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Abstract

The concept of the rough set was originally proposed by Pawlak as a formal tool for modelling and processing incom-
plete information in information systems, then in 1990, Dubois and Prade first introduced the rough fuzzy sets and fuzzy
rough sets as a fuzzy extension of the rough sets. The aim of this paper is to present a new extension of the rough set theory
by means of integrating the classical Pawlak rough set theory with the interval-valued fuzzy set theory, i.e., the interval-
valued fuzzy rough set model is presented based on the interval-valued fuzzy information systems which is defined in this
paper by a binary interval-valued fuzzy relations R € F)(U x U) on the universe U. Several properties of the rough set
model are given, and the relationships of this model and the others rough set models are also examined. Furthermore,
we also discuss the knowledge reduction of the classical Pawlak information systems and the interval-valued fuzzy infor-
mation systems respectively. Finally, the knowledge reduction theorems of the interval-valued fuzzy information systems
are built.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

The theory of rough sets was firstly proposed by Pawlak [17-19]. It is an extension of the set theory for the
study of intelligent systems characterized by insufficient and incomplete information. The successful applica-
tion of rough set theory in a variety of problems has been amply demonstrated its usefulness. This theory
evoked into a far-reaching methodology centering on analysis of incomplete information [9,23,24,31]. It soon
evoked a natural question concerning possible connections between rough sets and fuzzy sets. Generally
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speaking, both theories address the problem of information granulation: the theory of fuzzy sets is centrad
upon fuzzy information granulation, whereas rough set theory is focused on crisp information granulation.
Originally, the basic notion in rough set theory was indiscernibility (i.e., indiscernibility between objects in
information systems induced by different values of attributes characterizing these objects), yet in recent exten-
sions [7,14,20,22] the focus moves to the notion of similarity, which is in fact a fuzzy concept. Therefore, it is
apparent that these two theories have become much more closely related to each other.

A key notion in Pawlak’s rough set model is equivalence relation. The equivalence classes are the building
blocks for the construction of the lower and upper approximations. By replacing the equivalence relation with
an arbitrary binary relation, different kinds of generalizations in Pawlak’s rough set models were obtained.
Dubois and Prade [3,4] were among the first who investigated the problem of a fuzzyfication of a rough
set, the concept of rough fuzzy set and fuzzy rough set were proposed by replacing crisp binary relations with
fuzzy relations in the universe [1,3,4,12,13,25,32]. Moreover, Dubois and Prade also pointed out that the
rough fuzzy set is a special case of the fuzzy rough set in the universe in their literatures. The fuzzy rough
set theory, proposed by the others authors, has been made up the deficiencies of the traditional rough set the-
ory in several aspects. However, there are both of the symbolic values, real values and possibly interval values
of the attributes in the real life database [6], therefore, the traditional fuzzy rough set theory could not deal
with those data effectively. It is then necessary to extend the traditional fuzzy rough set theory in a general
sense. In this paper, we propose the interval-valued fuzzy rough set theory by combining the interval-value
fuzzy set theory with the traditional rough set theory. Therefore, the traditional fuzzy rough set theory is
extended and its weaknesses are overcome.

There are at least two approaches for the development of the fuzzy rough sets theory, the constructive and
the axiomatic approaches [29,30,33]. Moris and Yakout [11] provide the axiomatization for the fuzzy rough
set model. Wu et al. [28] present a general framework for the study of fuzzy rough sets in which both construc-
tive and axiomatic approaches are used. In the constructive approach, the relations in the universe is the prim-
itive notion, the lower and upper approximation operators are constructed by means of this notion, therefore,
one can obtain a pair of lower and upper generalized approximation operators in this approach. Dubois and
Prade were among the first researchers to propose the concept of the fuzzy rough sets from the constructive
approach. In the axiomatic approach, various classes of fuzzy rough approximation operators are character-
ized by different sets of axioms, these axioms guarantee the existence of certain types of fuzzy relations pro-
ducing the same operators. This paper is devoted to the discussion of the interval-valued fuzzy rough sets
model by the constructive approach.

Fuzzy rough sets have been used to solve practical problems such as data mining [9,16], approximate rea-
soning [21], medical time series, case generation [15], mining stock price [27], and descriptive dimensionality
reduction [6].

As a generalization of the Zadeh fuzzy set, the notion of interval- valued fuzzy sets was suggested for the
first time by Gorzalczany [5] and Turksen [26], and it was applied to the fields of approximate inference, signal
transmission and controller, etc. In this paper we combine the classical Pawlak rough sets theory with the
interval-valued fuzzy sets theory, define the interval-valued fuzzy information system, and discuss the rough
set theory of the interval-valued fuzzy information system. So, the interval-valued fuzzy rough sets model is
obtained in the interval-valued fuzzy information system by the constructive approach. Several properties of
this model are given, and the relationships of this model and the other rough set models are also examined.

Knowledge reduction [2] is performed in information systems by means of the notion of a reduction based
on a specialization of the general notion of independence due to Maczewski [10]. The knowledge reduction of
consistent information systems based on the rough sets theory have been many practices conclusion. In recent
years, more attention has been paid to knowledge reduction in inconsistent systems in rough sets research [8].
Many types of knowledge reduction have been proposed in the area of rough sets [30,31]. In this paper, we are
concerned with approaches to knowledge reduction based on the interval-valued fuzzy rough sets model. We
first define the interval-valued fuzzy reduction on the classical Pawlak information systems, then discuss the
knowledge reduction of the interval-valued fuzzy information systems. Finally, the knowledge reduction the-
orems of the interval-valued fuzzy information systems are built.

The structure of the rest of this paper is as follows: Section 2 briefly introduces necessary notions of rough
sets, fuzzy sets and interval-valued fuzzy sets. In Section 3, we define the interval-valued fuzzy binary relations
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of the universe, and then define the interval-valued fuzzy rough sets model while several properties of the
model are also examined. In Section 4, the relationships of the model defined in Section 3 and the others rough
set models are studied. In Section 5, an interval-valued fuzzy reduction in the classical Pawlak information
systems is defined and the knowledge reduction of the interval-valued fuzzy information systems is investi-
gated. We conclude the paper with a summary and an outlook for further research in Section 6.

2. Preliminaries
2.1. Fuzzy sets

Let U be a finite and non-empty set called universe. A fuzzy set 4 is a mapping from U into the unit interval

[0,1] :
w U —[0,1],

where each x € U is the membership degree of x in 4. Practically, we may consider U as a set of objects of
concern and a crisp subset of U represents a “non-vague” concept imposed on objects in U. Then a fuzzy
set A of U is thought of as a mathematical representation of a “vague” concept described linguistically.

The set of all the fuzzy sets defined on U is denoted by F(U).

Given a number o € [0, 1], the a-cut or a-level set, of 4 is defined as follows:

A" = {x : py(x) > o},

which is a subset of U. A strong a-cut set is defined by

0.(4) = {x: 1, (x) > a}.

Theorem 2.1. Let A € F(U), then the following equations hold:
A= UrE[O,l]([AY N r*),
A= Ure[O,l](Gr(A) n }"*),
where r* denotes the fuzzy set whose membership function is the constant, U means maximum and O means
minimum.
Proof. Since r* denotes the fuzzy set in which the membership function is the constant, that is, »*(x) = r for

any x € U,
(Urepo (] N 7)) (x) = Viepa (7 A [A] (x))

= max(Vy<u, ) (r A 4] (), Vi < (r A A] (x)))
= max(V, (r A1), Vy,w<r(r NO))

= max(V,<u, (7 Vi, (x)<r0)

= max (g, (x ) )

= py(x).

