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The decision-making theory with three-way decisions (3WD) improves the either-or deci-
sion results of the traditional multi-criteria decision-making (MCDM) methods and pro-
vides a more reasonable decision basis. This paper presents a novel 3WD method to
solve MCDM problems in fuzzy information systems. Considering the usefulness of fuzzy
neighborhood operators when dealing with fuzzy numerical data, we define a reflexive
fuzzy a-neighborhood operator for overcoming the weaknesses of the existing fuzzy b-
neighborhood operators in some applications. A probabilistic rough fuzzy set model and
MCDM-based 3WD model are established by means of the constructed fuzzy e-
neighborhood classes. We give a determination method of the conditional probability
according to data tables of MCDM problems. Particularly, the steps and algorithm of
3WD method are proposed. Then the feasibility and validity of the method are illustrated
by the validity test and the comparative analysis on an example of project investments.
Finally, we demonstrate the stability of the method through the experimental analysis
on different data sets.

� 2020 Elsevier Inc. All rights reserved.
1. Introduction

In recent years, the idea of 3WD plays a unique role in the study of decision-making theory. The decision-making methods
with 3WD can not only provide a complete ranking, but also classify all alternatives according to three decision rules. What
is more, the 3WD theory takes into account the losses or costs of alternatives caused by taking different actions, which is line
with decision-making situations in real life. Based on this, the reasonable semantics for making a decision can be clearly
interpreted. In addition, since 3WD has become an important granular computing methodology and granular computing
has been adopted as a useful and effective tool to handle decision-making problems under ambiguity and uncertainty,
3WD provides insights into deeper understanding for solving MCDM problems from the point of granular computing. In view
of the above advantages of 3WD, the decision-making based on 3WD has attracted many scholars to carry out the research
[8,11,14,17,18,24,27,30].

In 2009, Yao [40] first introduced the model of 3WD to explain the rules of decision-theoretic rough sets. The three deci-
sion rules correspond to positive rules for acceptance, boundary rules for delayed decisions, and negative rules for rejection,
respectively. However, the original 3WD model has some shortcomings in some ways, such as the estimation of loss func-
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tions, the conditional probability calculation method in fuzzy environments, the process of numerical data, etc. To solve the
above weaknesses, many extended 3WD models [4,7,16,22,31,33,46] have been developed from two perspectives of conno-
tation and extension.

The research on the connotation of 3WD focuses on the loss function and the conditional probability. In most cases, the
loss functions are evaluated subjectively by decision-makers based on their own knowledge and experience. Since it is dif-
ficult to quantify the losses in practice, the types of loss functions have been generalized to all kinds of fuzzy environments,
such as, interval environments [8,23], hesitant fuzzy environments [17,46], intuitionistic fuzzy environments [24], Pythagor-
ean fuzzy environments [18], and so on. Nevertheless, no matter how the type of loss functions changes, the loss functions
are still subjective in nature. In order to reduce the subjectivity of loss functions, Jia and Liu [11] presented an objective com-
putation method to obtain the relative loss functions [21] which are the variant of loss functions. This method provides a
new idea and insight for the combination of 3WD and MCDM. In this paper, we employ the same method as [11] to calculate
the relative loss functions.

For the conditional probability, the existing researches have also given a lot of discussions. In 3WD theory, the condi-
tional probability consists of a state and a description of an object. Generally, a state can be represented by either of the
following two forms: classical sets and fuzzy sets [45]. However, whether the set of states is classic [40,41] or fuzzy [31],
few studies indicate that the set of states can be computed. Based on this, we propose an objective approach to calculate
the set of fuzzy states by means of weighted aggregations. Additionally, the description of an object can be viewed as a
class of the object induced by a binary relation, such as an equivalence class [33,40], a similarity class [16,23], a neigh-
borhood class [1,15], and so forth. Hence, the formula of the conditional probability in [40] can be extended based on dif-
ferent relation classes. Besides, Hu et al. [8] introduced the concept of the relative conditional probability. Lang et al. [14]
proposed to replace the conditional probability with the distance function. Liang et al. [18] presented a method to obtain
the conditional probability by using ideal TOPSIS solutions. Although there are many defined formulae of the conditional
probability, the objective conditional probability based on decision-making problems is still lacking. To further enrich the
study of the conditional probability, we propose a novel determination method of the conditional probability based on
MCDM-driven data tables.

The extension of 3WD models mainly concentrates on the development of 3WD theory. On the one hand, from
the perspective of vertical development, Hu [7] came up with the notion of 3WD spaces for making the 3WD theory
more general, including the study of different types and properties of 3WD models. Yao [42] analyzed a wide sense
of 3WD and put forward a trisecting-acting-outcome (TAO) model. Yao [43] systematically studed the connection of
3WD granular computing, rough set and formal concept analysis. On the other hand, from the perspective of hori-
zontal development, the extension of 3WD models reflects the characteristics of knowledge transfer. That is, 3WD
models based on different relations are proposed, such as dominance relations [22], fuzzy relations [30], neighbor-
hood relations [15], etc. Likewise, 3WD models based on different information systems are also presented, such as
hybrid information systems [16,33], incomplete information systems [23,39], neighborhood systems [1], and so forth.
It is not difficult to find from the current study that the existing fuzzy b-neighborhood operators [2,25,38], as fuzzy
binary relations, can handle fuzzy numerical data effectively. However, the study of 3WD models based on fuzzy
b-neighborhood operators is still a blank. One of the main reasons for this phenomenon is that the existing fuzzy
b-neighborhood operators are defective in applications, which is described in Sections 2.1 and 3 in detail. Therefore,
this paper establishes a novel 3WD model by virtue of the reflexive fuzzy a-neighborhood operator defined in
Section 3.1.

It should be noted that the purpose of this paper is to propose a decision-making method for solving project
investment decision-making problems rather than just for classifications. As we know, the traditional MCDM methods
are two-way decisions, namely, acceptance and rejection, such as the EDAS method [5], the TOPSIS method [10], the
aggregation operator method [6,37], the PROMETHEE method [19], etc. Decision-makers can only make decisions
based on their own needs from the ranking result, regardless of whether the projects are good or bad. Thus, this
outcome may increase the risk of decision-making. On the contrary, decision results based on 3WD can reduce
the risk of decision-making by considering three decision rules. For example, we can see from [11] that the ranking
result A7 > A1 > A2 > A4 > A5 > A6 > A8 > A3 is obtained by the TOPSIS method [10] and the ranking result (based on
a) A7 > A1 > A2 > A4 > A5 > A6 > A3 > A8 is calculated according to the decision-making method with 3WD proposed
by [11]. Assume that the conditional probability of each investment project is 0.4, by means of the method proposed
in [11], we have three regions as follows: POS Cð Þ ¼ A1;A7f g;BND Cð Þ ¼ A2;A4;A5f g and NEG Cð Þ ¼ A3;A6;A8f g. Suppose
that decision-makers plan to invest in three projects, the projects A7;A1 and A2 are chosen according to the TOPSIS
method [10], while the projects A7 and A1 are definitely selected and the project A2 needs further consideration by
the method proposed in [11]. If decision-makers do not invest in the project A2, it can reduce the risk of the deci-
sion. Otherwise, the risk of the decision increases. Moreover, based on the above example, it can be seen that the
number of investment projects to be accepted is determined by subjective judgments of decision-makers in tradi-
tional MCDM methods, but the numbers of investment projects in three regions are determined objectively in the
decision-making methods with 3WD. Based on these reasons, we propose a novel 3WD method to MCDM in this
paper.

From the above descriptions, we outline four motivations of this paper as follows:
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(1) Compared to the traditional MCDM methods with two-way decisions [5,10,19,26,37], a delayed decision is added and
the loss or risk of each alternative for taking certain action is taken into account, which is more in line with realistic
decision situations. At the same time, 3WD can provide a more reasonable decision basis and aid decision-makers to
adjust their requirements according to three decision rules. In light of the above strengths of 3WD, this paper plans to
propose an MCDM method via the idea of 3WD.

(2) Since neighborhood relations can deal with numerical data effectively [15], many models based on neighborhood rela-
tions have been developed, such as the neighborhood-based rough set models [9,20,36], the neighborhood-based
decision-theoretic rough set models [15], the neighborhood-based 3WD models [1], and so forth. As a generalization
of neighborhood relations under fuzzy environments, fuzzy b-neighborhood operators [25,38] are introduced by
means of fuzzy logical conjunctions, which are effective for dealing with fuzzy numerical data. At present, the fuzzy
rough set models based on fuzzy b-neighborhood operators have been widely studied [12,25,38,47]. However, the
research of 3WD model based on fuzzy b-neighborhood operators is lacking. In order to solve the above problem,
we intend to establish a novel 3WD based on fuzzy b-neighborhood operators in fuzzy information systems.

(3) We can see from [25,38] that the existing fuzzy b-neighborhood operators are not reflexive when b 2 0;1ð Þ. Moreover,
for the fuzzy neighborhood operators in [2], their applications are restricted by a strict condition which is at least one
value of 1 for the membership of each object under all sub-coverings. To overcome the above shortcomings, we prefer
to define a reflexive fuzzy b-neighborhood operator (hereinafter called the fuzzy a-neighborhood operator).

(4) In the decision-making methods with 3WD, few studies have been published on the computation method of the set of
states. In general, two states in 3WD model are given subjectively. To reduce the subjectivity in the decision-making
process, this paper intends to present an objective method to calculate the set of states. Besides, in [11], there is a lack
of a reasonable semantic explanation for the ranking results based on thresholds when the conditional probabilities
are inconsistent. To solve this problem, we try to propose a determination method of the conditional probability based
on MCDM problems to develop a new 3WD method.

The rest of this paper is organized as follows: Section 2 reviews several studies related to this paper and gives some new
insights. In Section 3, we first define a reflexive fuzzy a-neighborhood operator and construct fuzzy e-neighborhood classes,
then we present a novel MCDM-based 3WD model. Section 4 proposes a 3WD method to handle decision-making problems
and illustrates the feasibility of the proposed method by a practical example. Meanwhile, the validity test is carried out to
verify the validity of the proposed method. Sections 5 and 6 confirm that the proposed method is effective and stable accord-
ing to the comparative and experimental analyses. Section 7 concludes this paper and indicates future research works.

2. Preliminary

In this section, we review several existing studies, such as the related work of fuzzy neighborhood operators [2,25,38], the
notion of fuzzy information systems [4,32] and the computation approaches of loss functions under MCDM environments
[11]. Besides, we give some new notes for the above concepts.

2.1. Fuzzy neighborhood operators based on fuzzy b-covering

As special fuzzy binary relations, fuzzy neighborhood operators [2,25,38] are derived from classical neighborhood oper-
ators [44] under fuzzy information.

Definition 2.1. [25] Let U be a nonempty finite set of objects and C ¼ C1;C2; . . . ;Cmf g be a family of m fuzzy sets on U. If C is

called a fuzzy b-covering for b 2 0;1ð �, i.e.,
Sm

j¼1Cj

� �
uð Þ P b for any u 2 U, then we call U;Cð Þ a fuzzy b-covering

approximation space (FbCAS).
In an FbCAS, Ma [25] proposed a fuzzy b-neighborhood operator as follows:

Definition 2.2. [25,38] Let U;Cð Þ be an FbCAS and b 2 0;1ð �. For any u;v 2 U, a fuzzy b-neighborhood operator is defined by:
Nb
Ma uð Þ vð Þ ¼ inf Cj vð ÞjCj 2 C; Cj uð Þ P b

� �
¼

^
Cj2N

b
C uð Þ

Cj vð Þ; ð2 —1Þ
where Nb
C uð Þ ¼ Cj 2 CjCj uð Þ P b

� �
is the b-neighborhood system of u.

It is worth noting that the fuzzy b-neighborhood operator Nb
Ma does not satisfy the reflexivity when b 2 0;1ð Þ, i.e.,

Nb
Ma uð Þ uð Þ – 1 for any u 2 U. Based on the research of Ma [25], the notion of fuzzy b-minimal description [38] is introduced

as follows:

Definition 2.3. [38] Let U;Cð Þ be an FbCAS and b 2 0;1ð �. For any u 2 U, the fuzzy b-minimal description of u is defined as
follows:
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Mdb
C uð Þ ¼ Cj 2 Nb

C uð Þ : 8Cs 2 Nb
C uð Þ ^ Cs #Cj ) Cj ¼ Cs

n o
: ð2—2Þ
Definition 2.3 makes a lot of sense since the semantic interpretation of fuzzy b-minimal description is reasonable. That is,
we only need to use the essential characteristics with respect to this object when we describe an object, rather than all the
characteristics.

Furthermore, Yang and Hu [38] proposed three new fuzzy b-neighborhood operators, which can form a fuzzy lattice with
the operator presented in Definition 2.2. However, it is a pity that these three operators are not reflexive either. In addition,
D’eer et al. [2] also constructed four types of fuzzy neighborhood operators by means of fuzzy logical connectives in a fuzzy
covering approximation space1 (FCAS). Although these four operators satisfy the reflexivity, their applications are restricted by
a strict condition which is at least one value of 1 for the membership of each object under all sub-coverings.

2.2. Fuzzy information systems

Information systems, also called data tables, as the carrier of knowledge are widely used. For the classical information
systems [28], the relation between an object and its attribute values is certain. However, data are usually vague and impre-
cise in real life. Therefore, we introduce fuzzy information systems to represent uncertain information.

