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Abstract

By introducing the new concepts of fuzzy B-covering and fuzzy g-neighborhood, we define two new types of fuzzy covering
rough set models which can be regarded as bridges linking covering rough set theory and fuzzy rough set theory. We show the prop-
erties of the two models, and reveal the relationships between the two models and some others. Moreover, we present the matrix
representations of the newly defined lower and upper approximation operators so that the calculation of lower and upper approxi-
mations of subsets can be converted into operations on matrices. Finally, we generalize the models and their matrix representations
to L-fuzzy covering rough sets which are defined over fuzzy lattices.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

Covering rough set theory [44] is an extension of classical rough set theory [26]. Starting in 2001, there is a recent
surge of interest in covering based rough sets, and the existing studies show a great diversity of research on this topic
[2,16,20,21,28,31,32,34,41,45-48]. Covering rough set as well as classical rough set is designed to process qualitative
(discrete) data, and it faces great limitations when dealing with real-valued data sets since the values of attributes in
databases could be both symbolic and real-valued [14]. Fuzzy set theory [43] however, is very useful to overcome
these limitations, as it can deal effectively with vague concepts and graded indiscernibility. Nowadays, rough set
theory and fuzzy set theory are two main tools being used to process uncertainty and incomplete information in the
information systems. The two theories are related but distinct and complementary [27,40].

In the past two decades, the research on the hybridization between rough sets and fuzzy sets has attracted much
attention. Intentions on combining rough set theory and fuzzy set theory can be found in different mathematical
fields [17,19,25,33,39]. Dubois and Prade firstly proposed the concept of fuzzy rough sets [4,5] which combined these
two theories and influenced numerous authors who used different fuzzy logical connectives and fuzzy relations to
define fuzzy rough set models. Two essential works were done by Morsi et al. [24], and Radzikowska et al. [29]. The
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former study used both constructive and axiomatic approaches, and the latter defined fuzzy rough sets based on three
general classes of fuzzy implications such as S-implicators, R-implicators and QL-implicators. Despite generalizing
the fuzzy connectives, they still used fuzzy similarity relations. Greco et al. [8,9] were the first to use reflexive fuzzy
relations and Wu et al. [37,38] were the first to consider general fuzzy relations. Mi et al. [22,23] considered conjunc-
tions instead of t-norms and Hu et al. [11,12] studied fuzzy relations based on kernel functions. Furthermore, Yeung et
al. [42] discussed two pairs of dual approximation operators from both constructive and axiomatic viewpoints. In ref-
erence [3], these different proposals were considered within a general Implicator-Conjunctor (IC)-based fuzzy rough
set model that encapsulates all of them.

The most common fuzzy rough set is obtained by replacing the crisp binary relations and the crisp subsets with
the fuzzy relations and the fuzzy subsets on the universe respectively. Recently, some fuzzy rough set models based
on the concept of fuzzy covering were constructed [6,13,18,36], which can be viewed as bridges linking covering
rough set theory and fuzzy rough set theory. In this paper, by introducing the concepts of fuzzy B-covering and
fuzzy B-neighborhood, we define more general fuzzy covering rough set models. Properties of the models and their
relationships with other rough sets are discussed.

A basic problem one faces in the investigation and application of rough sets is the calculation of lower and upper
approximations for subsets of approximation spaces. For approximation spaces with large cardinals, such calculations
would be tedious and prone to errors. An encouraging fact we find is that the lower and upper approximation operators
we defined can be related to matrices, and further more, the calculation of lower and upper approximations can be
converted into operations on matrices which greatly facilitate the calculation.

Besides the traditional fuzzy rough set, there are several other generalizations of the fuzzy rough set model appeared
in the literature. For example, Radzikowska and Kerre have extended the fuzzy rough sets to L-fuzzy rough sets which
defined over residuated lattices L [10,30]. In this paper, we further generalize the fuzzy covering rough set models by
extending the range of fuzzy set from unit interval [0, 1] to fuzzy lattice L. We call the generalized models L-fuzzy
covering rough sets. In addition, the matrix representations of the fuzzy covering rough set models are also extend to
the L-fuzzy covering rough sets models.

The remainder of this paper is structured as follows. In Section 2, some preliminary definitions are introduced.
In Section 3, we introduce two new concepts, i.e., the fuzzy B-covering and the fuzzy B-neighborhood, and discuss
their properties. Two fuzzy covering rough set models are defined in Section 4, and their matrix representations are
introduced in Section 5. In Section 6, we generalize the models and their matrix representations to L-fuzzy covering
rough sets. We conclude the paper in Section 7.

2. Preliminaries
Let us first review some notions in covering rough set theory and fuzzy set theory.

Definition 2.1. (See [46].) Let U be a universe and C be a family of subsets of U. If no element in C is empty and
U =Jcec C, then C is called a covering of U, and the ordered pair (U, C) is called a covering approximation space.

For any x € U, we can define the neighborhood of x as
=N{CelC:xeC}

The following definition of lower and upper approximation operators are widely used in many references.

Definition 2.2. (See [32].) Let (U, C) be a covering approximation space and X C U. The lower approximation P~ (X)
and the upper approximation P*(X) of X are defined as

P (X)={xeU:N,CX}, P"X)={xeU:N,NX#P}.
Definition 2.3. (See [15].) Let U be a universal set. A fuzzy set ;f, or rather a fuzzy subset AofU , is defined by a
function assigning to each element x of U a value A(x) € [0, 1]. We denote by F(U) the set of all fuzzy subsets of
U, ie., the set of all functions from U to [0, 1], and call it the fuzzy power set of U.