This proves that A = U,cp,1j([4]" N #*), and the latter one has an analogous proof. [J

2.2. Rough sets

Formally, the theory begins with the notion of an approximation space, which is a pair (U, R), where Uis a
non-empty set(the universe of discourse) and R an equivalence relation on U, i.e., R is reflexive, symmetric,
and transitive, The relation R decomposes the set U into a disjoint classes in such a way that two elements
x,y are in the same class iff (x,y) € R. Let U/R denote the quotient set of U by the relation R, and



B. Sun et al. | Information Sciences 178 (2008) 2794-2815 2797

U/R - {){17)(2,...7)(,,,}7

where X; is an equivalence class of R,i=1,2,... m.

If two elements x, y in U belong to the same equivalence class X; € U/R, we say that x and y are indiscern-
ible. The equivalence class of R and the empty set () are the elements in the approximation space (U, R).

Note that in the context of rough set based data analysis, the equivalence relation in an approximation
space is often interpreted via the notion of information system. An information system with U as the universe
is a triple (U, A, {V,},c), where U is a set of objects, A is a set of attributes, and ¥, is the set of attribute
values for attribute ¢ understood as a mapping a : U — V. It is easily seen that each subset A of the attribute
set A induces an equivalence relation ind(A) called as indiscernibility relation as follows:

ind(A) ={(x,y) e Ux U:alx)=a(y),a € A}

and ind(A) = (\,caind(a), where ind(a) means ind({a}). If (x,y) € A, we then say that the objects x and y are
indiscernible with respect to attributes from A. In other words, we cannot distinguish x from y and vice versa,
in terms of attributes in A.

Let us return to an arbitrary approximation space (U, R). Given an arbitrary set X € 2", in general, it may
not be possible to describe X precisely in (U, R). One may characterize X by a pair of lower and upper approx-
imations defined as follows [14-16]:

RX=U{Y€U/R:YCX}={xeU:[x], CX},
RX=U{YEU/R:YNX #0} ={xeU:[x|ynX #0}.

The lower approximation RX is the union of all the elementary sets which are subsets of X, and the upper
approximation RX is the union of all the elementary sets which have a non-empty intersection with X. The
interval [RX,RX] is the representation of an ordinary set X in the approximation space (U,R) or simply,
the rough set of X. B

The lower(upper) approximation RX (RX) is interpreted as the collection of those elements of U that def-
initely(possibly) belong to X. Further, we also define

e A set X €2V is said to be definable(or exact) in (U, R) iff RX = RX.
e For any X, Y € 2Y, X is said to be roughly included in Y, denoted by XCX, iff RX C RY and RX C RY.
e X and Y are said to be roughly equal, denoted by X~,Y, in (U,R) iff RX = RY and RX = RY.

2.3. Interval-valued and interval-valued fuzzy set

Throughout this paper, let 7 be a closed unit interval, i.e., = [0, 1]. Let [I] = {[a,b] : a < b,a,b € I'}. For
any a € I, define @ = [a, a], obviously, a € [I].

Definition 2.1. If Va; € I,i € J, we define
\/l_eja,- =sup{a;:i € J}, Qa[ =inf{a;:i €J}.

\/ieJ[ai,bi] = [Viesai, Viesbil, /\[di,bi} = [Niesai, Niesbil,

ieJ

where \/ means maximum and A means minimum.

In particular for [a;, 5] € [I],i = 1,2, we define
[alybl] = [az,bz] iff a1 =a,, by = by;
[a1,b1] < [az,by] iff ay < ap, by < by;
[al,bl] < [az,bz] iff [al,bl] < [az,bz} but [al,bl] 7é [a27b2].

Definition 2.2. Let X be an ordinary non-empty set. Then the mapping 4 : X — [/] is called an interval-valued
fuzzy set in X. All interval-valued fuzzy set on X are denoted as F)(X).
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Definition 2.3. If 4 € FY(X), let A(x) = [4™(x), 4" (x)], where x € X, then two fuzzy sets 4~ : X — I, and
A" : X — I are called the lower fuzzy set and the upper fuzzy set about A, respectively.

Definition 2.4. Let 4 € FO(X),[A, ) €[l], we call Ay ={x€X:4 (x) > i,4"(x) > A}, and
Ay sy ={x €X A7 (x) > 41,47 (x) > A}, the [4;, Ao]-level set of A and (1, Ay)-level set of A, respectively,
where (A1, 42) in A4, ;,) is not an interval, it is only a sign, and we may admit A; = 4,, clearly, x € 4y, ;,) iff
Ay ) = A, A2l

Definition 2.5. Let 4 € FY(X), [}, 4] € [I]. We define
([41, Z2JA) (x) = [A1, 2] A [A7 (x), 47 (x)].

Proposition 2.1 (The decomposition theorem of interval-valued fuzzy sets). Let A € F)(X). Then

A= U [}Vl ) ;LZ]A[le] = U [;‘1 ) ;“2]‘4(21‘/12)'

[41,22]€(1] [A1,42]€l1]

Proof. We have only to prove the equation 4(x) = (Uj;, 1,ein[41, 42]4}3,.2,)) (x) holds for any x € U.

( U [, 24 mz>(x)—Vul,xz}em([ﬂvl»iz}Avml(x))
[

el
= Viiiole [) /\A [41,42] ( )7 22 /\A[/ll,lz] (x)]
Vi, Mm[i A(A;, NAL)(x), 2 A (4, NA])(x)]
= Vi, alel [l A, (x) NG (x), 20 AN (x) AA] (x)]
= Vi e (4 A4y, () AAT (%)), Vi e (22 A A (x) A A7 (x))].
We could prove that \V;, e (4 A4 (x) A4} (x)) = 4™ (x). In fact,
Vi sl (41 A A7 () AAT (X)) = Vi Visel i) (41 A4 (x) A A7 (x))
= Vieon) (b Ay, (X) A Viyep, 145, (%))
- \/41601 (/11 /\A ( ) /\A+( ))
= Viep (4 A4 (x))
=A" (x).

Similarly, Vi, sei (42 A4, (x) A4 (x)) = A7 (x) and the (41, 4,)-level set of 4 can be proved in a similar
way. O

3. The interval-valued fuzzy rough set models
3.1. The rough approximation of a crisp set on the interval-valued fuzzy information system
Let U be a non-empty finite universe. A binary interval-valued fuzzy subset R of U x U is called an inter-
val-valued fuzzy relation in U.
Definition 3.1. Let U be a non-empty finite universe. For the interval-valued fuzzy relation R(R € FU(U x U))

of the universe U,

(1) R is reflexive, if R(x,y) = 1, for any x,y € U,
(2) R is symmetric, if R(x,y) = R(y,x), for any x,y € U,
(3) R is transitive, if R(x,z) = R(x,y) AR(y,z), for any x,y,z € U.
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If the fuzzy relation R is reflexive, symmetric and transitive, then R is an interval-valued fuzzy equivalence
relation.

In this section, the interval-valued fuzzy information system means that R is the interval-valued fuzzy rela-
tion in the classical approximation space.

Definition 3.2. (U,R) is an interval-valued fuzzy information system, if R is a reflexive interval-valued fuzzy
relation of the universe U. If R is an interval-valued fuzzy equivalence relation in the universe U, then (U, R) is
an interval-valued fuzzy equivalence relation information system.

Definition 3.3. Let (U,R) be an interval-valued fuzzy information system. For any xe& U, call
x]” : U — [1],y — R(x, ) the interval-valued fuzzy neighborhood of x.

