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Abstract

The concept of the rough set was originally proposed by Pawlak as a formal tool for modelling and processing incom-
plete information in information systems, then in 1990, Dubois and Prade first introduced the rough fuzzy sets and fuzzy
rough sets as a fuzzy extension of the rough sets. The aim of this paper is to present a new extension of the rough set theory
by means of integrating the classical Pawlak rough set theory with the interval-valued fuzzy set theory, i.e., the interval-
valued fuzzy rough set model is presented based on the interval-valued fuzzy information systems which is defined in this
paper by a binary interval-valued fuzzy relations R 2 F ðiÞðU � UÞ on the universe U : Several properties of the rough set
model are given, and the relationships of this model and the others rough set models are also examined. Furthermore,
we also discuss the knowledge reduction of the classical Pawlak information systems and the interval-valued fuzzy infor-
mation systems respectively. Finally, the knowledge reduction theorems of the interval-valued fuzzy information systems
are built.
� 2008 Elsevier Inc. All rights reserved.
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1. Introduction

The theory of rough sets was firstly proposed by Pawlak [17–19]. It is an extension of the set theory for the
study of intelligent systems characterized by insufficient and incomplete information. The successful applica-
tion of rough set theory in a variety of problems has been amply demonstrated its usefulness. This theory
evoked into a far-reaching methodology centering on analysis of incomplete information [9,23,24,31]. It soon
evoked a natural question concerning possible connections between rough sets and fuzzy sets. Generally
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speaking, both theories address the problem of information granulation: the theory of fuzzy sets is centrad
upon fuzzy information granulation, whereas rough set theory is focused on crisp information granulation.
Originally, the basic notion in rough set theory was indiscernibility (i.e., indiscernibility between objects in
information systems induced by different values of attributes characterizing these objects), yet in recent exten-
sions [7,14,20,22] the focus moves to the notion of similarity, which is in fact a fuzzy concept. Therefore, it is
apparent that these two theories have become much more closely related to each other.

A key notion in Pawlak’s rough set model is equivalence relation. The equivalence classes are the building
blocks for the construction of the lower and upper approximations. By replacing the equivalence relation with
an arbitrary binary relation, different kinds of generalizations in Pawlak’s rough set models were obtained.
Dubois and Prade [3,4] were among the first who investigated the problem of a fuzzyfication of a rough
set, the concept of rough fuzzy set and fuzzy rough set were proposed by replacing crisp binary relations with
fuzzy relations in the universe [1,3,4,12,13,25,32]. Moreover, Dubois and Prade also pointed out that the
rough fuzzy set is a special case of the fuzzy rough set in the universe in their literatures. The fuzzy rough
set theory, proposed by the others authors, has been made up the deficiencies of the traditional rough set the-
ory in several aspects. However, there are both of the symbolic values, real values and possibly interval values
of the attributes in the real life database [6], therefore, the traditional fuzzy rough set theory could not deal
with those data effectively. It is then necessary to extend the traditional fuzzy rough set theory in a general
sense. In this paper, we propose the interval-valued fuzzy rough set theory by combining the interval-value
fuzzy set theory with the traditional rough set theory. Therefore, the traditional fuzzy rough set theory is
extended and its weaknesses are overcome.

There are at least two approaches for the development of the fuzzy rough sets theory, the constructive and
the axiomatic approaches [29,30,33]. Moris and Yakout [11] provide the axiomatization for the fuzzy rough
set model. Wu et al. [28] present a general framework for the study of fuzzy rough sets in which both construc-
tive and axiomatic approaches are used. In the constructive approach, the relations in the universe is the prim-
itive notion, the lower and upper approximation operators are constructed by means of this notion, therefore,
one can obtain a pair of lower and upper generalized approximation operators in this approach. Dubois and
Prade were among the first researchers to propose the concept of the fuzzy rough sets from the constructive
approach. In the axiomatic approach, various classes of fuzzy rough approximation operators are character-
ized by different sets of axioms, these axioms guarantee the existence of certain types of fuzzy relations pro-
ducing the same operators. This paper is devoted to the discussion of the interval-valued fuzzy rough sets
model by the constructive approach.

Fuzzy rough sets have been used to solve practical problems such as data mining [9,16], approximate rea-
soning [21], medical time series, case generation [15], mining stock price [27], and descriptive dimensionality
reduction [6].

As a generalization of the Zadeh fuzzy set, the notion of interval- valued fuzzy sets was suggested for the
first time by Gorzalczany [5] and Turksen [26], and it was applied to the fields of approximate inference, signal
transmission and controller, etc. In this paper we combine the classical Pawlak rough sets theory with the
interval-valued fuzzy sets theory, define the interval-valued fuzzy information system, and discuss the rough
set theory of the interval-valued fuzzy information system. So, the interval-valued fuzzy rough sets model is
obtained in the interval-valued fuzzy information system by the constructive approach. Several properties of
this model are given, and the relationships of this model and the other rough set models are also examined.

Knowledge reduction [2] is performed in information systems by means of the notion of a reduction based
on a specialization of the general notion of independence due to Maczewski [10]. The knowledge reduction of
consistent information systems based on the rough sets theory have been many practices conclusion. In recent
years, more attention has been paid to knowledge reduction in inconsistent systems in rough sets research [8].
Many types of knowledge reduction have been proposed in the area of rough sets [30,31]. In this paper, we are
concerned with approaches to knowledge reduction based on the interval-valued fuzzy rough sets model. We
first define the interval-valued fuzzy reduction on the classical Pawlak information systems, then discuss the
knowledge reduction of the interval-valued fuzzy information systems. Finally, the knowledge reduction the-
orems of the interval-valued fuzzy information systems are built.

The structure of the rest of this paper is as follows: Section 2 briefly introduces necessary notions of rough
sets, fuzzy sets and interval-valued fuzzy sets. In Section 3, we define the interval-valued fuzzy binary relations
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of the universe, and then define the interval-valued fuzzy rough sets model while several properties of the
model are also examined. In Section 4, the relationships of the model defined in Section 3 and the others rough
set models are studied. In Section 5, an interval-valued fuzzy reduction in the classical Pawlak information
systems is defined and the knowledge reduction of the interval-valued fuzzy information systems is investi-
gated. We conclude the paper with a summary and an outlook for further research in Section 6.

2. Preliminaries

2.1. Fuzzy sets

Let U be a finite and non-empty set called universe. A fuzzy set A is a mapping from U into the unit interval
½0; 1� :
lA : U ! ½0; 1�;

where each x 2 U is the membership degree of x in A: Practically, we may consider U as a set of objects of
concern and a crisp subset of U represents a ‘‘non-vague” concept imposed on objects in U : Then a fuzzy
set A of U is thought of as a mathematical representation of a ‘‘vague” concept described linguistically.

The set of all the fuzzy sets defined on U is denoted by F ðUÞ.
Given a number a 2 ½0; 1�; the a-cut or a-level set, of A is defined as follows:
½A�a ¼ fx : lAðxÞP ag;

which is a subset of U. A strong a-cut set is defined by
raðAÞ ¼ fx : lAðxÞ > ag:
Theorem 2.1. Let A 2 F ðUÞ, then the following equations hold:
A ¼ [r2½0;1�ð½A�r \ r�Þ;
A ¼ [r2½0;1�ðrrðAÞ \ r�Þ;
where r� denotes the fuzzy set whose membership function is the constant, [ means maximum and \ means

minimum.

Proof. Since r� denotes the fuzzy set in which the membership function is the constant, that is, r�ðxÞ ¼ r for
any x 2 U ,
ð[r2½0;1�ð½A�r \ r�ÞÞðxÞ ¼ _r2½0;1�ðr ^ ½A�rðxÞÞ
¼ maxð_r6lAðxÞðr ^ ½A�

rðxÞÞ;_lAðxÞ<rðr ^ ½A�rðxÞÞÞ
¼ maxð_r6lAðxÞðr ^ 1Þ;_lAðxÞ<rðr ^ 0ÞÞ
¼ maxð_r6lAðxÞr;_lAðxÞ<r0Þ
¼ maxðlAðxÞ; 0Þ
¼ lAðxÞ:
This proves that A ¼ [r2½0;1�ð½A�r \ r�Þ, and the latter one has an analogous proof. h
2.2. Rough sets

Formally, the theory begins with the notion of an approximation space, which is a pair ðU ;RÞ, where U is a
non-empty set(the universe of discourse) and R an equivalence relation on U, i.e., R is reflexive, symmetric,
and transitive, The relation R decomposes the set U into a disjoint classes in such a way that two elements
x; y are in the same class iff ðx; yÞ 2 R. Let U=R denote the quotient set of U by the relation R, and
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U=R ¼ fX 1;X 2; . . . ;X mg;

where X i is an equivalence class of R; i ¼ 1; 2; . . . ;m.

If two elements x; y in U belong to the same equivalence class X i 2 U=R, we say that x and y are indiscern-
ible. The equivalence class of R and the empty set ; are the elements in the approximation space ðU ;RÞ.

Note that in the context of rough set based data analysis, the equivalence relation in an approximation
space is often interpreted via the notion of information system. An information system with U as the universe
is a triple ðU ;A; fV aga2AÞ, where U is a set of objects, A is a set of attributes, and V a is the set of attribute
values for attribute a understood as a mapping a : U ! V a. It is easily seen that each subset A of the attribute
set A induces an equivalence relation indðAÞ called as indiscernibility relation as follows:
indðAÞ ¼ fðx; yÞ 2 U � U : aðxÞ ¼ aðyÞ; a 2 Ag

and indðAÞ ¼

T
a2AindðaÞ, where indðaÞ means indðfagÞ. If ðx; yÞ 2 A, we then say that the objects x and y are

indiscernible with respect to attributes from A. In other words, we cannot distinguish x from y and vice versa,
in terms of attributes in A.

