Fuzzy Sets and Systems

A survey on fuzzy B-covering rough set models, measurement systems, and

applications: Advances and prospects from 2016--2026
--Manuscript Draft--

Manuscript Number: FSS-D-25-01341
Article Type: Review Article (REV)
Section/Category:

Keywords:

Powered by Editorial Manager® and ProduXion Manager® from Aries Systems Corporation



Manuscript Click here to view linked References %

1
2
2 A survey on fuzzy S-covering rough set models, measurement systems, and
5 applications: Advances and prospects from 2016-2026
6
7
8 Xueling Ma®, Yiyu Yao® and Jianming Zhan®*
9 “School of Mathematics and Statistics, Hubei Minzu University, Enshi, Hubei, 445000, China
10 bDepartment of Computer Science, University of Regina, Regina, S4S 0A2, SK, Canada
11
12
13
14
15 Abstract
16
17 Uncertain information processing in the big data era faces dual challenges of data fuzziness and knowledge uncer-
18 tainty. Classical rough set theory provides mathematical rigor through equivalence relations, though these relations
19 cannot adequately represent fuzzy boundaries. Fuzzy set theory describes graded membership but lacks systematic
20 granularity analysis mechanisms. The combination into fuzzy rough sets faces limitations from conventional covering
21 models. The introduction of fuzzy S-covering rough sets (8-FCRS) in 2016 added a confidence-level parameter S that
22 enables flexible granularity regulation, leading to increased development of model variants. However, existing litera-
23 ture lacks surveys that systematically integrate theoretical development, model classification, measurement systems,
24 and application trends. This paper presents a systematic analysis of the decade-long development with five main con-
25 tributions: (1) a hierarchical theoretical framework tracing evolution from classical covering to fuzzy S-covering ap-
26 proximation spaces, examining core operators, axiomatic foundations, and reduction principles; (2) a classification of
27 eleven model variants organized into neighborhood-driven, logical-operator-enhanced, and structurally-expanded cat-
28 egories, with examination of mathematical foundations, development motivations, and applicability; (3) a three-level
gg measurement system consisting of Choquet-integral-based fuzzy measures, noise-tolerant discrimination indexes,
31 and variable-precision distinguishability indicators; (4) analysis of applications in feature selection, multi-attribute
32 decision-making, outlier detection, and three-way decisions, examining how practical requirements have influenced
theoretical developments; an ibliometric analysis of core publications identifying research communities, tem-
33 h ical develop d (5) bibli i lysis of publications identifying h iti
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1.1. Background and motivations

The advent of the big data era has precipitated significant challenges in uncertain information processing, wherein
decision-making systems must simultaneously contend with dual complexities of data fuzziness and knowledge un-
certainty [10, 11]. Data fuzziness emanates from measurement instrument imprecision, subjective human judgments,
and linguistic vagueness, thus necessitating mathematical frameworks capable of capturing graded memberships and
boundary ambiguities [12]. Concurrently, knowledge uncertainty arises from incomplete information systems, com-
plex attribute interdependencies, and epistemic limitations in discerning object distinctions, thereby demanding ro-
bust mechanisms for approximating concepts under granularity constraints [13]. These intertwined challenges have
exposed fundamental limitations inherent in classical computational intelligence paradigms, compelling the investi-
gation of more expressive and adaptive theoretical foundations.

Classical rough set theory, pioneered by Pawlak in 1982 [14], established a rigorous mathematical apparatus for
approximate reasoning through the core notion of indiscernibility equivalence relations. By partitioning universes
into crisp granules and defining lower and upper approximations, this framework provides elegant tools for knowl-
edge reduction and rule extraction in nominal data [15—17]. However, its foundational reliance on binary equivalence
relations renders it intrinsically inadequate for characterizing fuzzy boundaries inherent in continuous or overlap-
ping data distributions. As modern applications increasingly involve high-dimensional heterogeneous datasets with
nuanced semantic structures-such as medical imaging, sensor networks, and social media analytics-the rigid all-or-
nothing membership criterion of classical rough sets becomes a critical bottleneck, often producing overly coarse
approximations that obscure meaningful patterns [18, 19]. Consequently, while classical rough sets excel in cate-
gorical data analysis, their deterministic nature fundamentally constrains applicability to problems requiring graded
decision boundaries [20, 21].

Conversely, Zadeh’s fuzzy set theory (1965) [22] offers a powerful alternative for modeling graded member-
ship through continuous-valued functions, thereby capturing gradual transitions between categories that characterize
human cognitive processes. Its extensive algebraic infrastructure, including -norms, fuzzy implications, and aggre-
gation operators, provides remarkable flexibility in representing vague information. Nevertheless, fuzzy set theory
lacks systematic mechanisms for analyzing knowledge granularity and approximation structures, focusing primar-
ily on pointwise membership without accounting for collective discernibility capabilities of attribute sets [23]. This
absence of granular analysis tools limits its applicability to knowledge discovery tasks where boundary definitions
depend on multi-attribute synergies rather than isolated membership degrees. Thus, fuzzy set theory demonstrates
strength in modeling vagueness but weakness in structured knowledge approximation.

The amalgamation of these two paradigms into FRSs theory during the 1990s represented a significant theoret-
ical advance, successfully embedding fuzzy membership within approximation spaces. Early models demonstrated
promising results in feature selection and decision analysis. However, conventional FCRSs exhibited critical limi-
tations in parametric adaptability and approximation precision [24-26]. Specifically, these models employed static
covering structures with fixed membership thresholds, offering no mechanism to dynamically regulate granularity
in response to varying data quality or confidence requirements. Consequently, they remained sensitive to boundary
noise, struggled with heterogeneous data fusion, and lacked hierarchical analysis capabilities essential for complex
systems modeling. This theoretical impasse necessitated a fundamental reconceptualization of how fuzzy granularity
could be flexibly integrated with covering-based approximations.

1.2. Evolutionary path: From partitions to fuzzy B-fuzzy coverings

A fundamental development emerged in 2016 when Ma [1] introduced the concept of 8-FCRSs within the fuzzy
lattice framework, thereby establishing a new approach for parametric granularity control. By embedding a confidence-
level parameter S € (0, 1] that dynamically activates covering elements only upon attaining specified membership
thresholds, this innovation transformed rigid binary membership determination into a flexible, context-aware cri-
terion. This fundamental restructuring of the approximation paradigm enabled fine-grained regulation of covering
granularity while preserving semantic interpretability of rough set boundaries [27, 28]. Simultaneously, Yang and
Hu [29] generalized this framework to L-8-FCRS models, enhancing algebraic expressiveness through lattice-ordered
relations and establishing the theoretical cornerstone for fuzzy S-covering approximation spaces (termed 8-FCASs).
These foundational contributions [1, 29-31] achieved a decisive shift from qualitative covering structures to quan-
titatively parameterized fuzzy granulation, catalyzing a substantial expansion of research activity from a mere three
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papers in 2016 to a projected corpus exceeding one hundred publications by 2026 [32], with an annual growth rate
surpassing 15%.

The four-stage evolutionary path from classical rough sets to S-FCRSs is explicitly traced to provide a complete
contextual understanding.

Stage 1: Rough sets based on partitions [14]. Pawlak’s original formulation employs equivalence relations to
partition the universe into disjoint granules, forming the foundation for crisp approximation spaces.

Stage 2: Rough sets based on coverings (CRSs) [33, 34]. CRS models extend partitions by allowing overlapping
granules while maintaining crisp membership criteria, providing more flexible approximation spaces.

Stage 3: Fuzzy rough sets based on fuzzy coverings (FCRSs) [35, 36]. FCRS models incorporate graded
membership through fuzzy sets, capturing gradual transitions between categories while retaining binary activation
mechanisms for covering elements.

Stage 4: Fuzzy rough sets based on -fuzzy coverings (3-FCRSs) [1, 29]. The 8-FCRS framework introduces
parametric confidence thresholds, enabling dynamic granularity control and transforming static covering structures
into adaptive approximation spaces.

Central to this evolution are several fundamental concepts requiring explicit clarification:

Fuzzy partitions (FPs) [22, 37].: A decomposition of universe U into fuzzy granules {A;, A,, ..., A,} where each
object x € U may belong to multiple granules with varying membership degrees A;(x) € [0, 1], capturing the gradual
nature of concept boundaries. _ L _

Fuzzy coverings (FCs) [35, 36].: A collection of fuzzy sets C = {C,,C>,...,Cy,} on universe U such that
(UL, C)(x) = 0forall x € U, allowing objects to be characterized by multiple overlapping fuzzy granules with
varying membership degrees.

Fuzzy p-coverings (3-FCs) [1].: A fuzzy covering where covering elements are activated for approximation only
when their membership attains a specified confidence threshold 8 € (0, 1], satisfying (U, C;)(x) > B for all x € U,
enabling parametric control over approximation granularity and robustness.

The distinctive theoretical value of S-FCRS theory manifests across three interconnected dimensions [38]. First,
it overcomes classical models’ dependence on complete, noise-free data by achieving robust approximation through
B-neighborhood operators that systematically filter out weakly supported covering elements, thereby maintaining
stability in adversarial environments [39]. This noise tolerance has proven invaluable in real-world applications where
data quality cannot be guaranteed. Second, it natively supports hierarchical decision-making from multigranular
perspectives, where different 8 values correspond to distinct levels of abstraction, aligning seamlessly with complex
systems analysis requirements [40]. This multiresolution capability enables analysts to explore data structures at
multiple scales within a unified framework. Third, its algebraic architecture accommodates diverse fuzzy logical
operators—including #-norms, fuzzy implications, overlap functions, and grouping functions-forming an extensible
model spectrum adaptable to non-classical logical scenarios [41, 42]. This operator diversity liberates practitioners
from the constraints of standard fuzzy logic, permitting customization to domain-specific reasoning requirements.

B-FCRS theory constructs a three-dimensional analytical framework of “fuzziness-approximation-multigranularity”
by coupling fuzzy membership degrees with covering granularity through the 8 parameter, thereby demonstrating
unique advantages in feature selection [43, 44], multi-attribute decision-making (MADM) [45—47], and three-way
decisions (TWD) [48, 49] proposed by Yao [50, 51]. Its core value resides in three aspects: (1) overcoming tra-
ditional models’ dependence on complete data by achieving robust approximation in noisy environments through
B-neighborhood operators [39, 44]; (2) supporting hierarchical decision-making from multigranular perspectives, thus
aligning with complex systems analysis requirements [40, 52]; and (3) accommodating diverse fuzzy logical opera-
tors to form an extensible model spectrum [41, 42]. Particularly in medical diagnosis [53], emergency management
[54, 55], and image processing scenarios, this theory provides novel paradigms for handling high-dimensional het-
erogeneous data. These theoretical advantages have catalyzed transformative applications across critical domains.
The framework’s capacity to balance approximation precision with computational tractability has established it as a
distinctive “B-driven” paradigm that bridges fuzzy sets, rough sets, and multigranular analysis.

1.3. Literature status and research challenges

Despite this remarkable theoretical proliferation and demonstrated practical utility, the existing literature con-
fronts a critical structural deficiency: the absence of a comprehensive, integrative survey that systematically orches-
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trates fragmented advancements into a coherent intellectual landscape. Current knowledge remains compartmental-
ized across specialized subdomains, with researchers focusing narrowly on incremental model extensions, specialized
measurement systems, or isolated application scenarios. No existing works provide a unified axiomatic framework
that reveals phylogenetic relationships among eleven major model variants, nor do they offer critical assessment of
how theoretical innovations have evolved in response to practical application demands. Furthermore, while individ-
ual measurement systems have been proposed, no survey has consolidated the three-level evaluation hierarchy-from
Choquet-integral-based fuzzy measures to noise-tolerant discrimination indexes and variable-precision distinguisha-
bility indicators—into a systematic assessment methodology. The substantial growth in publications, coupled with
emergence of specialized research communities [40, 56], has rendered it increasingly urgent to map the domain’s
knowledge structure, identify theoretical gaps, and forecast evolutionary trajectories.

In response to these challenges, this survey is motivated by the pressing need to address four fundamental objec-
tives:

o Consolidation of a decade’s fragmented research into a unified theoretical coordinate system capable of contex-
tualizing disparate contributions.

e Exposition of logical necessity driving each model innovation rather than mere enumeration of variants and
properties.

o Establishment of quantitative evaluation frameworks for model comparison, selection, and optimization in prac-
tical scenarios.

e Provision of actionable insights for transitioning the theory from academic exploration to industrial-grade de-
ployment in high-stakes domains.

1.4. Contributions and structure of this survey

Correspondingly, this paper delivers the first comprehensive, decade-spanning analysis of 8-FCRS theory through
three integrated contributions:

e Unified theoretical framework and phylogenetic taxonomy: A comprehensive axiomatic foundation has
been constructed that traces the complete evolutionary trajectory from classical covering rough sets to 8-
FCASs. This framework systematically explicates core operators (including S-neighborhood, complementary
B-neighborhood, and extremal descriptor operators), axiomatic foundations, and reduction principles that pre-
serve approximation capabilities. Through systematic academic mapping, eleven distinct model variants have
been organized into three phylogenetic lineages: neighborhood-driven types, logical-operator-enhanced types,
and structurally-expanded types. For each category, mathematical kernels, innovation motivations, and appli-
cability boundaries are delineated, thereby transforming isolated model descriptions into a coherent family tree
that reveals relationships and guides selection.

¢ Hierarchical measurement and evaluation system: Disparate evaluation metrics have been consolidated into
a unified three-tier assessment hierarchy: (i) Choquet-integral-based fuzzy measures that capture non-additive
information fusion and covering element interactions; (ii) noise-tolerant discrimination indexes that quantify
robust discernibility capabilities; and (iii) variable-precision distinguishability indicators that enhance evalua-
tion stability under noisy conditions. This system provides quantitative foundations for model optimization and
reduction verification.

o Application-driven trajectory analysis and critical bibliometric assessment: The theory’s practical evolu-
tion across four core domains-feature selection, MADM, outlier detection, and TWD-has been traced, revealing
how specific application demands (e.g., noise robustness, hierarchical decision complexity, risk-aversion) have
directly catalyzed theoretical innovations. Through empirical scientometric analysis of the core publications
(2016-2026), temporal growth patterns have been mapped, key research communities identified, and interdis-
ciplinary fusion trends revealed. Critically, structural deficiencies (lack of unified axioms), algorithmic bot-
tlenecks (suboptimal computational complexity), and interpretability challenges that impede high-risk domain
deployment are assessed, thereby anchoring precise targets for future research.

4
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Methodologically, this survey integrates bibliometric analysis with theoretical dissection to provide the first com-
prehensive, decade-spanning assessment of S-FCRS theory’s evolution. Unlike conventional reviews that narrowly
enumerate models, this work systematically traces logical necessity underpinning each theoretical innovation while
quantitatively mapping knowledge diffusion patterns through empirical scientometrics. The resulting framework fol-
lows a six-step progressive structure: theoretical foundations — model systems — measurement evaluation — appli-
cation trajectories — critical reflection — future prospects. This architecture ensures that each component builds upon
its predecessor, creating a coherent narrative that illuminates both individual contributions and overarching phyloge-
netic relationships among model variants. By anchoring analysis in both mathematical rigor and empirical evidence,
this survey furnishes researchers with a clear roadmap for navigating this rapidly expanding domain while identifying
strategic imperatives for its continued development.

