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a collection of decision rules, which was called decision algorithm by Pawlak. These algorithms
are analyzed by the notion of efficiency, which evaluates their quality of classification. This paper
presents two different approaches for defining the notion of efficiency in the fuzzy framework.
The first approach is a direct generalization to the classical case, while the second one is focused
on obtaining a bounded efficiency preserving the philosophy of the classical framework. Both
approaches are illustrated by means of different properties and examples.

1. Introduction

Rough set theory (RST) [18,19] is a mathematical tool to obtain information from imprecise, incomplete and/or inconsistent
databases. This last feature is one of the most difficult problems in classification tasks [5,15,17,22]. RST considers different research
lines for handling it, such as, decision rules [4,24] for modeling the datasets, feature selection [12,13,25] for detecting the most
relevant attributes, reducts [7,14] for also removing unnecessary information, and bireducts [1-3,23] for computing consistent subsets
of the given databases, for instance.

Pawlak used decision rules in [18] to represent database information through the notion of decision algorithm. A decision algo-
rithm is a set of non-zero supported and independent decision rules representing the objects and the consistency of the considered
database. However, this notion has not received all the attention it deserves. Maybe, this is because of, in the classical case, an
algorithm is straightforwardly obtained from a database considering a decision rule for each singular object in the database. This
decision algorithm has mainly been, by default, the representative rule set of the database taken into account in the literature. Pawlak
also introduced in [18] the definition of a parameter associated with the decision algorithm in order to represent its classifying role,
which was called efficiency of the decision algorithm. This notion has not been taken much into account in subsequent works, mainly
because the notion of decision algorithm was not used either, and they are completely related.

Nevertheless, these notions are very necessary when imperfect data is present in the dataset. For handling this kind of data, a
fuzzy approach of rough set theory was presented in [10,16], and the fuzzy notions of support, independence, representativeness of
the objects, maintenance of consistency and decision algorithm were introduced and studied in [6,9]. Now, the notion of efficiency
of a decision algorithm must be extended to the fuzzy setting. In this paper, the natural extension of the original definition will be
introduced. Moreover, a new normalized variant will be presented, that is, this new definition of efficiency will be bounded by 0 and 1.
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For this purpose, a new definition of strength for decision rules has been introduced in the fuzzy rough set theory framework, which
gives more relevance to the most representative rules of the algorithm. The consideration of a normalized efficiency is fundamental
in order to compare decision algorithms from different datasets and detect the classificatory nature of each one.

The structure of the paper is supported by the following sections. Section 2 recalls several preliminary notions concerning to
decision rules and decision algorithms in fuzzy rough set theory. Section 3 introduces two different approaches to study the efficiency
of decision algorithms in the fuzzy framework. Finally, Section 4 presents some conclusions and prospects for future work.

2. Decision algorithms in fuzzy rough set theory

A classical complete decision algorithm is a set of independent and admissible decision rules whose antecedents and consequents
cover the set of objects and that preserve the consistency of the decision table [20,21]. This notion was extended to the fuzzy
framework in [9], where a detailed study about decision rules and their relevance indicators was carried out. This section is devoted
to recalling the most important notions concerning complete decision algorithms in fuzzy rough set theory.

Definition 1 ([9]). Let U and A be non-empty sets of objects and attributes, respectively. A decision table is a tuple S =
(U,Ad,VAd,.Ad) such that 4A; = AU {d} with d ¢ A, VA(I ={V,|ae€ A;}, where V, is the set of values associated with the

attribute a over U, and A, = {@|a € Ay,a: U — V,)}. In this case, the attributes of .A are called condition attributes and d is called
decision attribute.

Decision tables allow us to represent databases in fuzzy rough set theory, and from them, it is possible to define different relations
useful to compare either a pair of objects according to an attribute, or pairs of objects by using a subset of attributes instead of a
unique attribute.

Definition 2 ([10]). Let S = (U,Ad,vAd,A_d) be a decision table and B C A.

* An a-indiscernibility relation is a mapping R, : U XU — [0, 1], with a € A, which is a fuzzy tolerance relation, that is, a reflexive
and symmetrical fuzzy relation.
* A B-indiscernibility relation is a mapping Ry : U X U — [0, 1] defined, for each pair of objects x,y € U, as:

Rp(x.») = @R}’ (a))..... RS (a,)

where A ={a,,...,q,} and R;‘y . A —[0,1] is defined as follows, for each a € A:

R¥(a) = R,(x,y) ifaeB
B 1 otherwise

and @ : [0,1]" — [0, 1] is an aggregation operator, that is, an increasing operator on each argument satisfying @(1,...,1) =1
and @(0,...,0)=0.

* A separable fuzzy tolerance relation is a mapping T, : V, x V, — [0, 1], with a € A, which is a fuzzy tolerance relation satisfying
the next property:

IfT,(v,w)=1, thenv=w

Taking into account that all tolerance relations are reflexive, it is easy to conclude that all separable tolerance relations T, satisfy
that T, (v, w) =1 if and only if v = w.

Decision rules offer a logic representation of decision tables which makes easier their interpretation. A formal language is in-
dispensable to describe the information contained in decision tables in logical terms, allowing us to compute how much an object
satisfies a formula. These notions are formally introduced below.

Definition 3 ([9]). Let S = (U, Ad,VAd,A_d) be a decision table, BC A,;,CC Aand T =(T,: V,xV,—[0,1]]|a € A,;} be a family
of separable fuzzy tolerance relations.

+ The set of formulas associated with B, denoted as For(B), is built from attribute-value pairs (a,v), where a € B and v € V,, by
means of the conjunction and disjunction logical connectives, A and V, respectively.
+ The mapping || - ||§ . For(B) — [0, 1]U defined, for each x € U and ® = (a,v), witha€ Band v €V, as:

®1I%(x) =T, (a(x),v)

is the degree of satisfiability to the formula ® of the object x, through the relationships between the values of the attributes in the
object x and the values of the attributes in the formula ®.

« For every ®,%¥ € For(B), the degree of satisfiability to the conjunction and disjunction of formulas are defined, for each x € U, as
follows:
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[ AWIE(x) =min{[| @] %), P75 (x)}
@ v I (x) = max{[|@| % (x), [P (x)}

* A decision rule in S is an expression ® — ¥, where ® € For(C) is the antecedent of the decision rule and ¥ € For({d}) is the
consequent of the decision rule.

* An object x € U fully supports the decision rule ® — ¥ if||® A ‘P||§(x) = 1. In this way, we can say that the object x induces the
decision rule ® — V.

Different fuzzy relevance indicators, useful to give a description of decision rules, were presented in [9]. Specifically, this paper
focuses on the T-support and the T-strength in order to draw the representativeness of decision rules in the decision table. Before
presenting these fuzzy relevance indicators, we need to recall the notion of cardinal of a fuzzy set [11].

Definition 4 ([11]). Given a universe V, the cardinal of a fuzzy subset g : V' — [0, 1] is defined as:

cardp(g) = ) g(x)

xev

Definition 5 ([9]). Let S = (U,Ad,VAd,A_d) be a decision table, ® — ¥ be a decisionrulein S and T =({T,: V,xV, - [0,1]|ae
A, } be a family of separable fuzzy tolerance relations. We call:

+ T-support of the decision rule ® — ¥ to the value:

supp(®,'¥) = card p(||® A PI)
« T-strength of the decision rule ® — ¥ to the value:
supp’y(®, W)
card(U)

where card(-) denotes the cardinal of a classical set.

oL(@,¥) =

It is important to take into account that the T-support and the T-strength generalize the support and strength of the classical
framework [9]. Next, we include the definition of a separable tolerance relation capable of comparing antecedents and consequents
of decision rules. The former will be the conjunction of attribute-value pairs, whereas the latter will be an attribute-value pair, because
only one decision attribute is considered in Definition 1.

Definition 6 ([9]). Given a decision table S = (U, A4, V4, ,Ay), a family of separable fuzzy tolerance relations T = {T, : V, x V, —
[0,1]|a€ Ay} and @, ®’ € For(Ay), such that

©=(a;,v))A...Aa,v,) and @ =(d},w)A...A(d,.w,)
we define the F-indiscernibility relation as a separable fuzzy tolerance relation Rp; : For(A,) X For(A,) — [0,1] given by
N T, (,w) ifn=manda;=a]foralie(l,.., n}

Rpy(®,@") =< ie(l...n)
0 otherwise

Given a € [0, 1], we define the Rpy-a-block, for each ® € For(A,), as follows:

[@], = {® € For(Ay) | @ < Rpg(®, ")}

If @' € [®],, then we will say that ® and @’ are Rpy-a-related.

The use of Rp4-a-blocks is fundamental to summarize those formulas that are considered similar. Clearly, the Rp4-a-blocks are
decreasing in a, and [®], = {®} if T is a Boolean family and @ > 0. Rg4-a-blocks also allow us to obtain a set of rules without
contradictions among them, that is, a consistent set of rules.