Let us return to an arbitrary approximation space ðU ;RÞ. Given an arbitrary set X 2 2U , in general, it may
not be possible to describe X precisely in ðU ;RÞ. One may characterize X by a pair of lower and upper approx-
imations defined as follows [14–16]:
RX ¼ [fY 2 U=R : Y � Xg ¼ fx 2 U : ½x�R � Xg;
RX ¼ [fY 2 U=R : Y \ X 6¼ ;g ¼ fx 2 U : ½x�R \ X 6¼ ;g:
The lower approximation RX is the union of all the elementary sets which are subsets of X, and the upper
approximation RX is the union of all the elementary sets which have a non-empty intersection with X. The
interval ½RX ;RX � is the representation of an ordinary set X in the approximation space ðU ;RÞ or simply,
the rough set of X.

The lower(upper) approximation RX ðRX Þ is interpreted as the collection of those elements of U that def-
initely(possibly) belong to X. Further, we also define

� A set X 2 2U is said to be definable(or exact) in ðU ;RÞ iff RX ¼ RX .
� For any X ; Y 2 2U , X is said to be roughly included in Y, denoted by X ~�X , iff RX � RY and RX � RY .
� X and Y are said to be roughly equal, denoted by X�RY , in ðU ;RÞ iff RX ¼ RY and RX ¼ RY .

2.3. Interval-valued and interval-valued fuzzy set

Throughout this paper, let I be a closed unit interval, i.e., I ¼ ½0; 1�. Let ½I � ¼ f½a; b� : a 6 b; a; b 2 Ig. For
any a 2 I , define �a ¼ ½a; a�, obviously, a 2 ½I �.

Definition 2.1. If 8ai 2 I ; i 2 J , we define
_
i2J

ai ¼ supfai : i 2 Jg;
^
i2J

ai ¼ inffai : i 2 Jg:_
i2J
½ai; bi� ¼ ½_i2J ai;_i2J bi�;

^
i2J

½ai; bi� ¼ ½^i2J ai;^i2J bi�;
where
W

means maximum and
V

means minimum.

In particular for ½ai; bi� 2 ½I �; i ¼ 1; 2, we define
½a1; b1� ¼ ½a2; b2� iff a1 ¼ a2; b1 ¼ b2;

½a1; b1� 6 ½a2; b2� iff a1 6 a2; b1 6 b2;

½a1; b1� < ½a2; b2� iff ½a1; b1� 6 ½a2; b2� but ½a1; b1� 6¼ ½a2; b2�:
Definition 2.2. Let X be an ordinary non-empty set. Then the mapping A : X ! ½I � is called an interval-valued
fuzzy set in X. All interval-valued fuzzy set on X are denoted as F ðiÞðX Þ.
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Definition 2.3. If A 2 F ðiÞðX Þ, let AðxÞ ¼ ½A	ðxÞ;AþðxÞ�, where x 2 X , then two fuzzy sets A	 : X ! I , and
Aþ : X ! I are called the lower fuzzy set and the upper fuzzy set about A, respectively.

Definition 2.4. Let A 2 F ðiÞðX Þ; ½k1; k2� 2 ½I �, we call A½k1;k2� ¼ fx 2 X : A	ðxÞP k1;A
þðxÞP k2g, and

Aðk1;k2Þ ¼ fx 2 X : A	ðxÞ > k1;A
þðxÞ > k2g, the ½k1; k2�-level set of A and ðk1; k2Þ-level set of A, respectively,

where ðk1; k2Þ in Aðk1;k2Þ is not an interval, it is only a sign, and we may admit k1 ¼ k2, clearly, x 2 A½k1;k2� iff
A½k1;k2� P ½k1; k2�.

Definition 2.5. Let A 2 F ðiÞðX Þ; ½k1; k2� 2 ½I �. We define
ð½k1; k2�AÞðxÞ ¼ ½k1; k2� ^ ½A	ðxÞ;AþðxÞ�:
Proposition 2.1 (The decomposition theorem of interval-valued fuzzy sets). Let A 2 F ðiÞðX Þ. Then
A ¼
[

½k1;k2�2½I�
½k1; k2�A½k1;k2� ¼

[
½k1;k2�2½I �

½k1; k2�Aðk1;k2Þ:
Proof. We have only to prove the equation AðxÞ ¼ ð
S
½k1;k2�2½I �½k1; k2�A½k1;k2�ÞðxÞ holds for any x 2 U .
[
½k1;k2�2½I �

½k1; k2�A½k1;k2�

 !
ðxÞ ¼ _½k1;k2�2½I �ð½k1; k2�A½k1;k2�ðxÞÞ

¼ _½k1;k2�2½I �½k1 ^ A½k1;k2�ðxÞ; k2 ^ A½k1;k2�ðxÞ�
¼ _½k1;k2�2½I �½k1 ^ ðA	k1

\ Aþk2
ÞðxÞ; k2 ^ ðA	k1

\ Aþk2
ÞðxÞ�

¼ _½k1;k2�2½I �½k1 ^ A	k1
ðxÞ ^ Aþk2

ðxÞ; k2 ^ A	k1
ðxÞ ^ Aþk2

ðxÞ�
¼ ½_½k1;k2�2½I �ðk1 ^ A	k1

ðxÞ ^ Aþk2
ðxÞÞ;_½k1;k2�2½I �ðk2 ^ A	k1

ðxÞ ^ Aþk2
ðxÞÞ�:
We could prove that _½k1;k2�2½I �ðk1 ^ A	k1
ðxÞ ^ Aþk2

ðxÞÞ ¼ A	ðxÞ. In fact,
_½k1;k2�2½I �ðk1 ^ A	k1
ðxÞ ^ Aþk2

ðxÞÞ ¼ _k12½0;1�_k22½k1;1�ðk1 ^ A	k1
ðxÞ ^ Aþk2

ðxÞÞ
¼ _k12½0;1�ðk1 ^ A	k1

ðxÞ ^ _k22½k1;1�A
þ
k2
ðxÞÞ

¼ _k12½0;1�ðk1 ^ A	k1
ðxÞ ^ Aþk1

ðxÞÞ
¼ _k12½0;1�ðk1 ^ A	k1

ðxÞÞ
¼ A	ðxÞ:
Similarly, _½k1;k2�2½I �ðk2 ^ A	k1
ðxÞ ^ Aþk2

ðxÞÞ ¼ AþðxÞ and the ðk1; k2Þ-level set of A can be proved in a similar
way. h
3. The interval-valued fuzzy rough set models

3.1. The rough approximation of a crisp set on the interval-valued fuzzy information system

Let U be a non-empty finite universe. A binary interval-valued fuzzy subset R of U � U is called an inter-
val-valued fuzzy relation in U.

Definition 3.1. Let U be a non-empty finite universe. For the interval-valued fuzzy relation RðR 2 F ðiÞðU � UÞÞ
of the universe U,

(1) R is reflexive, if Rðx; yÞ ¼ �1, for any x; y 2 U ,
(2) R is symmetric, if Rðx; yÞ ¼ Rðy; xÞ, for any x; y 2 U ,
(3) R is transitive, if Rðx; zÞP Rðx; yÞ ^ Rðy; zÞ, for any x; y; z 2 U .
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If the fuzzy relation R is reflexive, symmetric and transitive, then R is an interval-valued fuzzy equivalence
relation.

In this section, the interval-valued fuzzy information system means that R is the interval-valued fuzzy rela-
tion in the classical approximation space.

Definition 3.2. ðU ;RÞ is an interval-valued fuzzy information system, if R is a reflexive interval-valued fuzzy
relation of the universe U. If R is an interval-valued fuzzy equivalence relation in the universe U, then ðU ;RÞ is
an interval-valued fuzzy equivalence relation information system.

Definition 3.3. Let ðU ;RÞ be an interval-valued fuzzy information system. For any x 2 U , call
½x�ðiÞ : U ! ½I �; y ! Rðx; yÞ the interval-valued fuzzy neighborhood of x.

Let U be a non-empty finite universe. For any crisp set X ðX � UÞ of U, define
RðX ÞðyÞ ¼ min
x62X
ð�1	 Rðx; yÞÞ; RðX ÞðyÞ ¼ max

x2X
Rðx; yÞ for any y 2 U :
RðX Þ and RðX Þ are called the interval-valued fuzzy lower approximation and the interval-valued fuzzy upper
approximation of X about the interval-valued fuzzy information system ðU ;RÞ, respectively, and
R : PðUÞ ! F ðiÞðUÞ;R : P ðUÞ ! F ðiÞðUÞ is called the interval-valued fuzzy lower approximation operator
and upper approximation operator, respectively. Obviously
RðX ÞðyÞ ¼ min
x62X
ð1	 Rþðx; yÞÞ; min

x62X
ð1	 R	ðx; yÞÞ

� �
;

RðX ÞðyÞ ¼ max
x2X

R	ðx; yÞ; max
x2X

Rþðx; yÞ
� �

:

Theorem 3.1. Let ðU ;RÞ be an interval-valued fuzzy information system. For any subset X ; Y 2 PðUÞ, the

following properties hold for the lower and upper approximations of an interval-valued fuzzy operator:

(1) RðUÞ ¼ U ; Rð;Þ ¼ ;,
(2) Rð
 X Þ ¼
 RðX Þ; Rð
 X Þ ¼
 RðX Þ,
(3) RðX \ Y Þ ¼ RðX Þ \ RðY Þ; RðX [ Y Þ ¼ RðX Þ [ RðY Þ,
(4) RðX [ Y Þ � RðX Þ [ RðY Þ; RðX \ Y Þ � RðX Þ [ RðY Þ,
(5) RðX Þ � X � RðX Þ.

