
Contents lists available at ScienceDirect

Fuzzy Sets and Systems  

journal homepage: www.elsevier.com/locate/fss

Efficiency of decision rule sets in fuzzy rough set theory ✩

Fernando Chacón-Gómez ,∗, M. Eugenia Cornejo , Jesús Medina
Department of Mathematics, University of Cádiz, Spain

A R T I C L E I N F O A B S T R A C T 

Keywords:

Fuzzy rough set theory
Decision rules
Decision algorithms
Efficiency

Datasets have been interpreted in (fuzzy) rough set theory as decision tables to obtain useful 
information to be used, for example, in decision making. These tables have been modeled through 
a collection of decision rules, which was called decision algorithm by Pawlak. These algorithms 
are analyzed by the notion of efficiency, which evaluates their quality of classification. This paper 
presents two different approaches for defining the notion of efficiency in the fuzzy framework. 
The first approach is a direct generalization to the classical case, while the second one is focused 
on obtaining a bounded efficiency preserving the philosophy of the classical framework. Both 
approaches are illustrated by means of different properties and examples.

1. Introduction

Rough set theory (RST) [18,19] is a mathematical tool to obtain information from imprecise, incomplete and/or inconsistent 
databases. This last feature is one of the most difficult problems in classification tasks [5,15,17,22]. RST considers different research 
lines for handling it, such as, decision rules [4,24] for modeling the datasets, feature selection [12,13,25] for detecting the most 
relevant attributes, reducts [7,14] for also removing unnecessary information, and bireducts [1--3,23] for computing consistent subsets 
of the given databases, for instance.

Pawlak used decision rules in [18] to represent database information through the notion of decision algorithm. A decision algo
rithm is a set of non-zero supported and independent decision rules representing the objects and the consistency of the considered 
database. However, this notion has not received all the attention it deserves. Maybe, this is because of, in the classical case, an 
algorithm is straightforwardly obtained from a database considering a decision rule for each singular object in the database. This 
decision algorithm has mainly been, by default, the representative rule set of the database taken into account in the literature. Pawlak 
also introduced in [18] the definition of a parameter associated with the decision algorithm in order to represent its classifying role, 
which was called efficiency of the decision algorithm. This notion has not been taken much into account in subsequent works, mainly 
because the notion of decision algorithm was not used either, and they are completely related.

Nevertheless, these notions are very necessary when imperfect data is present in the dataset. For handling this kind of data, a 
fuzzy approach of rough set theory was presented in [10,16], and the fuzzy notions of support, independence, representativeness of 
the objects, maintenance of consistency and decision algorithm were introduced and studied in [6,9]. Now, the notion of efficiency 
of a decision algorithm must be extended to the fuzzy setting. In this paper, the natural extension of the original definition will be 
introduced. Moreover, a new normalized variant will be presented, that is, this new definition of efficiency will be bounded by 0 and 1. 
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For this purpose, a new definition of strength for decision rules has been introduced in the fuzzy rough set theory framework, which 
gives more relevance to the most representative rules of the algorithm. The consideration of a normalized efficiency is fundamental 
in order to compare decision algorithms from different datasets and detect the classificatory nature of each one.

The structure of the paper is supported by the following sections. Section 2 recalls several preliminary notions concerning to 
decision rules and decision algorithms in fuzzy rough set theory. Section 3 introduces two different approaches to study the efficiency 
of decision algorithms in the fuzzy framework. Finally, Section 4 presents some conclusions and prospects for future work.

2. Decision algorithms in fuzzy rough set theory

A classical complete decision algorithm is a set of independent and admissible decision rules whose antecedents and consequents 
cover the set of objects and that preserve the consistency of the decision table [20,21]. This notion was extended to the fuzzy 
framework in [9], where a detailed study about decision rules and their relevance indicators was carried out. This section is devoted 
to recalling the most important notions concerning complete decision algorithms in fuzzy rough set theory.

Definition 1 ([9]). Let 𝑈 and  be non-empty sets of objects and attributes, respectively. A decision table is a tuple 𝑆 =
(𝑈,𝑑 ,𝑑

,𝑑 ) such that 𝑑 =  ∪ {𝑑} with 𝑑 ∉ , 𝑑
= {𝑉𝑎 ∣ 𝑎 ∈ 𝑑}, where 𝑉𝑎 is the set of values associated with the 

attribute 𝑎 over 𝑈 , and 𝑑 = {𝑎̄ ∣ 𝑎 ∈𝑑 , 𝑎̄∶ 𝑈 → 𝑉𝑎}. In this case, the attributes of  are called condition attributes and 𝑑 is called 
decision attribute.

Decision tables allow us to represent databases in fuzzy rough set theory, and from them, it is possible to define different relations 
useful to compare either a pair of objects according to an attribute, or pairs of objects by using a subset of attributes instead of a 
unique attribute.

Definition 2 ([10]). Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table and 𝐵 ⊆.

• An 𝑎-indiscernibility relation is a mapping 𝑅𝑎 ∶ 𝑈 ×𝑈 → [0,1], with 𝑎 ∈𝑑 , which is a fuzzy tolerance relation, that is, a reflexive 
and symmetrical fuzzy relation.

• A 𝐵-indiscernibility relation is a mapping 𝑅𝐵 ∶ 𝑈 ×𝑈 → [0,1] defined, for each pair of objects 𝑥, 𝑦 ∈𝑈 , as:

𝑅𝐵(𝑥, 𝑦) =@(𝑥,𝑦

𝐵
(𝑎1),… ,

𝑥,𝑦

𝐵
(𝑎𝑚))

where  = {𝑎1,… , 𝑎𝑚} and 𝑥,𝑦

𝐵
∶ → [0,1] is defined as follows, for each 𝑎 ∈:


𝑥,𝑦

𝐵
(𝑎) =

{
𝑅𝑎(𝑥, 𝑦) if 𝑎 ∈ 𝐵

1 otherwise

and @ ∶ [0,1]𝑚 → [0,1] is an aggregation operator, that is, an increasing operator on each argument satisfying @(1,… ,1) = 1
and @(0,… ,0) = 0.

• A separable fuzzy tolerance relation is a mapping 𝑇𝑎 ∶ 𝑉𝑎 × 𝑉𝑎 → [0,1], with 𝑎 ∈, which is a fuzzy tolerance relation satisfying 
the next property:

If 𝑇𝑎(𝑣,𝑤) = 1, then 𝑣 =𝑤

Taking into account that all tolerance relations are reflexive, it is easy to conclude that all separable tolerance relations 𝑇𝑎 satisfy 
that 𝑇𝑎(𝑣,𝑤) = 1 if and only if 𝑣 =𝑤.

Decision rules offer a logic representation of decision tables which makes easier their interpretation. A formal language is in
dispensable to describe the information contained in decision tables in logical terms, allowing us to compute how much an object 
satisfies a formula. These notions are formally introduced below.

Definition 3 ([9]). Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table, 𝐵 ⊆𝑑 , 𝐶 ⊆ and 𝑇 = {𝑇𝑎 ∶ 𝑉𝑎 ×𝑉𝑎 → [0,1] ∣ 𝑎 ∈𝑑} be a family 

of separable fuzzy tolerance relations.

• The set of formulas associated with 𝐵, denoted as 𝐹𝑜𝑟(𝐵), is built from attribute-value pairs (𝑎, 𝑣), where 𝑎 ∈ 𝐵 and 𝑣 ∈ 𝑉𝑎, by 
means of the conjunction and disjunction logical connectives, ∧ and ∨, respectively.

• The mapping ‖ ⋅ ‖𝑇
𝑆
∶ 𝐹𝑜𝑟(𝐵)→ [0,1]𝑈 defined, for each 𝑥 ∈𝑈 and Φ= (𝑎, 𝑣), with 𝑎 ∈ 𝐵 and 𝑣 ∈ 𝑉𝑎, as:

‖Φ‖𝑇
𝑆
(𝑥) = 𝑇𝑎(𝑎̄(𝑥), 𝑣)

is the degree of satisfiability to the formula Φ of the object 𝑥, through the relationships between the values of the attributes in the 
object 𝑥 and the values of the attributes in the formula Φ.

• For every Φ,Ψ ∈ 𝐹𝑜𝑟(𝐵), the degree of satisfiability to the conjunction and disjunction of formulas are defined, for each 𝑥 ∈ 𝑈 , as 
follows:
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‖Φ∧Ψ‖𝑇
𝑆
(𝑥) = min{‖Φ‖𝑇

𝑆
(𝑥),‖Ψ‖𝑇

𝑆
(𝑥)}‖Φ∨Ψ‖𝑇

𝑆
(𝑥) = max{‖Φ‖𝑇

𝑆
(𝑥),‖Ψ‖𝑇

𝑆
(𝑥)}

• A decision rule in 𝑆 is an expression Φ→ Ψ, where Φ ∈ 𝐹𝑜𝑟(𝐶) is the antecedent of the decision rule and Ψ ∈ 𝐹𝑜𝑟({𝑑}) is the 
consequent of the decision rule.

• An object 𝑥 ∈ 𝑈 fully supports the decision rule Φ → Ψ if‖Φ ∧ Ψ‖𝑇
𝑆
(𝑥) = 1. In this way, we can say that the object 𝑥 induces the 

decision rule Φ→Ψ.

Different fuzzy relevance indicators, useful to give a description of decision rules, were presented in [9]. Specifically, this paper 
focuses on the 𝑇 -support and the 𝑇 -strength in order to draw the representativeness of decision rules in the decision table. Before 
presenting these fuzzy relevance indicators, we need to recall the notion of cardinal of a fuzzy set [11].

Definition 4 ([11]). Given a universe 𝑉 , the cardinal of a fuzzy subset 𝑔∶ 𝑉 → [0,1] is defined as:

card𝐹 (𝑔) =
∑
𝑥∈𝑉

𝑔(𝑥)

Definition 5 ([9]). Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table, Φ→Ψ be a decision rule in 𝑆 and 𝑇 = {𝑇𝑎 ∶ 𝑉𝑎 × 𝑉𝑎 → [0,1] ∣ 𝑎 ∈

𝑑} be a family of separable fuzzy tolerance relations. We call:

• 𝑇 -support of the decision rule Φ→Ψ to the value:

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ,Ψ) = card𝐹 (‖Φ∧Ψ‖𝑇

𝑆
)

• 𝑇 -strength of the decision rule Φ→Ψ to the value:

𝜎𝑇
𝑆
(Φ,Ψ) =

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ,Ψ)

card(𝑈 ) 
where card(⋅) denotes the cardinal of a classical set.

It is important to take into account that the 𝑇 -support and the 𝑇 -strength generalize the support and strength of the classical 
framework [9]. Next, we include the definition of a separable tolerance relation capable of comparing antecedents and consequents 
of decision rules. The former will be the conjunction of attribute-value pairs, whereas the latter will be an attribute-value pair, because 
only one decision attribute is considered in Definition 1.

Definition 6 ([9]). Given a decision table 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ), a family of separable fuzzy tolerance relations 𝑇 = {𝑇𝑎 ∶ 𝑉𝑎 × 𝑉𝑎 →

[0,1] ∣ 𝑎 ∈𝑑} and Φ,Φ′ ∈ 𝐹𝑜𝑟(𝑑 ), such that

Φ= (𝑎1, 𝑣1) ∧…∧ (𝑎𝑛, 𝑣𝑛) and Φ′ = (𝑎′1,𝑤1) ∧…∧ (𝑎′
𝑚
,𝑤𝑚)

we define the 𝐹 -indiscernibility relation as a separable fuzzy tolerance relation 𝑅Fd ∶ 𝐹𝑜𝑟(𝑑 ) × 𝐹𝑜𝑟(𝑑 )→ [0,1] given by

𝑅Fd(Φ,Φ′) =
⎧⎪⎨⎪⎩

⋀
𝑖∈{1,…,𝑛}

𝑇𝑎𝑖
(𝑣𝑖,𝑤𝑖) if 𝑛 =𝑚 and 𝑎𝑖 = 𝑎′

𝑖
for all 𝑖 ∈ {1,… , 𝑛}

0 otherwise

Given 𝛼 ∈ [0,1], we define the 𝑅Fd-𝛼-block, for each Φ∈ 𝐹𝑜𝑟(𝑑 ), as follows:

[Φ]𝛼 = {Φ′ ∈ 𝐹𝑜𝑟(𝑑 ) ∣ 𝛼 ≤𝑅Fd(Φ,Φ′)}

If Φ′ ∈ [Φ]𝛼 , then we will say that Φ and Φ′ are 𝑅Fd-𝛼-related.

The use of 𝑅Fd-𝛼-blocks is fundamental to summarize those formulas that are considered similar. Clearly, the 𝑅Fd-𝛼-blocks are 
decreasing in 𝛼, and [Φ]𝛼 = {Φ} if 𝑇 is a Boolean family and 𝛼 > 0. 𝑅Fd-𝛼-blocks also allow us to obtain a set of rules without 
contradictions among them, that is, a consistent set of rules.

Definition 7 ([9]). Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table, 𝛼 ∈ (0,1], 𝑅Fd ∶ 𝐹𝑜𝑟(𝑑 ) ×𝐹𝑜𝑟(𝑑 )→ [0,1] be a 𝐹 -indiscernibility 

relation and 𝐷𝑒𝑐(𝑆) = {Φ𝑖 →Ψ𝑖 ∣ 𝑖 ∈ {1,… ,𝑚}}, with 𝑚 ≥ 2,1 be a set of decision rules in 𝑆 . The set of 𝛼-consistent decision rules is 
defined as follows:

1 In this paper, a minimum of two decision rules is considered in decision algorithms, as Pawlak stated [21], but notice that similar, albeit pointless, studies can be 
carried out in the trivial classes of one algorithm with only one decision rule.
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𝐷𝑒𝑐+
𝛼
(𝑆) = {Φ→Ψ∈𝐷𝑒𝑐(𝑆) ∣ if for each Φ′ →Ψ′ ∈𝐷𝑒𝑐(𝑆) such that Φ′ ∈ [Φ]𝛼 then Ψ′ ∈ [Ψ]𝛼}

The set of 𝛼-consistent decision rules is important to extract the most reliable information contained in decision tables, since it 
contains all the non-contradictory decision rules given the threshold 𝛼.

Another helpful notion to measure the consistency is the fuzzy positive region, which provides a degree of consistency of a given 
object in the decision table, by using indiscernibility relations and a fuzzy implication. This notion plays an important role in decision 
algorithms and it was framed in the multi-adjoint approach in [10]. For that reason, we need to fix the multi-adjoint property-oriented 
frame [10,16] employed in this work.

