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ARTICLE INFO ABSTRACT

Keywords: The three-way decision model has been extended by many researchers in recent years to allow its

Three-way decision ) ) application to a wide range of datasets. The three-way decision model in incomplete ordered

Incomplete ordered information systems information systems is the focus of this paper. First, we estimate the missing values in an

TOPSIS . . . . . . .
incomplete ordered information system to obtain a complete ordered information system with

Regret theory

confidence. Second, according to the ideas of TOPSIS method and regret theory, the dominance
relations based on PIS and NIS respectively are defined. Then, according to the idea of TOPSIS
method, the fuzzy pre-decision and relative loss function matrix are defined. The fuzzy pre-
decision and dominance relations are utilized to calculate the degree of objects belonging to PIS
class and NIS class. Finally, the expected loss of executing different decisions is calculated and
three-way decision rules are induced by Bayesian minimum risk decision theory. The associated
properties of the rules are discussed and the rationality of the model is explained. In the
experimental section of the paper, we design two sets of experiments aimed at categorizing and
ordering the objects according to the proposed algorithm, thus providing a deeper insight into the
feasibility and superiority of the three-way decision model.

Dominance relation

1. Introduction

In the context of the exponential growth of information in modern society, the nature of data is becoming increasingly diverse.
In daily life, incomplete information is generated due to inadequate storage or transmission, resulting in the loss of some values
in information systems. Consequently, in recent years, numerous scholars have conducted extensive research on the uncertainty
measures of incomplete information and decision-making based on incomplete information.

Liang et al. [12] introduced the concepts of information entropy, rough entropy, knowledge granulation and granularity measure
into incomplete information systems, discussed their important properties, and established the relationship between these concepts.
Dai et al. [5] constructed the uncertainty measures on the incomplete information systems through pure rough set, and studied the
three definitions of upper and lower approximations and their corresponding uncertainty measurement concepts. Sun et al. [23] in-
troduced the concepts of information entropy and uncertainty measures based on information granulation in incomplete information
systems, and proposed some variants of information entropy and information granulation based on the maximal consistent block tech-
nique. Dai et al. [4] defined the a-weak relation in the incomplete interval-valued information systems, and studied the uncertainty
measurement in the incomplete interval-valued information systems according to this binary relation. Kryszkiewicz [11] pioneered
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a rough set inference method, and suggested that incomplete data can be replaced by evaluated values of arbitrary attributes. Du et
al. [7] introduced a new type of dominance relation in incomplete ordered information systems, which they called characteristic-
based dominance relation. They also investigated a method of calculating all (relative) reducts based on the discernibility matrix
and discernibility function. Tan et al. [24] utilized the belief function and plausibility function in evidence theory to describe the
multi-granulation rough set approximations and attribute reduct in incomplete information systems. Lin et al. [13] constructed two
distinct types of rough set models, namely the optimistic multi-granulation rough set model and the pessimistic multi-granulation
rough set model, within the context of incomplete interval-valued decision information systems. Additionally, they devised algorithms
for calculating roughness and degree of dependence.

The three-way decision with decision-theoretic rough sets [36] is a classification model proposed by Yao. This model posits that
the universe of discourse can be divided into three parts: the decision positive domain, the decision boundary domain, and the
decision negative domain. These three regions correspond to three kinds of semantics, namely, acceptance, delay and rejection. In
recent years, a significant body of scholarship has emerged examining the application of the three-way decision model in incomplete
information systems ([16], [33], [15], [25], [32], [34], [371, [14], [31]) and other related domains ([9], [18], [19], [21], [35],
[40]). Peng et al. [16] defined a probabilistic similarity measure in an incomplete hybrid information system and constructed a
novel three-way decision model. Subsequently, this model was combined with two customized ranking rules to address the multi-
attribute decision-making problem in incomplete hybrid information systems. Yang et al. [33] introduced intuitionistic fuzzy sets
into fuzzy incomplete information systems, and constructed a three-way decision model on fuzzy incomplete information systems.
Tu et al. [25] completed the incomplete information systems based on similarity and combined the idea of TOPSIS to obtain the
calculation method of conditional probability. Then according to the risk aversion coefficient under different attributes, the interval
relative loss function values were calculated, and finally the corresponding three-way decision model was constructed. Zhan et al.
[37] introduced a method to determine the value of the relative utility function and constructed a model of three-way decision within
an incomplete fuzzy decision system, which was applied to the modeling of incomplete multi-attribute decision-making problems.
Liu et al. [14] defined a novel relation to quantify the similarity of incomplete information, derived the loss function using interval
numbers, and constructed a three-way decision model specifically tailored for incomplete information systems. In order to improve
the ability to deal with complex incomplete information systems, Xin et al. [31] extended the traditional three-way decision model
to an intuitionistic fuzzy three-way decision model based on an intuitionistic fuzzy incomplete information system.

Regret theory (RT) [1] was proposed by Bell in 1982, which can be used to explain situations where the actual behavior is
contrary to the expected utility. RT reflects the individual’s assessment of the expected response to future events or situations,
which can be described as emotions generated by comparing the results or states of a given event. In recent years, there have been
more and more studies on RT. Wang et al. [26] employed regret theory to formulate the optimal decision rules maximizing utility,
and utilized the ideal solution method to compute conditional probability. Subsequently, they constructed a three-way decision
model grounded in the concept of regret within an interval-type-2 fuzzy framework. Wang et al. [29] defined a prior probability
tolerance dominance relation in fuzzy incomplete information systems, devised a method for calculating objective weights, and
integrated these with regret theory to determine comprehensive utility perception. Zhang et al. [39] defined the calculation formulas
for regret function and perceived utility and used the idea of LINMAP (Linear Programming Technique for Multidimensional Analysis
of Preference) to establish a mathematical programming model that determined the optimal attribute weight and a defuzzified fuzzy
ideal solution. Finally, the optimal comprehensive perceived utility value of the decision-maker was calculated, and the ranking of the
alternatives was obtained. Deng et al. [6] employed linguistic term sets to transform multi-scale evaluation information into interval
fuzzy numbers and subsequently proposed an approximate estimation method for target dependence on incomplete interval fuzzy
subsystems. Additionally, a three-point sorting method was established according to the regret-rejoice preference between objects.

The TOPSIS (Technique for Order Preference by Similarity to Ideal Solution) method utilizes a dual-reference framework compris-
ing a positive ideal solution (PIS) and a negative ideal solution (NIS) as benchmarks for evaluating and ranking a collection of decision
alternatives. Conceptualizing these alternatives as n-dimensional points within a decision space, the rationale behind TOPSIS’s choice
mechanism lies in its pursuit of the alternative that simultaneously minimizes its distance from the PIS (the optimal or most desirable
state) and maximizes its distance from the NIS (the least favorable or undesirable state). TOPSIS tries to find the alternative with
the smallest distance from PIS and the largest distance from NIS. In recent years, many researchers ([38], [2], [17], [30], [3], [10])
have promoted and improved the TOPSIS method. Zhan et al. [38] extended the classical TOPSIS model according to the mean and
standard deviation, and proposed a TOPSIS method based on three-way decision. Qian et al. [17] extended and improved the appli-
cation scope and decision-making ability of TOPSIS method by introducing sequential three-way decision. By obtaining the relative
loss function derived from the evaluation value, the interval-valued intuitionistic fuzzy three-way decision-making (IVIF3WD) model
was proposed in reference [10], and the ideal solution was introduced to construct the multi-attribute interval-valued intuitionistic
fuzzy three-way decision model.

The main contributions of this paper are listed as follows:

(1) In the context of incomplete information systems, this paper addresses the issue of missing values by considering the correlation
between attributes and the similarity between objects. Subsequently, the novel dominance relations are proposed, based on the
calculation of the regret value generated when an object replaces PIS or is replaced by NIS. This binary relation not only reflects the
comparative strengths and weaknesses among objects, but also allows for the quantification of the degree of such advantages and
disadvantages.

(2) In [371], the author introduced the concept of pre-decision but did not provide the corresponding calculation method. Therefore,
this paper proposes a calculation method for fuzzy pre-decision based on the idea of TOPSIS in incomplete ordered information
systems, and defines a relative loss function matrix by using the fuzzy pre-decision.
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(3) In accordance with the fuzzy pre-decision and dominance relation, this paper puts forth a methodology for quantifying the
degree of object belonging to the PIS class and the NIS class, which is consistent with the semantics of D*(PIS) and D~ (NIS) states
in the relative loss function matrix.

The remainder of this paper is structured as follows: Section 2 introduces the linear regression model, the classical three-way
decision model, regret theory, and the definition of the incomplete ordered information systems. Section 3 constructs a new dominance
binary relation based on the ideal of TOPSIS method and regret theory, and discusses its related properties. Then, we define the fuzzy
pre-decision and relative loss function matrix, and propose a calculation method for the degree of the object belonging to the two
states in the relative loss function matrix. Finally, the corresponding three-way decision rules are obtained by the minimum risk
decision theory. In Section 4, we compare the algorithm proposed in this paper with the existing algorithms and verify the feasibility
and effectiveness of the algorithm in classification and sorting. Finally, Section 5 summarizes the core content of the proposed model
and looks forward to future work.

2. Preliminaries

In this section, we briefly review the linear regression model, the three-way decision model, regret theory, and some definitions
related to incomplete ordered information systems.

2.1. Linear regression model

Definition 1. [22] Suppose X and Y are two random variables, oy and oy denote the standard deviations of X and Y, respectively.
oxy denotes the covariance of X and Y, the Pearson correlation coefficient is defined as:

HX,Y)= XY )

OxOy
If the sample data for X and Y are (x;,x,, -+, x,) and (y1,¥,,**,¥,), then the Pearson correlation coefficient is:
2;;1 ;=) =)
VB = 22 B - 2

where X and y represent the mean values of X and Y, respectively.

r(X,Y)= (2)

Definition 2. [22] Suppose the value of the dependent variable Y is different. For a specific observed value, the magnitude of the
variation can be represented by (Y — Y) the difference between the actual observed value and its mean. The total variation of n
observations can be expressed by the sum of squares of these deviations, which is called the sum of squares of total variation, that is,
SST =%(Y - Y)>2.