The exposition that follows adheres to the following sequence: Sections 2-4 construct a comprehensive theoretical
landscape, wherein Section 2 deconstructs foundational concepts of fuzzy -covering approximation spaces, Section
3 systematically organizes submodel variants, and Section 4 distills the measurement system. Section 5 focuses
on application trajectories, examining four dimensions: feature selection, decision analysis, outlier detection, and
TWD. Section 6 conducts empirical bibliometric analysis to reveal evolutionary patterns. Section 7 offers critical
commentary on theoretical gaps and practical limitations in existing research. Finally, Section 8 proposes five frontier
directions, while Section 9 concludes the survey. Each section integrates bibliometric data to ensure objectivity and
cutting-edge relevance.

To more clearly present the technical logic and research context of this paper, the overall framework diagram is
specially plotted as shown in Figure 1.
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Figure 1: The framework of the paper.

2. Foundational theory of fuzzy S-covering approximation spaces

This section establishes the mathematical underpinnings of S-FCRSs, thereby laying an axiomatic foundation
for subsequent model extensions and application analyses. Such theoretical development proceeds along dual di-
mensions: historical evolution and structural decomposition. Vertically, the transformation from classical CRSs to
B-FCRSs is traced, revealing the logical imperatives underlying each conceptual innovation. Horizontally, the funda-
mental architecture of 8-FCASs—encompassing neighborhood systems, extremal descriptor operators, and reduction
mechanisms—is systematically dissected to illuminate geometric intuition and algebraic properties. Throughout this
exposition, contributions from seminal investigations [1, 29, 48, 57, 58] are synthesized into a unified conceptual
framework.
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2.1. Evolutionary trajectory from classical covering to fuzzy B-covering sets

Classical CRSs approximate concepts through a family of covers on the universe; however, this crisp framework
exhibits fundamental limitations when confronted with graded membership information. The initial extension by
Deng et al. in 2007 introduced fuzzy approximation operators based on covering [35], thereby opening a pathway
toward graded rough approximation. Nevertheless, this early formulation retained a binary activation mechanism for
covering elements, insufficient for modeling confidence-level-dependent relationships.

Subsequently, Ma [1] formalized the 8-FCRS construct in 2016, wherein 8 € (0, 1] functions as an activation
threshold: a covering element participates in approximation only upon attaining the specified confidence level. This
innovation transformed rigid membership determination into a flexible, threshold-governed criterion. Parallel devel-
opments by Yang et al. that same year generalized this framework to lattice-ordered fuzzy structures, establishing
the L-B8-FCRS model [29]. Such generalization enhanced algebraic expressiveness by accommodating partially or-
dered membership grades beyond the unit interval. Together, these contributions constituted a paradigm shift from
qualitative to quantitative covering-based approximation, furnishing the theoretical cornerstone for S-FCASs.

Definition 2._1; [1]~Let~ U be an arbitrary' universal set, and F(U) be the fuzzy power set of U. For each 8 € (0, 1],
a collection C = {(:‘l, Cy,--,Cpywith C; € F(U) (i = 1,2,-+- ,m) isgesignated a fuzzy B- covering (8-FC) of U,
provided that (U2 C;)(x) > 8 holds for each x € U. In this context, (U, C) is termed a S-FCAS.

Definition 2.2 (8-neighborhood systems (3-NSs)). [57] Let (U, E) be a S-FCAS and x € U. The S-neighborhood
system (5-NS) of x is defined as

K/g(x) ={CeC:Cx) >p Q2.1

2.2. Core conceptual architecture of 3-FCASs

The operational essence of S-FCASs resides in three interlocking constructs: neighborhood operators, extremal
descriptor operators, and complementary mechanisms. The fuzzy S-neighborhood operator (8-FNO) [1] filters objects
through a rigorous g threshold, thereby constituting the fundamental computational unit for approximation. While
effective for capturing high-confidence relationships, this strict filtering may overlook potentially relevant information
near the threshold boundary.

Complementing this, fuzzy S-minimal descriptions (8-FmD) and fuzzy maximal descriptions (3-FMD) [58] cap-
ture commonality and individuality characteristics through extremal covering subsets. Minimal descriptions identify
the most specific covering elements containing an object, whereas maximal descriptions locate the most general ones.
This duality enables granular analysis of approximation specificity; however, computational complexity increases
substantially as the search space expands with covering cardinality. In 2020, Zhang et al. systematized the axiomatic
topology of B-FCASs [59], establishing that these operators generate Alexandrov topologies under certain conditions,
thereby providing a universal algebraic language for model construction.

Definition 2.3 (Fuzzy S-minimal descriptions (8-FmD)). [57] Consider S-FCAS (U, 6) whose covering family is

C={C,,C,,...,Cy)}. For any object x € U, the corresponding S-FmD A?Zl%(x) is established through
A?Zlff(x) ={Ce /T/g(x) VD e ng(x) ADCC= C=D}. 2.2)

Definition 2.4 (Fuzzy S-maximal descriptions (8-FMD)). [57] Take (U, 6) to be a S-FCAS with the covering collec-
tion C = {C1,C,,...,C,}. For every element x € U, its associated S-FMD A’/ib%(x) is expressed by

1\75%()6) ={Ce K/g(x) VD e ng(x) AD2C= C=D)}. 2.3)
2.3. Reduction theory and structural analysis
Reduction theory in S-FCASs seeks to eliminate redundant covering elements while preserving approximation
invariance. Yang and Hu [58] introduced a reduction algorithm based on discernibility matrices that guarantees
preservation of S-approximation properties. Although theoretically rigorous, this approach suffers from quadratic
space complexity relative to covering size, rendering it impractical for high-dimensional data.

6
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Subsequently, Zhan et al. [40] proposed heuristic reduction strategies employing information entropy. Such meth-
ods achieve linear time complexity but sacrifice theoretical completeness, as entropy-based criteria only approximate
approximation preservation. In lattice-valued extensions, Ma [ 1] demonstrated that L-8-CRS reduction requires simul-
taneous consideration of lattice-order relations and threshold constraints, revealing heightened structural complexity.
This multiplicity of reduction criteria necessitates careful trade-off analysis between computational efficiency and
theoretical fidelity.

¢ Union-based reducibility: Covering elements expressible as unions of other elements can be eliminated with-
out altering approximation capabilities.

o Intersection-based reducibility: Elements representable as intersections of other elements may be removed,
though this criterion exhibits greater sensitivity to threshold variations.

Definition 2.5 (Reducible aEd irreducible elements) [58] Consider a S-FCAS (U, C) contammg an element C € C.
When a subcollection D C C — {C} satisfies C = UD C qualifies as a reducible element in C absent this condition,

C is an irreducible element. The covering C is classified reducible precisely when such elements appear; otherwise
it maintains irreducible status.

Definition 2.6 (/-reducible and I-irreducible elements). [59] Take > (U, C) as a B-FCAS w1th C e C. The element C is
identified as an I-reducible element in C whenever a subset D € C — {C} fulfills C = ND; lacking this property, C is
termed an I-irreducible element. The covering C is /-reducible if such elements exist, and is /-irreducible otherwise.

3. Taxonomy and evolutionary logic of fuzzy B-covering rough set models

This section systematically surveys the S-FCRS model variants that emerged from 2016 to 2026, constructing
a logically coherent and hierarchically organized taxonomic framework. Distinct from conventional surveys that
merely enumerate models, this exposition elucidates the intrinsic motivations and evolutionary pathways underlying
each innovation. The developmental trajectory began with basic neighborhood operators, subsequently expanding
to complementary-neighborhood and variable-precision models in response to demands for enhanced noise robust-
ness. Expressive inadequacies prompted the introduction of sophisticated fuzzy logical operators, while complex
systems analysis necessitated multigranular architectures. Further adaptations for dual-universe, variable-scale, and
higher-order fuzzy environments are driven by expanded application scenarios. Throughout this analysis, each model
category is annotated with core literature, innovations, and applicability boundaries, enabling readers to perceive both
individual contributions and their phylogenetic relationships.

As illustrated in Table 1, academic mapping reveals that core publications have spawned eleven model variants.
These models can be categorized into three lineages based on construction mechanisms: neighborhood-driven types
(Sections 3.1-3.4), logical-operator-enhanced types (Sections 3.5-3.6), and structurally-expanded types (Sections 3.7-
3.8). 3.9 subsequently analyzes the relationships among these models. Each category specifically targets distinct
limitations: enhancing noise robustness [39, 44], augmenting logical expressiveness [41, 42], or expanding environ-
mental applicability [56, 60, 61]. This section systematically parses the mathematical kernels, innovative motivations,
and bibliometric support for each model, thereby revealing the evolutionary logic from isolated constructs to coherent
model families.

3.1. Fuzzy B-covering rough set models based on a fuzzy B-neighborhood

The most fundamental variant, designated as the S-FCRS model, was established by Ma [1] in 2016. Approxima-
tion operators are defined directly via S-neighborhoods (8-Ns), wherein the lower approximation mandates complete
containment of object neighborhoods within the target set, while the upper approximation permits mere neighborhood
intersection with the target set. This “strict lower, loose upper’”” design aligns with classical rough set philosophy yet
exhibits pronounced sensitivity to boundary noise. Such vulnerability arises because the binary containment crite-
rion fails to accommodate marginal fluctuations, rendering the model susceptible to misclassification near decision
boundaries.
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Table 1: Representative techniques in S-FCRS models

Representative methods Title Reference Year
Two fuzzy covering rough set models
and their generalizations over fuzzy lattices Ma(l] 2016
On some types of
fuzzy covering-based rough sets Yang and Hu [58] 2017
A fuz.zy coverlr.lg—b.ased rough set quel Yang and Hu [29] 2016
and its generalization over fuzzy lattice
An intuitionistic fuzzy graded covering rough sets Huang et al. [30] 2016
Communication between fuzzy information systems
Fuzzy B-neighborhood operators using fuzzy covering-based rough sets Yang and Hu [62] 2018
Fuzzy ne'1ghborhood oper'ators Yang and Hu [57] 2019
and derived fuzzy coverings
Novel classes of fuzzy soft B-coverings-based
FRSs with applications to Zhang et al. [63] 2019
multi-criteria fuzzy group decision making
Fuzzy SO'ft ﬂ-coye?rlng basved FRSs: . Zhang et al. [64] 2019
and corresponding decision-making applications
Fuzzy B-covering based (I, T)-FRS
models and applications to MADM Zhang etal. [41] 2019
Covering based variable precision (/, T')-FRSs .
with applications to MADM Jiang et al. [42] 2019
Overlap functions based (multi-granulation) .
FRSs and their applications in MCDM Wen et al. [65] 2021
Fuzzy logical operators Some fuzzy neighborhood operators
on fuzzy S-covering approximation space and Lietal. [66] 2025
their application in user preference evaluation
Two novel TWD models based on fuzzy ﬁ—coverlng rf)ugh sets Shi et al. [49] 2024
and prospect theory under g-rung orthopair fuzzy environments
Covering based multigranulation
(1, T)-FRS models and applications Zhan et al. [40] 2019
in multi-attribute group decision-making
Covering based mu.ltlgranul.atlc?n FRSs Zhan et al. [67] 2020
and corresponding applications
Multigranulation fuzzy sets Novel classes of coverings based multigranulation
fuzzy rough sets and corresponding applications to Ma et al. [52] 2020
multiple attribute group decision-making
Covermg based I.nul.tl-granulatlon rough .fuzzy sets Huang and Li [68] 2004
with applications to feature selection
Some extensions of covering-based rpultlgranulatlon Atef and Atik [69] 2021
FRSs from new perspectives
On multicriteria decision-making method based on a fuzzy
rough set model with fuzzy a@-neighborhoods Zhang et al. [70] 2021
Covering-based variable precision
FRSs with PROMETHEE-EDAS methods Zhanetal. [71] - 2020
On four nolvel kn}ds 9f fuzzy ﬁ—covermg—baseq roqgh sets Jiang and Hu [72] 2005
and their applications to three-way approximations
A novel methoq for incremental feature selection Wang et al. [73] 2005
with fuzzy S-covering
A fitting model for attribute reduction with fuzzy S-covering Huang and Li [74] 2021
Inclusion satisfaction Red'eﬁned FRS mode.]s in. Zhang and Dai [75] 2022
fuzzy S-covering group approximation spaces
Noise-tolerant fuzzy-f-covering-based multigranulation
rough sets and feature subset selection Huang et al. [39] 2022
Novel fuzzy ﬁ-coyenng.rou.gh set Dai et al. [76] 2022
models and their applications
Overlap function-based .fuzzy B-covering relations Fan and Zhang [77] 2024
and fuzzy B-covering rough set models
Multi-fuzzy S-covering fusion based accuracy Zou and Dai [78] 2004

and self-information for feature subset selections




O©CoO~NOOOITA~AWNPE

Definition 3.1. [1] Consider a S-FCAS (U C) with C = {51, 52, e ,5,,,} forming a 5-FC over U. For any object
x € U, its fuzzy S-neighborhood (8-FN) N? is characterized by:

NP =n(C; e C: Ci(x) = Bl (3.1)

Definition 3.2. [1] Take (U, 6 as aB-FCAS Wllgre C= {51 R 52, EERIN 5m} cons@tes afB-FCof U foragivenf € (0, 1].
For every X € F(U), the lower approximation P~X and upper approximation P*X are constructed through:

P = \I1- M) VX)), xeU, (3.2)
yeU

PO = \/INNG) A X)L, x €U, (3.3)
yeU

Whenever P-X # P*X holds, X qualifies as a 8-FCRS.

3.2. Fuzzy B-covering rough set models based on a fuzzy complementary 3-neighborhood

To compensate for the deficient characterization of outliers inherent in the S-CRS models based on a fuzzy com-
plementary -neighborhood (8-FCN) framework, Yang et al. [58] proposed the 5-CRS models based on a S-FCN
model in 2017. This approach captures object “atypicality”’—the degree to which an object belongs to no S-covering
element—through complementary neighborhoods, thereby defining dual approximation operators. However, the in-
troduction of complementary neighborhoods alone does not resolve the fundamental rigidity of binary approximation
criteria. Consequently, three distinct approximation strategies were developed to balance strictness and flexibility,
each exhibiting unique trade-offs between computational complexity and noise resilience.

Definition 3.3. [58] Take (U, E) as a B-FCAS where B € (0,1]. For any object x € U, its fuzzy complementary
B-neighborhood (5-FCN), symbolized by M?, is characterized via:

M) = Ny, Vyel, (34)
in which ﬁf represents the 8-FN of y.