Definition 8 ([16]). A multi-adjoint property-oriented frame is a tuple(𝑃1,𝐿2,𝐿3,&1,… ,&𝑛) composed of a partially ordered set (𝑃1,≤1
), two complete lattices (𝐿2,⪯2) and (𝐿3,⪯3), and adjoint triples (&𝑖,↙

𝑖,↖𝑖) with respect to 𝑃1,𝐿2,𝐿3, for all 𝑖 ∈ {1,… , 𝑛}, that is, 
the tuple (&𝑖,↙

𝑖,↖𝑖) satisfies the following double equivalence, for each 𝑥 ∈ 𝑃1, 𝑦∈𝐿2, 𝑧 ∈𝐿3:

𝑥 ≤1 𝑧↙
𝑖 𝑦 iff 𝑥&𝑖𝑦 ⪯3 𝑧 iff 𝑦 ⪯2 𝑧↖𝑖 𝑥

The mapping &𝑖 is called adjoint conjunctor, ↙𝑖 is called left residuated fuzzy implication of & and ↖𝑖 is called right residuated fuzzy 
implication of &.

Now, focusing on the multi-adjoint property-oriented frame ([0,1] , [0,1] , [0,1] ,&1,… ,&𝑛), we present the notion of fuzzy positive 
region when 𝑅𝑑 is a Boolean 𝑑-indiscernibility relation given in [10].

Definition 9 ([10]). Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table, 𝑅𝑑 be a Boolean 𝑑-indiscernibility relation and the mapping 

𝜏 ∶ 𝑈 ×𝑈 → {1,… , 𝑛}. The multi-adjoint fuzzy -positive region is defined, for each 𝑦 ∈𝑈 , as:

POSf

(𝑦) = inf{𝑅𝑑 (𝑦,𝑥)↖𝜏(𝑥,𝑦) 𝑅(𝑥, 𝑦) ∣ 𝑥 ∈𝑈}

where ↖𝜏(𝑥,𝑦) is the right residuated fuzzy implication of &𝜏(𝑥,𝑦) associated with the pair of objects 𝑥, 𝑦.

Once the previous notions have been presented, we are in a position to introduce the definition of decision algorithm in the fuzzy 
rough set theory framework, which is a set of decision rules satisfying some requirements based on the previous fuzzy relevance 
indicators.

Definition 10 ([9]). Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table, 𝛼 ∈ (0,1], 𝛼1, 𝛼2, 𝛼4 ∈ [0,1), 𝛼3 ∈ (0, card(𝑈 )], 𝑇 = {𝑇𝑎 ∶ 𝑉𝑎 ×𝑉𝑎 →

[0,1] ∣ 𝑎 ∈𝑑} be a family of separable fuzzy tolerance relations and 𝐷𝑒𝑐(𝑆) = {Φ𝑖 → Ψ𝑖 ∣ 𝑖 ∈ {1,… ,𝑚}}, with 𝑚 ≥ 2, be a set of 
decision rules in 𝑆 . We say that:

1. 𝐷𝑒𝑐(𝑆) is a set of 𝛼1𝛼2-pairwise mutually exclusive (independent) decision rules, if each pair of decision rules Φ→ Ψ,Φ′ → Ψ′ ∈
𝐷𝑒𝑐(𝑆) satisfies that Φ=Φ′ or ‖Φ∧Φ′‖𝑇

𝑆
(𝑥) ≤ 𝛼1 and Ψ=Ψ′ or ‖Ψ∧Ψ′‖𝑇

𝑆
(𝑥) ≤ 𝛼2, for all 𝑥 ∈𝑈 .

2. 𝐷𝑒𝑐(𝑆) covers 𝑈 , if card𝐹 (‖ 𝑚 ⋁
𝑖=1

Φ𝑖‖𝑇𝑆 ) = card𝐹 (‖ 𝑚 ⋁
𝑖=1

Ψ𝑖‖𝑇𝑆 ) = card(𝑈 ).

3. The decision rule Φ→Ψ∈𝐷𝑒𝑐(𝑆) is 𝛼3-admissible in 𝑆 if 𝛼3 ≤ 𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ,Ψ).

4. 𝐷𝑒𝑐(𝑆) preserves the 𝛼-consistency of 𝑆 with a degree 𝛼4 if the next inequality holds for each 𝑥 ∈𝑈 :|||POSf

(𝑥) −

⋁
Φ→Ψ∈𝐷𝑒𝑐+𝛼 (𝑆)

‖Φ‖𝑇
𝑆
(𝑥)||| ≤ 𝛼4

The set of decision rules 𝐷𝑒𝑐(𝑆) satisfying the previous properties for the values 𝛼1, 𝛼2, 𝛼3, 𝛼4 is called (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision 
algorithm in 𝑆 and it is denoted as 𝐷𝐴𝑇 (𝑆).

Furthermore, if for each 𝑥 ∈ 𝑈 there exists Φ → Ψ ∈ 𝐷𝐴𝑇 (𝑆) such that ‖Φ ∧ Ψ‖𝑇
𝑆
(𝑥) = 1, then 𝐷𝐴𝑇 (𝑆) is called a complete 

(𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm.

Notice that, 𝛼1, 𝛼2 and 𝛼4 cannot be 1, since the properties in which they are involved are always satisfied, and so they are 
valueless. The interpretation of the role of the previous thresholds can be consulted in [9].

It is also important to notice that the order of the rules in the set 𝐷𝐴𝑇 (𝑆) does not affect to any threshold. As a result, if a set of 
rules is a (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm, then any reordering is also a (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm. Moreover, it is possible 
to take appropriate values of each threshold 𝛼𝑖 , with 𝑖 ∈ {1,2,3,4}, so that a set of decision rules 𝐷𝑒𝑐(𝑆) where each rule is induced 
by an object of the decision table 𝑆 is a (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm, as it was shown in [9]. Finally, it is convenient to remark 
that complete (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithms of fuzzy rough set theory generalize complete decision algorithms of RST [9].

Decision rules belonging to classical complete decision algorithms satisfy interesting properties. In particular, the sum of the 
support of all the decision rules of a classical complete decision algorithm coincides with the number of objects considered in the 
decision table. This fact leads to that the sum of all the strengths is 1. This result is generalized to the fuzzy rough set theory framework 
next.
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Lemma 11. Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table, 𝑅 and 𝑅𝑎 be Boolean separable tolerance relations for all 𝑎 ∈𝑑 and 𝑇 =

{𝑇𝑎 ∶ 𝑉𝑎 × 𝑉𝑎 → {0,1} ∣ 𝑎 ∈𝑑} be a family of Boolean separable tolerance relations. Given 𝐷𝐴𝑇 (𝑆) a complete (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision 
algorithm we obtain that∑

Φ→Ψ∈𝐷𝐴𝑇 (𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ,Ψ) = card(𝑈 )

∑
Φ→Ψ∈𝐷𝐴𝑇 (𝑆)

𝜎𝑇
𝑆
(Φ,Ψ) = 1

Proof. The proof holds because complete (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithms, 𝑇 -support and 𝑇 -strength extend their corresponding 
classical definitions. □

3. Efficiency of (𝜶𝟏, 𝜶𝟐, 𝜶𝟑, 𝜶𝟒)𝜶 -decision algorithms

This section studies the quality of the classification of the objects belonging to a decision table provided by a (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼
decision algorithm, by means of two alternative definitions of efficiency. The notion of efficiency was originally introduced in the 
RST framework [21] to study classical complete decision algorithms, which is recalled below.

Definition 12 ([21]). Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table and 𝐷𝐴(𝑆) be a complete classical decision algorithm. We call 

efficiency of 𝐷𝐴(𝑆) to the value:

𝜂(𝐷𝐴(𝑆)) =
∑

{Φ∈𝐹𝑜𝑟()∣Φ→Ψ∈𝐷𝐴(𝑆)}
𝜂Φ(𝐷𝐴(𝑆))

where 𝜂Φ(𝐷𝐴(𝑆)) = max{𝜎𝑆 (Φ,Ψ′) ∣ Φ→Ψ′ ∈𝐷𝐴(𝑆)} and 𝜎𝑆 (Φ,Ψ′) is the classical strength.

According to the previous definition, the efficiency of a given classical 𝐷𝐴(𝑆) is computed considering, for each antecedent, the 
greatest values of the strength for the rules in 𝐷𝐴(𝑆) with such antecedent. Hence, the efficiency provides the proportion of objects 
classified by means of the most representative rule for each antecedent. Consequently, by the definition of the strength, the classical 
efficiency is bounded by 1. Furthermore, if all the antecedents of the rules in 𝐷𝐴(𝑆) are different, then the efficiency is equal to the 
sum of the strengths of the rules, which is clearly 1 in the classical case.

3.1. 𝜀-e�iciency of (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithms

This section is devoted to presenting the natural extension of the efficiency to the fuzzy setting taking into account that the 
considered antecedents can be similar to others in (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithms.

Definition 13. Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table and 𝐷𝐴𝑇 (𝑆) be a (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm. Given 𝜀 ∈ [0,1], 

we call 𝜀-e�iciency of 𝐷𝐴𝑇 (𝑆) to the number:

𝜂𝜀(𝐷𝐴𝑇 (𝑆)) =
∑

{Φ∈𝐹𝑜𝑟()∣Φ→Ψ∈𝐷𝐴𝑇 (𝑆)}
𝜂𝜀Φ(𝐷𝐴𝑇 (𝑆))

where 𝜂𝜀Φ(𝐷𝐴𝑇 (𝑆)) = max{𝜎𝑇
𝑆
(Φ′,Ψ′) ∣ Φ′ →Ψ′ ∈𝐷𝐴𝑇 (𝑆),Φ′ ∈ [Φ]𝜀}.

Notice that, we have considered a threshold 𝜀 in order to compare the antecedents of the rules present in the algorithm by means 
of 𝑅Fd-𝜀-blocks. In this way, if a higher threshold is chosen by the user, a more restrictive comparison between the antecedents is 
carried out, so that the values present in the antecedents have to be more similar in order to consider both antecedents as 𝑅Fd-𝜀
related. Therefore, the threshold will supply a great level of flexibility to the study depending on the preferences of the user, and it 
will allow us to compare some 𝜀-e�iciencies of the same decision algorithm by considering different thresholds. Next result presents 
some properties obtained from Definition 13.

Proposition 14. Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table and 𝐷𝐴𝑇 (𝑆) = {Φ𝑖 →Ψ𝑖 ∣ 𝑖 ∈ {1,… ,𝑚}}, with 𝑚≥ 2, be a (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼

decision algorithm. The following properties hold:

1. The notion of 𝜀-e�iciency generalizes the classical one, that is if 𝑇 = {𝑇𝑎 ∶ 𝑉𝑎 × 𝑉𝑎 → {0,1} ∣ 𝑎 ∈𝑑} is a family of Boolean separable 
tolerance relations and 𝜀 > 0, then: 𝜂𝜀(𝐷𝐴𝑇 (𝑆)) = 𝜂(𝐷𝐴𝑇 (𝑆)).

2. The 𝜀-e�iciency of 𝐷𝐴𝑇 (𝑆) is decreasing in 𝜀, that is, given 𝜀1, 𝜀2 ∈ [0,1], if 𝜀1 ≤ 𝜀2 then

𝜂𝜀2 (𝐷𝐴𝑇 (𝑆)) ≤ 𝜂𝜀1 (𝐷𝐴𝑇 (𝑆))
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3. If max{𝑅Fd(Φ𝑖,Φ𝑗 ) ∣ 𝑖, 𝑗 ∈ {1,… ,𝑚}, 𝑖 ≠ 𝑗} < 𝜀, then the 𝜀-e�iciency of 𝐷𝐴𝑇 (𝑆) is given as:

𝜂𝜀(𝐷𝐴𝑇 (𝑆)) =
∑

Φ→Ψ∈𝐷𝐴𝑇 (𝑆)
𝜎𝑇
𝑆
(Φ,Ψ)

4. Let Φ𝑗 →Ψ𝑗 ∈𝐷𝐴𝑇 (𝑆) such that

𝜎𝑇
𝑆
(Φ𝑗 ,Ψ𝑗 ) = max{𝜎𝑇

𝑆
(Φ,Ψ) ∣ Φ→Ψ∈𝐷𝐴𝑇 (𝑆)}

If 𝜀 ≤min{𝑅Fd(Φ𝑖,Φ𝑗 ) ∣ 𝑖 ∈ {1,… ,𝑚}}, then the 𝜀-e�iciency of 𝐷𝐴𝑇 (𝑆) is given as:

𝜂𝜀(𝐷𝐴𝑇 (𝑆)) = 𝜎𝑇
𝑆
(Φ𝑗 ,Ψ𝑗 ) ⋅ card({Φ ∈ 𝐹𝑜𝑟() ∣ Φ→Ψ∈𝐷𝐴𝑇 (𝑆)})

Proof. First of all, we prove Item 1. Since the mappings 𝑇𝑎 are Booleans and separable, for all 𝑎 ∈𝑑 , we obtain that 𝜎𝑇
𝑆
(Φ,Ψ) =

𝜎𝑆 (Φ,Ψ), for all Φ→Ψ∈𝐷𝐴𝑇 (𝑆). Moreover, since 𝜀 > 0, we have that [Φ]𝜀 = {Φ}, for all Φ∈ 𝐹𝑜𝑟(). As a consequence:

𝜂𝜀Φ(𝐷𝐴𝑇 (𝑆)) = max{𝜎𝑇
𝑆
(Φ′,Ψ′) ∣ Φ′ →Ψ′ ∈𝐷𝐴𝑇 (𝑆),Φ′ ∈ [Φ]𝜀} = max{𝜎𝑇

𝑆
(Φ,Ψ′) ∣ Φ→Ψ′ ∈𝐷𝐴𝑇 (𝑆)}

= max{𝜎𝑆 (Φ,Ψ′) ∣ Φ→Ψ′ ∈𝐷𝐴𝑇 (𝑆)}

= 𝜂Φ(𝐷𝐴𝑇 (𝑆))

for all Φ∈ 𝐹𝑜𝑟(), with Φ→Ψ∈𝐷𝐴𝑇 (𝑆). In conclusion,

𝜂𝜀(𝐷𝐴𝑇 (𝑆)) = 𝜂(𝐷𝐴𝑇 (𝑆))

Now, we focus on Item 2. Let 𝜀1, 𝜀2 ∈ [0,1] such that 𝜀1 ≤ 𝜀2 and Φ→Ψ∈𝐷𝐴𝑇 (𝑆). Hence, [Φ]𝜀2 ⊆ [Φ]𝜀1 . As a result:

{Φ′ →Ψ′ ∈𝐷𝐴𝑇 (𝑆) ∣ Φ′ ∈ [Φ]𝜀2} ⊆ {Φ′′ →Ψ′′ ∈𝐷𝐴𝑇 (𝑆) ∣ Φ′′ ∈ [Φ]𝜀1 }

Therefore, by Definition 13, we deduce that:

𝜂
𝜀2
Φ (𝐷𝐴𝑇 (𝑆)) = max{𝜎𝑇

𝑆
(Φ′,Ψ′) ∣ Φ′ →Ψ′ ∈𝐷𝐴𝑇 (𝑆),Φ′ ∈ [Φ]𝜀2 }

≤max{𝜎𝑇
𝑆
(Φ′′,Ψ′′) ∣ Φ′′ →Ψ′′ ∈𝐷𝐴𝑇 (𝑆),Φ′′ ∈ [Φ]𝜀1}

= 𝜂
𝜀1
Φ (𝐷𝐴𝑇 (𝑆))

Applying again Definition 13, we obtain that:

𝜂𝜀2 (𝐷𝐴𝑇 (𝑆)) =
∑

{Φ′′′∈𝐹𝑜𝑟()∣Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)}
𝜂
𝜀2
Φ′′′ (𝐷𝐴𝑇 (𝑆)) ≤

∑
{Φ′′′∈𝐹𝑜𝑟()∣Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)}

𝜂
𝜀1
Φ′′′ (𝐷𝐴𝑇 (𝑆)) = 𝜂𝜀1 (𝐷𝐴𝑇 (𝑆))

In conclusion, the 𝜀-e�iciency of a (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm is decreasing in the threshold 𝜀.
For Item 3, since max{𝑅Fd(Φ𝑖,Φ𝑗 ) ∣ 𝑖, 𝑗 ∈ {1,… ,𝑚}, 𝑖 ≠ 𝑗} < 𝜀, by Definition 6, we obtain that [Φ]𝜀 = {Φ}, for each Φ antecedent 

of decision rules in 𝐷𝐴𝑇 (𝑆). Therefore, all the antecedents are different each other. As a consequence, by Definition 13, we have 
that:

𝜂𝜀Φ(𝐷𝐴𝑇 (𝑆)) = max{𝜎𝑇
𝑆
(Φ′,Ψ′) ∣ Φ′ →Ψ′ ∈𝐷𝐴𝑇 (𝑆),Φ′ ∈ [Φ]𝜀} = 𝜎𝑇

𝑆
(Φ,Ψ)

for all Φ∈ 𝐹𝑜𝑟() such that Φ→Ψ∈𝐷𝐴𝑇 (𝑆). Therefore, by Definition 13, we conclude that:

𝜂𝜀(𝐷𝐴𝑇 (𝑆)) =
∑

{Φ∈𝐹𝑜𝑟()∣Φ→Ψ∈𝐷𝐴𝑇 (𝑆)}
𝜂𝜀Φ(𝐷𝐴𝑇 (𝑆)) =

∑
{Φ∈𝐹𝑜𝑟()∣Φ→Ψ∈𝐷𝐴𝑇 (𝑆)}

𝜎𝑇
𝑆
(Φ,Ψ) =

∑
Φ→Ψ∈𝐷𝐴𝑇 (𝑆)

𝜎𝑇
𝑆
(Φ,Ψ)

Finally, we prove Item 4. Since 𝜀 ≤ min{𝑅Fd(Φ𝑖,Φ𝑗 ) ∣ 𝑖 ∈ {1,… ,𝑚}}, by Definition 6, we obtain that Φ𝑗 ∈
[
Φ𝑖

]
𝜀

for all 𝑖 ∈
{1,… ,𝑚}. Hence,

Φ𝑗 →Ψ𝑗 ∈ {Φ→Ψ∈𝐷𝐴𝑇 (𝑆) ∣ Φ ∈
[
Φ𝑖

]
𝜀
}

for all 𝑖 ∈ {1,… ,𝑚}. Moreover, since Φ𝑗 →Ψ𝑗 has the greatest value of 𝑇 -strength, by Definition 13, the following chain of equalities 
is deduced, for each Φ∈ 𝐹𝑜𝑟() such that Φ→Ψ∈𝐷𝐴𝑇 (𝑆):

𝜂𝜀Φ(𝐷𝐴𝑇 (𝑆)) = max{𝜎𝑇
𝑆
(Φ′,Ψ′) ∣ Φ′ →Ψ′ ∈𝐷𝐴𝑇 (𝑆),Φ′ ∈ [Φ]𝜀} = 𝜎𝑇

𝑆
(Φ𝑗 ,Ψ𝑗 )

As a consequence, by Definition 13, we conclude that:

𝜂𝜀(𝐷𝐴𝑇 (𝑆)) =
∑

{Φ∈𝐹𝑜𝑟()∣Φ→Ψ∈𝐷𝐴𝑇 (𝑆)}
𝜂𝜀Φ(𝐷𝐴𝑇 (𝑆)) = 𝜎𝑇

𝑆
(Φ𝑗 ,Ψ𝑗 ) ⋅ card({Φ ∈ 𝐹𝑜𝑟() ∣ Φ→Ψ∈𝐷𝐴𝑇 (𝑆)}) □
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The interpretation of the previous properties and illustrative examples of Definition 13 can be consulted in [6,8]. The main 
inconvenient of Definition 13 is that the 𝜀-e�iciency of an algorithm is not bounded by 1, making difficult to compare algorithms 
from different datasets. This fact is due to two reasons: (1) the sum of the 𝑇 -strength values of all decision rules of a (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼
decision algorithm can be greater than or equal to 1; (2) the decision rules can be considered more than once in the computation of 
the 𝜀-e�iciency, as Proposition 14(4) states. These problems are addressed in the next section with a new proposal.

3.2. Normalized 𝜀-e�iciency of (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithms

The given notions of 𝑇 -strength and 𝜀-e�iciency are not completely adequate to analyze decision algorithms, then a normalized 
efficiency is required. In this section, we will introduce alternative definitions to these ones in order to solve the aforementioned 
problems. First of all, we present the notion of 𝜀-𝑇 -strength of a decision rule considering the given set of decision rules, instead of 
the set of objects 𝑈 , as done in Definition 5. Moreover, the consideration of the threshold 𝜀 allows us to set different criteria in the 
comparison between the studied decision rule and all the ones present in the given set.

Definition 15. Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table and 𝐷𝑒𝑐(𝑆) be a set of decision rules. Given 𝜀 ∈ [0,1], we call 𝜀-𝑇 -strength 

of the decision rule Φ→Ψ with respect to 𝐷𝑒𝑐(𝑆) to the value:

𝜎
𝜀,𝑇

𝑆
(Φ,Ψ) =

∑
{Φ′→Ψ′∈𝐷𝑒𝑐(𝑆)∣Φ′∈[Φ]𝜀,Ψ′∈[Ψ]𝜀}

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′,Ψ′)∑

Φ′′→Ψ′′∈𝐷𝑒𝑐(𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′,Ψ′′) 

The main goal of introducing Definition 15 is to give more representativeness in the algorithm to those decision rules whose 
antecedents and consequents are 𝑅Fd-𝜀-related to the antecedents and consequents of other decision rules of the algorithm. In this 
way, given the threshold 𝜀, if we cannot discern either the antecedent or the consequent of a rule from other antecedents and 
consequents, then that rule must gain importance in the algorithm. Next result presents some properties deduced from Definition 15.

Proposition 16. Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table, 𝐷𝑒𝑐(𝑆) be a set of decision rules and 𝜀 ∈ [0,1]. The following properties 

hold:

1. If 𝑇 = {𝑇𝑎 ∶ 𝑉𝑎 ×𝑉𝑎 → [0,1] ∣ 𝑎 ∈𝑑} is a family of Boolean tolerance relations, 𝑅 and 𝑅𝑎 are Boolean separable tolerance relations 
for all 𝑎 ∈𝑑 , 𝜀 > 0, and 𝐷𝑒𝑐(𝑆) is a complete (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm then

𝜎
𝜀,𝑇

𝑆
(Φ,Ψ) = 𝜎𝑆 (Φ,Ψ), for all Φ→Ψ∈𝐷𝑒𝑐(𝑆)

2. The 𝜀-𝑇 -strength of a decision rule Φ→Ψ with respect to 𝐷𝑒𝑐(𝑆) is decreasing in 𝜀, that is, given 𝜀1, 𝜀2 ∈ [0,1],

If 𝜀1 ≤ 𝜀2 then 𝜎
𝜀2 ,𝑇
𝑆

(Φ,Ψ) ≤ 𝜎
𝜀1 ,𝑇
𝑆

(Φ,Ψ)

3. Given Φ→Ψ∈𝐷𝑒𝑐(𝑆), if

𝜀 ≤min{min{𝑅Fd(Φ,Φ′),𝑅Fd(Ψ,Ψ′)} ∣ Φ′ →Ψ′ ∈𝐷𝑒𝑐(𝑆)}

then

𝜎
𝜀,𝑇

𝑆
(Φ,Ψ) = 1

4. Given Φ→Ψ∈𝐷𝑒𝑐(𝑆), if

max{min{𝑅Fd(Φ,Φ′),𝑅Fd(Ψ,Ψ′)} ∣ Φ′ →Ψ′ ∈𝐷𝑒𝑐(𝑆) ⧵ {Φ→Ψ}} < 𝜀

then

𝜎
𝜀,𝑇

𝑆
(Φ,Ψ) =

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ,Ψ) ∑

Φ′→Ψ′∈𝐷𝑒𝑐(𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′,Ψ′)

Proof. First of all, we prove Item 1. Given 𝜀 > 0, as 𝑇 is a family of Boolean tolerance relations, we obtain that [Φ]𝜀 = {Φ} and 
[Ψ]𝜀 = {Ψ}, for all Φ∈ 𝐹𝑜𝑟() and Ψ∈ 𝐹𝑜𝑟({𝑑}). Therefore, applying Lemma 11, the following equality holds:∑

Φ→Ψ∈𝐷𝑒𝑐(𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ,Ψ) = card(𝑈 )
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Since we are in the classical case, for each Φ→Ψ∈𝐷𝑒𝑐(𝑆), 𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ,Ψ) = 𝑠𝑢𝑝𝑝𝑆 (Φ,Ψ) and, as a consequence, we conclude that:

𝜎
𝜀,𝑇

𝑆
(Φ,Ψ) =

∑
{Φ′→Ψ′∈𝐷𝑒𝑐(𝑆)∣Φ′∈[Φ]𝜀,Ψ′∈[Ψ]𝜀}

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′,Ψ′)∑

Φ′′→Ψ′′∈𝐷𝑒𝑐(𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ,Ψ) 

=
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ,Ψ) ∑

Φ′′→Ψ′′∈𝐷𝑒𝑐(𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ,Ψ)

=
𝑠𝑢𝑝𝑝𝑆 (Φ,Ψ) ∑

Φ′′→Ψ′′∈𝐷𝑒𝑐(𝑆)
𝑠𝑢𝑝𝑝𝑆 (Φ,Ψ)

=
𝑠𝑢𝑝𝑝𝑆 (Φ,Ψ)

card(𝑈 ) 

= 𝜎𝑆 (Φ,Ψ)

Now, we focus on Item 2. Let 𝜀1, 𝜀2 ∈ [0,1] such that 𝜀1 ≤ 𝜀2. Consequently, [Φ]𝜀2 ⊆ [Φ]𝜀1 and [Ψ]𝜀2 ⊆ [Ψ]𝜀1 , for all Φ and Ψ
antecedent and consequent, respectively, of decision rules of 𝐷𝑒𝑐(𝑆). Therefore, for each decision rule Φ→ Ψ ∈𝐷𝑒𝑐(𝑆) we obtain 
that:

{Φ′ →Ψ′ ∈𝐷𝑒𝑐(𝑆) ∣ Φ′ ∈ [Φ]𝜀2 ,Ψ
′ ∈ [Ψ]𝜀2 } ⊆ {Φ′′ →Ψ′′ ∈𝐷𝑒𝑐(𝑆) ∣ Φ′′ ∈ [Φ]𝜀1 ,Ψ

′′ ∈ [Ψ]𝜀1}

and, as a result, the following inequality is satisfied:∑
{Φ′→Ψ′∈𝐷𝑒𝑐(𝑆)∣Φ′∈[Φ]𝜀2 ,Ψ

′∈[Ψ]𝜀2 }
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′,Ψ′) ≤

∑
{Φ′′→Ψ′′∈𝐷𝑒𝑐(𝑆)∣Φ′′∈[Φ]𝜀1 ,Ψ

′′∈[Ψ]𝜀1 }
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′,Ψ′′)

for all Φ→Ψ∈𝐷𝑒𝑐(𝑆). In conclusion, 𝜎𝜀2 ,𝑇
𝑆

(Φ,Ψ) ≤ 𝜎
𝜀1 ,𝑇
𝑆

(Φ,Ψ) for all Φ→Ψ∈𝐷𝑒𝑐(𝑆), that is, the 𝜀-𝑇 -strength of a decision rule 
Φ→Ψ with respect to 𝐷𝑒𝑐(𝑆) is decreasing in the threshold 𝜀.

Next, Item 3 is proven. Let Φ→Ψ∈𝐷𝑒𝑐(𝑆) and

𝜀 ≤min{min{𝑅Fd(Φ,Φ′),𝑅Fd(Ψ,Ψ′)} ∣ Φ′ →Ψ′ ∈𝐷𝑒𝑐(𝑆)}

By Definition 6, for each Φ′ →Ψ′ ∈𝐷𝑒𝑐(𝑆), we have that Φ′ ∈ [Φ]𝜀 and Ψ′ ∈ [Ψ]𝜀. Therefore,

{Φ′ →Ψ′ ∈𝐷𝑒𝑐(𝑆) ∣ Φ′ ∈ [Φ]𝜀 ,Ψ′ ∈ [Ψ]𝜀} =𝐷𝑒𝑐(𝑆)

Consequently, by Definition 15, we conclude that:

𝜎
𝜀,𝑇

𝑆
(Φ,Ψ) =

∑
{Φ′→Ψ′∈𝐷𝑒𝑐(𝑆)∣Φ′∈[Φ]𝜀,Ψ′∈[Ψ]𝜀}

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′,Ψ′)∑

Φ′′→Ψ′′∈𝐷𝑒𝑐(𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′,Ψ′′) 

=

∑
Φ′′→Ψ′′∈𝐷𝑒𝑐(𝑆)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′)∑

Φ′′→Ψ′′∈𝐷𝑒𝑐(𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′,Ψ′′)

= 1

Finally, we prove Item 4. Let Φ→Ψ∈𝐷𝑒𝑐(𝑆) and

𝜀 >max{min{𝑅Fd(Φ,Φ′),𝑅Fd(Ψ,Ψ′)} ∣ Φ′ →Ψ′ ∈𝐷𝑒𝑐(𝑆) ⧵ {Φ→Ψ}}

By Definition 6, for each Φ′ →Ψ′ ∈𝐷𝑒𝑐(𝑆) ⧵ {Φ→Ψ}, we have that either Φ′ ∉ [Φ]𝜀 or Ψ′ ∉ [Ψ]𝜀. As a consequence,

{Φ′′ →Ψ′′ ∈𝐷𝑒𝑐(𝑆) ∣ Φ′′ ∈ [Φ]𝜀 ,Ψ′′ ∈ [Ψ]𝜀} = {Φ→Ψ}

Therefore, by Definition 15, we obtain that:

𝜎
𝜀,𝑇

𝑆
(Φ,Ψ) =

∑
{Φ′′→Ψ′′∈𝐷𝑒𝑐(𝑆)∣Φ′′∈[Φ]𝜀,Ψ′′∈[Ψ]𝜀}

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′)∑

Φ′′′→Ψ′′′∈𝐷𝑒𝑐(𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′′,Ψ′′′) 

=
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ,Ψ) ∑

Φ′′′→Ψ′′′∈𝐷𝑒𝑐(𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′′,Ψ′′′)

□

Now, it is convenient to make some remarks about these properties. From Proposition 16(1) it is deduced that Definition 15
generalizes the classical notion of strength. Proposition 16(2) shows the monotonicity in the threshold 𝜀. In this way, if we increase 
the value of 𝜀 then the antecedents and consequents of the rules have to be more similar to ones of the rule studied in order to 
consider them as 𝑅Fd-𝜀-related. As a consequence, a more restrictive comparison reduces the 𝜀-𝑇 -strength of each decision rule.