Definition 2.4. [4,32] A fuzzy information system (FIS) can be denoted by a pair S ¼ U;Cð Þ, where U ¼ u1;u2; . . . ;unf g is a
nonempty finite set of objects and C ¼ C1;C2; . . . ;Cmf g#F Uð Þ (F Uð Þ denotes the family of all fuzzy sets on U) is a nonempty
finite set of attributes for describing objects. The more detailed form is a quaternion form S ¼ U;C;V; Ið Þ, in which
V ¼

W
Cj2CVCj

¼ uijji 2 U ¼ 1;2; . . . ;nf g; j 2 D ¼ 1;2; . . . ;mf g
� �

# 0;1½ � where VCj
is the value domain of the attribute Cj and

I ¼ Ij : U ! VCj

n o
is a mapping set, such that Ij uið Þ ¼ uij 2 0;1½ � for ui 2 U.

In general, FISs satisfy the following two conditions: (1) Cj – ø for each Cj 2 C, namely, 8Cj 2 C; 9ui 2 U, s.t. uij – 0. Other-
wise, the attribute Cj is worthless. (2) Each object has a non-zero value under at least one attribute, that is, 8ui 2 U; 9Cj 2 C, s.
t. uij – 0. Otherwise, the object ui is unmeaning. Next, Table 1 shows an FIS with the consistent types of attributes, where
Cj ¼

u1j
u1

þ u2j
u2

þ . . .þ unj
un

is a fuzzy set on U. Furthermore, we have the following remark:

Remark 2.5. According to Definitions 2.1 and 2.4, if the types of attributes are consistent in FISs, the set C of attributes

describing objects is a family ofm fuzzy sets and satisfies that
Sm

j¼1Cj

� �
uið Þ P b (b 2 0;1ð �) for any ui 2 U. Thus, C constitutes

a fuzzy b-covering. That is, an FIS with the consistent types of attributes can be regarded as an FbCAS and vice versa.
2.3. The 3WD model under multiple-criteria environment

Given the advantages of the theory of 3WD, Jia and Liu [11] proposed a 3WD model to handle MCDM problems. What is
more, an approach is presented to compute loss functions and thresholds under the multiple-criteria environment. Before
reviewing the computation approach, we first describe the following MCDM problems.

Let U ¼ u1;u2; . . . ;unf g be a set of n alternatives and C ¼ C1;C2; . . . ;Cmf g be a set of m criteria. In general, the dimensions
and types of criteria may be different. Decision-makers evaluate each alternative in line with different criteria and obtain an
evaluation set V ¼ Cj uið Þji 2 U; j 2 D

� �
, in which Cj uið Þ denotes the evaluation value of the alternative ui under the criterion

Cj. Thus, for each Cj, a domain of evaluation values of alternatives can be obtained, which is labeled as Dj ¼ Cj uið Þji 2 U
� �

. In

Dj;Cj uið Þ 2 uj
min;u

j
max

h i
for each ui 2 U, where uj

min and uj
max denote the minimum value and the maximum value under the

criterion Cj. Besides, since each criterion plays a different role in decision-making, a weight vector W ¼ w1;w2; . . . ;wmf g

is used for representing the set of importance of criteria, such that 0 6 wj � 1 and
Pm
j¼1

wj ¼ 1.

As we know, data tables can be utilized to express the information of MCDM problems. If the types of criteria are consis-
tent, the data tables can be regarded as FISs (see Table 1) when decision-makers use fuzzy numbers to evaluate all alterna-
tives under criteria. That is, Cj uið Þ ¼ uij 2 0;1½ � for i 2 U and j 2 D. Otherwise, we need to convert the types of criteria so that
the types of criteria are consistent.

By the research results of [11] and the above discussions, the relative loss functions and three thresholds of each alter-
native are introduced as follows:

Let X ¼ X; :Xf g be a set of states and A ¼ aP ; aB; aNf g be a set of actions, where the three actions aP; aB and aN represent
ui 2 Pos Xð Þ (acceptance), ui 2 Bnd Xð Þ (non-commitment) and ui 2 Neg Xð Þ (rejection), respectively. The following Table 2
shows the original and relative loss functions regarding the cost (or risk) of three actions in two states, whereekBP ¼ kBP � kPP; ekNP ¼ kNP � kPP; ekPN ¼ kPN � kNN and ekBN ¼ kBN � kNN .
zy covering approximation space: When b ¼ 1, fuzzy b-covering approximation spaces are fuzzy covering approximation spaces.



Table 1
The fuzzy information system S ¼ U;Cð Þ.

U=C C1 C2 � � � Cm

u1 u11 u12 � � � u1m

u2 u21 u22 � � � u2m

..

. ..
. ..

. . .
. ..

.

un un1 un2 � � � unm

Table 2
Two types of loss functions.

Original loss
functions

Relative loss
functions

X (P) :X (N) X (P) :X (N)

aP kPP kPN 0 ekPN
aB kBP kBN ekBP ekBN
aN kNP kNN ekNP 0
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In Table 2, the original loss functions are interpreted as follows: kPP; kBP and kNP represent the costs or losses caused by
taking actions of aP; aB and aN , respectively, when ui 2 X. In like manner, kPN; kBN and kNN represent the costs or losses caused
by taking actions of aP; aB and aN , respectively, when ui 2 :X. In addition, the relative loss functions can be explained as fol-

lows: when ui 2 X, by taking the loss of the action aP as the standard, the relative losses of aP; aB and aN are 0, ekBP and ekNP ,

respectively; when ui 2 :X, by taking the loss of action aN as the standard, the relative losses of aP; aB and aN are ekPN ; ekBN and
0, respectively.

Based on anMCDM problem in an FIS, Jia and Liu [11] proposed an approach to compute the relative loss functions of each
alternative, as shown in Table 3, where the parameter rj (2 0;1½ �) is the risk avoidance coefficient under the criterion Cj. More
details can be obtained from [11].

According to Table 3 and the theory of 3WD, three thresholds hi; ni and ci with respect to each alternative are calculated as
follows:
hi ¼
Pm

j¼1 1� rj
� �

wj 1� uij
� �

Pm
j¼1 1� rj

� �
wj 1� uij

� �
þ
Pm

j¼1rjwjuij
; ð2 — 3Þ

ni ¼
Pm

j¼1rjwj 1� uij
� �

Pm
j¼1rjwj 1� uij

� �
þ
Pm

j¼1 1� rj
� �

wjuij
; ð2 — 4Þ

ci ¼
Xm

j¼1
wj 1� uij

� �
: ð2 — 5Þ
3. Fuzzy -neighborhood operator-based 3WD model

In this section, we first discuss the importance of reflexivity of binary relations in 3WD theory. Then, a novel 3WD model
based on reflexive fuzzy a-neighborhood operators is proposed. Section 3.1 constructs fuzzy a-neighborhood classes by
means of the proposed reflexive fuzzy a-neighborhood operator. Based on this, a probabilistic rough fuzzy set model is pre-
sented in Section 3.2. To solve some weaknesses of probabilistic rough fuzzy set model, Section 3.3 establishes a 3WDmodel
based on MCDM.

As described in Section 2.1, the fuzzy neighborhood operators in [2,25,38] are deficient. We give an example to illustrate
the importance of reflexivity of binary relations below.

Example 3.1. Let U;Cð Þ be an FbCAS, as shown in Table 4, where U ¼ u1;u2;u3;u4;u5;u6f g and C ¼ C1;C2;C3;C4;C5f g.
According to Definition 2.1 and Table 4, we can know that b 2 0;0:6ð � and C2 � C4. Let b ¼ 0:5, we can obtain the results in

Table 5.
By e-cut sets e 2 0;1½ �ð Þ [13] and the operator presented in Definition 2.2, we introduce the following fuzzy

e-neighborhood class ui½ �eNb
Ma

of ui:
ui½ �eNb
Ma

¼ ut jNb
Ma uið Þ utð Þ P e

n o
: ð3 — 1Þ
When e ¼ b 2 0; 0:6ð �, the fuzzy e-neighborhood class of ui is equivalent to the b-neighborhood of ui proposed by Ma [25]. We
have that ui 2 ui½ �eNb

Ma
– ø. However, when e 2 0:6;1ð �; ui½ �eNb

Ma
¼ ø may hold for some ui 2 U. Let e ¼ 0:7, we obtain that

u1½ �0:7N0:5
Ma

¼ u2½ �0:7N0:5
Ma

¼ u3½ �0:7N0:5
Ma

¼ u4½ �0:7N0:5
Ma

¼ u6½ �0:7N0:5
Ma

¼ ø by Table 5. Moreover, u5½ �0:7N0:5
Ma

¼ u3f g. Hence,
S6
i¼1

ui½ �0:7N0:5
Ma

¼ u3f g– U.



Table 3
The relative loss functions of ui .

ui X (P) :X (N)

aP 0
Pm

j¼1wj 1� uij
� �

aB
Pm

j¼1rjwjuij
Pm

j¼1rjwj 1� uij
� �

aN
Pm

j¼1wjuij 0

Table 4
An FbCAS of the example.

U=C C1 C2 C3 C4 C5

u1 0:6 0:7 0:5 0:6 0:8
u2 0:4 0:3 0:6 0:2 0:7
u3 0:7 0:8 0:3 0:7 0:5
u4 0:2 0:5 0:7 0:4 0:3
u5 0:3 0:6 0:1 0:6 0:4
u6 0:5 0:4 0:6 0:3 0:6

Table 5
The membership of ut on fuzzy 0.5-neighborhood of ui i; t 2 1;2; . . . ;6f gð Þ.

N0:5
Ma uið Þ utð Þ u1 u2 u3 u4 u5 u6

u1 0:5 0:2 0:3 0:2 0:1 0:3
u2 0:5 0:6 0:3 0:3 0:1 0:6
u3 0:6 0:2 0:5 0:2 0:3 0:3
u4 0:5 0:3 0:3 0:5 0:1 0:4
u5 0:6 0:2 0:7 0:4 0:6 0:3
u6 0:5 0:4 0:3 0:2 0:1 0:5
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From Example 3.1, it can be seen that the construction of fuzzy e-neighborhood classes based on the fuzzy
b-neighborhood operators with b-reflexivity2 is unreasonable. If we only set e ¼ b 2 0;0:6ð �, the fuzzy e-neighborhood classes
ignore the case where the belief level e belongs to (0.6,1]. In applications, especially decision-making applications, this can lead
to one-sided results that can affect to make the right decisions. Furthermore, we consider e 2 0:6;1ð �. If we regard fuzzy
e-neighborhood class of ui as information granule of ui, the union of the information granules of all objects may not cover
the universe U, which is unreasonable in 3WD theory. The main reason for the above weaknesses is that the fuzzy
b-neighborhood operator defined by Ma [25] is b-reflexive rather than reflexive. Therefore, the reflexivity of fuzzy neighborhood
operators is very important for the study of 3WD.

3.1. A reflexive fuzzy a-neighborhood operator

To overcome the shortcomings of fuzzy neighborhood operators in [2,25,38], a reflexive fuzzy a-neighborhood operator is
constructed in FISs that the types of criteria are consistent. Then, the concept of fuzzy e-neighborhood classes is presented by
using the idea of e-cut sets.

Definition 3.2. Let S ¼ U;Cð Þ be an FIS and I be an R-implicator.3 By introducing a critical value a, where

a 2 0;min
i

max
j

uij

� 	� 	
, we define a fuzzy a-neighborhood operator N a as follows:
2 b-re
3 R-im
N a uið Þ utð Þ ¼
^

Cj2MdaC uið Þ

I Cj uið Þ; Cj utð Þ
� �

¼
^

Cj2MdaC uið Þ

I uij;utj
� �

; ð3—2Þ
where ui;ut 2 U and MdaC uið Þ is the fuzzy a-minimal description of ui.

Obviously, fuzzy a-neighborhood N a uið Þ of ui is a fuzzy set on U, i.e., N a uið Þ ¼ N a uið Þ u1ð Þ
u1

þ N a uið Þ u2ð Þ
u2

þ � � � þ N a uið Þ unð Þ
un

. In the fol-

lowing, the properties of fuzzy a-neighborhood operators are demonstrated by the following proposition.

Proposition 3.3. Let S ¼ U;Cð Þ be an FIS, I be an R-implicator and T be a left-continuous t-norm. We have the following
properties for the fuzzy a-neighborhood operator N a:
flexivity: Let U be a universe and N be a fuzzy neighborhood operator. If N uð Þ uð Þ P b b 2 0;1ð �ð Þ for each u 2 U, then N is b-reflexive.
plicator: for any x; y 2 0;1½ �; IT x; yð Þ ¼ sup z 2 0;1½ �jT x; zð Þ 6 yf g, where T is a t-norm.
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(1) The fuzzy a-neighborhood operator N a is reflexive, i.e., N a uið Þ uið Þ ¼ 1 for each ui 2 U.
(2) The fuzzy a-neighborhood operator N a satisfies the T -transitivity, i.e., for

ui;us;ut 2 U; T N a uið Þ usð Þ;N a usð Þ utð Þð Þ 6 N a uið Þ utð Þ.
(3) Na

Ma uið Þ#N a uið Þ for each ui 2 U.

(4) N1
C uið Þ#N a¼1 uið Þ for each ui 2 U, where N1

C is the first type of fuzzy neighborhood operator proposed by D’eer et al.
[2].
Proof. (1) Since I is an R-implicator, I uð Þ uð Þ ¼ 1 for each u 2 0;1½ �. Thus, for any ui 2 U;N a uið Þ uið Þ ¼
V

Cj2MdaC uið Þ
I uij;uij
� �

¼ 1.

(2) For ui;us;ut 2 U; T N a uið Þ usð Þ;N a usð Þ utð Þð Þ 6
V

Cj2MdaC uið Þ
T I uij;usj

� �
; I usj;utj

� �� �
6

V
Cj2MdaC uið Þ

I uij;utj
� �

¼ N a uið Þ utð Þ.

(3) For any ui;ut 2 U, since MdaC uið Þ#Na
C uið Þ, we have Na

Ma uið Þ utð Þ ¼
V

Cj2Na
C uið Þ

utj
� �

6
V

Cj2MdaC uið Þ
utj
� �

¼
V

Cj2MdaC uið Þ
I 1; utj
� �

6
V

Cj2MdaC uið Þ
I uij;utj
� �

¼ N a uið Þ utð Þ. Thus, Na
Ma uið Þ#N a uið Þ for each ui 2 U.