Proof. For any interval-valued fuzzy set A, we define maxx2;AðxÞ ¼ �0;minx2;AðxÞ ¼ �1.
Then (1) is easy to prove.
(2) Since Rð
 X ÞðyÞ ¼ ½minx 62
X ð1	 Rþðx; yÞÞ;minx 62
X ð1	 R	ðx; yÞÞ�, there are

 Rð
 X ÞðyÞ ¼ �1	 min
x 62
X
ð1	 Rþðx; yÞÞ;min

x 62
X
ð1	 R	ðx; yÞÞ

� �
¼ max

x2X
R	ðx; yÞ;max

x2X
Rþðx; yÞ

� �
¼ max

x2X
Rðx; yÞ ¼ RðX ÞðyÞ:
So, the equation Rð
 X Þ ¼
 RðX Þ is proved, and the equation Rð
 X Þ ¼
 RðX Þ can be proved in a similar
way.
ð3Þ For any y 2 X ; RðX \ Y ÞðyÞ ¼ min
x2X\Y

ð�1	 Rðx; yÞÞ ¼ min
x62X
ð�1	 Rðx; yÞÞ ^ min

x2Y
ð�1	 Rðx; yÞÞ

� �� �
¼ ðRðX Þ \ RðY ÞÞðyÞ:
Therefore, the equation RðX \ Y Þ ¼ RðX Þ \ RðY Þ is proved, and the equation RðX [ Y Þ ¼ RðX Þ [ RðY Þ can
be proved in a similar way.

(4) is easy to prove according to (3).
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(5) For any classical X ðX � UÞ, there is X ðyÞ ¼ 1() y 2 X . Therefore, if y 62 X , we have RðX ÞðyÞ ¼ �0 for
the reflexive of R and the definition of the lower approximation, and RðX ÞðyÞ ¼ �1 for the reflexive of R and the
definition of the upper approximation.

Then, RðX ÞðyÞ 6 X ðyÞ 6 RðX ÞðyÞ, and (5) is proved. h

Theorem 3.2. Let ðU ;RÞ be an interval-valued fuzzy information system. For any subset X � U , RðX Þ ¼ RðX Þ iff

Rðx; yÞ ¼ �0 ðfor any x 2 X ; y 62 X Þ.

Proof. Let X ðyÞ be the characteristic function of X, we have X ðyÞ 6 maxx2X Rðx; yÞ according to the reflexive of
R. Therefore, X ðyÞ ¼ maxx2X Rðx; yÞ iff for any y 62 X ; x 2 X , and Rðx; yÞ ¼ �0. Since minx62X ð�1	 Rðx; yÞÞ ¼ X ðyÞ
for any y 2 X ; x 62 X and Rðx; yÞ ¼ �0, we prove that RðX Þ ¼ RðX Þ. h

Let ðU ;RÞ be an interval-valued fuzzy information system. If RðX Þ ¼ RðY Þ, then X is called the interval-val-
ued fuzzy lower rough equal to Y, denote as X gY .

If RðX Þ ¼ RðY Þ, then X is called the interval-valued fuzzy upper rough equal to Y, denoted as X ’ Y .
If X is both the lower and upper rough equal to Y, then X is called the rough equal to Y, denote as X � Y .

Proposition 3.1. Let g;’;� be the lower rough equal, the upper rough equal and the rough equal, which was

defined in the above definition of two interval-valued fuzzy sets in the universe U. Then they are all equivalence

relations on F ðiÞðUÞ.

Proof. For any X ; Y ; ZðX ; Y ; Z � UÞ, there is RðX Þ ¼ RðX Þ. Then the reflexive is proved. If RðX Þ ¼ RðY Þ, then
there must be RðY Þ ¼ RðX Þ, so the symmetric is proved. And if both of RðX Þ ¼ RðY Þ and RðY Þ ¼ RðZÞ hold,
then there must be RðX Þ ¼ RðZÞ, and the transitive is proved. Therefore, g is the equivalence relation on
F ðiÞðUÞ.

Similarly, ’ and � can be proved in a similar way. h

Theorem 3.3. Let ðU ;RÞ be an interval-valued fuzzy information system. For any subset X � U , the interval-val-

ued fuzzy lower approximation, upper approximation and the interval-valued fuzzy neighborhood of X satisfied the

following relations:
RðX Þ ¼ \x62X ð
 ½x�ðiÞÞ; RðX Þ ¼ [x2X ½x�ðiÞ:
Proof. Since ½x�ðiÞðyÞ ¼ Rðx; yÞ, for any y 2 U , for 
 ½x�ðiÞðyÞ ¼ 1	 Rðx; yÞ, then RðX Þ ¼ \x62X ð
 ½x�ðiÞÞ ¼
minx 62X ð1	 Rðx; yÞÞ. Then we can easily prove it by the definition. h

Theorem 3.4. Let ðU ;RÞ be an interval-valued fuzzy information system, denoted as
R½a1;a2� ¼ fðx; yÞ : Rðx; yÞP ½a1; a2�g ¼ fðx; yÞ : R	ðx; yÞP a1;Rþðx; yÞP a2g;
Rða1;a2Þ ¼ fðx; yÞ : Rðx; yÞ > ½a1; a2�g ¼ fðx; yÞ : R	ðx; yÞ > a1;Rþðx; yÞ > a2g
for any ½a1; a2� 2 ½I �. Then R½a1;a2� and Rða1;a2Þ are the classical binary relations of U, and they satisfy the following

properties:

(1) If R is reflexive, then R½a1;a2� and Rða1;a2Þ are reflexive, too.

(2) If R is symmetric, then R½a1;a2� and Rða1;a2Þ are symmetric, too.
(3) If R is transitive, then R½a1;a2� and Rða1;a2Þ are transitive, too.

In particular, if R is the interval-valued fuzzy equivalence relation, then R½a1;a2� and Rða1;a2Þ are the binary

equivalence relations, too.

Proof. (1) and (2) are easily obtained, we have only prove that (3) holds. Since R is transitive, there is
Rðx:zÞP Rðx; yÞ ^ Rðy:zÞ for any x; y; z 2 U . Therefore, if ðx; yÞ 2 R½a1;a2�; ðy; zÞ 2 R½a1;a2�, Rðx; yÞP ½a1; a2� and
Rðy; zÞP ½a1; a2�, then Rðx; zÞP ½a1; a2�, i.e., ðx; zÞ 2 R½a1;a2�. Hence, R½a1;a2� is transitive.
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Meanwhile, Rða1;a2Þ can be proved in a similar way. h

Let ðU ;RÞ be an interval-valued fuzzy information system. Then we know that R½a1;a2� and
Rða1;a2Þð½a1; a2� 2 ½I �Þ are the equivalence relations of the universe U. Therefore, they construct a partition of
the universe U by R½a1;a2� and Rða1;a2Þ.
U=R½a1;a2� ¼ f½x�
ðiÞ
½a1;a2� : x 2 Ug; U=Rða1;a2Þ ¼ f½x�

ðiÞ
ða1;a2Þ : x 2 Ug;
where
½x�ðiÞ½a1;a2� ¼ fy 2 U : Rðx; yÞP ½a1; a2�g ¼ fy 2 U : R	ðx; yÞP a1;Rþðx; yÞP a2g;

½x�ðiÞða1;a2Þ ¼ fy 2 U : Rðx; yÞ > ½a1; a2�g ¼ fy 2 U : R	ðx; yÞ > a1;Rþðx; yÞ > a2g:
Definition 3.4. Let ðU ;RÞ be an interval-valued fuzzy equivalence relation information system. For any crisp
set X ðX � UÞ and ½a1; a2� 2 ½I �, define the lower approximation (strong lower approximation) and the upper
approximation (strong upper approximation) at the level ½a1; a2� of X as follows, respectively:
R½a1;a2�ðX Þ ¼ fx 2 U : ½x�ðiÞ½a1;a2� � Xg; Rða1;a2ÞðX Þ ¼ fx 2 U : ½x�ðiÞða1;a2Þ � Xg;

R½a1;a2�ðX Þ ¼ fx 2 U : ½x�ðiÞ½a1;a2� \ X 6¼ ;g; Rða1;a2ÞðX Þ ¼ fx 2 U : ½x�ðiÞða1;a2Þ \ X 6¼ ;g:
If R½a1;a2�ðX Þ ¼ R½a1;a2�ðX Þ, then X is said to be definable in the interval-valued fuzzy equivalence relation
information system ðU ;RÞ at the level of ½a1; a2�, otherwise, it is called roughness at the level of ½a1; a2�.

If Rða1;a2ÞðX Þ ¼ Rða1;a2ÞðX Þ, then X is said to be strongly definable in the interval-valued fuzzy equivalence relation
information system ðU ;RÞ at the level of ða1; a2Þ, otherwise, it is called strong roughness at the level of ða1; a2Þ.

Since R½a1;a2�ðX Þ;R½a1;a2�ðX Þ and Rða1;a2ÞðX Þ;Rða1;a2ÞðX Þ are constructed based on the relation of R½a1;a2� and
Rða1;a2Þ of the universe U. Therefore, the corresponding conclusions about the classical Pawlak rough set are
also holding for the above definition.

Theorem 3.5. Let ðU ;RÞ be an interval-valued fuzzy equivalence relation information system. If
½a1; a2�; ½b1; b2� 2 ½I �, and ½a1; a2� < ½b1; b2�, Then,

(1) R½a1;a2�ðX Þ � R½b1;b2�ðX Þ � X � R½b1;b2�ðX Þ � R½a1;a2�ðX Þ; X � U ;
(2) Rða1;a2ÞðX Þ � Rðb1;b2ÞðX Þ � X � Rðb1;b2ÞðX Þ � Rða1;a2ÞðX Þ; X � U .
Proof. Since ½a1; a2� < ½b1; b2�, R½b1;b2� � R½a1;a2�;Rðb1;b2Þ � Rða1;a2Þ, then ½x�ðiÞ½b1;b2� � ½x�
ðiÞ
½a1;a2�; ½x�

ðiÞ
ðb1;b2Þ � ½x�

ðiÞ
ða1;a2Þ. That

is ½x�ðiÞ½a1;a2� � X and ½x�ðiÞ½b1;b2� � ½x�
ðiÞ
½a1;a2� hold for 8x 2 R½a1;a2�ðX Þ. This implies that ½x�ðiÞ½b1;b2� � X . Therefore,

x 2 R½b1;b2�ðX Þ, i.e., R½a1;a2�ðX Þ � R½b1;b2�ðX Þ.
It is easy to prove the other relations in a similar way. h

According to the Theorem 3.5, fR½a1;a2�c : ½a1; a2� 2 ½I �g, fR½a1;a2� : ½a1; a2� 2 ½I �g, fRða1;a2Þc : ½a1; a2� 2 ½I �g,
fRða1;a2Þ : ½a1; a2� 2 ½I �g construct a family of nested sets, respectively. Hence, they determine the following
interval-valued fuzzy set of the universe U, respectively.