The last two items simplify the computation of the 𝜀-𝑇 -strength of decision rules with respect to 𝐷𝑒𝑐(𝑆) in some particular cases 
and provide its boundaries. In Proposition 16(3), due to the choice of the threshold 𝜀, we are unable to discern the decision rule 
Φ→Ψ from the rest of rules. As a consequence, this rule has a complete representativeness in the set of rules, that is, its 𝜀-𝑇 -strength 
with respect to 𝐷𝑒𝑐(𝑆) is 1. Proposition 16(4) focuses on the opposite case, that is, we can discern the rule Φ→Ψ from the rest of 
rules of 𝐷𝑒𝑐(𝑆). Hence, its representativeness in 𝐷𝑒𝑐(𝑆) is only given by itself.

Finally, a new proposal to define the efficiency of a (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm will be presented. Due to the 𝜀-𝑇 -strength 
of two different rules can consider the same rule twice, once in the computation of each strength, we cannot directly consider the 
𝜀-𝑇 -strength in the computation of the efficiency, that is, we should introduce a mechanism to avoid repetitions.
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Given a decision table 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ), a (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm 𝐷𝐴𝑇 (𝑆) = {Φ𝑖 → Ψ𝑖 ∣ 𝑖 ∈ {1,… ,𝑚}}, with 

𝑚 ≥ 2, and 𝜀∈ [0,1], we define the following value based on the strength as usual:

𝜂
𝑁𝜀

Φ𝑖
(𝐷𝐴𝑇 (𝑆)) = max{𝜎𝜀,𝑇

𝑆
(Φ,Ψ) ∣ Φ→Ψ∈𝐷𝐴𝑇 (𝑆),Φ∈

[
Φ𝑖

]
𝜀
}

We have introduced the letter 𝑁 in the superscript in relation to the word ``normal''. Now, we will consider the following sets to 
avoid repetitions in the computation of the efficiency. The first set 𝐵Φ𝑖 ,Ψ𝑖

selects the rules in the algorithm maximizing 𝜂𝑁𝜀

Φ𝑖
, that is, 

the rules from which the value 𝜂𝑁𝜀

Φ𝑖
is obtained. Specifically, we have:

𝐵Φ𝑖 ,Ψ𝑖
= {Φ′ →Ψ′ ∈𝐷𝐴𝑇 (𝑆) ∣ 𝜂

𝑁𝜀

Φ𝑖
(𝐷𝐴𝑇 (𝑆)) = 𝜎

𝜀,𝑇

𝑆
(Φ′,Ψ′),Φ′ ∈

[
Φ𝑖

]
𝜀
}

The second set contains the set of rules used in the computation of the 𝜀-𝑇 -strength of the rule in 𝐵Φ𝑖 ,Ψ𝑖
with less subscript, that 

is,

𝐶Φ𝑖 ,Ψ𝑖
= {Φ′′ →Ψ′′ ∈𝐷𝐴𝑇 (𝑆) ∣ Φ′′ ∈

[
Φ𝑘

]
𝜀
,Ψ′′ ∈

[
Ψ𝑘

]
𝜀
, 𝑘 =min{𝑙 ∈ {1,… ,𝑚} ∣ Φ𝑙 →Ψ𝑙 ∈𝐵Φ𝑖,Ψ𝑖

}}

The third set takes into account the rules used in the computation of the strength only once. Specifically, it starts at the rule with 
the least subscript, and goes through the other rules in increasing subscript order up to the greatest one, including the rules used in 
the computation of the strength of the considered rule that have not been considered previously, that is

𝐷Φ𝑖 ,Ψ𝑖
= 𝐶Φ𝑖,Ψ𝑖

⧵ {Φ′′ →Ψ′′ ∈𝐷Φ𝑗 ,Ψ𝑗
∣ 𝑗 < 𝑖}

From these sets we introduce the new normalized notion of efficiency.

Definition 17. Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table and 𝐷𝐴𝑇 (𝑆) = {Φ𝑖 →Ψ𝑖 ∣ 𝑖 ∈ {1,… ,𝑚}}, with 𝑚 ≥ 2, a (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼

decision algorithm. Given 𝜀 ∈ [0,1], we call Normalized 𝜀-e�iciency, denoted as 𝑁𝜀-e�iciency, of the (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm 
𝐷𝐴𝑇 (𝑆) to the value:

𝜂𝑁𝜀 (𝐷𝐴𝑇 (𝑆)) =

𝑚 ∑
𝑖=1 

∑
Φ′′→Ψ′′∈𝐷Φ𝑖 ,Ψ𝑖

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′)

∑
Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′′,Ψ′′′) 

Definition 17 is introduced to bound the efficiency of a (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm by 1 and to consider each decision 
rule of the algorithm at most once in the computations, which will overcome the main disadvantage of Definition 13. Moreover, the 
𝑁𝜀-e�iciency also extends the classical notion of efficiency and its lower bound to the fuzzy framework, facilitating the interpretation 
of the obtained values.

Proposition 18. Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table and 𝐷𝐴𝑇 (𝑆) = {Φ𝑖 →Ψ𝑖 ∣ 𝑖 ∈ {1,… ,𝑚}}, with 𝑚 ≥ 2, a (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼

decision algorithm.

1. If 𝑇 = {𝑇𝑎 ∶ 𝑉𝑎 ×𝑉𝑎 → [0,1] ∣ 𝑎 ∈𝑑} is a family of Boolean tolerance relations, 𝑅 and 𝑅𝑎 are Boolean separable tolerance relations 
for all 𝑎 ∈𝑑 , 𝜀 > 0, and 𝐷𝐴𝑇 (𝑆) is a complete (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm then 𝜂𝑁𝜀 (𝐷𝐴𝑇 (𝑆)) = 𝜂(𝐷𝐴𝑇 (𝑆)).

2. The following inequality holds:

max{𝜎𝜀,𝑇
𝑆

(Φ,Ψ) ∣ Φ→Ψ∈𝐷𝐴𝑇 (𝑆)} ≤ 𝜂𝑁𝜀 (𝐷𝐴𝑇 (𝑆)) ≤ 1

for all 𝜀 ∈ [0,1].

Proof. First of all, we prove Item 1. Since 𝜀 > 0 and 𝑇 is a family of Boolean tolerance relations, [Φ]𝜀 = {Φ} and [Ψ]𝜀 = {Ψ} for all 
Φ→Ψ∈𝐷𝐴𝑇 (𝑆). In addition, by Proposition 16(1), we obtain that 𝜎𝜀,𝑇

𝑆
(Φ,Ψ) = 𝜎𝑆 (Φ,Ψ), for all Φ→Ψ∈𝐷𝐴𝑇 (𝑆). Hence,

𝜂
𝑁𝜀

Φ𝑖
(𝐷𝐴𝑇 (𝑆)) = max{𝜎𝜀,𝑇

𝑆
(Φ,Ψ) ∣ Φ→Ψ∈𝐷𝐴𝑇 (𝑆),Φ∈

[
Φ𝑖

]
𝜀
} = max{𝜎𝜀,𝑇

𝑆
(Φ𝑖,Ψ) ∣ Φ𝑖 →Ψ∈𝐷𝐴𝑇 (𝑆)}

= max{𝜎𝑆 (Φ𝑖,Ψ) ∣ Φ𝑖 →Ψ∈𝐷𝐴𝑇 (𝑆)}

= 𝜂Φ𝑖
(𝐷𝐴𝑇 (𝑆))

for all 𝑖 ∈ {1,… ,𝑚}. On the other hand, since 𝐷𝐴𝑇 (𝑆) is a complete (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm, by Corollary 11 we obtain 
that: ∑

Φ→Ψ∈𝐷𝐴𝑇 (𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ,Ψ) = card(𝑈 )

Now, we have to discern two different cases:
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• Suppose that Φ𝑖 ≠Φ𝑗 , for all 𝑖, 𝑗 ∈ {1,… ,𝑚} with 𝑖 ≠ 𝑗. Hence, by Definition 17, 𝐵Φ𝑖,Ψ𝑖
= 𝐶Φ𝑖,Ψ𝑖

=𝐷Φ𝑖,Ψ𝑖
= {Φ𝑖 → Ψ𝑖}, for all 

𝑖 ∈ {1,… ,𝑚}. Furthermore, taking into account that 𝜎𝑆 (Φ𝑖,Ψ𝑖) = 𝜂Φ𝑖
(𝐷𝐴𝑇 (𝑆)), for all 𝑖 ∈ {1,… ,𝑚}, we conclude that:

𝜂𝑁𝜀 (𝐷𝐴𝑇 (𝑆)) =

𝑚 ∑
𝑖=1 

∑
Φ′′→Ψ′′∈𝐷Φ𝑖 ,Ψ𝑖

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′)

∑
Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′′,Ψ′′′) 

=

𝑚 ∑
𝑖=1 

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ𝑖,Ψ𝑖) ∑

Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′′,Ψ′′′)

=
∑

Φ′′→Ψ′′∈𝐷𝐴𝑇 (𝑆)

𝑠𝑢𝑝𝑝𝑆 (Φ′′,Ψ′′)
card(𝑈 ) 

=
∑

Φ′′→Ψ′′∈𝐷𝐴𝑇 (𝑆)
𝜎𝑆 (Φ′′,Ψ′′) =

∑
{Φ∈𝐹𝑜𝑟()∣Φ→Ψ∈𝐷𝐴𝑇 (𝑆)}

𝜂Φ(𝐷𝐴𝑇 (𝑆))

= 𝜂(𝐷𝐴𝑇 (𝑆))

• Now, we suppose that there exist 𝑖, 𝑗 ∈ {1,… ,𝑚}, with 𝑖 ≠ 𝑗, such that Φ𝑗 =Φ𝑖. Without loss of generality, we suppose that 𝑖 < 𝑗. 
By Definition 17, we deduce that

𝜂
𝑁𝜀

Φ𝑗
(𝐷𝐴𝑇 (𝑆)) = max{𝜎𝜀,𝑇

𝑆
(Φ,Ψ) ∣ Φ→Ψ∈𝐷𝐴𝑇 (𝑆),Φ∈

[
Φ𝑗

]
𝜀
}

= max{𝜎𝜀,𝑇
𝑆

(Φ,Ψ) ∣ Φ→Ψ∈𝐷𝐴𝑇 (𝑆),Φ∈
[
Φ𝑖

]
𝜀
}

= 𝜂
𝑁𝜀

Φ𝑖
(𝐷𝐴𝑇 (𝑆))

𝐵Φ𝑗 ,Ψ𝑗
= {Φ′ →Ψ′ ∈𝐷𝐴𝑇 (𝑆) ∣ 𝜂

𝑁𝜀

Φ𝑗
(𝐷𝐴𝑇 (𝑆)) = 𝜎

𝜀,𝑇

𝑆
(Φ′,Ψ′),Φ′ ∈

[
Φ𝑗

]
𝜀
}

= {Φ′ →Ψ′ ∈𝐷𝐴𝑇 (𝑆) ∣ 𝜂
𝑁𝜀

Φ𝑖
(𝐷𝐴𝑇 (𝑆)) = 𝜎

𝜀,𝑇

𝑆
(Φ′,Ψ′),Φ′ ∈

[
Φ𝑖

]
𝜀
}

= 𝐵Φ𝑖,Ψ𝑖

𝐶Φ𝑗 ,Ψ𝑗
= {Φ′′ →Ψ′′ ∈𝐷𝐴𝑇 (𝑆) ∣ Φ′′ ∈

[
Φ𝑘

]
𝜀
,Ψ′′ ∈

[
Ψ𝑘

]
𝜀
, 𝑘 =min{𝑙 ∈ {1,… ,𝑚} ∣ Φ𝑙 →Ψ𝑙 ∈ 𝐵Φ𝑗 ,Ψ𝑗

}}

= {Φ′′ →Ψ′′ ∈𝐷𝐴𝑇 (𝑆) ∣ Φ′′ ∈
[
Φ𝑘

]
𝜀
,Ψ′′ ∈

[
Ψ𝑘

]
𝜀
, 𝑘 =min{𝑙 ∈ {1,… ,𝑚} ∣ Φ𝑙 →Ψ𝑙 ∈ 𝐵Φ𝑖,Ψ𝑖

}}

= 𝐶Φ𝑖,Ψ𝑖

Therefore, by Definition 17, for each Φ′′ → Ψ′′ ∈ 𝐶Φ𝑗 ,Ψ𝑗
we have that Φ′′ → Ψ′′ ∈ 𝐷Φ𝑘,Ψ𝑘

, with 𝑘 ∈ {1,… , 𝑖}. In conclusion, 
𝐷Φ𝑗 ,Ψ𝑗

=∅.

Reciprocally, we suppose that there exists 𝑗 ∈ {1,… ,𝑚} such that 𝐷Φ𝑗 ,Ψ𝑗
=∅. Therefore, for each Φ′′ →Ψ′′ ∈ 𝐶Φ𝑗 ,Ψ𝑗

there exists 
𝑖 ∈ {1,… , 𝑗 − 1} such that Φ′′ → Ψ′′ ∈𝐷Φ𝑖,Ψ𝑖

⊆ 𝐶Φ𝑖 ,Ψ𝑖
. On the other hand, given 𝑘 ∈ {1,… ,𝑚}, we obtain that, if Φ′′ → Ψ′′ ∈

𝐶Φ𝑘,Ψ𝑘
then Φ′′ ∈

[
Φ𝑘

]
𝜀
, that is, Φ′′ = Φ𝑘. As a consequence, we conclude that Φ𝑗 = Φ𝑖. In short, we have proven that there 

exist 𝑖, 𝑗 ∈ {1,… ,𝑚}, with 𝑖 < 𝑗, such that Φ𝑖 =Φ𝑗 if and only if 𝐷Φ𝑗 ,Ψ𝑗
=∅.