(4) For any ui;ut 2 U, when a ¼ min
i

max
j

uij

� 	
¼ 1;N a¼1 uið Þ utð Þ ¼

V
Cj2MdaC uið Þ

I uij;utj
� �

P
V
Cj2C

I uij;utj
� �

¼ N1
C uið Þ utð Þ. That is,

N1
C uið Þ#N a¼1 uið Þ. h

In the following, we construct fuzzy e-neighborhood classes to transform the fuzzy a-neighborhoods into the classical
sets.

Definition 3.4. Let S ¼ U;Cð Þ be an FIS, N a be the fuzzy a-neighborhood operator in Definition 3.2 and e 2 0;1½ �. We define
fuzzy e-neighborhood class ui½ �eN a

of ui as follows:
ui½ �eN a
¼ ut 2 UjN a uið Þ utð Þ P ef g: ð3—3Þ
According to Proposition 3.3, we have the following remark:
Remark 3.5. Let S ¼ U;Cð Þ be an FIS and e 2 0;1½ �. For the fuzzy e-neighborhood classes, the following conclusions hold:
(1) ui 2 ui½ �eN a

for any ui 2 U.

(2)
S

ui2U
ui½ �eN a

¼ U.

Obviously, the union of the fuzzy e-neighborhood classes of all objects can cover the universe U rather than partition.

Example 3.6. Let U;Cð Þ be an FIS, as shown Table 4 in Example 3.1, and a ¼ 0:5. By using Definition 3.2, we first obtain Tables
6 and 7 as follows:

Let e ¼ 0:7, then the following results can be calculated based on Definition 3.4:
u1½ �0:7N 0:5
¼ u1;u3; u6f g; u2½ �0:7N 0:5

¼ u1;u2;u3;u6f g; u3½ �0:7N 0:5
¼ u1;u3f g;

u4½ �0:7N 0:5
¼ u1;u2; u4; u6f g; u5½ �0:7N 0:5

¼ u1;u3;u4;u5;u6f g; u6½ �0:7N 0:5
¼ u1;u2;u3;u4;u6f g:
3.2. Probabilistic rough fuzzy set models based on fuzzy e-neighborhood classes

By virtue of the operator N a, we present the following probabilistic rough fuzzy set model.

Definition 3.7. Let U;Cð Þ be an FIS, Na be a fuzzy a-neighborhood operator and e 2 0;1½ �. For ui; ut 2 U and

X 2 F Uð Þ; P Xj ui½ �eN a

� �
¼

P
ut2 ui½ �eNa

X utð Þ

j ui½ �eNa j
is a probability measure that ui in ui½ �eN a

belongs to the fuzzy set X. Thus, if

0 6 ni < hi � 1 for any i 2 U, the lower and upper approximations of X are defined with respect to hi and ni as follows:
Apr ni ;hið Þji2Uf g Xð Þ ¼ ui 2 UjP Xj ui½ �eN a

� �
P hi

� �
; ð3 — 4Þ

Apr ni ;hið Þji2Uf g Xð Þ ¼ ui 2 UjP Xj ui½ �eN a

� �
> ni

� �
: ð3 — 5Þ
If Apr ni ;hið Þji2Uf g Xð Þ – Apr ni ;hið Þji2Uf g Xð Þ;X is a probabilistic rough fuzzy set. Otherwise, X is a probabilistic definable fuzzy set.
With the help of Definition 3.7, the universe U can be divided into three regions below:
Pos Xð Þ ¼ Apr ni ;hið Þji2Uf g Xð Þ ¼ ui 2 UjP Xj ui½ �eN a

� �
P hi

� �
; ð3 — 6Þ

Bnd Xð Þ ¼ Apr ni ;hið Þji2Uf g Xð Þ � Apr ni ;hið Þji2Uf g Xð Þ ¼ ui 2 Ujni < P Xj ui½ �eN a

� �
< hi

� �
; ð3 — 7Þ

Neg Xð Þ ¼ U� Apr ni ;hið Þji2Uf g Xð Þ ¼ ui 2 UjP Xj ui½ �eN a

� �
6 ni

� �
: ð3 — 8Þ



Table 6
The 0.5-neighborhood system and fuzzy 0.5-minimal description of ui .

u1 u2 u3 u4 u5 u6

N0:5
C uið Þ C1;C2;C3;C4;C5f g C3;C5f g C1;C2;C4;C5f g C2;C3f g C2;C4f g C1;C3;C5f g

Md0:5
C uið Þ C1;C3;C4;C5f g C3;C5f g C1;C4;C5f g C2;C3f g C4f g C1;C3;C5f g

Table 7
The membership of ut on fuzzy 0.5-neighborhood N0:5 uið Þ of ui .

N0:5 uið Þ utð Þ u1 u2 u3 u4 u5 u6

u1 1 0:6 0:7 0:5 0:6 0:7
u2 0:9 1 0:7 0:6 0:5 0:9
u3 0:9 0:5 1 0:5 0:6 0:6
u4 0:8 0:8 0:6 1 0:4 0:9
u5 1 0:6 1 0:8 1 0:7
u6 0:9 0:9 0:7 0:7 0:5 1
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It should be noted that one or two of Pos Xð Þ;Bnd Xð Þ and Neg Xð Þmay be the empty set. So, we have the following remark:

Remark 3.8. Let @ ¼ Pos Xð Þ;Bnd Xð Þ;Neg Xð Þf g be a family of three regions of X on U, we have:
Pos Xð Þ \ Bnd Xð Þ ¼ ø;Pos Xð Þ \ Neg Xð Þ ¼ ø;Bnd Xð Þ \ Neg Xð Þ ¼ ø and Pos Xð Þ [ Bnd Xð Þ [ Neg Xð Þ ¼ U. Thus, @ is called a weak
tri-partition [43] of U.

Next, we discuss several degenerations of the proposed probabilistic rough fuzzy set model.

Proposition 3.9. Let h ¼ hi and n ¼ ni for all i 2 U. N a is the defined fuzzy a-neighborhood operator. For X 2 F Uð Þ, the
following conclusions hold:

(1) If N a is replaced with an equivalence relation, then the proposed probabilistic rough fuzzy set is degenerated to the
probabilistic rough fuzzy set proposed by Sun et al. [31]. Furthermore, if n ¼ 1� h, then we can obtain the variable precision
probabilistic rough fuzzy set [31].

(2) If X is a crisp set of U and N a is replaced with an equivalence relation, then the proposed probabilistic rough fuzzy set
can be degenerated to the classical probabilistic rough set [35].

(3) Based on (2), the proposed probabilistic rough fuzzy set is degenerated to the variable precision rough set [50] if
n ¼ 1� h.

In this paper, we only give the definition of the lower and upper approximations for the proposed probabilistic rough
fuzzy set model without discussing their properties because the properties are similar to the properties of models in
[31,35,50].

Example 3.10. (Continue with Example 3.6) Let X ¼ 0:5
u1

þ 0:7
u2

þ 0:6
u3

þ 0:6
u4

þ 0:8
u5

þ 0:7
u6

be a fuzzy set of U. Table 8 gives the two

threshold values for each object as follows:

According to Definition 3.7, we have:
P Xj u1½ �0:7N 0:5

� �
¼ 0:6; P Xj u2½ �0:7N 0:5

� �
¼ 0:625; P Xj u3½ �0:7N 0:5

� �
¼ 0:55;

P Xj u4½ �0:7N 0:5

� �
¼ 0:625; P Xj u5½ �0:7N 0:5

� �
¼ 0:64; P Xj u6½ �0:7N 0:5

� �
¼ 0:62:
Thus,
Apr ni ;hið Þji2Uf g Xð Þ ¼ u2;u4; u5f g; Apr ni ;hið Þji2Uf g Xð Þ ¼ u1;u2;u4;u5f g:
We can obtain the following three regions of U by using the formulae (3-6)–(3-8):
Pos Xð Þ ¼ u2;u4;u5f g; Bnd Xð Þ ¼ u1f g; Neg Xð Þ ¼ u3;u6f g:
3.3. MCDM-based 3WD models

From the research above, some concepts lack systematic calculation methods and reasonable semantic interpretations,
like the given thresholds hi and ni. Moreover, the set of states in 3WD still lacks reasonable calculation ways up to now.
To deal with the above problems, we establish a novel MCDM-based 3WD model in light of the 3WD theory proposed by
Yao [40,41]. Next, we define an MCDM-based hybrid data table through the combination of MCDM and 3WD.



Table 8
The two parameter values of ui .

u1 u2 u3 u4 u5 u6

hi 0:65 0:62 0:64 0:6 0:62 0:7
ni 0:55 0:52 0:58 0:5 0:55 0:65
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Definition 3.11. A three-way-based fuzzy data Table (3WFDT) is defined as 3WFDT=(FDT, RLFT), where FDT=(FIS,W) is a
fuzzy data table about MCDM problems, including an FIS with the same types of criteria and a weight vector W, and

RLFT = U; eki}}

� �
is a relative loss function table. For any ui 2 U, the information of ui in 3WFDT can be denoted by m + 6

elements: I uið Þ ¼ ui1;ui2; . . . ;uim; ekiPP ; ekiBP; ekiNP ; ekiPN ; ekiBN ; ekiNN� �
, as shown in Table 9.

As stated in Section 2.3, the relative loss functions of each object in Table 9 can be explained. In addition, the six relative
loss functions of ui satisfy the following conditions:
0 ¼ eki
PP 6 eki

BP < eki
NP; 0 ¼ eki

NN 6 eki
BN < eki

PN: ð3 — 9Þ
In what follows, we propose an objective method to obtain ‘‘fuzzy concept X”.

Definition 3.12. Let X ¼ X u1ð Þ
u1

þ X u2ð Þ
u2

þ � � � þ X unð Þ
un

be a fuzzy set on U. Based on FDT for an MCDM problem, the membership
X uið Þ of ui with respect to X is calculated by:
X uið Þ ¼
Xm
j¼1

wjuij: ð3— 10Þ
Similarly, we can also define ‘‘fuzzy concept” :X ¼
Pn

i¼1
:X uið Þ
ui

, where :X uið Þ ¼ 1� X uið Þ.

Let X ¼ X; :Xf g be a set of states, where X; :X 2 F Uð Þ. For each ui 2 U, the formula X uið Þ þ :X uið Þ ¼ 1 shows that the
fuzzy sets X and :X form a fuzzy partition of U. The set of actions is given by A ¼ aP ; aB; aNf g, where aP; aB and aN denote
the three actions in classifying an object ui, namely, deciding ui 2 Pos Xð Þ, deciding ui 2 Bnd Xð Þ and deciding ui 2 Neg Xð Þ,
respectively. Based on a 3WDFDT, we can calculate the following expected loss R a�j ui½ �eN a

� �
of ui taking the action of a�

� ¼ P;B;Nð Þ by using Bayesian decision process:
R aPj ui½ �eN a

� �
¼ eki

PNP :Xj ui½ �eN a

� �
; ð3 — 11Þ

R aBj ui½ �eN a

� �
¼ eki

BPP Xj ui½ �eN a

� �
þ eki

BNP :Xj ui½ �eN a

� �
; ð3 — 12Þ

R aNj ui½ �eN a

� �
¼ eki

NPP Xj ui½ �eN a

� �
: ð3 — 13Þ
According to the Bayesian decision theory with the minimum loss, we whereafter deduce three decision rules (P)-(N) as
follows:

(P) If R aP j ui½ �eN a

� �
6 R aBj ui½ �eN a

� �
and R aPj ui½ �eN a

� �
6 R aNj ui½ �eN a

� �
, decide ui 2 Pos Xð Þ;

(B) If R aBj ui½ �eN a

� �
6 R aPj ui½ �eN a

� �
and R aBj ui½ �eN a

� �
6 R aNj ui½ �eN a

� �
, decide ui 2 Bnd Xð Þ;

(N) If R aNj ui½ �eN a

� �
6 R aPj ui½ �eN a

� �
and R aNj ui½ �eN a

� �
6 R aBj ui½ �eN a

� �
, decide ui 2 Neg Xð Þ.

Afterwards, by virtue of the formula P Xj ui½ �eN a

� �
þ P :Xj ui½ �eN a

� �
¼ 1 for any ui 2 U, the above rules (P)-(N) can be simplified

as the following rules (P1)-(N1):
(P1) If P Xj ui½ �eN a

� �
P hi and P Xj ui½ �eN a

� �
P ci, decide bi 2 POS(D1);

(B1) If P Xj ui½ �eN a

� �
6 hi and P Xj ui½ �eN a

� �
P ni, decide bi 2 BND(D1);

(N1) If P Xj ui½ �eN a

� �
6 ci and P Xj ui½ �eN a

� �
6 ni, decide bi 2 NEG(D1).

The thresholds hi; ci and ni for i 2 U can be computed as follows:
hi ¼
eki
PN � eki

BNeki
PN � eki

BN

� �
þ eki

BP

; ð3 — 14Þ

ci ¼
eki
PNeki

PN þ eki
NP

; ð3 — 15Þ

ni ¼
eki
BNeki

NP � eki
BP

� �
þ eki

BN

: ð3 — 16Þ
Furthermore, we consider the following condition:
eki
BPeki

PN � eki
BN

<
eki
NP � eki

BPeki
BN

; i 2 U: ð3 — 17Þ



Table 9
A three-way-based fuzzy data table.

FDT RLFT

C1 C2 � � � Cm ekiPP ekiBP ekiNP ekiPN ekiBN ekiNN
u1 u11 u12 � � � u1m 0 ek1BP ek1NP ek1PN ek1BN 0

u2 u21 u22 � � � u2m 0 ek2BP ek2NP ek2PN ek2BN 0

..