Definition 3. [22] The estimated unary regression equation is ¥ = by + b, X, and (¥ — ¥)? is the sum of squares of the deviation
between the regression value ¥ and the mean value ¥, which can be regarded as the part of the change caused by the linear
relationship between X and Y in the total variation of Y, which can be explained by the regression line, so it is called the sum of
squares of regression, which is recorded as S.S'R.

Definition 4. [22] The ratio of SSSR to SST is used to reflect the degree of fitting of the straight line to the observed value. This
ratio is called the coefficient of determination and is recorded as RZ, that is,

,» SSR _X(Y-Y)? _I_Z(Y—Y)z @)
TSST T x(vy-7)2 @ X(y-1)2
The value range of the coefficient of determination R?is [0,1]. When R? =1, the fitting is complete, that is, all the observations are
on the straight line. If X has nothing to do with Y, X cannot explain the variation of Y, In this case Y =Y, then R? = 0. Therefore,
the closer R is to 1, the greater the proportion of the sum of squares of regression to the sum of squares of total variation, the closer
the regression line is to each observation point, and the better the fitting degree of the regression line is. On the contrary, the closer
R? is to 0, the worse the fitting degree of the regression line is.

For n samples, the data for dependent variables and p independent variables are collected, respectively. The dependent variables
are represented by Y, and the independent variables are represented by X, X;, -+, X,,. The arrangement of sample data is shown
in Table 1.

In Table 1, x;; is the value of the .S; sample under the variable X;. When p = 1, the regression is called unary regression, when
p> 1, the regression is called multiple regression.

In multiple regression analysis, the most commonly used general form of the multiple linear regression model is:

Y=PF+hX i +5hXs+ - +p,X,+e, 4
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Table 1
Data structure of multivariate variables.

Sample  Variables and data

Y X X, X3 - X,
Sy X X X3t Xy,
S, Y2 X21 X2 X23 X2p
83 V3 X31 X3 X33 X3p
S, Vn Xni X2 Xn3 Xnp
where §y, f;, B>, -, B, are p + 1 unknown parameters, f, is a constant term of the regression equation, 8, f,, -, p, are called
partial regression coefficients, and ¢ is a random error term [22]. For the random error term, we assume that:
E(e)=0,
) 5)
Var(e)=0".
Therefore,
Y=0+B X+ 5Xs+ - ++B,X,. 6)

This formula is called the theoretical regression equation. By using the least squares method, a set of estimated parameters f =
(Bo- By Bp, =+, ) can be found, so the estimated multiple regression model can be obtained [22].

Y=o+ 0 X, +5Xy+ - +6,X, @
2.2. Three-way decision with decision-theoretic rough sets

Three-way decision with decision-theoretic rough sets [36] was proposed by Yao. Let (U, R) be an approximation space, where
U = {x;,x,,+,x,} is a non-empty set and R is an equivalence relation on U. S = {D, ~D} is a set of two states. Let A = {ap, ag, ay}
be a set of three behaviors, where ap, ag, ay express acceptance, delay and rejection, respectively. App, Agp, Ayp are loss function
values corresponding to behaviors ap, ap, ay in the state D, Apy, Agn, Ann are loss function values corresponding to actions ap,
ag, ay in the state =D. P(D|[x]z) = '”T[”)f]"]’f', P(D|[x]z) + P(~D|[x]z) = 1.
For the object x described as [x]y, thg expected losses from different behaviors are as follows:
EL(apl|[x]g) = App PDI|[x]R) + Apy P(=Dl[x1x),
EL(agllxlg) = Agp P(D|[xlg) + Agy P(-DI[x]z),
EL(ayl[x]r) = Anyp P(DI[x]R) + Any P(-D|[x]5).
The minimum risk decision rules for expected losses are as follows:
(P) If EL(ap|[x]g) < EL(ag|[x]g) and EL(ap|[x]lz) < E L(ay|[x]1z), x € POS(D),
(B) If EL(ag|[x]g) < EL(ap|[x]z) and EL(ag|[x]z) < EL(ay|[x]z), x € BN D(D),
(N) If EL(ay|[x]z) < EL(ap|lx]lz) and E L(ay|[x]z) < EL(ag|[x]g), x € NEG(D).
In general, loss function values satisfy the following conditions:

App < Agp < Anps ANy S Apy < Apy-

The decision rules P — N can be simplified as follows:
(P)) If P(D|[x]) > a and P(D|[x]g) >y, x € POS(D),
(B,) If P(D|[x]) < and P(D|[x]) > f, x € BN D(D),
(N} If P(D|[x]g) < § and P(D|[x]) <7, x € NEG(D),

_ ApN—ABN
where a (Apn—Apn)+(App—App)’
b= ABN —ANN
(N —ANN)+(Anp—Amp)’
y PN —ANN

= Upn—Ann +Onp—App)”
When the loss function values also satisfy (Agp — App)(dgy — Ann) < (Apy — Agn)(Anp — Agp), the decision rules P; — N, can be
simplified as follows:

P,) If P(D|[x]x)>a, x € POS(D),
(B,) If f < P(D|[x]z) < a, x € BN D(D),
N,) If P(D|[x]r) < B, x € NEG(D).

2.3. Regret theory

The regret theory, proposed by Bell [1], posits that during the decision-making process, the decision-maker will compare the
outcomes of their chosen option with those of other potential alternatives. If decision-makers find that choosing another option can
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Table 2
An incomplete ordered information system.

a a, a; a, as ag a;

X 0.5650 0.4400 0.1550 0.9395 0.4275 0.2140 *

X, 0.5900 0.4450 0.1400 0.9310 0.3560 0.2340 0.2800
X3 0.5650 0.4400 0.1600 0.9150 0.3540 0.1935 0.3200
Xy 0.6200 0.5100 0.1750 1.6150 0.5105 0.1920 0.6750
X5 0.5700 0.4650 0.1800 1.2950 0.3390 0.2225 0.4400
X¢ 0.5750 0.4500 0.1600 0.9775 0.3135 0.2310 0.3300
X7 0.5550 0.4400 0.1500 0.7550 0.3070 0.1525 0.2600
Xg 0.6050 0.4700 0.1600 1.1735 0.4975 0.2405 0.3450
Xg 0.5200 * 0.1550 0.7270 0.2910 0.1835 0.2350

get better results, they will regret it. On the contrary, they will rejoice. Therefore, decision-makers should predict the regret or joy
of options in the decision-making process and try to avoid choices that will make them feel regret. Let z; and z, be the outcomes
obtained after selecting choices x; and x,, respectively. The decision-maker’s perceived utility for the choice x; is

vy = p(x)) + RE(Ap), (8)

where p(x;) denotes the utility function when taking the option x;, RE(Au) represents the regret value generated by replacing the
alternative x, with the alternative x;, Ay is the utility difference between x; and x,.

1- —0z;
) = 2008, ©
RE(Ap)=1—exp(—c « Ap), (10)

where 0 < 6 < 1 denotes utility preference, ¢ € (0, +0) is the risk preference coefficient.
2.4. Incomplete ordered information systems

Definition 5. [11] An information system can be denoted by a 4-tuple I.S = (U, A, f,V), where U = {x;,X,, -+, x, } is a set containing
n objects, and A = {ay,a,+-,a,} is a set containing m attributes. V' = Ug,eaVe)s where Va, is the value domain of attribute a;.
f 1 UXA -V isamapping, thatis f(x;,a;) =u;; €V, Vx; €U, a; € A. If there are some evaluation values in the information system
that are vacant, these unknown values are represented as . In other words, 3x € U, a € A, such that f(x,a) =+. An information
system with these missing values is called an incomplete information system, which is usually expressed as I1.S = (U, A, f,V U {x}).

Definition 6. [7] Let 1.S = (U, A, f,V) be an information system. The universe of discourse U = {x;,x,,:-,x,} contains n objects.
A={AtuA~}={ay,ay,,a,} (AT N A~ =) is a set of evaluation attributes of objects in U, where A* and A~ are benefit attribute
set and cost attribute set, respectively. Assuming that there are k benefit attributes and m — k cost attributes, then A* = {a;,ay, -, a;}
is the benefit attribute set, and A~ = {a;,a;,, """, a,,} is the cost attribute set. The benefit attribute has a monotonically increasing
utility, that is, the larger the attribute value, the greater the utility of the attribute; the cost attribute has a monotonically decreasing
utility, that is, the larger the attribute value, the smaller the utility of the attribute. Vx; € U, a €A, then the value of object x; under
attribute a; is expressed as u;; or f(x;,a;), and all values constitute an evaluation matrix &,,,,,. An information system with the above
characteristics is called a ordered information system. When a ordered information system contains missing values, the information
system is called an incomplete ordered information system OIS = (U, A, f,V U {x}).

Example 1. Given an incomplete ordered information system IOI1S = (U, A, f,V U {*}), U = {x, x5, X3, X4, X5, X¢, X7, Xg,Xg}, A=
{a;,ay,0a3,a4,a5,a6,a7}, f(x],a7) =%, f(xg,a,) =%, ST ={0.62,0.51,0.18,1.615,0.5105,0.2405,0.675}, S~ = {0.52,0.44,0.135,0.727,
0.291,0.1495,0.235}. As shown in Table 2.

Definition 7. [20] Let IOIS = (U, A, f,V U {x}) be an incomplete ordered information system, and B C A, then the dominance
relation with respect to the attribute subset B is defined as follows:

DRy ={(x,») €eUXU|f(x,a) > f(y,a)V f(x,a) =%V f(y,a) =*,Ya € B}. 11

Based on the above definition, the dominance relation between x and y is established when the value of x under each attribute
is equal to or greater than the value of y under the corresponding attribute, thus satisfying the dominance requirement. When the
attribute set contains more attributes, the dominance relation is too strict and loses more information. Therefore, some scholars have
proposed the probabilistic dominance relation.