Let U be a non-empty finite universe. For any crisp set X (X C U) of U, define
R(X)(y) = min (I - R(x,y)), R(X)(y) =maxR(x,y) foranyyeU.
X XE.
R(X) and R(X) are called the interval-valued fuzzy lower approximation and the interval-valued fuzzy upper
approximation of X about the interval-valued fuzzy information system (U,R), respectively, and

R:P(U) — F(U),R: P(U) — FY(U) is called the interval-valued fuzzy lower approximation operator
and upper approximation operator, respectively. Obviously

ROO() = |min(1 ~ R (5,). min(1 — R (5,))|-

R(X)(y) = {maxR(x,y), r){lg{xR*(x,y)}

xeX

Theorem 3.1. Let (U,R) be an interval-valued fuzzy information system. For any subset X,Y € P(U), the
following properties hold for the lower and upper approximations of an interval-valued fuzzy operator:

() R(U) =U, R(0) =0,

(2) R(~ X) =~ R(X), R(~ X) =~ R(X),

() RXNY)=RX)NR(Y), RXUY)=R(X)UR(Y),
(4) RXUY)DR(X)UR(Y), RIXNY) CR(X)UR(Y),
(5) R(X) C X CR(X).

Proof. For any interval-valued fuzzy set A, we define max,p4(x) = 0, min,pd(x) = 1.
Then (1) is easy to prove.
(2) Since R(~ X)(y) = [minygzx(1 — R*(x,y)), minygx (1 — R (x,y))], there are

xg~X

= r?ee}(xR(x,y) =RX)(y).

~ R~ X)0) = 1= [min(1 = R () min(1 — R (5)| = [max R (x.3)max R )

So, the equation R(~ X) =~ R(X) is proved, and the equation R(~ X) =~ R(X) can be proved in a similar
way.

(3) Forany y € X, R(CN 1)) = min (1 = R(x.) = (min(T ~ Rlw.)) A (min(T - RGx)) )
= (RX) VR0

Therefore, the equation R(X NY) = R(X) NR(Y) is proved, and the equation R(X UY) = R(X) UR(Y) can
be proved in a similar way.
(4) is easy to prove according to (3).
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(5) For any classical X (X C U), there is X(y) = 1 <= y € X. Therefore, if y ¢ X, we have R(X)(y) = 0 for
the reflexive of R and the definition of the lower approximation, and R(X)(y) = 1 for the reflexive of R and the
definition of the upper approximation.

Then, R(X)(y) < X(y) < R(X)(»), and (5) is proved. [J

Theorem 3.2. Let (U, R) be an interval-valued fuzzy information system. For any subset X C U, R(X) = R(X) iff
R(x,y) =0 (for any x e X,y & X).

Proof. Let X (y) be the characteristic function of X, we have X (y) < max,cxR(x, y) according to the reflexive of
R. Therefore, X (y) = max,exR(x,y) iff for any y ¢ X, x € X, and R(x,y) = 0. Since mingy (1 — R(x,)) = X (»)
for any y € X,x € X and R(x,y) = 0, we prove that R(X) = R(X). O

Let (U, R) be an interval-valued fuzzy information system. If R(X) = R(Y), then X is called the interval-val-
ued fuzzy lower rough equal to Y, denote as X=Y.

If R(X) = R(Y), then X is called the interval-valued fuzzy upper rough equal to Y, denoted as X ~ Y.

If X is both the lower and upper rough equal to Y, then X is called the rough equal to Y, denote as X ~ Y.

Proposition 3.1. Let =, ~,~ be the lower rough equal, the upper rough equal and the rough equal, which was
defined in the above definition of two interval-valued fuzzy sets in the universe U. Then they are all equivalence
relations on FY(U).

Proof. Forany X,Y,Z(X,Y,Z C U), there is R(X) = R(X). Then the reflexive is proved. If R(X) = R(Y), then
there must be R(Y) = R(X), so the symmetric is proved. And if both of R(X) = R(Y) and R(Y) = R(Z) hold,
then there must be R(X) = R(Z), and the transitive is proved. Therefore, = is the equivalence relation on
FO(U).

Similarly, ~ and = can be proved in a similar way. [

Theorem 3.3. Let (U, R) be an interval-valued fuzzy information system. For any subset X C U, the interval-val-
ued fuzzy lower approximation, upper approximation and the interval-valued fuzzy neighborhood of X satisfied the
following relations:

R(XY) = Nax(~ 1Y), ROX) = Ueexx]”.

Proof. Since [x]”(y) = R(x,y), for any ye U, for ~ [x](y) =1 —R(x,»), then R(X) = Ny (~ []") =
min,¢yx (1 — R(x,y)). Then we can easily prove it by the definition. [

Theorem 3.4. Let (U,R) be an interval-valued fuzzy information system, denoted as

R[Oﬂ«,%z] = {(xay) :R(xay) = [061,052]} = {(x,y) :R_(xay) = ocl,R+(x,y) = O‘Z}v
R(“M‘z) = {(xvy) :R(x’y) > [0“70(2”> = {(xvy) :Ri(xvy) > “17R+(x7y) > 0(2}

Sor any [y, 0] € [I]. Then Ry, ,,) and R, ,,) are the classical binary relations of U, and they satisfy the following
properties:

(1) If R is reflexive, then Ry, 4, and R, ,) are reflexive, too.
(2) If R is symmetric, then Ry, ,,) and R, .,y are symmetric, too.
(3) If R is transitive, then Ry, ,,) and R, ,,) are transitive, too.

In particular, if R is the interval-valued fuzzy equivalence relation, then R, ., and R, ,,) are the binary
equivalence relations, too.

Proof. (1) and (2) are easily obtained, we have only prove that (3) holds. Since R is transitive, there is
R(x.z) = R(x,y) ANR(y.z) for any x,y,z € U. Therefore, if (x,y) € Ry, ), (,2) € Ry > R(x,y) = [0, 0] and
R(y,z) = [, 2], then R(x,z) > [0, a0, i.e., (x,2) € Ry, 4,). Hence, Ry, 4, is transitive.
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Meanwhile, R, .,) can be proved in a similar way. [J

Let (U,R) be an interval-valued fuzzy information system. Then we know that Rj, ,; and
R4, 0, ([o1, 2] € [I]) are the equivalence relations of the universe U. Therefore, they construct a partition of
the universe U by Ry, ,,) and Ry, 4,).

U/Rpy o) = AWy g 7% € UL, U/Risyiy = {6 € U},

[org,02 (o1,22)

where

W0, = U R > ()l = (€ U R () > o, R (v,3) > s},
[x]<a1 w) {y eU: R( ) > [O(],(Xz}} = {y ev: Ri(x7y) > ocl,R+(x,y) > O(Z}'

Definition 3.4. Let (U, R) be an interval-valued fuzzy equivalence relation information system. For any crisp
set X(X C U) and [a;, op] € [I], define the lower approximation (strong lower approximation) and the upper
approximation (strong upper approximation) at the level [o;, o] of X as follows, respectively:

B[“]-ﬁz]( )_{XEU [x][(ilaz]CX} R(%Mz( )_{XEU [];117 gX}7
Rig)(X) = {x € U+ [xJjy X # 0}, R (X) = {x € U [y, N X #0).

o1 ,012] (o1 ,12)

If Ry 00 (X) = Ry 0] (X), then X is said to be definable in the interval-valued fuzzy equivalence relation
information system (U, R) at the level of [o, o], otherwise, it is called roughness at the level of [a, o).

If R (s, 00)(X) = R(s, ) (X), then X'is said to be strongly definable in the interval-valued fuzzy equivalence relation
information system (U, R) at the level of (o, ay), otherwise, it is called strong roughness at the level of (o, o).

Since Ry, 0] (X), Risy 0] (X) and Ry, 4,)(X), R(sy 2, (X) are constructed based on the relation of Ry, ,,; and
R(4, ) of the universe U. Therefore, the corresponding conclusions about the classical Pawlak rough set are
also holding for the above definition.