(1) R0ðX ÞðyÞ ¼ supf½a1; a2� : y 2 R½a1;a2�cðX Þg; y 2 U ;
(2) R0ðX ÞðyÞ ¼ supf½a1; a2� : y 2 R½a1;a2�ðX Þg; y 2 U ;
(3) R00ðX ÞðyÞ ¼ supf½a1; a2� : y 2 Rða1;a2ÞcðX Þg; y 2 U ;
(4) R00ðX ÞðyÞ ¼ supf½a1; a2� : y 2 Rða1;a2ÞðX Þg; y 2 U .

We call the interval-valued fuzzy set R0ðX Þ and R0ðX Þ, which defined by (1) and (2) are the interval-valued
fuzzy lower and upper approximations of X in the universe U, respectively, whereas call R00ðX Þ and R00ðX Þ,
which defined by (3) and (4) are the interval-valued fuzzy strong lower approximation and strong upper
approximation of X on the universe U, respectively.
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Proposition 3.2. Let ðU ;RÞ be an interval-valued fuzzy equivalence relation information system. For any crisp set

X ðX � UÞ, the interval-valued fuzzy lower approximation R0ðX Þ, the interval-valued fuzzy upper approximation

R0ðX Þ, interval-valued fuzzy strong lower approximation R00ðX Þ and interval-valued fuzzy strong upper

approximation R00ðX Þ of X satisfy the following relation:
R00ðX Þ � R0ðX Þ � X � R00ðX Þ � R0ðX Þ:
Theorem 3.6. Let ðU ;RÞ be an interval-valued fuzzy equivalence relation information system. For any X � U ,

then
R0ðX Þ ¼ RðX Þ:
Proof. For any y 2 U , denoted as ½r1; r2� ¼ RðX ÞðyÞ ¼ maxx2X Rðx; yÞ; ½b1; b2� ¼ R0ðX ÞðyÞ ¼ supf½a1;

a2� : ½y�ðiÞ½a1;a2� \ X 6¼ ;g; 8½r1; r2�; ½b1; b2�; ½a1; a2� 2 ½I �. Since ½r1; r2� ¼ maxx2X Rðx; yÞ, there exists x 2 X such that

Rðx; yÞ ¼ ½r1; r2�, i.e., x 2 ½y�ðiÞ½r1;r2�.Thus ½y�ðiÞ½r1;r2� \ X 6¼ ;, i.e., ½b1; b2�P ½r1; r2�.If ½b1; b2� > ½r1; r2�, then there exists

½b01; b
0
2� 2 ½I � such that ½b1; b2� > ½b01; b

0
2� > ½r1; r2�.According to ½b1; b2� ¼ supf½a1; a2� : ½y�ðiÞ½a1;a2� \ X 6¼ ;g, we

know that there exists x 2 X such that Rðx; yÞP ½b01; b
0
2�.Therefore, ½r1; r2� ¼ maxx2X Rðx; yÞP

½b01; b
0
2� > ½r1; r2�, and ½r1; r2�P ½b01; b

0
2� > ½r1; r2�.This is a contradiction.Then ½b1; b2� ¼ ½r1; r2�, i.e.,

R0ðX Þ ¼ RðX Þ. h

Theorem 3.7. Let ðU ;RÞ be an interval-valued fuzzy equivalence relation information system. For any X � U ,

then
R00ðX Þ ¼ RðX Þ:
Proof. For any y 2 U , denoted as ½r1; r2� ¼ RðX ÞðyÞ ¼ minx62X ð�1	 Rðx; yÞÞ; ½b1; b2� ¼ R00ðX ÞðyÞ ¼ supf½a1; a2� :
½y�ðiÞða1;a2Þc \ ð
 X Þ ¼ ;g; 8½r1; r2�; ½b1; b2�; ½a1; a2�; �1 2 ½I �. Since ½r1; r2� ¼ minx 62X ð�1	 Rðx; yÞÞ, �1	 Rðx; yÞP ½r1; r2�
for any x 62 X , i.e., Rðx; yÞ 6 �1	 ½r1; r2�. Hence, ½y�ðiÞðr1;r2Þc \ ð
 X Þ ¼ ;, i.e., ½b1; b2�P ½r1; r2�. If there exists

½b01; b
0
2� 2 ½I � such that ½b1; b2� > ½b01; b

0
2� > ½r1; r2�, then ½y�ðiÞðb01;b02Þc \ ð
 X Þ ¼ ; according to ½b1; b2� ¼ R00ðx; yÞ ¼

supf½a1; a2� : ½y�ðiÞða1;a2Þc \ ð
 X Þ ¼ ;g. That is, Rðx; yÞ 6 ½b01; b
0
2�

c ¼ �1	 ½b01; b
0
2� for any x 62 X , i.e.,

�1	 Rðx; yÞP ½b01; b
0
2�for any x 62 X . Thus ½r1; r2� ¼ minx 62X ð�1	 Rðx; yÞÞP minf½b01; b

0
2� : ½b

0
1; b

0
2� > ½r1; r2�g, and

½r1; r2�P ½b01; b
0
2� > ½r1; r2�. This is a contradiction. Therefore, ½b1; b2� ¼ ½r1; r2�, i.e., R00ðX Þ ¼ RðX Þ. h

As for the above discussion, the following conclusions are clear.

Theorem 3.8. Let ðU ;RÞ be an interval-valued fuzzy equivalence relation information system. Then

(1) R0ðX Þ ¼
 R00ð
 X Þ,
(2) R00ðX Þ ¼
 R0ð
 X Þ.

Proof. From (2) of Theorem 3.1, we have RðX Þ ¼
 Rð
 X Þ, RðX Þ ¼ R0ðX Þ, andR00ðX Þ ¼ RðX Þ according to
the Theorems 3.6 and 3.7, too. Therefore, we have RðX Þ ¼
 Rð
 X Þ, and 
 R00ð
 X Þ ¼
 Rð
 X Þ. Then
R0ðX Þ ¼
 R00ð
 X Þ.

The equation R00ðX Þ ¼
 R0ð
 X Þ can be proved in a similar way. h
3.2. The rough approximation of an interval-valued fuzzy set based on the interval-valued fuzzy information

system

Definition 3.5. Let ðU ;RÞ be an interval-valued fuzzy information system and A the interval-valued fuzzy set
of the universe U. Define the interval-valued fuzzy lower approximation RðAÞ and the interval-valued fuzzy
upper approximation RðAÞ of A in the interval-valued fuzzy information system ðU ;RÞ as follows, respectively.
For any x 2 U
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RðAÞðxÞ ¼ minfAðyÞ _ ð�1	 Rðx; yÞÞ : y 2 Ug;
RðAÞðxÞ ¼ maxfAðyÞ ^ Rðx; yÞ : y 2 Ug:
R : F ðiÞðUÞ ! F ðiÞðUÞ and R : F ðiÞðUÞ ! F ðiÞðUÞ are called the interval-valued fuzzy lower approximation oper-
ator and the interval-valued fuzzy upper approximation operator, respectively.

Clearly, the above definition implies equivalences of the following form:
RðAÞðxÞ ¼
^
y2U

ðAðyÞ _ ð�1	 Rðx; yÞÞÞ

¼
^
y2U

ðA	ðyÞ _ ð1	 Rþðx; yÞÞÞ;
^
y2U

ðAþðyÞ _ ð1	 R	ðx; yÞÞÞ
" #

8x 2 U ;

RðAÞðxÞ ¼
_
y2U

ðAðyÞ ^ Rðx; yÞÞ

¼
_
y2U

ðA	ðyÞ ^ R	ðx; yÞÞ;
_
y2U

ðAþðyÞ ^ Rþðx; yÞÞ
" #

8x 2 U :
Theorem 3.9. Let ðU ;RÞ be an interval-valued fuzzy information system and A the interval-valued fuzzy set of the

universe U. A½a1;a2� and Aða1;a2Þð½a1; a2� 2 ½I �Þ are the ½a1; a2�-level set and strong ½a1; a2�-level set of A, respectively.
Then
RðAÞ ¼
_

½a1;a2�2½I�
ð½a1; a2� ^ R½a1;a2�ðA½a1;a2�ÞÞ

¼
_

½a1;a2�2½I�
ð½a1; a2� ^ R½a1;a2�ðAða1;a2ÞÞÞ

¼
_

½a1;a2�2½I�
ð½a1; a2� ^ Rða1;a2ÞðA½a1;a2�ÞÞ

¼
_

½a1;a2�2½I�
ð½a1; a2� ^ Rða1;a2ÞðAða1;a2ÞÞÞ:
Furthermore,

(1) ½RðAÞ�ða1;a2Þ � Rða1;a2ÞðAða1;a2ÞÞ � Rða1;a2ÞðA½a1;a2�Þ � R½a1;a2�ðA½a1;a2�Þ � ½RðAÞ�½a1;a2�,

(2) ½RðAÞ�ða1;a2Þ � Rða1;a2ÞðAða1;a2ÞÞ � R½a1;a2�ðAða1;a2ÞÞ � R½a1;a2�ðA½a1;a2�Þ � ½RðAÞ�½a1;a2�.

