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Varifolds

Definition (Almgren (1965))
Let U ⊆ Rn be open. An m-dimensional varifold in U is a
Radon measure V on U ×G(n,m). The set of all m-varifolds
in U with the topology of weak convergence is denoted
by Vm(U).

Example
If M is an m-dimensional smooth submanifold of U, then the
associated varifold v(M) ∈ Vm(U) is defined by

v(M)(f ) =

ˆ
M
f (x,Tan(M, x))dHm(x)

for f ∈ C 0
c (U ×G(n,m)).



Rectifiable sets and the associated varifolds

A set E ⊆ U is called (Hm,m) rectifiable if there exists
a collection C of C 1 submanifolds of U such that

Hm(E∼
⋃
C) = 0 and Hm(E) <∞.

Definition
If E ⊆ U is (Hm,m) rectifiable, then we define v(E) ∈ Vm(U)

v(E)(f ) =

ˆ
E
f (x,Tanm(Hm E, x))dHm(x) .

for f ∈ C 0
c (U ×G(n,m)).



Rectifiable and integral varifolds

Definition
A varifold V is called rectifiable if it is of the form

V =
∑∞

i=1αiv(Ei),

where Ei are (Hm,m) rectifiable and 0 < αi <∞. In this case
we write V ∈ RVm(U).

Definition
If αi are all integer numbers then V is called integral and
we write V ∈ IVm(U).

Remark
The numbers αi are called multiplicities or densities.

Remark
v(E) is a unit density integral varifold for any
(Hm,m) rectifiable set E.



The first and second variation

• Push forward: φ ∈ C 1
c (U,V) and B ⊆ V ×G(n,m),

φ#V(B) =
´
{(x,S):(φ(x),Dφ(x)[S])∈B} |

∧
m(Dφ(x) ◦ S\)| dV(x,S) .

• Weight measure: p : U ×G(n,m)→ U and A ⊆ U,

‖V‖(A) = p]V(A) = V(A×G(n,m)) .

• First and second variation:

δV(g) = d
dt‖φt#V‖

∣∣∣
t=0

, δ2V(g) = d2

dt2 ‖φt#V‖
∣∣∣
t=0

,

where
• g ∈ C∞c (U,Rn) is a vector field,
• φt is the flow of diffeomorphisms generated by g and
• spt g ⊆ G for some open set G ⊆ U with ‖V‖(G) <∞.
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The first variation of a varifold

• If g ∈ C∞c (U,Rn), then

δV(g) =
´
Dg(x) • S\ dV(x,S) =

´
divS g(x)dV(x,S) .

• Total variation: largest Borel regular measure ‖δV‖
on U such that whenever G ⊆ U is open

‖δV‖(G) = sup
{
δV(g) : spt(g) ⊆ G and |g| ≤ 1

}

• If ‖δV‖ is Radon, then

δV(g) = −
´
g(x) • h(V , x)d‖V‖(x)

+
´
g(x) • η(V , x)d‖δV‖sing(x) ,

where
• η(V , ·) : Rn → Sn−1 “unit normal at the boundary”,
• h(V , ·) : Rn → Rn “mean curvature vector”,
• ‖δV‖sing “boundary measure”.



The first variation of a varifold

• If g ∈ C∞c (U,Rn), then

δV(g) =
´
Dg(x) • S\ dV(x,S) =

´
divS g(x)dV(x,S) .

• Total variation: largest Borel regular measure ‖δV‖
on U such that whenever G ⊆ U is open

‖δV‖(G) = sup
{
δV(g) : spt(g) ⊆ G and |g| ≤ 1

}
• If ‖δV‖ is Radon, then

δV(g) = −
´
g(x) • h(V , x)d‖V‖(x)

+
´
g(x) • η(V , x)d‖δV‖sing(x) ,

where
• η(V , ·) : Rn → Sn−1 “unit normal at the boundary”,
• h(V , ·) : Rn → Rn “mean curvature vector”,
• ‖δV‖sing “boundary measure”.



Minimal surfaces

Definition
V is called stationary if δV = 0, i.e.,

‖δV‖sing = 0 and h(V , ·) ≡ 0 .

Example
• If E ∈ G(n,m), then v(E) is stationary.
• If E ⊆ R3 is a minimal surface (e.g. a catenoid), then

v(E) is stationary.
• If α, β ∈ (0,∞) and V1,V2 ∈ Vm(U) are stationary, then
αV1 + βV2 is stationary as well.