Theorem 3.5. Let (U,R) be an interval-valued fuzzy equivalence relation information system. If

o1, %], [By1, Bal € (1], and [on, o] < [Py, Bs], Then,

(1) Riyy ) (X) C Rip, ) (X) © X C Ripy ) (X) © Rigy ) (X), X C U3
(2) Rsy ) (X) C R, ) (X) CX C C Ry ) (X), X CU.

; i (@)
_PrOOi;'[ Since [“17 OCZ] < [g)l’ﬁz]’ I—Q[/@) 2 C Rioy o)y Ripy ) € Rioy ) then [ ][ﬂ o) = [x](ot)l ]’ [x (ffl /;2) = [ } (o1,00) - That
is [x}[uld] CX and [x]; , € [x]; ,, hold for Vx € Ry, ,,(X). This 1mp11es that [x][ﬂ ) ©X. Therefore,

X € Rip, ) (X), 1.6, Ry ) (X) S Ripy ) (X).
It is easy to prove the other relations in a similar way. [

_ According to the Theorem 3.5, {Ry, o, @ [o1,%] € [I1}, {Rpya) ¢ [0, 0] € (]}, {Rp )+ [0, %] € [1]},
{R(4 ) : 1, %] € [I]} construct a family of nested sets, respectively. Hence, they determine the following
interval-valued fuzzy set of the universe U, respectively.

() R(X)(v) = sup{[ou, 2] : ¥ € Ry, o (X)},¥ € U
(2) R/(X)(y) = Sup{[ahaZ] HAS R[xl 12( )} yevu;

(3) R"(X)(v) = sup{[o1, 2] : y € Ry 0 (X)},y € Us
(4) R"(X)(y) = sup{[o, %] 1 ¥ € Ry ) (X) }, ¥ € U.

We call the interval-valued fuzzy set R'(X) and R'(X), which defined by (1) and (2) are the interval-valued
fuzzy lower and upper approximations of X in the universe U, respectively, whereas call R”(X) and R"(X),
which defined by (3) and (4) are the interval-valued fuzzy strong lower approximation and strong upper
approximation of X on the universe U, respectively.
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Proposition 3.2. Let (U, R) be an interval-valued fuzzy equivalence relation information system. For any crisp set
X(X C U), the interval-valued fuzzy lower approximation R (X), the interval-valued fuzzy upper approximation
R'(X), interval-valued fuzzy strong lower approximation R"(X) and interval-valued fuzzy strong upper
approximation R"(X) of X satisfy the following relation:

R'(X) C R(X) C X CR'(X) CR(X).

Theorem 3.6. Let (U,R) be an interval-valued fuzzy equivalence relation information system. For any X C U,
then

R(X) =R(X).

Proof. For any y€ U, denoted a5~ [r,ra] = RO) = maxccrR(s.), [, ] = R() ) = supd [,
o) : b}] o] VX 7 O}, Vr1, 7], [By, Bl [acl,ocz] € [1]. Since [ry, 7] = max,exR(x,y), there exists x € X such that
R(x,y) = [r1,r2),1.e,x € [y][r1 ,,-Thus b/] ) VX # O,ie, [y, Bo] = [r1, 7] IE [By, o] > [r1, 7], then there exists

(81, B5) € [1] such that [By, B3] > B}, f] > [r1, r2]-According to [By, 8] = sup{[en, ] : ), NX # 0}, we

know that there exists x€X such that R(x,y) = [B,,p,]. Therefore, [r,7] = max,cxR(x,y) >
By, By) > [r1,7m], and  [ri,72] = [B),B5] > [r1,72). This is a contradiction.Then [By,B,] = [r1,72], 1ie.,
R(X) = R(X). O

Theorem 3.7. Let (U,R) be an interval-valued fuzzy equivalence relation information system. For any X C U,
then

R'(X) = R(X).

Prqof. For any y € U, denoted as [y, 7] = R(X)(y) = mingy (1 — R(x,¥)), [B1, -] = R"(X)(y) = sup{[o, o] :
D e 0 (~ X) = O3, V[r1, 7], By Bl [en, ), T € (7. Since [y, 2] = minggy (T = R(x,»)), T = R(x,5) > [r1, 73]
for any x ¢ X, ie., R(x,y) <1— [r,r]. Hence, b/] (e V(> X) = 0, i.e., [B1, B, = [r1,r2). If there exists

[ﬁ,lvﬁ,z] € [1] SuCh that [Blaﬁz} > [ lvﬁz} [1’1,1’2], then b}](lg’lﬁ;)f N ( ) - (D accordmg to [ﬁlaﬁz} ()C y)
sup{[1, ] : 1) N (~X) =0} That is, R(x,») <[B, B =1—[, 4] for any x¢X, ie.,

I_R(x7y) = [ﬁl,ﬁz]for anyng' Thus [}"1,7'2] :minx&’X(I_ (X y)) mln{[ﬁhﬂz] [ﬁllaﬁ,z] > [1’1,}"2]}, and
[r1,72) = B}, 5] > [r1,72]. This is a contradiction. Therefore, By, f,] = [r1,72), i.e., R"(X) =R(X). O

As for the above discussion, the following conclusions are clear.

Theorem 3.8. Let (U, R) be an interval-valued fuzzy equivalence relation information system. Then

(1) R'(X) =~ R"(~ X),
(2) R"(X) =~ R'(~ X).

Proof. From (2) of Theorem 3.1, we have R(X) =~ R(~ X), R(X) = R(X), andR"(X) = R(X) according to
the Theorems 3.6 and 3.7, too. Therefore, we have R(X) =~ R(~ X), and ~ R"(~ X) =~ R(~ X). Then
R(X) =~ R"'(~ X).

The equation R”(X) =~ R'(~ X) can be proved in a similar way. [

3.2. The rough approximation of an interval-valued fuzzy set based on the interval-valued fuzzy information
system

Definition 3.5. Let (U, R) be an interval-valued fuzzy information system and A the interval-valued fuzzy set
of the universe U. Define the interval-valued fuzzy lower approximation R(4) and the interval-valued fuzzy
upper approximation R(4) of 4 in the interval-valued fuzzy information system (U, R) as follows, respectively.
Foranyxe U
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R(4)(x) = min{d(y) v (I - R(x,y)) : y € U},
R(4)(x) = max{A(y) AR(x,y) : y € U}.

R:FO(U) = F)(U)and R : F(U) — F%(U) are called the interval-valued fuzzy lower approximation oper-
ator and the interval-valued fuzzy upper approximation operator, respectively.

Clearly, the above definition implies equivalences of the following form:

RA)(x) = \A) V(1= R(x,))

yelU

= |)/\(A(y)v(1—R+(x,y)))v /\(A+(y)V(1—R(x,y)))] Vx e U,

el yeU

R(4)(x) = \/ (4(») AR(x,))

yeU

- [\/(A@) AR (), V(A7) AR+<x,y>>] e,

Theorem 3.9. Let (U, R) be an interval-valued fuzzy information system and A the interval-valued fuzzy set of the

universe U. Ajy, 4, and Ay, 4,)([o1, 02] € [I]) are the [0, ay]-level set and strong (o1, as]-level set of A, respectively.
Then

F(A) = \/ ([“1’052] A E[“I:“Z] (A[!waz]))
(o, 00]€[1]

= \/ ([0, 02] A Rpyy ) (A 1.0)))
[or1 o) €[]

= \/ ([061 ; O(z] A R(al,dz) (A [“11“2]))

[ a]€(1]

=\ (10] ARy ) (Ao )

[ 2] €[]

Furthermore,

(1) [R(4)] 5, 1)

< (11,0!:)(‘4(641 %) )
(2) [R(A)], ) €

(ou1,02) (A(Otl 9<2))