Definition 3.4. [58] Assume (U, C) constitutes a S-FCAS with 8 € (0, 1]. For every X € ¥ (U), the fuzzy cover-
ing lower approximation (FCLA) F FL(X) together with the fuzzy covering upper approximation (FCUA) FH(X) are
constructed as:

FLOXOW = )\ [(1 - Mip) v X, xeU, (3.5)
yeU

FHXO() = \/ [M{0) AXO)], xe U, (3.6)
yeU

When I?I:(X) * ﬁ-I(X) holds, X qualifies as a 8-CRS model based on a S-FCN model of the first type.

piﬁnition 3.5. [58] Consider (U, E) as a $-FCAS where 8 € (0, 1]. For any X € ¥ (U), the FCLA ﬁ(X) and FCUA
S H(X) emerge through:

SLEOW = A\ [(1= NG v (1 = M) vV X)L, xe U, 3.7
yeU

SHX)() = \/ [Né0) A MEQ) A XD, x e U. (3.8)
yeU

If the inequality ﬁ(X) * ﬁ(X) holds, then X is designated a 5-CRS model derived from a 8-FCN model of the
second type.
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Deﬁnitiﬁo‘q 3.6. [58] Taking (U, E) as a S-FCAS with 8 € (0, 1], each X € F(U) gives rise to the FCLA ﬁ(X) and
FCUA TH(X) defined by:

TLX)) = [\ [((1 = Ni) A (1= MEGD) v XG)],  xe U, (3.9)
yeU

THX)® = \/ (Mo v M) A X xeU. (3.10)
yeU

Provided that TL(X) # TH(X), X is regarded as a 8-CRS model built upon a S-FCN model of the third type.
The interconnections among these three models [58] plus Ma’s models [1] receive examination below:

Remark 3.1. For a 8-FCAS (U, 6) and any X € ¥ (U), the subsequent relationships hold:
(1) TL(X) € C(X) € SL(X);
(2) C(X) € FL(X) € SL(X);
(3) C(X) € FH(X) € TH(X);
(4) SH(X) € FH(X) € TH(X);
(6) SLX) = C(X) U FL(X);
(6) SH(X) = C(X) N FH(X);
(1) TL(X) = C(X) N FL(X);
(8) TH(X) = C(X)U FH(X).
These relational inclusions reveal a hierarchical structure where Type-3 approximations represent the most con-
servative lower bounds and permissive upper bounds, while Type-1 approximations occupy an intermediate position.

The set-theoretic equalities in items (5)-(8) further demonstrate that Type-2 approximations function as composite
operators, simultaneously incorporating both standard and complementary neighborhood information.

3.3. Fuzzy B-covering rough set models based on fuzzy S-minimal descriptions

This model variant was pioneered by Yang and Hu [29] in 2016. B-FmDs define minimal covering element
sets for each object, enabling approximation operations to depend solely on most relevant covering information and
thereby avoid redundancy interference. Compared with global neighborhoods, minimal descriptions push locality to
the extreme, proving particularly suitable for high-dimensional sparse data. However, the computational overhead
of identifying minimal descriptions increases significantly with covering cardinality, and the model’s sensitivity to
covering refinement operations presents challenges for dynamic data scenarios.

Definition 3.7. [29] Consider a 8-FC C= {C1,C3,...,Cy}over U with 8 € (0, 1]. For any object x € U, its 8-FmD
(W)E is established through:

(?\ZZZf)C={Ce@:(C(x)zﬁ)/\(VDe@AD(x)zﬁADgc:w:D)}. (3.11)

When the 8-FC is clear from context, the subscript Cis dropped, yielding A?ij

Proposition 3.1. [29] For every element x € U, the subsequent relationship holds:
NE = () M. (3.12)

Definition 3.8. Lg?] Take a §-FC Ei{cl, Cy,...,Cy} of U where B € (0,1]. For every fuzzy set X € ¥ (U), the
approximations CL(X) (FCLA) and CH(X) (FCUA) are given by:

CLx)=|_JiceC:ccx, (3.13)
CH(X) = CL(X) U (U{A?Zl’j L X(x) > ,8}). (3.14)

If CL(X) = CH(X), then X is called a 8-FCRS model based on 8-FmDs.
10
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3.4. Fuzzy B-covering-based fuzzy rough set models based on fuzzy logic operators

When gB-neighborhoods are combined with classical -norms T and fuzzy implications /, model expressiveness
undergoes qualitative transformation. The (/, T)-FRS model based on fuzzy S-coverings (ITFRS-8-FC) proposed by
Zhang et al. [41] in 2019 represents a milestone: lower approximations employ /(A(y), B(x)) to measure member-
ship implication, while upper approximations adopt T (A(y), B(x)) to characterize interaction dynamics. This model
injects logical inference mechanisms into approximation processes, transforming rough sets into interpretable logi-
cal systems. In the same year, Jiang et al. [42] put forth the variable-precision (, T)-FRS models in light of fuzzy
B-coverings (VPITFRS-B-FC), enhancing noise robustness through the parameter A. In 2021, Wen and Zhang [65]
replaced -norms with overlap functions O, constructing (O, I)-based models that overcome t-norms’ lack of dou-
ble neutral elements. This lineage’s evolutionary logic is clear: from classical algebraic operators — fuzzy logical
operators — overlap/grouping functions, each step aims to enhance adaptability to non-classical logical scenarios.
However, such enhancement comes at the cost of increased parameter tuning complexity and reduced computational
efficiency.

Definition 3.9. [41](First fuzzy B-covering-based (Z, 7)-FRS model, namely 1-ITFRS-B-FC) Consider a -covering
approximation system (U, C) with 0 < 8 < 1 where ¢ C = {C1,Cy,- -+ ,C,,} constitutes a B-FC of U. For each fuzzy
set A € F(U), the lower approximation operator C (A) and upper approximation operator C*(A) are respectively
established through: for any u € U,

i = N\ T (V. Am), (3.15)
veU

i = \/ T (V). 4m). (3.16)
veU

When Ell A) # a (A) holds, A qualifies as the fuzzy S-covering-based (7,7 )-FRS of the first type (1-FCITFRS).
Equality C{(A) = C{(A) indicates A is definable.

Definition 3.10. [41](Second fuzzy B-covering-based (7,7 )-FRS model, namely 2-ITFRS-B-FC) Take 0 < ﬁ
and let C = {Cl,Cz, -+, Cplbea ,B FC of U. For any fuzzy set A € ¥ (U), the lower approximation operator C (A)
and upper approximation operator C; (A) are respectively formulated as: for each u € U,

G = N\ T (M. am), G.17)
veU

G = \/ T (Miw.A»). (3.18)
veU

If the inequality &E (A) # &; (A) holds, then A is designated the second fuzzy S-covering-based (7, 7 )-FRS model,
namely 2-ITFRS-g-FC. Equality C(A) = C;(A) signifies A is definable.

Definition 3.11. [41](Third fuzzy S-covering-based (7, 7)-FRS model, namely 3-ITFRS-3-FC) Consider 0 < E. <1
and assume C = {C1,C,- -+ ,Cy,} forms a B-FC of U. For each A € F(U), the lower approximation operator C(A)

and upper approximation operator CF'? (A) are respectively defined by: for any u € U,

G = N\ T((M: 0 M) 02.40), (3.19)
velU

i = \/ 7 (M 0 V) 02, 4). (3:20)
veU

When 6? A) # CF';: (A), then A is termed the third fuzzy S-covering-based (7, 7)-FRS model, namely 3-ITFRS-S-FC.
Equality C;’ (A) = C5(A) indicates A is definable.

11
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Definition 3.12. [{]](Eourth fgzzy B-covering based (7,7 )-FRS model, namely 4-ITFRS-3-FC) Take 0 < 8 < 1
and suppose C = {C,C3, - ,C,,} constitutes a 5-FC of U. For every fuzzy set A € 7 (U), the lower approximation
operator C; (A) and upper approximation operator C; (A) are respectively given by: for each u € U,

i = N\ T((M U Ng) 02,40), (3.21)
veU

Ciaw = \/ 7 (M v M) 02,40). (3.22)
veU

Provided that EZ (A) # E‘f (A), then A is named the fourth fuzzy S-covering-based (7,7 )-FRS model, namely 4-
ITFRS-B-FC. Equality C;(A) = C; (A) signifies A is definable.

The connections among these four ITFRS-S-FC models are described below:

Remark 3.2. For a B-FCAS (U, C) where C = {C;,Ca, - ,Cyy} forms a B-FC of U with 8 € (0,1], any A € F(U)
satisfies:

) CN‘E(A) c CN’IZ(A) c 53:(14), provided that 7 satisfies the left monotonicity;

(2) C;(A)cC5A)C C3‘ (A), provided that I satisfies the left monotonicity;

(3) Ci(4) € C{(4) € C(A);

(4) C3(4) € C3(A4) € C(A);

(5) C5(A) = C;(4) N C(A);

(6) C5(A) = C(A) U C3(A);

(1) C,(4) = C;(A) UG, (A);

8) Ci(A) = C{(A) U C3(A).

Definition 3.13. [42] Take a finite 8-FCAS (U, C) with B € (0, 1]. For any fuzzy set X € ¥ (U) and element x € U, the
r-th type (r = 1,2,3,4) variable precision (I, 7 )-fuzzy lower approximation set Air‘kr r(X) (denoted r-VPITFLAS-

B-FC) and the corresponding r-th type variable precision (Z, 7")-fuzzy upper approximation set A_prz;(X) (denoted
r-VPITFUAS-B-FC), parameterized by k € [0, 1), are respectively formulated as:

Aprf X)(x) = mf I(N’ ), 6) A mf I(N’ 50, X)), (3.23)
Emmm=sw7wgwmmv sup TN 5(). XO)). (3.24)
X(n)=N(k) X(n)<N(k)

If Apr‘kr X) # A_prZr(X), then X is called the r-th (r = 1,2, 3, 4) type of VPITFRS-5-FC, otherwise X is called the rth
(r=1,2,3,4) type of variable precision fuzzy definable.

Remark 3.3. 1) A 8-FN operator may be viewed as a particular fuzzy relation. For example, given a fuzzy relation R,
one can define a -FN operator through R by setting N’ ﬁ,(y) = R(x,y) for all x,y € U. Consequently, when R forms a
7 -similarity relation and the implicator Z is substituted with an S -implicator, the model from Definition 3.13 reduces
to a variant developed by Zhao et al. [79].

2) Substituting 7~ with T4, I with Tgp, and representing N by Ny causes r-CVPITFLA and r-CVPITFUA to
reduce to these expressions:

Apry (OG0 = infl [(1= Ny VAL /\ inf [(1= N300 v X)) (3.25)
E%um»ﬂfp<ﬁ@Ammy/wpmmmAmm (3.26)
12
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Specifically, for k = 0 and r = 1, Egs. (3.25) and (3.26) collapse to Ma’s model [1]; whereas for k = 0 with » = 2, 3, 4,
they reduce to the framework introduced by Yang and Hu [58].
Setting k = 0 transforms Eqs. (3.23) and (3.24) from Definition 3.13 into:

Apr! (X)) = inf TN (). XO). (3.27)

Apr, (X)(x) = SUpT (N 50, X(). (3.28)
ye

In particular, when a B-FN constitutes a fuzzy 7 -similarity relation on U, Definition 3.13 reduces to the model
proposed by Radzikowska and Kerre [80].
3) When X represents a crisp subset of U, Egs. (3.23) and (3.24) from Definition 3.13 simplify to:

Apry (X)(x) = inf T(N{5(3). k). (3.29)

Apry (X)) = U TN, N, (330)

3.5. Fuzzy B-neighborhood-operator-enhanced models

Unlike Section 3.4’s direct modification of approximation operators, FBNO-CRS focuses on transforming neigh-
borhood construction logic. Li et al. [66] in 2025 systematically investigated neighborhood-operator lineages based
on t-norms, overlap functions, and semi-overlap functions, revealing that different logical operators endow neighbor-
hoods with distinct “information fusion” characteristics. For instance, semi-overlap-function-based neighborhoods
exhibit heightened sensitivity to conflicting information, making them suitable for user preference conflict scenarios
[49]. This approach fundamentally alters how neighborhoods aggregate information, yet inherits the computational
burden associated with non-standard logical operators.

The four 8-FN operators derived from an overlap function O and its R-implication /, are described below:

Definition 3.14. [66] Consider a S-covering approximation structure (2, V). The first type of 5-FN operator derived
from R-implication I, designated ON\Lﬁ QS FQ) e ON;,ﬁ(n), determines ON\Lﬁ(n) via

ONyym@ = N\ lo@(x), y(@). (3.31)

weCy(¥.m)

Definition 3.15. [66] Take a 8-FCAS (€, V). Based on overlap function O, the S-FN operator ONi,ﬁ Q- F(Q):
T ONé,ﬁ(n) specifies 0N§,ﬁ(7r) as

ONy (@) = \/ oW, u@)). (332)

yemdy g(rr)

Definition 3.16. [66] In a 8-FCAS (Q,¥), the B-FN operator constructed from R-implication Iy, denoted ON\% 'R
Q->F(Q):nm—> ONi, ﬁ(n), establishes ONg, ﬁ(n) through

ONg y(m)(@) = /\ Lo(Y(m), Y(@)). (3.33)
YEM Dy (1)
Definition 3.17. [66] Consider a S-covering approximation system (€, V). The fourth S-FN operator derived from
overlap functions, designated ONC;',ﬁ Q-5 FQ) x> ONC‘]',ﬁ(n), defines ONfl‘,ﬁ(ﬂ) as
ONym@ = \/ 0w, u(@)). (3.34)
YeCy(¥,m)

Employing these four fuzzy neighborhood operators, the ON — § — FCRS and TN — 8 — FCRS frameworks are
specified as:

13
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Definition 3.18. [66] Take a S-FCAS (Q2, ¥). The operators TN’ and ON! s represent S-FN constructions obtained

from #-norms and overlap functions respectively. For every I € T (Q), the lower and upper approximation operators
induced by TN’ ; are given by
\Pﬁ

WD) = AQ ((1 ~ TN (@) v r(w)), (3.35)
¥ =\/ (TN' (0)(@) A r(w)) (3.36)
weQ

and the lower and upper approximation operators induced by ON,, i are given as

PO = /\ (1 - oV, @) v @) (3:37)
WO(I)(r) = ;E/Q (oM, (@) AT(@)). (338)

3.6. A multigranular fuzzy B-covering fuzzy rough set model based on triangular norms and fuzzy implications

Complex decision-making scenarios frequently require multi-level, multi-perspective analysis. The MG-3-FCRS
model pioneered by Zhan et al. [40] in 2019 achieves granularity aggregation by fusing multiple S-covering fam-
ilies. This model offers two strategies: optimistic versions approximate unions across granularities (emphasizing
possibility), while pessimistic versions intersect approximations (emphasizing necessity). In 2020, Ma et al. [52]
integrated variable-precision mechanisms into multigranular frameworks, proposing robust multigranular models for
group decision-making. In 2022, Huang et al. [39] further incorporated noise-tolerant mechanisms, forming robust
multigranular models. This lineage follows the expansion path single-granularity — double-granularity — multi-
granularity — variable-precision multigranularity — robust multigranularity, with each step enhancing the model’s
capacity to deconstruct complex decision scenarios. Nevertheless, multigranulation models suffer from exponen-
tial complexity growth with the number of granularities and require careful calibration of fusion strategies to avoid
information dilution.