Proof. For 8x 2 U , Since
_
½a1;a2�2½I �

ð½a1; a2� ^ R½a1;a2�ðA½a1;a2�ÞðxÞÞ ¼ supf½a1; a2� : x 2 R½a1;a2�ðA½a1;a2�Þg

¼ supf½a1; a2� : ½x�R½a1 ;a2 �
\ A½a1;a2� 6¼ ;g

¼ supf½a1; a2� : 9y 2 U ; y 2 ½x�R½a1 ;a2 �
; y 2 A½a1;a2�g

¼ supf½a1; a2� : 9y 2 U ;Rðx; yÞP ½a1; a2�;AðyÞP ½a1; a2�g
¼
_
fAðyÞ ^ Rðx; yÞ : y 2 Ug

¼ RðAÞðxÞ:
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For any arbitrary xðx 2 UÞ, we have
RðAÞ ¼
_

½a1;a2�2½I�
ð½a1; a2� ^ R½a1;a2�ðA½a1;a2�ÞÞ:
Then, the other equations can be proved in a similar way. Furthermore, we could easily prove that (1) and
(2) hold by the representation theorem of the interval-valued fuzzy set and the binary nested set. h

Theorem 3.10. Let ðU ;RÞ be an interval-valued fuzzy information system, A the interval-valued fuzzy set of the

universe U, and A½a1;a2� and Aða1;a2Þð½a1; a2� 2 ½I �Þ the ½a1; a2�-level set and strong ½a1; a2�-level set of A, respectively.
Then
RðAÞ ¼
_

½a1;a2�2½I �
ð½a1; a2� ^ R½a1;a2�cðA½a1;a2�ÞÞ

¼
_

½a1;a2�2½I �
ð½a1; a2� ^ R½a1;a2�cðAða1;a2ÞÞÞ

¼
_

½a1;a2�2½I �
ð½a1; a2� ^ Rða1;a2ÞcðA½a1;a2�ÞÞ

¼
_

½a1;a2�2½I �
ð½a1; a2� ^ Rða1;a2ÞcðAða1;a2ÞÞÞ:
Furthermore,

(1) ½RðAÞ�ða1;a2Þ � Rða1;a2ÞcðAða1;a2ÞÞ � Rða1;a2ÞcðAða1;a2ÞÞ � Rða1;a2ÞcðA½a1;a2�Þ � ½RðAÞ�½a1;a2�,

(2) ½RðAÞ�ða1;a2Þ � R½a1;a2�cðAða1;a2ÞÞ � R½a1;a2�cðA½a1;a2�Þ � Rða1;a2ÞcðA½a1;a2�Þ � ½RðAÞ�½a1;a2�.

Proof. For 8x 2 U ,
_
½a1;a2�2½I�

ð½a1; a2� ^ R½a1;a2�cðA½a1;a2�ÞðxÞÞ ¼ supf½a1; a2� 2 ½I � : x 2 R½a1;a2�cðA½a1;a2�Þg

¼ supf½a1; a2� 2 ½I � : ½x�R½a1 ;a2 �c
� A½a1;a2�g

¼ supf½a1; a2� 2 ½I � : 8y 2 U ; y 2 ½x�R½a1 ;a2 �c
; y 2 A½a1;a2�g

¼ supf½a1; a2� 2 ½I � : 8y 2 U ;Rðx; yÞP �1	 ½a1; a2�;AðyÞP ½a1; a2�g
¼

_
½a1;a2�2½I �

fAðyÞ ^ Rðx; yÞ; 8y 2 Ug

¼
^

½a1;a2�2½I �
fAðyÞ _ ð�1	 Rðx; yÞÞ; 8y 2 Ug

¼ RðAÞðxÞ:
For any arbitrary xðx 2 UÞ, we have
_
½a1;a2�2½I �

ð½a1; a2� ^ R½a1;a2�cðA½a1;a2�ÞÞ ¼ RðAÞ:
Therefore, the other equations can be proved in a similar way. Furthermore, we could easily prove that (1)
and (2) hold by the representation theorem of the interval-valued fuzzy set and the binary nested set. h

Theorem 3.11. Let ðU ;RÞ be an interval-valued fuzzy information system and A the interval-valued fuzzy sets of

the universe U. Then
RðAÞðxÞ ¼ supf½a1; a2� : x 2 R½a1;a2�ðA½a1;a2�Þg
¼ supf½a1; a2� : x 2 R½a1;a2�ðAða1;a2ÞÞg
¼ supf½a1; a2� : x 2 Rða1;a2ÞðA½a1;a2�Þg
¼ supf½a1; a2� : x 2 Rða1;a2ÞðAða1;a2ÞÞg;
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RðAÞðxÞ ¼ supf½a1; a2� : x 2 R½a1;a2�cðA½a1;a2�Þg
¼ supf½a1; a2� : x 2 R½a1;a2�cðAða1;a2ÞÞg
¼ supf½a1; a2� : x 2 Rða1;a2ÞcðA½a1;a2�Þg
¼ supf½a1; a2� : x 2 Rða1;a2ÞcðAða1;a2ÞÞg
for any x 2 U , and ½a1; a2� 2 ½I �.

Proof. According to the Theorem 3.9, we have
RðAÞ ¼
_

½a1;a2�2½I �
ð½a1; a2� ^ R½a1;a2�ðA½a1;a2�ÞÞ:
Then
RðAÞ ¼
_

½a1;a2�2½I �
ð½a1; a2� ^ R½a1;a2�ðA½a1;a2�ÞÞ

 !
ðxÞ

¼
_

R½a1 ;a2 �ðA½a1 ;a2 �ÞðxÞP½a1;a2�

ð½a1; a2� ^ R½a1;a2�ðA½a1;a2�ÞðxÞÞ

0@ 1A
_

_
R½a1 ;a2 �ðA½a1 ;a2 �ÞðxÞ<½a1;a2�

ð½a1; a2� ^ R½a1;a2�ðA½a1;a2�ÞðxÞÞ

0@ 1A
¼

_
R½a1 ;a2 �ðA½a1 ;a2 �ÞðxÞP½a1;a2�

ð½a1; a2� ^ R½a1;a2�ðA½a1;a2�ÞðxÞÞ

0@ 1A _ 0

¼ supf½a1; a2� : x 2 R½a1;a2�ðA½a1;a2�Þg:
The other equations can be proved in a similar way. h
4. Comparison of the interval-valued fuzzy rough set model with the other rough set models

In this section, we will establish the relationships between the interval-valued fuzzy rough set with the other
classical Pawlak rough set model by modifying the relations and the subsets of the universe U. It is easy to
prove that the interval-valued fuzzy rough set model which defined in Section 3 is an extension of the classical
Pawlak rough set model.

(1) If A 2 F ðUÞ;R 2 F ðiÞðU � UÞ, i.e., A is the ordinary fuzzy sets of U, R is the interval-valued fuzzy rela-
tion of U. For any a 2 ½0; 1� write �a ¼ ½a; a� 2 ½I �, then
RðAÞðxÞ ¼
^
y2U

ðAðyÞ _ ð�1	 Rðx; yÞÞÞ

¼
^
y2U

ð½AðyÞ;AðyÞ� _ ð�1	 Rðx; yÞÞÞ

¼
^
y2U

ðAðyÞ _ ð1	 Rþðx; yÞÞÞ;
^
y2U

ðAðyÞ _ ð1	 R	ðx; yÞÞÞ
" #

;

RðAÞðxÞ ¼
_
y2U

ðAðyÞ ^ Rðx; yÞÞ

¼
_
y2U

ðAðyÞ ^ ½R	ðx; yÞ;Rþðx; yÞ�Þ
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¼
_
y2U

ð½AðyÞ;AðyÞ� ^ ½R	ðx; yÞ;Rþðx; yÞ�Þ

¼
_
y2U

ðAðyÞ ^ R	ðx; yÞÞ;
_
y2U

ðAðyÞ ^ Rþðx; yÞÞ
" #
for any x 2 U . This is the approximation in an ordinary fuzzy set of the interval-valued fuzzy information
system.

(2) If A 2 F ðiÞðUÞ;R 2 F ðU � UÞ; i.e., A is an interval-valued fuzzy set of U, R is an ordinary fuzzy relation
of U. It is similar to what we discuss in point (1). We obtain the following relations for any x 2 U :
RðAÞðxÞ ¼
^
y2U

ðA	ðyÞ _ ð1	 Rðx; yÞÞÞ;
^
y2U

ðAþðyÞ _ ð1	 Rðx; yÞÞÞ
" #

;

RðAÞðxÞ ¼
_
y2U

ðA	ðyÞ ^ ð1	 Rðx; yÞÞÞ;
_
y2U

ðAþðyÞ ^ ð1	 Rðx; yÞÞÞ
" #

:

This is the approximation of the interval-valued fuzzy set in the ordinary fuzzy information system.
(3) If A 2 F ðiÞðUÞ;R � U � U , i.e., A is the interval-valued fuzzy set of U, R is the classical equivalence rela-

tion of U. For any y 2 U , we have y 2 ½x�R, then Rðx; yÞ ¼ 1. Therefore, for any x 2 U
RðAÞðxÞ ¼
^
y2U

ðA	ðyÞ _ ð1	 1ÞÞ;
^
y2U

ðAþðyÞ _ ð1	 1Þ
" #

¼ ^y2U ½A	ðyÞ;AþðyÞ�
¼ ½^y2U A	ðyÞ;^y2U AþðyÞ�;

RðAÞðxÞ ¼
_
y2U

ðA	ðyÞ ^ 1Þ;
_
y2U

ðAþðyÞ ^ 1Þ
" #

¼
_
y2U

½A	ðyÞ;AþðyÞ�

¼ ½_y2U A	ðyÞ;_y2U AþðyÞ�:
This is the interval-valued rough fuzzy set model.
(4) If A � U ;R 2 F ðiÞðU � UÞ, i.e., A is the crisp of U, R is the interval-valued fuzzy relation of U : Then for

any x 2 U
RðAÞðxÞ ¼ minfAðyÞ _ ð�1	 Rðx; yÞÞ : y 2 Ug
¼ min

y 62A
ð�1	 Rðx; yÞÞ

¼ ½min
y 62A
ð�1	 Rþðx; yÞÞ;min

y 62A
ð�1	 R	ðx; yÞÞ�;

RðAÞðxÞ ¼ maxfAðyÞ ^ Rðx; yÞ : y 2 Ug
¼ max

y2A
Rðx; yÞ

¼ ½max
y2A

R	ðx; yÞ;max
y2A

Rþðx; yÞ�:
This is the rough set model of the interval-valued fuzzy information system. That is, the approximation of
the crisp set of U in the interval-valued fuzzy information systems ðU ;RÞ.