=| =l

(n22) (A 20]) C Rioy ) (A )
CR

CR
C Ry, ] (A(“Wz)) [org,2] (A [m#z])

Proof. For Vx € U, Since

LV m([fxl 3 0] ARy, o) (A, o)) (%)) = sup{ o1, 0] 2 % € Riyy ) (A, o)) }
= sup{[o, 00 : [xlp, N Apy ) # 0}
= sup{[o,00) : Iy € U,y € [dlg, oy € Apy}
= sup{[o, o] : 3y€ U,R(x,y) = [“1’“2]%()/) > (o, 0]}
= \/{40) AR(x,y) :y € U}
—R(A)(x).
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For any arbitrary x(x € U), we have
R(A) = \/ ([al’ aZ] /\R[ll,fxz] (A[Otlﬂz]))'

[o1,0]€[1]

Then, the other equations can be proved in a similar way. Furthermore, we could easily prove that (1) and
(2) hold by the representation theorem of the interval-valued fuzzy set and the binary nested set. [

Theorem 3.10. Let (U, R) be an interval-valued fuzzy information system, A the interval-valued fuzzy set of the
universe U, and Ay, ,) and Ay, ., ([on, 2] € [I]) the [0, az]-level set and strong (o, os]-level set of A, respectively.
Then

B(A) = \/ ([0‘1’ O(z] N Rpy e (A[“1=0‘2]))

[ 2] €[]

= \/ ([alv a2] A B[il,dz]c (A(il,mz)))

[0, 0] €]

= \/ ([0(1, 0‘2] A B(%fxz)c (A[“Wz]))

(o1 2] €[]

= \/ (21,9 ARGy oy (A a)-

[21,0]€1]

Furthermore,

(1) [ ( )] (o1,%) g R(ll )¢ (A<0‘1 %) ) - E(ﬂl 2)¢ (A(al %) ) - E (o1,22) (A[OCI 2] ) - [B(A)}[m,az]’
(2) [R(4 )] C R ”(A(“l fyz)) C Ry ) (A[xl %] ) C Rioy) (A[Ofl 062]) C [R(4)]

(o1,00) = 2X[orr,00] 5 = =21, ‘ B = = oy o]
Proof. For Vx € U,
Vo (o, 02) A Rpyy e (Ao ) (6)) = sup{[en, o] € [1] % € Rpyy e (A 1))}

[or1,00]€7]
= sup{lon, o] € [I] : [xlg, o © Aol }

SAUE
= sup{[oy, 0] € [I] : Vv € U,y € [x], Ry eV € Ay 0]}
= SUP{[“M"Z] €l :Vy e UR(x,y) = 1= [on,0],4(y) > [0, 0]}
\/ {A ) AR(x,y),Yy e U}

[o1,00]€

/\ {A —R(x,)),Vy € U}

o a2l
= R(4)(x)-

For any arbitrary x(x € U), we have

\/ ([061, (XZ] A B[otljatz]c (A[Otlizl)) = E(A)

[oe1,22)€[1]

Therefore, the other equations can be proved in a similar way. Furthermore, we could easily prove that (1)
and (2) hold by the representation theorem of the interval-valued fuzzy set and the binary nested set. [

Theorem 3.11. Let (U, R) be an interval-valued fuzzy information system and A the interval-valued fuzzy sets of
the universe U. Then

R(4)(x) = sup{[on, 00] : X € Rpyy ) (A ) }
= sup{ o, 0] : X € Riyy ) (A(my.0)) }
= sup{ o1, 0] : X € Rioy ) (A ) }
= sup{ o1, 0] : X € Rioy ) (A (g ) }
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R(A4)(x) = sup{[ou, %] : x € Rpyy e (A ) }
= sup{[o1, o] : X € Ry, o) (A (g ) }
= sup{ o, 0] : X € Ry, ) (Appy )
= sup{[og, 0] s x € Ry ) “( (o1,2) )}

Sfor any x € U, and [y, 5] € [I].

Proof. According to the Theorem 3.9, we have

R(A) = \/ (lour, 0] A E[“Mz}(A[%%z]))'

(o1 2] €[]

Then

=i
=
I

O(] 5 O‘Z /\ R[(Xl O(?](A[Cq,(xz]))> (x)

1] 9(2

[ "2 “l "2 >[a‘l aZ]

(o1, 2] A Rigy ) (A1 ) (%))

Riay ) Ay, «,]) <[o,22]

— ( ([0(1 R OCz] N F[cq,ncz] (A[oqﬂz])(x))

= ([our, o] A Ry ) (A[“l-,“z])(x)) V0

Riy ) (A ) (%) = [o1,00]
= sup{[on, %] : X € Rpyy ) (A ) }-

The other equations can be proved in a similar way. [

4. Comparison of the interval-valued fuzzy rough set model with the other rough set models

2805

In this section, we will establish the relationships between the interval-valued fuzzy rough set with the other
classical Pawlak rough set model by modifying the relations and the subsets of the universe U. It is easy to
prove that the interval-valued fuzzy rough set model which defined in Section 3 is an extension of the classical

Pawlak rough set model.

(1) If4 € F(U),R € F(U x U), i.e., 4 is the ordinary fuzzy sets of U, R is the interval-valued fuzzy rela-

tion of U. For any a € [0, 1] write @ = [a,d] € [I], then

R(A)(x) = A(A) V(I =R(x,»))

yeU

= A\ (4().40)] v (1 - R(x,)))

yeU

= LA(A(y)V(l—R+(x,y)))» AU v (1 =R (x)],

cU yeU

R(A)(x) = \/ (4() AR(x,))

yeU

=\ (A) AR (x,),R* (x,9)])

yeU
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=\ ([0),40)) A R (x,),R* (x,9)])

= [\/(A(y) AR (%) \(AD) AR+(XJ))]

for any x € U. This is the approximation in an ordinary fuzzy set of the interval-valued fuzzy information
system.

(2) If 4 € F9(U),R € F(U x U), i.e., 4 is an interval-valued fuzzy set of U, R is an ordinary fuzzy relation
of U. It is similar to what we discuss in point (1). We obtain the following relations for any x € U:

R(4)(x) = LA(A W)V (1 = R(x,»))), /\(A+(y)\/(1R(x,y)))],

cU yelU

peU yeU

R(4)(x) = LV (A=) A (1= Re)), V(AT 0) A (1~ R(x,y)))] :

This is the approximation of the interval-valued fuzzy set in the ordinary fuzzy information system.
3)If4eF (i)(U ),R C U x U,i.e., 41is the interval-valued fuzzy set of U, R is the classical equivalence rela-
tion of U. For any y € U, we have y € [x],, then R(x,y) = 1. Therefore, for any x € U

R(A4)(x) = LA(A‘(y) V=) AT v - 1)]

= meld AT
= [/\yEUAi(J’)v /\yGUA+(V)]a

R(4)(x) = LV(A(y) A\ (A7) A 1)1

el yeU

=\/[4 (),47 ()]

yeU
= [Vyevd™ (v), Vyevd" )]
This is the interval-valued rough fuzzy set model.
(4) IfA CU,Re F(U x U), i.e., 4 is the crisp of U, R is the interval-valued fuzzy relation of U: Then for
any x € U
R(4)(x) = min{d(y) V (1 = R(x,y)) : y € U}
— min(l - R(x.»))

= min(1 - R*(x,y)),min(l — R (x,»))],

R(4)(x) = max{4(y) AR(x,y) : y € U}
= max R(x, y)

= [maxR™(x,y), max R" (x,y)].
yed yed

This is the rough set model of the interval-valued fuzzy information system. That is, the approximation of
the crisp set of U in the interval-valued fuzzy information systems (U, R).