Definition 7 ([9]). Let S = (U, A,V A ,.A_[,) be a decision table, @ € (0, 1], Rpy : For(A,)X For(A,) — [0, 1] be a F-indiscernibility
relation and Dec(S) = {®;, - ¥, |i € {1,...,m}}, with m > 2,! be a set of decision rules in .S. The set of a-consistent decision rules is
defined as follows:

! In this paper, a minimum of two decision rules is considered in decision algorithms, as Pawlak stated [21], but notice that similar, albeit pointless, studies can be
carried out in the trivial classes of one algorithm with only one decision rule.
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Decf(S)={® — ¥ € Dec(S) | if for each @' — ¥’ € Dec(S) such that @' € [®@], then ¥’ € [¥],}

The set of a-consistent decision rules is important to extract the most reliable information contained in decision tables, since it
contains all the non-contradictory decision rules given the threshold a.

Another helpful notion to measure the consistency is the fuzzy positive region, which provides a degree of consistency of a given
object in the decision table, by using indiscernibility relations and a fuzzy implication. This notion plays an important role in decision
algorithms and it was framed in the multi-adjoint approach in [10]. For that reason, we need to fix the multi-adjoint property-oriented
frame [10,16] employed in this work.

Definition 8 ([16]). A multi-adjoint property-oriented frame is a tuple(Py, L,, L3, &, ..., &,) composed of a partially ordered set (P, <;
), two complete lattices (L,, <,) and (L3, <3), and adjoint triples (&;, /L N;) with respect to P;, L,, L3, for alli € {1,...,n}, that is,
the tuple (&;, /", \;) satisfies the following double equivalence, for each x € P, y € L,, z € L5:

x<z/y iff x&y=5z iff y=,zNx

The mapping &; is called adjoint conjunctor, /' is called left residuated fuzzy implication of & and \, is called right residuated fuzzy
implication of &.

Now, focusing on the multi-adjoint property-oriented frame ([0, 1],[0,1],[0,1], &, ..., &,), we present the notion of fuzzy positive
region when R, is a Boolean d-indiscernibility relation given in [10].

Definition 9 ([10]). Let S = (U, A,;,V, d,A_d) be a decision table, R; be a Boolean d-indiscernibility relation and the mapping
7: UxU - {1,...,n}. The multi-adjoint fuzzy A-positive region is defined, for each y € U, as:

POS! (y) =inf{ Ry (3. X) Nyry) Ra(x.0) [ x €U}

where N\ ;) is the right residuated fuzzy implication of &, ,, associated with the pair of objects x, y.

Once the previous notions have been presented, we are in a position to introduce the definition of decision algorithm in the fuzzy
rough set theory framework, which is a set of decision rules satisfying some requirements based on the previous fuzzy relevance
indicators.

Definition 10 ([9]). Let S = (U, A4,V 4. A,) be a decision table, a € (0,11, a;, a4 € [0, 1), a3 € (0, card(U)], T = (T, : V, XV, -
[0,1]|a € A,} be a family of separable fuzzy tolerance relations and Dec(S) = {®; = ¥, |i € {1,...,m}}, with m > 2, be a set of
decision rules in .S. We say that:

1. Dec(S) is a set of a;a,-pairwise mutually exclusive (independent) decision rules, if each pair of decision rules ® - ¥,®’ - ¥’ €
Dec(S) satisfies that ® = @’ or ||® A CI)’|| x) < al and ¥ =% or ||P A lI”||T(x) <a, forallxeU.

2. Dec(S) covers U, if card (|| \/(D %) = card (]| \/‘P %) = card(U).

3. The decision rule ® - ¥ € Dec(S) is o -admlsstble in S if az < suppS(CI), v).
4. Dec(S) preserves the a-consistency of S with a degree a, if the next inequality holds for each x € U:

Posio— \/  llelfeo|<a

Dd—WeDect(S)

The set of decision rules Dec(.S) satisfying the previous properties for the values a;,a,,a3,a, is called (a,a,, a3, a,),-decision
algorithm in S and it is denoted as DA (.S).

Furthermore, if for each x € U there exists ® - ¥ € DA;(S) such that ||® A ‘Pllg(x) =1, then DA (S) is called a complete
(a1, 0, a3, ay),-decision algorithm.

Notice that, a;, a, and a, cannot be 1, since the properties in which they are involved are always satisfied, and so they are
valueless. The interpretation of the role of the previous thresholds can be consulted in [9].

It is also important to notice that the order of the rules in the set DA;(.S) does not affect to any threshold. As a result, if a set of
rules is a (a;, a,, @3, @), -decision algorithm, then any reordering is also a («, &, a3, a4),-decision algorithm. Moreover, it is possible
to take appropriate values of each threshold «;, with i € {1,2,3,4}, so that a set of decision rules Dec(.S) where each rule is induced
by an object of the decision table S is a («;, a,, a3, a4),-decision algorithm, as it was shown in [9]. Finally, it is convenient to remark
that complete (@, a,, a3, a4),-decision algorithms of fuzzy rough set theory generalize complete decision algorithms of RST [9].

Decision rules belonging to classical complete decision algorithms satisfy interesting properties. In particular, the sum of the
support of all the decision rules of a classical complete decision algorithm coincides with the number of objects considered in the
decision table. This fact leads to that the sum of all the strengths is 1. This result is generalized to the fuzzy rough set theory framework
next.
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Lemma 11. Let S = (U, A,V Ad,A_d) be a decision table, R 4 and R, be Boolean separable tolerance relations for all a€ A, and T =
{T,: V,xV,—-{0,1} |a€ A,} be a family of Boolean separable tolerance relations. Given DAy (S) a complete (@, a,, a3, ay),-decision
algorithm we obtain that

Z supp’y(®, ¥) = card(U)
O-YEDAT(S)

Z ol (@, ¥) =1

D-YEDAL(S)

Proof. The proof holds because complete (ay, a,, a3, a,),-decision algorithms, T-support and T-strength extend their corresponding
classical definitions. []

3. Efficiency of (a;, a,, a3, ®,),-decision algorithms

This section studies the quality of the classification of the objects belonging to a decision table provided by a (a;,a,,a3,4),-
decision algorithm, by means of two alternative definitions of efficiency. The notion of efficiency was originally introduced in the
RST framework [21] to study classical complete decision algorithms, which is recalled below.

Definition 12 ([21]). Let $ = (U, A;,V4 d,A_d) be a decision table and DA(S) be a complete classical decision algorithm. We call
efficiency of DA(S) to the value:

n(DA(S)) = > Ne(DA(S))
{DeFor(A)|®d—>YeDA(S)}

where 774(DA(S)) = max{cg(®, V) | ® - ¥ € DA(S)} and 64(®,¥’) is the classical strength.

According to the previous definition, the efficiency of a given classical DA(S) is computed considering, for each antecedent, the
greatest values of the strength for the rules in DA(S) with such antecedent. Hence, the efficiency provides the proportion of objects
classified by means of the most representative rule for each antecedent. Consequently, by the definition of the strength, the classical
efficiency is bounded by 1. Furthermore, if all the antecedents of the rules in DA(S) are different, then the efficiency is equal to the
sum of the strengths of the rules, which is clearly 1 in the classical case.

3.1. e-efficiency of (ay, ay, a3, ay),-decision algorithms

This section is devoted to presenting the natural extension of the efficiency to the fuzzy setting taking into account that the
considered antecedents can be similar to others in (a;, a,, a3, a),-decision algorithms.

Definition 13. Let .S = (U, Ay, VAd,A_d) be a decision table and DA, (S) be a (a;, a,, @3, a,),-decision algorithm. Given ¢ € [0, 1],
we call e-efficiency of DA (S) to the number:

n“(DAr(8)) = > Np(DAT(S))
[DEFor(A)|O—YEDAT(S))

where 15, (DA7(S)) = rnax{og((l)’,‘l") |®" > ¥ € DA;(S),?' €[D],}.

Notice that, we have considered a threshold € in order to compare the antecedents of the rules present in the algorithm by means
of Rp4-£-blocks. In this way, if a higher threshold is chosen by the user, a more restrictive comparison between the antecedents is
carried out, so that the values present in the antecedents have to be more similar in order to consider both antecedents as Rp;-¢-
related. Therefore, the threshold will supply a great level of flexibility to the study depending on the preferences of the user, and it
will allow us to compare some e-efficiencies of the same decision algorithm by considering different thresholds. Next result presents
some properties obtained from Definition 13.