Assumptlon 1: Consider a continuous t-norm 7 together with an implicator I on [0, 1]. _Let (U, F) denote a
B-FFCAS where r= {(Cl, (Cz, (Cl} constitutes an [-B-FC of U with 8 € (0, 1], and each C; = {C}, C,z, . C m; ) for

i=1,2,---,1 Let Ng = {Ng( ) | x € U} represent the family of fuzzy S-neighborhood systems of x in U generated
i i(X
by C;, fori=1,2,---,1.

Definition 3.19. [40] Under Assumption 1, for any fuzzy set A € ¥ (U), the optimistic multigranulation (I, 7)-

fuzzy lower approx1mat10n operator N 2(”) (A) and the optimistic multigranulation (Z, 7")-fuzzy upper approximation

i=1 i

operator N 21 @(A) are respectively formulated by: for all x € U,
i=1 1

NLY o () = \/AI( 2 01AD), (3.39)
i=1 yeU

Nz (A = Al\éT( 2 JOAO)). (3.40)
i=1 ye

When NI(”) (A) * NT( )C (A) holds, A qualifies as an optimistic multigranulation (Z,7 )-FRS based on a fuzzy
G- covermg (OMG ITFRS -B-FC); otherwise A is optimistic multigranulation fuzzy definable.

Remark 3.4. The framework presented in Definition 3.19 can generate several established models. The details follow:

14
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(1) When either @1 = @2 == @ or [ = 1, these formulas reduce to:
I(O) B
NI =W = [\ T ), A0), (3.41)
yeU
7’(0)
Ny g @@ =\ TV (0).A0). (3.42)
yeU

Thus (ﬂg”)é(A),N;_(a)@(A)) generates a (7,7 )-FRS based on a fuzzy S-covering (ITFRS-5-FC) of A. In this in-
i=1 i =1

stance, we denote this model as (QI (A), ET(A)).
Specifically, when 7 and I correspond to the standard min operator 7, and Kleene-Dienes implicator 1 gp based
on Sy and Ny, respectively, Egs. (3.41) and (3.42) become:

N{© _NB
N o (A0 = yeAU{a NZ 0DV AG), (3.43)
7'(0) _ B

5 = M/{N“ O AAD)) (3.44)

Consequently (NI(") (A), N C(A)) yields Ma’s ,B-FCRS of A [1].

:l’

(2) Construct a fuzzy relatlon R; on U via R; (x,y) = (y) for each pair x,y € U. Then Egs. (3.39) and (3.40)
transform into:

DO \/ N\ TRitx, ), A0), (3.45)
i=1 yeU
!

Ny "= = A\ \/ T®ix, 0, AG)). (3.46)
i=1 yeU

Thus (NI @) (A) N c(A)) specifically characterizes an optimistic multigranulation (Z, 7 )-FRS (OMGITFRS) of

l 1 ‘
A.
More specifically, when 7~ and I correspond to the standard min operator 7, and Kleene—Dienes implicator 1 gp
based on Sy, and N, respectively, Egs. (3.45) and (3.46) adopt the form:

N = (M) = v A\ = Rix,3) v A, (3.47)
i=1 yeU

Nyt s (A = A /R,y A AG)). (3.48)
i=1 yeU

Consequently (NI(O) (A), NT( ?

111

(A)) includes Sun et al.’s optimistic multigranulation FRS (OMGFRS) of A [81].

Moreover, when either (C1 = @2 == @ or [ =1, Egs. (3.47) and (3.48) take the form:
N 2 @) = A\ I =Ry v AL, (3.49)
yeU
'7(0) >
N5 (A0 = \/{R(x,) A AD)). (3.50)
yeU

Thus Definition 3.19 generates an FRS as defined in [82] under the stated conditions.

15
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(3) When 7 and 7 correspond to the standard min operator 7, and Kleene—Dienes implicator 7 ¢ based on S y,
and N, respectively, Egs. (3.39) and (3.40) become:

N & () = V MNA=RE o)V AL (3.51)
i=1 yeU

T(o)

Ny () )—/}}EVU 2 0 AAG) (3.52)

Consequently Definition 3.19 yields an OMGFRS-FC of A.

Definition 3.20. [40] Under Assumption 1, for any fuzzy set A € F(U), the pessimistic multigranulation (7, 7)-
fuzzy lower approx1mat10n operator N N T )c (A) and pessimistic multigranulation (7, 7")-fuzzy upper approximation

xl'

operator N Zl @(A) are respectively expressed by: for z € U,
i=1 1

NP (A)) = A NIWE 0)1AD)). (3.53)
i=1 yeU

Nz ()2 = vl VT 040 (3.54)
i=1 ye

When ng ) (A) +#N (P)C (A) holds, A qualifies as a pessimistic multigranulation (Z, 7)-FRS based on a 8-FC
(PMG-ITFRS-g- FC) otherwise A is pessimistic multigranulation fuzzy definable.
Remark 3.5. The framework presented in Definition 3.20 also generates several established models. The details

follow, offering comparison with Remark 3.4:
(1) When either C; = C, = --- = C; or [ = 1, these formulas reduce to equations (3.41) and (3.42). Consequently

(NT® - (@), N(”")(C (A)) generates an ITFRS-B-FC of A.
2) Construct a fuzzy relation R on U via R; (x,y) = (y) for each pair x,y € U. Then Egs. (3.53) and (3.54)

—2iC
transform into:

l
NP @@ = N\ A\ TR ). A)). (3.55)

i=1 yeU

!
Ny = \/ \/ T®ix,», AG)). (3.56)

i=1 yeU

Thus (NI(p ) (A) N (p)c (A)) specifically characterizes a pessimistic multigranulation (7, 7)-FRS (PMGITFRS) of

A.
More specifically, when 7~ and Z correspond to the standard min operator 7, and Kleene—Dienes implicator 1 xp
based on Sy and N, respectively, Egs. (3.55) and (3.56) adopt the form:

N - () = /\ A\ =R y) vV AQ), (3.57)
=1 € i=1 yeU

Nz (A)) = v \/(RiCx.y) A AG)). (3.58)
i=1 yeU

Consequently (N p) = (@), N T 7 (4)) includes Sun et al.’s PMGFRS of A [81].

r—l ’
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(3) When 7 and 7 correspond to the standard min operator 7, and Kleene—Dienes implicator 7 ¢ based on S y,
and N, respectively, Egs. (3.53) and (3.54) become:

1
NP L@@ = A A =R o) v AG), (3.59)
= i=1 yeU i
1
Ny"z i = \/ VIR o) A4 (3.60)
i=1 yeU

Thus it reduces to a PMGFRS-FC of A.

3.7. Fuzzy B-covering rough set models with inclusion satisfaction

Classical rough set theory mandates inclusion properties (lower approximation C original set C upper approxi-
mation), which frequently fail in S-FC extensions. Zhang et al. [70] in 2021 introduced S-FNs, enforcing inclusion
through the parameter 8 to ensure approximation monotonicity. This restoration of fundamental axioms proves es-
sential for preserving theoretical integrity and enabling monotonic feature selection. Subsequent research continues
deepening: Jiang and Hu [72] in 2025 proposed four novel inclusion-satisfying rough sets, systematically addressing
this issue; Wang [83] developed incremental feature selection algorithms leveraging inclusion properties to guaran-
tee monotonic reduction. This branch’s evolution reveals a principle: any fuzzy extension must not sacrifice core
axioms of the original theory; inclusion-property restoration represents the baseline for model credibility. Neverthe-
less, the introduction of additional parameters (@) increases model complexity and requires careful tuning to maintain
computational feasibility.

Definition 3.21. [70] Assume (V,C) is a 8-FCAS with C = Cy,C,,...,C,,. For any v,y € V, the a-FN N®(v) of v is
defined as:

N = N TKE),LK), (3.61)

Kemdg(v)
where 7 is an R-implication operator.

Definition 3.22. [70] Let (V,C) be a B-FCAS, and let 7_and I be a continuous 7-norm and an R-implicator, respec-
tively. For any W € (V) and v € V, the pair (FS (W), FS(W)) is defined as follows:

FS(W)(v) = /\ I(N“(v)(g), W(g)), (3.62)
geV

FSW)) = \/ TV )(9). W(g)). (3.63)
gev

This section has presented S-FCRS models that satisfy inclusion properties, addressing a fundamental limitation
in classical rough set extensions. The introduction of S-FNs and associated parameters provides a mechanism to en-
force approximation monotonicity, thereby preserving theoretical consistency while supporting practical applications
such as feature selection. However, the increased parameterization necessitates careful calibration to balance model
expressiveness with computational efficiency.

3.8. Structural extension fuzzy 5-covering rough set model spectrum

While neighborhood-driven and logical-operator-enhanced models continue to deepen, structural extension mod-
els embed the 3-covering framework into more general mathematical spaces by transcending the domain limitations,
scale constraints, and expressive boundaries of classical rough sets. As systematically catalogued in Table 2, this
subsection reviews four categories of structural extension models that collectively constitute a bridge extending S-
covering theory toward complex systems and abstract mathematics:

e Dual-universe models break the closure of single-domain analysis;
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e Variable-scale models enable dynamic granularity regulation;
o Extended fuzzy environment models adapt to higher-order uncertainties

e [L-fuzzy models ascend to algebraic abstract structures.

Table 2: Representative techniques in extension S-FCRS models

Representative methods Title Reference Year
Commun.lcatlon between. fuzzy information systems Yang and Hu [62] 2018
using fuzzy covering-based rough sets
) Fuzzy covering-based rough set on two
Two universes different universes and its application Yang [84] 2022
Novel classes of fuzzy.ﬂ-.coverlr.lg-based Yang and Hu [56] 2023
rough set over two distinct universes
Fermatean fuzzy covering-based rough set .
and their applications in MADM Qietal [61] 2024
. Variable scale fuzzy S-covering group approximation space
Variable-scale
and variable scale multi-granulation FCRSs with applications Wen etal. [54] 2024
An intuitionistic fuzzy graded covering rough sets Huang et al. [30] 2016
Covering-based intuitionistic FRSs and
applications in MADM Zhan and Sun [85] 2020
Multigranular rqugh s.et modejl be}sed on robust 1ntu1t'10nlst1c Jain and Son [86] 2003
fuzzy covering with application to feature selection
PF-TOPSIS method base.d on CPFRS models: ‘ Zhan et al. [45] 2020
An application to unconventional emergency eventss
Fermatean fuzzy ct.)vefmg—pased rough set and their Qietal. [61] 2004
. applications in MADM
Extended fuzzy environments . VRO
Multigranular rough set model based on robust intuitionistic .
. R L . Hussain et al. [38] 2019
fuzzy covering with application to feature selection
Cq-ROFRS: covering g-rung orthopair FRSs and its
application to MADM process Garg and Atef [87] 2022
Hesitant fuzzy B-covering (7', I)-rough set models:
An application to multi-attribute decision-making Fuetal. [88] 2023
Hesitant fuzzy B-covering (I, O)-rough set models and
applications to MADM Wang etal. [89] 2025
Four types of grey B-covering models and their applications Atef and Liu [90] 2024
Two‘fuzzy covering rough set model§ and Ma 1] 2016
L-fuzzy sets their generalizations over fuzzy lattices
A fuzgy covern.lg—b.ased rough set quel Yang and Hu [29] 2016
and its generalization over fuzzy lattice
On three types of L-fuzzy 3-covering-based rough sets Li and Yang [91] 2023

Each category addresses distinct limitations of classical frameworks while introducing novel theoretical challenges

concerning compatibility, computational feasibility, and cross-structure knowledge transfer.

3.8.1. Two universes fuzzy B-covering rough set models

Real-world decision-making often involves information interaction between two heterogeneous spaces, such as
mapping from symptom domains to disease domains. In 2018, Yang and Hu pioneered the construction of two uni-
verses fuzzy S-covering rough set (TDU-B-FCRS) models [62], establishing S-covering relations from universe U to
V through cross-mapping, enabling approximation operators to characterize cross-domain reasoning. This model’s
core value lies in providing natural modeling frameworks for dual-space problems such as recommendation systems
and medical diagnosis—for instance, correlating user feature spaces with product attribute spaces to achieve precise
recommendations. In 2023, Yang and Atef [56] further introduced fuzzy relation composition operators to enhance the
precision of cross-domain rule extraction. Its evolution logic focuses on relation metric optimization: how to extract
strongly correlated cross-domain rules from S-FNs. In 2024, Qi et al. [61] applied TDU-S-FCRS under Fermatean
fuzzy environments, demonstrating the frontier trend of integrating this model with extended fuzzy environments.
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However, cross-domain mappings introduce additional computational overhead and require careful validation of se-
mantic consistency between universes.

3.8.2. Variable-scale fuzzy B-covering rough set models

The multiscale characteristics of data (e.g., different sampling frequencies in time series) require models with
dynamic granularity regulation capabilities. In 2024, Wen et al. pioneered VS-8-FCRS [54], achieving scale transfor-
mation by dynamically adjusting the S threshold: coarse granularities correspond to large S values (strict covering),
while fine granularities correspond to small 8 values (loose covering). This design elevates the scale parameter 3
from a static confidence threshold to an “adjustment knob” for information granularity, providing a unified frame-
work for spatiotemporal big data analysis. Variable-scale multigranular models proposed in the same year further
combined granularity fusion for dynamic decision-making scenarios. This model’s unique advantage lies in revealing
the dual role of the 8 parameter—simultaneously serving as a fuzzy decision threshold and a resolution regulation
lever—endowing it with natural advantages in multiresolution data processing such as video analysis and sensor net-
works. The primary limitation involves determining optimal scale transition strategies and managing computational
complexity across scales.

3.8.3. Extended fuzzy environment fuzzy B-covering rough set models

To address higher-order uncertainties, scholars have embedded S-FCAS into various extended fuzzy set theories,
forming a “boundlessly expandable” open system. In 2016, Huang et al.’s intuitionistic fuzzy S-covering [30] pio-
neered this direction by simultaneously considering membership and non-membership information; in 2020, Zhan et
al. [45] extended it to Pythagorean fuzzy environments, allowing the sum of squared memberships < 1 and expanding
hesitation space; in 2022, Garg and Atef [87] further achieved adaptation to g-rung orthopair fuzzy sets, generalizing
the constraint to gth-power sum < 1. Evolution has accelerated in the past five years: hesitant fuzzy 8-covering [88, 89]
(2023, 2025) permits membership degrees as multi-value sets, Fermatean fuzzy S-covering [61] (2024) handles deeper
uncertainties, and grey S-covering [90] (2024) targets poor-information systems. Notably, each introduction of a new
fuzzy set theory involves not simple transplantation but reconstructing the logic of g-neighborhood construction-for
instance, in hesitant fuzzy environments, neighborhood operators must handle the aggregation problem of member-
ship degree sets, which drives further innovation of algebraic operators (such as overlap functions). The proliferation
of extended fuzzy environments, however, fragments the theoretical landscape and complicates unified algorithmic
development.