(5) If4 € F(U),Re€ F(U x U), i.e., A is the ordinary fuzzy set of U, R is the ordinary fuzzy relation of U.
Then for any x € U

R(4)(x) = min{d(y) V (1 = R(x,y)) : y € U}
=min{4(y) vV (1 — R(x,y)) : y € U},
R(A)(x) = max{4(y) AR(x,y) : y € U}.
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This is the rough approximation of the ordinary fuzzy set in the ordinary fuzzy information system.
(6) If4 € F(U),R € U x U, i.e., 4 is the ordinary fuzzy set of U, R is the classical equivalence relation of U.
Then for any x € U
R(4)(x) = min{d(y) V (1 = R(x,y)) : y € U}
=min{d(y) V(1 = R(x,y)) : y € U}
(

R(4)(x) = max{d(y) AR(x,y) : y € U}
=max{4(y) : (x,y) € R}
= max{4(y) : y € [x]s}.
This is the classical rough fuzzy sets model.

() IfACU,ReF(Ux U),1ie., Ais the crisp set of U, R is the ordinary fuzzy relation of U. Then for any
xeU

R(A4)(x) = min{A(y) V (1 - R(x,y)) : y € U}
=min{d(y) V(1 = R(x,y)) : y € U}
:I}}gjl(l = R(x,y)),

R(4)(x) = max{A(y) AR(x,y) : y € U}
= maxR(x, ).
yed
This is the rough approximation of any crisp set in the classical information system.

&) If4ACU,RCUXU,ie., A is the crisp set of U, R is the classical equivalence relation of U. For any

xe U,
R(A)(x) = 1 <= Vy € U, then there is A(y) V (1 — R(x,y)) = A(y) V (1 = R(x,y)) = 1
< Vye U, y ¢ A implicates the (x,y) ¢ R
<= Vy ¢ A4 implicates the y & [x],
= [x], C 4,
R(A)(x) =1<= 3y € U, So A(y) =1 and R(x,y) = 1 is holding.
= ANl #0.
This is the classical Pawlak rough set model.

(9) If 4 € F(U),R C P(U x U), i.e., 4 is the interval-valued fuzzy relation of U, R is the general relation of
U. That is, R(x,y) = R;(x) ={y € U : (x,y) € R}. Then for any y € U. If y € R(x), then R(x,y) = 1.
Therefore, for any x € U

R(4)(x) = min{A(y) V (1 = R(x,»)) : y € Ry(x)}
=min{d(y) V(1 —1):y € R(x)}

_ L/\Wy)v (1= D) AU G) v (1 - 1)

yeU yeU

= N4 0), A" 0)] = Newd” (), Avevd™ ()]

= [min{4~ () : y € Ry(x)}, min{4"(y) : y € Ry(x)}] = apr(4)(x)
R(4)(x) = max{A() AR(x.3) -y € U}

= max{4(y) AR(x,y) : y € Ry(x)}

=max{4(y) Al:y € Ry(x)}
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- LV(A(y)/\ D, VAl

cU yeU

= VI 0),470)] = Vyevd” (), Vyseod ()]

— [max{4" () : y € R(x)}, max{A" (¥) : y € R(x)}] = apr(4) ().

This is the generalized interval-valued rough fuzzy set model.
(10) If 4 e F(U),R C P(U x U), i.e., 4 is the interval-valued fuzzy set of U, R is the general relation of U.
Thatis R(x,y) = Ry(x) = {y € U : (x,y) € R}. Then for Vy € U.If y € R,(x), then R(x,y) = 1, too. There-
fore, for any x € U

R(4)(x) = min{4(y) V (1 - R(x,y)) : y € U}
=min{d(y)v(1-1):ye U}
= min{4(y) : (x y) € R}
=min{A(y) : y € R(x)} = apr(4)(x),

R(4)(x) = max{4(y) A ( y):yeU}
— max{A() : (x.7) € R}
— max{A(y) : y € R(x)} = apr(4)(x).
This is the rough set model based on the general relation.

(I If 4 € P(UXxU),RCP(UxU), ie., A is the crisp set of U, R is the general relation of U. That is,
R(x,y) = Ry(x) ={y € U : (x,y) € R}, then for any y € U. If y € R;(x), then R(x,y) = 1. Therefore, for
any x € U,

R(A)(x) =1<=Vye U, we have A(y) V (1 — R(x,y)) =A(y) V (1 — R(x,y)) =1
<~ Vye U,y ¢ A implicates (x,y) € R
< Vy ¢ 4 implicates y & R (x)
< R,(x) C 4
<= {x € U:Ri(x) C A} = apr(4)(x).

And for R(4)(x) = 1 <= Jy € U such that A(y) = 1, and R(x,y) = 1,

< ANR(x) #0,Vx € U.
= {x e U:ANR(x) # 0,Yx € U} = aprd(x).

,.\/—\

This is the classical Pawlak rough set model based on the general relation.In terms of the above discussion, we
know that there are all of the new rough set models except the models (5), (6) and (8). Consequently, it is the
most extension rough set models that defined in Section 3.

5. The knowledge reduction of the interval-valued fuzzy information system

In general, one of the central problems of the rough set theory is classification analysis. The whole approach
is inspired by the notion of inadequacy of available information to perform complete classification of objects
belonging to a specified category. One fundamental aspect of the rough set theory involves the search for some
particular subset of condition attributes. By one such subset the information for classification purpose pro-
vided is the same as the condition attribute set. Such subsets are called reductions. To acquire a brief decision
rule from consistent or inconsistent systems, knowledge reduction is needed.

In this section, we will deal with approaches to knowledge reduction based on the interval-valued fuzzy
rough set models of the interval-valued fuzzy information system.
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5.1. The interval-valued fuzzy reduction of the classical information system

Let (U, A, F) be an information or database system. Here U is the set of objects, i.e., U = {x},%2,...,%,}.
Every element x;(i < n) in U is called an object, and A is the attribute set, i.e., A = {ay,4a2,...,a,}. Every ele-
ment g;(j <m) in A is an attribute, F is the relation set of U and A, ie., F={f;:j<m},
(f;: U —V,;,(j <m),) and V; is the domain of the attribute a;.

Definition 5.1. Let (U, A,F) be a classical information system, for any subset B(B C A). B is called the
interval-valued fuzzy reduction of the classical information system (U, A, F), if B is the minimum set in the
inclusion set which satisfies the following relations:

Ra(X)(x) = Rp(X)(x), Ra(X)(x) = Rg(X)(x)

for any X € FO(U) Vx € U, where R (X)(x), Rs(X)(x), Ra(X)(x), Rs(X)(x) are defined as the interval-valued
rough fuzzy sets.

B is called the interval-valued fuzzy lower approximation reduction of the classical information system
(U, A, F) if Bis the minimum set that satisfies the following relations:

Ra(X)(x) = Rp(X)(x)
for any X € F(U), x € U.

B is called the interval-valued fuzzy upper approximation reduction of the classical information system
(U,A,F) if Bis the minimum set that satisfies the following relations:

Ra(X)(x) = Rg(X)(x)
for any X € F(U), x e U.

Obviously, the interval-valued fuzzy reduction is both the interval-valued fuzzy lower approximation reduc-
tion and the interval-valued fuzzy upper approximation reduction.

Remark 5.1. If X is the ordinary fuzzy set of the universe U, i.e., X € F(U), then the set B which satisfied the
conditions of Definition 5.1 is the fuzzy reduction of the classical information systems (U, A, F).

Remark 5.2. If X is the crisp set of U, i.e., X € P(U), then the set B which satisfied the conditions of Definition
5.1 is the reduction of the classical information system (U, A, F) [22].

Definition 5.2. Let (U, A, F) be a classical information system. Then the interval-valued fuzzy reduction exists.