(5) If A 2 F ðUÞ;R 2 F ðU � UÞ, i.e., A is the ordinary fuzzy set of U, R is the ordinary fuzzy relation of U.
Then for any x 2 U
RðAÞðxÞ ¼ minfAðyÞ _ ð�1	 Rðx; yÞÞ : y 2 Ug
¼ minfAðyÞ _ ð1	 Rðx; yÞÞ : y 2 Ug;

RðAÞðxÞ ¼ maxfAðyÞ ^ Rðx; yÞ : y 2 Ug:
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This is the rough approximation of the ordinary fuzzy set in the ordinary fuzzy information system.
(6) If A 2 F ðUÞ;R 2 U � U , i.e., A is the ordinary fuzzy set of U, R is the classical equivalence relation of U.

Then for any x 2 U
RðAÞðxÞ ¼ minfAðyÞ _ ð�1	 Rðx; yÞÞ : y 2 Ug
¼ minfAðyÞ _ ð1	 Rðx; yÞÞ : y 2 Ug
¼ minfAðyÞ : ðx; yÞ 2 Rg
¼ minfAðyÞ : y 2 ½x�Rg;

RðAÞðxÞ ¼ maxfAðyÞ ^ Rðx; yÞ : y 2 Ug
¼ maxfAðyÞ : ðx; yÞ 2 Rg
¼ maxfAðyÞ : y 2 ½x�Rg:
This is the classical rough fuzzy sets model.
(7) If A � U ;R 2 F ðU � UÞ, i.e., A is the crisp set of U, R is the ordinary fuzzy relation of U. Then for any

x 2 U
RðAÞðxÞ ¼ minfAðyÞ _ ð�1	 Rðx; yÞÞ : y 2 Ug
¼ minfAðyÞ _ ð1	 Rðx; yÞÞ : y 2 Ug
¼ min

y 62A
ð1	 Rðx; yÞÞ;

RðAÞðxÞ ¼ maxfAðyÞ ^ Rðx; yÞ : y 2 Ug
¼ max

y2A
Rðx; yÞ:
This is the rough approximation of any crisp set in the classical information system.
(8) If A � U ;R � U � U , i.e., A is the crisp set of U, R is the classical equivalence relation of U. For any

x 2 U ,
RðAÞðxÞ ¼ 1() 8y 2 U ; then there is AðyÞ _ ð�1	 Rðx; yÞÞ ¼ AðyÞ _ ð1	 Rðx; yÞÞ ¼ 1

() 8y 2 U ; y 62 A implicates the ðx; yÞ 62 R

() 8y 62 A implicates the y 62 ½x�R
() ½x�R � A;

RðAÞðxÞ ¼ 1() 9y 2 U ; So AðyÞ ¼ 1 and Rðx; yÞ ¼ 1 is holding:

() A \ ½x�R 6¼ ;:
This is the classical Pawlak rough set model.
(9) If A 2 F ðiÞðUÞ;R � P ðU � UÞ, i.e., A is the interval-valued fuzzy relation of U, R is the general relation of

U. That is, Rðx; yÞ ¼ RsðxÞ ¼ fy 2 U : ðx; yÞ 2 Rg. Then for any y 2 U . If y 2 RsðxÞ, then Rðx; yÞ ¼ 1.
Therefore, for any x 2 U
RðAÞðxÞ ¼ minfAðyÞ _ ð�1	 Rðx; yÞÞ : y 2 RsðxÞg
¼ minfAðyÞ _ ð�1	 1Þ : y 2 RsðxÞg

¼
^
y2U

ðA	ðyÞ _ ð1	 1ÞÞ;
^
y2U

ðAþðyÞ _ ð1	 1ÞÞ
" #

¼
^
y2U

½A	ðyÞ;AþðyÞ� ¼ ½^y2U A	ðyÞ;^y2U AþðyÞ�

¼ ½minfA	ðyÞ : y 2 RsðxÞg;minfAþðyÞ : y 2 RsðxÞg� ¼ aprðAÞðxÞ
RðAÞðxÞ ¼ maxfAðyÞ ^ Rðx; yÞ : y 2 Ug

¼ maxfAðyÞ ^ Rðx; yÞ : y 2 RsðxÞg
¼ maxfAðyÞ ^ �1 : y 2 RsðxÞg
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¼
_
y2U

ðA	ðyÞ ^ 1Þ;
_
y2U

ðAþðyÞ ^ 1Þ
" #

¼
_
y2U

½A	ðyÞ;AþðyÞ� ¼ ½_y2U A	ðyÞ;_y2U AþðyÞ�

¼ ½maxfA	ðyÞ : y 2 RsðxÞg;maxfAþðyÞ : y 2 RsðxÞg� ¼ aprðAÞðxÞ:
This is the generalized interval-valued rough fuzzy set model.
(10) If A 2 F ðUÞ;R � P ðU � UÞ, i.e., A is the interval-valued fuzzy set of U, R is the general relation of U.

That is Rðx; yÞ ¼ RsðxÞ ¼ fy 2 U : ðx; yÞ 2 Rg. Then for 8y 2 U . If y 2 RsðxÞ, then Rðx; yÞ ¼ 1, too. There-
fore, for any x 2 U
RðAÞðxÞ ¼ minfAðyÞ _ ð�1	 Rðx; yÞÞ : y 2 Ug
¼ minfAðyÞ _ ð1	 1Þ : y 2 Ug
¼ minfAðyÞ : ðx; yÞ 2 Rg
¼ minfAðyÞ : y 2 RsðxÞg ¼ aprðAÞðxÞ;

RðAÞðxÞ ¼ maxfAðyÞ ^ Rðx; yÞ : y 2 Ug
¼ maxfAðyÞ : ðx; yÞ 2 Rg
¼ maxfAðyÞ : y 2 RsðxÞg ¼ aprðAÞðxÞ:
This is the rough set model based on the general relation.
(11) If A 2 PðU � UÞ;R � PðU � UÞ, i.e., A is the crisp set of U, R is the general relation of U. That is,

Rðx; yÞ ¼ RsðxÞ ¼ fy 2 U : ðx; yÞ 2 Rg, then for any y 2 U . If y 2 RsðxÞ, then Rðx; yÞ ¼ 1. Therefore, for
any x 2 U ,
RðAÞðxÞ ¼ 1() 8y 2 U ; we have AðyÞ _ ð�1	 Rðx; yÞÞ ¼ AðyÞ _ ð1	 Rðx; yÞÞ ¼ 1

() 8y 2 U ; y 62 A implicates ðx; yÞ 62 R

() 8y 62 A implicates y 62 RsðxÞ
() RsðxÞ � A

() fx 2 U : RsðxÞ � Ag ¼ aprðAÞðxÞ:
And for RðAÞðxÞ ¼ 1() 9y 2 U such that AðyÞ ¼ 1, and Rðx; yÞ ¼ 1,
() A \ RsðxÞ 6¼ ;; 8x 2 U :

() fx 2 U : A \ RsðxÞ 6¼ ;; 8x 2 Ug ¼ aprAðxÞ:
This is the classical Pawlak rough set model based on the general relation.In terms of the above discussion, we
know that there are all of the new rough set models except the models (5), (6) and (8). Consequently, it is the
most extension rough set models that defined in Section 3.
5. The knowledge reduction of the interval-valued fuzzy information system

In general, one of the central problems of the rough set theory is classification analysis. The whole approach
is inspired by the notion of inadequacy of available information to perform complete classification of objects
belonging to a specified category. One fundamental aspect of the rough set theory involves the search for some
particular subset of condition attributes. By one such subset the information for classification purpose pro-
vided is the same as the condition attribute set. Such subsets are called reductions. To acquire a brief decision
rule from consistent or inconsistent systems, knowledge reduction is needed.

In this section, we will deal with approaches to knowledge reduction based on the interval-valued fuzzy
rough set models of the interval-valued fuzzy information system.



B. Sun et al. / Information Sciences 178 (2008) 2794–2815 2809
5.1. The interval-valued fuzzy reduction of the classical information system

Let ðU ;A; F Þ be an information or database system. Here U is the set of objects, i.e., U ¼ fx1; x2; . . . ; xng.
Every element xiði 6 nÞ in U is called an object, and A is the attribute set, i.e., A ¼ fa1; a2; . . . ; amg. Every ele-
ment ajðj 6 mÞ in A is an attribute, F is the relation set of U and A, i.e., F ¼ ffj : j 6 mg,
(fj : U ! V j; ðj 6 mÞ,) and V j is the domain of the attribute aj.

Definition 5.1. Let ðU ;A; F Þ be a classical information system, for any subset BðB � AÞ. B is called the
interval-valued fuzzy reduction of the classical information system ðU ;A; F Þ, if B is the minimum set in the
inclusion set which satisfies the following relations:
RAðX ÞðxÞ ¼ RBðX ÞðxÞ; RAðX ÞðxÞ ¼ RBðX ÞðxÞ

for any X 2 F ðiÞðUÞ 8x 2 U , where RAðX ÞðxÞ, RBðX ÞðxÞ, RAðX ÞðxÞ, RBðX ÞðxÞ are defined as the interval-valued
rough fuzzy sets.

B is called the interval-valued fuzzy lower approximation reduction of the classical information system
ðU ;A; F Þ if B is the minimum set that satisfies the following relations:
RAðX ÞðxÞ ¼ RBðX ÞðxÞ

for any X 2 F ðiÞðUÞ; x 2 U .

B is called the interval-valued fuzzy upper approximation reduction of the classical information system
ðU ;A; F Þ if B is the minimum set that satisfies the following relations:
RAðX ÞðxÞ ¼ RBðX ÞðxÞ

for any X 2 F ðiÞðUÞ; x 2 U .