Furthermore, notice that, given 𝑖 ∈ {1,… ,𝑚}, if 𝐷Φ𝑖 ,Ψ𝑖
≠ ∅, then card(𝐷Φ𝑖 ,Ψ𝑖

) = 1. Indeed, if a pair of decision rules Φ′′
𝑗
→

Ψ′′
𝑗
,Φ′′

𝑘
→Ψ′′

𝑘
∈𝐷Φ𝑖,Ψ𝑖

, then Φ′′
𝑗
→Ψ′′

𝑗
,Φ′′

𝑘
→Ψ′′

𝑘
∈ 𝐶Φ𝑖,Ψ𝑖

. As a consequence, there exists Φ′′
𝑙
→Ψ′′

𝑙
∈𝐵Φ𝑖,Ψ𝑖

such that Φ′′
𝑗
,Φ′′

𝑘
∈[

Φ′′
𝑙

]
𝜀

and Ψ′′
𝑗
,Ψ′′

𝑘
∈
[
Ψ′′
𝑙

]
𝜀
, that is, Φ′′

𝑙
→ Ψ′′

𝑙
= Φ′′

𝑘
→ Ψ′′

𝑘
= Φ′′

𝑗
→ Ψ′′

𝑗
. Hence, we deduce that, if Φ′′ → Ψ′′ ∈ 𝐷Φ𝑖,Ψ𝑖

then 
{Φ′′ →Ψ′′} =𝐷Φ𝑖 ,Ψ𝑖

⊆ 𝐶Φ𝑖,Ψ𝑖
⊆ 𝐵Φ𝑖,Ψ𝑖

and:∑
Φ′′→Ψ′′∈𝐷Φ𝑖 ,Ψ𝑖

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′) 

∑
Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′′,Ψ′′′)

=
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′,Ψ′′) ∑

Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′′,Ψ′′′)

= 𝜎
𝜀,𝑇

𝑆
(Φ′′,Ψ′′) = 𝜂

𝑁𝜀

Φ𝑖
(𝐷𝐴𝑇 (𝑆))

= 𝜂Φ𝑖
(𝐷𝐴𝑇 (𝑆))

Taking into account the previous reasonings, we obtain the final equality of Item 1.

Now, we will prove Item 2. Given 𝜀 ∈ [0,1], let Φ𝑗 →Ψ𝑗 ∈𝐷𝐴𝑇 (𝑆) such that 𝜎𝜀,𝑇
𝑆

(Φ𝑗 ,Ψ𝑗 ) = max{𝜎𝜀,𝑇
𝑆

(Φ,Ψ) ∣ Φ→Ψ∈𝐷𝐴𝑇 (𝑆)}
with 𝑗 =min{𝑗1,… , 𝑗𝑛} such that 𝜎𝜀,𝑇

𝑆
(Φ𝑗 ,Ψ𝑗 ) = 𝜎

𝜀,𝑇

𝑆
(Φ𝑗𝑖

,Ψ𝑗𝑖
) with 𝑖 ∈ {1,… , 𝑛}. For this reason, we obtain that:

𝐶Φ𝑗 ,Ψ𝑗
= {Φ′′ →Ψ′′ ∈𝐷𝐴𝑇 (𝑆) ∣ Φ′′ ∈

[
Φ𝑘

]
𝜀
,Ψ′′ ∈

[
Ψ𝑘

]
𝜀
, 𝑘 =min{𝑙 ∈ {1,… ,𝑚} ∣ Φ𝑙 →Ψ𝑙 ∈𝐵Φ𝑗 ,Ψ𝑗

}}

= {Φ′′ →Ψ′′ ∈𝐷𝐴𝑇 (𝑆) ∣ Φ′′ ∈
[
Φ𝑗

]
𝜀
,Ψ′′ ∈

[
Ψ𝑗

]
𝜀
}

On the other hand, notice that:

𝐶Φ𝑟,Ψ𝑟
⊆

𝑚 ⋃
𝑖=1 

𝐷Φ𝑖,Ψ𝑖
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for all 𝑟 ∈ {1,… ,𝑚}. Indeed, let Φ→ Ψ ∈ 𝐶Φ𝑟,Ψ𝑟
. By Definition 17, either Φ→ Ψ ∈𝐷Φ𝑟,Ψ𝑟

or there exists 𝑖 < 𝑟 such that Φ→ Ψ ∈

𝐷Φ𝑖,Ψ𝑖
. In any case, Φ→Ψ∈

𝑚 ⋃
𝑖=1
𝐷Φ𝑖 ,Ψ𝑖

, so 𝐶Φ𝑟,Ψ𝑟
⊆

𝑚 ⋃
𝑖=1
𝐷Φ𝑖 ,Ψ𝑖

for all 𝑟 ∈ {1,… ,𝑚}. In conclusion,

𝜎
𝜀,𝑇

𝑆
(Φ𝑗 ,Ψ𝑗 ) =

∑
{Φ′′→Ψ′′∈𝐷𝐴𝑇 (𝑆)∣Φ′′∈

[
Φ𝑗

]
𝜀
,Ψ′′∈

[
Ψ𝑗

]
𝜀
}

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′)

∑
Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′′,Ψ′′′) 

=

∑
Φ′′→Ψ′′∈𝐶Φ𝑗 ,Ψ𝑗

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′) 

∑
Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′′,Ψ′′′)

≤

𝑚 ∑
𝑖=1 

∑
Φ′′→Ψ′′∈𝐷Φ𝑖 ,Ψ𝑖

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′)

∑
Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′′,Ψ′′′) 

= 𝜂𝑁𝜀 (𝐷𝐴𝑇 (𝑆))

Therefore, max{𝜎𝜀,𝑇
𝑆

(Φ,Ψ) ∣ Φ→Ψ∈𝐷𝐴𝑇 (𝑆)} ≤ 𝜂𝑁𝜀 (𝐷𝐴𝑇 (𝑆)). For the other inequality, notice that, given 𝑖, 𝑗 ∈ {1,… ,𝑚} such 
that 𝑖 < 𝑗, if Φ→Ψ∈𝐷Φ𝑖,Ψ𝑖

then Φ→Ψ∉𝐷Φ𝑗 ,Ψ𝑗
, that is, no decision rule is considered twice. As a consequence,

𝑚 ∑
𝑖=1 

∑
Φ→Ψ∈𝐷Φ𝑖 ,Ψ𝑖

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ,Ψ) ≤

∑
Φ→Ψ∈𝐷𝐴𝑇 (𝑆)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ,Ψ)

In conclusion, for all 𝜀 ∈ [0,1], we have that:

max{𝜎𝜀,𝑇
𝑆

(Φ,Ψ) ∣ Φ→Ψ∈𝐷𝐴𝑇 (𝑆)} ≤ 𝜂𝑁𝜀 (𝐷𝐴𝑇 (𝑆)) ≤ 1 □

Next result presents a particular case where the 𝑁𝜀-e�iciency of a decision algorithm is determined by the maximum of the 
𝜀-𝑇 -strengths of the decision rules belonging to the algorithm under consideration. By Proposition 18(2), we can guarantee that the 
mentioned case provides the minimum possible 𝑁𝜀-e�iciency for any algorithm.

Proposition 19. Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table, 𝐷𝐴𝑇 (𝑆) = {Φ𝑖 → Ψ𝑖 ∣ 𝑖 ∈ {1,… ,𝑚}}, with 𝑚 ≥ 2, a (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼

decision algorithm, and Φ𝑗 →Ψ𝑗 ∈𝐷𝐴𝑇 (𝑆) such that 𝜎𝜀,𝑇
𝑆

(Φ𝑗 ,Ψ𝑗 ) = max{𝜎𝜀,𝑇
𝑆

(Φ,Ψ) ∣ Φ→Ψ ∈𝐷𝐴𝑇 (𝑆)} and 𝑗 = min{𝑗1,… , 𝑗𝑛} with 
𝜎
𝜀,𝑇

𝑆
(Φ𝑗 ,Ψ𝑗 ) = 𝜎

𝜀,𝑇

𝑆
(Φ𝑘,Ψ𝑘), for all 𝑘 ∈ {𝑗1,… , 𝑗𝑛}. If 𝜀 ≤min{𝑅Fd(Φ𝑖,Φ𝑗 ) ∣ 𝑖 ∈ {1,… ,𝑚}}, then the 𝑁𝜀-e�iciency of 𝐷𝐴𝑇 (𝑆) is

𝜂𝑁𝜀 (𝐷𝐴𝑇 (𝑆)) = 𝜎
𝜀,𝑇

𝑆
(Φ𝑗 ,Ψ𝑗 )

Proof. We suppose that 𝜀 ≤min{𝑅Fd(Φ𝑖,Φ𝑗 ) ∣ 𝑖 ∈ {1,… ,𝑚}}. By Definition 6 it is obtained that 
[
Φ𝑗

]
𝜀
= {Φ1,… ,Φ𝑚}. Taking into 

account that the 𝜀-𝑇 -strength of Φ𝑗 →Ψ𝑗 with respect to 𝐷𝑒𝑐(𝑆) is greater than the 𝜀-𝑇 -strengths of the rest of rules of the algorithm 
we deduce that

Φ𝑗 →Ψ𝑗 ∈𝐵Φ𝑖 ,Ψ𝑖
for all 𝑖 ∈ {1,… ,𝑚} (1)

𝐶Φ𝑖,Ψ𝑖
= 𝐶Φ𝑘,Ψ𝑘

for all 𝑖, 𝑘 ∈ {1,… ,𝑚} (2)

𝐷Φ1 ,Ψ1
= 𝐶Φ1 ,Ψ1

(3)

𝐷Φ𝑘,Ψ𝑘
=∅ for all 𝑘 ∈ {2,… ,𝑚} (4)

By Equations (1) and (2), and Definitions 15 and 17 we obtain that:

𝜎
𝜀,𝑇

𝑆
(Φ𝑗 ,Ψ𝑗 ) =

∑
{Φ′′→Ψ′′∈𝐷𝐴𝑇 (𝑆)∣Φ′′∈

[
Φ𝑗

]
𝜀
,Ψ′′∈

[
Ψ𝑗

]
𝜀
}
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′,Ψ′′)

∑
Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′′,Ψ′′′) 

=

∑
Φ′′→Ψ′′∈𝐶Φ1 ,Ψ1

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′) 

∑
Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′′,Ψ′′′)

(5)

Therefore, by Definition 17 and Equations (3), (4) and (5) we conclude that

𝜂𝑁𝜀 (𝐷𝐴𝑇 (𝑆)) =

𝑚 ∑
𝑖=1 

∑
Φ′′→Ψ′′∈𝐷Φ𝑖 ,Ψ𝑖

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′)

∑
Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′′,Ψ′′′) 

=

∑
Φ′′→Ψ′′∈𝐷Φ1 ,Ψ1

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′) 

∑
Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′′,Ψ′′′)
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Table 1
Tables associated with the decision table 𝑆 (left), decision rules (center), 𝑇 -support and 
0.6-𝑇 -strength of the decision rules (right) given in Example 21.

𝑎1 𝑑

𝑥1 0.4 0.9
𝑥2 0.55 0.4
𝑥3 0.95 0.95
𝑥4 0.5 0
𝑥5 1 1
𝑥6 0 0.7

Rules Φ→Ψ

𝑟1 (𝑎1,0.4)→ (𝑑,0.9)
𝑟2 (𝑎1,0.55)→ (𝑑,0.4)
𝑟3 (𝑎1,0.95)→ (𝑑,0.95)
𝑟4 (𝑎1,0.5)→ (𝑑,0)
𝑟5 (𝑎1,1)→ (𝑑,1)
𝑟6 (𝑎1,0)→ (𝑑,0.7)

Rule 𝑠𝑢𝑝𝑝𝑇
𝑆

𝜎
0.6,𝑇
𝑆

𝑟1 3.05 0.33
𝑟2 3.4 0.33
𝑟3 2.95 0.34
𝑟4 2.05 0.33
𝑟5 2.75 0.34
𝑟6 2.4 0.33

=

∑
Φ′′→Ψ′′∈𝐶Φ1 ,Ψ1

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′) 

∑
Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′′,Ψ′′′)

= 𝜎
𝜀,𝑇

𝑆
(Φ𝑗 ,Ψ𝑗 ) □

Notice that, under the considered hypothesis for the threshold 𝜀, we cannot discern the antecedent of the first decision rule of 
the algorithm with maximum 𝜀-𝑇 -strength, from the antecedents of the rest of rules. As a result, this rule is the most representative 
independently on the analyzed antecedent, that is, it belongs to all the sets 𝐵Φ𝑖 ,Ψ𝑖

, which leads us to obtain a 𝑁𝜀-e�iciency equals to 
the maximum of all the 𝜀-𝑇 -strengths.

Now, we provide a particular condition for the threshold 𝜀 in order to obtain a completely efficient (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision 
algorithm, that is, with 𝑁𝜀-e�iciency equals to 1.

Proposition 20. Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table and 𝐷𝐴𝑇 (𝑆) = {Φ𝑖 →Ψ𝑖 ∣ 𝑖 ∈ {1,… ,𝑚}}, with 𝑚 ≥ 2, a (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼

decision algorithm. If max{𝑅Fd(Φ𝑖,Φ𝑗 ) ∣ 𝑖, 𝑗 ∈ {1,… ,𝑚}, 𝑖 ≠ 𝑗} < 𝜀 then the 𝑁𝜀-e�iciency of 𝐷𝐴𝑇 (𝑆) is

𝜂𝑁𝜀 (𝐷𝐴𝑇 (𝑆)) = 1

Proof. Since max{𝑅Fd(Φ𝑖,Φ𝑗 ) ∣ 𝑖, 𝑗 ∈ {1,… ,𝑚}, 𝑖 ≠ 𝑗} < 𝜀 we obtain that 
[
Φ𝑖

]
𝜀
= {Φ𝑖} for all 𝑖 ∈ {1,… ,𝑚}. Hence, by Definition 17, 

the next chain of equalities 𝐵Φ𝑖 ,Ψ𝑖
= 𝐶Φ𝑖 ,Ψ𝑖

=𝐷Φ𝑖,Ψ𝑖
= {Φ𝑖 →Ψ𝑖} holds, for all 𝑖 ∈ {1,… ,𝑚}. Applying again Definition 17, we deduce 

that:

𝜂𝑁𝜀 (𝐷𝐴𝑇 (𝑆)) =

𝑚 ∑
𝑖=1 

∑
Φ′′→Ψ′′∈𝐷Φ𝑖 ,Ψ𝑖

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′)

∑
Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′′,Ψ′′′) 

=

𝑚 ∑
𝑖=1 

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ𝑖,Ψ𝑖) ∑

Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′′,Ψ′′′)

= 1 □

Notice that, all the antecedents have to be different from each other, otherwise the given hypothesis is not satisfied. Hence, if the 
considered threshold 𝜀 allows us to discern all the antecedents of the decision rules present in the algorithm, then we do not detect 
inconsistencies in it, because they take place when we cannot discern antecedents of some rules, but we can discern their consequents. 
As a result, the decision algorithm is completely efficient, that is, its 𝑁𝜀-e�iciency is 1.