Compactness for integral varifolds

Theorem (Almgren (1965))
Let G1,G2, . . . be open subsets of Rn such that

⋃
iGi = Rn and

M1,M2, . . . be real numbers. Then{
V ∈ IVm(Rn) : (‖V‖+ ‖δV‖)(Gi) ≤Mi

}
is compact in IVm(Rn) with respect to weak convergence.

Remark
The important thing is that the limit varifolds are still
integral.



A rough analogy

Sobolev maps ∼ limits of smooth maps

integral varifolds ∼ limits of smooth manifolds

varifolds ≈ currents without orientation



The regularity result of Allard

Theorem (Allard, Ann. of Math. (1972))
If V ∈ Vm(U), m < p <∞,

‖δV‖sing = 0 and h(V , ·) ∈ Lp
loc(‖V‖,R

n) ,

then there exists an open set G ⊆ U such that
• regV := spt ‖V‖ ∩G is dense in spt ‖V‖ ∩U and
• regV is an embedded C 1,α submanifold of Rn, where
α = 1−m/p.

Example
• C ⊆ R a “thick” Cantor set, i.e., having L1(C) > 0,
• f : C∞(R) such that C =

{
x : f (x) = 0

}
(“a smooth distance function”),

• V = v(graph f ) + v(R × {0}).
Then h(V , ·) ∈ L∞loc but singV = C; hence, H1(singV) > 0.
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The tilt and height excess

Let T ∈ G(n,m), a ∈ Rn, 0 < r <∞. Define

tilt2(a, r,T) =
(
r−m
´

B(a, r)×G(n,m)‖S\ − T\‖2 dV(z,S)
)1/2

,

height2(a, r,T) =
(
r−m
´

B(a, r)|T
⊥
\ z|2 d‖V‖(z)

)1/2
.

Remark
If V = v(graphu) for some u ∈ C 1(T,T⊥), u(0) = 0,
Du(0) = 0, then

tilt2(0, r,T) ∼
(
r−m
´
T∩B(0, r)|Du(z)|2 dz

)1/2
,

height2(0, r,T) ∼
(
r−m
´
T∩B(0, r)|u(z)|2 dz

)1/2
.



The tilt and height excess

Let T ∈ G(n,m), a ∈ Rn, 0 < r <∞. Define

tilt2(a, r,T) =
(
r−m
´

B(a, r)×G(n,m)‖S\ − T\‖2 dV(z,S)
)1/2

,

height2(a, r,T) =
(
r−m
´

B(a, r)|T
⊥
\ z|2 d‖V‖(z)

)1/2
.

Remark
If V = v(graphu) for some u ∈ C 1(T,T⊥), u(0) = 0,
Du(0) = 0, then

tilt2(0, r,T) ∼
(
r−m
´
T∩B(0, r)|Du(z)|2 dz

)1/2
,

height2(0, r,T) ∼
(
r−m
´
T∩B(0, r)|u(z)|2 dz

)1/2
.



Regularity question

Suppose V ∈ IVm(Rn), ‖δV‖ is a Radon measure,

h(V , ·) ∈ Lp
loc and ‖δV‖sing = 0 .

For which 0 < α ≤ 1 (depending on m and p)

lim sup
r↓0

r−α tilt2(a, r,T) <∞

for V almost all (a,T)?

Related PDE question:
Suppose u ∈W1,1(Ω) and ∆u = f ∈ Lp. For which 0 < α ≤ 1

lim sup
r↓0

r−α
(
r−m
´

B(x, r)|Du(z)−Du(x)|2 dz
)1/2

<∞

for Lm almost all x ∈ Ω?
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Known tilt excess decay rates

V ∈ IVm(Rn), h(V , ·) ∈ Lp
loc, ‖δV‖sing = 0. For which 0 < α ≤ 1

lim supr↓0 r−α tilt2(a, r,T) <∞

for V almost all (a,T)?