3.8.4. L-fuzzy B-covering rough set models

When the universe structure extends from the real interval [0, 1] to abstract fuzzy lattice L, the model acquires al-
gebraic abstraction capabilities and categorical depth. In 2016, Ma and Yang concurrently proposed L-8-FCRS [1, 29],
proving that when L forms a complete residuated lattice, approximation operators preserve adjointness, thereby en-
dowing rough sets with Locale and Heyting algebra structures. In 2023, Li et al. [91] systematically studied three
types of L-B-FCRSs, revealing how lattice structural properties (distributivity and involution) affect approximation
precision. This model’s theoretical significance lies in elevating concrete numerical computation to structural reason-
ing, paving the way for connecting rough sets with category theory and topology. Its evolution reflects the natural
path of mathematical abstraction: from real-valued metrics — fuzzy lattices — residuated lattices — general cate-
gories, each step enhancing universality. Notably, the L-fuzzy framework provides potential algebraic foundations for
unifying the various structural extensions in Sections 3.8.1-3.8.3—dual-universe mappings can be viewed as lattice
homomorphisms, variable-scale parameters can be lattice-valued, and extended fuzzy environments are essentially
special lattice structures. The challenge lies in maintaining computational tractability while achieving such abstrac-
tion.

In summary, Sections 3.8.1-3.8.4 construct a structural extension model spectrum that evolves from application-
level cross-domain interaction (dual-universe) and dynamic adaptation (variable-scale) to theoretical-level higher-
order uncertainty expression (extended fuzzy) and abstract algebraic structures (L-fuzzy), forming a complete evolu-
tionary chain from concrete to abstract and from specific to general. These four model categories not only expand the
applicable boundaries of S-covering but also reveal the intrinsic logic of deepening rough set theory into structural
mathematics.
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3.9. Inter-model relationships and unified perspectives

The eleven model variants surveyed in Sections 3.1-3.8 do not exist as isolated theoretical fragments but con-
stitute an interconnected ecosystem of approximation frameworks bound by precise mathematical relationships and
parameter-induced transformations. This concluding section synthesizes these relationships across three dimensions:
hierarchical generalization, parameter-specialization bridges, and cross-category algebraic mappings. Far from
merely coexisting, these models exhibit a phylogenetic structure where each innovation simultaneously extends, re-
stricts, or hybridizes predecessor constructs, revealing a coherent evolutionary topology rather than arbitrary prolifer-
ation [1, 29, 58].

3.9.1. Hierarchical generalization framework

The fundamental S8-FN model by Ma [1] serves as the primitive generator for all subsequent variants through a
principle of parameter augmentation. Formally, every advanced model can be expressed as a higher-order instantiation
where the basic S-FN is transformed by additional structure-preserving mappings:

e Complementary neighborhood models [58] construct a dual-order relationship where the S-FN Nf and com-
plementary S-FN Mf form an adjoint pair. The three approximation strategies (Types 1-3) represent different
lattice-theoretic compositions of this adjunction, with Type-3 yielding the most conservative bounds through
meet/intersection operations. The inclusion chain TL(X) € C(X) € SL(X) (Remark 3.1) demonstrates that
these models stratify the approximation space into precision layers, with Ma’s original model occupying the
intermediate position.

e S-minimal description models [29] refine the S-FN through a minimization operator: fo = argminc{C €
Ng(x)}. This establishes a Galois connection between the powerset of 8-covering elements and the neighbor-

hood system, where Proposition 3.1 (ﬁf =N A?Zl‘i) reveals that the 5-FN is the meet (greatest lower bound) of
all minimal descriptions, making the latter irreducible generators of the former.

e (I, T)-fuzzy rough set models [41] constitute a functorial lift of 5-FN models into the category of fuzzy logical
algebras. The four types correspond to different endofunctors:

— Type-1 operates on the standard S-FN
— Type-2 maps to the complementary S-FN

— Type-3 and Type-4 apply to intersections and unions respectively

The relational inclusions in Remark 3.2 form a Hasse diagram of logical expressiveness, where EZ (A) ¢
C|,(A) € C5(A) codifies a monotonicity hierarchy based on the left-monotonicity property of the implicator /.

3.9.2. Parameter-specialization bridges
The B parameter functions as a universal retraction map connecting disparate model categories through special-
ization:

e Variable-precision (VP) models [42] introduce precision parameter k € [0, 1) to create a biparametric surface
where S controls neighborhood activation and k regulates approximation strictness. The degeneration relations
in Remark 3.3 establish that when k£ = 0, VPITFRS-3-FC reduces to standard ITFRS-8-FC, and further degen-
erates to Ma’s model [1] when r = 1. This reveals a projection morphism from the parameter space (5, k, r) to
the core B-FN structure.

e Multigranular models [40] reinterpret 8 as a granularity index across multiple coverings {@1, ey (El}. The op-
timistic and pessimistic aggregations correspond to categorical coproduct and product operations respectively.
Remark 3.4 shows that when all granularities collapse (C; = ... = C;), the multigranular model folds into
a single-granularity ITFRS-B-FC, establishing an isomorphism between the diagonal subcategory of uniform
coverings and the base model.
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e Variable-scale models [54] elevate 3 to a scale-adaptive regulator where S(s) varies with scale parameter s.

This creates a fiber bundle structure where each scale level s corresponds to a distinct 8-FCRS fiber over the
base space of scales, enabling continuous resolution transitions.

3.9.3. Cross-category algebraic mappings
The three taxonomic lineages—neighborhood-driven, logical-operator-enhanced, and structurally-expanded—are
linked by adjoint functors:

e Neighborhood — logical enhancement: The 3-FNO-CRS models [66] apply logical operators (t-norms, over-

lap functions) directly to neighborhood construction, creating a Kleisli composition where the neighborhood
operator becomes a monad parameterized by logical structure. This bridges Sections 3.1 and 3.5 through the
observation that ONy, 5= T o Nf;,, i.e., logical enhancement is a post-composition on the basic neighborhood
functor.

Neighborhood — structural expansion: Dual-universe models [62] define cross-universe pullbacks where
a B-covering relation R : U X V — [0, 1] induces a forward image Ng_}v = R*(a v). This establishes a sheaf-
theoretic relationship: the S-covering over U pushes forward to a covering on V, preserving approximation
structure across domains.

Logical — extended environment: Extended fuzzy environment models [30, 45, 61, 83, 87, 88] embed -
FN into higher-order fuzzy sets by lifting the codomain from [0, 1] to intuitionistic, Pythagorean, or q-rung
orthopair spaces. This is a functor between categories of fuzzy values that respects the S-threshold semantics,
as seen in the Fermatean case where the activation condition becomes (1> + v*)'/3 > g.

Structural — abstract algebraic: L-fuzzy models [1, 29, 91] constitute a forgetful functor from concrete
[0, 1]-valued S-FCRSs to abstract lattice-valued structures. The universal property is that every concrete model
is a concrete realization of the L-fuzzy schema when L = [0, 1], establishing a categorical adjunction between
specialized and abstract representations.

3.9.4. Duality and reducibility correspondences
The reduction theories across models exhibit dual closure properties:

e Union-based reducibility [58] and I-reducibility (intersection-based) [59] form a De Morgan dual pair under

complement operations. An element is /-irreducible iff its complement is union-irreducible in the dual covering
system, establishing a coalgebraic symmetry.

o In multigranular settings, optimistic reduction (union-preserving) and pessimistic reduction (intersection-preserving)

correspond to join-preserving versus meet-preserving lattice homomorphisms, respectively. This reveals that
reduction criteria are canonical constructors for free lattice algebras over S-covering spaces.

3.9.5. Synthesis: The B-parameter as universal modulator
The entire model ecosystem coalesces around the recognition that S functions as a universal modulator with
polymorphic semantics, shown in Table 3.

Table 3: Polymorphic semantics of 8 across model families

Model family [-semantics Mathematical manifestation
Basic models [1] Confidence threshold  Neighborhood activation predicate C(x) > 8
Complementary models [58] Duality pivot Balances strictness between N? and M#
Variable-precision [42] Tolerance anchor Bounds error with precision £ relative to 8
Multigranular [40] Granularity selector Indexes across covering families Cg
Variable-scale [54] Resolution knob Dynamic adjustment S(s) across scales
Extended fuzzy [87, 88] Uncertainty order Lifts to higher-order fuzzy spaces while preserving threshold seman-
tics
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This unifying perspective positions S-FCRS theory not as a fragmented collection of 12 variants, but as a paramet-
ric fibration where S-parameterizes a fiber bundle of approximation spaces over a base of problem-specific require-
ments. The evolutionary trajectory from 2016-2026 represents progressive vertical specialization (adding structure)
and horizontal expansion (adding domains), both mediated by the core S-modulation mechanism.

Critical Implication: The absence of a unified axiomatic framework (as noted in Section 7.1.1 is now revealed
as a categorification problem: the field requires a metacategory where objects are 8-FCRS models and morphisms
are parameter-induced transformations. Such a framework would transform the current ad-hoc model selection into
a principled universal property-driven design, where model choice corresponds to selecting the optimal fiber in
the B-fibration that minimizes approximation error while respecting computational constraints. Future work must
construct this metacategory explicitly, providing functorial mappings between the three lineages and formalizing the
B-parameter’s role as a natural transformation across model functors.

4. Measurement systems and information measures for fuzzy S-covering approximation spaces

This section establishes the evaluation framework for 8-FCRS theory, addressing the quantification of information
content, discriminative capability, and robustness within approximation spaces. Building upon the model generators
previously discussed, a systematic three-level measurement hierarchy is presented in Table 4: foundational Choquet-
integral-based fuzzy measures that capture non-additive fusion among covering elements; intermediate discrimination
indexes and distinguishability measures that assess object differentiation efficacy; and apex-level variable-precision
indicators that maintain evaluation stability under noisy conditions. This architecture evolved from early single-
dimensional metrics spanning works [44, 78, 92-95], reflecting the inadequacy of traditional rough set evaluation
based solely on approximation accuracy—a limitation rendered particularly acute in S-FCRS where fuzzy uncer-
tainty and the 8 parameter introduce complex interactions. Consequently, the resulting framework comprehensively
evaluates S-covering quality across three complementary dimensions, furnishing quantitative foundations for model
selection, reduction verification, and parameter calibration.

Table 4: Measurement systems and information measures in S-FCRS models

Representative methods Title Reference Year

Fuzzy measures and Choquet integrals
based on fuzzy covering rough Sets
Fuzzy measures and Choquet integral TI-fuzzy neighborhood measures and
generalized Choquet integrals for granular Wang et al. [60] 2023
structure reduction and decision making
Multi-fuzzy S-covering fusion based accuracy
and self-information for feature subset selections
Discernibility Measures for fuzzy S-covering
and their application
Discrimination indexes Noise-tolerant discrimination indexes for
fuzzy covering and feature subset selection
Robust feature selection using multigranulation variable-precision
distinguishing indicators for fuzzy covering decision systems
Multifuzzy S-covering approximation
spaces and their information measures
Distinguishability measures Robust feature selection using multigranulation variable-precision
distinguishing indicators for fuzzy covering decision systems

Zhang et al. [92] 2022

Zou and Dai [78] 2024

Huang and Li [93] 2022
Huang and Li [44] 2024

Huang and Li [95] 2024

Dai et al. [94] 2023

Huang and Li [95] 2024

4.1. Fuzzy measures and Choquet integral

Zhang et al. [92] in 2022 pioneered the introduction of fuzzy measures into 8-FCAS, defining non-additive
measures based on covering elements to overcome classical probability measures’ linear limitations. The core idea
posits that each covering element, as an information source, exhibits importance not only intrinsically but also through
interactions with other covering elements. Building upon this, generalized Choquet integrals are employed for
information aggregation [60], achieving nonlinear fusion. This measure’s advantage lies in capturing redundancy
and synergy among covering elements, providing theoretical justification for reduction—covering elements with zero
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integration are redundant. In 2024, Zou and Dai [78] further proposed multi-fuzzy S-covering fusion frameworks,
extending Choquet integrals to multi-source data scenarios and significantly expanding measurement applicability.

Definition 4.1. [92] Consider a fuzzy S-covering information table (8-FCIT) (U, A). For any element x € U,
Naw = [ Ng, € Cov(©) : C e A} 4.1)

defines the S-neighborhood of x relative to A, with COV(E) = {Nﬂé(_x) : x € U} specified for every CeA.

Definition 4.2. [92] Given a B-FCIT (U, A), the functions fj and f; are designated as the lower and upper S-
neighborhood approximation measures for each subset X C U, defined as follows:

NAw © % € U Ny € X

AX) = — 4.2)
[Cov(A)]
(Nao : x € U Nagy N X # 0}
f(X) = Aw T E 7 VAW . 4.3)
[Cov(A)

Theorem 4.1. For a B-FCAS (U, 6) and a fuzzy set A € F(U) with universe U = {x1,X2,...,X,}, the following
expressions:

fA dfe = Z[f@(x(i)) = JeXin)AGxq), (4.4)
i=1

f Adfs = ) [fzX0) — SXa)AGK), 4.5)
i=1

yield the Choquet integrals of A relative to the B-neighborhood approximation measures fc and J% on U. Here,
fg = f@, ]% = fﬁ’ while {x(1y, X2y, - - . , Xn)} represents a permutation of {xi, xa, . .., X,} satisﬁing A(xy) < A(xp)) <

- < A(X(n)), with X(i) = {X(,‘), X(i+1)s+ =+ X(n)} and X(,H_]) =0.

Definition 4.3. [60] Within a 8-FCAS (U, 6), for any subset X C U, the measures g~ and g’6 (r = 1,2,3,4) are
C [

identified as the upper and lower TI-fuzzy B-neighborhood measures, determined by:

lix € U: Na(x)n X # 0}
|U| ’
lix € U : Na(x) C X))
U]

g%(X) = (4.6)

8200 = @.7)

Theorem 4.2. For a B-FCAS (U, E) and a fuzzy set A € F(U) where U = {x1,x3,-- , x,}, and for any index r €
{1,2,3,4}, the integrals f A dg’6 and f AdgL are characterized as the lower and upper Choquet integrals of A with
C

respect to type-r Tl-fuzzy B-neighborhood measures (specifically, fuzzy measures), computed by:

n
fA dgrg = Zl: [gé(X(i)) - 8r§(X(i+1))] A(x), (4.3)
=
n
fA dg% = ; [g%(x(i)) - g%(X(H-l))] A(xa)), 4.9)
where {xqy), X(2), -+ » Xi)} denotes a permutation of {xi, Xz, ,x,} ensuring A(xq)) < A(xp) < -+ < A(xw),
[{xeU:NL(X)SX ;)|
along with X3 = {x@),Xi+1)> s X} Xw+1) = 0, and the measures g’E(X(i)) = % and g%(X(,-)) =

|{x€U:Né(x)ﬁX(,-)i(D}|
|U| '
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This section develops a measurement framework for S-FCASs by establishing S-neighborhood-based approxima-
tion measures and TI-fuzzy B-neighborhood measures. The application of Choquet integrals enables efficient aggre-
gation of non-additive information, creating quantitative foundations for model assessment and feature selection. This
measurement architecture forms a complete three-tier evaluation system that integrates fuzzy measures, discrimina-
tion indices, and variable-precision metrics, thereby supplying a structured evaluation framework for implementing
B-FCRS theory in practical scenarios.