For any A B e F(U), we say that Ai is contalned in B denoted by AcC B if A(x) < B(x) for all x € U, and we
say that A =B ifand only if AC Band B C A.
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For any family «; € [0, 1],i € I, we write V;cj®; or v{a, :i € I} for the supremum of {oz, (i el}, and Niel @
or Ao i € I} for the infimum of {e; : i € I}. Given A Be F(U), the union of A and B, denoted as AUB,is
deﬁned by (A S B)(x) A(x) v B (x) for all x € U; The intersection of A and B denoted as A N B is given by
(A N B)(x) A(x) A B(x) forall x € U.

Definition 2.4. (See [1].) A lattice is a partially ordered set in which any two elements a and b have a least upper
bound a Vv b and a greatest lower bound a A b.

A lattice L is complete if any subset A C L has a least upper bound (supremum) VA and a greatest lower bound
(infimum) AA in L.

A lattice L is completely distributive if the following conditions hold:

AN ap=\ (Naisi)

iel jelJ; felierJi i€l
ViNap="N\ Vasw,
iel jelJ; fellierJ; iel

where a;; € L, I and J; are nonempty index sets, and f € ]_[iel Ji means f is a mapping f : I — U,y J; such that
f@) e Jforeveryiel.

For example, ([0, 1], v, A, 0, 1) is a complete completely distributive (CCD) lattice; If X is a nonempty set, L =
P(X), then (L,U,N, @, X) is a CCD lattice; Let F(X) be the collection of fuzzy sets in X, then (F(X), U, N, d, X)
is a CCD lattice.

Definition 2.5. (See [35].) A CCD lattice (L, A, V, 0, 1) with an order-reversing involution " : L — L is called a fuzzy
lattice, and is represented as L = (L, A, Vv,”, 0, 1), where 0 and 1 denote the least element and the greatest element of
L respectively.

For example, ({0, 1}, A, V,”,0, 1) and ([0, 1], A, Vv,’, 0, 1) are both fuzzy lattices with x’ = 1 — x, where A and Vv
denote the minimum and maximum respectively.

Definition 2.6. (See [7].) Let L be a fuzzy lattice. An L-fuzzy set XofUisa | mapping X U — L. We denote by
F(U) the set of all L-fuzzy sets in U. For X Ye F(U) , we define the relation X < Y if X(x) < Y(x) forallx e U.
If X YeF (U), we define the operations LI, M and " on F (U) as follows:

XuN)@=Xx) VY, X0 =Xx)AYx), X) '@=Xwx),

forall x e U.
Obviously, the L-fuzzy set of U is a generalization of the fuzzy set of U by extending the range from the unit
interval [0, 1] to the fuzzy lattice L.

3. Fuzzy B-covering and fuzzy B-neighborhoods

In this section, we introduce two new concepts, i.e., the fuzzy S-covering and the fuzzy B-neighborhood.
Definition 3.1. Let U be an arbitrary universal set, and F(U) be the fuzzy power set of U. For each g € (0, 1], we
call C = {C1 C2, Cm} with C, e F(U) (i=1,2,---,m), afuzzy B-covering of U, if (U/L 1C,)(x) > f for each
x € U. We also call (U, C) a fuzzy covering approximation space.

Note that the concept of fuzzy covering in papers [6,13,18,36] is a special case of fuzzy B-covering with g = 1.

Definition 3.2. Let (U, C~) be a fuzzy covering approximation space, where C= {5 1s 52, ~-~,5m} is a fuzzy
B-covering of U. For each x € U, we define the fuzzy S-neighborhood N f of x as:

NP =n(C;eC:Ci(x) = B}.
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Example 3.1. Let U = {x1, x2, x3, X4, X5, X6}. A set of fuzzy sets C= {51, 52, 53, 54, 55} of U is listed as follows.
We can see that C is a fuzzy B-covering of U (0 < 8 <0.6).

Ci |G |G |Gy | Cs
x1 | 0706040301
x| 05[03[02)|04]06
x3/04[02]05|06]07
x4 | 06[04]0303][05
x5 | 03]07]06|08]03
X6 | 0207 [0.1]07]02

Thus
ﬁff:ﬁm@, ﬁgz'5=51055, ﬁ%5=63054ﬂ55,
@45:51055, ﬁ)955=520(~73ﬁ54, ]V)?G'5=52054,

and ]V%S of x; i=1,2,3,4,5,6) are as follows.

X1 X2 X3 X4 X5 X6

N% |06 03 02 04 03 02
N% 101 05 04 05 03 02
N% |01 02 05 03 03 0.1
N% 101 05 04 05 03 02
N% 103 02 02 03 06 0.1
N2 103 03 02 03 07 07

In a fuzzy covering approximation space (U, CN), with € = {C1,Cp,-++,Cp} being a fuzzy f-covering of U for
some B € (0, 1], we have the following properties of the fuzzy B-neighborhoods.

Proposition 3.1. N? (x) > B for each x € U.
Proof. Foreach x € U, Nf (x) = (Ng (25C) (1) = Ag (=4Ci(¥) = B. O
Proposition 3.2.Vx, y, z € U, if N (y) > B and NP (z) > B, then N (z) = B.

Proof. Let I ={1,2,---,m}. Since Nf(y) > B, then for each i € I, if (7[ (x) > B, we have 51’ (y) > B. And similarly,
it follows from Nf (z) = B that C;(y) > B which leads to C;(z) > B. So, foreachi € I, C;(x) > B implies C;(z) > B,
and hence ]Vf(z) = Aﬁ,-(x)zﬂéi (=p. O

Proposition 3.3. For each B € (0, 1], there are
CiDUNP:Cix)=B.xeU), iel={1,2,---,m}.

I:roof. For each i € I, according to the definition of ]Vf, Ci(x) > B means ﬁf C 5,-. So we have 6,- D) U{ﬁf :
Cix)=pB,xeU}. O

Proposition 3.4. If 1 < f, then NP' NP forall x € U.