Proposition 14. Let S = (U,Ad,VAd,.A_d) be a decision table and DAy (S) = {®; = ¥; |i € {1,...,m}}, withm > 2, bea (&}, @y, a3, 2y),-
decision algorithm. The following properties hold:

1. The notion of e-efficiency generalizes the classical one, thatis if T ={T,: V,xV,— {0,1} |a€ A} is a family of Boolean separable
tolerance relations and € > 0, then: n°(DAr(S)) = n(DAr(S)).
2. The e-efficiency of DAy (S) is decreasing in €, that is, given €,,&, € [0, 1], if €| < &, then

n2(DA7(S)) < 71 (DAL(S))
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3. Ifmax{RFd(':Di,CDj) |i,j €{1,...,m},i #j} <E¢, then the e-efficiency of DAy(S) is given as:

n"(DAF(SH= Y og(®%P)
D—YEDAL(S)

4. Let @; > ‘Pj € DA (S) such that

o (@, V) =max{cg(D,¥) | ® - ¥ € DAL(S)}
Ife< min{ Rpq(P;, D) |ie{l,...,m}}, then the e-efficiency of DA7(S) is given as:

n*(DAL(S) =65(®,,'¥;) - card({® € For(A) | ® — ¥ € DA(S)})

Proof. First of all, we prove Item 1. Since the mappings T, are Booleans and separable, for all a € A,;, we obtain that ag(d), ¥) =
o5(D, V), for all ® - ¥ € DA, (S). Moreover, since € > 0, we have that [®], = {®]}, for all ® € For(A). As a consequence:
1 (DAT(S)) = max{ag(CD',‘I") |®' - ¥ € DAL(S), D €[®],} = max{ag(d), YY) | ®—Y € DA(S)}
=max{og(®,¥) | ® - ¥ € DA;(S)}
=ng(DA7(S))
for all ® € For(A), with ® - ¥ € DA (S). In conclusion,

n*(DA7(S)) =n(DAp(S))

Now, we focus on Item 2. Let £,,&, € [0, 1] such that £; <&, and ® - ¥ € DA;(S). Hence, [<I>]52 C [<I>]5] . As a result:

{@' =¥ € DAL(S) | @' €[®],,} C (D" » ¥ € DAL(S)| " €[@],,)

Therefore, by Definition 13, we deduce that:

nflf(DAT(S)) = max{ag(d)',‘l"') |®' > ¥ € DAL(S), D € (@], }
< max{a§(<l>”,‘l’”) |®" - ¥ € DA(S),®" € (D], }
=y (DAL(S))
Applying again Definition 13, we obtain that:
2 (DA7(S)) = > My (DA (S)) < D N (DA(S) = 11 (DAT(S))
(@ €For(A)|@" =¥ €D AL(S)) (@ €For(A)|@" ¥ €DAL(S))

In conclusion, the e-efficiency of a (a;, a5, a3, 4),-decision algorithm is decreasing in the threshold €.

For Item 3, since max{RFd(Cbi,d)j) |i,j€{l,...,m},i# j} <e, by Definition 6, we obtain that [®], = {®}, for each ® antecedent
of decision rules in DA (S). Therefore, all the antecedents are different each other. As a consequence, by Definition 13, we have
that:

15 (DA(S)) =max{c (@', 9) | @' -V € DAp(S).®' €[D],} =05(D,P)
for all ® € For(A) such that ® - ¥ € DA (S). Therefore, by Definition 13, we conclude that:
n (DA7(S)) = > NG (DA7(S)) = > oL@ = ) oh(@W)
{®EFor(A)|d—>YEDA(S))} {PEFor(A)|P—-YeDAL(S)} O->YeDAp(S)
Finally, we prove Item 4. Since & < min{Rgy(®;,®@;) | i € {1,...,m}}, by Definition 6, we obtain that ®; € [CD,»]E for all i €
{1,...,m}. Hence,
D, >, e{®—>VYeDA(S)|Pe D]}

foralli € {1,...,m}. Moreover, since ®; — ¥, has the greatest value of T-strength, by Definition 13, the following chain of equalities
is deduced, for each ® € For(A) such that ® - ¥ € DA (S):

1p(DAL(S)) =max{c (@', ¥) | @ > ¥ € DA(S), @ €[®],} =04 (D, ¥))

As a consequence, by Definition 13, we conclude that:

nE (DAL (S)) = D n%(DAL(S)) = oh (@, %)) - card({® € For(A) | ® — ¥ € DAL(S)}) [
{®eFor(A)|®—-YeDAT(S)}
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The interpretation of the previous properties and illustrative examples of Definition 13 can be consulted in [6,8]. The main
inconvenient of Definition 13 is that the ¢-efficiency of an algorithm is not bounded by 1, making difficult to compare algorithms
from different datasets. This fact is due to two reasons: (1) the sum of the T'-strength values of all decision rules of a (a, &y, a3, @y),-
decision algorithm can be greater than or equal to 1; (2) the decision rules can be considered more than once in the computation of
the e-efficiency, as Proposition 14(4) states. These problems are addressed in the next section with a new proposal.

3.2. Normalized e-efficiency of (a;, &y, a3, ay),-decision algorithms

The given notions of T-strength and e-efficiency are not completely adequate to analyze decision algorithms, then a normalized
efficiency is required. In this section, we will introduce alternative definitions to these ones in order to solve the aforementioned
problems. First of all, we present the notion of e-T'-strength of a decision rule considering the given set of decision rules, instead of
the set of objects U, as done in Definition 5. Moreover, the consideration of the threshold ¢ allows us to set different criteria in the
comparison between the studied decision rule and all the ones present in the given set.

Definition 15. Let S = (U, A,, V4 e A_d) be a decision table and Dec(.S) be a set of decision rules. Given ¢ € [0, 1], we call e-T-strength
of the decision rule ® — ¥ with respect to Dec(S) to the value:

supp (@', ¥")
{®' >W' €Dec(S)|d' €[], ¥ €[¥], }

suppg (@, W)
O W' eDec(S)

ol (@, %)=

The main goal of introducing Definition 15 is to give more representativeness in the algorithm to those decision rules whose
antecedents and consequents are Rpyz-e-related to the antecedents and consequents of other decision rules of the algorithm. In this
way, given the threshold e, if we cannot discern either the antecedent or the consequent of a rule from other antecedents and
consequents, then that rule must gain importance in the algorithm. Next result presents some properties deduced from Definition 15.

Proposition 16. Let S = (U, A;,V, d,A_d) be a decision table, Dec(SS) be a set of decision rules and € € [0, 1]. The following properties
hold:

1. IfT=(T,: V,xV,—[0,1]|a € A} is a family of Boolean tolerance relations, R 4 and R, are Boolean separable tolerance relations
forallae Ay, € >0, and Dec(S) is a complete (a1, a,, a3, ay),-decision algorithm then
05T (@, %)= 05(®,¥), forall ®—'¥e Dec(S)
2. The e-T-strength of a decision rule ® — ¥ with respect to Dec(S) is decreasing in ¢, that is, given €,,¢, € [0, 1],

&), T

If €, <¢, then oy

@.9) <05 (@)
3. Given ® - ¥ € Dec(S), if

& <min{min{ Rpy(®,®"), Rpy(¥, ¥} | ® — ¥’ € Dec(S)}

then

o (@, 9)=1
4. Given ® - ¥ € Dec(SS), if

max{min{ Rpy(®, ®"), Rpg(¥,¥)} | ® — ¥ € Dec(S)\ {® > V¥}} <e¢
then
suppg((b, ¥)

Y suppy(@, W)
@' > eDec(S)

ol (@, %)=

Proof. First of all, we prove Item 1. Given € > 0, as T is a family of Boolean tolerance relations, we obtain that [®], = {®} and
[W], = {V¥}, for all ® € For(A) and ¥ € For({d}). Therefore, applying Lemma 11, the following equality holds:

Z suppg(d), ¥) = card(U)
O—->YeDec(SS)
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Since we are in the classical case, for each ® — ¥ € Dec(S), suppg(tb, ¥) = suppg(®,¥) and, as a consequence, we conclude that:

suppg(®',¥")

5T (0, 1) = (@ =¥ €Dec(S)| P €[@], W' [P, } _ supp(®,¥)
s )y S”PPE(CD, ¥) > suppg((b, ¥)
@' 5P eDec(S) @' 5P eDec(S)
supps(®,¥) _ supps(®@,¥)

suppg(®,¥) B card(U)
@' P eDec(S)

=0g5(®,¥)

Now, we focus on Item 2. Let £/,¢, € [0, 1] such that £; < ¢,. Consequently, [<I>]E2 = [tI>]E1 and [‘P]E2 = [‘I’]E1 , for all ® and ¥
antecedent and consequent, respectively, of decision rules of Dec(.S). Therefore, for each decision rule ® — ¥ € Dec(.S) we obtain
that:

(@ - ¥ € Dec(S) | D' € [D],, W e ¥, } € (@ - ¥ € Dec(S)| D" € [D],, ¥ e Y1, }
and, as a result, the following inequality is satisfied:
supp (@', W) < > supp (@, W)
{®/ >W €Dec(S)|P' €[], W' €[], } (@' €Dec(S)|" [P, ¥ €[], }
for all ® —» ¥ € Dec(SS). In conclusion, J?‘T(CID, YY) < 0'? ‘T(CID, Y) for all ® - ¥ € Dec(.S), that is, the e-T-strength of a decision rule
® — ¥ with respect to Dec(S) is decreasing in the threshold .
Next, Item 3 is proven. Let ® — ¥ € Dec(S) and
e < min{min{ Rpg(®, ®’), Rpy(¥, ¥} | @' - ¥ € Dec(S)}
By Definition 6, for each @ — ¥ € Dec(S), we have that ' € [®], and ¥’ € [V],. Therefore,

(@' > W € Dec(S) | ' €[®], .V €[¥],} = Dec(S)

Consequently, by Definition 15, we conclude that:

supp§(<b’, v D suppg(d)", L2
T o) (@ >W eDec(S)| ' €[], ¥ €[P], } @~ W' EDec(S) .
ol , = = =
g suppg (@, ") > suppg(@". ¥
@' P eDec(S) @' P eDec(S)

Finally, we prove Item 4. Let ® - ¥ € Dec(.S) and

£ > max{min{ Rpg(®, @), Rpg(¥,¥")} | & - ¥ € Dec(S) \ {® — P}}
By Definition 6, for each @ — ¥ € Dec(S) \ {® — ¥}, we have that either @ & [®], or ¥’ & [¥],. As a consequence,

(@ > ¥ € Dec(S)| @ €[@],,¥ €[?],}={D > ¥}
Therefore, by Definition 15, we obtain that:

T d! @'
supp (@, W)
(O =W €Dec(S)|@" €[], ¥ [¥], } S suppL(®,P)
=T (@, %)= d e _ s 0
s T Suppg (@, Py - Y Suppg (@, Py
O P e Dec(S) Q" P e Dec(S)

Now, it is convenient to make some remarks about these properties. From Proposition 16(1) it is deduced that Definition 15
generalizes the classical notion of strength. Proposition 16(2) shows the monotonicity in the threshold . In this way, if we increase
the value of ¢ then the antecedents and consequents of the rules have to be more similar to ones of the rule studied in order to
consider them as Rp;-e-related. As a consequence, a more restrictive comparison reduces the e-T'-strength of each decision rule.

The last two items simplify the computation of the ¢-T'-strength of decision rules with respect to Dec(.S) in some particular cases
and provide its boundaries. In Proposition 16(3), due to the choice of the threshold &, we are unable to discern the decision rule
® — ¥ from the rest of rules. As a consequence, this rule has a complete representativeness in the set of rules, that is, its e-T -strength
with respect to Dec(.S) is 1. Proposition 16(4) focuses on the opposite case, that is, we can discern the rule ® — ¥ from the rest of
rules of Dec(S). Hence, its representativeness in Dec(S) is only given by itself.

Finally, a new proposal to define the efficiency of a (e, @,, @3, a4),-decision algorithm will be presented. Due to the e-T'-strength
of two different rules can consider the same rule twice, once in the computation of each strength, we cannot directly consider the
e-T-strength in the computation of the efficiency, that is, we should introduce a mechanism to avoid repetitions.
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Given a decision table S = (U, Ay, V. Ag); a (@), @y, a3, a4),-decision algorithm DAy (S) = {®;, > ¥, | i € {1,...,m}}, with
m>2, and € € [0, 1], we define the following value based on the strength as usual:
NE s
Mg, (DA7(S)) = max{agT(nb, ¥) | @ — ¥ e DA(S), e (D] }
We have introduced the letter N in the superscript in relation to the word “normal”. Now, we will consider the following sets to
avoid repetitions in the computation of the efficiency. The first set By, \y, selects the rules in the algorithm maximizing ng‘ , that is,

the rules from which the value ngf is obtained. Specifically, we have:
N, T
By, w, = {®' =¥ € DA(S) | ng, (DAL(S) =0 (@, ¥). 0" € [@,] }
The second set contains the set of rules used in the computation of the e-T-strength of the rule in Bg, y, with less subscript, that
is,
Co,w, = (@ =¥ € DAL(S) | 0" € [0], W' € [¥] . k=min{l € (1.....m} | &, > ¥, € By, ,}]
The third set takes into account the rules used in the computation of the strength only once. Specifically, it starts at the rule with
the least subscript, and goes through the other rules in increasing subscript order up to the greatest one, including the rules used in
the computation of the strength of the considered rule that have not been considered previously, that is

Dy, w, =Co, 9, \ (®" =¥ € Dy, 1Jj<i}
From these sets we introduce the new normalized notion of efficiency.
Definition 17. Let S = (U.,.A;. V4. A,) be a decision table and DA7(S) = {®; =¥, | i € {1,....m}}, with m > 2, a (a}, 6y, a3, ay),-

decision algorithm. Given ¢ € [0, 1], we call Normalized e-efficiency, denoted as N, -efficiency, of the (a;, a,, a3, a,),-decision algorithm
DA+ (S) to the value:

Y, suppg(@”.¥")

i=1 O >W/'eDq, y,

nNe(DA7(S)) = -
SMPPS ((I)IH7 \IJIN)
O W eDAL(S)

Definition 17 is introduced to bound the efficiency of a (ay, a,,a3,,),-decision algorithm by 1 and to consider each decision
rule of the algorithm at most once in the computations, which will overcome the main disadvantage of Definition 13. Moreover, the
N, -efficiency also extends the classical notion of efficiency and its lower bound to the fuzzy framework, facilitating the interpretation
of the obtained values.

Proposition 18. Let S = (U,.Ad,VAd,.A_d) be a decision table and DAy (S)={®;, = ¥; |i € {1,...,m}}, withm >2, a (&}, ¥, a3,),-
decision algorithm.

1. IfT=(T,: V,xV,—[0,1]|a € A} is a family of Boolean tolerance relations, R 4 and R, are Boolean separable tolerance relations
forallae A;, € >0, and DA7(S) is a complete (a, ay, a3, ay),-decision algorithm then nNe (DA7(S)) =n(DA7(S)).
2. The following inequality holds:
max{c§" (©,%) | ® — ¥ € DA(S)} <n"e(DAp(S) < 1
forall e €[0,1].

Proof. First of all, we prove Item 1. Since £ > 0 and T is a family of Boolean tolerance relations, [®], = {®} and [¥], = {¥'} for all
® —» ¥ € DA;(S). In addition, by Proposition 16(1), we obtain that O’;’T(CI), ¥) =04(P,¥), for all ® - ¥ € DA;(S). Hence,

iy (DA7(S)) = max{o%” (®,'¥) | & — ¥ € DAp(S), ® €[], ) = max{o§” (@, ¥) | ©;, — ¥ € DAL(S))
=max{og(®,,¥) | ®, > ¥ € DA;(S))
=No, (DA7(S))
for all i € {1,...,m}. On the other hand, since DA (S) is a complete (a;, a5, a3, a4),-decision algorithm, by Corollary 11 we obtain
that:
Y suppg(®,'¥) = card(U)
D>YEDAL(S)

Now, we have to discern two different cases:
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* Suppose that @; # @, for all i,j € {1,...,m} with i # j. Hence, by Definition 17, By, w, = Co, w, = Do, w, = {®; > ¥, }, for all
i €{1,...,m}. Furthermore, taking into account that o 4(®;,¥;) = '1<1>,.(DAT(S)), forall i € {1,...,m}, we conclude that:

m
m
Tw!" w!
supp (@, 9" Z supp’(®;, W)
N, (DA(S)) = i=1 d)/!—)‘l/r/qu,‘.’\yi B s B Supps(q)”, lP”)
! ! - supp™ (@, P'") - Z suppL (@', Py o card(U)
s s S B Q" >W'eDAT(S)
"W D AL(S) " SW EDAL(S)
= Z og(@" W) = Z N (DAL(S))
W EDAL(S) (PEFor(A)|d>YEDAL(S))

=n(DAr(S))
* Now, we suppose that there exist i, j € {1, ..., m}, with i # j, such that ®; = ;. Without loss of generality, we suppose that i < j.
By Definition 17, we deduce that
N,
r,q)/_‘(DAT(S)) = max{agT@,\P) |®— ¥ e DA(S),® € [@)] )
=max{c§’ (®,¥)|® > ¥ e DAL(S), D€ [®] }
N,
=g, (DA7(S))
N,
By, ={®' =¥ € DA7(S) |1y (DAT(S) = o (@ 9.0 e [0)] )
={®' -V € DAL(S)| ngf (DAL(S)) = agT(zb’,T’),cb’ €[@],}
= Bq’iw‘*’i
Co, v, = {@" - ¥ € DAp(S)| D" € [@], . W' € [¥], . k=min{l € {1,...,m} | D, - ¥, € By w 1}