Let IOIS = (U, A, f,V U{x*}) be an incomplete ordered information system, Va ; €A, Vaj ={v, 0y, Uy, } is the value domain of
attribute a; and the elements in v, are arranged in order of size, v} <v, < -+ < Uk, - P(ukj) =P, denotes the frequency of attribute
value Uk, in value domain Vo
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Definition 8. [27] Let IOIS = (U, A, f,V U {*}) be an incomplete ordered information system, Vx;,x; € U, a; € A, Vaj =
{v,09,--, U, b v, € Vajs then the probability that object x; is superior to object x; under attribute a; is defined as follows:

Lo wy 2wy Ay 5 Ay #x,

0, uy <uyj Auyj Fx Ay #,

kj

E P? U =% Auj; =%
i) j l] i)

h=1 12)

URaj(xi,x,) =

Z Py, Ujj =0 ANupj =%,

1<h<t

Py, Upj =% Nij; = Uy
t<h<k;

Definition 9. [27] Given an incomplete ordered information system IO1S = (U, A, f,V U{x}), forall B C A, Vx,y € U, the weighted
probability dominance degree with respect to B is provided below:

URp(x.y)= Y wUR, (x.y), (13)
a,€EB

where w); is the weight of attribute a;.

Definition 10. [27] Let IOI1.S = (U, A, f,V U{*}) be an incomplete ordered information system. The probabilistic dominance relation
with respect to the attribute subset B C A is as follows:

URZ ={(x,y) €U X U|URp(x.y) > 0}, e

where 6 is called a threshold of the probability dominance relation and meets 0 <6 < 1.

Definition 11. [29] Given an incomplete ordered information system 10I1S = (U, A, f,V U {x}). For any x;,x; € U, a; €A and
v, € Vaj (te{l,2,--,k;}), the probability that the object x; is worse than the object x; is:

U — uy;
s Uiy <up Ny sk Ay FEE
uy;
0, Ujj 2 Uy Ay Fx AUy #x,
kj
2 _ —
LR, (x;,x)) = Z Py iy =% N = (15)
i h=1
Z Py, Uy =% Ny =0y,
1<h<t
Z Py, Upj =0 ANy =+
1<h<k;

Definition 12. [29] Given an incomplete ordered information system /OIS = (U, A, f,V U {x}), for all BC A, Vx,y € U, the priori
probability tolerance dominance degree with respect to the attribute set B is represented below:

LRy(x.y)= Y, LR, (x.y)/|BI. (16)
a;€EB

where | - | denotes the number of attribute sets.
Afterwards, the priori probability tolerance dominance relation of /O1.S under the attribute set B is represented as:

LR’;:{(x,y)eUxUILRB(x,y)Sﬂ}: an

where g is called a tolerance rate for the attribute set B, which satisfies 0 < g < 1.
3. Three-way decision model based on a novel dominance relation

This section proposes a method for filling in missing values in incomplete information systems. A new type of dominance relation
is constructed based on filling values with confidence. The relative loss function and the degree of membership of an object to different
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states are defined in accordance with the tenets of TOPSIS and regret theory. Ultimately, a three-way decision model is proposed,
situated within the framework of minimum risk decision theory.

3.1. A filling method for missing values

Definition 13. Let /1S = (U, A, f,V U {x}) be an incomplete information system. Vx, y € U, the degree of similarity S(x, y) between
x and y is defined as follows:

D(x,y)
S(x,y)=1- =222, (18)
.y M,
where M, = max{D(x,u)luc U},
_ fxa) = fua))
D= _| (—Z(a) ) , 19)

“EB(x,u)

where B, ,, = {a € A|f(x,a) #* Af(u,a) #x}, Z(a) = Zr¥ -7, ZF =max{f(x,a)|x €U}, Z; =min{ f(x,a)|x € U}.

Definition 14. Let I1S = (U, A, f,V U {x*}) be an incomplete information system. Suppose f(x;a;) =%, x; €U, a; € A. The filling
value of f(x;,a;) is as follows:

fs(xi,aj)={(Y*,TR2),(I7,-,-,T5,,/)}, (20)
aR?
Tpp=—r—"2": @1
BT AR+ 43,
pS..
Tg =———, (22)
Y aR2+ 5,

where ¥, and V, ; are the filling values based on the linear correlation between the attribute columns and the similarity between

the object rows, respectively. T2 € [0, 1], TS_U € [0, 1] are called the confidence of the corresponding filling values. « is the column
preference coefficient and f is the row preference coefficient, a, f € [0,1], a + = 1.

Y, =P+ b1 f(xpsa;) + -+ B f(x;.a5), (23)
where a ;€ A A= {a€ Alr(aj,a) 2 4| A f(x;,a) #+}, A A is a set of attributes whose Pearson correlation coefficient with the attribute
column a ; is greater than or equal to the threshold A, and f(x;,a) #*, R? is the coefficient of determination.

I7ij = wlf(x[I ,aj) + wzf(x,-z,aj) + o+ w,f(x,-,,aj), (24)
Sy= Y wS&x;), (25)
x,-tEX,12

where w, = S(x;,x;)/ erxiz S, x), x;, € Xy, ={x €UIS(x;, %) Z Ay A f(x,a5) #4]}.

The filling value f(x,,a,) = {(?*,TRz),(I’/,-j,

4y and 4,. There will be fg(x;.a;) = {(Y,. R?)} and fg(x;.a;) = {(V;;.5;;)}. When both Y, and ¥;; cannot be obtained, the thresholds
Ay and 4, are reduced.

TS,,- ) } will not necessarily exist in both ¥, and ¥, ; because of the size of the thresholds

In Definition 14, fg(x;,a;) = {(f’*, Tg2). (V. T, SU)}, where ¥, and V, ; are filling values based on the linear correlation between
attributes and the similarity between objects, respectively. Below we explain the rationality of the method.

The Pearson correlation coefficient measures the linear correlation between two sets of random variables. Therefore, we select
the attribute columns (A A= {a € Alr(a s a) > Ay A f(x;,a) #x}) that have a high Pearson correlation coefficient with the attribute
column containing missing values. Then, we fit a linear regression equation (Formula (23)) using the known data. Finally, this paper
predicts the missing values based on the linear regression equation and obtains the coefficient of determination for the regression
equation.

In Definition 13, this paper defines the similarity between objects based on Euclidean distance. When the differences between the
values of the two objects on each attribute are smaller, the similarity between the two objects is greater. Therefore, in Definition 14,
this paper selects complete objects (X 1y = {x € U|S(x;,x) 2 2y A f(x,a;) #*}) that are more similar to the object containing missing
values, estimates the missing values by taking the weighted average of their attribute values (Formula (24)), and calculates the
confidence of the filling value based on their corresponding similarity.

Let IS = (U, A,V U {x}, f) be an incomplete information system. Suppose f(x;,a;) =%, x; €U, a; € A. The steps of filling
missing values in incomplete information system of continuous data are as follows:



Z. Li, J.S. Mi and L.J. Li Information Sciences 698 (2025) 121754

Stepl: Calculate the Pearson correlation coefficient between the attribute a; column and other attribute columns, and get the set
A/ll ={a€ Alr(a;,a) 2 A A f(x;,a) #x}.

Step2: The filling value ¥, and the coefficient of determination R? are obtained from the fitted multiple linear regression model.

Step3: The similarity S(x;, y)(y € U — {x;}) between x; and other objects is calculated according to Formula (18).

Step4: The filling values 17, y and .S_’,- ; are calculated from Formulas (24) and (25).

Step5: Combine with the results of steps 2 and 4, the filling value fg(x;,a;) = {(f’*, Tg2), W s ijj)} is obtained.

Step6: If the missing value is not supplied, the thresholds 4; and A, are reduced, and steps 1 and 4 are repeated.

Algorithm 1 The filling algorithm of missing values in incomplete information systems of continuous data.
input An incomplete information system I1.S = (U, A,V U {x}, f), where the data are continuous. f(x;,a;) =%, x; €U, a; € A.
output The filling value f(x;,a;) of the missing value f(x;,a)).

A, =0
for every ain A — {a} do

Caja
Calculate r(a;,a) = ﬁ

if r(a,,@) > A, and f(x,,a) # then

Ay =4, Ula)
end
end
Divide independent variables A; and dependent variable {a;}.
Calculate (fy, f;,,f;) and 1 — Ex—:z;z // The parameters in the multivariate linear regression model and the coefficient of determination R2.
f’* = ﬁo

fora; in A; do
)A/* = ?* +ﬁjf(xuaj)
end
X, =0
for.every xin U - {x;} do
Calculate S(x, x;)
if S(x;,x) > 4, and f(x,a;) #* then
X5, = X5, uix}
end i
end
V,=0,8,=0
for every x, in X, do
Calculate: V; =V;; + w, f (x,.a;) and S, = 5, + w,8(x;.x,)
end

Calculate Ty = —2K _ bS5y

aR*+45, and ’TS"_/ ~ aR+pS,
return fg(x;,a;) = {(¥,, R?),(V;;, $;))}

3.2. A new dominance relation in incomplete ordered information systems

Definitions 8 and 11 only give the probability that object x is superior or inferior to object y under attribute a;, and does not
point out the degree that object x is superior or inferior to object y under attribute a;. In this paper, a new dominance relation
between objects in incomplete ordered information system is defined by principles of TOPSIS and regret theory. This relation offers a
sophisticated analysis that not only identifies the advantages and disadvantages between two distinct objects, but also meticulously
quantifies the degree of these disparities.

Let IOIS = (U, A, f,V U {*}) be an incomplete ordered information system. Assuming that the attribute set A = {a;, a5, -, a,,}
contains only the benefit attribute and the cost attribute, we can find a positive ideal solution St = (ul+, ur, e, u;) and a negative ideal
solution S~ = (u,u;, -+, u,,) under this incomplete ordered information system. According to the filling method of incomplete infor-

mation systems proposed in Definition 14, we can get a complete ordered information system with confidence COIS = (U, A, f,V,T).

Example 2. According to the method in Definition 14 and the data in Example 1, we can obtain a complete ordered information system
with confidence COIS = (U, A, f,V,T) as shown in Table 3. f(xy,a7) =%, let A, =0.7, we can get AA] ={a,,a3,a,}, then construct
the multivariate linear regression model 1?* =6X f(x1,ay)+1X f(x1,a3)+0X f(x;,a4)—2.53 = 0.265, the coefficient of determination
R? =0.8163. Let A, = 0.6, we can obtain S(x,x;) = 0.604, S(x;,x3) = 0.72, S(x;,x4) = 0.61, A/lz = {X,,X3,Xg}. I_/,-j =0.3123 x
f(x9,a7)+0.3723 X f(x3,a7)+0.3154 X f(x4,a7) =0.3107, S‘ij =0.3123%0.604+0.3723 x0.724+0.3154 X 0.61 = 0.649. Let & = 0.485,
p=0.515, fg(x,a;) = {(0.265,0.5422),(0.3107,0.4578) }. Similarly, we can calculate fg(xg,a,) = {(0.4392,0.3925), (0.44,0.6075)}.