The sets 𝐶Φ𝑖 ,Ψ𝑖
defined above consider a minimum, for all 𝑖 ∈ {1,… ,𝑚}. This fact is necessary in order to establish a criteria when 

card(𝐵Φ𝑖 ,Ψ𝑖
) > 1, since different 𝑁𝜀-e�iciencies can be obtained for the same algorithm and threshold 𝜀, depending on the order of 

the rules in that algorithm, as next example shows.

Example 21. Consider the decision table 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) represented in Table 1, where the set of objects is 𝑈 = {𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6}, 

the set of attributes is 𝑑 = {𝑎1, 𝑑}, and 𝑑
= {𝑉𝑎1 , 𝑉𝑑}, with 𝑉𝑎1 = 𝑉𝑑 = [0,1].

Thus, we define the set of decision rules 𝐷𝑒𝑐(𝑆) = {𝑟1, 𝑟2, 𝑟3, 𝑟4, 𝑟5, 𝑟6} where each rule is induced by a different object of the 
decision table. Moreover, we consider the family of separable fuzzy tolerance relations 𝑇 = {𝑇𝑎 ∶ 𝑉𝑎 × 𝑉𝑎 → [0,1] ∣ 𝑎 ∈𝑑}, defined 
as 𝑇𝑎(𝑎̄(𝑥), 𝑣) = 1− |𝑎̄(𝑥) − 𝑣| for all 𝑎 ∈𝑑 , 𝑥 ∈𝑈 and 𝑣 ∈ [0,1], and the threshold 𝜀 = 0.6. The given decision rules, their 𝑇 -support 
and their 0.6-𝑇 -strength are shown in Table 1. 

By using Definition 6, we compute the relationship between the antecedents and the consequents of decision rules of 𝐷𝑒𝑐(𝑆), in 
order to obtain the set of 0.6-consistent decision rules. The obtained results are shown in Table 2.
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Table 2
Relationship between the antecedents and the consequents, respectively, of the decision rules of Example 21.

𝑅𝐹𝑑 Φ1 Φ2 Φ3 Φ4 Φ5 Φ6

Φ1 1 0.85 0.45 0.9 0.4 0.6
Φ2 0.85 1 0.6 0.95 0.55 0.45
Φ3 0.45 0.6 1 0.55 0.95 0.05
Φ4 0.9 0.95 0.55 1 0.5 0.5
Φ5 0.4 0.55 0.95 0.5 1 0
Φ6 0.6 0.45 0.05 0.5 0 1

𝑅𝐹𝑑 Ψ1 Ψ2 Ψ3 Ψ4 Ψ5 Ψ6

Ψ1 1 0.5 0.95 0.1 0.9 0.8
Ψ2 0.5 1 0.45 0.6 0.4 0.7
Ψ3 0.95 0.45 1 0.05 0.95 0.75
Ψ4 0.1 0.6 0.05 1 0 0.3
Ψ5 0.9 0.4 0.95 0 1 0.7
Ψ6 0.8 0.7 0.75 0.3 0.7 1

Table 3
Values and sets needed to compute the 𝑁0.6-e�iciency of 𝐷𝐴𝑇 (𝑆).

𝜂
𝑁0.6
Φ𝑖

(𝐷𝐴𝑇 (𝑆)) 𝐵Φ𝑖 ,Ψ𝑖
𝐶Φ𝑖 ,Ψ𝑖

𝐷Φ𝑖 ,Ψ𝑖

𝑖 = 1 0.33 {𝑟1, 𝑟2, 𝑟4 , 𝑟6} {𝑟1 , 𝑟6} {𝑟1, 𝑟6}
𝑖 = 2 0.34 {𝑟3} {𝑟3 , 𝑟5} {𝑟3, 𝑟5}
𝑖 = 3 0.34 {𝑟3, 𝑟5} {𝑟3 , 𝑟5} ∅
𝑖 = 4 0.33 {𝑟1, 𝑟2, 𝑟4} {𝑟1 , 𝑟6} ∅
𝑖 = 5 0.34 {𝑟3, 𝑟5} {𝑟3 , 𝑟5} ∅
𝑖 = 6 0.33 {𝑟1, 𝑟6} {𝑟1 , 𝑟6} ∅

Hence, from Definition 6 and Table 2, we compute the 𝑅Fd-0.6-blocks:[
Φ1

]
0.6 = {Φ1,Φ2,Φ4,Φ6}

[
Ψ1

]
0.6 = {Ψ1,Ψ3,Ψ5,Ψ6}[

Φ2
]
0.6 = {Φ1,Φ2,Φ3,Φ4}

[
Ψ2

]
0.6 = {Ψ2,Ψ4,Ψ6}[

Φ3
]
0.6 = {Φ2,Φ3,Φ5}

[
Ψ3

]
0.6 = {Ψ1,Ψ3,Ψ5,Ψ6}[

Φ4
]
0.6 = {Φ1,Φ2,Φ4}

[
Ψ4

]
0.6 = {Ψ2,Ψ4}[

Φ5
]
0.6 = {Φ3,Φ5}

[
Ψ5

]
0.6 = {Ψ1,Ψ3,Ψ5,Ψ6}[

Φ6
]
0.6 = {Φ1,Φ6}

[
Ψ6

]
0.6 = {Ψ1,Ψ2,Ψ3,Ψ5,Ψ6}

Taking into account Definition 7 and the previous 𝑅Fd-0.6-blocks, we have that the set of 0.6-consistent decision rules is:

𝐷𝑒𝑐+0.6(𝑆) = {Φ5 →Ψ5,Φ6 →Ψ6}

As a consequence, by using a similar approach to the one detailed in [9] and the Łukasiewicz fuzzy implication in the computation 
of the multi-adjoint fuzzy -positive region, we conclude that if 𝛼1 ≥ 0.95, 𝛼2 ≥ 0.95, 𝛼3 ≤ 2.05 and 𝛼4 ≥ 0.5, then 𝐷𝑒𝑐(𝑆) is a 
(𝛼1, 𝛼2, 𝛼3, 𝛼4)0.6-decision algorithm. From now on, let 𝐷𝐴𝑇 (𝑆) = {𝑟1, 𝑟2, 𝑟3, 𝑟4, 𝑟5, 𝑟6}.

Now, we compute the 𝑁0.6-e�iciency of 𝐷𝐴𝑇 (𝑆). Consider the decision rule Φ1 →Ψ1 ∈𝐷𝐴𝑇 (𝑆), from Definition 17 and Table 1, 
we deduce that:

𝜂
𝑁0.6
Φ1

(𝐷𝐴𝑇 (𝑆)) = max{𝜎0.6,𝑇
𝑆

(Φ,Ψ) ∣ Φ→Ψ∈𝐷𝐴𝑇 (𝑆),Φ∈
[
Φ1

]
0.6}

= max{𝜎0.6,𝑇
𝑆

(Φ1,Ψ1), 𝜎
0.6,𝑇
𝑆

(Φ2,Ψ2), 𝜎
0.6,𝑇
𝑆

(Φ4,Ψ4), 𝜎
0.6,𝑇
𝑆

(Φ6,Ψ6)}

= max{0.33,0.33,0.33,0.33}

= 0.33

𝐵Φ1,Ψ1
= {Φ′ →Ψ′ ∈𝐷𝐴𝑇 (𝑆) ∣ 𝜎

0.6,𝑇
𝑆

(Φ′,Ψ′) = 0.33,Φ′ ∈
[
Φ1

]
0.6}

= {Φ1 →Ψ1,Φ2 →Ψ2,Φ4 →Ψ4,Φ6 →Ψ6}

𝐶Φ1 ,Ψ1
= {Φ′′ →Ψ′′ ∈𝐷𝐴𝑇 (𝑆) ∣ Φ′′ ∈

[
Φ𝑘

]
0.6 ,Ψ

′′ ∈
[
Ψ𝑘

]
0.6 , 𝑘 =min{𝑙 ∈ {1,… ,𝑚} ∣ Φ𝑙 →Ψ𝑙 ∈𝐵Φ1 ,Ψ1

}}

= {Φ′′ →Ψ′′ ∈𝐷𝐴𝑇 (𝑆) ∣ Φ′′ ∈
[
Φ1

]
0.6 ,Ψ

′′ ∈
[
Ψ1

]
0.6}

= {Φ1 →Ψ1,Φ6 →Ψ6}

𝐷Φ1 ,Ψ1
= 𝐶Φ1 ,Ψ1

⧵ {Φ′′ →Ψ′′ ∈𝐷Φ𝑗 ,Ψ𝑗
∣ 𝑗 < 1}

= 𝐶Φ1 ,Ψ1

Analogously, we obtain the values and sets related to the rest of rules. All the results are presented in Table 3. 
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Table 4
Values and sets needed to compute the 𝑁0.6-e�iciency of 𝐷𝐴𝜋

𝑇
(𝑆).

𝜂
𝑁0.6
Φ𝜋(𝑖)

(𝐷𝐴𝜋
𝑇
(𝑆)) 𝐵Φ𝜋(𝑖) ,Ψ𝜋(𝑖)

𝐶Φ𝜋(𝑖) ,Ψ𝜋(𝑖)
𝐷Φ𝜋(𝑖) ,Ψ𝜋(𝑖)

𝑖 = 1 0.34 {𝑟𝜋(3)} {𝑟𝜋(3), 𝑟𝜋(5)} {𝑟𝜋(3), 𝑟𝜋(5)}
𝑖 = 2 0.33 {𝑟𝜋(1), 𝑟𝜋(2), 𝑟𝜋(4), 𝑟𝜋(6)} {𝑟𝜋(1), 𝑟𝜋(4)} {𝑟𝜋(1), 𝑟𝜋(4)}
𝑖 = 3 0.34 {𝑟𝜋(3), 𝑟𝜋(5)} {𝑟𝜋(3), 𝑟𝜋(5)} ∅
𝑖 = 4 0.33 {𝑟𝜋(1), 𝑟𝜋(2), 𝑟𝜋(4)} {𝑟𝜋(1), 𝑟𝜋(4)} ∅
𝑖 = 5 0.34 {𝑟𝜋(3), 𝑟𝜋(5)} {𝑟𝜋(3), 𝑟𝜋(5)} ∅
𝑖 = 6 0.33 {𝑟𝜋(2), 𝑟𝜋(6)} {𝑟𝜋(2), 𝑟𝜋(6)} {𝑟𝜋(2), 𝑟𝜋(6)}

Hence, by Definition 17 and Table 1, we obtain that the 𝑁0.6-e�iciency of 𝐷𝐴𝑇 (𝑆) is:

𝜂𝑁0.6 (𝐷𝐴𝑇 (𝑆)) =

6 ∑
𝑖=1 

∑
Φ′′→Ψ′′∈𝐷Φ𝑖 ,Ψ𝑖

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′)

∑
Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′′,Ψ′′′) 

=
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ1,Ψ1) + 𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ6,Ψ6) + 𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ3,Ψ3) + 𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ5,Ψ5)∑

Φ′′′→Ψ′′′∈𝐷𝐴𝑇 (𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′′,Ψ′′′) 

= 3.05 + 2.4 + 2.95 + 2.75 
3.05 + 3.4 + 2.95 + 2.05 + 2.75 + 2.4

= 11.5
16.6

= 0.69

On the other hand, in order to show the importance of the order of the rules in this case, now we exchange the order of the decision 
rules 𝑟1 and 𝑟2, by means of the permutation 𝜋 ∶ {1,… ,6}→ {1,… ,6} defined as 𝜋(1) = 2, 𝜋(2) = 1 and 𝜋(𝑗) = 𝑗, for all 𝑗 ∈ {3,… ,6}. 
We obtain the following decision algorithm 𝐷𝐴𝜋

𝑇
(𝑆) and the equivalences of the considered relevance indicators between the rules 

of both algorithms:

𝑟𝜋(1) ∶ (𝑎1,0.55)→ (𝑑,0.4)

𝑟𝜋(2) ∶ (𝑎1,0.4)→ (𝑑,0.9)

𝑟𝜋(3) ∶ (𝑎1,0.95)→ (𝑑,0.95)

𝑟𝜋(4) ∶ (𝑎1,0.5)→ (𝑑,0)

𝑟𝜋(5) ∶ (𝑎1,1)→ (𝑑,1)

𝑟𝜋(6) ∶ (𝑎1,0)→ (𝑑,0.7)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ𝜋(1),Ψ𝜋(1)) = 𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ2,Ψ2)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ𝜋(2),Ψ𝜋(2)) = 𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ1,Ψ1)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ𝜋(𝑘),Ψ𝜋(𝑘)) = 𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ𝑘,Ψ𝑘) for 𝑘 ∈ {3,… ,6}

𝜎
0.6,𝑇
𝑆

(Φ𝜋(1),Ψ𝜋(1)) = 𝜎
0.6,𝑇
𝑆

(Φ2,Ψ2)

𝜎
0.6,𝑇
𝑆

(Φ𝜋(2),Ψ𝜋(2)) = 𝜎
0.6,𝑇
𝑆

(Φ1,Ψ1)

𝜎
0.6,𝑇
𝑆

(Φ𝜋(𝑘),Ψ𝜋(𝑘)) = 𝜎
0.6,𝑇
𝑆

(Φ𝑘,Ψ𝑘) for 𝑘 ∈ {3,… ,6}

With respect to the 𝑅Fd-0.6-blocks of the antecedents and consequents we deduce that:[
Φ𝜋(1)

]
0.6 = {Φ𝜋(1),Φ𝜋(2),Φ𝜋(3),Φ𝜋(4)}

[
Ψ𝜋(1)

]
0.6 = {Ψ𝜋(1),Ψ𝜋(4),Ψ𝜋(6)}[

Φ𝜋(2)
]
0.6 = {Φ𝜋(1),Φ𝜋(2),Φ𝜋(4),Φ𝜋(6)}

[
Ψ𝜋(2)

]
0.6 = {Ψ𝜋(2),Ψ𝜋(3),Ψ𝜋(5),Ψ𝜋(6)}[

Φ𝜋(3)
]
0.6 = {Φ𝜋(1),Φ𝜋(3),Φ𝜋(5)}

[
Ψ𝜋(3)