(Schätzle, Ann. Sc. Norm. Super. Pisa Cl. Sci. (2004))

p > m ,p ≥ 2 ⇒ α = 1 ,

(Menne, J. Geom. Anal. (2013), Arch. Ration. Mech. Anal. (2012))

m > 2 ⇒ α = min
{
1 , mp

2(m−p)

} [
borderline p =

2m
m + 2

]
,

m = 2 ,p > 1 ⇒ α = 1 ,
m = 2 ,p = 1 ⇒ α ∈ (0,1) ,

←− no precise rate!

m = 1 ,p ≥ 1 ⇒ α = 1 .
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Sharp result for the case m = 2 and p = 1

Theorem (K. & Menne (2015); arXiv:1501.07037)
Suppose V ∈ IV2(Rn) (m = 2) and
‖δV‖ is a Radon measure (p = 1). Then

lim
r↓0

r−1 log(1/r)−1/2 tilt2(a, r,T) = 0

for V almost all (a,T).
Moreover, for any modulus of continuity ω : R → R+, there
exists V ∈ IV2(R3) such that

lim
r↓0

r−1 log(1/r)−1/2ω(r)−1 tilt2(a, r,T) > 0

for (a,T) in a set of positive V measure.



An analogue result in PDE

Proposition
Suppose a ∈ R2 (m = 2), r > 0, and u ∈W1,1

0 (U(a, r)) is such
that ∆u = f ∈ L1 (p = 1). Then for L2 almost all b ∈ U(a, r)
there holds

lim sup
s↓0

s−2‖Du(·)−Du(b)‖(2,∞);U(b, s) <∞ .

Remark
If |Du| is additionally bounded then one obtains

lim sup
s↓0

s−2 log(1/r)−1/2‖Du(·)−Du(b)‖2;U(b, s) <∞

for L2 almost all b ∈ U(a, r).
Recall: |Du(·)−Du(b)| ∼ ‖S\ − T\‖ ≤ 1



An analogue result in PDE

Proposition
Suppose a ∈ R2 (m = 2), r > 0, and u ∈W1,1

0 (U(a, r)) is such
that ∆u = f ∈ L1 (p = 1). Then for L2 almost all b ∈ U(a, r)
there holds

lim sup
s↓0

s−2‖Du(·)−Du(b)‖(2,∞);U(b, s) <∞ .

Remark
If |Du| is additionally bounded then one obtains

lim sup
s↓0

s−2 log(1/r)−1/2‖Du(·)−Du(b)‖2;U(b, s) <∞

for L2 almost all b ∈ U(a, r).

Recall: |Du(·)−Du(b)| ∼ ‖S\ − T\‖ ≤ 1



An analogue result in PDE

Proposition
Suppose a ∈ R2 (m = 2), r > 0, and u ∈W1,1

0 (U(a, r)) is such
that ∆u = f ∈ L1 (p = 1). Then for L2 almost all b ∈ U(a, r)
there holds

lim sup
s↓0

s−2‖Du(·)−Du(b)‖(2,∞);U(b, s) <∞ .

Remark
If |Du| is additionally bounded then one obtains

lim sup
s↓0

s−2 log(1/r)−1/2‖Du(·)−Du(b)‖2;U(b, s) <∞

for L2 almost all b ∈ U(a, r).
Recall: |Du(·)−Du(b)| ∼ ‖S\ − T\‖ ≤ 1



Proof of the remark: passage from L2,∞ to L2

Assume U ⊆ R2 is open, and L2(U) = 1, and f ∈ L∞(U), and
‖f ‖∞;U = 1. Set A = ‖f ‖(2,∞);U . Then

‖f ‖22;U =
´
U∩{x : |f (x)|≤A}|f |

2 dL2 + 2
´ 1
A tL

2(U ∩ {x : |f (x)| > t})dL1t

≤ A + 2A
´ 1
A t
−1 dL1t

= A (1 + 2 ln(1/A)) = ‖f ‖(2,∞);U
(
1 + 2 ln(‖f ‖−1(2,∞);U)

)
.

Corollary
Whenever x ∈ U and

lim sup
r→0+

r−2‖f ‖(2,∞);B(x, r) <∞ ,

then
lim sup
r→0+

r−2 log(1/r)−1/2‖f ‖2;B(x, r) <∞ .
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Plan of the PDE proof

Setup: u ∈W1,∞
0 (R2) and ∆u = f ∈ L1 and a ∈ R2, r > 0.

Goal: lim sups↓0 s−2 log(1/r)−1/2‖Du(·)−Du(b)‖2;U(b, s) <∞.

1 Derive a coercive estimate

4r−2
´

B(a, r/2)|Du|2 dL2

≤ Cλ
(
r−2‖f ‖1;B(a, r)‖u‖r−2Φ;B(a, r)

)
+ Cr−4‖u‖22;B(a, r) ,

2
3 Use C 2 rectifiability of u:

There exist C 2 functions vi such that if
Ai = {x : u(x) = vi(x)}, then L2

(
R2∼

⋃
i∈N Ai

)
= 0.
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Sharp result for the case m = 2 and p = 1

Theorem (K. & Menne (2015); arXiv:1501.07037)
Suppose V ∈ IV2(Rn) and ‖δV‖ is a Radon measure. Then

lim
r↓0

r−1 log(1/r)−1/2 tilt2(a, r,T) = 0

for V almost all (a,T).