Proof. For each x € U, B < B, implies that {5,' : Ei(x) >pB1,}D {5,- : 5i(x) > B2, }. Hence there is ﬁfl = ﬂ{a :
Cix)=p1}Ccn{C;:Ci(x) = B} = Nfz forallx eU. O
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Now we define the S-neighborhood in the fuzzy covering approximation space.

Definition 3.3. Let (U,C) be a fuzzy covering approximation space with C = {51, Co, ~--,5m} being a fuzzy
B-covering of U for some B € (0, 1]. For each x € U, we define the f-neighborhood N f of x as:

Ni=lyeU: N =p).
Example 3.2. Let (U, C) be the fuzzy covering approximation space in Example 3.1 with 8 = 0.5, then we have
Nfl :{xl}s N)/?Z ={)C2,X4}, Nfg:{x:;}v

NP ={x2,xa}, N ={xs}, NP ={xs5. x).

_ We have the following properties of the S-neighborhoods in a fuzzy covering approximation space (U, 8), where
C={Cy,C,---,Cy}isafuzzy B-covering of U for some § € (0, 1].

Proposition 3.5. x € N” (x) for each x € U.
Proof. It follows from Proposition 3.1 that x e {y e U : 1\7,’6S (y) = B8}= ]Vf foreachx e U. O
Proposition 3.6.Vx, y € U, if x € N%, then Nt c N,

Proof. Vz € N ﬁ? , we have ﬁf (z) > B. Furthermore, x € N '}9 implies ﬁf (x) > B. According to Proposition 3.2, there
is I\NJf(z) > B, and hence z € ]Vg. Thus N? ¢ ITJ"6 O

4. Two fuzzy covering rough set models

In this section, we will define two rough set models on basis of the fuzzy S-neighborhoods and the 8-neighborhoods.
One model concerns the fuzzy lower and upper approximations of each fuzzy set in the fuzzy environment, and an-
other concerns the crisp lower and upper approximations of each crisp set in the fuzzy environment. We will also
discuss the properties of the defined lower and upper approximation operators and reveal their relationship with other
rough set models.

4.1. A fuzzy covering rough set model for fuzzy subsets

Definition 4.1. Let (U, CN) be a fuzzy covering approximation space with C= {C1,Cp,-+,Cp} being a fuzzy

B-covering of U_for some 8 € (0, 1]. For each X € F(U), we define the lower approximation P~ X and the upper
approximation P*X of X as:

(P=X)(x) = Ayl = NE(y) VX (»)], x €U,
(PTX)(x) = Vyeu [INF(G) A X ()], x€U.

If }/;:(X) #* Fjr(X), then X is called a fuzzy covering rough set.

Example 4.1. Let (U, C) be the fuzzy covering approximation space in Example 3.1. Then for

06 04 03 05 07 04

X=—+—+—+—+—+—,
X1 X2 X3 X4 X5 X6
055 05 05 045 045 0.35
Y=—"-—+-tt—t 4+ —+ —
X1 X2 X3 X4 X5 X6

and 8 = 0.5, we have
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—~ 06 05 05 05 07 04

P X=—H4—"F—"F—4+—4+—,
X1 X2 X3 X4 X5 X6
~ 06 05 03 03 06 07
PrX=—+—+—+4+—+—+—,
X1 X2 X3 X4 X5 X6
and
—~ 055 05 05 045 045 0.35
pPY="-+—"+—F— +—+ —,
X1 X2 X3 X4 X5 X6
~ 055 05 05 05 045 05
PtY=—+—4 —4+—+—+—.
X1 X2 X3 X4 X5 X6

Proposition 4.1. Ler (U, 5)) be a fuzzy covering approximation space with C= {E 1,Co, e, Em} being a fuzzy
B-covering of U for some B € (0, 1]. For each X,Y € F(U), we have

D). P~(X)=(P*X), PT(X')= (P~ X), where X'(x) =1 — X (x), x € U,
i, P~U=U, PT@ =40,
iii). P-(XNY)=P-XNP-Y, PF(XUY)=PTXUPVY,
iv). FXCY, then P-X CP-Y, PrX C P*Y,
V). P-(XUY)DP-XUP-Y, PH(XNY)C PTXNPTY,
vi). If 1= NP(x) < X(x) < NP(x) forall x e U, then P~ X c X C PTX.

Proof. i). Since

(PFX))() = Vyeu NP () A X ()] =1 = Ayeul( = NEG) v X (1)1 =1 = (P~ X)(x) = (P~X)(x),
then ;’T‘(X/) = (FX)’. Replacing X by X’ in this proof, we can obtain 1?:(X/) = (;’T‘X)’.
ii). It follows from U (x) = 1 and #(x) = O that for every x € U,
(P~U)(x) = Ayeu[(1 = ﬁf(y)) vUMI=1=Ux),
(PT0)(x) = VyeU[ﬁf M AB(y)]=0=0(x).
Thus we have P~U = U and P+ = §.
iii). Since
(P=(XNY))(x) = Ayeul(1 = ﬁf(}’)) vV XNY)»]

= Ayeu((1 - ﬁf(y)) VX)) AWl— ﬁf(y)) VYl
—(P-XNP-Y)(x),

then there is P~(XNY)=P-XNP-Y. _ o
Through a similar proof, we can obtain PH(X UY)=PtX U P*Y.
). If X CY,then X(x) <Y (x) for each x € U. So we have

(P=X)(x) = Ayer[(1 = N8 (3) vV X ()] < Ayeul(1 = NP () v Y (1) = (P~ V) (x).

Thus 1?: X C 1?: Y holds, and similarly there is 137‘ X C 1’3'\:L Y.
v).Since X CXUY,YCXUY,XNYCXand XNY CY, using iv), we have

P-XCP-(XUY), P-YCP(XUY),
PYXNY)CPTYX, PY(XNY)C P'Y,
and thus

P-XUPYCP (XUY), Pr(XNY)CPTXNPTY.