. ..
. ..

. . .
. ..

. ..
. ..

. ..
. ..

. ..
. ..

.

un un1 un2 � � � unm 0 eknBP eknNP eknPN eknBN 0

W w1 w2 � � � wm � � � � � �

J. Ye et al. / Information Sciences 541 (2020) 362–390 371
It implies 0 6 ni < ci < hi � 1. After tie-breaking rules, we can obtain the following simplified three decision rules (P2)-
(N2):

(P2) If P Xj ui½ �eN a

� �
P hi, decide ui 2 Pos Xð Þ;

(B2) If ni < P Xj ui½ �eN a

� �
< hi, decide ui 2 Bnd Xð Þ;

(N2) If P Xj ui½ �eN a

� �
6 ni, decide ui 2 Neg Xð Þ.

Thus, the established 3WD model can degrade into the probabilistic rough fuzzy set model proposed in Section 3.2.
Besides, we also consider another condition:
eki
BPeki

PN � eki
BN

P
eki
NP � eki

BPeki
BN

; i 2 U: ð3 — 18Þ
It implies 0 6 hi 6 ci 6 ni � 1. In this case, the rules (P1)-(N1) can be re-expressed as the following rules (P3)-(N3):
(P3) If P Xj ui½ �eN a

� �
P ci, decide ui 2 Pos Xð Þ;

(N3) If P Xj ui½ �eN a

� �
< ci, decide ui 2 Neg Xð Þ.

From the above descriptions, we can see that the rules (P2)-(N2) correspond to 3WD, while the rules (P3) and (N3) cor-
respond to two-way decisions. In the following, the algorithm of the MCDM-based 3WD model is given by Algorithm 1.

Remark 3.13. In Algorithm 1, we compute the fuzzy set X, with the time complexity of O nð Þ. We calculate the fuzzy e-
neighborhood classes, with the time complexity of O m2nþ n2m

� �
. The time complexity of the computation of three

thresholds is O nð Þ. We calculate three regions with the time complexity of O nð Þ. Therefore, the time complexity of Algorithm
1 is O m2nþ n2m

� �
.
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4. A novel three-way multi-criteria decision-making (3WMCDM) method

In recent years, 3WD models to MCDM [8,24,27] have become one of the hot topics in the study of decision-making the-
ory. In this section, we develop a new MCDM method in the context of investment project decision-making according to the
MCDM-based 3WD model established in Section 3.3 and design the corresponding algorithm for the method. Based on this,
an example with actual rankings is given to demonstrate the feasibility of the proposed method. In addition, we perform a
validity test of the proposed method by using the three test criteria presented in [34,46]. The results show that the proposed
3WMCDM method is feasible and effective.

4.1. Problem statement

In real life, investment project decision-making, as a kind of common MCDM problem, is widely studied by decision-
makers. How to make more scientific decisions is generally concerned. Hence, lots of methodologies [11,17] are put forward
to make an optimal decision from a number of alternatives. In what follows, we mainly make some illustrations to the
investment project decision-making problems. This is the foundation for us to come up with a new methodology.

Similar to the description of MCDM in Section 2.3, we briefly introduce an investment project decision-making problem
as follows: U ¼ u1;u2; . . . ;unf g is a set of n investment projects and C ¼ C1;C2; . . . ;Cmf g is a set of m criteria. There are two
possible states for an investment project: a good investment project or a bad one. Moreover, the types of criteria may be
different (cost criterion and benefit criterion). To eliminate the dimension of criteria, the evaluation values of investment
projects can be represented by fuzzy values. That is, Cj uið Þ 2 0;1½ � for i 2 U and j 2 D. Therefore, we can obtain an FIS
S ¼ U;Cð Þ. However, the weight of each criterion is often unknown in practical decision-making problems. When the weights
are unknown, the objective methods can be employed to obtain weights of criteria from the data set itself. In general,
decision-makers can accept, reject or not-commit an investment project based on its quality. As a matter of fact, no matter
what state an investment project is in, there is a loss or risk associated with taking a certain action. Therefore, an investment
project can generate six loss functions based on two states and three actions.

Note 1: The background to the investment project decision-making is to give readers a clearer understanding of the
method to be proposed. In fact, the following method can be applied to other decision-making problems with FISs in the
context of multiple criteria.

4.2. A description of the 3WMCDM method

Following the above statement, we develop a novel 3WMCDMmethod by using the established MCDM-based 3WDmodel
to handle investment project decision-making problems and describe the decision-making process of 3WMCDM in detail as
follows:

Firstly, assume that an FIS with different types of criteria is obtained, which is called the original FIS, according to the
decision-making problem described above. If the weights of criteria are unknown, the following entropy weight method
[29,49] is used.

Definition 4.1. [49] Let S ¼ U;Cð Þ be an original FIS. The following formula is given to calculate the entropy value ej
� �

of the
jth criterion:
ej ¼ � 1
lnn

Xn
i¼1

pij ln pij; ð4 — 1Þ
where ej > 0 and pij ¼
Cj uið ÞPn

i¼1
Cj uið Þ

for i 2 U and j 2 D. For the case where Cj uið Þ ¼ 0; pij lnpij ¼ 0. Then, the entropy weight wj
� �

for the jth criterion is computed as follows:
wj ¼
1� ejPm

j¼1 1� ej
� � ; j 2 D: ð4 — 2Þ
Obviously, wj 2 0;1½ � and
Pm

j¼1wj ¼ 1. So, we obtain a weight vector W ¼ w1;w2; . . . ;wmf g.

Secondly, due to different types of criteria, we unify the types of criteria by the following way:
If Cj is a benefit criterion, then we have
uij ¼ Cj uið Þ; i 2 U ð4 — 3Þ
If Cj is a cost criterion, then we have
uij ¼ 1� Cj uið Þ; i 2 U ð4 — 4Þ
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As can be seen that we convert the cost criteria into the benefit criteria. Thus an FIS with the same types of criteria can be
obtained, which is called the transformed FIS.

Thirdly, we calculate the six relative loss functions generated by each investment project taking three actions in different
states by using the formulae in Table 3. The calculated relative loss functions satisfy the formula (3-9). Therefore, a 3WFDT
can be obtained by Definition 3.11.

Fourthly, according to the obtained 3WFDT, a fuzzy set X (denotes the set of good investment projects) is computed by
Definition 3.12. Meanwhile, three thresholds (hi; ci and ni) of each investment project are also calculated by using the formu-
lae (3-14)–(3-16).

In fact, we can calculate hi; ci and ni directly by using the formulae (2-3)–(2-5). Besides, the fuzzy set X is explained as
follows: X uið Þ denotes the degree of membership that the investment project ui is a good investment project. It is certain
that ui is a good investment project when X uið Þ ¼ 1. Thus, the union of membership of each investment project to a good
investment project constitutes a fuzzy concept on U.

Next, we compute fuzzy e-neighborhood class ui½ �eN a
of each investment project by means of the formulae (3-2) and (3-3),

which a is a critical value and e is a belief level.
In practical decision-making problems, a can be interpreted as follows: in order to ensure a fair campaign for each

investment project, decision-makers set a critical value a according to the actual situation so that each investment pro-
ject meets the a-level requirements under at least one criterion. Moreover, a belief level e can be interpreted as the
degree of reliability between two investment projects. In general, the value of e is given by the experience of
decision-makers.

Afterwards, the conditional probability P Xj ui½ �eN a

� �
is calculated. Furthermore, we obtain three regions of U by virtue of

the three decision rules derived from the established 3WD model.
Finally, we rank all investment projects by using the principle of Pos Xð Þ 	 Bnd Xð Þ 	 Neg Xð Þ and the associated costs

with minimum risk. In this paper, the associated cost of each investment project is calculated by the following
formula:
cost uið Þ ¼

R aP j ui½ �eN a

� �
; if ui 2 Pos Xð Þ;

R aBj ui½ �eN a

� �
; if ui 2 Bnd Xð Þ;

R aN j ui½ �eN a

� �
; if ui 2 Neg Xð Þ:

8>>><
>>>: ð4 — 5Þ
Let two investment projects ui and ut be in the same region. If cost uið Þ < cost utð Þ, then ui is strictly better than ut , i.e.,
ui 	 ut . Suppose that 9ui 2 Pos Xð Þ;ui 	 ut if cost uið Þ < cost utð Þ for 8ut 2 Pos Xð Þ t – ið Þ. Then, ui is the optimal investment
project.

4.3. Steps and algorithm

To simplify the 3WMCDM method presented in Section 4.2, the key steps are listed as follows:
Input: An FIS S ¼ U;Cð Þ, two parameters a and e.
Output: The ranking results of the 3WMCDM method.
Step 1: Check the weight vector W. If W is unknown, we compute the W by the formulae (4-1) and (4-2). Meanwhile, if

the types of criteria are same in the FIS, then we go to Step 3. Otherwise, we go to Step 2.
Step 2: Obtain the transformed FIS by the formulae (4-3) and (4-4).
Step 3: Compute the fuzzy set X, the relative loss functions and thresholds (hi; ci and ni) by Definition 3.12, the formulae in

Table 3 and the formulae ((2-3)–(2-5).
Step 4: Given two parameter values a and e, compute the fuzzy e-neighborhood classes ui½ �eN a

by the formulae (3-2) and
(3-3).

Step 5: Calculate the conditional probability P Xj ui½ �eN a

� �
.

Step 6: Obtain three regions by generating decision rules.
Step 7: Rank alternatives by virtue of Pos Xð Þ 	 Bnd Xð Þ 	 Neg Xð Þ and the associated costs.
In the following, if the weight vector of criteria is unknown, Algorithm 2 is presented to implement the proposed

3WMCDM method.
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Remark 4.2. Algorithm 2 computes the ranking of all alternatives by virtue of the proposed 3WMCDM method. In the
algorithm, the time complexity of Step 1 is O nmð Þ. Step 2 causes the time complexity of O mð Þ. Step 3 causes the time
complexity of O nð Þ. Step 4 computes the fuzzy a-neighborhood operator, with the time complexity of O m2nþ n2m

� �
. The

time complexity of Steps 5–7 is O nð Þ. Thus, the time complexity of Algorithm 2 is O m2nþ n2m
� �

.

When the weight vector W is known, we ignore the weight calculation part in Algorithm 2 and the corresponding input of
the known weight vector. At this point, the time complexity of Step 1 is O 1ð Þ. The time complexity of other steps and the
overall algorithm remains the same.

Note 2: Whether the weight vector W is known or unknown, the steps of the proposed method are reasonable and nec-
essary for making scientific decisions. The rationality and necessity of each step are explained below.
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The weight vector and the types of criteria are two important factors that need to be considered in the process of
decision-making. Thus, Step 1 in the proposed method considers two cases of weights of criteria and different types of cri-
teria. Furthermore, to facilitate the processing of data, we unify the different types of criteria by Step 2. Then, according to
the transformed data, we use the idea of weighted aggregation [6] to aggregate the fuzzy evaluation values of each alterna-
tive on different criteria into the comprehensive fuzzy membership of each alternative. Based on the comprehensive fuzzy
membership of each alternative, all alternatives can be ranked.

However, the ranking result obtained in this way can only be viewed as two-way decisions, namely, it is either/or. Such a
decision does not correspond to the actual decision with the delayed decision. Usually, the delayed decision is presented in
many decision-making problems. For example, in an investment project decision-making problem, the traditional MCDM
methods can be used to make a decision. Nevertheless, the traditional MCDM methods only determine the optimal invest-
ment project or more projects worth investing in from top to bottom according to the ranking by the subjective judgments of
decision-makers. They ignore the need for further evaluation to determine the final investment projects. This makes the
decision results derived from the traditional MCDM methods too subjective and harsh since the final decision-making result
is a subjectively two-way decisions result, namely, deterministic invest in or not invest in a project. Thus, we need to find a
novel way to MCDM. The direct way is to add indeterminacy to the decision results. This thought coincides with the idea of
3WD. In 3WD, the delayed decision as a non-deterministic decision is added based on two-way decisions. In view of the
advantages of 3WD, we do not use the comprehensive fuzzy membership of each alternative to rank alternatives and make
decisions. We use the 3WD theory to make more reasonable and scientific decision-making. Hence, Steps 3–7 are designed to
obtain a more reasonable ranking of alternatives and a 3WD result, which are the key steps of the proposed 3WMCDM
method.

Using the aggregation information of each alternative, Step 3 constructs a fuzzy state X on U and computes the relative
loss functions and thresholds. Following the idea of 3WD, Step 4 uses the defined fuzzy neighborhood operator to construct
the information granularity of each alternative. Based on Steps 3 and 4, the conditional probability of each alternative is cal-
culated in Step 5. By comparing the conditional probability of each alternative with the corresponding three thresholds, Step
6 classifies all alternatives into three regions (Pos Xð Þ;Bnd Xð Þ and Neg Xð Þ). Each region corresponds to a decision rule. Finally,
by considering the associated cost of each alternative in its corresponding region and the principle of
Pos Xð Þ 	 Bnd Xð Þ 	 Neg Xð Þ, we rank all alternatives in Step 7. According to the semantic interpretation of 3WD, the semantic
interpretation of Steps 3–7 is reasonable. Besides, compared with the ranking results obtained by the membership degree of
X, the ranking results obtained by Steps 3–7 not only reduce the decision risk, but also is more in line with the practical sit-
uation. Therefore, each step of the proposed 3WMCDM method is reasonable and necessary.

4.4. Numerical example

For simplicity, this section adopts the data set in [11] to verify the feasibility of the proposed 3WMCDM method. An
example of investment projects is enumerated as follows: Let U ¼ u1; u2; u3; u4;u5;u6;u7;u8f g be a set of eight investment
projects and C ¼ C1;C2;C3;C4;C5f g be a set of five criteria, i.e., expected benefits, environmental influence, market saturation,
social benefits and energy conservation, respectively. C2 and C3 are cost criteria, the others are benefit criteria. The evaluation
value of each investment project under each criterion is shown in Table 10, which is an original FIS of the example given by
[11].

