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The Plateau’s problem

Prove existence (and possibly also regularity) of soap films
spanned on a given wire,

i.e.,
find a surface having minimal area among surfaces spanning

a given boundary.

• Surface?
• Area?
• Spanning a boundary?



Reifenberg’s homological spanning

B Ď Rn a compact set , G an abelian group ,
ȞkpB;Gq the kth Čech homology group ,

HkpBq the k dimensional Haudorff measure ,
τ P Ȟm´1pB;Gq

Problem
Minimise HmpSq among compact sets S Ď Rn such that

i˚τ “ 0 ,

where i˚ : Ȟm´1pB;Gq Ñ Ȟm´1pSY B;Gq is induced by the
inclusion map i : B ãÑ SY B.

• E. R. Reifenberg and J. F. Adams, Acta Math., 1960
• F. Almgren, Ann. of Math., 1968



Currents of Federer and Fleming

IkpRnq Ď D 1pRn,
ŹkRnq k dimensional integral currents,

S P IkpRnq ñ Spφq “
ˆ
E
xτpxq, φpxqyθpxqdHkpxq ,

MasspSq “
ˆ
E
θpxqdHkpxq , SizepSq “ Hkptx P E : θpxq ‰ 0uq ,

B P Im´1pRnq , BBpφq “ Bpdφq “ 0

Problem (Mass minimisers)
Minimise MasspSq among S P ImpRnq such that BS “ B.

Problem (Size minimisers – unsolved)
Minimise SizepSq among S P ImpRnq such that BS “ B.

• H. Federer and W. Fleming, Ann. of Math., 1960



Drawbacks

Solutions of the Plateau’s problem should model the
behaviour of soap films!

1 Interior smoothness everywhere (mass minimisers).
2 Choice of orientation (currents, homology).
3 Choice of the coefficient group (currents, homology).
4 Reifenberg’s solution only for compact groups.

See:
• G. David, Should we solve Plateau’s problem again?, in Advances in

analysis: the legacy of Elias M. Stein, 108–145, Princeton Math. Ser.,
50, Princeton Univ. Press, Princeton, NJ, 2014

• J. Harrison, H. Pugh, Plateau’s Problem: What’s Next,
arXiv:1509.03797, 2015



Spanning in terms of linking numbers

B Ď Rn a compact set ,
C Ď CB “

 

γ : Sn´m ãÑ Rn„B : γ is a smooth embedding
(

if γ P C and rγ P CB is smoothly isotopic to γ, then rγ P C ,

FpB, Cq “
#

K Ď Rn :
K is compact pHm,mq rectifiable
K X im γ ‰ ∅ for γ P C

+

If B is an orientable pm´1q dimensional manifold, then we can take

C “ tγ P CB : lkpim γ,Bq “ 1u.

Problem
Minimise HmpSq among S P FpB, Cq.

• J. Harrison and H. Pugh, J. Geom. Anal., 2012
• C. De Lellis, F. Ghiraldin, F. Maggi, J. Eur. Math. Soc. (JEMS), 2016
• G. De Philippis, A. De Rosa, F. Ghiraldin, Adv. Math., 2016



Sliding deformations and sliding minimisers

B,K0 Ď Rn compact sets ,

ΣpBq “

$

’

&

’

%

Φp1, ¨q :

Φ : r0,1s ˆRn Ñ Rn is continuous ,
Φp0, ¨q “ idRn , LipΦp1, ¨q ă 8 ,

Φpt, ¨qrBs Ď B for t P r0,1s

,

/

.

/

-

,

ApB,Kq “
 

ϕrK0s : ϕ P ΣpBq
(

Problem (partially solved)
Minimise HmpSq among S P ApB,K0q.
One can find K Ď Rn satisfying
inftHm

pSq : S P ApB,K0qu “ Hm
pKq “ inftHm

pSq : S P ApB,Kqu
but it is not known whether K P ApB,K0q.