Plan of the varifold proof
Setup: V ∈ IV2(Rn), h(V , ·) ∈ L1

loc, a ∈ Rn, r > 0, T ∈ G(n, 2).
Goal: limr↓0 r−1 log(1/r)−1/2 tilt2(a, r,T) <∞.
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⊥
\ z|2 d‖V‖(z)

)1/2
.

Recall the PDE case:
4r−2´

B(a, r/2)|Du|2 dL2 ≤ Cλ
(
r−2‖f ‖1;B(a, r)‖u‖r−2Φ;B(a, r)

)
+ Cr−4‖u‖22;B(a, r) ,

2 Use Lipschitz approximation:
3 Apply interpolation inequalities:

r−2/q‖f ‖q;U(a, r) ≤ C
(
q1/2‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
‖f ‖r−2Φ;U(a, r) ≤ C

(
‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
.

4 Use C 2 rectifiability of V : (Menne, J. Geom. Anal. (2011))
Suppose V ∈ IVm(U) and ‖δV‖ is a Radon measure. Then there
exists a countable collection C of m-dimensional submanifolds of U of
class C 2 such that ‖V‖(U ∼

⋃
C) = 0.



Plan of the varifold proof
Setup: V ∈ IV2(Rn), h(V , ·) ∈ L1

loc, a ∈ Rn, r > 0, T ∈ G(n, 2).
Goal: limr↓0 r−1 log(1/r)−1/2 tilt2(a, r,T) <∞.

1 Derive a coercive estimate:
tilt2(a, r/2)2 ≤ Cr−2‖δV‖B(a, 4r)2

+ Cλ
(
heightΦ(G,a, r)r−2‖δV‖B(a, 4r)

)
+ Cr−2 height2(G,a, r)

2 ,

2 Use multivalued Lipschitz approximation:
There exists a set of good points X ⊆ B(a, r) ∩ T and a 1-Lipschitz
function f̃ : X → QQ(Rn−m) such that if

η := ‖δV‖B(a, r)2 + r2 tilt2(B(a, r), r)2 ,
then

• the Q-graph of f̃ is a subset of the support of V ;
• the L2 measure of the bad set “downstairs”, i.e.,
L2(B(a, r) ∩ T ∼X) is controlled by good terms η;

• the ‖V‖ measure of the bad set “upstairs”, i.e.,
‖V‖(B(a, r)∼(X × T⊥)) is controlled by η as well;

• the L2 norm of Df̃ is also controlled by η;
• the height excess on the set G is controlled by f̃ plus η.

Recall: G =
{
z ∈ spt ‖V‖ : ‖V‖B(z, s) ≥ δs2

}
3 Apply interpolation inequalities:

r−2/q‖f ‖q;U(a, r) ≤ C
(
q1/2‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
‖f ‖r−2Φ;U(a, r) ≤ C

(
‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
.

4 Use C 2 rectifiability of V : (Menne, J. Geom. Anal. (2011))
Suppose V ∈ IVm(U) and ‖δV‖ is a Radon measure. Then there
exists a countable collection C of m-dimensional submanifolds of U of
class C 2 such that ‖V‖(U ∼

⋃
C) = 0.



Plan of the varifold proof
Setup: V ∈ IV2(Rn), h(V , ·) ∈ L1

loc, a ∈ Rn, r > 0, T ∈ G(n, 2).
Goal: limr↓0 r−1 log(1/r)−1/2 tilt2(a, r,T) <∞.

1 Derive a coercive estimate:
tilt2(a, r/2)2 ≤ Cr−2‖δV‖B(a, 4r)2

+ Cλ
(
heightΦ(G,a, r)r−2‖δV‖B(a, 4r)

)
+ Cr−2 height2(G,a, r)

2 ,

2 Use multivalued Lipschitz approximation:
There exists a set of good points X ⊆ B(a, r) ∩ T and a 1-Lipschitz
function f̃ : X → QQ(Rn−m) such that if

η := ‖δV‖B(a, r)2 + r2 tilt2(B(a, r), r)2 ,
then
• the Q-graph of f̃ is a subset of the support of V ;

• the L2 measure of the bad set “downstairs”, i.e.,
L2(B(a, r) ∩ T ∼X) is controlled by good terms η;

• the ‖V‖ measure of the bad set “upstairs”, i.e.,
‖V‖(B(a, r)∼(X × T⊥)) is controlled by η as well;

• the L2 norm of Df̃ is also controlled by η;
• the height excess on the set G is controlled by f̃ plus η.