Definition 15.Let IOIS = (U, A, f,V U {x}) be an incomplete ordered information system, positive ideal solution S* =
(ufr, ut, - ,u;), COIS =(U,A, f,V,T)is a complete ordered information system with confidence corresponding to IOI.S. Vx; €U,
the distance between x; and positive ideal solution S* is calculated as follows:



Z. Li, J.S. Mi and L.J. Li Information Sciences 698 (2025) 121754

Table 3
A complete ordered information system with confidence.

a; a, as a, as ag a; T

! 05650 0.4400 01550 09395 0.4275 02140  0.2650  0.5422
x] 05650 0.4400 0.1550 0.9395 04275 0.2140 0.3107  0.4578
x, 05900  0.4450  0.1400 09310 0.3560 0.2340  0.2800 1
x; 05650  0.4400 0.1600  0.9150  0.3540  0.1935  0.3200
x, 0.6200 05100 01750 1.6150 0.5105 0.1920  0.6750
xs 05700 0.4650  0.1800  1.2950  0.3390  0.2225  0.4400
x¢ 05750  0.4500 0.1600 0.9775 0.3135 0.2310  0.3300
x, 05550  0.4400 0.1500 0.7550  0.3070  0.1525  0.2600
0.6050 0.4700 0.1600 1.1735  0.4975  0.2405 0.3450 1
05200 0.4392 0.1550 0.7270  0.2910 0.1835 0.2350  0.3925
05200 0.4400 0.1550 0.7270  0.2910  0.1835  0.2350  0.6075

e

Table 4
Dominance relation r*.

X X, X3 Xy X5 Xg X7 Xg Xg

x 1 (4)0.0537  (+)0.0329  (=)0.6161  (=)0.2132  (=)0.0170  (+)0.1672  (=)0.2741  (+)0.1739
x,  (=)0.0537 1 (-)0.0214  (-)0.6367  (—)0.2554  (=)0.0698  (+)0.1200  (-)0.3130  (+)0.1270
x;  (=)0.0329  (+)0.0214 1 (—)0.6287  (—)0.2391  (-)0.0494  (+)0.1388  (—)0.2980  (+)0.1457
x,  ($)0.6161  (+)0.6367  (+)0.6287 1 (+)0.5121  (+)0.6094  (+)0.6803  (+)0.4712  (+)0.6828
x5  (4)0.2132  (+)0.2554  (+)0.2391  (-)0.5121 1 (+)0.1996  (+)0.3447  (=)0.0773  (+)0.3500
X¢  ($)0.0170  (+)0.0698  (+)0.0494  (—)0.6094  (-)0.1996 1 (+)0.1813  (—)0.2615  (+)0.1879
x;  (=)0.1672  (-)0.1200  (-)0.1388  (—)0.6803  (—)0.3447  (—)0.1813 1 (-)0.3954  (+)0.0080
xg  (4)0.2741  (+)0.3130  (+)0.2980  (—)0.4712  (+)0.0773  (+)0.2615  (+)0.3954 1 (+)0.4003

Xg (-)0.1739 (-)0.1270 (-)0.1457 (-)0.6828 (-)0.3500 (-)0.1879 (-)0.0080 (-)0.4003 1

Qwy—un/z)pH' 2 Va € A, f(x;,0) #x,
ar=4""
Z(Z((uf; —uh)/z)H)PT(x!). 30 € A, £(x;.0) =,

=1 j=1

(26)

~ . ~ l' i ~
where z; = max(Val_) - mm(Vaj), x/ € {xl.l,xl.z,m,x:' }CeU, n = HaEAi‘ri | fs(x;,a)l, A;i ={a € A|f(x;,a) =«}. When fs(x,a;) =
{(Y,. R®)} or fg(x;.a;)={(V};,S;)}, in order to reduce the error of d;", we set R*=1, S, =1.

Definition 16. Let /OIS = (U, A, f,V U {*}) be an incomplete ordered information system, and COI.S = (U, A, f,V,T) be a com-
plete ordered information system with confidence corresponding to IOIS. Vx;,x; € U the dominance relation between x; and x;
relative to PI.S is defined as follows:

(+)D,;, RE(d}) < RE(d/ff),
rr(x;,x;)= 1, RE(diJr) = RE(d;L), 27)

[
(=)D;; RE(di+)>RE(d;“).

1]°

|RE(d;") - RE(})]

b= RE(d7) ’ 8
J
|RE(d}) - RE(d;’)l
20T T RE@H @

where (+) denotes that object x; is better than object x f under attribute set A, (—) denotes that object x; is worse than object x f

under attribute set A, and 1 denotes that object x; is equivalent to object x; under attribute set A. D_,J denotes the degree of x; better
than x;, D;; denotes the degree of x; worse than x;. r*(x;,x;) = 1 can also be expressed by r*(x;, x;) = (+)0 or r*(x;, x;) = (-)0, that

is, the degree of x; is better or worse than x; is 0. RE (dl.+) is the regret value generated by replacing PIS with x;.
Example 3. According to the data in Example 2 and Definition 16, we can get the dominance relation r* on U, as shown in Table 4.

Property 1. Given an incomplete ordered information system 1O01S = (U, A, f,V U {x}), then the dominance relation r* in 10I.S
has following properties:
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(1) Reflexivity, Vx; € U, rt(x;,x;) =1,
(2) Symmetry, in’xj evu, Dij = Dj,- or Dij = Dj,"

(3) Transitivity, Vx;,x;,x, € U, if x; is better than x; and x; is better than x,, then D, > D_l-j/\ Dj,. If x; is worse than x; and x;
is worse than x,, then D;, > D;; A Dj;.

Proof. (1) When RE(d]") = RE(d;r), we have r(x;,x;) =1, so r*(x;,x;) = 1.
IRE(d;")~RE(d])]

(2) When RE(d;) < RE(d}), we have D, = D = KRG When RE(d}) = RE(d}), we have D, = Dji=Dy = D, =0.
+ + —_— |RE(!1:')*RE(¢1}')| —_— —_—
When RE(d") > RE(dj ), we have ﬂ: D= —REG@H In summary, Vx;,x; €U, D;; =& or ﬁ: Dy;.
i — I —_ _ |RE(d,»+)—RE(d;')\ _ |RE(d;')—RE(d,j)\
(3) Vx;,x;,x, € U, when r(x;,x;) = (+)D;;, r*(x;,x;) = (+)Dj;, we have D;; = Tdﬁ’ D = Td;)’ and

IRE(d)—RE@d])| _ |RE(])~RE()|
RE(d}) RE(d})

RE(d]) < RE(d}) < RE(dy). Hence, , Dy > D;; ADj,. When r*(x;,x;) = (H)Dy;, r*(x;,x;) = 1,
[RE(d")~RE(d])

we have D;; = REGD)
J

, D;; =0, and RE(d}") < RE(d}) = RE(d). Hence, Dy > D;; ADj. When r*(x;,x;) = 1, r*(x;,x,) =

_ IRE(d})~RE])
(+)Dj;, we have D;; =0, D, = T REGH

,and RE(d;") = RE(d}) < RE(d})). Hence, Dy, > D, ADy.

|RE(dF)—RE(@d)) |RE(dH)—RE(d})]
— (=)D =—2L——* and
RE(d}") J RE(})

Vx;, x;,x; € U, when r*(x;,x;) = (=)D;;, r*(x;,x,) = (=)D}, we have (-)D;; =

IRE(dH)—-REW{)| _ |RE(d;)-REW])|
RE(dY) RE(d)

RE(d}) > RE(d;f) > RE(d}). Hence,
IRE(d;")~RE(d])
RE(d})

» Dig > D;; ADjy. when r*(x;,x;) = (=)D,

rH(x;,x) =1, we

have (—)&z , %zo, and RE(d]") > RE(d;') = RE(d)). Hence, Dy > D /\%. when r*(x;,x;) = 1, r¥(x;,x;) =
|RE(dj+)—RE(d;)\

-
RE(d})

(=)D, we have D,;; =0, (=)Dj; = ,and RE(d) = RE(d;f) > RE(d}). Hence, Dy > D;; ADjy.

Vx;,x;, X € U, when r*(x;,x;) = 1, r*(x;,x;) = 1, we have RE(d") = RE(d}) = RE(d}). Hence, Dy = D;; A Dy, and Dy =

Dij A Djy-

In summary, Vx;,x;,x, €U, Dy = D;; ADjy, Dy 2 D;j; ADy. [

Theorem 1. Let I01S = (U, A, f,V U {*}) be an incomplete ordered information system, ¥x;,x; €U. S* = (uT,u;, wut)and ST =

(ul‘, Uy, ,u,,) are positive ideal solution and negative ideal solution, respectively. When dfr € (0, d;'], D_,j decreases with the increase of d[+.

RE(d;r)—RE(d’.*)

Proof. According to Definition 16, we have D_,j = REGH)
J

*t=x. D, = dF _ exp(zox)(=0) +
.Letd =x, Dij—F(x),then i RE(d;r) .Whenxe(O,dj],

% <0, so D;; decreases with the increase of di+. O

Theorem 2. Let I01S = (U, A, f,V U {*}) be an incomplete ordered information system, ¥x;,x; €U. S* = (uT,u;, wut)and ST =
(”1_’ uy, ,u,) are positive ideal solution and negative ideal solution, respectively. When a’i+ [S [dj*, +00), D;; increase with the increase of

+
d;.

RE(di*)—RE(d;r)

Proof. According to Definition 16, we have ﬁ = RE@T)

+_ — dr _ + -2
. Letd =x, & = F(x), then = RE(dj )(1 — exp(—ox))™“0 X

exp(—ox). When x € [df,+oo), % >0, so D;; increase with the increase of d. []

Theorem 1 shows that when x € (0, d;r], the degree of x; better than x j decreases with the increase of dl.+. Based on Theorem 2, the

degree to which x; is inferior to x; increases as d}} increases with d € [d;', +0). These two theorems conform to people’s cognition
in real life.