• G. David, Princeton Math. Ser., 2014
• G. De Philippis, A. De Rosa, F. Ghiraldin, Adv. Math., 2016
• C. De Lellis, F. Ghiraldin, F. Maggi, J. Eur. Math. Soc. (JEMS), 2016



A unifying approach

Let B Ď Rn be compact.
1 Define the class of competitors PpBq axiomatically

without referring to any particular notion of boundary
or spanning.

2 Consider general elliptic functionals Φ instead of the
Hausdorff measure Hm.

3 Minimise ΦpSq among S P PpBq.

Remark
Usually the class PpBq is assumed to be closed under certain
deformations (like sliding deformations).

• C. De Lellis, F. Ghiraldin, F. Maggi, J. Eur. Math. Soc. (JEMS), 2016
• G. De Philippis, A. De Rosa, F. Ghiraldin, Adv. Math., 2016
• C. De Lellis, A. De Rosa, F. Ghiraldin, arXiv:1602.08757, 2016
• J. Harrison and H. Pugh, arXiv:1603.04492, 2016
• Y. Fang, arXiv:1310.4690, 2013



Elliptic integrands

F : Rn ˆGpn,mq Ñ p0,8q continuous ,
S “ Sreg Y Sirr Ď Rn compact with HmpSq ă 8 ,

ΦFpSq “
ˆ
Sreg

Fpx,TanpSreg, xqqdHmpxq `HmpSirrq ,

x P Rn ñ Fxpy,Tq “ Fpx,Tq .

Definition (F. Almgren, Ann. of Math., 1968)
We say that F is elliptic at x P Rn if: there exists C ą 0 such
that given any disc D Ď L lying in an affine m-plane L Ď Rn

and a compact set S Ď Rn which cannot be deformed onto
BD Ď S with an admissible deformation, there holds

ΦFxpSq ´ ΦFxpDq ě C
`

HmpSq ´HmpDq
˘

.

Example
The area integrand: Fpx,Tq “ 1 for px,Tq P Rn ˆGpn,mq.
Then ΦFpSq “ HmpSq.



Question

• Consider Rn with a non-Euclidean norm ~ ¨ ~.
• This gives rise to a non-Euclidean metric ρ on Rn.
• This yields a non-standard Hausdorff measure Hm

ρ .

Problem
Does there exist an integrand F : Rn ˆGpn,mq Ñ p0,8q such
that

Hm
ρ pAq “ ΦFpAq “

ˆ
A
Fpx,TanpA, xqqdHmpxq

for any pHm,mq rectifiable set A Ď Rn. Is F elliptic?



An existence result – work in progress

B Ď Rn compact pHm,mq rectifiable , U “ Rn„B ,

DpUq “

$

’

&

’

%

ϕ P C 1pRn,Rnq :

Da, r Bpa, rq Ď U ,

ϕrBpa, rqs Ď Bpa, rq ,
tx : ϕpxq ‰ xu Ď Bpa, rq

,

/

.

/

-

Theorem (to be optimised)
Assume F is an elliptic integrand and PpBq is a family of
compact subsets of Rn such that
• if S P PpBq and ϕ P DpUq, then ϕrSs P PpBq;
• if Si P PpBq and Si

HD
ÝÝÑ S, then S P PpBq.

Then there exists S P PpBq such that

ΦFpSq ď ΦFpRq for R P PpBq .



An application

Example
Let PpBq be the family of compact sets S which span
some τ P Ȟm´1pB;Gq in the sense of Reifenberg, i.e.,

i˚τ “ 0 , where i : B ãÑ SY B .

Then there exists a minimiser R P PpBq of ΦF .
Moreover, R is compact and pHm,mq rectifiable.

Remark
If we assumed that DpUq contains only diffeomorphisms
C 1 isotopic to identity, then we could apply the theorem also
in case PpBq “ FpB, Cq (spanning defined in terms of linking
numbers).