Obviously, the interval-valued fuzzy reduction is both the interval-valued fuzzy lower approximation reduc-
tion and the interval-valued fuzzy upper approximation reduction.

Remark 5.1. If X is the ordinary fuzzy set of the universe U, i.e., X 2 F ðUÞ, then the set B which satisfied the
conditions of Definition 5.1 is the fuzzy reduction of the classical information systems ðU ;A; F Þ.

Remark 5.2. If X is the crisp set of U, i.e., X 2 PðUÞ, then the set B which satisfied the conditions of Definition
5.1 is the reduction of the classical information system ðU ;A; F Þ [22].

Definition 5.2. Let ðU ;A; F Þ be a classical information system. Then the interval-valued fuzzy reduction exists.
5.2. The knowledge reduction of the interval-valued fuzzy information system

We call ðU ;A; F ;D;GÞ an information system or decision table, where ðU ;A; F Þ is the classical information
system, A is the condition attribute set and D the decision attribute set, i.e., D ¼ fd1; d2; . . . ; dpg. G is the rela-
tion set of the U and D, G ¼ fgj : j 6 pg (where gj : U ! V 0j; ðj 6 pÞ), V 0j is the domain of the decision attri-
bute dj.

Let ðU ;A; F ;D;GÞ be the information system. If RA � RD, i.e., U=RA 6 U=RD, (or 8x 2 U , for any ½x�A,
there exists ½x�D such that the ½x�A � ½x�D,) then the information system is called a consistent information sys-
tems, or called an inconsistent information system.

In this paper, we only consider consistent information systems.
ðU ;A; F ; eD;GÞ is called an interval-valued fuzzy information system, where ðU ;A; F Þ is the classical infor-

mation system, eD ¼ feDk : k ¼ 1; 2; . . . ; ng,eDk is the interval-valued fuzzy sets of U, and G the relation set of U

and eD.

Definition 5.3. Let ðU ;A; F ; eDÞ be the interval-valued fuzzy information system, for any B � A, if the
following relations hold:
RBðeDiÞðxÞ > RBðeDjÞðxÞ () RAðeDiÞðxÞ > RAðeDjÞðxÞ ði 6¼ jÞ:
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B is called the consistent set of A. If B is the minimum consistent set of A in the inclusion set, then B is called
the reduction of the interval-valued fuzzy information system ðU ;A; F ; eDÞ.

In the following section, we present the knowledge reduction of the interval-valued fuzzy information sys-
tem by introducing the discernibility matrix.

Let ðU ;A; F ; eDÞ be the interval-valued fuzzy information system, RA be the equivalence classes which
induced by the condition attribute set A, and the universe is divided by RA as following:
U=RA ¼ fX 1;X 2; . . . ;X kg, denoted as
Table
A inte

U

x1

x2

x3

x4

x5

x6

x7

x8

x9

x10
RAðeDÞðX iÞ ¼ ðRAðeD1ÞðX iÞ;RAðeD2ÞðX iÞ; . . . ;RAðeDrÞðX iÞÞ: ð�Þ
Definition 5.4. Let ðU ;A; F ; eDÞ be interval-valued fuzzy information system.
Dij ¼
fak 2 A : flðX iÞ 6¼ flðX jÞg; gX i

ðeDkÞ 6¼ gX j
ðeDkÞ;

A; gX i
ðeDkÞ ¼ gX j

ðeDkÞ;

(

is called the discernibility matrix of ðU ;A; F ; eDÞ (where gX i

ðeDkÞ denotes the maximum value of RAðeDÞðX iÞ at
the line of k, i.e., the rows i and j of Eq. (�)).

Theorem 5.1. Let ðU ;A; F ; eDÞ be the interval-valued fuzzy information system. If there exists a subset B � A

such that B \ Dij 6¼ ;ði; j 6 kÞ, then B is the consistent set of A.

Proof. If gX i
ðeDkÞ 6¼ gX j

ðeDkÞ, then B \ Dij 6¼ ; ði; j 6 kÞ. Therefore, there is al 2 B, such that flðX iÞ 6¼ flðX jÞ.
i.e., X i \ X j ¼ ;. That is, eDki and eDkj can be discerned by B (where ki and kj denote the value of the inter-
val-valued fuzzy set eDk at the classes of i and j). h

Example 5.1. Table 5.1 gives an interval-valued fuzzy information system, where the universe is
U ¼ fx1; x2; . . . ; x10g, the condition attribute set is A ¼ fa1; a2; a3g, and the decision attribute set iseD ¼ feD1; eD2; eD3g, where eDi 2 F ðiÞðUÞ, ði ¼ 1; 2; 3Þ.

Obviously, the universe U can be divided into five basic classes according to the conditional attribute set
A ¼ fa1; a2; a3g (Table 5.2).
U=RA ¼ fX 1;X 2;X 3;X 4;X 5g ¼ ffx1; x3; x9g; fx2; x7; x10g; fx4g; fx5; x8g; fx6gg:

Let B ¼ fa1; a2g, then we can obtain the approximation value given in Table 5.3.
It is clear that B satisfies the Definition 5.2, i.e., B is the consistent set of A. Moreover, it can easily be tested

that B is a minimum consistent set. Therefore, B is the reduction.
Table 5.4 gives the discernibility matrix of the Example 5.1 in terms of the Definition 5.4.
5.1
rval-valued fuzzy information system

a1 a2 a3
eD1

eD2
eD3

2 1 3 [0.7,0.9] [0.15,0.2] [0.4,0.5]
3 2 1 [0.3,0.5] [0.5,0.7] [0.35,0.4]
2 1 3 [0.7,0.8] [0.3,0.4] [0.1,0.2]
2 2 3 [0.15,0.2] [0.5,0.8] [0.2,0.3]
1 1 4 [0.05,0.1] [0.2,0.3] [0.65,0.9]
1 1 2 [0.1,0.2] [0.35,0.5] [1.0,1.0]
3 2 1 [0.25,0.4] [1.0,1.0] [0.3,0.4]
1 1 4 [0.1,0.2] [0.25,0.4] [0.5,0.6]
2 1 3 [0.45,0.6] [0.25,0.3] [0.2,0.3]
3 2 1 [0.05,0.1] [0.8,0.9] [0.05,0.2]



Table 5.2
The approximation of the interval-valued fuzzy objection

U=RA RAðeD1Þ RAðeD2Þ RAðeD3Þ
X 1 [0.45,0.6] [0.15,0.2] [0.1,0.2]
X 2 [0.05,0.1] [0.5,0.7] [0.05,0.2]
X 3 [0.15,0.2] [0.5,0.8] [0.2,0.3]
X 4 [0.05,0.1] [0.2,0.3] [0.65,0.9]
X 5 [0.1,0.2] [0.35,0.5] [1.00,1.00]

Table 5.3
The approximation of the interval-valued fuzzy objection

U=RA RAðeD1Þ RAðeD2Þ RAðeD3Þ
X 1 [0.45,0.6] [0.15,0.2] [0.1,0.2]
X 2 [0.05,0.1] [0.5,0.7] [0.05,0.2]
X 3 [0.15,0.2] [0.5,0.8] [0.2,0.3]
X 4 [ X 5 [0.05,0.1] [0.2,0.3] [0.65,0.9]

Table 5.4
The discernibility matrix of the interval-valued fuzzy objection

U=RA X 1 X 2 X 3 X 4 X 5

X 1 A

X 2 A A

X 3 fa2g A A

X 4 fa1; a2g A A A

X 5 fa1; a3g A A A A
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From the above table and Theorem 5.1, we know that both B ¼ fa2; a3g and B ¼ fa1; a2g are consistent
sets, and they are the reduction.

Definition 5.5. Let ðU ;A; F ; eDÞ be interval-valued fuzzy information system. Denoted as
LBðxÞ ¼ ðRBðeD1ÞðxÞ;RBðeD2ÞðxÞ; . . . ;RBðeDrÞðxÞÞ;
LBðxÞ ¼ ðRBðeD1ÞðxÞ;RBðeD2ÞðxÞ; . . . ;RBðeDrÞðxÞÞ;
LðmÞB ðxÞ ¼ feDj : RBðeDjÞðxÞ ¼ max

k6r
RBðeDkÞðxÞg;

¼ feDj : RBðeDjÞðxÞ ¼ ½max
k6r

R	B ðeDkÞðxÞ;max
k6r

RþB ðeDkÞðxÞ�g;

LðþÞB ðxÞ ¼ feDj : RBðeDjÞðxÞ > �0g:
If LBðxÞ ¼ LAðxÞ or LBðxÞ ¼ LAðxÞ, for any x 2 U , then B call the lower(or upper) approximation consistent
set of A.

If LðmÞB ðxÞ ¼ LðmÞA ðxÞ; 8x 2 U , then B is called the maximum lower approximation consistent set of A.

If LðþÞB ðxÞ ¼ LðþÞA ðxÞ, for any x 2 U , then B is called the non-negative upper approximation consistent set of
A.

If B � A is the lower approximation consistent set of A, and any subset of B are not the lower
approximation consistent sets of A, then B is called the lower approximation reduction of A.

It is similar to define the upper approximation reduction, the maximum lower approximation reduction and
the non-negative upper approximation reduction.

Theorem 5.2 (The knowledge reduction theorem of the interval-valued fuzzy information system I). Let

ðU ;A; F ; eDÞ be the interval-valued fuzzy information system. For 8x; y 2 U ,
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(1) B is the lower approximation consistent set of A iff LAðxÞ 6¼ LAðyÞ, and ½x�B \ ½y�B ¼ ;;
(2) B is the upper approximation consistent set of A iff LAðxÞ 6¼ LAðyÞ, and ½x�B \ ½y�B ¼ ;;
(3) B is the maximum lower approximation consistent set of A iff LðmÞA ðxÞ 6¼ LðmÞA ðyÞ, and ½x�B \ ½y�B ¼ ;;
(4) B is the non-negative upper approximation consistent set of A iff LðþÞA ðxÞ 6¼ LðþÞA ðyÞ, and ½x�B \ ½y�B ¼ ;.