L. Ma / Fuzzy Sets and Systems 294 (2016) 1-17 7

vi). If for all x € U, there is 1 — NP (x) < X (x) < N?(x), then
X)) =N A X () < Vyer [NE () A X ()] = (PFX) (),
(P=X)(x) = Ayeu[(1 = N (») v X1 < (1 = NP () v X (0) = X (),
and thus }f;:X cXcC FFX O

Now we give a practical example of the fuzzy covering rough set model defined in Definition 4.1.

Example 4.2. In medicine, we usually combine some kinds of medicines to treat a disease. Let U = {x; : j =
1,2,.--,n} be the universe of n kinds of medicines, V ={y; :i = 1,2,---, m} be m main symptoms (for exam-
ple, fever, cough, dizzy giddy, etc.) of a disease A (for example, HlNl, etc.), and C i (x;) denote the efficacy value of
the medicine x; for the symptom y; (i =1,2,---,m, j=1,2,---,n). Let B be the critical value. If we suppose that
for each medicine x; € U, there is at least one symptom yieV such that the efficacy value of the medicine x; for the
symptom y; is not less than g, then C= {C, i=1,2,---,m} is a fuzzy B-covering of U. Then, for each medicine
xj, we consider the set of symptoms {y; : Ci(x i) = B}. The fuzzy B-neighborhood ﬁf ; of x; is a fuzzy set

ﬁfj () =[N{C; 5;‘()6,’) > BH(xk) = /\a(xj)zﬁai(xk)v k=1,2.---.n

which denotes the minimum value among all the efficacy values of each medicine x; for treating the symptoms in
{yi: 5,- (xj) = B}. If a fuzzy set X denotes the ability of all medicines in U to cure the disease A (according to a lot
of experiments), since the inaccuracy of X, then we can take its approximate evaluation according to the lower and
upper approximations of X.

We suppose that the fuzzy covering approximation space (U, 5) is the space in Example 3.1 and X is fuzzy subset
in Example 4.1.
06 04 03 05 07 04
X=—+—H"F—+—+—+
X1 ) X3 X4 X5 X6
~ 06 05 05 05 07 04
P X=—+—"%+F—H+—+—+—,
X1 X2 X3 X4 X5 X6
—~ 06 05 03 03 06 0.7
P X=—+—4+—+—+—+—.
X1 X2 X3 X4 X5 X6

)

We can obtain the following results by analyzing PtXx , P~ X and X under the critical value B =0.5:

(1). Since X (x;) > 0.5, (FFX)(xi) > (0.5 and (F:X)(x,-) > 0.5 (i =1,5), we conclude that the medicines x| and x5
are most important for the treatment of disease A.

(2). As X(x4) > 0.5 and (P X)(x4) = 0.5, the medicine x4 is also important to the treatment of disease A.

(3). Since X(x;) < 0.5 (i =2,3,6), (P+X)(x,) >05G=2,6) and (P~ X)(x;) > 0.5 (i =2,3), the medicines
X2, X3, Xg are less important than xp, x4, x5 for the control of disease A.

4.2. A fuzzy covering rough set model for crisp subsets

Definition 4.2. Let (U ,CN) be a fuzzy covering approximation space with C= {C1,Cp,-+,Cp} being a fuzzy
B-covering of U for some B € (0, 1]. For each crisp subset X € P(U), we define the lower approximation P~ (X) and
upper approximation P+ (X) of X as:

P-(X)={x: NP cx},
PHX)={x:NPnX#£0p)

If IT(Y) * P_+(Y), Y is called a fuzzy covering rough set.

The following properties of the operators P~ and P* are the same as the properties of the operators in Defini-
tion 2.2 which were discussed in paper [32]. Here we omit their proofs.
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Proposition 4.2. Let (U, C~) be a fuzzy covering approximation space with C= {5 I, 52, e 5m} being a fuzzy
B-covering of U. Then for each X, Y € P(U), we have

). P~(X")=(PT(X)), P+(X)—(P (X)), where X' =U — X,

ii). P~(U)=U, P*(¥) =

iii). P~(XNY)=P~ (X)ﬂP (Y), PH(XUY)=PH(X)U PH(Y),
iv). P=(X)C P~(Y), PF(X)C PT(Y),ifX CY,

v). P=(XUY)D P (X)UP—(Y), PF(XNY)C PT(X)NPT(Y),
vi). P~(X)C X Cc PT(X).

Now we give a practical example of the fuzzy covering rough set model defined in Definition 4.2.

Example 4.3. Let U= {x1 , X2, X3, X4, X5, x6} be a universe of six associated symptoms, V ={y1, 2,3, y4, y5} be a
set of sufferers and C = {C1 Cz, C3, C4, C5} be a set of fuzzy subsets of U, where C (x) denotes the critical value
of the corresponding sufferer y; € V showing the symptom x; € U.

Ci |G |Gy | Ca|Cs
x1 107106 ]04]03]0.1
x2 1 05103]02|04]0.6
x3 104 (102]05|06]0.7
x4 1061040303105
x5 103(107]06|08]03
x6 | 021070107102

Then (U, 5) is same to the fuzzy covering approximation space introduced in Example 3.1. Suppose that the symptoms
in X = {x3, x5} are all involved in a certain disease A, taking 8 = 0.5 as the critical value, then we can calculate the
lower approximation and upper approximation of X as follows.

P=(X)={x3,x5},  PT(X)={x3,xs,x6).