5.2. The knowledge reduction of the interval-valued fuzzy information system

We call (U, A, F, D, G) an information system or decision table, where (U, A, F) is the classical information
system, A is the condition attribute set and D the decision attribute set, i.e., D = {d,,d>,...,d,}. G is the rela-
tion set of the U and D, G = {g;: j < p} (where g;: U — V', (j < p)), V', is the domain of the decision attri-
bute d]'.

Let (U, A,F,D,G) be the information system. If Ry C Rp, i.e., U/Ra < U/Rp, (or Vx € U, for any [x],,
there exists [x],, such that the [x], C [x],,) then the information system is called a consistent information sys-
tems, or called an inconsistent information system.

In this paper, we only consider consistent information systems.

(U,A,F,D,G) is called an interval-valued fuzzy information system, where (U, A, F) is the classical infor-
mation system, D = {D; : k = 1,2,...,n},D; is the interval-valued fuzzy sets of U, and G the relation set of U
and D.

Definition 5.3. Let (U,A,F ,ﬁ) be the interval-valued fuzzy information system, for any B C A, if the
following relations hold:

Ry(Di)(x) > Rg(D;)(x) <= Ra(Di)(x) > Ra(D))(x) (i # ).



2810 B. Sun et al. | Information Sciences 178 (2008) 2794-2815

B is called the consistent set of A. If B is the minimum consistent set of A in the inclusion set, then B is called
the reduction of the interval-valued fuzzy information system (U, A, F, D).

In the following section, we present the knowledge reduction of the interval-valued fuzzy information sys-
tem by introducing the discernibility matrix.

Let (U,A,F,D) be the interval-valued fuzzy information system, Ry be the equivalence classes which
induced by the condition attribute set A, and the universe is divided by R, as following:
U/Ry = {X1,X>5,...,Xi}, denoted as

Ra(D)(X;) = (Ra(D1)(X1): Ra(D2)(Xy), - ., Ra(D,)(X1))- ()

Definition 5.4. Let (U, A, F, ﬁ) be interval-valued fuzzy information system.

D_:{{ak €A filX) # fiX)}, gy, (Di) # gy, (D),
Y A, gy,(D) = gx,(Dy),

is called the discernibility matrix of (U, A, F, D) (where gXI(Bk) denotes the maximum value of Rx (D)(X;) at
the line of %, i.e., the rows i and j of Eq. (x)).

Theorem 5.1. Let (U, A, F, ]~)) be the interval-valued fuzzy information system. If there exists a subset B C A
such that BN Dy; # (i, j < k), then B is the consistent set of A.

Proof. If gXi(LNDk) # ng(1~),‘~), then BN D;; # 0 (i, < k). Therefore, there is @, € B, such that f;(X;) # fi(X;).
ie, X;NX; =0. That is, Dy, and Dy, can be discerned by B (where k; and k; denote the value of the inter-
val-valued fuzzy set D; at the classes of i and j). [

Example 5.1. Table 5.1 gives an interval-valued fuzzy information system, where the universe is
U= {x1,xy,...,X10}, the condition attribute set is A = {aj,as,a3}, and the decision attribute set is
D = {D,, D,, D3}, where D, € FO(U), (i = 1,2,3).

Obviously, the universe U can be divided into five basic classes according to the conditional attribute set
A ={a1,az,a3} (Table 5.2).

U/Ry = {X1,X2, X3, X4, X5} = {{x1,x3,x0}, {x2,%7, %10}, {xa }, {X5, X3}, {x6 } }

Let B = {a;,a,}, then we can obtain the approximation value given in Table 5.3.

It is clear that B satisfies the Definition 5.2, i.e., B is the consistent set of 4. Moreover, it can easily be tested
that B is a minimum consistent set. Therefore, B is the reduction.

Table 5.4 gives the discernibility matrix of the Example 5.1 in terms of the Definition 5.4.

Table 5.1

A interval-valued fuzzy information system

U aj a as 51 52 53

X1 2 1 3 [0.7,0.9] [0.15,0.2] [0.4,0.5]
X2 3 2 1 [0.3,0.5] [0.5,0.7] [0.35,0.4]
X3 2 1 3 [0.7,0.8] [0.3,0.4] [0.1,0.2]
X4 2 2 3 [0.15,0.2] [0.5,0.8] [0.2,0.3]
Xs 1 1 4 [0.05,0.1] [0.2,0.3] [0.65,0.9]
X6 1 1 2 [0.1,0.2] [0.35,0.5] (1.0,1.0]
X7 3 2 1 [0.25,0.4] [1.0,1.0] [0.3,0.4]
X8 1 1 4 [0.1,0.2] [0.25,0.4] [0.5,0.6]
X9 2 1 3 [0.45,0.6] [0.25,0.3] [0.2,0.3]
X10 3 2 1 [0.05,0.1] [0.8,0.9] [0.05,0.2]
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Table 5.2
The approximation of the interval-valued fuzzy objection
U/Rn Ra(D1) Ra(D2) Ra(D3)
X [0.45,0.6] [0.15,0.2] [0.1,0.2]
X> [0.05,0.1] [0.5,0.7] [0.05,0.2]
X3 [0.15,0.2] [0.5,0.8] [0.2,0.3]
X4 [0.05,0.1] [0.2,0.3] [0.65,0.9]
Xs [0.1,0.2] [0.35,0.5] [1.00,1.00]
Table 5.3
The approximation of the interval-valued fuzzy objection
U/Rn Ra(Dy) Ra(Ds) Rn(D3)
X [0.45,0.6] [0.15,0.2] [0.1,0.2]
X, [0.05,0.1] [0.5,0.7] [0.05,0.2]
X3 [0.15,0.2] [0.5,0.8] [0.2,0.3]
X4UX5s [0.05,0.1] [0.2,0.3] [0.65,0.9]
Table 5.4
The discernibility matrix of the interval-valued fuzzy objection
U/Rna X X, X3 X4 Xs
X A
X, A A
X3 {az} A A
X4 {a] 5 az} A A A
Xs {ay, a3} A A A A

From the above table and Theorem 5.1, we know that both B = {a3,a3} and B = {a;,a,} are consistent
sets, and they are the reduction.

Definition 5.5. Let (U, A, F, l~)) be interval-valued fuzzy information system. Denoted as
Lp(x) = (Rs(D1)(x), Rs(D2) (x), ..., Rp(D,)(x)),
Ly(x) = (Rs(D1)(x), Rs(D2)(x), ..., Rs(D,) (x)),
L§" (x) = {D; : Ry(D;)(x) = max R ( 0 (X)),
= {D; : Rs(D))(x) = [maxR (Di)(x), max R 5 (D)),

k<r
Ly (x) = {D; : Ra(D;)(x) > 0}.
If Lg(x) = La(x) or Lg(x) = La(x), for any x € U, then B call the lower(or upper) approximation consistent
set of A.
If i (x) = L,
If 1_4};) (x) = Z(AH (x), for any x € U, then B is called the non-negative upper approximation consistent set of
A.

If BC A is the lower approximation consistent set of A, and any subset of B are not the lower
approximation consistent sets of A, then B is called the lower approximation reduction of A.

") (x),Vx € U, then B is called the maximum lower approximation consistent set of A.

It is similar to define the upper approximation reduction, the maximum lower approximation reduction and
the non-negative upper approximation reduction.

Theorem 5.2 (The knowledge reduction theorem of the interval-valued fuzzy information system I). Let
(U,A,F,D) be the interval-valued fuzzy information system. For ¥x,y € U,
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(1) B is the lower approximation consistent set of A iff La(x) # La(y), and [x]; N [y]; = 0;
(2) B is the upper approximation consistent set of A iff La(x) # LA( ) nd [x ] Nl =
(3) B is the maximum lower approximation consistent set of A iff L ( ) £ L"), a [ ] Nl =0;

(4) B is the non-negative upper approximation consistent set of A szL )( ) Lxr) (y) and [x], N [y]z = 0.