We firstly consider the case where the weight vector of criteria is unknown. According to Steps 1–3, we can obtain a
3WFDT in Table 11, where an FDT is obtained by the formulae (4-1)–(4-4) and a RLFT is obtained by using the research
results of [11]. Here, the risk avoidance coefficient vector r ¼ 0:35;0:4;0:4;0:4;0:5f g of criteria in [11] is adopted.

At the same time, based on the FDT in Table 11, a set of ‘‘good investment project” X (the fuzzy set) and all thresholds
(hi; ci and ni) can be computed by means of Step 3. By the formula (3-10), we obtain the fuzzy set X as follows:
X ¼ 0:7452
u1

þ 0:6029
u2

þ 0:4032
u3

þ 0:7059
u4

þ 0:5305
u5

þ 0:3442
u6

þ 0:7783
u7

þ 0:3093
u8

:

Besides, the values of thresholds calculated by the formulae (2-3)–(2-5) are shown in Table 12. It is obvious that
ni < ci < hi for i ¼ 1;2; . . . ;8.

Secondly, Step 4 calculates the fuzzy e-neighborhood classes by means of the formulae (3-2) and (3-3). Let I ¼ IL;a ¼ 0:5
and e ¼ 0:7, we have:
u1½ �0:7N 0:5
¼ u1;u2;u4;u5;u7f g; u2½ �0:7N 0:5

¼ u1;u2;u5;u7f g;

u3½ �0:7N 0:5
¼ u1;u2;u3;u4;u5;u7f g; u4½ �0:7N 0:5

¼ u1;u2;u4;u7f g;

u5½ �0:7N 0:5
¼ u1;u2;u4;u5;u7f g; u6½ �0:7N 0:5

¼ u1;u2;u3;u4;u5;u6;u7f g;

u7½ �0:7N 0:5
¼ u1;u7f g; u8½ �0:7N 0:5

¼ u1;u2;u3;u4;u5;u6;u7;u8f g:
Then, we make use of Step 5 to compute the conditional probabilities P Xj ui½ �eN a

� �
as follows:



Table 10
The original FIS of the example in [11].

U=C C1 C2 C3 C4 C5

u1 0:8 0:4 0:3 0:8 0:9
u2 0:9 0:5 0:5 0:7 0:6
u3 0:3 0:4 0:6 0:4 0:3
u4 0:5 0:2 0:2 0:7 0:6
u5 0:7 0:6 0:6 0:5 0:8
u6 0:4 0:8 0:7 0:7 0:3
u7 0:9 0:5 0:1 0:8 0:7
u8 0:6 0:8 0:8 0:3 0:4

Table 11
The 3WFDT derived from the original FIS.

FDT RLFT

C1 C2 C3 C4 C5 ekiPP ekiBP ekiNP ekiPN ekiBN ekiNN
u1 0:8 0:6 0:7 0:8 0:9 0 0:3084 0:7452 0:2548 0:1022 0
u2 0:9 0:5 0:5 0:7 0:6 0 0:2452 0:6029 0:3971 0:1654 0
u3 0:3 0:6 0:4 0:4 0:3 0 0:1645 0:4032 0:5968 0:2461 0
u4 0:5 0:8 0:8 0:7 0:6 0 0:2895 0:7059 0:2941 0:1211 0
u5 0:7 0:4 0:4 0:5 0:8 0 0:2215 0:5305 0:4695 0:1891 0
u6 0:4 0:2 0:3 0:7 0:3 0 0:1401 0:3442 0:6558 0:2705 0
u7 0:9 0:5 0:9 0:8 0:7 0 0:3172 0:7783 0:2217 0:0934 0
u8 0:6 0:2 0:2 0:3 0:4 0 0:1264 0:3093 0:6907 0:2842 0
W 0:1525 0:1835 0:3633 0:1183 0:1823 � � � � � �

Table 12
The threshold values of each investment project.

U u1 u2 u3 u4 u5 u6 u7 u8

hi 0:331 0:4858 0:6807 0:374 0:5587 0:7333 0:2888 0:7628
ci 0:2548 0:3971 0:5968 0:2941 0:4695 0:6558 0:2217 0:6907
ni 0:1896 0:3163 0:5076 0:2253 0:3797 0:5699 0:1684 0:6084
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P Xj u1½ �0:7N 0:5

� �
¼ 0:6726; P Xj u2½ �0:7N 0:5

� �
¼ 0:6642; P Xj u3½ �0:7N 0:5

� �
¼ 0:6277; P Xj u4½ �0:7N 0:5

� �
¼ 0:7081;

P Xj u5½ �0:7N 0:5

� �
¼ 0:6726; P Xj u6½ �0:7N 0:5

� �
¼ 0:5872; P Xj u7½ �0:7N 0:5

� �
¼ 0:7617; P Xj u8½ �0:7N 0:5

� �
¼ 0:5525:
Subsequently, in light of the 3WD model established in Section 3.3, the decision rules (P2)-(N2) are obtained since
ni < ci < hi. The following Fig. 1 is depicted to intuitively compare the conditional probability of each investment project
with the corresponding thresholds:

In Fig. 1, the rules (P2)-(N2) can be understood as follows: for an investment project ui 2 U, if the value point of the con-
ditional probability is higher than the value point of hi, then ui is accepted, i.e., we decide ui 2 Pos Xð Þ; Similarly, if the value
point of conditional probability is lower than the value point of ni, then ui is rejected, i.e., we decide ui 2 Neg Xð Þ; Or else, ui

needs further investigation, i.e., we decide ui 2 Bnd Xð Þ. Therefore, three regions of U obtained by Step 6 are listed as follows:
Pos Xð Þ ¼ u1;u2;u4; u5; u7f g; Bnd Xð Þ ¼ u3;u6f g; Neg Xð Þ ¼ u8f g:
Finally, all investment projects can be ranked by Step 7. To obtain the ranking result of investment projects in each region,
we calculate the associated cost of each investment project in its corresponding region by the formula (4-5). The results are
listed in Table 13. Based on Table 13 and the principle of Pos Xð Þ 	 Bnd Xð Þ 	 Neg Xð Þ, Table 14 shows the ranking results of
investment projects in different regions.

By Table 14, all alternatives are ranked and the optimal investment project is u7. Moreover, decision-makers can obtain an
important message, which indicates that the company can choose no more than five investment projects to dispose of idle
money based on the classification results of three regions. That is, the projects u7;u1;u4;u2 and u5 can be invested.

In addition, if the weight vector W is known, we use the weight vector W ¼ 0:3;0:1;0:3;0:2;0:1f g of [11] to obtain the
ranking of alternatives. First of all, we can know from [11] that the actual rankings of the example are listed in the following
Table 15.

Similarly, the ranking of investment projects obtained by the proposed 3WMCDM method is shown as follows:
u7 	 u1 	 u4 	 u2 	 u5 	 u3 	 u8 	 u6. At the same time, the following three regions can be obtained:
Pos Xð Þ ¼ u1;u2;u4;u5;u7f g;Bnd Xð Þ ¼ u3;u6;u8f g and Neg Xð Þ ¼ ø.



Fig. 1. The comparison between the conditional probabilities and the thresholds.

Table 13
The decision rule and associated cost of each investment project.

U u1 u2 u3 u4 u5 u6 u7 u8

Decision results P2 P2 B2 P2 P2 B2 P2 N2
cost (ui) 0:0834 0:1333 0:1949 0:0858 0:1537 0:1939 0:0528 0:1709

Table 14
The ranking results of investment projects in different
regions.

Regions The ranking results

Pos Xð Þ u7 	 u1 	 u4 	 u2 	 u5

Bnd Xð Þ u6 	 u3

Neg Xð Þ u8

U u7 	 u1 	 u4 	 u2 	 u5 	 u6 	 u3 	 u8

Table 15
The actual rankings of the example.

Strategies The ranking results

Based on hi u7 	 u1 	 u2 	 u4 	 u5 	 u6 	 u3 	 u8

Based on ci u7 	 u1 	 u2 
 u4 	 u5 	 u6 	 u3 	 u8

Based on ni u7 	 u1 	 u4 	 u2 	 u5 	 u6 	 u3 	 u8
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From the above ranking results, we can see that the optimal result is consistent with the optimal result of the actual rank-
ings of the example, and the proposed 3WMCDM method is able to classify investment projects. In conclusion, the above
example shows that the proposed 3WMCDM method is feasible for solving the MCDM problems.
4.5. Validity test of the proposed 3WMCDM method

Wang et al. [34] used a validity test which includes three test standards to prove the effectiveness of decision-making
methods. We recall the three test standards as follows:

Test standard 1: In a known ranking, by using a worse alternative to replace a non-optimal alternative, the optimal alter-
native derived from an effective MCDM method should not be changed with the weight vector unchanged.

Test standard 2: Suppose that the number and weights of criteria are unchanged, a set of alternatives of an original MCDM
problem are decomposed into several smaller sets of alternatives to form several smaller MCDM problems. The same
decision-making method is utilized to obtain the rankings of the several smaller MCDM problems. For a valid MCDM
method, the ranking of alternatives among the several smaller MCDM problems should satisfy the transitivity.

Test standard 3: Based on the test standard 2, the ranking results of alternatives of the above several smaller MCDM prob-
lems are merged. If a complete ranking is obtained and the obtained ranking is consistent with the ranking of the original
MCDM problem, then the effectiveness of the decision-making method is illustrated.
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Likewise, we adopt the above three test standards for verifying the validity of the proposed 3WMCDM method in the fol-
lowing subsection.

4.5.1. Validity test of the proposed 3WMCDM method using the test standard 1
As shown in Section 4.4, whether the weight vector of criteria is known or unknown, the optimal alternative is u7 and

other alternatives are non-optimal. In light of the test standard 1, we use a worse alternative u0
1 instead of the alternative

u1 in Table 10. The evaluation values of the alternative u0
1 under criteria are 0.7, 0.3, 0.2, 0.7 and 0.8, successively. Let

K ¼ u0
1;u2;u3;u4;u5;u6;u7;u8

� �
be a new set of alternatives. In what follows, we verify the validity of the proposed

3WMCDM method according to two cases of the weight vector.
On the one hand, when the weight vector W ¼ 0:3;0:1;0:3;0:2;0:1f g is known, the ranking of alternatives in K by the pro-

posed 3WMCDM method is u7 	 u0
1 	 u4 	 u2 	 u5 	 u3 	 u8 	 u6. We can see that the optimal alternatives in K and U are

the same, namely, u7. In addition, the relative ranking of the other unchanged alternatives has not changed either. Thus, the
proposed 3WMCDM method based on the known weight vector passes the test standard 1.

On the other hand, the weight vector W ¼ 0:1525;0:1835;0:3633;0:1183;0:1823f g is calculated when the weight vector
is unknown. We obtain the ranking of alternatives in K as follows: u7 	 u0

1 	 u4 	 u2 	 u5 	 u6 	 u3 	 u8. Similar to the
above description, the proposed 3WMCDM method based on the objective weight vector passes the test standard 1. There-
fore, the proposed 3WMCDM method passes the validity test of the test standard 1.

4.5.2. Validity test of the proposed 3WMCDM method under the test standards 2 and 3
According to the above test standard 2, we decompose the set of alternatives in the original MCDM problem in Section 4.4

into three smaller sets of alternatives, which are denoted by K1 ¼ u1;u2;u3;u4;u5;u6;u7f g;K2 ¼ u1;u2;u4;u5;u6;u7;u8f g and
K3 ¼ u1; u2; u3;u4;u5;u7;u8f g. The ranking results of Table 16 can be obtained by using the proposed 3WMCDM method.

On the basis of Table 16, we can see that the ranking of investment projects derived from the above three sets satisfies the
transitivity property. For example, when the weight vector W ¼ 0:3;0:1;0:3;0:2;0:1f g is known, we have u3 	 u8 in
K3;u8 	 u6 in K2 and u3 	 u6 in K1. Hence, the proposed 3WMCDM method passes the test standard 2.

Besides, for different weight vectors in Table 16, we integrate the ranking results derived from the above three sets into a
complete ranking. WhenW ¼ 0:3;0:1;0:3;0:2;0:1f g, the complete ranking u7 	 u1 	 u4 	 u2 	 u5 	 u3 	 u8 	 u6 is obtained
which is identical to the ranking of the un-decomposed original MCDM problem. For the objective weight vector
W ¼ 0:1525;0:1835;0:3633;0:1183;0:1823f g, we obtain the complete ranking u7 	 u1 	 u4 	 u2 	 u5 	 u6 	 u3 	 u8, which
is also consistent with the ranking of the un-decomposed original MCDM problem. Therefore, the proposed 3WMCDM
method passes the test standard 3.

To sum up, the validity test of the proposed 3WMCDM method is passed. In the next section, we will further discuss the
effectiveness of the method by comparison analysis.

5. Comparison analysis

In this section, we analyze the effectiveness and superiority of the proposed 3WMCDM method on the basis of the exam-
ple in Section 4.4. Section 5.1 compares the proposed 3WMCDM method with seven decision-making methods from the
aspects of known weights and unknown weights, and analyzes the comparative results of rankings of different methods
one by one from three perspectives of decision-making theory. Section 5.2 systematically discusses the differences between
the proposed 3WMCDM method and the other methods. Furthermore, the strengths and weaknesses of the proposed
3WMCDM method are summarized.

5.1. Comparison results with seven different decision-making methods

In what follows, we choose seven decision-making methods to compare with the proposed 3WMCDMmethod. The seven
decision-making methods are chosen from three perspectives of decision-making theory, including four traditional MCDM
methods, two methods based on fuzzy b-neighborhood operators and one method based on thresholds of 3WD.