Since {x : C3(x) > 0.5} = {x3, x5} C P—(X), {x : Ci(x) > 0.5} N PH(X) #0, (i =2,4,5) and {x : C;(x) > 0.5} N
P—+(X ) = 0, then y3 must be suffered from the disease A, and should be given treatment immediately. The sufferers
Y2, Y4, y5 are not necessarily ill with the disease and should be further considered by the doctor, and y; has nothing to
do with the disease A. o

Let (U, C) be a fuzzy covering approximation space, we call P~, P* and P—, P+ the fuzzy / COVering approx-
imation operators. P—, Pt are fuzzy approximation operators in the fuzzy environment, and P—, P are crisp
approximation operators in the fuzzy environment.

4.3. Relationships between the two models and some other rough set models

The two types of fuzzy covering rough set models we defined above can be viewed as bridges linking covering
rough set and fuzzy rough set theory.
IfC = {Cl, Cz, .- Cm} is a fuzzy B-covering of U, we can define a fuzzy relation R on the universe U as:

ﬁ(x, y)= ﬁx (y), x,yeU,

then the fuzzy relation R induced by the fuzzy B-covering C is related to all a € C. Thus the fuzzy covering rough
set model defined in Section 4.1 can be view as a fuzzy rough set model proposed by Dubois and Prade in [5]:

(P=X)(x) = Ayer[(1 — R(x, ) VX (Y], x€U,
(PFX)(x) = Vyer[R(x, ) AX()], x €U,

foreach X € F(U). o ~
Obviously, for each 8’ < 8, C ={Cy, Ca, -+, Cp,} is also a fuzzy B’-covering of U. We can also define the fuzzy
covering rough set model as follows:
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(P™X)(x) = Ayeul = NF () v X(0)]. xeU,
(PFX) (@) = Vye[NF () AX(0] xeU,
for each X € F(U).
It follows from Proposition 3.4 that ]Vf , cN f . Then we can easily obtain
P-X>P X, P+XcCPtX

for each X € F(U). Thus, for each X € F(U), we define an order relation < for every two lower and upper approxi-
mation operator pairs of X as:

(P~X,P™"X) < (P~X,PTX)ifandonly if P~ X D> P~ X and P'* X C P+ X.

We can obtain a series of fuzzy covering rough approximation pairs of X € F(U) varying with each 8’ € (0, 8], each
pair of which can be regarded as the model proposed by Dubois and Prade, and they can be arranged linearly according
to order relation <. Thus, we can choose any pair through selecting the degree B’ in practice.

The following proposition implies that, for each fixed 8 € (0, 1], the fuzzy covering rough set model defined in
Section 4.2 can be viewed as a covering rough set model in Definition 2.2 which was proposed by Samanta and
Chakraborty in [32].

Proposition 4.3. Let (U, CN) be a fuzzy covering approximation space with C= {6 1,Co, e, 5,,1} being a fuzzy
B-covering of U.

). Let C; ={x : 5,-(x) >Bt(E=1,2,---,m), then C={Cy, Ca,---,Cp} is a covering of U;
ii). Let Ny denote the neighborhood of x in the covering approximation space (U, C), then N )’? = N,.

groof. i). Since C= {a, 52, el 5,,1} is a fuzzy B-covering of U, then for each x € U, there exists 5,- such that
Ci(x) > B. Thus x € C;, and hence C = {Cy, C3, ---, Cp,} is a covering of U.
ii).

Ne={yeU:NP(y) =Bl =y eU:(0¢ 1)=5C) () = B)
={yeU: (N, =Py ={y:xeCi—>yeCi i=12--.m)
=N{C; :x € C;} = Ny.
Thus, for each fixed g € (0, 1], the fuzzy covering approximation space (U, 5) induces a covering approximation

space (U, C), and the fuzzy covering rough set model defined in Subsection 4.2 can be viewed as a covering rough set
model in the covering approximation space

P~ (X)={xeU:N,CX}, PFT(X)={xeU:N,NX#®)

for each X € P(U). Therefore, the properties of the operators in Proposition 4.2 can be deduced directly from the
properties of the operators in Definition 2.2, which have been discussed in Ref. [32].

Furthermore, both fuzzy covering rough sets defined in Section 4 can be viewed as generalizations of the covering
rough set.

Suppose that (U, C) is a covering approximation space, where C = {Cy, C», -+, Cy}. For each i (1 <i <m),
xeUand X € P(U), if we set

~ |1 yeC &~ - |1, yeN, &, . |1, yeX

c,(y)—{O’ P Nx(y>—{0’ Len  XO=10 1oy
for every y € U, then every crisp subset of U can be consider as a fuzzy subset of U, and thus N, = N f =N f for
every x € U and B € (0, 1]. So we have

P~X=P-(X)=P (X), PtX=PF(X)=PH(X)
for each X € P(U). Therefore, the two fuzzy covering rough set models in Section 4 are both generalizations of the
covering rough set models in Definition 2.2. 0O
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5. Matrix representations of lower and upper approximation operators

In this section, we will present matrix representations of the lower and upper approximation operators defined in
Definitions 4.1 and 4.2. The matrix representations of the approximation operators makes it possible to calculate the
lower and upper approximations of subsets through the operations on matrices, which is algorithmic, and can easily
be implemented through the computer.

Definition 5.1. Let A = (ajx)nxm and B = (bgj)mxi be two matrices. We define C = A - B = (¢jj)uxs and D =
A x B = (d;j)nx as follows:
cij=Vi_ @ik ANbj),i=1,2,---,n,j=1,2,---,1,
d,'j=/\Zl:1[(1—aik)\/bkj],iz1,2,~--,I’l,j=l,2,---,l.