Proof. (1) Since B is the lower approximation consistent set of A, i.e., LBðxÞ ¼ LAðxÞ, for any x 2 U , j 6 r, we
have RBðeDjÞðxÞ ¼ RAðeDjÞðxÞ; 8x 2 U . Then ½x�B ¼ ½y�B is satisfied while ½x�B \ ½y�B 6¼ ;. Therefore, we obtain
that RBðeDjÞðxÞ ¼ RBðeDjÞðyÞ for any j 6 r according to the definition of the lower approximation.

Since B is the lower approximation consistent set of A for any j 6 r, we have RBðeDjÞðxÞ ¼ RAðeDjÞðxÞ and
RBðeDjÞðyÞ ¼ RAðeDjÞðyÞ. Therefore, RAðeDjÞðxÞ ¼ RAðeDjÞðyÞ, 8j 6 r, i.e., LAðxÞ ¼ LAðyÞ. Then, there must be
½x�B \ ½y�B ¼ ; hold for LAðxÞ 6¼ LAðyÞ.

Conversely, if LAðxÞ 6¼ LAðyÞ, so is the ½x�B \ ½y�B ¼ ;. If ½x�B \ ½y�B 6¼ ;, then LAðxÞ ¼ LAðyÞ. Since
RAð½x�BÞ ¼ f½z�A : ½z�A � ½x�Bg forms a partition of ½x�B, then there is ½x�B ¼

S
f½z�A : z 2 ½x�Bg ¼

S
f½z�A :

½z�A 2 RAð½x�BÞg. Meanwhile, for y 2 ½x�B, there is ½x�B ¼ ½y�B. Therefore, LAðxÞ ¼ LAðyÞ, i.e.,
RBðeDjÞðxÞ ¼ min
y2½x�B

eDjðyÞ

¼ ½min
y2½x�B

eD	j ðyÞ;min
y2½x�B

eDþj ðyÞ�
¼ minf½eD	j ðyÞ; eDþj ðyÞ� : y 2 ½z�A; ½z�A 2 RAð½x�BÞg
¼ min
½z�A2RAð½x�BÞ

½min
y2½z�A

eD	j ðyÞ; min
y2½z�A

eDþj ðyÞ�
¼ min
½z�A2RAð½x�BÞ

½R	AðeDjÞðzÞ;RþAðeDjÞðzÞ� ¼ RAðeDjÞðxÞ:
This proves that B is the lower approximation consistent set of A.
That (2)–(4) can be proved in a similar way. h

Definition 5.6. Let ðU ;A; F ; eDÞ be the interval-valued fuzzy information system. Denoted as
Dðx; yÞ ¼
fal 2 A : flðxÞ 6¼ flðyÞg; LAðxÞ 6¼ LAðyÞ;
A; LAðxÞ ¼ LAðyÞ;

�
Dðx; yÞ ¼ fal 2 A : flðxÞ 6¼ flðyÞg; LAðxÞ 6¼ LAðyÞ;

A; LAðxÞ ¼ LAðyÞ;

(

DðmÞðx; yÞ ¼ fal 2 A : flðxÞ 6¼ flðyÞg; LðmÞA ðxÞ 6¼ LðmÞA ðyÞ;
A; LðmÞA ðxÞ ¼ LðmÞA ðyÞ;

(

DðþÞðx; yÞ ¼ fal 2 A : flðxÞ 6¼ flðyÞg; LðþÞA ðxÞ 6¼ LðþÞA ðyÞ;
A; LðþÞA ðxÞ ¼ LðþÞA ðyÞ;

(

Dðx; yÞ;Dðx; yÞ;DðmÞðx; yÞ;DðþÞðx; yÞ are called the lower approximation, maximum lower approximation and
non-negative upper approximation attribute set of discernibility of the objects x and y in the interval-valued
fuzzy information system ðU ;A; F ; eDÞ.
Theorem 5.3 (The knowledge reduction theorem of the interval-valued fuzzy information system II). Let

ðU ;A; F ; eDÞ be the interval-valued fuzzy information system. For any B � A, then

(1) B is the lower approximation consistent set of A iff B \ Dðx; yÞ 6¼ ;;
(2) B is the upper approximation consistent set of A iff B \ Dðx; yÞ 6¼ ;;
(3) B is the maximum lower approximation consistent set of A iff B \ DðmÞðx; yÞ 6¼ ;;
(4) B is the non-negative upper approximation consistent set of A iff B \ DðþÞðx; yÞ 6¼ ;.
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Proof. (1) Let B be the lower approximation consistent set of A for any x; y 2 U , x 2 ½y�A or y 2 ½x�A. Then x

and y are indiscernible, and B \ Dðx; yÞ 6¼ ; ( Since Dðx; yÞ ¼ A). Then ½x�A; ½y�A 2 U=RA, and ½x�A \ ½y�A ¼ ;.
According to the definition of LAðxÞ and LAðyÞ, there is LAðxÞ 6¼ LAðyÞ. Therefore, we have ½x�B \ ½y�B ¼ ;. So,
there exists ak 2 B such that fkðxÞ 6¼ fkðyÞ. Then ak 2 Dðx; yÞ, and B \ Dðx; yÞ 6¼ ;.

Conversely, for any x; y 2 U ;B \ Dðx; yÞ 6¼ ;, there is al 2 B and al 2 Dðx; yÞ. Then, flðxÞ 6¼ flðyÞ, so
½x�B \ ½y�B ¼ ;, and B � A. Obviously, there is ½x�A � ½x�B and ½y�A � ½y�B hold. Therefore, according to the
arbitrary of x; y, we have ½x�A ¼ ½x�B; ½y�A ¼ ½y�B.

This prove U=RA ¼ U=RB, i.e.,LAðxÞ 6¼ LBðxÞ. That is, B is the lower approximation consistent set of A.
That (2)–(4) can be proved in a similar way. h

Corollary 5.1. Let ðU ;A; F ; eDÞ be the interval-valued fuzzy information system. For any B � A, the lower

approximation consistent set must be the maximum lower approximation consistent set of A; the upper approx-

imation consistent set must be the non-negative upper approximation consistent set of A.

Let ½ai; bi� 2 ½I �; 8ai; bi 2 ½0:1�, we convention the following facts:
mð½ai; bi�Þ ¼ bi 	 ai 2 ½0; 1�;

where mð½ai; bi�Þ denote the measure of the interval ½ai; bi�.

In particular, if ½ai; bi� is the interval of the real line, then mð½ai; bi�Þ is the length of the interval.

Definition 5.7. We call D the degree of the inclusion on the ðF ðiÞ�0
ðUÞ;�Þ (where F ðiÞ�0

ðUÞ be the �0 level set of U).
That is, for any A1;A2 2 F ðiÞ�0

ðUÞ, there exists a real number DðA2=A1Þ, and it satisfies the following conditions:

(1) 0 6 DðA2=A1Þ 6 1,
(2) A1 � A2 ) DðA2=A1Þ ¼ 1,
(3) A1 � A2 � A3 ) DðA1=A3Þ 6 DðA1=A2Þ.

Definition 5.8. Let ðU ;A; F ; eDÞ be the interval-valued fuzzy information system. For any B � A, Let
DðA2=A1Þ ¼
P

x2U jA1ðxÞ ^ A2ðxÞjP
x2U jA1ðxÞj

8A1;A2 2 F ðiÞ�0
ðUÞ:
Denoted as M ðxÞ ¼ ðDðeD =½x� Þ;DðeD =½x� Þ; . . . ;DðeD =½x� Þ; Þ, where D 2 F ðiÞðUÞ.
B 1 B 2 B r B i �0
Then MBðxÞ is called the distribution function of the decision of the object x about the condition B in

interval-valued fuzzy information system ðU ;A; F ; eDÞ.
In general, for the interval-valued fuzzy information system ðU ;A; F ; eDÞ, for any B � A and x 2 U , if

MBðxÞ ¼ MAðxÞ, then B is called the distribution consistent set of the information systems. If B is the distri-
bution consistent set, and any subset of B is not the distribution consistent set, then we call B the distribution
reduction of A.

Denoted as
Dðx; yÞ ¼
fal 2 A : flðxÞ 6¼ flðyÞg; MAðxÞ 6¼ MAðyÞ;
A; MAðxÞ ¼ MAðyÞ:

�

In view of the above definition, the following facts are clear.

Theorem 5.4. Let ðU ;A; F ; eDÞ be the interval-valued fuzzy information system. For any B � A, then B is the

distribution consistent set iff for any x; y 2 U , MAðxÞ 6¼ MAðyÞ, and ½x�B \ ½y�B ¼ ;.

Theorem 5.5. Let ðU ;A; F ; eDÞ be the interval-valued fuzzy information system. For any B � A, then B is the

distribution consistent set iff B \ Dðx; yÞ 6¼ ;ð8x; y 2 UÞ.

The proof are similar to Theorems 5.3 and 5.4.
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Using Example 5.1, one can discover the corresponding reduction that is defined in Definitions 5.4, 5.5 and
5.6. The conclusions of Theorems 5.4, 5.5 and Theorem 5.6, can also be tested.

6. Conclusions

In this paper, we define an interval-valued fuzzy relation in the universe U, and the interval-valued fuzzy
information system is built. Then we give a rough approximation of every interval-valued fuzzy set in the
interval-valued fuzzy information system and discuss the relationship of the model defined in this paper
and the other rough set models. Finally, the knowledge reduction of the interval-valued fuzzy information sys-
tem is investigated and some knowledge reduction theorems are also presented.

Throughout the paper, we only discuss the consistent and complete interval-valued fuzzy information sys-
tems in the finite universe. In fact, the inconsistent and incomplete interval-valued fuzzy information systems
are more important in practice. Since inconsistent and incomplete interval-valued fuzzy information system
are more complicated than consistent and complete information systems, further research of the knowledge
reduction in inconsistent and incomplete interval-valued fuzzy information system is needed. In further
research, we will develop proposed approaches to those various interval-valued information system.
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