Although the traditional MCDM methods cannot divide alternatives into three categories, they can get a ranking of alter-
natives. This is consistent with the end use of our method. On the side, the traditional MCDM methods can be regarded as
two-way decisions which is a special case of 3WD. Thus, we choose the following four common MCDM methods: the TOPSIS
method [10], the WAA operator method [6], the EDAS method [5] and the VIKOR method [26]. Moreover, the fuzzy a-
neighborhood operator plays an important role in our method. Thus, we select the following two decision-making methods
with fuzzy b-neighborhood operators: the Jiang et al.’s method [12] and the Zhang et al.’s method [47]. Besides, since the
proposed 3WMCDMmethod is based on the 3WD theory, the 3WD-based decision-making methods are more worthy of con-
sideration when we choose the comparison methods. Meanwhile, since the proposed 3WMCDM method is built on an FIS,
decision-making methods in other fuzzy environments [17,30] are not applicable. Hence, we only select one method from
the perspective of 3WD to compare with the proposed 3WMCDM method, which is the Jia et al.’s method [11]. In the fol-
lowing, the comparison results of different methods are respectively shown for different cases of weights.

(1) Comparison results of different methods when the weight vector of criteria is known



Table 16
The rankings of investment projects derived from three smaller sets of alternatives.

Weights Sets The ranking of investment projects

W ¼ 0:3;0:1;0:3;0:2;0:1f g K1 u7 	 u1 	 u4 	 u2 	 u5 	 u3 	 u6

K2 u7 	 u1 	 u4 	 u2 	 u5 	 u8 	 u6

K3 u7 	 u1 	 u4 	 u2 	 u5 	 u3 	 u8

W ¼ 0:1525;0:1835;0:3633;0:1183;0:1823f g K1 u7 	 u1 	 u4 	 u2 	 u5 	 u6 	 u3

K2 u7 	 u1 	 u4 	 u2 	 u5 	 u6 	 u8

K3 u7 	 u1 	 u4 	 u2 	 u5 	 u3 	 u8
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(a) The comparison between the ranking of the 3WMCDM method and the actual rankings
As shown in Section 4.4, we can obtain the ranking of the proposed 3WMCDM method and the actual rankings if

W ¼ 0:3;0:1;0:3;0:2;0:1f g. It can be easily found that the difference between the ranking of the proposed 3WMCDMmethod
and the actual rankings. To verify the validity of the proposed 3WMCDM method, we adopt the Spearman’s rank correlation
coefficient (SRCC) to analyze the correlation between the ranking of the 3WMCDM method and the actual rankings. We
introduce the formula for calculating SRCC as follows:
SRCC ¼ 1� 6
Pn

i¼1d
2
i

n n2 � 1ð Þ : ð5 — 1Þ
In the formula (5-1), n is the number of alternatives and di ¼ xi � yi, in which xi denotes the ranking position of ui in the
ranking of the proposed 3WMCDM method and yi denotes the ranking position of ui in an actual ranking.

Generally speaking, an SRCC greater than 0.8 indicates that the degree of correlation between two rankings is significant
[11,30]. Next, we calculate the SRCCs between the ranking of the 3WMCDM method and the actual rankings, as shown in
Table 17.

Note 3: The actual rankings are the rankings derived from the Jia et al.’s method [11].

Remark 5.1. Based on Table 17, the SRCCs between the ranking of 3WMCDM method and the actual rankings are greater
than 0.9, which indicates that the degree of correlation between the ranking of 3WMCDMmethod and the actual rankings is
very significant. Therefore the proposed 3WMCDM method is very valid.

(b) The comparison between the rankings derived from the other decision-making methods and the actual and 3WMCDM
method’s rankings

According to the example in Section 4.4, the rankings of investment projects derived from the rest of six decision-making
methods are shown in Table 18.

Note 4: The letters at the bottom of Table 18 are the parameters of different methods.
On the basis of Table 18, the rankings of the above six methods are different from the actual and 3WMCDM method’s

ranking. Analogously, we adopt the SRCC to analyze the correlation between the rankings of the above six methods and
the actual and 3WMCDM method’s ranking. All of the SRCCs are shown in Table 19.

Remark 5.2. Analogously, we can see from Tables 18 and 19 that the four traditional MCDM methods and the Jiang et al.’s
method are effective for ranking alternatives. Meanwhile, the proposed method is as effective as the four traditional MCDM
methods and the Jiang et al.’ method. Moreover, the proposed method is more effective than the Zhang et al.’s method.

(2) Comparison results of different methods when the weight vector of criteria is unknown
The weight vector W ¼ 0:1525;0:1835;0:3633;0:1183;0:1823f g is computed by the entropy weight method if the W is

unknown. Similarly, we can obtain the results of Tables 180 and Table 190.

Remark 5.3. According to Tables 180 and Table 190, the optimal result of the proposed 3WMCDM method is consistent with
the optimal results derived from the above four traditional MCDM methods and the Jia et al.’s method. Furthermore, except
that the SRCC between the proposed 3WMCDM method and the Zhang’s method is less than 0.8, the SRCCs between the
proposed 3WMCDM method and the other decision-making methods are greater than 0.8.

Remark 5.3 is an intuitive summary of the above comparison results. To illustrate the validity of the proposed method
when the weights of criteria are unknown, we analyze the above comparison results in detail from the following three per-
spectives of decision-making theory.

5.1.1. Comparative analysis with four traditional MCDM methods
To visually show the difference in the ranking results between the proposed 3WMCDM method and any of the four tra-

ditional MCDM methods, we plot Fig. 2 based on Tables 180.
Fig. 2 shows four pairwise comparison sub-graphes which intuitively reflect the changes in the ranking position of each

investment project obtained by two different methods. By Tables 180 and Fig. 2, the optimal and worst investment project of
the proposed 3WMCDM method are consistent with those of the four traditional MCDM methods, i.e., u7 is the optimal



Table 17
The SRCCs between the ranking of the 3WMCDM method and the actual rankings.

Decision-making
methods

3WMCDM
method

Jia et al.’s method (based on hi) Jia et al.’s method (based on ci) Jia et al.’s method (based on ni)

3WMCDM 1 0.9048 0.9286 0.9167
method
Jia et al.’s method [11] - 1 0.9762 0.9881
(based on hi)
Jia et al.’s method [11] - - 1 0.9881
(based on ci)
Jia et al.’s method [11] - - - 1
(based on ni)

Table 18
The ranking results of different methods when W is known.

Different methods Ranking results Optimal investment project

TOPSIS method [10] u7 	 u1 	 u2 	 u4 	 u5 	 u6 	 u8 	 u3 u7

WAA operator method [6] u7 	 u1 	 u2 
 u4 	 u5 	 u6 	 u3 	 u8 u7

EDAS method [5] u7 	 u1 	 u4 	 u2 	 u5 	 u6 	 u3 	 u8 u7

VIKOR methodb [26] u7 	 u1 	 u2 	 u4 	 u5 	 u6 	 u3 	 u8 u7

Jiang et al.’s methodc [12] u1 	 u7 	 u4 	 u2 
 u5 	 u3 	 u8 	 u6 u1

Zhang et al.’s methodd [47] u5 	 u3 	 u2 
 u4 
 u7 	 u6 	 u8 	 u1 u5

b v ¼ 0:5; c b ¼ 0:5, k ¼ 0; d b ¼ 0:5, q ¼ 0:5.

Table 19
The SRCCs between the rankings derived from the above six methods and the actual and 3WMCDM method’s rankings when the W is known.

Decision-making 3WMCDM Jia et al.’s method [11] Jia et al.’s method [11] Jia et al.’s method [11]
methods method (based on hi) (based on ci) (based on ni)

TOPSIS method [10] 0.8810 0.9762 0.9643 0.9524
WAA operator method [6] 0.9167 0.9881 1 0.9881
EDAS method [5] 0.9286 0.9762 0.9881 1
VIKOR method [26] 0.9048 1 0.9881 0.9762
Jiang et al.’s method [12] 0.9643 0.8690 0.8810 0.8929
Zhang et al.’s method [47] 0.0833 0.0119 0.0238 0.0119

Table 18’
The ranking results of different methods when W is unknown.

Different methods Ranking results Optimal project

3WMCDM methoda u7 	 u1 	 u4 	 u2 	 u5 	 u6 	 u3 	 u8 u7

TOPSIS method [10] u7 	 u4 	 u1 	 u2 	 u5 	 u3 	 u6 	 u8 u7

WAA operator method [6] u7 	 u1 	 u4 	 u2 	 u5 	 u3 	 u6 	 u8 u7

EDAS method [5] u7 	 u1 	 u4 	 u2 	 u5 	 u3 	 u6 	 u8 u7

VIKOR methodb [26] u7 	 u1 	 u4 	 u2 	 u5 	 u3 	 u6 	 u8 u7

Jiang et al.’s methodc [12] u1 	 u7 	 u4 	 u2 
 u5 	 u3 	 u8 	 u6 u1

Zhang et al.’s methodd [47] u5 	 u3 	 u2 
 u4 
 u7 	 u1 	 u6 	 u8 u5

Jia et al.’s method (hi ,ci ,ni) [11] u7 	 u1 	 u4 	 u2 	 u5 	 u3 	 u6 	 u8 u7

a a ¼ 0:5, e ¼ 0:7; b v ¼ 0:5; c b ¼ 0:5, k ¼ 0; d b ¼ 0:5, q ¼ 0:5.
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investment project and u8 is the worst investment project. Furthermore, we can see from Fig. 2 (a) that there are some
changes in the ranking position of u1 and u4, as well as u3 and u6, and the ranking positions of other investment projects
are unchanged. Also, for Fig. 2 (b), (c) and (d), only the ranking positions of u3 and u6 are swapped. Although the ranking
result of the proposed 3WMCDM method is somewhat different from those of the four traditional MCDM methods, the dif-
ference is not obvious in terms of the length of the ranking position change. This can be proven through the SRCCs in
Table 19’. Obviously, all of the SRCCs between the proposed 3WMCDM method and the four traditional MCDM methods
are greater than 0.9.



Table 19’
The SRCC between any two of eight methods when W is unknown.

Decision-making
methods

3WMCDM
method

TOPSIS
method

WAA operator
method

EDAS
method

VIKOR
method

Jiang et al.’s
method

Zhang et al.’s
method

Jia et al.’s
method

3WMCDM method 1 0.9524 0.9762 0.9762 0.9762 0.8929 0.25 0.9762
TOPSIS method

[10]
– 1 0.9762 0.9762 0.9762 0.8929 0.4405 0.9762

WAA operator
method [6]

– – 1 1 1 0.9405 0.369 1

EDAS method [5] – – – 1 1 0.9405 0.369 1
VIKOR method [26] – – – – 1 0.9405 0.369 1
Jiang et al.’s

method [12]
– – – – – 1 0.3571 0.9405

Zhang et al.’s
method [47]

– – – – – – 1 0.3690

Jia et al.’s method
[11]

– – – – – – – 1

Fig. 2. The pairwise comparisons of ranking results derived from the proposed 3WMCDM method and the four traditional MCDM methods.
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Remark 5.4. In addition to the consistent optimal investment projects, the degree of correlation of ranking results between
the proposed 3WMCDM method and any of the four traditional MCDM methods is very significant. So, the proposed
3WMCDM method is as effective as the above four traditional MCDM methods to deal with the example of investment
projects.
5.1.2. Comparative analysis with fuzzy b-neighborhood operator-based two methods
In like manner, Fig. 3 is drawn to exhibit the difference in ranking results derived from the proposed 3WMCDM method

and the two methods based on fuzzy b-neighborhood operators.
According to Table 180 and Fig. 3, the Jiang et al.’s method and the Zhang et al.’s method can not get a complete ranking,

namely, some investment projects are indistinguishable by these two methods. Thus, the ability of these two methods to
distinguish investment projects is worse than the proposed 3WMCDM method. Moreover, the optimal investment projects
obtained from the proposed 3WMCDM method, the Jiang et al.’s method and the Zhang et al.’s method are different. Mean-
while, the optimal investment projects of these two methods are also inconsistent with the optimal results of the above four
traditional MCDM methods. Therefore, in terms of optimal results, the proposed 3WMCDM method is more effective than
the Jiang et al.’s method and the Zhang et al.’s method. In addition, Table 190 can confirms that the correlation between
the rankings derived from the proposed 3WMCDMmethod and the Zhang et al.’s method is not significant. At the same time,
the SRCCs between the Zhang et al.’s method and the other decision-making methods are also lower than 0.8.



Fig. 3. The pairwise comparisons of ranking results derived from the proposed 3WMCDM method and the fuzzy b-neighborhood operator-based two
methods.
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Remark 5.5. From the above discussions and descriptions, the proposed 3WMCDM method is more effective than the two
methods based on fuzzy b-neighborhood operators [12,47].
5.1.3. Comparative analysis with one 3WD-based decision-making method
Similarly, compared with the Jia et al.’s method, we can obtain the following Fig. 4.
From Fig. 4, the difference in the ranking results between the proposed 3WMCDM method and the Jia et al.’s method can

be seen intuitively, which is similar to the description in Section 5.1.1. In the following, we mainly analyze the weaknesses of
the Jia et al.’s method.