Definition 5.2. I;et U ={x1,x2,--+,x,} be a finite univeNrse and C = {a, 52, el 5,”} be a fuzzy B-covering of U.
We call M = (Cjixi))nxm a matrix representation of C, and call the Boolean matrix Mg = (f;j)yxm a B-matrix
representation of C, where

_._{1, Cj(xi) > B
Y O, Ej(x,') < ,3

Example S.1. Let (U, C) be the fuzzy covering approximation space in Example 3.1. For two orders {C 1s Cz, Cz, C4, C 5}
and {C 1 C5, C3, C4, Cg} of C M, N are both matrix representations of C while My s, No s are both 0.5-matrix repre-
sentations of C where

0.6 0.1 0.1 03 03 0.6 03 0.1 03 0.1
03 05 02 02 03 03 03 02 02 05
y |02 04 05 02 02f o 02 02 05 02 04
“lo04 05 03 03 03> " ~"|o04 03 03 03 05}/
0.3 03 0.3 0.6 0.7 0.3 0.7 03 0.6 03
02 02 0.1 0.1 0.7 02 07 0.1 0.1 02
and
1 00 0 0 1 0000
01000 0000 1
00100 00100
Mos=149 100 of M5=]0 00 0 1
00011 01010
000 0 1 01 000

From this example we can see that for a fixed order of all elements of U, different orders of C lead to different
matrix representations of C, and the matrices can be transformed into each other by list exchanges.

Proposition 5 1. Let U = {x1,x2, -, X} be a finite universe of which the order of elements is given, and C=
{C 1y Cz, -+, Cp} be a fuzzy B-covering of U. If, under two different orders of C, M, N are two matrix representations
ofC and Mg, Ng are two B-matrix representations ofC respectively. Then Mg * MT = Npg * NT and Mg * M =
Np * Nj.

Proof. M and N can be transformed into each other through list exchanges, so do Mg and Ng. Without loss of
generality, we assume that they can be denoted by block matrix columns as

M={ay, -, ap, -, 0g, ), N={ar, -, aq, -, p, -, ey},
Mﬁz{tl""atp9"'7t e tm} N,B={t17"‘9IQ7."7tp9”'7tm}'
Suppose that Mﬁ*MT (@ij)nxn and Nﬂ*N = (bij)nxn- Then
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ajj = (tj1, "'vtjpy""tjq,"’atjn)*(51(xi)""’5p(xi)’"'aaq(xi)’""En(xi))T
= AP = 1j3) v Ci(xi)]
= (tj1, "'vtjq’"’stjp,"‘»tjn)*(51()51')’""gq(xi)»""gp(xi)’""En(xi))T
= bij,

i,j=1,2,--~,n.Thus,wehaveMﬂ*MT :Nﬁ*NT.
In a similar way, we can obtain the proof of Mg * Mg =Ng*xN ﬂT . O

Proposition 5.2. Let U = {x1,x2, -, xn} be a finite universe of which the order of elements is given, and C=
{C 1, Cz, e m} be a fuzzy B-covering of U. If M is a matrix representation of C, and Mg is a B-matrix representa-
tion of C then

Mg+ M" = (N (xj)nxn.
Proof. AsCisa fuzzy B-covering of U, and Mg = (fix)nxm is a B-matrix representation of 5, foreachi (1 <i <n),
there is k (1 < k < m) such that t;; = 1. Suppose that Mg * MT = (¢ijdnxn, then
cij = AL = i) V Cex ] = Ag=1[(1 = 1) Vv Ci(x))]
= /\t,-k:IEk(xj) = Afk(xi)zﬂgk(xj)
= (06,200 = N ), 1 =1,2,.m.
Thus,
MgxM" = (NE(x))nsn. O

Example 5.2. We can calculate Mg * MT and Ng * NT in Example 5.1 as follows.

06 03 02 04 03 02
0.1 05 04 05 03 02
0.1 02 05 03 03 0.1 -

_ B(y.
0.1 05 04 05 03 02 |=WNaGDncn:
03 02 02 03 06 0.1
03 03 02 03 07 07

Mg+ M" =Ng+NT =

Next we show that the calculations of the lower and upper approximations P~X and P*X of fuzzy set X can be
converted to operations on matrices.

Proposition 5.3. Let U = {x1,x2, -, xn} be a finite universe of which the order of elements is given, and C=
{C 1 C2, o m} be a fuzzy B-covering of U. If M is a matrix representation of C,and M g is B-matrix representation
ofC thenfor every X € F(U), we have

P=X=MgxM")xX, PTX=MzxM")-X.
Proof. Foreachi (1 <i <n), we have

(Mg MT) % X) () = AP (L — N () v X ()] = (P~ X) (xp).
(Mg MT) - X)(x1) = VI (NP () A X (1) = (PFX) (x1).

Hence, PX= (Mg * MT) % X and PYX = (Mg * MT) . X can be followed. O

Example 5.3. The P~X and P*X in Example 4.1 can be calculated as follows.
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0.6
0.1
0.1
0.1
0.3
0.3

0.6
0.1
0.1
0.1
0.3
0.3

(Mg +MT)x X =

MgxMT). X =

We use xx to denote the characteristic function of the crisp subset X C U. In the following, we discuss the matrix
representations of the lower and upper approximations P~ (X) and P+(X) of every crisp subset X.

Proposition 5.4. Let U = {x1,x2, -, xn} be a finite universe of which the order of elements is given, and C=

0.3
0.5
0.2
0.5
0.2
0.3

0.3
0.5
0.2
0.5
0.2
0.3

0
0
0
0
0
0
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0.2
0.4
0.5
0.4
0.2
0.2

2
4
5
4
2
2

0.4
0.5
0.3
0.5
0.3
0.3

0.4
0.5
0.3
0.5
0.3
0.3

0.3
0.3
0.3
0.3
0.6
0.7

0.3
0.3
0.3
0.3
0.6
0.7

0.2
0.2
0.1
0.2
0.1
0.7

0.2
0.2
0.1
0.2
0.1
0.7

*

0.6
0.4
0.3
0.5
0.7
0.4

0.6
0.4
0.3
0.5
0.7
0.4

0.6
0.5
0.5
0.5
0.7
0.4

0.6
0.5
0.3
0.3
0.6
0.7

=PTX.