]
0.6 = {Ψ𝜋(2),Ψ𝜋(3),Ψ𝜋(5),Ψ𝜋(6)}[

Φ𝜋(4)
]
0.6 = {Φ𝜋(1),Φ𝜋(2),Φ𝜋(4)}

[
Ψ𝜋(4)

]
0.6 = {Ψ𝜋(1),Ψ𝜋(4)}[

Φ𝜋(5)
]
0.6 = {Φ𝜋(3),Φ𝜋(5)}

[
Ψ𝜋(5)

]
0.6 = {Ψ𝜋(2),Ψ𝜋(3),Ψ𝜋(5),Ψ𝜋(6)}[

Φ𝜋(6)
]
0.6 = {Φ𝜋(2),Φ𝜋(6)}

[
Ψ𝜋(6)

]
0.6 = {Ψ𝜋(1),Ψ𝜋(2),Ψ𝜋(3),Ψ𝜋(5),Ψ𝜋(6)}

Hence, by Definition 17, we obtain the results given in Table 4. 
In conclusion, applying Definition 17, the 𝑁0.6-e�iciency of 𝐷𝐴𝜋

𝑇
(𝑆) is:

𝜂𝑁0.6 (𝐷𝐴𝜋
𝑇
(𝑆)) =

6 ∑
𝑖=1 

∑
Φ′′→Ψ′′∈𝐷Φ𝜋(𝑖) ,Ψ𝜋(𝑖)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′)

∑
Φ′′′→Ψ′′′∈𝐷𝐴𝜋

𝑇
(𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′′,Ψ′′′) 

= 1

In this way, the consideration of different orders in the set of rules of a (𝛼1 , 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm can leads us to obtain 
different 𝑁𝜀-e�iciencies for the same threshold 𝜀. □

Example 21 shows that different 𝑁𝜀-e�iciencies can be obtained for a given algorithm 𝐷𝐴𝑇 (𝑆). Although the user can solve 
this problem by choosing different condition attributes in the antecedents of the rules belonging to 𝐷𝐴𝑇 (𝑆), redefining the family of 
separable fuzzy tolerance relations 𝑇 or modifying the threshold 𝜀, it is convenient to establish a strict order in the set of decision rules 
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Table 5
Tables associated with 𝑆 (left) and decision rules (right) given in Example 23.

𝑎1 𝑎2 𝑎3 𝑑

𝑥1 0.34 0.31 0.75 0
𝑥2 0.21 0.71 0.5 1
𝑥3 0.52 0.92 1 0
𝑥4 0.85 0.65 1 1
𝑥5 0.43 0.89 0.5 0
𝑥6 0.21 0.47 0.25 1
𝑥7 0.09 0.93 0.25 0

Rules Φ→Ψ

𝑟1 (𝑎1 ,0.34) ∧ (𝑎2 ,0.31) ∧ (𝑎3 ,0.75)→ (𝑑,0)
𝑟2 (𝑎1 ,0.21) ∧ (𝑎2 ,0.71) ∧ (𝑎3 ,0.5)→ (𝑑,1)
𝑟3 (𝑎1 ,0.52) ∧ (𝑎2 ,0.92) ∧ (𝑎3 ,1)→ (𝑑,0)
𝑟4 (𝑎1 ,0.85) ∧ (𝑎2 ,0.65) ∧ (𝑎3 ,1)→ (𝑑,1)
𝑟5 (𝑎1 ,0.43) ∧ (𝑎2 ,0.89) ∧ (𝑎3 ,0.5)→ (𝑑,0)
𝑟6 (𝑎1 ,0.21) ∧ (𝑎2 ,0.47) ∧ (𝑎3 ,0.25)→ (𝑑,1)
𝑟7 (𝑎1 ,0.09) ∧ (𝑎2 ,0.93) ∧ (𝑎3 ,0.25)→ (𝑑,0)

of 𝐷𝐴𝑇 (𝑆) to avoid these situations. This strict order consists in an irreflexive, asymmetric and transitive binary relation presented 
in the following definition.

Definition 22. Let 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) be a decision table, 𝐷𝐴𝑇 (𝑆) be a (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm and 𝜀 ∈ [0,1]. We say 

that <𝑟 is a strict ordering on 𝐷𝐴𝑇 (𝑆) if one of the following conditions is satisfied, for each pair of rules Φ→Ψ,Φ′ →Ψ′ ∈𝐷𝐴𝑇 (𝑆):

1. card([Φ]𝜀) > card(
[
Φ′]

𝜀
).

2. card([Φ]𝜀) = card(
[
Φ′]

𝜀
) and 𝜎𝜀,𝑇

𝑆
(Φ,Ψ) > 𝜎

𝜀,𝑇

𝑆
(Φ′,Ψ′).

3. card([Φ]𝜀) = card(
[
Φ′]

𝜀
), 𝜎𝜀,𝑇

𝑆
(Φ,Ψ) = 𝜎

𝜀,𝑇

𝑆
(Φ′,Ψ′) and 𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ,Ψ) > 𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′,Ψ′).

In this case, we write Φ→Ψ <𝑟 Φ′ →Ψ′. Otherwise, we will say that 𝜀 degenerates 𝐷𝐴𝑇 (𝑆).

Notice that, this definition allows the user to manage the most important information in suitable way, since the most representative 
rules are given at the beginning of the algorithm, that is, the rules with more objects satisfying the antecedents, those with greater 
𝜀-𝑇 -strength or those with greater 𝑇 -support. From now on, if we compute the 𝑁𝜀-e�iciency of a decision algorithm by Definition 17, 
then we have to present the decision rules of the algorithm according to the order determined by <𝑟 , from the least rule to the greatest 
one.

It is convenient to consider decision algorithms that are not degenerated by a threshold 𝜀 to compute the 𝑁𝜀-e�iciency. Otherwise, 
we can obtain two different 𝑁𝜀-e�iciencies from the same algorithm. However, it is very strange this situation, since the algorithm 
must contain two rules satisfying the three previous conditions, and even in this case, there are situations where the 𝑁𝜀 -e�iciency 
does not depend on the corresponding order. Indeed, given a decision algorithm 𝐷𝐴𝑇 (𝑆) and two rules Φ→Ψ,Φ′ →Ψ′ ∈𝐷𝐴𝑇 (𝑆), 
with Φ→Ψ ≮𝑟 Φ′ →Ψ′ nor Φ′ →Ψ′ ≮𝑟 Φ→Ψ such that one of the following conditions is verified:

1. [Φ]𝜀 ∩
[
Φ′]

𝜀
=∅

2. For each Φ′′ →Ψ′′ ∈𝐷𝐴𝑇 (𝑆) such that Φ,Φ′ ∈
[
Φ′′]

𝜀
, it is obtained

𝜎
𝜀,𝑇

𝑆
(Φ,Ψ) = 𝜎

𝜀,𝑇

𝑆
(Φ′,Ψ′) < 𝜂

𝑁𝜀

Φ′′ (𝐷𝐴𝑇 (𝑆))

Then, we can order this pair of rules in the algorithm 𝐷𝐴𝑇 (𝑆) indifferently, since we will obtain the same 𝑁𝜀-e�iciency in both 
cases. From Item 1, we deduce that, if Φ∈

[
Φ′′]

𝜀
then Φ′ ∉

[
Φ′′]

𝜀
, and if Φ′ ∈

[
Φ′′′]

𝜀
then Φ∉

[
Φ′′′]

𝜀
for all Φ′′ →Ψ′′,Φ′′′ →Ψ′′′ ∈

𝐷𝐴𝑇 (𝑆). As a result, Φ, Φ′ do not belong to the same set 𝐵Φ𝑖 ,Ψ𝑖
for any Φ𝑖 →Ψ𝑖 ∈𝐷𝐴𝑇 (𝑆), so we do not have to choose between 

the rules Φ→Ψ and Φ′ →Ψ′ in any 𝐶Φ𝑖,Ψ𝑖
. The other condition which determines the sets 𝐵Φ𝑖 ,Ψ𝑖

is that the 𝜀-𝑇 -strength of the rules 
belonging to this set is the maximum among the rules whose antecedents are 𝑅Fd -𝜀-related to Φ𝑖. This fact does not happen with the 
rules Φ→ Ψ and Φ′ → Ψ′ for all Φ′′ such that Φ,Φ′ ∈

[
Φ′′]

𝜀
, by Item 2. Hence, once again, Φ, Φ′ do not belong to the same set 

𝐵Φ𝑖,Ψ𝑖
for any Φ𝑖 →Ψ𝑖 ∈𝐷𝐴𝑇 (𝑆).

Finally, next example is devoted to analyzing the 𝑁𝜀-e�iciency of the (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm given in [9], taking 
advantage of Definition 17 and Propositions 19 and 20.

Example 23. Consider the decision table 𝑆 = (𝑈,𝑑 ,𝑑
,𝑑 ) represented in Table 5, where the set of objects is 𝑈 = {𝑥1, 𝑥2, 𝑥3, 𝑥4, 

𝑥5, 𝑥6, 𝑥7}, the set of attributes is 𝑑 = {𝑎1, 𝑎2, 𝑎3, 𝑑} and 𝑑
= {𝑉𝑎 ∣ 𝑎 ∈𝑑} with 𝑉𝑎 = [0,1], for all 𝑎 ∈𝑑 . Taking into account 

all the condition attributes of 𝑆 , we define the decision rules 𝑟𝑖 ∶ Φ𝑖 →Ψ𝑖, for all 𝑖 ∈ {1,… ,7}, displayed also in Table 5. 
Taking 𝛼 = 0.75, 𝛼1 ≥ 0.78, 𝛼2 ≥ 0, 𝛼3 ≤ 1.61 and 𝛼4 ≥ 0.39, we obtain that 𝐷𝐴𝑇 (𝑆) = {𝑟1, 𝑟2, 𝑟3, 𝑟4, 𝑟5, 𝑟6, 𝑟7} is a complete 

(𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithm. See [9] for more details.
From now on, we consider the family of separable fuzzy tolerance relations 𝑇 = {𝑇𝑎 ∶ 𝑉𝑎 × 𝑉𝑎 → [0,1] ∣ 𝑎 ∈ 𝑑}, defined as 

𝑇𝑎(𝑣,𝑤) = 1 − |𝑣 − 𝑤| for all 𝑎 ∈ 𝑑 and 𝑣,𝑤 ∈ 𝑉𝑎. First of all, the antecedents of the rules are compared applying Definition 3, 
obtaining the results shown in Table 6. 
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Table 6
Relation between each pair of antecedents of decision rules of Ex
ample 23.

𝑅𝐹𝑑 Φ1 Φ2 Φ3 Φ4 Φ5 Φ6 Φ7

Φ1 1 0.6 0.39 0.49 0.42 0.5 0.38
Φ2 0.6 1 0.5 0.36 0.78 0.75 0.75
Φ3 0.39 0.5 1 0.67 0.5 0.25 0.25
Φ4 0.49 0.36 0.67 1 0.5 0.25 0.24
Φ5 0.42 0.78 0.5 0.5 1 0.58 0.66
Φ6 0.5 0.75 0.25 0.25 0.58 1 0.54
Φ7 0.38 0.75 0.25 0.24 0.66 0.54 1

Table 7
Some important relevance indicators of the deci
sion rules of Example 23.

Rule 𝑠𝑢𝑝𝑝𝑇
𝑆

𝜎
0.33,𝑇
𝑆

𝜎
0.65,𝑇
𝑆

𝜎
0.67,𝑇
𝑆

𝑟1 2.19 0.62 0.15 0.15
𝑟2 2.11 0.38 0.28 0.28
𝑟3 2.14 0.46 0.14 0.14
𝑟4 1.61 0.25 0.11 0.11
𝑟5 2.58 0.62 0.33 0.17
𝑟6 2 0.28 0.28 0.28
𝑟7 2.29 0.47 0.33 0.15

Taking into account that the attribute 𝑑 is Boolean, we deduce that:

𝑅Fd(Ψ𝑖,Ψ𝑗 ) =

{
1 if 𝑖, 𝑗 are both even or odd

0 otherwise

Now, we compute the 𝑇 -support and some 𝜀-𝑇 -strengths by changing the threshold 𝜀 for all decision rules in 𝐷𝐴𝑇 (𝑆), which will 
be useful for the rest of the example. In particular, we consider the thresholds 𝜀 = 0.33, 𝜀 = 0.65 and 𝜀 = 0.67. The obtained results 
are collected in Table 7. 

From Table 7 we deduce that it does not exist 𝜀 ∈ [0,1] that degenerates this decision algorithm, as all the decision rules have a 
different 𝑇 -support. Now, we compute the 𝑁𝜀-e�iciency of 𝐷𝐴𝑇 (𝑆) by using Definition 17, Propositions 19 and 20, and considering 
the previous thresholds 𝜀. We will begin by applying Propositions 19 and 20 to easily obtain some 𝑁𝜀-e�iciencies, and finally we 
will study a case in which these results cannot be applied.

First of all, in order to apply Proposition 19, it is necessary that the first decision rule Φ𝑗 → Ψ𝑗 ∈𝐷𝐴𝑇 (𝑆) with maximum 𝜀-𝑇
strength with respect to 𝐷𝐴𝑇 (𝑆) satisfies that 𝜀 ≤ min{𝑅Fd(Φ𝑖,Φ𝑗 ) ∣ 𝑖 ∈ {1,… ,7}}. According to Tables 6 and 7, we have that the 
decision rule 𝑟1 satisfies this condition with the threshold 𝜀 = 0.33. As a result, the 𝑁0.33-e�iciency of 𝐷𝐴𝑇 (𝑆) is:

𝜂𝑁0.33 (𝐷𝐴𝜋
𝑇
(𝑆)) = 𝜎

0.33,𝑇
𝑆

(Φ1,Ψ1) = 0.62

We have an expected efficiency since all the antecedents are in the same block, and only two different rules have been considered. 
Notice that, the decision rules whose consequent is Ψ = (𝑑,1), which are 𝑟2, 𝑟4 and 𝑟6, are not involved in the computation of the 
0.33-𝑇 -strength of 𝑟1, since their consequents are not related to Ψ1 = (𝑑,0). Therefore, the obtained value of efficiency is clearly 
associated with the representativeness of the decision (𝑑,0) in the decision algorithm.