= {0 > ¥ € DAL(S) | @ €[], W' € [¥,], k=min{l € (I.....m} | &, — ¥, € Bo, ,}}

= Cd’iv‘?i
Therefore, by Definition 17, for each ®” — ¥ € Co,w, We have that " - ¥" € Dy, , with k € {1,...,i}. In conclusion,
Dy, =2
Reciprocally, we suppose that there exists j € {1, ..., m} such that Dy, w, = 2. Therefore, for each @ - ¥ € Cq,j!\yj there exists
ie{l,...,j—1} such that ®" - 9" € Dg,p, € Co,,- On the other hand, given k € {1,...,m}, we obtain that, if o’ -9 e
Co, , then @" [®],, that is, @ = ®,. As a consequence, we conclude that ®; = ®;. In short, we have proven that there
existi,j € {l,...,m}, with i < j, such that ®; = @, if and only if D(I)j’q‘j =0Q.
Furthermore, notice that, given i € {1,...,m]}, if Dq)‘_’q,’_ #+ @, then card(Dq,’_’\yi) = 1. Indeed, if a pair of decision rules ®” —
‘I‘;.’ , CDZ - ‘P;c’ € Dy, y,, then <1>;.’ - ‘P;.’, @Z - ‘P;c’ € Cy, y,- As a consequence, there exists (I);’ - ‘I’;’ € By, , such that GD;.’ , CI>Z IS
[d);’] and ¥/, 9/ € [¥/] , that is, @ — ¥/ = @ - ¥/ = @" — ¥, Hence, we deduce that, if "’ - ¥" € Dy, y, then

£ J’ Tk I le ! i k k J J it

(o4 e Dy, w, € Co,w, € Bo, w, and:

Y suppg (@Y

T " "
"Dy, _ supp (@, Wy
T - T
Supps(q)’”,l{“”) Z Supps(cblll’l.ljlll)
M W eDAL(S) "M Y eDAL(S)

=5 (@ W) = 1y (DAL(S))
= No, (DA7(S))

Taking into account the previous reasonings, we obtain the final equality of Item 1.

Now, we will prove Item 2. Given € € [0, 1], let ®; —¥; € DA7(S) such that 6%, (®;,¥,) = max{c§" (®,¥) | ® — ¥ € DA;(S)}
with j = min{jj,...,Jj,} such that ag’T(@j,‘I‘j) = Ung(q)j[,\PL) with i € {1, ...,n}. For this reason, we obtain that:
Co,w, = {@" -V € DAp(S) | @" € [@,],. W' € [¥], .k=min{l € {1,....m} | ®, > ¥, € By, w,}}
={0" >V € DAy(S) | 0" € [0;] . W' €[¥],}
On the other hand, notice that:

m
Cd)r’q‘r g UDd)ivq’i
i=1

10
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for all r € {1,...,m}. Indeed, let ® > ¥ € Cg_y, . By Definition 17, either ® — ¥ € Dg, y, or there exists i <r such that ® > ¥ €
m m
Dy, ,- In any case, ® > ¥ € _U1D<I>,-,‘P,: s0 Cg,w, C .UID(DI_’.P‘_ for all r € {1,...,m}. In conclusion,
= i=

supp (@, ¥") Y, suppg(@” ")
o_g,T((D Ly (<I>”—>‘P”€DAT(S)I<I>”€[<1>,-]E,‘Y”6[‘I‘,-]E) _ d)//_ul‘/rqu;j'\pj
S 7 Suppg(CD"’, ) Z Suppg(q)’”, iy
" SW EDAL(S) QY eDAT(S)

T " "
supp o (@7, 97)
i=1 ' >W'EDg, y,

IA

Suppg(q)/”, 1}1///)
Q"W eDAT(S)

nNe(DAL(S))

Therefore, max{o-;’T(f.D, ¥) | ® — ¥ € DA(S)} <nNe(DA;(S)). For the other inequality, notice that, given i, j € {1,...,m} such
thati <j,if ® > W€ Dy, y, then ® > ¥ ¢ D@j’\yj, that is, no decision rule is considered twice. As a consequence,

m

Y supps@W)S D suppl(@.¥)
i=1 O>YeDg, y, d-YeDAR(S)

In conclusion, for all € € [0, 1], we have that:

max{c§" (©,%) | ® > ¥ € DA(S)} <V (DA(S) <1 O

Next result presents a particular case where the N, -efficiency of a decision algorithm is determined by the maximum of the
e-T-strengths of the decision rules belonging to the algorithm under consideration. By Proposition 18(2), we can guarantee that the
mentioned case provides the minimum possible N, -efficiency for any algorithm.

Proposition 19. Let S = (U, Ad,VAd,A_d) be a decision table, DA7(S) ={®;, = ¥, |i € {1,...,m}}, with m > 2, a (a1, ay,a3,04),-
decision algorithm, and ®; — ¥; € DAy(S) such that 6" (®;,¥) = max{c%’ (®,¥)|® - ¥ € DA(S)} and j = min{j,.....J,} with
ag’T(CDj,‘Pj) = o-?T(cbk,‘Pk), forallke{j,....j,}. Ife < min{RFd(tD[,CDj) |ie{l,...,m}}, then the N -efficiency of DAy (S) is

nNe(DA(S) =T (@,,¥))

Proof. We suppose that € < min{ Rgq(®;,®;) | i € {1,...,m}}. By Definition 6 it is obtained that [tbj]g ={D,....,d,}. Taking into
account that the -T'-strength of ®@; — ¥; with respect to Dec(S) is greater than the e-T'-strengths of the rest of rules of the algorithm
we deduce that

¢>j—>‘I‘jqu,i"yi forallie {l,...,m} (€8]
Czb,-,‘P,- = C‘I’k"l’k foralli,ke{l1,...,m} 2)
Dy, w, =Co, v, 3
D(Dk’q,k=® forall k e {2,...,m} “4)
By Equations (1) and (2), and Definitions 15 and 17 we obtain that:
suppg(®”, 9" Y suppg(@” W)
(0" >W'eDA(S)|@"e[®;] W¥"'e|¥;] ) Y eCy w

GE’T((D-‘P-)z Jjle Jile _ 171 5)

s Jr Suppg(d)’”, prry 2 Suppg(d)”’, Wy

O W eDAL(S) "W eDAL(S)

Therefore, by Definition 17 and Equations (3), (4) and (5) we conclude that

m

> suppg(@". ¥ D, suppg(@”. W)
i=1 & W'Dy, y, Q" ->¥'EDg,
N (DAL(S)) = - - -
Supps(qy",q””) Z SMPPS((I),”,‘P,”)
O W EDAL(S) " W EDAL(S)

11
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Table 1
Tables associated with the decision table S (left), decision rules (center), T-support and
0.6-T-strength of the decision rules (right) given in Example 21.

a, d Rules @Y Rule  suppy ag'("T
x, 04 09 " (a,.0.4) = (d,0.9) " 305 033
X, 055 04 s (4,0.55) = (d,0.4) ry 34 0.33
X3 0.95 0.95 rs (a;,0.95) = (d,0.95) ry 2.95 0.34
x, 05 0 ry (4,.0.5) = (d.0) ry 205 033
X5 1 1 rs (a;,1)—=(d,1) rs 2.75 0.34
X¢ 0 0.7 re (a;,0) = (d,0.7) re 24 0.33

suppL(@”, ")
O YIECy,

supps((l) 5 ¥ )
[oldE ,EDAT(S)

=" (@,.¥) O

Notice that, under the considered hypothesis for the threshold €, we cannot discern the antecedent of the first decision rule of
the algorithm with maximum e-T'-strength, from the antecedents of the rest of rules. As a result, this rule is the most representative
independently on the analyzed antecedent, that is, it belongs to all the sets By, \y,, which leads us to obtain a N, -efficiency equals to
the maximum of all the e-T'-strengths.

Now, we provide a particular condition for the threshold € in order to obtain a completely efficient (@, a,, a3, a,),-decision
algorithm, that is, with N -efficiency equals to 1.