{61, Ca, -, Cn} be a fuzzy B-covering of U. If Mg is a B-matrix representation of C, then

Mg 5 M = (Xgp (X)))nxn-

Proof. Denote Mg * Ml = (dij)nxn. If dij =1, then AJ_ [(1 — t;x) V tjx] = 1. This implies that if #;; = 1 then
tjx = 1. Therefore, gk(xi) > B leads to gk(xj) > B, and hence x; € Nfi, ie., Xyt (xj))=1=d;.
If djj =0, then A}"_,[(1 —tix) V tjx] = 0, which implies that there is k such tha[t tjk =0 and t;; = 1. This indicates

that Cr(x;) < B and Cr(x;) > B. So we have x; ¢ Nfi, namely, xys (x;) =0=dj;.

Thus, we have proved Mg x ML = (Xzp (X Dnxn- O

Example 5.4. For Mg and Ng in Example 5.1, we have

1 000 0O
01 01 00
001 00O
Mg x Mg = Ng x Nj = 0101 0 0l=0w @)
000010
0 00 0 11
Proposition 5.5. Let U = {x1,x2, -, xn} be a finite universe of which the order of elements is given, and C=

{51, Ca, -+, Cp} be a fuzzy B-covering of U. If Mg is a B-matrix representation ofCN, then for every X € P(U), we

have

Xpx) = (Mp * MZ) * XX, XpF(x) = (Mg *MﬂT) Xx.

Proof.

(Mg x M) 0 (i) =1 & AL = xe (60 v xx (w01 =1

< xgp =1 —> xx(x) =1, k=12,---.m

= xkeﬁf’_ﬁxkeX,kzl,Zw-',m

& NLCX & xeP (X) & xp 0 =1,

and
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(Mg Mg) -0 =1 & Vil Olgp 06 A xx () =1

& a0 =0 =1 & 3, xeNPnx

& NONX#0 & x e PYX) & xpry ) =1,
then we have

XF(X)Z(Mﬂ*MﬂT)*XXa Xﬂ(x)z(Mﬂ*Mg)'XX~ 0

Example 5.5. For F(X) and P—+(X) in Example 4.2, there are

100000 1 1
01 0100 0 0
. oo 1000 ol Jof|l
MpxM)xxx=10o 1 010 0|*|1|=]|0]|=*w
0000 T1 0 1 1
0000 1 1 0 0
100000 1 1
01 0100 0 |
. oo 1000 ol o]
Mp*Mp)-xx=14 1 0 1 0 0 1= 1 | T X
0000T1 0 1 1
00001 1 0 1

6. Generalizations of the models over fuzzy lattice

As we discussed in Section 4.3, the two fuzzy covering rough set models in Section 4 are both generalizations of
the covering rough set models in Definition 2.2. In the following, we further generalize the models and their matrix
representations to L-fuzzy covering rough sets which are defined over fuzzy lattices.

6.1. L-fuzzy B-covering and L-fuzzy B-neighborhoods

Definition 6.1. Let L = (L, A, V,”, 0, 1) be a fuzzy lattice. Suppose that U is an arbitrary universal set and FU) is
the collection of all the L-fuzzy sets from U to L, i.e., the set of all functions from U to L. For some 8 > 0 (8 € L),

we call C = {a, 62, e an} a L-fuzzy B-covering of U, if (u;”zla)(x) > B for each x € U, where a € f(U) (i=
1,2,---,m). We also call (U, C) a L-fuzzy covering approximation space.

Definition 6.2. Let (U, 6) be a L-fuzzy covering approximation space, where C= {6 1s 62, e an} is a L-fuzzy
B-covering of U. For each x € U, we define the L-fuzzy S-neighborhood ﬁf and B-neighborhood N f of x as
N{ =n{Ci: Ci(x) = B),
Ni={yeU:N() =B}
The properties of L-fuzzy S-neighborhoods and B-neighborhoods and their proofs are similar to the properties

of fuzzy B-neighborhoods and S-neighborhoods discussed in Section 3. We next list some properties and omit their
proofs.

Proposition 6.1. Suppose (U, 6) is a L-fuzzy covering approximation space, where C= {6 1,Cay oo, 6,,,} is a L-fuzzy
B-covering of U for some € L — {0}. Then the following are correct

i). ﬁf(x) > B foreach x € U,
ii). Vx,y,z€U, if NP(y) = B and NP (z) = B, then NP (2) = B,
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iii). foreachie{l1,2,---,m}, W{N? :Ci(x)> B, x e U} < C;,
iv). if B1 < Bo, then NP« ﬁfzfor allx e U,

V). x € Nf(x)for each x e U,

vi). Vx,yeU, ifx eﬁg then Nf C Nﬁ.

Example 6.1. Let U = {x1, x3, x3} be the universe, L = {1, 2, 3,6} be the set of all positive divisors of 6, and
(L,A,V,”,0,1) be a fuzzy lattice in which 0 = 1, 1 = 6, the join a V b and the meet a A b be the least common
multiple and greatest common divisor of a, b respectively. For the order-reversing involution ’

I'=6, 22=3, 33=2, 6 =1
and the following L-fuzzy 2-covering C= {6 1, 62, 63} of U

C, | G | Cs
X1 3 2 6
xp |1 3 2
x3 |3 6 1

we have 1/\731 = 62 r 63, ]/\/\)%2 = 63 and 1/\7)%3 = 62. Furthermore, ]’V\fl and Nii of x; (i =1, 2,3) can be calculated as
follows.