Definition 17.Let IOIS = (U, A, f,V U {x}) be an incomplete ordered information system, negative ideal solution S~ =
(ul‘, uy,,u ), COLS = (U, A, f,V,T) is a complete ordered information system with confidence corresponding to IOI.S. Vx; €U,
the distance between x; and negative ideal solution .S~ is calculated as follows:

10
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Table 5
Dominance relation r~.

X Xy X3 Xy X5 X¢ X7 Xg Xg

x 1 (=)0.0593  (+)0.1654  (=)0.4260  (—)0.2465  (=)0.0596  (+)0.5627  (—)0.3047  (+)0.4964
x, ($0.0593 1 (4)0.2149  (—)0.3899  (=)0.1990  (—)0.0004  (+)0.5886  (—)0.2609  (+)0.5263
x;  (-)0.1654  (-)0.2149 1 (=)0.5210  (-)0.3711  (=)0.2152  (+)0.4760  (-)0.4198  (+)0.3966
x,  ($)0.4260  (+)0.3899  (+)0.5210 1 (+)0.2383  (+)0.3896  (+)0.7490  (+)0.1745  (+)0.7110
x5 ($)0.2465  (+)0.1990  (+)0.3711  (-)0.2383 1 (+)0.1987  (+)0.6705  (—)0.0773  (+)0.6205
x¢  (+)0.0596  (+)0.0004  (+)0.2152  (-)0.3896  (-)0.1987 1 (+)0.5888  (-)0.2606  (+)0.5265
x;  (-)0.5627  (—)0.5886  (-)0.4760  (—)0.7490  (-)0.6705  (-)0.5888 1 (-)0.6960  (—)0.1316
xg  (4)0.3047  (+)0.2609  (+)0.4198  (—)0.1745  (+)0.0773  (+)0.2606  (+)0.6960 1 (+)0.6499

Xy (—)0.4964  (-)0.5263  (-)0.3966  (—)0.7110  (-)0.6205  (—)0.5265  (+)0.1316  (-)0.6499 1

Q (uy —u))/zpH 2 Va € A, £(x;,a) #+,
i = j=1 (30)

i n;

2 =) /2 PT (). 3a € A, f (xp.@) =+,

=1 j=1

j
{(¥,,R?)} or fs(x;a))={(V;;,8;))}, in order to reduce the error of d;", we set R =1, §;; =1.

~ . ~ 1[ i ~
where z; = max(Vaj) - mm(Vaj), x/ € {xil,xl.z,n-,x:,' }eU, n = HaGAj;l | fs(x;,a)l, A;‘Ci ={a € A|f(x;,a) =«}. When fs(xj,a;) =

Definition 18. Let OIS = (U, A, f,V U {*}) be an incomplete ordered information system, and COIS = (U, A, f,V,T) be a com-
plete ordered information system with confidence corresponding to IOIS. Vx;,x; € U the dominance relation between x; and x;
relative to N 1.§ is defined as follows:

(+)D;.
(g x,) = I, RE(d}) = RE(d}), (31)

(=)D, RE(d,) < RE(d7).

RE(d])> RE(d}),

_ |RE(d) - RE(d;)|

V7 2
|RE@;) - RE(,)|
D)= g (33)
J

where (+) denotes that object x; is better than object x f under attribute set A, (—) denotes that object x; is worse than object x I

under attribute set A, and 1 denotes that object x; is equivalent to object x; under attribute set A. D_u denotes the degree of x; better
than x;, D;; denotes the degree of x; worse than X;. r=(x;, x;)= 1 can also be expressed by r~(x;, x;)= ()0 or r(x;, x;) = (—)0, that

is, the degree of x; is better or worse than x; is 0. RE(d") is the regret value generated by replacing x; with NIS.
Example 4. According to the data in Example 2 and Definition 18, we can get the dominance relation r~ on U, as shown in Table 5.

Property 2. Given an incomplete ordered information system 101S = (U, A, f,V U {x}), then the dominance relation r~ in OIS
has following properties:

(1) Reflexivity, Vx; € U, r(x;,x;) =1,

(2) Symmetry, in,xj ey, Dl-j =D

jis Dij = Djis

(3) Transitivity, Vx;, x;,x, € U, if x; is better than x; and x; is better than x,, then D; > D—,-j/\ D If x; is worse than x; and x;
is worse than x, then D;, > D;; A Dj.

Proof. Similar to the proof of Property 1. []

Theorem 3. Let IOIS = (U, A, f,V U {%}) be an incomplete ordered information system, vx;,x; €U. St = (u;r,u;, ,u;l) and S~ =
(”I’ uy, -+, u, ) are positive ideal solution and negative ideal solution, respectively. When d; €(0, dj’ 1, D; j decreases with the increase of dr.

Proof. Similar to the proof of Theorem 1. []

11
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Table 6
Fuzzy pre-decision (dp;¢(X),dy;s(x)).

X X, X3 Xy X

(dprs(X),dy;s(x) (0.3852, 0.6148) (0.3845, 0.6155) (0.3244, 0.6756) (0.8121, 0.1879) (0.5546, 0.4454)

Xg X7 Xg Xg

(dprs(x),dys(x)) (0.4093, 0.5907) (0.1563, 0.8437) (0.6066, 0.3934) (0.1758, 0.8242)

Theorem 4. Let IO1S = (U, A, f,V U {x}) be an incomplete ordered information system, Vx,-,xj eU. St = (uT,u;, ,u;) and S~ =

(uy,u3, -+ ,u,) are positive ideal solution and negative ideal solution, respectively. When d € [dj_, +00), D;; increase with the increase of

it

Proof. Similar to the proof of Theorem 2. []

Consistent with rational cognitive thinking, Theorems 3 and 4 illustrate that as the distance between x; and NIS increases, the
lesser the degree of x;’s inferiority to x; becomes, or conversely, the greater the degree of x;’s superiority to x;.

3.3. The calculation of expected losses

Similar to the classical three-way decision model, in order to calculate the expected loss of different decisions, we need to calculate
the degree of objects belonging to the PIS class and the NIS class, i.e. the conditional probability of objects belonging to different
states in the classical three-way decision model, and the relative loss function matrix. In order to calculate the degree of objects
belonging to different state classes and the relative loss function matrix in incomplete ordered information systems, we introduce the
fuzzy pre-decision.

Let IOIS = (U, A, f,V U {*}) be an incomplete ordered information system. S+ = (u;r,u;r, ,u;) and S = (ul’,u’, e,u) are
positive ideal solution and negative ideal solution, respectively. Vx; € U, d[+ and d;” are the distance values from object x; to PIS

- +
and NIS. According to Definitions 15 and 17, we can get the fuzzy pre-decision value d(x;) = (d,-j#f’ W) =(dprs(x;),dnrs(x;)

of the object x;.

Example 5. According to Table 3 and Definitions 15 and 17, we can get the fuzzy pre-decision (d p; g(x), d 5y ; s(x)) as shown in Table 6.

Theorem 5. Let IOIS = (U, A, f,V U {x}) be an incomplete ordered information system. S* = (u;', u;’, ,u;l) and S~ = (u]‘, Uy, e, u)
are positive ideal solution and negative ideal solution, respectively. Vx; € U, dl.+ and d[” are the distances from object x; to PIS and NIS.
(1) When di+, d; €(0,+00), dpys(x;) decreases with the increase of d;r and the decrease of d.

(2) When d,.+, d; €(0,+00), dys(x;) increases with the increase of d‘.+ and the decrease of d.

+ g +
| dfd d;

Proof. (1) Torson = % =1+ e when dl.+ increase and d;- decrease,

(2) Similar to the proof of (1). []

increase, so d x;) decrease.
dpys(x;) ? prs(xi)

Let 10IS = (U,A,f,V U {%}) be an incomplete ordered information system, Vx; € U. S* = (uT,u;, ,u;) and ST =
(uy,uy, -+ ,u,) are positive ideal solution and negative ideal solution, respectively. Using fuzzy pre-decision (dpys(x;),dyys(x;))
and dominance relations r* and r~, the degree to which the object x; belongs to the positive ideal solution class BDp;g(x;), and the
degree to which the object x; belongs to the negative ideal solution class BD y;¢(x;) are calculated as follows:

_ Q(X,‘)
BDPIS(xi)_ m, (34)
BDyg(xp = —200__ (35)
NSO = 060 + 2(x)
()= Y, alx;.x)), (36)
ijU
Zex)= Y, 2x.x)), 37)
xjeU

12
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Table 7
BDp;s(x) and BDy;¢(x).

X X, X3 Xy Xs

(BDp;s(x), BDy;s(x))  (0.4070,0.5930) (0.4072,0.5928) (0.3696,0.6304) (0.6517,0.3483) (0.5114,0.4886)

Xg X7 Xg Xg

(BDp;s(x), BDy;s(x))  (0.4226,0.5774) (0.2716,0.7284) (0.5425,0.4575) (0.2814,0.7186)

Table 8
Relative loss function matrix
for x;.
D* D~
ap 0 dfdj:z[j
7 d’
I o dj +d; ° dt+d;
ay d,*dT’d,’ 0
(14 D;)) X dps(x)),r*(x;,x;) = (+)D;;.
q(x[’xj) =1 dp[S(xj)/(l + DU-), r+(x,-,xj) = (_)D;j’ (38)
dp[s(xj), r+(xi,xj)= 1.
dnps(x)/(L+ D)), r(x;.x;)=(+)D,;,
2(x;,x;) =4 (14 D;j) X dyp5(x;), 7~ (x;,x;) = (=) Dy, (39)
dnrs(x)), r(x;,x;)=1

Example 6. For any object in the universe of discourse, we can calculate (BDp;¢(x), BDy;g(x)) by Tables 4, 5, and 6.
(BDpg(x), BDys(x)) as shown in Table 7.

Theorem 6. Let IO1.S = (U, A, f,V U {*}) be an incomplete ordered information system, Vx; € U. St = (u;r, u;, ,u;) is positive ideal
solution, S~ = (u,u;, -, u,,) is negative ideal solution. BD p; 4(x;) and BD y y5(x;) are the degrees of belonging to the positive and negative
ideal solution classes, respectively.