Proposition 20. Let S = (U,Ad,VAd,A_d) be a decision table and DA7(S)={®; = ¥, i€ {1,...,m}}, withm>2, a (aj, ), a3,04),-
decision algorithm. Ifmax{RFd((D,-,(Dj) |i,j€{l,...,m},i#j} <€ then the N -efficiency of DA (S) is

nNe(DA(S) =1

Proof. Since max{Rpy(®;,®;)|i,j € {L,....,m},i# j} <& we obtain that [CDI]E ={®,} foralli e {1,...,m}. Hence, by Definition 17,
the next chain of equalities By, y, = Cq, y, = Do, y, = {®; = ¥;} holds, forall i € {1, ..., m}. Applying again Definition 17, we deduce
that:

m

m
T g !
supp (@7, ¥7) Y supp(®,,?,)
i=1 & W1 eDg, , i=1
Ve (DAL (S) = = =1 o
Suppg(q)'",\l””) Z suppg(fl)”’,‘l‘”’)
" W eDAL(S) Q" >WeDAT(S)

Notice that, all the antecedents have to be different from each other, otherwise the given hypothesis is not satisfied. Hence, if the
considered threshold ¢ allows us to discern all the antecedents of the decision rules present in the algorithm, then we do not detect
inconsistencies in it, because they take place when we cannot discern antecedents of some rules, but we can discern their consequents.
As a result, the decision algorithm is completely efficient, that is, its N, -efficiency is 1.

The sets Cg, y, defined above consider a minimum, for all i € {1, ..., m}. This fact is necessary in order to establish a criteria when
card(Bg, w,) > 1, since different N, -efficiencies can be obtained for the same algorithm and threshold ¢, depending on the order of
the rules in that algorithm, as next example shows.

Example 21. Consider the decision table S = (U, A, V4, A,) represented in Table 1, where the set of objects is U = {x}, X5, X3, X4, X5, Xg },
the set of attributes is A; = {a;,d}, and V4 = {V, .V, }, with V =V, =][0,1].

Thus, we define the set of decision rules Dec(S) = {ry,r,,r3,r4,75,r¢} where each rule is induced by a different object of the
decision table. Moreover, we consider the family of separable fuzzy tolerance relations T ={T,: V,xV, = [0,1]| a € A}, defined
as T,(a(x),v)=1—|a(x)—v| forallae A;, x €U and v € [0, 1], and the threshold £ = 0.6. The given decision rules, their T-support
and their 0.6-T-strength are shown in Table 1.

By using Definition 6, we compute the relationship between the antecedents and the consequents of decision rules of Dec(sS), in
order to obtain the set of 0.6-consistent decision rules. The obtained results are shown in Table 2.

12
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Table 2
Relationship between the antecedents and the consequents, respectively, of the decision rules of Example 21.

Rrg @ @, @, @, @5 @5 Ry ¥, ¥, s ¥y s s
D, 1 085 045 09 0.4 0.6 ¥, 1 0.5 095 0.1 0.9 0.8
@, 0.85 1 0.6 0.95 0.55 0.45 v, 0.5 1 0.45 0.6 0.4 0.7
[ON 0.45 0.6 1 0.55 0.95 0.05 ¥, 0.95 0.45 1 0.05 0.95 0.75
D, 0.9 095 055 1 0.5 0.5 ¥, 0.1 0.6 0.05 1 0 03
[0 0.4 0.55 0.95 0.5 1 0 ¥y 0.9 0.4 0.95 0 1 0.7
D 0.6 0.45 0.05 0.5 0 1 b S 0.8 0.7 0.75 0.3 0.7 1
Table 3
Values and sets needed to compute the N, ¢-efficiency of DA;(.S).
”q[:U ‘(DA (S) By, w, Co, Dy, ,
i=1 0.33 {ry,ry,ryre} {ri,re} {ri,re}
i=2 0.34 {r3} {r3.rs} [rg,r;}
i=3 0.34 {rs,rs} {rs,rs} (%]
i=4 0.33 {ri,ry,ry} {ri,re} (%)
i=5 034 {rs,rs} {r3srs} @
i=6 033 {ri,re} {ri,re} (%]

Hence, from Definition 6 and Table 2, we compute the Rp;-0.6-blocks:
[®1] 6= (D), Dy, Py, D } [, ]06_{T|’T3’T5’\P6}
[®2] = (@1, P, D3, @, [
[®3]046:{®2’¢3’®5} [q}3]06_{q’lslp3s\1153\p6}
[@4]5,6 = (@1, P2, @} [
[@5]o6 = (@3, s} [‘Ps]oe—{wl"l’aﬁ‘l’s’%}

(@] 6 = (@1, D5} [We]oe = (W1, ¥, W3, ¥s, W )

Taking into account Definition 7 and the previous Rp,4-0.6-blocks, we have that the set of 0.6-consistent decision rules is:

ecaﬁ(S) ={D5 > V5,05 - Y¢}

As a consequence, by using a similar approach to the one detailed in [9] and the Lukasiewicz fuzzy implication in the computation
of the multi-adjoint fuzzy A-positive region, we conclude that if a; > 0.95, a, > 0.95, a3 <2.05 and a4 > 0.5, then Dec(S) is a
(a1, 0y, a3, a4)g ¢-decision algorithm. From now on, let DAy (S) = {ry,r,,r3,74.75,1g}.

Now, we compute the N ¢-efficiency of DA (S). Consider the decision rule ®; — ¥; € DA (S), from Definition 17 and Table 1,
we deduce that:

g S (DA7(S) = max{oy® (@, %) | © - ¥ € DA(S), @ € [®] )

=max {37 (@, %)).000T (@,,'¥,), 60T (@, %,). 02" (0. ¥y))}
=max{0.33,0.33,0.33,0.33}
=033

By, w, ={®' =¥ € DA(S) | 03> (@, ¥)=033,0" €[]}
={Q > ¥, 0, > V), 0y > ¥, D5 —> ¥}

Co,w, ={®" =¥ € DA(S) | D" € [®] . ¥ € [¥i]( -k =min{/ €(1,...,m} | ®; =¥, € By, w,}}
={@" > ¥ € DA(S) | D" € [@] .V € [¥],4)
={® =¥, — ¥}

Dy, w, =Co,w, \ (@' =¥ € Do w, 1j<1}

=Co, y,

Analogously, we obtain the values and sets related to the rest of rules. All the results are presented in Table 3.

13
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Table 4
Values and sets needed to compute the N ¢-efficiency of DAZ(S).

r’g::) (DA;E(S)) B‘an“‘nm Cq’xmv“‘xm D‘Dxu)»‘yr:m
i=1 0.34 {’n(s)} (r/r(S)'rrt(S)} {’F(S)Jn(s)}
i=2 0.33 {Fa)s Tr@) Tr@) e} {rey ey } {reqy Tey )
i=3 0.34 {72y Trs)} {r2G)sT2(s)} %]
i=4 033 {reys Fry Fry ) {reayfawyy @
i=5 034 {rey e} {reayres} @
i=6 033 ree) o)} (ree 20t ey rae)

Hence, by Definition 17 and Table 1, we obtain that the N, ¢-efficiency of DA7(S) is:

6
Y suppg@”, W)
Nos(D AL (S)) =1 & WED, 4y, suppl (@, W) + supp’ (g, W) + supp’ (©3, W3) + suppk(®s, ¥s)
;7 . T = =
suppg(d)’”,‘}””) 2 suppg(CD”’,‘P’”)
'SP DAL (S) " Y EDAL(S)

_ 3.05+24+295+2.75 115
T 3.05+344+295+2.05+2.75+24  16.6
=0.69

On the other hand, in order to show the importance of the order of the rules in this case, now we exchange the order of the decision
rules ry and r,, by means of the permutation = : {1,...,6} — {1,...,6} defined as #(1) =2, #(2) =1 and z(j) = j, forall j € {3,...,6}.
We obtain the following decision algorithm DAZ.(S) and the equivalences of the considered relevance indicators between the rules
of both algorithms:

Fery © (@1,0.55) = (d,0.4) supp (@1 ¥ r1)) = supply(®,.'¥,)
Fe)  (a1,04) > (d,0.9) supp (@2, ¥ r2) = suppi(®.'¥))
Iz : (a1,0.95) = (d,0.95) Supp (@5 ¥ i) = supps(®;,W,) for k € {3,....6}
Fr ¢ (@1,0.5) = (d,0) o2 (@), Y ) = 0207 (@,.9)
. 0.6,T _ 06T
Fas) © (@, )= (d, 1) 00T (@) ) = 00T (@, 9))
Fae) © (a1,0) = (d,0.7) S0 (@ W) = 020 (@) for k € (3,....6}

With respect to the Rp;-0.6-blocks of the antecedents and consequents we deduce that:

[Pr1)]o6 = (Pa1) Pr ey Prcay}  [Pan)]o6 = (¥rr)r Pty Prio))
[©2)]06 = (Pr1): Pr2) Priay Prie)) [¥r2)] 0.6 = (¥r2) Ve Py o))

[©23)]0.6 = {Pr1): Pz Prcs)} (%2306 = {¥r: ¥r) a5 ¥reo))
[©24)] 0.6 = {Pr1) Pr2) Prcay} [¥r)o6 = (e Ve }

(P25 0.6 = (a3 Pris)} (%2506 = {¥r: ¥r3) o5 ¥ri6))
[©26)]06 = {Pr2) Prio)} (%2606 = (¥ Yr ¥r Prs Prio)}