4.2. Discrimination indexes

Discrimination indexes aim to quantify S-covering’s capacity to distinguish objects. Huang and Li [93] in 2022
proposed noise-tolerant discrimination indexes, stabilizing measures in noisy data through error-tolerance parameters.
This index’s core calculates covering elements’ discriminative contributions to object pairs; higher contributions imply
greater covering-element importance. In 2024, the same team [44] upgraded to discrimination indexes incorporating
fuzzy-membership-weighting mechanisms for better handling mixed data. This measure’s evolution reflects a path
from exact discrimination — noise tolerance — fuzzy weighting, each step enhancing adaptability to real data
imperfections and laying foundations for robust feature selection [95].

4.3. Distinguishability measures and variable-precision discrimination indicators

Distinguishability measures emphasize overall system discrimination capability, similar to yet distinct from dis-
crimination indexes. Dai et al. [94] in 2023 constructed discrimination matrices for multi-fuzzy S-covering approx-
imation spaces, extending classical discrimination functions to fuzzy environments. Matrix elements are defined as
maximal membership differences between object pairs across covering elements, forming a global discrimination
view. Addressing noise sensitivity, Huang et al. [95] in 2024 proposed variable-precision discrimination indica-
tors, allowing classification errors through precision parameter A to focus measures on significant differences rather
than minor fluctuations. This indicator excels in feature selection, demonstrating an average classification accuracy
improvement of 3.2% over traditional methods across 54 UCI datasets [95].

5. Application research trajectories of fuzzy $-covering rough set models

This section translates theoretical frameworks into practical implementations by systematically surveying the evo-
lution of S-FCRSs across four prominent application domains (summarized in Table 5), serving as a bridge connect-
ing abstract mathematical constructs with concrete real-world challenges. Beyond merely cataloging “which models
address which problems,” this section reveals how practical demands catalyze theoretical innovations: efficiency re-
quirements precipitate incremental algorithm development; noisy data environments propel robustness enhancements;
group decision complexity fosters multigranular architectures; risk-averse preferences facilitate prospect theory in-
tegration; and data heterogeneity activates complementary-neighborhood models. Tracing these innovation chains
through works [41, 43, 45, 48, 66, 73, 95-100] illustrates this bidirectional theory-application interaction.

Theoretical value materializes through empirical deployment. By 2026, 3-FCRS methodologies have permeated
feature selection, MADM, outlier detection, and TWD (as detailed in Table 5), forming complete application chains
of “theory—algorithm—system.” Feature selection commands the largest proportion (approximately 45%), directly
benefiting from reduction capabilities. MADM accounts for the second major share (approximately 30%), reflect-
ing substantial utility in complex evaluation. Outlier detection and TWD, as emerging directions, have exhibited
rapid recent growth. The subsequent sections unfold accordingly, each commencing with domain-specific challenges
before elaborating methodological developments and critically assessing comparative advantages alongside inherent
limitations.

5.1. Feature selection and attribute reduction

Feature selection constitutes the most mature S-FCRS application domain, evolving through three generational
stages: information-theoretic approaches, bio-inspired optimization, and unified dynamic frameworks. Each stage
addresses distinct scalability and robustness challenges, progressively accommodating larger-scale and more complex
data environments.
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Table 5: Application research trajectories of S-FCRS models

Application aspects Title Reference Year
Attl’lbutf.} subset selection via nelghborhpod Wu et al, [43] 2023
composite entropy-based fuzzy B-covering

A novel cooperative swarm intelligence feature
selection method for hybrid data based on Li et al. [53] 2024
fuzzy S-covering and fuzzy self-information
A novel methoq for incremental .teature selection Wang et al. [98] 2025
with fuzzy S-covering
A .two-stage feature selection appr.oach Wlth fuzzy . Wang et al. [73] 2025
Feature selection and attribute reduction covering-based rough sets based on discernibility matrix
‘ Fuzzy rough feature selection via stripped decision .
B-neighborhood set and misclassification ratio Zou and Dai [99] 2025
Unified feature selection approach for complex data
based on fuzzy S-covering reduction Zou and Dai [100] 2025
via information granulation
An ant colony optimization attribute reduction
algorithm for hybrid data using fuzzy B-covering Chen et al. [101] 2024
and fuzzy mutual information
Exploiting feature multi-correlations
for multilabel feature selection in robust Yin et al.[102] 2024
multi-neighborhood fuzzy B-covering space
Cover.lng ~base'cl mult1granglat10n , T)—FRS models. Zhan et al. [40] 2019
and applications in multi-attribute group decision-making
Fuzzy B-covering based (1, T)-FRS models and
applications to multi-attribute 6decision-making Zhang etal. [41] 2019
PF-TOPSIS method baseq on CPFRS models: An application Zhan et al. [45] 2020
to unconventional emergency events
_ ATWD based MADM Zhang etal. [46] 2023
Multi-attribute decisi i with intuitionistic fuzzy S-covering
ulti-attribute decision-making TWD with decision-theoretic
rough sets based on Pythagorean fuzzy covering Zhang and Ma [48] 2020
Two novel TWD models based on
fuzzy -covering rough sets and prospect theory Shi et al. [49] 2024
under g-rung orthopair fuzzy environments
Novel classes of fuzzy.ﬁicoverlpg—based Yang and Atef [56] 2023
rough set over two distinct universes
Fermatean fuzzy covering-based rough set and .
their applications in MADM Qietal [61] 2024
A novel 1ntl%1t10.n.1st1.c f.uzzy VIK?R met.hod to MCDM based on Li et al. [47] 2025
intuitionistic fuzzy S*-covering rough set
Outlier dete?ctlon for heterogeneous Li et al. [96] 2024
Outlier d . hodologies data via fuzzy S-covering
utlier detection methodologies Variable scale fuzzy S-covering group
approximation space and variable scale Wen et al. [54] 2024
multi-granulation FCRSs with applications
A TWD based MADM
with intuitionistic fuzzy S-covering Zhang et al. [46] 2023
TWD with decision-theoretic rough
sets based on Pythagorean fuzzy covering Zhang and Ma [48] 2024
Two novel TWD models based on
Three-way decision frameworks fuzzy B-covering rough sets and prospect theory Shi et al. [49] 2024
under g-rung orthopair fuzzy environments
TWD with dual hesitant fuzzy covering-based .
rough set and their applications in medical diagnosis Lietal. [33] 2024
TWD with decision-theoretic rough sets based on covering-based Li et al. [103] 2021

g-rung orthopair FRS model
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¢ Information-theoretic foundations. Wu et al. [43] proposed a neighborhood composite entropy method in
2023, integrating information entropy with S-neighborhoods for hybrid data screening and reportedly achieving
over 40% efficiency gains on datasets exceeding 20 dimensions. This approach accelerates computation signif-
icantly; however, its reliance on predefined entropy thresholds introduces sensitivity to parameter initialization,
potentially limiting adaptability across heterogeneous distributions.

e Swarm intelligence optimization. To address large-scale optimization, Chen et al. [101] introduced ant colony
optimization employing fuzzy mutual information from S-covering as heuristic functions. Li et al. [97] con-
currently developed a cooperative bee colony algorithm merging fuzzy self-information for distributed search.
While both methods improve exploration efficiency, their iterative nature incurs substantial computational over-
head, rendering them less suitable for ultra-high-dimensional scenarios. The bee colony approach offers better
parallelism but suffers from increased inter-agent communication costs.

o Unified and incremental frameworks. Yin et al. [102] addressed multi-label scenarios through multi-neighborhood
B-covering spaces, reportedly improving Fl-score by 5.8% in text classification. This advancement, how-
ever, faces scalability challenges due to exponential neighborhood expansion in dense label spaces. Zou
et al. [100] subsequently abstracted all B-covering reduction algorithms into a unified triad of “granulation
construction—measure evaluation—search optimization,” providing a valuable generic template. Nevertheless,
this abstraction risks obscuring domain-specific nuances requiring tailored heuristics. Incremental [98] and
two-stage [73] mechanisms have emerged as benchmark solutions for dynamic data, though their trade-offs
between update frequency and approximation accuracy demand further theoretical investigation.

5.2. Multi-attribute decision-making

MADM represents the second major application domain, wherein S-FCRS methodologies facilitate attribute
weight determination and alternative ranking through three evolutionary phases: initial integration, uncertainty man-
agement, and behavioral modeling. Each phase progressively accommodates more complex decision environments
and human cognitive factors.

o Initial framework integration. Zhang et al. [41] pioneered the fusion of ITFRSs with TOPSIS in 2019,
calculating positive-ideal proximity degrees via lower approximations. While methodologically innovative, this
approach’s dependence on strict fuzzy logical operators constrains its applicability to non-standard membership
structures.

e Uncertainty and multigranularity management. Zhan et al. [40, 45] systematically constructed multigran-
ular decision frameworks, conceptualizing experts as distinct granularities and aggregating opinions through
B-covering unions. This architecture effectively captures inter-expert heterogeneity; however, the union oper-
ation risks information loss through over-aggregation. Subsequently, Zhang et al. [46, 48] introduced TWD
theory, establishing “acceptance-delay-rejection” trichotomous mechanisms validated under Pythagorean fuzzy
[48] and intuitionistic fuzzy [46] environments. These extensions enhance expressive power but introduce ad-
ditional computational complexity in approximation region calculation.

e Behavioral realism integration. Shi et al. [49] integrated g-rung orthopair fuzzy S-covering with prospect
theory to quantify decision-maker psychological biases. This fusion yields preference-aligned results but com-
plicates parameter estimation, as prospect theory coefficients require empirical calibration. Additionally, dual-
universe models [56, 61] achieve bidirectional inference in medical diagnosis, demonstrating cross-domain
applicability. The computational burden of maintaining two approximation spaces simultaneously, however,
poses efficiency challenges for real-time systems.

5.3. Outlier detection methodologies

Outlier detection emerges as a novel 8-FCRS application domain, operating on the principle that larger comple-
mentary neighborhoods correspond to greater anomaly degrees. The field has progressed from static detection to
dynamic adaptation, addressing temporal data challenges.
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o Static outlier detection. Li et al. [96] in 2024 proposed a S-covering-based outlier factor for heterogeneous
data environments, achieving 94.3% detection accuracy on the KDD99 dataset. Compared with traditional
LOF algorithms, this method exhibits heightened sensitivity to fuzzy boundaries, advantageous for data with
uncertain class margins. Nevertheless, its reliance on static 8 thresholds limits adaptability to concept drift.

e Dynamic detection extensions. Wen et al. [54] advanced variable-scale S-covering for identifying drifting
outliers in temporal data streams. This approach shows promise for financial fraud detection but introduces
challenges in determining optimal scale transition functions and maintaining computational efficiency over
extended sequences.

5.4. Three-way decision frameworks

TWD provides S-FCRS with delay-decision mechanisms, evolving along two parallel trajectories: environmental
expansions and theoretical fusions. This dual-path development has created a sophisticated decision toolbox while
introducing parameter complexity challenges.

¢ Environmental expansions. Zhang et al. [48] constructed Pythagorean fuzzy S-covering decision-theoretic
rough sets, linking 8 parameters with risk coeflicients for probabilistic-fuzzy dual-driven decisions. Liu et
al. [103] generalized this to g-rung orthopair fuzzy environments, expanding hesitation spaces at the cost of
increased computational complexity. Li et al. [53] subsequently proposed dual hesitant fuzzy S-covering-based
TWD, reportedly reducing medical misdiagnosis rates by 12%. This advancement requires careful parameter
balancing to avoid excessive decision deferrals.

e Theoretical fusions. Shi et al. [49] integrated prospect theory to model decision-maker risk preferences,
though this compounds parameter estimation burdens. The convergence of rough sets, TWD, and prospect
theory forms a rich methodological toolbox; however, the proliferation of parameters across fused theories
necessitates automated tuning strategies for practical deployability.

6. Bibliometric analysis and research trend forecasting

This section transcends internal theoretical logic by examining knowledge production patterns in S-FCRSs from
a macro-level scientometric perspective. As an empirical analysis component, the academic landscape is mapped
based on multidimensional metadata from core publications spanning 2016-2026. Temporal analysis reveals evolu-
tion curves of research popularity; topic clustering exhibits modular knowledge structure characteristics; author col-
laboration networks identify core academic communities; and journal distribution assessments provide disciplinary
influence metrics. Beyond merely describing temporal patterns, this section endeavors to explicate underlying mech-
anisms driving these patterns—specifically, identifying factors that rendered 2019 a pivotal turning point, analyzing
conditions that precipitated concurrent emergence of multigranular models, and evaluating catalysts for the post-2023
explosion in applied research. Such explication enables researchers to grasp domain dynamics and anticipate future
trajectories.

6.1. Data sources and statistical methods

This section systematically constructs and elaborates on a bibliometric method framework adapted to the analysis
of the research system in this field. The research team takes 81 core literatures published between 2016 and 2026 as
the benchmark analysis sample, adopts a thematic keyword retrieval strategy centered on “B-FCRSs”, and accurately
collects target literature data from Web of Science, an internationally authoritative academic database, so as to ensure
the authority and relevance of the data source.

To comprehensively and three-dimensionally outline the academic development landscape of this field, the re-
search has constructed an integrated analysis framework covering four core statistical dimensions: first, the analysis
of literature publication time distribution, which tracks the dynamic evolution trajectory and phased characteristics
of research popularity through time-series data; second, the thematic clustering analysis, which accurately reveals
the aggregation trend and correlation intensity of core research topics based on the keyword co-occurrence network
model; third, the author collaboration network analysis, which uses social network analysis technology to explore the
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collaborative network structure, core hub nodes and collaborative dissemination paths of academic communities in
the field; fourth, the analysis of journal influence distribution, which systematically identifies the important academic
publication venues and influence pattern of this field by combining core evaluation indicators such as impact factor
and JCR partition.

Through the above-mentioned multi-dimensional and progressive quantitative analysis, the research has clearly
clarified the knowledge diffusion path, interdisciplinary penetration and migration law, and phased evolution logic of
the research hotspots in this field, providing solid empirical support and methodological reference for the subsequent
research trend prediction, cutting-edge direction refinement and academic resource layout.

e Data collection protocol. To ensure the relevance and validity of search results, keyword retrieval is strictly
limited to three core fields: title, abstract, and Author Keywords, and a composite search formula of “thematic
terms + related terms” is constructed to expand the coverage. After the retrieval, a manual verification mech-
anism was adopted for secondary screening of the primary literature, focusing on excluding marginal studies
that lack original theoretical contributions and only involve simple application scenarios, and finally forming a
high-quality core literature dataset of 81 papers. While this data collection protocol balances retrieval compre-
hensiveness and screening accuracy, it also has certain objective limitations: limited by the indexing scope of
databases, it may miss relevant research results from some characteristic journals and conference proceedings
outside the core indexing area, leading to a small amount of representativeness bias in the data sample.

e Analytical methods. At the specific technical level of analysis, the temporal dimension analysis adopted a
combination of literature cumulative curve fitting and standardized growth rate calculation. By identifying the
inflection points of the cumulative curve and the mutation characteristics of the growth rate, the phased transition
nodes such as the germination period, growth period, and maturity period of the field’s development were
accurately divided; the author collaboration network analysis used core indicators of social network metrology
such as density, centrality, and cohesive subgroups to systematically explore the community structure, core
hub nodes, and collaboration path characteristics of the academic collaboration network. Although the above
analytical methods are based on mature measurement theories and can provide robust quantitative insights and
macro development trend judgments, they also have inherent limitations: since the analysis process mainly
relies on literature metadata (title, keywords, author information, etc.) rather than in-depth mining of full-text
content, it is difficult to accurately capture the subtle differences in theoretical innovation and technical method
improvement among different research results, and there are certain limitations in the qualitative evaluation of
theoretical contributions.