X1 X2 X3
N2 |2 1 1
N2 l6 2 1
N2 |2 3 6

Nﬁl = {xl}’ N§2 = {x1,x2}, N?@ = {x17x3}‘
6.2. Two types of L-fuzzy covering rough set models

Definition 6.3. Let (U, 5) be a L-fuzzy covering approximation space with C= {a, 5@_\ . an} being a L-fuzzy
B-covering of U. For each L-fuzzy subset X € F'(U), we define the lower approximation P~ X and the upper approx-

imation ﬁX of X as:
(P=X)(x) = Ayl = NP VXD, (PFX)(x) = Vet [NFO) A X)), xeU.

For each crisp subset X € P(U), we define the lower approximation P~ (X) and the upper approximation P+ (X) of
X as:

P-(X)={x:NPcX}, PF(X)={x:NlnXx=#0).

For an L-fuzzy subset X € ﬁ(U) and the crisp subset Y € P(U), if P X #* TJ-IX, as well as F(/Y\) ;é/li—*‘(Y),le
call both X and Y the L-fuzzy covering rough sets. The lower and upper approximation operators P~, P+ and P~,
P have all the properties in Propositions 4.1 and 4.2 respectively, so we omit them here.

Example 6.2. Let (U, 5) be the L-fuzzy 2-covering approximation space in Example 6.1. For the L-fuzzy subset
X = % + % + x% and the crisp subset Y = {x1, x3}, we have:
— 6 1 6 2 6

— 2
P X=—+—+—, P X=—+—+4+—;
X1 X2 X3 X1 X2 X3

P=(Y)={x1,x3}, PT(¥)={x1,x2,x3}.



L. Ma / Fuzzy Sets and Systems 294 (2016) 1-17 15

6.3. Matrix representations of lower and upper approximations of L-fuzzy covering rough sets

D/gﬁn/i\tion 6.j4\. Let L = (L, A,V,,0,1) be a fuzzy lattice, Uf {x1,x2,+--,x,} be a finite universeAand C =
{C1,C3,---,Cp} be a L-fuzzy B-covering of U. We CEH M = (C;(x;))uxm a matrix representation of C, and call
the matrix Mg = (t;j)nxm @ B-matrix representation of C, where

___{1, Ci(xi) = p
iy —

0, Ci(xj)<p ’
R 1, x;eX
T R ’ t | —
Foreach X C U, we set xx = (t1,t2, -, tn) ,Wheretl_{o’ X ¢ X ,i=1,2,---,n.

Definition 6.5. Let L = (L, A, V,”,0,1) be a fuzzy lattice, A = (ajx)nxm and B = (brj)mxi be two lattice valued
matrices, i.e., gk, byj € L. We define C = A - B = (¢jj)nx; and D = A x B = (d;j)nx; as follows:

cij =Vis @ik ANbrj),i=1,2,---,n, j=1,2,---,1,
dl'j =/\?:1[al{k\/bkj],i= 1,2,~~,n,j= 1,2,---,1.
The proofs of the following two propositions are similar to that of Propositions 5.1, 5.2, 5.3, 3.4 and 5.5 respec-

tively.

Proposition 6.2. Let U = {x{, x2, -+, x,} be an ordered finite universe, and C= {6], 62, .- Cm} be a L-fuzzy
B-covering of U. If, under two dlﬁ‘erent orders of C, M and N are two matrix representations of CM g and Ng are
two B-matrix representations of C, then

Mﬂ *MT :Nﬂ *NT = (]/V\g(x]))nxna
Mg * Mg = Ng * NﬁT = (Xﬁf. (XjDnxn-
Proposition 6.3. Ler U = {x1, x2, -+, xn} be an ordered finite universe of which the order of elements is given,

and C = {C 1, Cz, C }bea L fuzzy B-covering of U. If M is a matrix representation of C and Mg is B-matrix
representation ofC thenfor every X € F(U) andY € P(U), we have

P-X=WMp+xM")xX, PYX=MgxM")-X.
X5 vy = (Mp * M{) % Xy, Xpeyy = (Mg ME) - Xy

Example 6.3. In Example 6.2, since 1 =6 and 0 = 1, we can calculate FX, ﬁX and F(Y), P—+(Y) as follows.

011 31 3 2
MasxMDy«sXx=(0 0 1|x|2 3 6«3
010 6 2 1 3
1 6 6 31 3 2
=1 1 6]x]2 3 6 =x|3
1 6 1 6 2 1 3
2 1 2 6 -

23 3 6
011 31 3 2
MysxMTy.- x=({0 0 1|x|2 3 6]-[3
010 6 2 1 3
1 6 6 31 3 2
=11 6]|x|2 3 6D-[|3
1 6 1 6 2 1 3
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2 1 1)\ (2 2\
=16 2 1 3l=1|2]|=PtX.
6 3 6) \3 6

<>
<>

=]
=]

(My % MT) % Xy = (

(

<
AN = QN O -
— N\ O ek

AN = O -
\—/v

(
:

—

O\/_\/\
(—]
AN — N — O

I
)/—\
AN
—_— O\ =
O\ =
~~—— N—
*

—

I
AN~
SNS—
I

— O
v

011 011 1
MyxM])-xy=(0 0 1 00 1])-1{o
010 010 1

100 1
=110 = 1| =%,

1 01 1

Thus, we have:

— 6 1 6 — 2 2 6
P X=—+4+—+4+—, P X=—+—4—;
X1 X2 X3 X X2 X3

P=(Y)={x1,x3}, PT(¥)={x1,x2, x3}.
7. Conclusion

We defined two fuzzy covering rough set models which are more general than the existing ones and can be regarded
as bridges linking covering rough set theory and fuzzy rough set theory. The encouraging thing is that we also found the
matrix representations of the defined lower and upper approximation operators, which made it possible to calculate the
lower and upper approximations of subsets through computer. Moreover, the models and their matrix representations
were further generalized to L-fuzzy covering rough sets which are defined over fuzzy lattices. The new concepts
and the matrix tool introduced in this work may be helpful to the investigation of fuzzy rough set theory and its
applications.
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