General strategy of the proof

1 Chose a minimising sequence Si P PpBq so that
ΦFpSiq Ñ inftΦFpRq : R P PpBqu.

2 Define varifolds Vi “ vpSiq (Radon measures over Rn
ˆGpn,mq), so

that
ΦFpSiq “ VipFq “

ˆ
Fpx,TqdVipx,Tq .

3 Take the varifold limit Vi Ñ V (weak limit of measures).
4 We get for free!

VpFq “ inftΦFpRq : R P PpBqu .

5 Modify the sequence so that Si
HD
ÝÝÑ S and S P PpBq is such

that HmpS„ spt }V}q “ 0 (hair combing).
6 Show that spt }V} is pHm,mq rectifiable and V “ vpspt }V}q.
7 Then V “ vpSq; hence,

ΦFpSq “ VpFq “ inftΦFpRq : R P PpBqu .



General strategy for V “ vpspt }V}q

Θmp}V}, x, rq “ }V}Bpx, rq
αpmqrm , Θmp}V}, xq “ lim

rÓ0
Θmp}V}, x, rq .

1 There exists C1,C2 P R such that

0 ă C1 ď Θmp}V}, x, rq ď C2 ă 8

for x P spt }V} XU and r P p0,distpx,Rn„Uqq.
Consequently

}V} U « Hm pspt }V} XUq .

2 Minimality of V then yields pHm,mq rectifiability
of spt }V}.

3 Ellipticity of F gives then Θmp}V}, xq “ 1 for x P U such
that Tanpspt }V}, xq is an m plane.

4 Area formula proves V “ vpspt }V}q.



Almgren’s tools

1 If ϕ : Rn Ñ Rn is of class C 1, then
ϕ# : VmpRnq Ñ VmpRnq is continuous.

2 If K Ď Rn is compact, then the mass

MpVq :“ VpRnq

is continuous on tV P VmpRnq : spt }V} Ď Ku.
3 Hence,

}V}Bpa, rq « HmpφrSi XBpa, rqsq

whenever tx : ϕpxq ‰ xu Ď Bpa, rq Ě ϕrBpa, rqs.
4 Smooth deformation theorem:

deforms a compact set Σ Ď Rn onto an m dimensional skeleton of
a finite cubical complex covering Σ.

5 Slicing theory for varifolds.



Smooth deformation theorem

Theorem
Assume F is an admissible collection of cubes (e.g. Whitney
decomposition of U or tiling of Rn with isometric cubes), and A Ď F is
finite, and Σ Ď Rn is compact, and HmpΣq ă 8, and ε ą 0.
Set G “

Ť

A`Up0, εq. There exists a C8 smooth map
f : r0,1s ˆRn Ñ Rn such that
• f p0, ¨q “ idRn and f pt, xq “ x for t P r0,1s and x P Rn„G
• f p1, ¨qrΣXGs is a sum of m dimensional faces of cubes
from A

• Hmpf p1, ¨qrΣXGsq ă Cdtpn,mqHmpΣXGq
• if δ “ maxtsideQ : Q P Au and Σ is pHm,mq rectifiable,
then

Hm`1pf rr0,1s ˆ pΣXGqsq ă Cdtpn,mqδHmpΣXGq



Slicing rectifiable sets

Remark
Assume V P VmpRnq and ρ : Rn Ñ R is a proper map of
class C 1. For L1 almost all t P R there exists a varifold slice

xV , ρ, ty P Vm´1pRnq .

If S Ď Rn is pHm,mq rectifiable and Hm measurable and
V “ vpSq, then

xV , ρ, ty “ vpSX ρ´1rttusq for L1 almost all t .

• Almgren, Mem. Amer. Math. Soc., 1976.



General strategy for V “ vpspt }V}q
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Θmp}V}, x, rq .

1 There exists C1,C2 P R such that
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4 Area formula proves V “ vpspt }V}q.