As described in [11], all investment projects can be ranked according to the orders of the values of all hi (or ci or ni) under
the assumption that all conditional probabilities are the same. A lower value of hi (or ci or ni) implies a higher possibility of
accepting the investment project ui, that is, the higher the ranking of ui. From the above description, we can find two weak-
nesses of the Jia et al.’s method as follows: on the one hand, the above assumption that all investment projects have the same
conditional probability is too strict, which is not in line with the actual decision-making problems. In general, different
investment projects can induce different conditional probabilities because of different evaluation data. Furthermore, the
use of conditional probability and three decision rules are not really embodied in the process of getting the ranking according
to all thresholds hi (or ci or ni). On the other hand, when conditional probabilities of investment projects are different, the Jia
et al.’s method is not applicable for decision-making problems due to the lack of reasonable semantic explanation. For exam-
ple, let h1 ¼ 0:8; h2 ¼ 0:6 and h3 ¼ 0:5. When P Xj u1½ �eN a

� �
¼ P Xj u2½ �eN a

� �
¼ P Xj u3½ �eN a

� �
¼ 0:9, we have u3 	 u2 	 u1 by the Jia

et al.’s method. However, if P Xj u2½ �eN a

� �
¼ 0:65 and P Xj u3½ �eN a

� �
¼ 0:55, we only obtain u1;u2;u3f g# Pos Xð Þ by the theory

of 3WD in [11] rather than ranking. To overcome the above shortcomings, we combine the established MCDM-based
3WDmodel with the research results of [11] to propose the 3WMCDMmethod. By introducing the notion of associated costs,
we discuss the ranking of investment projects with different conditional probabilities.

Remark 5.6. By the above analysis, the proposed method is as valid as the Jia et al.’s method. In terms of the performance of
method, the proposed method overcomes the weaknesses of the Jia et al.’s method and gives a reasonable semantic
explanation of decision results.
5.2. Discussion

Likewise, we can obtain conclusions similar to Remarks 5.4,5.5,5.6 for the known weight vector. Next, we give another
example to show the superiority of the proposed 3WMCDM method.

Example 5.7. Let U1 ¼ x1; x2; x3; x4; x5; x6f g be a set of six manager candidates. The following six benefit criteria are
considered, i.e., health statuses (C1), education backgrounds (C2), communicative abilities (C3), work styles (C4), writing
abilities (C5), business experiences (C6). Table 20 shows the evaluation value of each manager candidate under criteria.

The weight vector W ¼ 0:1545;0:1545;0:19;0:19;0:1555;0:1555f g is calculated. Let I ¼ IL;a ¼ 0:8 and e ¼ 0:9, the
ranking results of different methods are presented in Table 21.

By Table 21, the selected seven methods can not obtain the complete rankings. The candidate x1 is indistinguishable from
the candidate x4. Meanwhile, with the exception of the Zhang et al.’s method, the other six methods cannot determine an
optimal candidate. Nonetheless, the proposed 3WMCDM method not only obtains a complete ranking, but also selects an
optimal candidate x1. Therefore, the proposed 3WMCDM method not only excels in dealing with the above example more
efficiently than the others, but also acts as an essential and unique MCDM method when solving the above example.



Fig. 4. The pairwise comparison of ranking results between the proposed 3WMCDM method and the Jia et al.’s method.

Table 20
The evaluation value of each manager candidate under criteria.

U1=C C1 C2 C3 C4 C5 C6

x1 0:68 0:74 0:64 0:83 0:65 0:75
x2 0:48 0:83 0:62 0:78 0:48 0:72
x3 0:83 0:48 0:78 0:58 0:75 0:48
x4 0:74 0:68 0:83 0:64 0:75 0:65
x5 0:76 0:66 0:48 0:62 0:72 0:83
x6 0:66 0:76 0:58 0:48 0:83 0:75

Table 21
The ranking results of different methods.

Different methods Ranking results The optimal candidate

3WMCDM method x1 	 x4 	 x5 	 x6 	 x2 	 x3 x1
TOPSIS method [10] x1 
 x4 	 x5 	 x2 	 x6 	 x3 x1; x4
WAA operator method [6] x1 
 x4 	 x5 	 x6 	 x2 	 x3 x1; x4
EDAS method [5] x1 
 x4 	 x5 	 x6 	 x2 	 x3 x1; x4
VIKOR method [26] x1 
 x4 	 x2 	 x3 	 x5 	 x6 x1; x4
Jiang et al.’s method [12] x1 
 x4 	 x5 	 x6 	 x2 	 x3 x1; x4
Zhang et al.’s method [47] x5 	 x6 	 x1 
 x4 	 x2 	 x3 x5
Jia et al.’s method (ci) [11] x1 
 x4 	 x5 	 x6 	 x2 	 x3 x1; x4
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In what follows, we discuss the main differences between the proposed 3WMCDM method and the existing decision-
making methods as follows:

(1) In MCDM, the weights of criteria is an important factor that affects decision-making results. The proposed 3WMCDM
method considers two cases of weights. However, a lot of decision-making methods only take into account the known
weight vector, for instance, the above selected seven decision-making methods [5,6,10–12,26,47]. Besides, some existing
decision-making methods do not consider the weights of criteria in the decision-making process, such as the method in
[17] and the method in [30].

(2) The proposed 3WMCDM method considers the relative loss functions of alternatives and the risk of decisions. When
we make decisions, certain losses or risks are always derived. For example, in an investment project decision-making prob-
lem, if an investor treats a bad project as a good one to invest in it, the investor will surely bear the risk of losing money.
Nevertheless, the traditional MCDMmethods and the existing decision-making methods with fuzzy neighborhood operators,
such as the above four MCDM methods [5,6,10,26] and two methods based on fuzzy b-neighborhood operators [12,47], do
not consider the risk or loss of decisions.

(3) The proposed 3WMCDM method can divide all alternatives into positive region, negative region and boundary region
which correspond to accept decision, reject decision and not commitment decision. The traditional MCDM methods and the
existing decision-making methods with fuzzy neighborhood operators, however, can only classify alternatives into positive
region and negative region, which corresponding to accept and reject decisions.
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(4) The proposed 3WMCDMmethod can objectively determine the number of alternatives in different regions by virtue of
the theory of 3WD. Nevertheless, in some existing MCDM methods, such as the above four MCDM methods [5,6,10,26] and
two methods based on fuzzy b-neighborhood operators [12,47], the number of acceptable or rejected alternatives is deter-
mined according to the subjective needs of decision-makers. In addition, for the Jia et al.’s method [11], three regions of alter-
natives are obtained based on the subjectively conditional probabilities. For the proposed 3WMCDMmethod, the conditional
probabilities of alternatives are calculated by the conditional probability formula, rather than the subjectively conditional
probabilities.

(5) In the proposed 3WMCDM method, we consider the reflexive fuzzy a-neighborhood operators. Despite the fuzzy b-
neighborhood operators are considered in some decision-making methods, such as the Jiang et al.’s method [12] and the
Zhang et al.’s method [47], the fuzzy b-neighborhood operators are not reflexive.

(6) Whether the conditional probabilities are the same or different, all alternative can be ranked by the proposed
3WMCDM method. Nevertheless, due to the lack of reasonable semantic explanations, the Jia et al.’s method [11] can not
be used to rank all alternative in the case of different conditional probabilities of alternatives.

Remark 5.8. In conclusion, the proposed 3WMCDM method has six advantages as follows:
(1) Compared with the four traditional MCDM methods [5,6,10,26] and the two methods based on fuzzy b-neighborhood

operators [12,47], the proposed 3WMCDM method can divide all alternatives into three regions which correspond to three
decision actions. The delayed decision is added, which can reduce the risk of decisions.

(2) The fuzzy a-neighborhood operator used in the proposed 3WMCDMmethod satisfies the reflexivity, which overcomes
the defect that the fuzzy b-neighborhood operator adopted in the Jiang et al.’s method and the Zhang et al.’s method does not
satisfy the reflexivity.

(3) The proposed 3WMCDM method can rank all alternatives in the case of different conditional probabilities, which
overcomes the shortcomings of the Jia et al.’s method.

(4) Compared with the selected seven methods, the proposed 3WMCDM method takes into account the risk of making a
decision for each alternative. The obtained ranking result is more reasonable and scientific. At the same time, some decision-
making methods can not handle some MCDM problems well, but the proposed method can solve them well (see Example
5.7).

(5) The proposed 3WMCDM method is flexible, the conditional probability can be adjusted by changing the values of a
and e to generate different regions. Thus, decision-makers can use the proposed 3WMCDM method to obtain flexible
decisions.

(6) The proposed 3WMCDM method provides a new decision-making thinking by combining the rough fuzzy set theory
[3], the 3WD theory and the decision-making theory, which further enriches the research results of the 3WD and decision-
making theories.

In addition, the proposed method has the following disadvantages: on the one hand, the algorithm of the proposed
3WMCDM method has a relatively high time complexity. On the other hand, the proposed 3WMCDM method can not be
applied to data with the type of symbols.

6. Experimental analysis

In this section, experiments based on sensitivity analysis are performed on different decision-making problems. We ana-
lyze the influence of the change of parameter values on the decision results from three aspects. The results of these exper-
iments demonstrate the stability of the proposed 3WMCDM method for the parameters a and e. All experiments are carried
out on a personal computer with 3.00 GHz CPU, 8 GB RAM and 64-bit Windows 10. The experimental programs are written
by Matlab R2016a.

By Algorithm 2, the conditional probability is a key point in generating 3WD, while the determination of the conditional
probability depends on two parameters a and e. To evaluate the stability of the proposed 3WMCDM method, it is necessary
to analyze the influence of the change of two parameter values on the decision results.

In the following, we select two data sets from the existing literature as follows: one is the data set in [11] (Table 15 in
[11]), namely, the data set of example in Section 4.4, the other is the experimental data set presented in [48] (Table 17 in
[48]). In our experiments, we set a 2 0;0:6ð � with step size 0.1 and e 2 0;1½ � with step size 0.1 for the data set in [11]. and
we set a 2 0;1ð � with step size 0.2 and e 2 0;1½ � with step size 0.2 for the experimental data set in [48]. Here, we focus on
the experimental analysis of the data set in [11].

6.1. Sensitivity analysis of a when e is fixed

For a fixed e ¼ 0:7, we analyze the influence of the change of a on the decision results based on two data sets. We first
analyze the influence of the change of a on the conditional probability. As a changes, if the values of conditional probabilities
keep the same, then the proposed 3WMCDMmethod is very stable. Otherwise, we calculate the ranking of alternatives when
a changes. If the rankings of alternatives for different values of a are the same, then the method is very stable. Or, if the opti-
mal alternatives for different values of a are consistent and SRCC P km, then the method is stable. Here, m denotes the level of
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significance and km denotes the critical value on the significance level m. If the inequation SRCC P km holds, then the corre-
lation between the ranking based on parameters and the actual ranking is significant.

(a) Sensitivity analysis on the data set in [11]

Table 22 lists the calculation results of P Xj ui½ �0:7N a

� �
for any ui 2 U when a changes.

From Table 22, we can see that the conditional probability of each alternative does not change when the value of a
changes. This indicates that the proposed 3WMCDM method is very stable for different values of a.

(b) Sensitivity analysis on the experimental data set in [48]
Similarly, as a changes, we can calculate the values of conditional probabilities. However, the calculation results of con-

ditional probability are different when a changes. Thus, as a changes, the ranking of alternatives is calculated, as shown in
Table 23.

Note 5: In Table 23, the SRCC denotes the SRCC between the ranking based on the parameter a and the actual ranking.
Let n ¼ 50 and m ¼ 0:05, then we can obtain that km ¼ 0:363. By Table 23, h45 is the optimal alternative for different values

of a, which is consistent with the optimal result of the actual ranking in [48]. Besides, for different values of a; SRCC > km
holds, which shows the correlation between the ranking based on parameters and the actual ranking is significant. Hence,
the proposed 3WMCDM method is valid and stable for the experimental data set in [48].

Remark 6.1. From the above different data sets, we can know that for a fixed e ¼ 0:7, the proposed 3WMCDM method is
stable for different values of a.
6.2. Sensitivity analysis of e when a is fixed

Similarly, for a fixed a ¼ 0:5, we analyze the influence of the change of e on the decision results based on two data sets.
(a) Sensitivity analysis on the data set in [11]
For simplicity, the ranking result of each region and the optimal result are listed in Table 24 when e changes.
Note 6: When e ¼ 0, 0.1 and 0.2, the ranking of alternatives in each region and the optimal alternative are consistent with

the results of e ¼ 0:3.
By Table 24, the optimal results for different values of e are consistent. Next, Fig. 5 depicts the change of three regions

when e changes.
Fig. 5 visually shows that the three regions of 3WD vary with the values of e. We can see that the variation of the three

regions is almost stable. To analyze the stability of the ranking results based on different values of e, we calculate the SRCC
between the 3WMCDM method with a certain value of e and any of the six other decision-making methods besides the
Zhang et al.’s method selected in Section 5. The results are listed in Table 25.

Note 7: For example, when e ¼ 0:5 and e ¼ 0:1, the SRCCs between the proposed 3WMCDMmethod with a certain value of
e and the above six methods are the same.

According to Table 25, in fact, we can obtain the following Fig. 6.
From Table 25 and Fig. 6, we can see that the SRCCs between the 3WMCDM method with e 2 0;1½ � and the above six

methods are all greater than 0.8. Thus, the proposed 3WMCDM method are stable for different values of e from the aspects
of optimal results and SRCCs.

(b) Sensitivity analysis on the experimental data set in [48]
Similar to Section 6.1 (b), we have the results of Table 26 when e changes.
By Table 26, the optimal results obtained from different values of e are still the optimal result of actual ranking. At the

same time, SRCC > km holds for different values of e. Thus, with the change of e, the proposed 3WMCDM method is stable
for the experimental data set in [48].

Remark 6.2. From the above different data sets, we can know that for a fixed a ¼ 0:5, the proposed 3WMCDM method is
stable for the different values of e.
6.3. Sensitivity analysis when a and e change simultaneously

(a) Sensitivity analysis on the data set in [11].
In this section, Fig. 7 outlines the experiment’s results of the conditional probabilities of eight alternatives when

a 2 0;0:6ð � and e 2 0;1½ �.
According to Fig. 7, we can determine the specific region that the alternative falls into by comparing the conditional prob-

ability of each alternative and thresholds. That is, all alternatives can be divided into three regions. Based on the three
regions obtained from different values of a and e, all investment projects can be ranked and the optimal alternative can
be selected. On the basis of the results of the experiment, the selected optimal alternatives are the same, i.e., u7, when
a 2 0;0:6ð � and e 2 0;1½ �. Thus, the proposed 3WMCDM method is stable on the optimal alternative when a and e change
simultaneously.