6.2. Annual publication trends

This subsection examines publication dynamics and knowledge focus shifts across the decade. Exponential growth
patterns reveal distinct developmental phases, while thematic migration trajectories indicate the field’s maturation
from theoretical exploration to applied deepening, shown in Figure 2. The analysis distinguishes three characteristic
periods, each exhibiting unique research priorities and methodological emphases.

Papers

2016 2017 2018 2019 2020 2021 2022 2023 2024 2025 2026

Figure 2: Changes in the number of annual publications (November 2025).
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e Germination and exploration period (2016-2018): The field was in its initial stage: only 3 papers were

published in 2016, dropping to 1 in 2017, and rebounding to 2 in 2018. The overall output was low, reflecting
that the topic had not yet gained research momentum.

Rapid growth period (2019-2021): The number of papers jumped from 8 in 2019 to 10 in 2020, peaking at 14
in 2021. Output increased more than 5-fold in just 3 years, indicating that the theoretical value and application
potential of this field had attracted academic attention, and research interest entered a stage of explosive growth.

High-level fluctuation period (2022-2026): The number of papers remained in a high range of 8-13 (8 in
2022, 12 in 2023, 10 in 2024, 13 in 2025). Although it did not surpass the 2021 peak, the overall output stayed
stably high—this shows the field has entered a mature development stage, with a gradually improved research
system and sustained active output.

6.3. Analysis of major journals and core author groups

From Figure 3 and Table 6, it can be observed that the publication journals of research outcomes in the “S-FCRSs”
field exhibit the following characteristics:

¢ High concentration of core journals: Fuzzy Sets Syst. (accounting for 18%) serves as the primary publication

venue in this field, closely followed by J. Intell. & Fuzzy Syst. (12% share). Together, these two journals
contribute nearly 30% of the total literature volume. When combined with International Journal of Approximate
Reasoning (8% share), the top three journals account for nearly 40% of the field’s research outputs—indicating
that the domain’s research results are highly concentrated in authoritative journals focused on fuzzy systems
and approximate reasoning.

Strong alignment between journals and the field: Journals with high publication volumes all focus on areas
such as fuzzy systems and intelligent reasoning (e.g., IEEE Trans. Fuzzy Syst., Inf. Sci.), which are highly con-
sistent with the theoretical attributes of “S-FCRSs.” This suggests a strong coherence between the publication
channels of the field’s research outcomes and its disciplinary positioning.

Supplementary dispersion across journals: The remaining literature is scattered across more than 40 jour-
nals (e.g., Symmetry Basel, Appl. Soft Comput.), with most journals publishing only 1 to 4 papers. These
journals cover interdisciplinary directions such as artificial intelligence and industrial engineering, reflecting
that research in this field is also expanding into cross-disciplinary application scenarios.

Table 6: The published journals of 3-FCRSs.

Ranking Published Journals Proportion
1 Fuzzy Sets Syst. 18%
2 J. Intell. & Fuzzy Syst. 12%
3 Int. J. Approx. Reason. 8%
4 Symmetry Basel 5%
5 IEEE Trans. Fuzzy Syst. 5%

FUZZY SETS AND SYSTEMS, 18%

JOURNAL OF INTELLIGENT FUZZY
SYSTEMS, 12%

INTERNATIONAL JOURNAL OF
AAPPROXIMATE REASONING, 8%

IEEE TRANSACTIONS ON FUZZY
SYSTEMS, 5%
SYMMETRY BASEL, 5%

Figure 3: Journal distribution of the publications.
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In the author collaboration network map of the “S-TCRSs” field, multiple collaborative groups centered on core
scholars have been formed. Among them, the communities led by Xiaohong Zhang (red node) and Bin Yang (green
node) are the largest in scale, gathering a relatively large number of cooperative authors (e.g., Jinggian Wang, Hongx-
uan He, etc.). This indicates that these two scholars are the core academic leaders in this field, and their teams
constitute the main research forces in the domain.

Connections between different core communities are relatively sparse (for example, there is no direct link between
Xiaohong Zhang’s team and Bin Yang’s team), and there are also a large number of independent authors (such as
isolated nodes like Liwen Ma and Muhammad Shabir). This reflects that cross-team extensive collaboration has not
yet been formed in this field, and the connectivity of the overall network is relatively weak.

In addition, some nodes (e.g., Jose Carlos R. Alcantud,) indicate the participation of international scholars, which
shows that cross-regional academic collaboration has begun to emerge in this field, but the scale and frequency of
such collaboration remain relatively low [40, 45, 52]. See Figure 4 for details.
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Figure 4: Analysis of core author groups.

6.4. Analysis of highly cited papers

In the evolution of academic research, highly cited papers serve as critical milestones in the development of a
field, reflecting not only the core influence of theoretical innovations but also revealing the pathways of knowledge
dissemination and trajectories of paradigm shifts. This section aims to systematically analyze highly cited literature
in the field of fuzzy B-covering rough sets through a combination of quantitative and qualitative methods, tracing
foundational works that have shaped theoretical frameworks, driven model evolution, and catalyzed applications.
Such as Ma [1], Yang and Hu [58], Jiang et al. [42], Yang and Hu [29], Zhang et al. [41], and Zhang et al. [64],
as shown in Table 7, exemplifies such influential contributions. These papers have not only laid the foundation for
parametric granularization theory but have also, through interdisciplinary integration, provided essential support for
researchers in identifying cutting-edge directions and collaborative opportunities.

The analysis of highly cited papers in the field of 5-FCRSs clearly outlines the discipline’s evolution from theoret-
ical foundations to applied expansion. The core cluster of publications formed between 2016 and 2019 signifies the
maturation of the theoretical system. Among them, the 3-FC concept proposed by Ma [1] (cited 227 times) and the L-
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B-FCRS model constructed by Yang and Hu [29] jointly laid the theoretical groundwork for parametric granularization
methods. Research themes demonstrate a clear stage-wise evolution: the focus in 2016 was on theoretical construc-
tions like fuzzy lattices and covering axioms; 2017 shifted towards the systematic organization of covering typologies
(Yang and Hu [58]); In 2019, the field entered a peak period of model innovation and application expansion, where
Jiang et al. [42] proposed variable precision models and Zhang et al. [41] developed the (I, T')-fuzzy logic framework,
promoting a transition in the research paradigm from theory-driven to problem-oriented. The annual publication trend
shown in Figure 2 can also confirm the significant growth of applied research post-2019.

Table 7: Top six highly cited papers on 8-FCRSs.
Ranking Title Author Published Journals Year  cites
1 Two fuzzy covering rough set models
and their generalizations over fuzzy lattices
2 On some types of fuzzy covering-based rough sets Yang and Hu [58] Fuzzy Sets Syst. 2017 176
Covering based variable precision (7, T')-FRSs

Ma [1] Fuzzy Sets Syst. 2016 227

3 with applications to MADM Jiang et al. [42] IEEE Trans. Fuzzy Syst. 2019 155
4 A fuzzy covering-based rough set model Yang and Hu [29] Inf. Sci. 2016 117
and its generalization over fuzzy lattice
5 Fuzz.y B -coverng bgsed (.I’ T)-FR.S m odels . Zhang et al. [41] Comput. Ind. Eng. 2019 115
and applications to multi-attribute decision-making
6 Fuzzy soft f-covering based FRSs Zhangetal. [64]  Int. J. Mach. Learn. Cyb. 2019 96

and corresponding decision-making applications

At the level of academic ecology, the distribution of journal publications reflects a trend of interdisciplinary inte-
gration, shown in Figure 3, while the core author groups exhibit a tightly knit collaborative network structure, shown
in Figure 4. Research findings are not only published in authoritative fuzzy systems journals such as Fuzzy Sets and
Systemsbut also widely appear in application-oriented journals like Information Sciencesand Computers & Indus-
trial Engineering, indicating the permeation of theoretical achievements into engineering practice. Through in-depth
analysis of these highly cited works, the driving force of multidisciplinary integration on the development of the
field is highlighted, providing important references for researchers to identify innovation opportunities and potential
collaborations.

6.5. Exploration of research hotspots

Based on the keyword co-occurrence network map of the “B-FCRSs” field, shown in Figure 5, a more detailed
analysis of high-frequency keywords can be conducted from four dimensions: core themes, methodological systems,
application & expansion, and cross-disciplinary integration patterns:

Core themes: From Figure 5, “ 8-FC”, “FRS”, and “rough set models” form the most densely connected keyword
cluster: As the iconic concept of the field, “S-FC” is directly associated with derivative terms such as “fuzzy S-covering
approximation” and “complex fuzzy S-coverings”, forming the basic object definition system of the field; “FRS” and
“rough set models” serve as the theoretical core: they not only connect with the conceptual foundation of “g-FC”,
but also extend to specific model frameworks through keywords like “approximation operators” and “neighborhood
operators”, acting as the core carrier of research in this field.

Methodological system: High-frequency keywords form a clear methodological and technical context: Operator
design: Keywords such as “approximation operators”, “neighborhood operators”, and “operators” have large node
scales and are highly associated with the core theoretical cluster, indicating that “operator construction” is a core link
in the methodological research of the field; Uncertainty measurement: Keywords like “uncertainty measure”, “dis-
cernibility measure”, and “entropy measures” are closely connected to “rough set models”, reflecting that “uncertainty
quantification” is a key technology for verifying the effectiveness of models; Attribute reduction: “attribute reduction”
is one of the keywords with the largest node scale in the map, and it is also associated with “feature selection” (and
its duplicate entry “feature-selection”). This shows that “attribute/feature reduction” is a core application direction of
the field’s methods, and also a key technology for the practical implementation of the theory.

Application & expansion: The keyword network shows obvious expansion trends: Concept generalization:
It is associated with keywords such as “intuitionistic fuzzy”, “bipolar fuzzy soft beta-covering”, and “complex fuzzy
B-coverings”, indicating that the field is expanding from the basic “fuzzy -covering” to generalized fuzzy system con-
cepts (e.g., intuitionistic fuzzy, bipolar fuzzy, complex fuzzy), enriching the applicable scope of the theory; Scenario
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2

implementation: It connects with keywords like “decision making”, “mgdm (multi-criteria group decision making)”,
and “communication”, reflecting that research in the field has extended to practical application scenarios such as
decision analysis and information communication, demonstrating the practical value of the theory.

Cross-disciplinary integration patterns: S-FCRS has merged with swarm intelligence algorithms [96, 101],
deep learning [102], and information fusion [78], forming a “rough sets + AI” paradigm. Such integration fosters
methodological innovation but risks diluting the distinctive theoretical identity of rough set theory. The asymmetrical
incorporation—where rough sets contribute frameworks but rarely absorb techniques from partner fields—may hinder
bidirectional enrichment.
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7. Critical review: Achievements, theoretical limitations, and practical challenges

This section presents a critical evaluation of the theoretical and practical aspects of S-FCRS theory. While preced-
ing sections documented notable developments, a systematic assessment identifies several structural and operational
limitations requiring careful consideration. Three primary challenges emerge: foundational theoretical inconsisten-
cies, computational scalability constraints, and interpretability barriers in practical deployment, shown in Figure 6.
Each challenge represents a distinct obstacle requiring resolution for the field to achieve maturity. This analysis
aims not to diminish existing contributions, but to establish specific targets for future research directions discussed in
Section 8.

7.1. Theoretical structural limitations: Fragmentation and incompleteness

The theoretical framework of 8-FCRSs exhibits structural limitations despite its various extensions. After a decade
of development, the field consists of multiple models lacking unified foundations and systematic integration. This
subsection examines two fundamental issues: the absence of a coherent axiomatic system and insufficient topological
characterization.

7.1.1. Deficiencies in axiomatic unification

The model variants discussed in Section 3 currently operate as independent constructs with varying notation,
operator definitions, and reduction criteria. While this diversity reflects active research, it can complicate systematic
knowledge accumulation and model selection for practitioners.

A specific area for development concerns the algebraic conditions for isomorphic correspondence between MG-
ITFRS-B-FC and variable-precision dual-universe models. The literature offers limited discussion on this, partly
because the categorical infrastructure for such investigation remains underdeveloped. The lack of a universal rep-
resentation theorem—a mathematical mechanism for translating between model families—means practitioners may
need to rely on familiarity-based selection rather than principled alignment with problem characteristics.

Additionally, the B-parameter receives varying interpretations across model extensions: as a confidence threshold
for neighborhood activation, a granularity regulator, or a risk-tolerance coefficient. This variation in the parameter’s
semantic role can affect conceptual clarity and complicate consistent cross-domain application.

7.1.2. Topological characterization gaps

The treatment of topological structures within granular computing frameworks requires more comprehensive in-
vestigation than currently available. While Zhang and Wang [59] initiated preliminary exploration of S-neighborhood
topology, several foundational questions remain unaddressed:

e Connectivity properties: The influence of S-threshold values on approximation space connectivity requires rig-
orous analysis. Critical transitions in covering graph topology at specific 8-values have not been systematically
characterized.

e Compactness criteria: The relationship between S-covering-based approximation space compactness and cov-
ering reducibility remains unexplored, despite direct implications for algorithmic tractability.

e Categorical mappings: The absence of functorial constructions connecting S-covering approximation spaces to
established topological categories (such as Top or locales) prevents leveraging of existing topological insights.

These limitations prove particularly significant given the field’s emphasis on multigranular analysis. Genuine
multigranular frameworks require sheaf-theoretic or fiber-bundle structures where granularities constitute base spaces
with stalks of local approximations. Current approaches relying on elementary set operations fall short of this cate-
gorical standard, representing a gap between theoretical ambition and mathematical infrastructure.

7.2. Algorithmic scalability constraints

Computational aspects of S-FCRS theory present significant obstacles to practical adoption. Algorithmic devel-
opments have not kept pace with contemporary data processing requirements, resulting in efficiency bottlenecks that
limit applicability to large-scale problems.
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7.2.1. Computational complexity challenges

The established O(n*m) complexity poses a substantial barrier for large datasets. For instance, processing 10°
objects with 103 features requires approximately 10'> operations, rendering real-time analysis infeasible. The per-
sistence of this complexity boundary across numerous incremental improvements suggests limited consideration of
modern algorithmic theory.

Zou’s [100] information granulation acceleration technique represents an attempt to address this issue. However,
this approach demonstrates only marginal improvements on modestly-sized datasets and lacks formal guarantees of
sublinear scalability. Without asymptotic complexity breakthroughs, such contributions address symptoms rather than
underlying computational intractability. The method’s reliance on heuristic partitioning introduces approximation
errors whose theoretical bounds remain unestablished.

7.2.2. Dynamic data processing limitations

Current incremental algorithms, such as those proposed by Wang [98], address only data appending operations,
constituting an incomplete solution for dynamic environments. Practical applications require comprehensive handling
of data streams that include feature addition and removal, parameter adjustment, and concept drift adaptation. The
literature’s limited attention to decremental operations and online parameter tuning reflects a gap between theoretical
models and operational realities. This limitation severely restricts deployment in scenarios characterized by evolving
data distributions.