Density ratio bounds

Lemma
Let a P spt }V} and ι P p0,8q. Set Maprq “ }V}Bpa, rq. For all
r P p0,distpa,Rn„Uqq for which M1

aprq exists we have

Maprq ď CM1
aprqm{pm´1q and Maprq

rm ď γ ` CιM
1
aprq

rm´1
,

where γ “ γpn,m, ιq and C “ Cpn,m,Fq

Corollary
For all a P spt }V} XU and all r P p0, r0q, where
r0 “ distpa,Rn„Uq, we have

m´mC1´m ď Θmp}V},a, rq ď max
 

C̃,Θmp}V},a, r0q
(

,

where C̃ “ C̃pn,m,Fq.



}V}Bpa, rq “: Maprq ď CM1
aprqm{pm´1q (idea of the proof)

1 Choose S P PpBq so that vpSq is weakly close to V .
2 Let a P spt }V} and Σ “ SX BBpa, rq.
3 Set εm´1 “ CdtHm´1pΣq «M1

aprq.
4 Cover Σ with a family A of dyadic cubes of side length ε.
5 The deformation theorem yields f : r0,1s ˆRn Ñ Rn with

Hm´1pf p1, ¨qrΣsq ă CdtHm´1pΣq ď εm´1

Hmpf rr0,1s ˆ Σsq ă εCdtHm´1pΣq “ εm

Thus, f p1, ¨qrΣs Ď
Ť

skelm-2A.
6 Set

f̃ pt, xq “
"

f p2t, xq if 0 ď t ă 1{2
p2´ 2tqf p1, xq if 1{2 ď t ď 1

7 Define Kδpxq “ ppr ´ |x´ a|q{δ, xq : Rn Ñ R ˆRn.
8 Consider the weak limit

lim
δÓ0
pf ˝Kδq#vpSq “ f p0, ¨q#vpS„Upa, rqq

` f p1, ¨q#vpSXUpa, rqq ` vpf#rr0,1s ˆ Σsq .

9 Hence, for small δ ą 0 we get
Maprq À Hmppf ˝KδqrSXUpa, rqsq

À εCdtHm´1pΣq “ εm «M1
aprqm{pm´1q .
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Θmp}V}, x, rq “ }V}Bpx, rq
αpmqrm , Θmp}V}, xq “ lim

rÓ0
Θmp}V}, x, rq .
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0 ă C1 ď Θmp}V}, x, rq ď C2 ă 8

for x P spt }V} and r P p0,distpx,Rn„Uqq.
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that Tanpspt }V}, xq is an m plane.
4 Area formula proves V “ vpspt }V}q.



Perturbation of submersions

Lemma
Let G Ď Rn be open and K Ď G be purely
pHm,mq unrectifiable with HmpKq ă 8. Let f : Rn Ñ Rn be of
class C k, where k ě n´m` 1. Suppose

dim imDf pxq ď m for all x P G .

Then for every ε P R with 0 ă ε ă distpK ,Rn„Gq there exists
a map fε : Rn Ñ Rn of class C k satisfying

f pxq “ fεpxq for x P Rn„G ,

|f pxq ´ fεpxq| ď ε and |Df pxq ´Dfεpxq| ď ε for x P Rn ,

HmpfεrKsq ď εHmpKq .



Rectifiability of spt }V} (idea of the proof)

1 Let a P R “ spt }V} be such that Θm˚pRirr,aq ą 0 and
ΘmpRreg,aq “ 0.

2 Find r ą 0 with ΘmpRreg,a, rq ă ε ! ΘmpRirr,a, rq.
3 Apply deformation theorem to RXBpa, rq to find

f : r0,1s ˆRn Ñ Rn.
4 Find a C 1 perturbation ϕ of f p1, ¨q such that
HmpϕrRirrsq ď εHmpRirrq.

5 Then HmpϕrRXBpa, rqsq ă εCHmpRXBpa, rqq.
6 Choose S P PpBq so that vpSq is weakly close to V .
7 Then HmpϕrSXBpa, rqsq ă εCHmpSXBpa, rqq.
8 Consequently,

ΦFpϕrSsq ă VpFq “ inftΦFpKq : K P PpBqu.
A contradiction!