(1) When dl.+, d; €(0,+00), BDps(x;) decreases with the increase of d:r and the decrease of d; .

(2) When dl.*, d7 €(0,+00), BDy(x;) increases with the increase of d‘.+ and the decrease of d; .

Proof. (1) Vx; € U, when dl.+ e (0, d;’], q(x;,x;) = (1 + D_,-j) X dprs(x;). According to Theorem 1, we can know D_,] decreases
with the increase of d;f. Hence, ¢(x;,x;) decreases with the increase of d;'. When d}' € [d;r,+oo), q(x;,x;) = dprs(x;)/(1 + D;)).
According to Theorem 2, we can know D, ; increase with the increase of dl.+. Hence, g(x;,x;) decreases with the increase of d,.+.
o) = ijeU q(x;,x;), SO when d:r € (O,Too), 0O(x;) decreases with the increase of d[*.

vx; €U, whend; € (0, dj‘], 2(x;, x;) =1+ D;))Xdys(x)). According to Theorem 3, we can know D;; decreases with the increase

of d; . Hence, z(x;,x;) decreases with the increase of d;. When d; € [d;r,+oo), q(x;,x;) = dN,S(xj)/(l + D_,J) According to Theo-
rem 4, we can know D_lj increase with the increase of d; . Hence, z(x;,x;) decreases with the increase of d:. Z(x;) = ijeU z(x;, x;),

so when d[+ € (0,+00), Z(x;) decreases with the increase of d; .
BDpg(x;)= 20 __ then ! = Q200 _ 4 Z&) 1 jpcreases with the increase of dF and the decrease of
PLSYHT ™ 00+ Z(x) BDpys(x;) 0(x) O(x)" BDprs(x;) i
d;, then BDpg(x;) decreases with the increase of d;" and the decrease of d; .

(2) Similar to the proof of (1). []

Let IOIS = (U, A, f,V U {*}) be an incomplete ordered information system. S* = (u*,u7, --- ,u;) and S™ = (ul_,u;, e,u,) are
positive ideal solution and negative ideal solution, respectively. Given an set of two states Q = { D¥, D™}, Vx; € U then the relative
loss function matrix of the ap, ag, and ay decision-making under the Dt and D~ states is shown in Table 8, where ¢ € (0, 1). From
Table 8 we can get Ay, < A, < A ps gy <Apy < Apn-

Property 3. Given an incomplete ordered information system I0I1S = (U, A, f,VU{x}), St = (u;r, u;, ,u;) and S” = (ul‘, Uy, Su)
are positive ideal solution and negative ideal solution, respectively. Vx; € U, loss function values have following properties:
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Table 9
Expected losses.

X X, X3 Xy X5 Xg X5 Xg Xg

ELp(x) 0.3646 0.3649 0.4259 0.0654 0.2176 0.3411 0.6146 0.1800 0.5923
ELg(x) 0.1804  0.1804 0.1889 0.2058 0.1734 0.1779 0.2273 0.1761 0.2221
ELy(x) 0.1568 0.1566 0.1199 0.5292 0.2836 0.1730 0.0425 0.3291 0.0495

(1) When 0 < 6 < 0.5, (AL, = A p) (A, = A 5) < (Al = A DL = 2 ).

(2) When 0 =05, (A, = & p)(Aiyy = 4hiy) = Gy = 250 (hiyp = A p)-
(3) When 0.5 <o < 1, (Al , = 2, )4l — AL ) > (A = 4 AL, = A0 ).

_ + — o+ _
d di 2 di d[

. . . . - . . . . dr d;
Proof. (1) (/1‘BP - AEP,P)(AEBN - ’1;\11\/) = o-dl,*'-;-di‘o—d"*'+d“ =0 @R (/IEPN - /IEBN)(/I;\IP - AEBP) =(1- G)W(l —a)m =(1-

d-d* : . . . . . . . )
a)zm. Ahp = AL )ALy — AL N) < (b — AL AL, — AL ) © 62 < (1 - 6)? © 6 < 0.5. Hence, when 0 < ¢ < 0.5, (A, —
App)Agy = Ayn) <Upy = Agn)Ayp = Agp)-

(2) Similar to the proof of (1).
(3) Similar to the proof of (1). []

Given an incomplete ordered information system 101S = (U, A, f,V U {%}), St = (uT,u;, ,u;) and S = (uy,uy, -, u,) are
positive ideal solution and negative ideal solution, respectively. Vx; € U, according to BDps(x;), BDys(x;), and the relative loss
function matrix in Table 8, we can calculate the expected loss when x; performs different decisions.

ELp(x;) = App X BDpys(x;) + A X BDyy5(x)),

ELg(x;) = AEBP X BDprs(x;) + ’lfaw X BDpnrs(x;),

ELy(x;))= AL, X BDpys(x;) + A, X BD 5(x).

Example 7. According to the data in Tables 7 and 8, Vx € U, we can calculate the ELp(x), ELp(x), and E Ly(x) shown in Table 9.

Theorem 7. Let I01S = (U, A, f,V U {*}) be an incomplete ordered information system, Vx; € U. S* = (uT,qu, ,u;) and S~ =
(ul‘,u_, -+,u,) are positive ideal solution and negative ideal solution, respectively. When df',d,.‘ € (0,40), ELp(x;) increases with the
increase of dl.+ and the decrease of d.

Proof. ELp(x;)=App X BDprs(x;)+ Apy X BDys(x;), we define App =0 then ELp(x;) = Apy X BDys(x;). According to Theo-
rems 5 and 6, we can get E Lp(x;) increases with the increase of a,".+ and the decrease of d;. []

Theorem 8. Let I01S = (U, A, f,V U {*}) be an incomplete ordered information system, Vx; € U. S* = (u;r,u;, ,u;) and S~ =
(ul‘,u_, -+, u,) are positive ideal solution and negative ideal solution, respectively. When dl.+,di_ € (0,+00), ELy(x;) decreases with the
increase of dl.+ and the decrease of d.

Proof. Similar to the proof of Theorem 7. []

Theorems 7 and 8 show that when an object in the universe of discourse is farther from PIS and closer to NIS, the expected loss
of being classified into the positive domain is greater, and the expected loss of being classified into the negative domain is smaller.
These two theorems are in line with actual and rational thinking.

3.4. Three-way decision rules based on minimum expected loss

Additionally, the following are the classification rules based on the Bayesian minimum risk decision theory:

(P) If ELp(x;) < ELg(x;) and ELp(x;) < ELy(x;), decide x; € POS(U),

(B)) If ELg(x;,) < ELp(x;) and ELg(x;) < ELy(x,), decide x; € BN D(U),

(N)) If ELy(x;) < ELp(x;) and E Ly(x;) < ELg(x;), decide x; € NEG(U).

Because the loss function values satisfy Af, , < 45, < A p, Ak y < Agn < Apy> a0d BDpyg(x;) + BDy5(x;) = 1, the decision rules
(Py), (By) and (V) are simplified as follows:

(Py) If BDp;5(x;)> a;, BDpyg(x;) > 7;, decide x; € POS(U),

(By) If BDp;g(x;) <a;, BDp;s(x;) > p;, decide x, € BN D(U),

(Ny) If BDpys(x;) < f;, BDpyg(x;) <y;, decide x;, e NEG(U),

oy T ey iy

Upy =gyt Ugp~2pp) . Gy =)+ p=Agp) o Gpy=Ayn I+ p=App)

Similar to the classical decision-theoretic rough set, when (/lfBg b /163, P)(ﬂéas N~ /lf\l NS (/16'3, N~ /IfB N )(/1"N P /153 p) the decision rules
(P,), (B,) and (V,) are simplified as follows:

where a; =
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(P;) If BDp;g(x;) > a;, decide x; € POS(U),
(B3) If B, < BDp;5(x;) < ;, decide x; € BN D(U),

(N3) If BDpg(x,) < B, decide x, € NEG(U).

Remark 1. (1) When « > f, the model is three-way decision:
If BDp;s(x;) > ;, decide x; € POS(U),
If p; < BDp;s(x;) < a;, decide x; € BN D(U),
If BDp;s(x;) < f;, decide x; € NEG(U).
(2) When « < f, the mode is two-way decision:
If BDp;g(x;) >v;, decide x; € POS(U),
If BDp;s(x;) <7v;, decide x; € NEG(U).

Theorem 9. For relative loss function matrix based on fuzzy pre-decision, the model is a three-way decision if 0 < ¢ < 0.5, and it is a two-way
decision model if 0.5 <o < 1.

Proof. Three-way decision models request @ > f, so Vx; € U, a; — f; > 0, then we have (1 — 20')di+di‘ >0. As dl.+ >0 and d] >0,
then 1 — 26 > 0. So we can obtain 0 < ¢ <0.5.
Similarly, it is a two-way decision model if 0.5 <o < 1. []

Theorem 10. Given an incomplete ordered information system 101S = (U, A, f,V U{x}), ST = (u;’, u;, ,u;) and S~ = (“1_’ Uy, Su)
are positive ideal solution and negative ideal solution, respectively. Vx; € U, ¢ € (0, 1), then

[l
(1) a; = -——F~ BN decreases monotonically with respect to o.
Upy=Apn)tUgp=App)
2) g = _ lanvhy increases monotonically with respect to
[T T 0 Ly P! c.
gy ~Mn)t 0 p=App)
Ai —/1i
B) ;= ——EX NN has nothing to do with o.