On the other hand, we will now apply Proposition 20, which is focused on the relationship between the antecedents of the rules. 
By Table 6, we know that:

max{𝑅Fd(Φ𝑖,Φ𝑗 ) ∣ 𝑖, 𝑗 ∈ {1,… ,7}, 𝑖 ≠ 𝑗} =𝑅Fd(Φ2,Φ5) = 0.78

As a result, taking 𝜀 > 0.78 we deduce that the 𝑁𝜀-e�iciency of the 𝐷𝐴𝑇 (𝑆) is:

𝜂𝑁𝜀 (𝐷𝐴𝑇 (𝑆)) = 1

Hence, 𝐷𝐴𝑇 (𝑆) is totally efficient given the threshold 𝜀 > 0.78, since we can discern all the antecedents of the rules.
Finally, we compute the 𝑁0.65-e�iciency of the (𝛼1, 𝛼2, 𝛼3, 𝛼4)0.75- decision algorithm 𝐷𝐴𝑇 (𝑆). Notice that, the threshold 𝜀 = 0.65

does not satisfy any property of Propositions 19 and 20. Hence, this case has to be computed by using Definition 17, so it is necessary 
to order the decision rules by Definition 22.
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Table 8
Values and sets needed to compute the 𝑁0.65-e�iciency of 𝐷𝐴𝜋

𝑇
(𝑆).

𝜂
𝑁0.65
Φ𝜋(𝑖)

(𝐷𝐴𝜋
𝑇
(𝑆)) 𝐵Φ𝜋(𝑖) ,Ψ𝜋(𝑖)

𝐶Φ𝜋(𝑖) ,Ψ𝜋(𝑖)
𝐷Φ𝜋(𝑖) ,Ψ𝜋(𝑖)

𝑖 = 1 0.33 {𝑟𝜋(2) , 𝑟𝜋(3)} {𝑟𝜋(2) , 𝑟𝜋(3)} {𝑟𝜋(2), 𝑟𝜋(3)}
𝑖 = 2 0.33 {𝑟𝜋(2) , 𝑟𝜋(3)} {𝑟𝜋(2) , 𝑟𝜋(3)} ∅
𝑖 = 3 0.33 {𝑟𝜋(2) , 𝑟𝜋(3)} {𝑟𝜋(2) , 𝑟𝜋(3)} ∅
𝑖 = 4 0.28 {𝑟𝜋(1) , 𝑟𝜋(4)} {𝑟𝜋(1) , 𝑟𝜋(4)} {𝑟𝜋(1), 𝑟𝜋(4)}
𝑖 = 5 0.14 {𝑟𝜋(5)} {𝑟𝜋(5)} {𝑟𝜋(5)}
𝑖 = 6 0.14 {𝑟𝜋(5)} {𝑟𝜋(5)} ∅
𝑖 = 7 0.15 {𝑟𝜋(7)} {𝑟𝜋(7)} {𝑟𝜋(7)}

We begin by computing the 𝑅Fd-0.65-blocks of all the antecedents. By Definition 6 and Table 6 we deduce that:[
Φ1

]
0.65 = {Φ1}

[
Φ4

]
0.65 = {Φ3,Φ4}

[
Φ6

]
0.65 = {Φ2,Φ6}[

Φ2
]
0.65 = {Φ2,Φ5,Φ6,Φ7}

[
Φ5

]
0.65 = {Φ2,Φ5,Φ7}

[
Φ7

]
0.65 = {Φ2,Φ5,Φ7}[

Φ3
]
0.65 = {Φ3,Φ4}

Now, taking into account these blocks and Table 7, we can order the rules in 𝐷𝐴𝑇 (𝑆) by Definition 22, obtaining that:

𝑟2 <𝑟 𝑟5 <𝑟 𝑟7 <𝑟 𝑟6 <𝑟 𝑟3 <𝑟 𝑟4 <𝑟 𝑟1

Hence, we define the permutation 𝜋 ∶ {1,… ,7}→ {1,… ,7} given as 𝜋(1) = 2, 𝜋(2) = 5, 𝜋(3) = 7, 𝜋(4) = 6, 𝜋(5) = 3, 𝜋(6) = 4 and 
𝜋(7) = 1, which leads us to the decision algorithm 𝐷𝐴𝜋

𝑇
(𝑆):

𝑟𝜋(1) ∶ (𝑎1,0.21) ∧ (𝑎2,0.71) ∧ (𝑎3,0.5)→ (𝑑,1)

𝑟𝜋(2) ∶ (𝑎1,0.43) ∧ (𝑎2,0.89) ∧ (𝑎3,0.5)→ (𝑑,0)

𝑟𝜋(3) ∶ (𝑎1,0.09) ∧ (𝑎2,0.93) ∧ (𝑎3,0.25)→ (𝑑,0)

𝑟𝜋(4) ∶ (𝑎1,0.21) ∧ (𝑎2,0.47) ∧ (𝑎3,0.25)→ (𝑑,1)

𝑟𝜋(5) ∶ (𝑎1,0.52) ∧ (𝑎2,0.92) ∧ (𝑎3,1)→ (𝑑,0)

𝑟𝜋(6) ∶ (𝑎1,0.85) ∧ (𝑎2,0.65) ∧ (𝑎3,1)→ (𝑑,1)

𝑟𝜋(7) ∶ (𝑎1,0.34) ∧ (𝑎2,0.31) ∧ (𝑎3,0.75)→ (𝑑,0)

Next, we compute the 𝑁0.65-e�iciency of 𝐷𝐴𝜋
𝑇
(𝑆). By Definitions 6, 15 and 17 we obtain the results given in Table 8. 

Finally, applying Definition 17, the 𝑁0.65-e�iciency of 𝐷𝐴𝜋
𝑇
(𝑆) is:

𝜂𝑁0.65 (𝐷𝐴𝜋
𝑇
(𝑆)) =

7 ∑
𝑖=1 

∑
Φ′′→Ψ′′∈𝐷Φ𝜋(𝑖) ,Ψ𝜋(𝑖)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′)

∑
Φ′′′→Ψ′′′∈𝐷𝐴𝜋

𝑇
(𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′′,Ψ′′′) 

= 1 ∑
Φ′′′→Ψ′′′∈𝐷𝐴𝜋

𝑇
(𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′′,Ψ′′′)

(
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ𝜋(2),Ψ𝜋(2)) + 𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ𝜋(3),Ψ𝜋(3)) + 𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ𝜋(1),Ψ𝜋(1))

+𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ𝜋(4),Ψ𝜋(4)) + 𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ𝜋(5),Ψ𝜋(5)) + 𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ𝜋(7),Ψ𝜋(7))

)
= 0.89

Therefore, given the threshold 𝜀 = 0.65, the efficiency of the algorithm 𝐷𝐴𝜋
𝑇
(𝑆) is equal to 0.89. This value is very high, taking 

into account that we have considered a low threshold. Consequently, given the threshold 𝜀 = 0.65, the algorithm 𝐷𝐴𝜋
𝑇
(𝑆) reduces 

the inconsistency present in the decision table.
Although in these cases the 𝑁𝜀-e�iciency has been increasing in 𝜀, excepting the 𝑁0-e�iciency which is always 1, notice that this 

property does not hold in general. In order to illustrate that, we will compute the 𝑁0.67-e�iciency of 𝐷𝐴𝑇 (𝑆).
The 𝑅Fd-0.67-blocks of the antecedents or the rules of 𝐷𝐴𝑇 (𝑆) are very similar to the previous 𝑅Fd-0.65-blocks, obtaining that:[

Φ𝑘

]
0.67 =

[
Φ𝑘

]
0.65 for 𝑘 ∈ {1,2,3,4,6}[

Φ5
]
0.67 = {Φ2,Φ5}[

Φ7
]
0.67 = {Φ2,Φ7}
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Table 9
Values and sets needed to compute the 𝑁0.67-e�iciency of 𝐷𝐴𝜋

𝑇
(𝑆).

𝜂
𝑁0.65
Φ𝜋(𝑖)

(𝐷𝐴𝜋
𝑇
(𝑆)) 𝐵Φ𝜋(𝑖) ,Ψ𝜋(𝑖)

𝐶Φ𝜋(𝑖) ,Ψ𝜋(𝑖)
𝐷Φ𝜋(𝑖) ,Ψ𝜋(𝑖)

𝑖 = 1 0.28 {𝑟𝜋(1) , 𝑟𝜋(2)} {𝑟𝜋(1) , 𝑟𝜋(2)} {𝑟𝜋(1), 𝑟𝜋(2)}
𝑖 = 2 0.28 {𝑟𝜋(1) , 𝑟𝜋(2)} {𝑟𝜋(1) , 𝑟𝜋(2)} ∅
𝑖 = 3 0.28 {𝑟𝜋(1)} {𝑟𝜋(1) , 𝑟𝜋(2)} ∅
𝑖 = 4 0.28 {𝑟𝜋(1)} {𝑟𝜋(1) , 𝑟𝜋(2)} ∅
𝑖 = 5 0.14 {𝑟𝜋(5)} {𝑟𝜋(5)} {𝑟𝜋(5)}
𝑖 = 6 0.14 {𝑟𝜋(5)} {𝑟𝜋(5)} ∅
𝑖 = 7 0.15 {𝑟𝜋(7)} {𝑟𝜋(7)} {𝑟𝜋(7)}

As in the previous studies, the decision rules are ordered by Definition 22. Considering the permutation 𝜋 ∶ {1,… ,7}→ {1,… ,7}
defined as 𝜋(1) = 2, 𝜋(2) = 6, 𝜋(3) = 5, 𝜋(4) = 7, 𝜋(5) = 3, 𝜋(6) = 4 and 𝜋(7) = 1, we obtain the following decision algorithm 𝐷𝐴𝜋

𝑇
(𝑆):

𝑟𝜋(1) ∶ (𝑎1,0.21) ∧ (𝑎2,0.71) ∧ (𝑎3,0.5)→ (𝑑,1)

𝑟𝜋(2) ∶ (𝑎1,0.21) ∧ (𝑎2,0.47) ∧ (𝑎3,0.25)→ (𝑑,1)

𝑟𝜋(3) ∶ (𝑎1,0.43) ∧ (𝑎2,0.89) ∧ (𝑎3,0.5)→ (𝑑,0)

𝑟𝜋(4) ∶ (𝑎1,0.09) ∧ (𝑎2,0.93) ∧ (𝑎3,0.25)→ (𝑑,0)

𝑟𝜋(5) ∶ (𝑎1,0.52) ∧ (𝑎2,0.92) ∧ (𝑎3,1)→ (𝑑,0)

𝑟𝜋(6) ∶ (𝑎1,0.85) ∧ (𝑎2,0.65) ∧ (𝑎3,1)→ (𝑑,1)

𝑟𝜋(7) ∶ (𝑎1,0.34) ∧ (𝑎2,0.31) ∧ (𝑎3,0.75)→ (𝑑,0)

Now, the 𝑁0.67-e�iciency of 𝐷𝐴𝜋
𝑇
(𝑆) is computed. By Definitions 6, 15 and 17, we obtain the values and sets given in Table 9. 

Finally, by Definition 17, the 𝑁0.67-e�iciency of 𝐷𝐴𝜋
𝑇
(𝑆) is:

𝜂𝑁0.67 (𝐷𝐴𝜋
𝑇
(𝑆)) =

7 ∑
𝑖=1 

∑
Φ′′→Ψ′′∈𝐷Φ𝜋(𝑖) ,Ψ𝜋(𝑖)

𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ′′,Ψ′′)

∑
Φ′′′→Ψ′′′∈𝐷𝐴𝜋

𝑇
(𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′′,Ψ′′′) 

= 1 ∑
Φ′′′→Ψ′′′∈𝐷𝐴𝜋

𝑇
(𝑆)
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ′′′,Ψ′′′)

(
𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ𝜋(1),Ψ𝜋(1)) + 𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ𝜋(2),Ψ𝜋(2))

+ 𝑠𝑢𝑝𝑝𝑇
𝑆
(Φ𝜋(5),Ψ𝜋(5)) + 𝑠𝑢𝑝𝑝𝑇

𝑆
(Φ𝜋(7),Ψ𝜋(7))

)
= 0.57

Therefore, by considering a higher threshold, we have obtained a less efficient algorithm. This fact is due to the decision rules 𝑟5
and 𝑟7, which have the greatest 𝑇 -support, are now less representative in 𝑆 , since by Table 7, we have that:

𝜎
0.65,𝑇
𝑆

(Φ5,Ψ5) = 𝜎
0.65,𝑇
𝑆

(Φ7,Ψ7) > 𝜎
0.67,𝑇
𝑆

(Φ5,Ψ5) > 𝜎
0.67,𝑇
𝑆

(Φ7,Ψ7)

This loss of representativeness in the table is caused by the changes occurred in the blocks of the antecedents, which are[
Φ5

]
0.65 =

[
Φ7

]
0.65 = {Φ2,Φ5,Φ7}[

Φ5
]
0.67 = {Φ2,Φ5}[

Φ7
]
0.67 = {Φ2,Φ7}

As a result, the rules 𝑟5 and 𝑟7 are not considered in the computation of the 𝑁0.67-e�iciency, since Φ2 ∈
[
Φ5

]
0.67 ,

[
Φ7

]
0.67 and 

𝜎
0.67,𝑇
𝑆

(Φ2,Ψ2) > 𝜎
0.67,𝑇
𝑆

(Φ5,Ψ5) > 𝜎
0.67,𝑇
𝑆

(Φ7,Ψ7). Nevertheless, these three decision rules are taken into account in the computation 
of the 𝑁0.65-e�iciency because 𝜎0.65,𝑇

𝑆
(Φ5,Ψ5) = 𝜎

0.65,𝑇
𝑆

(Φ7,Ψ7) > 𝜎
0.65,𝑇
𝑆

(Φ2,Ψ2) and 𝐵Φ6,Φ6
= {𝑟2}, which is the reason for the 

existing difference between both 𝑁𝜀-e�iciencies. □

In conclusion, we have been able to extract relevant conclusions in Example 23 thanks to the introduction of Definition 17. In this 
way, we deduce that Definition 17 is especially useful to analyze (𝛼1, 𝛼2, 𝛼3, 𝛼4)𝛼 -decision algorithms.
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4. Conclusions and future work

This paper has presented two different notions for studying the efficiency of decision algorithms in fuzzy rough set theory, that is, 
𝜀-e�iciency and 𝑁𝜀-e�iciency. We have shown that both notions of efficiency generalize the classical one, belonging the 𝑁𝜀 -e�iciency 
to the unit interval. This fact is important because greatly helps to give an interpretation of the obtained value, which shows, for 
instance, the classifier behavior of the considered decision algorithm and how consistent is the original dataset.

We have also introduced the notion of 𝜀-𝑇 -strength of a decision rule, which is a generalization of the strength of decision rules 
to the fuzzy framework. The aforementioned notion has played a key role in the definition of the 𝑁𝜀-e�iciency. Different properties 
and examples have been explained in order to illustrate the contribution and its relevance in the data analysis.

As future work, we will continue studying both new notions of efficiency to compare the efficiency of different decision algorithms. 
This fact will be of great importance for a better understanding about the attribute reduction and object classification in the fuzzy 
framework. On the other hand, we are interested in analyzing the relationship between the consistency of a given decision table and 
the efficiency of the decision algorithm considered to study such decision table.
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