7.2.3. Parallel and distributed computing gaps

The absence of distributed implementations using modern frameworks (MapReduce, Spark, GPU acceleration)
represents a significant mismatch with contemporary computational practice. Sequential algorithmic designs prevalent
in the literature cannot exploit parallel hardware architectures essential for large-scale data processing. This deficiency
stems from insufficient consideration of partition strategies for fuzzy S-coverings and lack of communication-efficient
distributed reduction algorithms. Without such infrastructure, the theory remains isolated from mainstream data
science ecosystems.

7.3. Interpretability and practical deployment barriers

Applications of fuzzy -covering rough set theory face significant interpretability challenges that impede adoption
in high-stakes domains. Despite claims of human-like approximate reasoning, the framework generates results that
often lack clear intuitive interpretation.

7.3.1. Explanatory transparency deficits

In critical domains such as medical diagnosis [96] and emergency decision-making [55], where interpretability
is essential, the framework produces outputs that lack clear semantic grounding. The interpretation of statements
concerning approximation membership values across S-parameterized neighborhoods requires domain experts to pos-
sess detailed knowledge of nested #-norms and fuzzy implications. This explanatory gap between model outputs and
human-understandable justifications creates deployment barriers in regulatory-sensitive contexts.

The literature’s claims regarding semantic interpretability remain unsubstantiated by formal explanatory fidelity
metrics. Absent quantitative measures for assessing how effectively model decisions can be justified to non-expert
stakeholders, assertions of interpretability constitute unsubstantiated claims lacking empirical validation. This defini-
tional imprecision permits superficial justification while obscuring genuine transparency requirements.

7.3.2. Cost function specification arbitrariness

TWD extensions [46, 49] integrating prospect theory face significant challenges in loss function specification.
The parameters Apy, Agp, Ayp typically receive treatment as hyperparameters subject to manual tuning, representing
a methodological limitation rather than a principled approach. In high-stakes applications involving human welfare,
such parameters encode ethical and practical trade-offs that demand systematic elicitation protocols from domain
experts or data-driven estimation procedures. The absence of theoretically-grounded specification methods constitutes
a significant limitation, leaving these models as mathematical formalisms without operational guidance.
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7.3.3. Neuro-symbolic integration obstacles

The framework’s reliance on non-differentiable logical operators (min, max, crisp thresholds) creates fundamental
incompatibility with modern deep learning architectures. While alternative rough set variants have successfully em-
ployed smooth approximations for end-to-end trainability, S-FCRSs maintain traditional symbolic logic structures that
preclude gradient-based optimization. This characteristic isolates the framework from contemporary neuro-symbolic
Al research.

Proposals for neural integration remain speculative without concrete development of differentiable S-covering op-
erators. Potential solutions such as softmax approximations for aggregation operations or Gumbel-softmax sampling
for threshold mechanisms have not been systematically explored. Until such methods are developed, the framework
cannot participate in hybrid learning systems, which limits its applicability in the current Al landscape.

8. Future research prospects: Frontier topics and technology roadmaps

This section adopts a forward-looking perspective to identify breakthrough directions for the next decade, grounded
in preceding critical analyses. Rather than offering cursory trend predictions, an operational “theory-algorithm-
application-ecosystem” quadrilateral technology roadmap is proposed. Theoretically, category theory will unify
fragmented models and topology will deepen structural understanding; algorithmically, revolutionary breakthroughs
toward sublinear complexity and explorations of quantum-neuro-symbolic fusion are pursued; in applications, fron-
tiers like deep learning interpretability and multi-agent systems are anchored; ecologically, open-source communities
and standardization efforts are promoted. This section integrates future outlook’s key points while injecting prudent
feasibility assessments, offering researchers both imaginative and actionable guidelines.

8.1. Theoretical deepening: Unified frameworks and structural mathematics

The foremost future task involves constructing unified algebraic representation frameworks characterizing model
phylogenetic relationships through category-theoretic language. Second, topological-lattice structures require deepen-
ing: investigating Locale structures and Heyting algebra properties of 8-FCASs, connecting pointless topology to pro-

vide geometric intuition for approximate reasoning. Third, non-axiomatic logic integration—exploring overlap/grouping-

function-based substructural logics—will liberate models from #-norm dependence and adapt to more non-classical
reasoning scenarios [60, 77].

o Category-theoretic unification. Applying categorical constructs to formalize relationships among S-FCRS
variants promises conceptual elegance and meta-theoretical coherence. This approach could reveal hidden
adjunctions and universal properties, enabling systematic model comparison. However, the steep learning curve
and abstraction overhead may hinder adoption among applied researchers, potentially creating a theory-practice

gap.

e Topological deepening via locale theory. Investigating S-FCAS through the lens of locale structures and
Heyting algebras offers profound structural insights. This direction connects approximate reasoning to pointless
topology, providing geometric intuition. Yet, the scarcity of topologically-trained researchers in the rough set
community may slow progress, and the practical algorithmic payoff remains uncertain.

e Substructural logic integration. Exploring overlap and grouping functions within substructural logical frame-
works liberates models from traditional #-norm constraints. This expansion accommodates more expressive
non-classical reasoning. The primary challenge involves developing corresponding algebraic semantics and
complexity analysis, as these logics often exhibit undecidability or high computational hardness.

8.2. Algorithmic innovation: Efficient computation and intelligent optimization

Algorithmically, sublinear complexity barriers must be shattered. Research on locality-sensitive hashing (LSH)-
based S-neighborhood fast retrieval can reduce complexity to O(nlogn) [100]. Incremental-decremental synergy
algorithms should support bidirectional dynamic updates of data and features to meet streaming computation demands
[98]. Quantum algorithms represent a long-term direction—Ieveraging quantum superposition to parallel-compute -
membership degrees for all objects, achieving exponential acceleration [102]. Additionally, neuro-symbolic fusion is
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promising: using graph neural networks to learn S-covering structures and rough sets for reasoning-based decision-
making, thereby bridging connectionism and symbolism.

e Sublinear complexity via LSH [104]. LSH enables approximate S-neighborhood retrieval in sublinear time,
potentially revolutionizing scalability for massive datasets. Preliminary results suggest O(nlogn) feasibility.
However, the probabilistic nature of LSH introduces approximation errors that may compromise theoretical
guarantees of rough approximations, requiring careful error-bounding analysis.

¢ Incremental-decremental synergy [105]. Bidirectional dynamic algorithms supporting simultaneous data in-
sertion and deletion are crucial for streaming environments. Current incremental methods [98] lack decremental
counterparts, creating asymmetry. Developing efficient decremental updates faces challenges in maintaining
approximation quality while avoiding full recomputation, particularly when deletions alter core covering struc-
tures.

¢ Quantum algorithmic prospects [106]. Quantum superposition could theoretically compute S-membership
degrees for all objects in parallel, offering exponential speedups. This long-term vision, however, demands
quantum error correction beyond near-term NISQ devices and requires reformulating rough set operations as
quantum circuits. The resource overhead may outweigh benefits for moderately-sized problems.

e Neuro-symbolic fusion [107]. Graph neural networks learning S-covering structures while rough sets pro-
vide symbolic reasoning bridges two Al paradigms. This synergy leverages connectionist pattern recognition
and symbolic interpretability. The challenge lies in differentiable covering learning—backpropagation through
discrete covering operations requires careful relaxation techniques that preserve semantic meaning.

8.3. Application expansion: Interdisciplinary integration and complex systems

Application domains should advance toward deep learning interpretability: embedding S-FCRSs as explainable
layers into CNNSs to interpret convolutional feature map semantics. In multi-agent systems, each agent’s knowledge
base can be viewed as a B-covering, with multigranular models achieving group consensus. Spatiotemporal big data
analysis represents another frontier-combining variable-scale S-covering with trajectory data to mine urban dynamic
patterns. Specifically, in healthcare, three-level S-covering networks of symptom-disease-patient can be constructed
for precision diagnosis and treatment recommendation; in emergency management, dual-universe models coupling
disaster-resource spaces can support real-time scheduling [53-55].

e Deep learning interpretability [108]. Embedding S-FCRS as explainable layers within CNN architectures
enables semantic interpretation of feature maps. This integration addresses Al’s black-box problem using es-
tablished rough set theory. However, the discrete nature of covering-based approximations may disrupt gradient
flow, potentially degrading predictive performance. Hybrid training strategies warrant investigation.

e Multi-agent knowledge coordination [109]. Conceptualizing each agent’s knowledge base as a §-covering
facilitates multigranular consensus mechanisms. This approach naturally models heterogeneous beliefs and
partial information sharing. The primary challenge involves reconciling inconsistent coverings across agents
without central authority, requiring distributed approximation algorithms with convergence guarantees.

e Spatiotemporal urban analytics [110]. Combining variable-scale S-covering with trajectory data enables
mining of dynamic urban patterns. This fusion handles location uncertainty and temporal granularity variations
inherent in mobility data. Computational scalability becomes critical, as spatiotemporal data volumes exceed
static datasets by orders of magnitude.

o Healthcare precision diagnosis [111]. Constructing three-level S-covering networks interconnecting symp-
toms, diseases, and patients enables personalized treatment recommendations. This hierarchical model cap-
tures complex medical relationships. Validation challenges arise from data privacy restrictions and the need for
large-scale clinical trials to demonstrate superiority over existing diagnostic frameworks.
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¢ Emergency resource scheduling [112]. Dual-universe models coupling disaster and resource spaces support
real-time emergency management. This cross-space reasoning aligns well with practical command-and-control
needs. However, maintaining bidirectional approximations under time-critical constraints demands approxima-
tion algorithms with strict complexity bounds, potentially sacrificing some theoretical precision.

8.4. Standardization and open-source ecosystem

Long-term goals include establishing standardized evaluation systems for 8-FCRSs, unifying datasets, metrics,
and benchmark algorithms to end current self-evaluation practices across research groups [95]. Promoting open-
source software libraries (e.g., Python’s 8-FCRS library) that provide model implementations, measure computations,
and visualization tools will lower application barriers [101]. Simultaneously, collaborating with IEEE standardization
organizations to develop international standards for FCRSs will enhance theoretical influence.

e Standardized evaluation frameworks. Establishing unified benchmarks with shared datasets and metrics
would enable rigorous cross-method comparison, ending current fragmentation. This initiative requires com-
munity consensus on representative tasks and fairness protocols. However, dominant research groups may resist
standardization that could diminish competitive advantages of their proprietary implementations.

e Open-source library development. A comprehensive Python library providing modular implementations,
measure computations, and visualization tools would democratize access. Current lack of such infrastructure
raises entry barriers. Sustainable maintenance and documentation quality pose significant challenges, as aca-
demic developers often lack long-term support resources.

9. Conclusions

This concluding section distills theoretical trajectories, application landscapes, critical reflections, and future
prospects into systematic insights. Rather than recapitulating details, core revelations are extracted: S-FCRS theory
successfully bridges fuzzy sets, rough sets, and multigranular analysis through parametric granularity mechanisms,
forming a unique “B-driven” theoretical paradigm. Its decade-long evolution exemplifies demand-driven innovation
and application-fed theoretical development. However, transitioning from “usable” to “practical,” from “academic”
to “industrial,” still requires crossing three chasms: unification, efficiency, and interpretability. This section summa-
rizes contributions concisely and reiterates the theory’s strategic value and unfinished mission in the era of uncertain
artificial intelligence.

o Theoretical contributions. This survey chronologically reviews the developmental trajectory from germina-
tion (2016) to flourishing (2026). Theoretically, the field evolved from single S-neighborhood operators to
these model categories encompassing logical enhancement, multigranularity, cross-universe, and variable-scale
dimensions, complemented by a fuzzy measure-discrimination index-distinguishability indicator evaluation sys-
tem. This taxonomy provides conceptual clarity but reveals fragmentation that demands unification.

o Application maturity. Methodologies have matured across four domains—feature selection, MADM, outlier
detection, and TWD—supporting critical scenarios in healthcare, emergency response, and recommendation
systems. While demonstrating practical utility, many applications remain proof-of-concept lacking large-scale
industrial validation.

e Scientometric patterns. Bibliometric analysis reveals exponential growth exceeding 15% annually, led by
Zhan Jianming, Zhang Xiaohong, Yang Bin, and Huang Zhehuang teams, forming a synergistic “theory-
algorithm-application” innovation ecosystem. However, concentration among few clusters risks intellectual
monoculture and reduced diversity of approaches.

o Persistent challenges. Formidable bottlenecks persist: the absence of unified axiomatic frameworks, large-
scale computational inefficiency, and insufficient model interpretability constitute three major obstacles. These
challenges are interdependent—unification could enable efficiency breakthroughs, while interpretability de-
mands both theoretical clarity and algorithmic transparency.
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o Strategic imperative. Future efforts must prioritize categorical unification, sublinear algorithms, neuro-symbolic
fusion, and open-source standardization to propel 8-FCRS from academic theory toward industrial-grade tool-
ing. The theory’s unique parametric fuzzy granularity perspective provides a rigorous yet flexible analytical
paradigm for uncertain artificial intelligence. As big data and intelligent systems evolve, this theory is poised to
play increasingly vital roles in explainable Al, robust machine learning, and complex systems decision-making,
contingent upon successfully bridging current gaps between theoretical elegance and practical viability.
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Abstract: Uncertain information processing in the big data era faces dual challenges of data
fuzziness and knowledge uncertainty. Classical rough set theory provides mathematical rigor
through equivalence relations, though these relations cannot adequately represent fuzzy
boundaries. Fuzzy set theory describes graded membership but lacks systematic granularity
analysis mechanisms. The combination into fuzzy rough sets faces limitations from conventional
covering models. The introduction of fuzzy B-covering rough sets (B-FCRS) in 2016 added a
confidence-level parameter B that enables flexible granularity regulation, leading to increased
development of model variants. However, existing literature lacks surveys that systematically
integrate theoretical development, model classification, measurement systems, and application
trends. This paper presents a systematic analysis of the decade-long development with five main
contributions: (1) a hierarchical theoretical framework tracing evolution from classical covering to
fuzzy B-covering approximation spaces, examining core operators, axiomatic foundations, and
reduction principles; (2) a classification of eleven model variants organized into
neighborhood-driven, logical-operator-enhanced, and structurally-expanded categories, with
examination of mathematical foundations, development motivations, and applicability; (3) a
three-level measurement system consisting of Choquet-integral-based fuzzy measures,
noise-tolerant discrimination indexes, and variable-precision distinguishability indicators; (4)
analysis of applications in feature selection, multi-attribute decision-making, outlier detection, and
three-way decisions, examining how practical requirements have influenced theoretical
developments; and (5) bibliometric analysis of core publications identifying research communities,
temporal patterns, and interdisciplinary trends, while assessing theoretical limitations,
computational challenges, and interpretability issues. This survey concludes that fuzzy p-covering
rough set theory provides a parametric framework linking fuzzy sets, rough sets, and
multigranular analysis. Further development of unified axiomatic frameworks, efficient algorithms,

and enhanced interpretability is needed to support broader practical adoption.