(b) Sensitivity analysis on the experimental data set in [48]



Table 22
The calculated results of the conditional probability P Xj ui½ �0:7N a

� �
.

P Xj ui½ �0:7N a

� �
u1 u2 u3 u4 u5 u6 u7 u8

a ¼ 0:1 0:6726 0:6642 0:6277 0:7081 0:6726 0:5872 0:7617 0:5525
a ¼ 0:2 0:6726 0:6642 0:6277 0:7081 0:6726 0:5872 0:7617 0:5525
a ¼ 0:3 0:6726 0:6642 0:6277 0:7081 0:6726 0:5872 0:7617 0:5525
a ¼ 0:4 0:6726 0:6642 0:6277 0:7081 0:6726 0:5872 0:7617 0:5525
a ¼ 0:5 0:6726 0:6642 0:6277 0:7081 0:6726 0:5872 0:7617 0:5525
a ¼ 0:6 0:6726 0:6642 0:6277 0:7081 0:6726 0:5872 0:7617 0:5525

Table 23
The rankings of alternatives based on different a when e ¼ 0:7.

a Ranking of alternative Optimal result SRCC

a ¼ 0:2 h45 	 h38 	 h14 	 h46 	 h1 	 h2 	 h48 	 h23 	 h16 	 h11 	 h45 0.8493
h35 	 h13 	 h25 	 h6 	 h7 	 h31 	 h24 	 h19 	 h37 	 h15 	
h28 	 h47 	 h49 	 h41 	 h5 	 h12 	 h17 	 h21 	 h8 	 h10 	
h9 	 h39 	 h29 	 h26 	 h36 	 h34 	 h50 	 h22 	 h27 	 h18 	
h42 	 h3 	 h32 	 h33 	 h20 	 h44 	 h43 	 h40 	 h30 	 h4

a ¼ 0:4 h45 	 h38 	 h14 	 h46 	 h1 	 h2 	 h48 	 h23 	 h16 	 h11 	 h45 0.8493
h35 	 h13 	 h25 	 h6 	 h7 	 h31 	 h24 	 h19 	 h37 	 h15 	
h28 	 h47 	 h49 	 h41 	 h5 	 h12 	 h17 	 h21 	 h8 	 h10 	
h9 	 h39 	 h29 	 h26 	 h36 	 h34 	 h50 	 h22 	 h27 	 h18 	
h42 	 h3 	 h32 	 h33 	 h20 	 h44 	 h43 	 h40 	 h30 	 h4

a ¼ 0:6 h45 	 h38 	 h14 	 h46 	 h1 	 h2 	 h48 	 h23 	 h16 	 h11 	 h45 0.8380
h35 	 h13 	 h25 	 h6 	 h7 	 h31 	 h24 	 h19 	 h37 	 h15 	
h28 	 h47 	 h49 	 h5 	 h12 	 h17 	 h21 	 h8 	 h41 	 h10 	
h9 	 h39 	 h29 	 h26 	 h36 	 h34 	 h50 	 h27 	 h18 	 h3 	
h32 	 h33 	 h20 	 h43 	 h44 	 h42 	 h40 	 h22 	 h30 	 h4

a ¼ 0:8 h45 	 h38 	 h14 	 h46 	 h1 	 h48 	 h23 	 h13 	 h2 	 h37 	 h45 0.8365
h16 	 h15 	 h28 	 h12 	 h25 	 h24 	 h35 	 h11 	 h19 	 h6 	
h9 	 h29 	 h4 	 h41 	 h7 	 h5 	 h49 	 h17 	 h34 	 h21 	
h31 	 h47 	 h8 	 h26 	 h39 	 h3 	 h32 	 h33 	 h27 	 h20 	
h18 	 h50 	 h43 	 h44 	 h10 	 h42 	 h40 	 h36 	 h22 	 h30

a ¼ 1 h45 	 h38 	 h23 	 h46 	 h14 	 h34 	 h1 	 h2 	 h35 	 h16 	 h45 0.7966
h48 	 h6 	 h15 	 h11 	 h24 	 h49 	 h19 	 h13 	 h40 	 h7 	
h28 	 h21 	 h5 	 h31 	 h25 	 h17 	 h41 	 h30 	 h4 	 h9 	
h3 	 h32 	 h33 	 h20 	 h27 	 h50 	 h18 	 h44 	 h43 	 h10 	
h42 	 h12 	 h26 	 h47 	 h29 	 h36 	 h22 	 h39 	 h8 	 h7
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Likewise, h45 is the optimal alternative no matter how the values of a and e change for the data set in [48]. Therefore, for
the optimal alternative, the proposed 3WMCDM method is stable.

Remark 6.3. As far as the optimal alternative is concerned, the stability of the proposed 3WMCDMmethod is demonstrated
when a and e change simultaneously.
7. Conclusion

In this paper, the established MCDM-based 3WD models generalize probabilistic rough fuzzy set models based on fuzzy
a-neighborhood operators by using the idea of 3WD under the context of MCDM. Based on this point, a novel 3WMCDM
method has been proposed in FISs to deal with investment decision-making problems. According to a practical example,
the feasibility and effectiveness of the proposed 3WMCDM method have been demonstrated by the validity test and the
comparative analysis. Besides, we have analyzed the stability of the proposed 3WMCDM method through the experimental
analysis on different data sets. In the following, we outline the main contributions of this paper as follows:

(1) We have defined the reflexive fuzzy a-neighborhood operator in FISs to overcome the weaknesses of the existing fuzzy
neighborhood operators [2,25,38].

(2) Based on the fuzzy e-neighborhood classes constructed by the fuzzy a-neighborhood operators, a probabilistic rough
fuzzy set model and MCDM-based 3WD model have been presented to enrich the research contents of neighborhood-based
rough set [9,15,20] and 3WD theory.

(3) We have proposed a new determination method of conditional probability by considering an objective set of states
according to MCDM problems with fuzzy evaluation values.



Table 24
The ranking result of each region when e changes.

e Regions Ranking results The optimal result

e ¼ 0:3 Pos Xð Þ u7 	 u1 	 u4 	 u2 u7

Bnd Xð Þ u3 	 u5

Neg Xð Þ u8 	 u6

U u7 	 u1 	 u4 	 u2 	 u3 	 u5 	 u8 	 u6

e ¼ 0:4 Pos Xð Þ u7 	 u1 	 u4 	 u2 u7

Bnd Xð Þ u3 	 u5

Neg Xð Þ u8 	 u6

U u7 	 u1 	 u4 	 u2 	 u3 	 u5 	 u8 	 u6

e ¼ 0:5 Pos Xð Þ u7 	 u1 	 u4 	 u2 u7

Bnd Xð Þ u3 	 u5

Neg Xð Þ u8 	 u6

U u7 	 u1 	 u4 	 u2 	 u3 	 u5 	 u8 	 u6

e ¼ 0:6 Pos Xð Þ u7 	 u1 	 u4 	 u2 	 u5 u7

Bnd Xð Þ u3

Neg Xð Þ u8 	 u6

U u7 	 u1 	 u4 	 u2 	 u5 	 u3 	 u8 	 u6

e ¼ 0:7 Pos Xð Þ u7 	 u1 	 u4 	 u2 	 u5 u7

Bnd Xð Þ u6 	 u3

Neg Xð Þ u8

U u7 	 u1 	 u4 	 u2 	 u5 	 u6 	 u3 	 u8

e ¼ 0:8 Pos Xð Þ u7 	 u1 	 u4 	 u2 	 u5 u7

Bnd Xð Þ u6 	 u3

Neg Xð Þ u8

U u7 	 u1 	 u4 	 u2 	 u5 	 u6 	 u3 	 u8

e ¼ 0:9 Pos Xð Þ u7 	 u1 	 u4 	 u2 	 u5 u7

Bnd Xð Þ u6 	 u3

Neg Xð Þ u8

U u7 	 u1 	 u4 	 u2 	 u5 	 u6 	 u3 	 u8

e ¼ 1 Pos Xð Þ u7 	 u1 	 u4 	 u2 	 u5 u7

Bnd Xð Þ u6 	 u3

Neg Xð Þ u8

U u7 	 u1 	 u4 	 u2 	 u5 	 u6 	 u3 	 u8

Fig. 5. The three regions obtained by the different values of e.
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(4) A novel 3WMCDM method has been proposed by virtue of decision-making theory with 3WD to overcome the short-
comings of [11].

In the future, we will focus on novel 3WMCDM methods under other information systems, such as ordered information
systems [22], incomplete information systems [23,39], etc. Furthermore, the combination of 3WD and traditional MCDM
methods is worthy of further investigations.



Table 25
The SRCCs between the 3WMCDM method with a certain value of e and the below six methods.

3WMCDM method TOPSIS WAA operator EDAS VIKOR Jiang et al.’s Jia et al.’s
for a certain e method [10] method [6] method [5] method [26] method [12] method [11]

e ¼ 0:5 0.9286 0.9524 0.9524 0.9524 0.9167 0.9524
(0, 0.1, 0.2, 0.3, 0.4)
e ¼ 0:6 0.9524 0.9762 0.9762 0.9762 0.9643 0.9762
e ¼ 0:7 0.9524 0.9762 0.9762 0.9762 0.8929 0.9762
(0.8, 0.9, 1)

Fig. 6. The SRCCs between the 3WMCDM method with a certain e and the above six methods.

Table 26
The rankings of alternatives based on different values of e when a ¼ 0:5.

e Ranking of alternative Optimal result SRCC

e ¼ 0 h45 	 h38 	 h14 	 h46 	 h1 	 h2 	 h48 	 h23 	 h16 	 h11 	 h45 0.4509
h15 	 h34 	 h35 	 h6 	 h13 	 h7 	 h25 	 h3 	 h32 	 h33 	
h20 	 h27 	 h50 	 h18 	 h43 	 h44 	 h10 	 h42 	 h26 	 h12 	
h47 	 h5 	 h36 	 h39 	 h29 	 h22 	 h8 	 h40 	 h49 	 h28 	
h30 	 h19 	 h21 	 h24 	 h9 	 h37 	 h17 	 h41 	 h31 	 h4

e ¼ 0:2 h45 	 h38 	 h14 	 h46 	 h1 	 h2 	 h23 	 h48 	 h16 	 h15 	 h45 0.4889
h34 	 h11 	 h35 	 h6 	 h13 	 h7 	 h25 	 h4 	 h3 	 h32 	
h33 	 h20 	 h27 	 h50 	 h18 	 h43 	 h44 	 h10 	 h42 	 h26 	
h12 	 h47 	 h36 	 h39 	 h5 	 h29 	 h22 	 h8 	 h49 	 h40 	
h28 	 h30 	 h21 	 h19 	 h24 	 h37 	 h17 	 h9 	 h31 	 h41

e ¼ 0:4 h45 	 h38 	 h14 	 h1 	 h46 	 h23 	 h2 	 h48 	 h15 	 h34 	 h45 0.8871
h16 	 h11 	 h4 	 h35 	 h13 	 h6 	 h30 	 h7 	 h17 	 h24 	
h31 	 h49 	 h25 	 h28 	 h40 	 h19 	 h41 	 h37 	 h9 	 h12 	
h21 	 h8 	 h32 	 h3 	 h33 	 h20 	 h27 	 h50 	 h18 	 h44 	
h43 	 h10 	 h42 	 h26 	 h47 	 h5 	 h36 	 h39 	 h22 	 h29

e ¼ 0:6 h45 	 h38 	 h14 	 h46 	 h1 	 h2 	 h23 	 h48 	 h15 	 h34 	 h45 0.9520
h35 	 h13 	 h37 	 h16 	 h7 	 h30 	 h4 	 h25 	 h11 	 h31 	
h24 	 h47 	 h49 	 h6 	 h12 	 h19 	 h17 	 h28 	 h41 	 h21 	
h8 	 h5 	 h29 	 h10 	 h26 	 h9 	 h40 	 h36 	 h18 	 h39 	
h3 	 h32 	 h33 	 h20 	 h27 	 h50 	 h44 	 h43 	 h42 	 h22

e ¼ 0:8 h45 	 h38 	 h48 	 h23 	 h14 	 h46 	 h11 	 h1 	 h2 	 h6 	 h45 0.7365
h13 	 h7 	 h25 	 h41 	 h31 	 h17 	 h24 	 h15 	 h28 	 h19 	
h29 	 h47 	 h49 	 h21 	 h5 	 h12 	 h10 	 h16 	 h26 	 h39 	
h36 	 h34 	 h27 	 h35 	 h50 	 h37 	 h32 	 h20 	 h44 	 h43 	
h42 	 h18 	 h22 	 h33 	 h40 	 h8 	 h3 	 h30 	 h9 	 h4

e ¼ 1 h45 	 h38 	 h14 	 h46 	 h1 	 h2 	 h48 	 h23 	 h16 	 h11 	 h45 0.6295
h15 	 h34 	 h35 	 h6 	 h13 	 h7 	 h25 	 h3 	 h32 	 h33 	
h20 	 h27 	 h50 	 h18 	 h43 	 h44 	 h10 	 h42 	 h26 	 h12 	
h47 	 h5 	 h36 	 h39 	 h29 	 h22 	 h8 	 h40 	 h49 	 h28 	
h30 	 h19 	 h21 	 h24 	 h9 	 h37 	 h17 	 h41 	 h31 	 h4
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Fig. 7. The results of the conditional probabilities of investment projects when a and e change.
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