(-), Sim"P(-)} that is illustrated in the Definition 5.2.

5.2.5. An example of the multi-strength intelligent classifier application
Monitoring data of large wind turbines of the same model with different health states are used to do case analysis as follows.

For the raw data of devices, let U = {x,x,, "+, x|y} be a sample set and data(e)(x;) be the raw data of x; € U with respect to the

. _ _ d—inf(data(e))
attribute e. Let data(e) = Uy, eu data(e)(x;) and h = S atat@))—in aia@)

the raw data into the data conformed to the value range of the hesitant fuzzy membership degree.

where d € data(e)(x;) and h € F(e)(x;). Then, we can convert

Example 5.4. U = {x,x,, -, X7} is a sample set. E = {e,e,, -, eq4} is an attribute set. PT, NT and AcT are set to 85%, 50% and
95%, respectively.

The samples are classified based on different health states U, = {x;,x¢,x13}, Ug = {x5,x12,x14}, U,, = U, = {x3,x5,x5} (the
samples x3, x5 and x;s are in a same health grade G3), U, = {x7,x3. X1, X6} and U, = {x4,xg, X9, X7 }. About two-thirds of the
samples from various health states are taken as training samples, and the remaining samples are used as testing samples.

In the last iteration, U7, = {Xp. X3, X4, X6, X7, X9, X1 1, X13: X14: X15: X16: X17 }» Upesy = {X1, X5, X3, %10, X12} and A = {e}, ey, 5. €7, €.
e11,€14,€17,€18, €19, €51, €y } - In the following, we demonstrate some numerical calculations of Algorithm 2 with the results of the last
iteration.
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Algorithm 2 Multi-strength intelligent classifier.
Input: PT, NT, AcT, sample sets U,, U,, U,, U,,, U, and U, and the HFIS (U, F, E,V), where U =U, UU,uU,uU, UU,UU,.
Output: U, , A* and f*.

1. f(e) < {0,0,--,0}, where |f(e)| = | F(e)(x)| for each e € E.

2. AC « 0.

3. While AC < AcT do

4. repeat

5. Two-thirds of the samples in U are randomly selected as training samples U,
6

7

8

.in and the other third as testing samples U,,,.
. Sim"(x;,x;) < 0 for all x;,x; € U,.
. While One of the inequalities in the inequality array (1) does not hold do
. repeat

9. The genetic algorithm is used to iterate an indicator f.

10. Apply Algorithm 1 to calculate I?, 7%, I", I° and I".

1. A< I, ul,ul, i ul,, where I, 1,1,,1, and I, are the random elements in I?, 1%, I", I* and 1", respectively.

12. Calculate the factors in the array (1) ( _3] > Sim"(x;,x ), etc), and judge whether all the inequalities in the inequality array (1) hold.

Wyl x;.x,€U*

13. until All the inequalities in the inequality array (1) hold.

14. end while

15. Calculate Cl(x) for x € U,,, and classify x.

16. Calculate AC, where AC = —° and N, is the number of testing samples that were correctly classified.

1User]
17. until AC > AcT.
18. end while

19. U:un —U,yip» A" < Aand f* < .
In (U;:”"’R*’ {Sim}), 'fnﬂ(xé) = (e}, ep, €6, €7, €5, €11, €14, €17, €15, €19, e, Tegg) and f"ﬂ(xu) = (7ey,ey,e6,€7,e8, 7€, 7€y,

|§"ﬁ(x6|):|f'|1/’(x13)| — % Then, Czl 3 Sim"ﬂ(xi,xj) = % > PN =85%.
Uzl x;.x; €Uy
In the same manner, to calculate the other factors in the inequality array (1), we can verify that U, , A* and f* satisfy the other
conditions of the inequality array (1). Then, we classify the samples in U,,, to calculate the classification accuracy.
For x| € Uy, Cl(xy) = {Cl,(x1), Cl(x),Cl,(x1),Cl,(x1),Cl,(x), Cl s(x1)} = {0.9583,0.9583,0.7083,0.7083,0.4722,0.0556 },

x1 is assigned to U,, (health grade is G1) and classified correctly. In the same manner, we can obtain x5 € U,, = U, (G3), xg € U, » (G4),
x10 €U r (G5), and x;, € U (G2). All five testing samples are correctly classified to their classes, then AC = I Uiﬂl =100% > 95%,
the intelligent classifier passes the test. And the intelligent classifier (U,’;m, R*,{Sim}) is stored in the knowledge base (U:”.n, R™).
When we obtain a new sample x we can calculate Cl(x,,,,) and classify it by using the multi-strength intelligent classifier
w;:

tain’

€17,€13, €19, 7€1, 7€s6)- Then, Sim" (x¢,x3) =

new?

R*,{Sim}) like the way above.

In relation to attribute e, there exists a positive correlation between the system’s health status and the value of hesitant fuzzy
membership related to e, indicating that higher values related to attribute e correspond to higher levels of system health. Conversely,
attribute e exhibits a negative correlation with the system’s health status, as lower values of hesitant fuzzy membership related to e
correspond to higher levels of system health. The proposed multi-strength intelligent classifier offers the advantage of not necessitating
an analysis of the positive or negative correlation between attributes and the system’s health state before training the classifier.

Attributes that do not exhibit a positive or negative correlation with the system’s health state will influence the similarity functions
of the classifier. The classifier can eliminate these attributes during the training process, ensuring compliance with the constraints
outlined in the inequality array (1). Consequently, the classifier can effectively reduce the dimensionality of high-dimensional data
by eliminating attributes that do not significantly contribute to the outcome.

When considering objects in U as investment candidates, the multi-strength intelligent classifier can evaluate investment projects
and identify the most suitable investment opportunities, thereby assisting in making informed investment decisions.

To summarize, the multi-strength intelligent classifier serves as a promising tool for dimensionality reduction in high-dimensional
data and can be applied in various domains such as classification, diagnosis, evaluation, decision-making, and more.

6. Conclusion

The definition of the inclusion relationship is one of the most foundational concepts of sets. Based on the discrete form of hesitant
fuzzy membership degrees, we propose several kinds of inclusion relationships for hesitant fuzzy sets. Furthermore, we present some
propositions of hesitant fuzzy sets and some propositions of the families of hesitant fuzzy sets based on the proposed inclusion
relationships. Some rules that hold in classical sets do not apply to hesitant fuzzy sets, as shown in Section 2. In subsequent studies
of hesitant fuzzy sets, researchers must avoid the intuitive understanding of classical sets and cannot use these rules.

Furthermore, we investigate some foundational theorems of HFISs with respect to parameter reductions and present an example
and an algorithm in HFISs to illustrate the processes of parameter reductions. Finally, we propose a multi-strength intelligent classifier
to perform health state diagnoses for complex systems.

In our future work, we will investigate more applications of multi-strength intelligent classifiers, saturation reductions in HFISs,
and foundational theories of knowledge bases with varying strengths of knowledge, among other topics.
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