Hence, by Definition 17, we obtain the results given in Table 4.
In conclusion, applying Definition 17, the N ¢-efficiency of DAZ.(S) is:

6
> > suppg(®”, %)
i=1 ®">¥'eDg g
NO.6 ﬂ_ _ (i) Y (i) _
" (DAT(S)) T (! p !
supp (@', ')
<I>’”—>‘P”’€DA;(S)

In this way, the consideration of different orders in the set of rules of a (a;, &, a3, @4),-decision algorithm can leads us to obtain
different N, -efficiencies for the same threshold . []

Example 21 shows that different N, -efficiencies can be obtained for a given algorithm DA (S). Although the user can solve
this problem by choosing different condition attributes in the antecedents of the rules belonging to DA (.S), redefining the family of
separable fuzzy tolerance relations 7' or modifying the threshold ¢, it is convenient to establish a strict order in the set of decision rules
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Table 5
Tables associated with S (left) and decision rules (right) given in Example 23.

a, a, az d Rules &Y

X 034 031 075 0 r (a;,0.34) A (a,,0.31) A (a3,0.75) — (d,0)
X, 0.21 0.71 0.5 1 ry (a;,0.21) A (a,,0.71) A (a3,0.5) — (d, 1)
X3 052 092 1 0 ry (a;,0.52) A (a,,0.92) A (a3, 1) = (d,0)
Xy 0.85 0.65 1 1 ry (a;,0.85) A (a,,0.65) A (a3, 1) = (d, 1)
Xs 043 089 05 0 rs (a,,0.43) A (a,,0.89) A (a3,0.5) — (d,0)
x¢ 021 047 025 1 re (a;,0.21) A (a,,0.47) A (a3,0.25) = (d, 1)
X7 009 093 025 0 ry (a;,0.09) A (a,,0.93) A (a3,0.25) — (d,0)

of DAr(S) to avoid these situations. This strict order consists in an irreflexive, asymmetric and transitive binary relation presented
in the following definition.

Definition 22. Let .S = (U,Ad,VAd,A_d) be a decision table, DA, (S) be a (a;, a,, a3, @,),-decision algorithm and € € [0, 1]. We say
that <, is a strict ordering on DA(S) if one of the following conditions is satisfied, for each pair of rules ® - ¥,®’ — ¥ € DA (S):

1. card([®],) > card([®’] ).
2. card([®],) = card([®’], )and oy T o, ¥) > oy T, 9.
3. card([®],) = card([®'] ), o (CIJ,‘P)— gT@',lP') and suppl(®,¥) > suppl(®',W).

In this case, we write ® —» ¥ <, @' — V. Otherwise, we will say that ¢ degenerates DA7(.S).

Notice that, this definition allows the user to manage the most important information in suitable way, since the most representative
rules are given at the beginning of the algorithm, that is, the rules with more objects satisfying the antecedents, those with greater
e-T-strength or those with greater T-support. From now on, if we compute the N, -efficiency of a decision algorithm by Definition 17,
then we have to present the decision rules of the algorithm according to the order determined by <,., from the least rule to the greatest
one.

It is convenient to consider decision algorithms that are not degenerated by a threshold € to compute the N, -efficiency. Otherwise,
we can obtain two different N, -efficiencies from the same algorithm. However, it is very strange this situation, since the algorithm
must contain two rules satisfying the three previous conditions, and even in this case, there are situations where the N, -efficiency
does not depend on the corresponding order. Indeed, given a decision algorithm DA, (S) and two rules ® — ¥, @' - ¥ € DA,(S),
with ® > ¥ £, ® > ¥ nor & —» ¥ £, ® — ¥ such that one of the following conditions is verified:

L [@.n[], =2
2. For each @ — ¥ € DA;(S) such that ®,®’ € [CI>”]£, it is obtained

N,
o5 (@,9) =05 (@, W) <y (DAL(S))

Then, we can order this pair of rules in the algorithm DA (S) indifferently, since we will obtain the same N, -efficiency in both
cases. From Item 1, we deduce that, if ® € [d)”]g then @' ¢ [fb”L, and if @’ € [<I>’”]£ then ® ¢ [@”’]E for all " — 9", @" - 9" €
DA7(S). As a result, @, @ do not belong to the same set Bq, y, for any ®; — '¥; € DA (S), so we do not have to choose between
the rules ® - ¥ and ® — ¥’ in any Co,y,- The other condition which determlnes the sets By, y, is that the e-T-strength of the rules
belonging to this set is the maximum among the rules whose antecedents are Rp;-£-related to <I> This fact does not happen with the
rules ® - ¥ and @' — ¥’ for all ®” such that ®,d’ € [ ]5, by Item 2. Hence, once again, ®, ® do not belong to the same set
B, y, for any @; - ¥; € DA7(S).

Finally, next example is devoted to analyzing the N, -efficiency of the (a;,a,, a3, a,),-decision algorithm given in [9], taking
advantage of Definition 17 and Propositions 19 and 20.

Example 23. Consider the decision table S = (U, A,,V Ad,A_d) represented in Table 5, where the set of objects is U = {x, x,, X3, X4,
X5, Xg, X7}, the set of attributes is A; = {ay,a5,a3,d} and V4, = {V, | a € A;} with V, =[0,1], for all a € A;. Taking into account
all the condition attributes of .S, we define the decision rules r; : &, = ¥;, for all i € {1, ...,7}, displayed also in Table 5.

Taking a = 0.75, a; > 0.78, ay >0, a3 < 1.61 and a4 > 0.39, we obtain that DA(S) = {ry,r,,r3,74,r5,76,77} is a complete
(a1, 0, a3, a4),-decision algorithm. See [9] for more details.

From now on, we consider the family of separable fuzzy tolerance relations T'={T,: V, XV, - [0,1] | a € A}, defined as
T,(v,w)=1-|v—w| for all a € A; and v, w € V,. First of all, the antecedents of the rules are compared applying Definition 3,
obtaining the results shown in Table 6.
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Table 6

Relation between each pair of antecedents of decision rules of Ex-

ample 23.
RFd (Dl (I)Z <D3 <D4 <I)S (D() (I)7
D, 1 0.6 039 049 042 05 0.38
D, 0.6 1 0.5 036 078 0.75 0.75
(0N 039 05 1 0.67 0.5 0.25 0.25
D, 049 036 0.67 1 0.5 0.25 0.24
Dy 042 078 05 0.5 1 058  0.66
D¢ 0.5 0.75 0.25 0.25 0.58 1 0.54

D, 038 075 025 024 066 054 1

Table 7
Some important relevance indicators of the deci-
sion rules of Example 23.

Rule Sllpp?;, 0_2.334T U‘(;.'()S‘T 62,‘671
r 219 062 015 015
r 211 038 028 028
r 214 046 014 014
ra 161 025 0.1l 0.11
rs 258 062 033 017
rs 2 028 028 028
r 229 047 033 015

Taking into account that the attribute d is Boolean, we deduce that:

1 if i, are both even or odd
0 otherwise

Rp(¥;,¥)) = {

Now, we compute the T-support and some &-T'-strengths by changing the threshold ¢ for all decision rules in DA (S), which will
be useful for the rest of the example. In particular, we consider the thresholds € = 0.33, e = 0.65 and £ = 0.67. The obtained results
are collected in Table 7.

From Table 7 we deduce that it does not exist € € [0, 1] that degenerates this decision algorithm, as all the decision rules have a
different T-support. Now, we compute the N, -efficiency of DA7(S) by using Definition 17, Propositions 19 and 20, and considering
the previous thresholds €. We will begin by applying Propositions 19 and 20 to easily obtain some N, -efficiencies, and finally we
will study a case in which these results cannot be applied.

First of all, in order to apply Proposition 19, it is necessary that the first decision rule ®; —¥; € DAy(S) with maximum &-T-
strength with respect to DA (S) satisfies that € < min{Rpq(®;,®;) |i € {1,...,7}}. According to Tables 6 and 7, we have that the
decision rule r; satisfies this condition with the threshold € = 0.33. As a result, the N, 33-efficiency of DA (S) is:

o3 (DAL(S) = 60T (@), %)) = 0.62

We have an expected efficiency since all the antecedents are in the same block, and only two different rules have been considered.
Notice that, the decision rules whose consequent is ¥ = (d, 1), which are r,, r, and rg, are not involved in the computation of the
0.33-T'-strength of r|, since their consequents are not related to ¥| = (d,0). Therefore, the obtained value of efficiency is clearly
associated with the representativeness of the decision (d,0) in the decision algorithm.

On the other hand, we will now apply Proposition 20, which is focused on the relationship between the antecedents of the rules.
By Table 6, we know that:

max{Rpy(P;, @;) | i,j € {1,....,7}i # j} = Rgg(P,, D5) =0.78
As a result, taking € > 0.78 we deduce that the N, -efficiency of the DA (S) is:

nNe(DAp(S) =1

Hence, DA (S) is totally efficient given the threshold € > 0.78, since we can discern all the antecedents of the rules.