General strategy for V “ vpspt }V}q

Θmp}V}, x, rq “ }V}Bpx, rq
αpmqrm , Θmp}V}, xq “ lim

rÓ0
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3 Ellipticity of F gives then Θmp}V}, xq “ 1 for x P U such
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Θmp}V},aq “ 1 for }V} almost all a (idea of the proof)

1 Setup:
0 “ a P spt }V} XU , T “ Tanpspt }V},aq P Gpn,mq ,

ri Ó 0 , δi Ó 0 , 0 ă εi ! rmi ,
Ki “

 

rix : |T6x| ď 1, |TK6 x| ď δi
(

,

ξi P C8pRn,Rnq projects Ki onto T , Ri “ ξirSis .

2 Minimality of V gives

ΦFpSiq ´ εi ď ΦFpVq ď ΦFpRiq

ď ΦFpSiq ´ ΦFpSi XKiq ` ΦFpRi XKiq ` ΦFpSi ˜Riq ,

3 Since Di “ Ri XKi “ T XBp0, riq ellipticity of F yields
ΦFapSiXKiq´ΦFapRiXKiq Á HmpSiXKiq´HmpRiXKiq .

Hence,
HmpSi XKiq

rmi
´αpmq “ H

mpSi XKiq ´HmpDiq

rmi
Ñ 0 .



Θmp}V},aq “ 1 for }V} almost all a (idea of the proof)

1 Setup:
0 “ a P spt }V} XU , T “ Tanpspt }V},aq P Gpn,mq ,

ri Ó 0 , δi Ó 0 , 0 ă εi ! rmi ,
Ki “

 

rix : |T6x| ď 1, |TK6 x| ď δi
(

,

ξi P C8pRn,Rnq projects Ki onto T , Ri “ ξirSis .

2 Minimality of V gives
ΦFpSi XKiq ´ ΦFpRi XKiq

rmi
ď
εi ` ΦFpSi ˜Riq

rmi
Ñ 0 .

3 Since Di “ Ri XKi “ T XBp0, riq ellipticity of F yields
ΦFapSiXKiq´ΦFapRiXKiq Á HmpSiXKiq´HmpRiXKiq .

Hence,
HmpSi XKiq

rmi
´αpmq “ H

mpSi XKiq ´HmpDiq

rmi
Ñ 0 .



General strategy for V “ vpspt }V}q

Θmp}V}, x, rq “ }V}Bpx, rq
αpmqrm , Θmp}V}, xq “ lim

rÓ0
Θmp}V}, x, rq .

1 There exists C1,C2 P R such that

0 ă C1 ď Θmp}V}, x, rq ď C2 ă 8

for x P spt }V} and r P p0,distpx,Rn„Uqq.
2 Minimality of V then yields pHm,mq rectifiability

of spt }V}.
3 Ellipticity of F gives then Θmp}V}, xq “ 1 for x P U such

that Tanpspt }V}, xq is an m plane.
4 Area formula proves V “ vpspt }V}q.



V “ vpspt }V}q (idea of the proof)

1 Consider T P Gpn,mq and sets Ki and Ri as before.
2 Define Qi “ µ1{rirRi XKis.
3 We know HmpQiq Ñ αpmq as iÑ8.
4 Area formula applied to T6 gives

αpmq “ HmpDq “
ˆ
Qi

}
Ź

mT6˝TanpQi, xq6}dHmpxq Ñ αpmq .

5 Note: 1´ }
Ź

mT6 ˝ TanpQi, xq6} « }T6 ´ TanpQi, xq6}2.
6 Hence,

Vpαq “
ˆ
spt }V}

αpx,Tanpspt }V}, xqqdHmpxq ,

whenever α P C 0
c pU ˆGpn,mqq.



Q.E.D.
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