Proof. (1)~Since B is the lower approximation consistent set of 4, i.e., Lg(x) = La(x), for any x € U, j < r, we
have Rz(D;)(x) RA( ;)(x),Vx € U. Then [x], = [y]; is satisfied while [x], N [y], # 0. Therefore, we obtain
that BB(D]-)(x) = Ry(D j)( ) for any j < r according to the definition of the lower approximation.

Since B is the lower approximation consistent set of A4 for any j < r, we have R Rz(D i) (x) = RA(D ) (x) and
Rz(D;)(y) = Ra(D,)(»). Therefore, Ra(D,)(x) = Ra(D,)(»), ¥j < r, i.e., La(x) = La(y). Then, there must be
(] 01 1y = 0 hold for La(x) £ La(y).

Conversely, if La(x ) #La(y), so is the [x]N[;=0. If [x]N[y]z #0, then La(x) =La(y). Since
Ra([x]p) = {lzl5 : [2]5 C [x]z} forms a partition of [x];, then there is [x]; = U{[z], 1z € [x]z} = U{[z]a

z]n € Ra(fx]p)} Meanwhlle for y € [x], there is [x], = [y];. Therefore, La(x) = La(»), i.e.,

Ry(D))(x) = )m[l}l D;(y)

= [min D; (), min D} (y)]

VEq]p yeky

= min{[D; (), D] ()] : ¥ € [, [£]s € Ra((x])}
= min [min Ej(y) min D*(y)}

Ela€Ra(lx]p) velda yelda

=, min  [R;(D))(z), B:(D))(2)] = Ra(D))(x)

This proves that B is the lower approximation consistent set of A.
That (2)—(4) can be proved in a similar way. [

Definition 5.6. Let (U, A, F, ﬁ) be the interval-valued fuzzy information system. Denoted as

JAaeA:filx) # i)}, Lalx) #L/-\O’)

i ={ ;] L) = L),

E(X y): {G/EAfz(x)?éfz(y)}, ( )#LA( )7

’ A, La(x) =La(y),
D" (x,y) = { {ar € A fil) #0)) LY ) #L0),
= A, L) =LY (),
. {are A fitx) # L)}, LY () #LY ),
D) = {/-\, L) = I,

D(x,y),D(x,y), D" (x,y),D)(x,y) are called the lower approximation, maximum lower approximation and
non-negative upper approximation attribute set of discernibility of the objects x and y in the interval-valued
fuzzy information system (U, A, F, D).

Theorem 5.3 (The knowledge reduction theorem of the interval-valued fuzzy information system II). Let
(U,A,F,D) be the interval-valued fuzzy information system. For any B C A, then

(1) B is the lower approximation consistent set of A iff BN D(x,y) # 0;

(2) B is the upper approximation consistent set of A iff BN D(x,y) # 0;

(3) B is the maximum lower approximation consistent set of A iff B OQ(”’)_(x, y) # 0;
(4) B is the non-negative upper approximation consistent set of A iff BN D™ (x,y) # 0.
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Proof. (1) Let B be the lower approximation consistent set of A for any x,y € U, x € [y], or y € [x],. Then x
and y are indiscernible, and BN D(x,y) # 0 ( Since D(x,y) = A). Then [x],, V] € U/Ra, and [x], N [y], = 0.
According to the definition of La (x) and L (y), there is La(x) # La(y). Therefore, we have [x], N [y], = 0. So,
there exists a; € B such that f;(x) # fi(y). Then a; € D(x,y), and BN D(x,y) # 0.

Conversely, for any x,y € U,BND(x,y) # 0, there is a; € B and a; € D(x,y). Then, fi(x) # f1(y), so
[xlz N[yl =0, and B C A. Obviously, there is [x], C [x], and [y], C [y]; hold. Therefore, according to the
arbitrary of x,y, we have [x], = [x]z, V]a = Iz

This prove U/Ra = U/Rp, i.e..La(x) # Lg(x). That is, B is the lower approximation consistent set of A.

That (2)—(4) can be proved in a similar way. [

Corollary 5.1. Let (U,A,F,]N)) be the interval-valued fuzzy information system. For any B C A, the lower
approximation consistent set must be the maximum lower approximation consistent set of A; the upper approx-
imation consistent set must be the non-negative upper approximation consistent set of A.
Let [a;, b;] € [I],Va;, b; € [0.1], we convention the following facts:
m([a,-,b,-]) = bi — a; S [0, ”,
where m([a;, b;]) denote the measure of the interval [a;, b;].
In particular, if [a;,b,] is the interval of the real line, then m([a;, b;]) is the length of the interval.

Definition 5.7. We call D the degree of the inclusion on the (F g>(U ), C) (where F g>(U ) be the 0 level set of U).
That is, for any 41,4, € F é’> (U), there exists a real number D(4,/4;), and it satisfies the following conditions:

(1) 0 < D(4y/41) < 1,
(2) Ay C A4, :>D(A2/A1) =1,
(3) Ay C A4, C A3 = D(Al/A3) < D(Al/Az)

Definition 5.8. Let (U, A, F, l~)) be the interval-valued fuzzy information system. For any B C 4, Let

2vey i () A Ay (x)|
D ver 41 ()]

Denoted as M(x) = (D(D1/[x]y), D(D2/[xg), ..., D(D,/[x]), ), where D; € F(U).
Then Mp(x) is called the distribution function of the decision of the object x about the condition B in
interval-valued fuzzy information system (U, A, F, D).

D(4>/4,) = VA, 4, € FY(U).

In general, for the interval-valued fuzzy information system (U, A, F, ]~)), for any BC A and x € U, if
Mp(x) = Ma(x), then B is called the distribution consistent set of the information systems. If B is the distri-
bution consistent set, and any subset of B is not the distribution consistent set, then we call B the distribution
reduction of A.

Denoted as

waZ{

In view of the above definition, the following facts are clear.

{ar e A filx) # fi)}, Malx) # Ma(y),
A, Ma(x) = Ma(y).

Theorem 5.4. Let (U,AF, ]~)) be the interval-valued fuzzy information system. For any B C A, then B is the
distribution consistent set iff for any x,y € U, Ma(x) # Ma(y), and [x]z N [y]; = 0.

Theorem 5.5. Let (U,A,F, l~)) be the interval-valued fuzzy information system. For any B C A, then B is the
distribution consistent set iff BN D(x,y) # 0(Vx,y € U).

The proof are similar to Theorems 5.3 and 5.4.
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Using Example 5.1, one can discover the corresponding reduction that is defined in Definitions 5.4, 5.5 and
5.6. The conclusions of Theorems 5.4, 5.5 and Theorem 5.6, can also be tested.

6. Conclusions

In this paper, we define an interval-valued fuzzy relation in the universe U, and the interval-valued fuzzy
information system is built. Then we give a rough approximation of every interval-valued fuzzy set in the
interval-valued fuzzy information system and discuss the relationship of the model defined in this paper
and the other rough set models. Finally, the knowledge reduction of the interval-valued fuzzy information sys-
tem is investigated and some knowledge reduction theorems are also presented.

Throughout the paper, we only discuss the consistent and complete interval-valued fuzzy information sys-
tems in the finite universe. In fact, the inconsistent and incomplete interval-valued fuzzy information systems
are more important in practice. Since inconsistent and incomplete interval-valued fuzzy information system
are more complicated than consistent and complete information systems, further research of the knowledge
reduction in inconsistent and incomplete interval-valued fuzzy information system is needed. In further
research, we will develop proposed approaches to those various interval-valued information system.
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