T Gp AU p )

-1

. . —1
. AL —A od” od;” dF
_ PN _"BN — i — i ar _
Proof. (1) According to Table 8, we can get a; = U e (1 + (1—g)d,.+> . Let F(o) (1 + (l—a)d;'> , then i
-2 . .
-1+ o4 x 4 By 6 € (0, 1), we can obtain 4E < 0. Thus, we have a; = __ enTloy decreases monotonically
(1-0)d} ((1-o)dFy2” P do ’ ? b Gpy—Apn) g p—App)
with respect to o.
; ; -1 -1
. A — AL (1-0)d; (1-0)d~ dF
— BN NN — i _ i dF _
(2) According to Table 8, we can get f;, = oA, T <1+ s > . Let F(o) = <1+ P ) , then 7o
1-0)d~\ d-d¥ . IR Y . .
148 61’ X —L%_ By ¢ € (0,1), we can obtain “L > 0. Thus, we have §, = — BN NN jncreases monotonically
od; (cdF)? do F QL= AL+ p= AL )
with respect to o.
AEPN_A;NN df AE‘PN—A,‘NN
3) According to Table 8, we can get y; = — - : — = —t—_ Thus, y; = —F—"~——— has nothing to do with o.
) 8 ’ geLyi (AIPN_A;NNH—(A;NP_}‘EP’P) a".*'+d‘.‘ i ('{IPN_A;NNH—M;NP_A‘PP) 8 o L

Theorem 11. Given an incomplete ordered information system 101S = (U, A, f,V U{x}), ST = (ul+, u;, ,u;) and S™ = (ul’, Uy, Su)
are positive ideal solution and negative ideal solution, respectively. Vx; € U, ¢ € (0,0.5], we then yield:

(1) The range of POS(U) increases with the increase of o.

(2) The range of BN D(U) decreases with the increase of o.

(3) The range of N EG(U) increases with the increase of o.

Proof. The theorem can be proof by Theorem 10 and rules (P;), (B3), (N3). [

Vx; € U, then the related loss of object x; classified according to decision rules P;, B;, and Nj; is calculated as follows:
ELp(x;),x; € POSWU),
cost(x;) =4 ELg(x;),x; E BNDU), (40)
EL\(x;),x; € NEGQU).

Based on the semantic interpretation of decision rules P;, B;, and N3, we consider an order relation POS(U) > BND(U) >
N EG(U). The order relation shows that the object in the positive domain is superior to the object in the boundary domain, and the
object in the positive domain and the boundary domain are superior to the object in the negative domain. Vx;,x; € U, when x; and
x; are in the positive domain at the same time, x; is said to be better than x, if ELp(x;) < ELp(x;). When both x; and x; are in
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the negative domain, x; is inferior to x;, if ELy(x;) < ELy(x;). According to the above ranking rules, we can find the best and the
worst in the U.

Example 8. According to the rules (P;), (B;), (N}), and Table 9, we can obtain the classification result POS(U) = {x,4}, BND =
{x5,x3}, NEG = {x{,x,,X3,Xg,X7,Xg}. In addition, we can determine the best object is x, and the worst object is x;.

In order to more intuitively show the ideas and decision-making strategies of this paper, we summarize the method steps of the
designed model as follows.

Step 1: From Definition 14, a complete ordered information system with confidence is obtained.

Step 2: According to Formulas (26) and (30), the distances between the objects in the universe of discourse and the positive ideal
solution (PIS) as well as the negative ideal solution (NIS) are calculated, respectively.

Step 3: The dominance relations with respect to PIS and NIS are calculated by Formulas (27) and (31).

Step 4: Calculate the fuzzy pre-decision and relative loss function matrix of each object in the universe of discourse.

Step 5: The degree of each object in the universe of discourse belongs to the PIS class and the NIS class is calculated by the
Formulas (34)-(39).

Step 6: According to the decision rules (P;) — (IN;), we can get classified results.

Step 7: The object with the minimum expected loss in the positive region is selected as the optimal one.

The method for the key steps is given as Algorithm 2.

Algorithm 2 A novel three-way decision model in incomplete ordered information systems.

input An incomplete ordered information system 101.S = (U, A, f,V U{x}), positive ideal solution S* = (u1+, u;, e u;’l), negative ideal solution S~ = (ul’, u
output The classification of all objects and optimal object.
According to Definition 14, a complete ordered information system with confidence is obtained
for x; in U do

Calculate the distances d;" and d;” between x; and positive ideal solution S*, and between x; and negative ideal solution S~, respectively. //by Defini-
tions 15 and 17
end
for x; in U do

for x; in U do
Calculate the dominance relation between x; and x ; relative to the P1.S and the N IS.//by Definitions 16 and 18

)

end
end
for x; in U do
Calculate the fuzzy pre-decision value of x;, D(x;) = (Dp;s(x;), Dy;s(x;)) and relative loss function matrix
end
for x; in U do
Calculate the degree of x; belong to the classes of positive and negative ideal solution.//by Formulas (34)-(39)
end
obtain three regions: POS(U), BND(U), NEG(U).
for x; in U do
Determine the in which each object is located by the rules (P;) — (N3)
if BDp;s(x;) > @; then x; € POS(U),
if ; < BDps(x;) < a; then x; € BN D(U),
if BDp;g(x;) < p, then x, e NEG(U).
end
for x in POS(U) do
Calculate the expected loss E L p(x)
end
Xpor = argmin{ EL p(x)|x € POS(U)}.

4. Dataset experimental analysis and discussion

In order to provide further illustration of the rationality and effectiveness of the model constructed in this paper, two sets of exper-
iments are conducted in this section. The first set of experiments is designed to compare the classification error rate of the proposed
method with those of existing algorithms within incomplete ordered information systems. Because there is an order relationship such
as POS > BN D > N EG in the three-way decision, in order to sort the objects in the universe of discourse reasonably, the three-way
decision algorithm must be able to classify the objects in these three regions more accurately. If an object belonging to a positive
domain is classified into a boundary domain or a negative domain, its ranking position will be greatly affected. In the first set of
experiments, we select the Gas Turbine CO and NOx Emission dataset from 2015 and the Iris dataset in the UCI database. The detailed
information for the dataset is shown in Table 10. In the first set of experiments, we selected three models of three-way decision for
comparative analysis, which are Yang et al.’s model (¢ =0.61, 8 = 0) [33], Peng et al.’s model (L =0.7,9 =0.9) [16], Wang et al.’s
model (f=0.1,y =0.3,0=0.3,6 =0.4) [29].

The second set of experiments is to measure the consistency between the ranking results obtained by the proposed method and the
algorithm results in the existing literature through corresponding indicator in a complete ordered information system. In the second
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Table 10
Datasets information.
Dataset Data type Number of objects Number of attributes
Gas Turbine CO and NOx Emission ~ Real 7384 11
Iris Real 150 4+1
Auto MPG Real, Integer 398 7+1
Travel Reviews Real 980 10
Wine Quality (red) Real 1599 11+1
Energy Efficiency Real, Integer 768 8+2
Concrete Compressive Strength Real 1030 8+1

set of experiments, we select the Auto MPG dataset, the Travel Reviews dataset, the Wine Quality dataset, the Energy Efficiency
dataset and the Concrete Compressive Strength dataset in the UCI database. In the second set of experiments, we also select three
sorting algorithms for comparative analysis, which are the TOPSIS method, Qian et al.’s method [17], Wang et al.’s method [30].

4.1. Classification analysis of algorithm

Definition 19. Let /OIS = (U, A, f,V U {%}) be an incomplete ordered information system, Vx € U, D(x) is the label corresponding

to x in the data table. F(x) is the label assigned to x according to the classification algorithm, and the classification error rate of the

algorithm is defined as follows:

_ xeUlF() # D)}
U]

CE (41)

In the first set of experiments, this paper first preprocesses the dataset. The dataset Gas Turbine CO and NOx Emission contains
11 characteristic attributes: Ambient temperature (AT), Ambient pressure (AP), Ambient humidity (AH), Air filter difference pres-
sure (AFDP), Gas turbine exhaust pressure (GTEP). Turbine inlet temperature (TIT), Turbine after temperature (TAT), Compressor
discharge pressure (CDP), Turbine energy yield (TEY), Carbon monoxide (CO), Nitrogen oxides (NOx). We select Turbine energy
yield (TEY) as the classification attribute and discretize it according to the amount of power generation. The power generation in
the [100, 120] is defined as the first category, in the (120, 150] is located in the second category, and in the (150, 180] is the third
category. AT, AP, AH, NOx do not have the characteristics of benefit or cost attributes, so they are removed. Suppose positive ideal so-
lution S+ = (5.2395,40.716,1100,516.04, 15.159,0.2128), negative ideal solution .S~ = (2.3688,17.698, 1016, 550.59,9.8708,41.097),
o =0.29 in the loss function matrix. After the dataset Gas Turbine CO and NOx Emission is processed and given parameters, we
randomly miss 40, 80, 160, and 320 values for each attribute of the dataset, that is, 240 values, 480 values, 960 values, and 1920
values as a whole. Under these four different numbers of missing values, we conduct 10 experiments respectively. The specific data
are shown in Table 12.

The Iris dataset contains four feature attributes (sepal length, sepal width, petal length, petal width) and one classification attribute
(class of iris plant). Let positive ideal solution S* = (7.9,2.9,6.9,2.5), negative ideal solution S~ = (4.3,4.4,1,0.1), ¢ = 0.29 in the loss
function matrix. Additionally, 5, 15, 25, and 35 values are randomly removed for each feature attribute in the Iris dataset, resulting
in a total of 20, 60, 100, and 140 missing values, respectively. Ten experiments are conducted with these four distinct missing value
counts. Table 13 displays the specific data.

Figs. 1 and 2 are the average values of the classification error rate of the four algorithms in ten experiments on datasets Iris and
Gas Turbine CO and NOx Emission, respectively. From Figs. 1 and 2, we can see that the classification error rate of the proposed
algorithm on an incomplete ordered information system is lower than that of the other three algorithms.

4.2. Sorting analysis of algorithm

In the Auto MPG dataset, we delete objects that contain missing data and delete attributes: weight, model year, and origin. The pos-
itive ideal solution S* = (46.6, 8,455,230, 24.8), the negative ideal solution S~ = (9, 3,68, 46, 8), and the parameter ¢ = 0.7 in the loss
function matrix. In the Travel Reviews dataset, the positive ideal solution S* = (3.22,3.64,3.62,3.44,3.3,3.76,3.21,3.39,3.17,3.66),
the negative ideal solution .S~ = (0.34,0,0.13,0.15,0.06,0.14,3.16,2.42,0.74,2.14), and the parameter o = 0.7 in the loss function
matrix. In the Wine Quality dataset, the Energy Efficiency dataset and the Concrete Compressive Strength dataset, we delete classifi-
cation attribute and set the parameter ¢ = 0.7 in the loss function matrix. In the Wine Quality dataset, the positive ideal solution S* =
{15.9,1.58,1,15.5,0.611,72,289,1,4.01,2,14.9} and the negative ideal solution S~ = {4.6,0.12,0,0.9,0.012,1,6,0.99,2.74,0.33,8.4}.
In the Energy Efficiency dataset, the positive ideal solution S* = {0.98,808.5,416.5,220.5,7,5,0.4,5} and the negative ideal so-
lution S~ = {0.62,514.5,245,110.25,3.5,2,0,0}. In the Concrete Compressive Strength dataset, the positive ideal solution S* =
{540,359.4,200.1,247,32.2,1145,992.6,365} and the negative ideal solution S~ = {102,0,0,121.75,0,801,594,1}.