Finally, we compute the N ¢s-efficiency of the (a;, a,, a3, ;) 75- decision algorithm DA (.S). Notice that, the threshold £ = 0.65
does not satisfy any property of Propositions 19 and 20. Hence, this case has to be computed by using Definition 17, so it is necessary
to order the decision rules by Definition 22.
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Table 8
Values and sets needed to compute the N, ¢s-efficiency of DAZ(S).
r"ll\:;:,ﬁ).i (DA;E(S)) B‘DKM'“‘KM Cq)rrm"yrr(n Dd)rr(u’\l‘rrm

i=1 0.33 {rea) Tz} {rea) 20} (e T2}
i=2 0.33 {re) ez} {rz@) T2}
i=3 033 {7223} {re@prze}t @
i=4 028 ey et eyt ey e}
i=5 0.4 {res)) {res)} {res)}
i=6 0.14 {res)} {res)} o]
i=7 015 {rz} {rza)) {rze)

We begin by computing the Rp;-0.65-blocks of all the antecedents. By Definition 6 and Table 6 we deduce that:
[©1]g65 =11} [®4],65 = (@3, P4} (@665 = (@2, s}
[@2]65 = (@2, P5, P, 7} [Ds] 5 = (Do, @5, @7} [@g] 5 = {P,, D5, D7)
[©3],65 = (@3, P4}

Now, taking into account these blocks and Table 7, we can order the rules in DA (S) by Definition 22, obtaining that:

1y <, rs<,r;<,reg<,r3<,ry<.rp
Hence, we define the permutation 7z : {1,...,7} = {1,...,7} givenas #(1) =2, #(2) =5, #(3) =7, z(4) =6, n(5) =3, #(6) =4 and
7(7) =1, which leads us to the decision algorithm DA;(S):
T2y * (a1,0.21) A(ay,0.71) A (a3,0.5) — (d, 1)
22 (a1,0.43) A(ap,0.89) A (a3,0.5) — (d,0)
23y * (a1,0.09) A (a3,0.93) A (a3,0.25) - (d,0)
Pz * (a1,0.21) A (a3,0.47) A (a3,0.25) — (d, 1)
sy * (a1,0.52) A (a;,0.92) A (a3, 1) — (d,0)
F26) * (a1,0.85) A(ay,0.65) A (az,1) > (d, 1)
Fz7y + (a1,0.34) A(ay,0.31) A (a3,0.75) — (d,0)

Next, we compute the N ¢s-efficiency of DAZ.(.S). By Definitions 6, 15 and 17 we obtain the results given in Table 8.
Finally, applying Definition 17, the N ¢5-efficiency of DAT.(S) is:

7
2 Z suppg(CD",‘P")

i= u "
i=1 @ =W qu,”(i)_\y”m

Suppg(q)///’ly///)
@ SWITEDAR(S)
= 1 (suppo(D0), W) + SUPPL(D 3y, W o) + SUPPE (D1, W ror)
T (! P S\Ea2) F2(2) Ss\VEr3) Tr3) s\ () Fa(l)
supp (@, W)
CI)”’—>‘Y”’EDA;[,(S)

nNoss(DAT(S))

T T T
+5uppg (P sy ¥ riay) + SUPP§ (@ sy Was) + Supp(@ 7). Wr7))
=0.89

Therefore, given the threshold £ = 0.65, the efficiency of the algorithm DAZ(S) is equal to 0.89. This value is very high, taking
into account that we have considered a low threshold. Consequently, given the threshold & = 0.65, the algorithm DAZ(S) reduces
the inconsistency present in the decision table.

Although in these cases the N, -efficiency has been increasing in €, excepting the Nj-efficiency which is always 1, notice that this
property does not hold in general. In order to illustrate that, we will compute the N «;-efficiency of DAL (S).

The Rp4-0.67-blocks of the antecedents or the rules of DA (S) are very similar to the previous Rp;-0.65-blocks, obtaining that:

[©]g67 = [®efggs ~ forke{1.2.3.4.6}
@56 = (@2, 5}
[4)7]0.67 = {D;, D7}
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Table 9
Values and sets needed to compute the N, ¢ -efficiency of DAZ(S).

BODAS)  Bav,  Couw,  Dow,
i=1 0.28 {rey 2} {rey T2} {reay )
i=2 028 {rey et Areyrz) @
i=3 028 {reay} {reqys 22y} @
i=4 028 {rzay} rzy 2} @
i=5 0.4 {res)) {res)} {res)}
i=6 0.14 {res)} {res)} %)
i=7 0.15 {rza} {rza} {rzm}

As in the previous studies, the decision rules are ordered by Definition 22. Considering the permutation z : {1,...,7} - {1,...,7}
defined as z(1) =2, #(2) =6, #(3) =5, #(4) =7, n(5) =3, #(6) =4 and #(7) = 1, we obtain the following decision algorithm DAZ(S):

'z © (@1,0.21) A(ay,0.71) A (a3,0.5) — (d, 1)
Tz * (a1,0.21) A (a3,0.47) A (a3,0.25) — (d, 1)
23y - (a1,0.43) A(a;,0.89) A (a3,0.5) — (d,0)
Pz * (a1,0.09) A (a3,0.93) A (a3,0.25) — (d,0)
Tacsy - (a1,0.52) A (a;,0.92) A (a3, 1) — (d,0)
) * (a1,0.85) A (a,,0.65) A (a3, 1) = (d, 1)
Fzery * (a1,0.34) A (a3,0.31) A (a3,0.75) - (d,0)

Now, the N ¢7-efficiency of DAZ.(S) is computed. By Definitions 6, 15 and 17, we obtain the values and sets given in Table 9.
Finally, by Definition 17, the N ¢;-efficiency of DA;(S) is:

7
2 2 Suppg(q)",\}’")

i=1 ®" W€Dy v

suppg (q)m , 1y///)
d)”’-»W”'eDA?(S)
1

T T
= (supp g (1), Y1) + 5upp s (D00, )
P (@) 5(@zy> Yy s(@z2) Vi)

@5 W € DAL (S)

nNos1(DAT(S))

+ supp§(¢,,(5), ¥os)+ supp§(<15,,(7),q’,,(7)))
=0.57

Therefore, by considering a higher threshold, we have obtained a less efficient algorithm. This fact is due to the decision rules rs
and r,, which have the greatest T-support, are now less representative in S, since by Table 7, we have that:

og'(’s’T(cbs, Ys) = agﬁs’T(q’% ¥;) > 02671(‘1)5, ¥s) > 0267'T(¢77 ¥7)

This loss of representativeness in the table is caused by the changes occurred in the blocks of the antecedents, which are

[@5] .65 = [®7]0 65 = (@2, @5, 7}
[@5] 67 = (@, @5}
[@])67 = (@2, 7}

As a result, the rules r5 and r; are not considered in the computation of the N ¢ -efficiency, since @, € [@5]0 67° [<D7]0 ¢; and

0'2'671((1)2, ¥,) > 0'%67’T(CI>5, ¥s) > 0'2‘671((1)7,‘1’7). Nevertheless, these three decision rules are taken into account in the computation

of the N ¢5-efficiency because 0'2'65’T((I>5,‘P5) = agﬁs’T(<I>7,‘I‘7) > 62‘651((1)2,‘{‘2) and Bg, ¢, = {rp}, which is the reason for the
existing difference between both N, -efficiencies. []

In conclusion, we have been able to extract relevant conclusions in Example 23 thanks to the introduction of Definition 17. In this
way, we deduce that Definition 17 is especially useful to analyze (a,, a,, @3, a,),-decision algorithms.
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4. Conclusions and future work

This paper has presented two different notions for studying the efficiency of decision algorithms in fuzzy rough set theory, that is,
e-efficiency and N, -efficiency. We have shown that both notions of efficiency generalize the classical one, belonging the N, -efficiency
to the unit interval. This fact is important because greatly helps to give an interpretation of the obtained value, which shows, for
instance, the classifier behavior of the considered decision algorithm and how consistent is the original dataset.

We have also introduced the notion of e-T-strength of a decision rule, which is a generalization of the strength of decision rules
to the fuzzy framework. The aforementioned notion has played a key role in the definition of the N, -efficiency. Different properties
and examples have been explained in order to illustrate the contribution and its relevance in the data analysis.

As future work, we will continue studying both new notions of efficiency to compare the efficiency of different decision algorithms.
This fact will be of great importance for a better understanding about the attribute reduction and object classification in the fuzzy
framework. On the other hand, we are interested in analyzing the relationship between the consistency of a given decision table and
the efficiency of the decision algorithm considered to study such decision table.
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