Table 11 illustrates the results of our method, the TOPSIS method, Qian et al.’s method [17], and Wang et al.’s method [30] in five
datasets: the Auto MPG dataset, the Travel Reviews dataset, the Wine Quality dataset, the Energy Efficiency dataset and the Concrete
Compressive Strength dataset.

To assess the degree of consistency among the ranking outcomes derived from various techniques, we utilize the concept of the
Spearman’s rank correlation coefficient (SRCC), which is the correlation between two ranking sequences [8],
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our model

Yang et al.’s model
Peng et al.’s model
Wang et al.’s model

0.4

0.3

CE

0.2

0.1

0.0

480 960
Number of missing values

Fig. 1. CE (Gas Turbine CO and NOx Emission).

0.30{ ™= our model
BN Yang et al.’s model
mmm Peng et al."s model

N Wang et al.’s model

60 100
Number of missing values

Fig. 2. CE (Iris).

Table 11
The best object.
Our method  The TOPSIS method  Qian et al.’s method ~ Wang et al.’s method
Auto MPG az0 Az ay ay
Travel Reviews [ [ [ [
Wine Quality a5 a5 as as
Energy Efficiency ap ap ap ap
Concrete Compressive Strength a4 ags [ age

6Y" (d)?
SRCC:I—M,

g (42)
where d; denotes the difference between the ranking index values of object x; in the two sequences, x; e U(i=1,2,---,n).

The SRCC results are generally analyzed from two aspects: (1) Based on the Spearman rank correlation threshold table, at the
significance level of 0.05, when the ranking results of the two methods are greater than 0.648, the ranking performance of the two
methods is highly consistent [28]. (2) In view of the excellent sorting performance of the classical decision method, if the SRCC
between the first method and the classical method is greater than the SRCC between the second method and the classical method,
the first method is superior to the second method in sorting performance [28]. Therefore, the calculation results in Figs. 3, 4, 5, 6
and 7 are analyzed below.

In light of Figs. 3 and 6, the values of SRCC between the our method and other counterparts, including the TOPSIS method, Qian
et al.’s method [17], Wang et al.’s method [30], are all higher than 0.648, which indicates the ranking performance of these methods
is highly consistent. In Figs. 4 and 5, the values of SRCC of our method and the TOPSIS method, Qian et al.’s method [17] are higher
than 0.648. From Figs. 3, 4, 5, 6 and 7, we can also see that the SRCC of our method and the classical method TOPSIS is not less
than 0.9997 on the datasets: Auto MPG, Travel Reviews, Wine Quality, Energy Efficiency and Concrete Compressive Strength. This
indicates that the two ranking results are extremely similar.
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Table 12

Classification error rate (Gas Turbine CO and NOx Emission).
240 missing values 480 missing values
Times Our model Yang et al.’s model Peng et al.’s model Wang et al.’s model Times our model Yang et al.’s model Peng et al.’s model Wang et al.’s model

CE CE CE CE CE CE CE CE
1 0.0768 0.0947 0.2738 0.3317 1 0.0776 0.1025 0.2690 0.3500
2 0.0771 0.0952 0.2752 0.3398 2 0.0775 0.1009 0.2730 0.3818
3 0.0769 0.0949 0.2734 0.3076 3 0.0772 0.1001 0.2709 0.3726
4 0.0769 0.0956 0.2751 0.3602 4 0.0761 0.1005 0.2700 0.3937
5 0.0768 0.0955 0.2732 0.3359 5 0.0769 0.1025 0.2688 0.3959
6 0.0767 0.0955 0.2733 0.3589 6 0.0769 0.1014 0.2719 0.3689
7 0.0771 0.0956 0.2730 0.3564 7 0.0775 0.1027 0.2684 0.3841
8 0.0768 0.0939 0.2733 0.3254 8 0.0773 0.0994 0.2702 0.3681
9 0.0768 0.0963 0.2746 0.3341 9 0.0768 0.1020 0.2704 0.3954
10 0.0768 0.0952 0.2728 0.3337 10 0.0772 0.1001 0.2709 0.3750
960 missing values 1920 missing values
Times Our model Yang et al.’s model Peng et al.’s model Wang et al.’s model Times our model Yang et al.’s model Peng et al.’s model Wang et al.’s model
CE CE CE CE CE CE CE CE

1 0.0773 0.1101 0.2650 0.4330 1 0.0780 0.1314 0.2546 0.4377
2 0.0784 0.1121 0.2648 0.4236 2 0.0776 0.1348 0.2574 0.4612
3 0.0776 0.1132 0.2629 0.4436 3 0.0788 0.1346 0.2501 0.4468
4 0.0780 0.1111 0.2631 0.4237 4 0.0773 0.1324 0.2558 0.4441
5 0.0771 0.1134 0.2668 0.4267 5 0.0798 0.1337 0.2623 0.4604
6 0.0772 0.0822 0.2660 0.4462 6 0.0775 0.1334 0.2519 0.4632
7 0.0775 0.1120 0.2667 0.4336 7 0.0780 0.1024 0.2500 0.4428
8 0.0776 0.1102 0.2669 0.4220 8 0.0781 0.0971 0.2571 0.4743
9 0.0777 0.1115 0.2668 0.4164 9 0.0785 0.1009 0.2541 0.4331
10 0.0776 0.1132 0.2628 0.4356 10 0.0796 0.1385 0.2523 0.4576
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Table 13

Classification error rate (iris).
20 missing values 60 missing values
Times Our model Yang et al.’s model Peng et al.’s model Wang et al.’s model Times our model Yang et al.’s model Peng et al.’s model Wang et al.’s model

CE CE CE CE CE CE CE CE
1 0.0733 0.1067 0.0933 0.1933 1 0.0600 0.1400 0.1667 0.2867
2 0.0667 0.1133 0.0867 0.2867 2 0.0800 0.1467 0.1200 0.3267
3 0.0533 0.1133 0.1000 0.2067 3 0.0800 0.1200 0.1267 0.3067
4 0.0600 0.1200 0.1000 0.2667 4 0.0600 0.1667 0.1200 0.2867
5 0.0667 0.1267 0.1133 0.2000 5 0.0533 0.1400 0.1600 0.2733
6 0.0600 0.1067 0.0933 0.2000 6 0.0667 0.1800 0.1600 0.2533
7 0.0667 0.1333 0.1000 0.3333 7 0.0800 0.1133 0.1267 0.3267
8 0.0667 0.1200 0.1133 0.2000 8 0.0600 0.1733 0.1600 0.3333
9 0.0600 0.1400 0.0933 0.1867 9 0.0467 0.1467 0.1600 0.2600
10 0.0667 0.1200 0.1133 0.3333 10 0.0667 0.1533 0.1200 0.3533
100 missing values 140 missing values
Times Our model Yang et al.’s model Peng et al.’s model Wang et al.’s model Times our model Yang et al.’s model Peng et al.’s model Wang et al.’s model
CE CE CE CE CE CE CE CE

1 0.0800 0.1333 0.2267 0.2600 1 0.0800 0.1867 0.2600 0.3400
2 0.0667 0.1667 0.2267 0.3333 2 0.0733 0.2000 0.2467 0.1933
3 0.0600 0.1933 0.2000 0.3400 3 0.1000 0.1800 0.2467 0.1533
4 0.1000 0.1733 0.2400 0.2733 4 0.1000 0.1400 0.2667 0.2467
5 0.1000 0.1267 0.2333 0.2600 5 0.0667 0.2200 0.2333 0.1667
6 0.0867 0.1600 0.2067 0.2800 6 0.1067 0.1867 0.2600 0.3600
7 0.0733 0.2067 0.1867 0.4133 7 0.2200 0.1533 0.2467 0.1000
8 0.0600 0.1867 0.2267 0.3000 8 0.1067 0.2000 0.2200 0.2067
9 0.0667 0.1533 0.1867 0.3200 9 0.0733 0.1467 0.2600 0.1467
10 0.0867 0.1667 0.2067 0.1733 10 0.0733 0.2067 0.2800 0.4200
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This paper presents a novel approach of three-way decision in incomplete ordered information systems. In contrast to previous
research, the proposed method does not construct the binary relation directly. Instead, the filling value with confidence is obtained
by Definition 14, resulting in a three-way decision model in a complete ordered information system with confidence. Similar to
those models of three-way decision with decision-theoretic rough sets, this paper defines the relative loss function matrix and the
dominance relation, and induces the corresponding three-way decision rules according to the minimum risk decision theory. Firstly,
we use the ideas of TOPSIS method and regret theory to define a novel dominance relation between objects that reflects the advantages
and disadvantages of objects and the degree of advantages and disadvantages and has good properties of reflexivity, symmetry, and
transmission. Secondly, according to the relative distance in TOPSIS method, we introduce the fuzzy pre-decision and relative loss
function matrix. Additionally, a method for calculating the membership degree between the object and the PIS and NIS classes is
proposed. Ultimately, the decision rules analogous to the conventional three-way decision model are derived through the application
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of Bayesian minimum risk decision theory. In the final experimental section of the paper, we compare it with other models of three-
way decision in incomplete ordered information systems. This paper is superior to the other three in terms of classification accuracy.
Then, the three-way decision model of this paper is applied to the complete ordered information system, and the ranking results are
highly consistent with the classical algorithm TOPSIS and also have good correlation with the other two algorithms.

The three-way decision model proposed in this paper is suitable for incomplete ordered information systems, and PIS and NIS
need to be given. In our future work, we will consider extending the model to general incomplete information systems and propose
an algorithm to find extreme values such as PIS and NIS.
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