Recall: G =
{
z ∈ spt ‖V‖ : ‖V‖B(z, s) ≥ δs2

}
3 Apply interpolation inequalities:

r−2/q‖f ‖q;U(a, r) ≤ C
(
q1/2‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
‖f ‖r−2Φ;U(a, r) ≤ C

(
‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
.

4 Use C 2 rectifiability of V : (Menne, J. Geom. Anal. (2011))
Suppose V ∈ IVm(U) and ‖δV‖ is a Radon measure. Then there
exists a countable collection C of m-dimensional submanifolds of U of
class C 2 such that ‖V‖(U ∼

⋃
C) = 0.



Plan of the varifold proof
Setup: V ∈ IV2(Rn), h(V , ·) ∈ L1

loc, a ∈ Rn, r > 0, T ∈ G(n, 2).
Goal: limr↓0 r−1 log(1/r)−1/2 tilt2(a, r,T) <∞.

1 Derive a coercive estimate:
tilt2(a, r/2)2 ≤ Cr−2‖δV‖B(a, 4r)2

+ Cλ
(
heightΦ(G,a, r)r−2‖δV‖B(a, 4r)

)
+ Cr−2 height2(G,a, r)

2 ,

2 Use multivalued Lipschitz approximation:
There exists a set of good points X ⊆ B(a, r) ∩ T and a 1-Lipschitz
function f̃ : X → QQ(Rn−m) such that if

η := ‖δV‖B(a, r)2 + r2 tilt2(B(a, r), r)2 ,
then
• the Q-graph of f̃ is a subset of the support of V ;
• the L2 measure of the bad set “downstairs”, i.e.,
L2(B(a, r) ∩ T ∼X) is controlled by good terms η;

• the ‖V‖ measure of the bad set “upstairs”, i.e.,
‖V‖(B(a, r)∼(X × T⊥)) is controlled by η as well;

• the L2 norm of Df̃ is also controlled by η;
• the height excess on the set G is controlled by f̃ plus η.

Recall: G =
{
z ∈ spt ‖V‖ : ‖V‖B(z, s) ≥ δs2

}
3 Apply interpolation inequalities:

r−2/q‖f ‖q;U(a, r) ≤ C
(
q1/2‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
‖f ‖r−2Φ;U(a, r) ≤ C

(
‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
.

4 Use C 2 rectifiability of V : (Menne, J. Geom. Anal. (2011))
Suppose V ∈ IVm(U) and ‖δV‖ is a Radon measure. Then there
exists a countable collection C of m-dimensional submanifolds of U of
class C 2 such that ‖V‖(U ∼

⋃
C) = 0.



Plan of the varifold proof
Setup: V ∈ IV2(Rn), h(V , ·) ∈ L1

loc, a ∈ Rn, r > 0, T ∈ G(n, 2).
Goal: limr↓0 r−1 log(1/r)−1/2 tilt2(a, r,T) <∞.

1 Derive a coercive estimate:
tilt2(a, r/2)2 ≤ Cr−2‖δV‖B(a, 4r)2

+ Cλ
(
heightΦ(G,a, r)r−2‖δV‖B(a, 4r)

)
+ Cr−2 height2(G,a, r)

2 ,

2 Use multivalued Lipschitz approximation:
There exists a set of good points X ⊆ B(a, r) ∩ T and a 1-Lipschitz
function f̃ : X → QQ(Rn−m) such that if

η := ‖δV‖B(a, r)2 + r2 tilt2(B(a, r), r)2 ,
then
• the Q-graph of f̃ is a subset of the support of V ;
• the L2 measure of the bad set “downstairs”, i.e.,
L2(B(a, r) ∩ T ∼X) is controlled by good terms η;

• the ‖V‖ measure of the bad set “upstairs”, i.e.,
‖V‖(B(a, r)∼(X × T⊥)) is controlled by η as well;

• the L2 norm of Df̃ is also controlled by η;
• the height excess on the set G is controlled by f̃ plus η.

Recall: G =
{
z ∈ spt ‖V‖ : ‖V‖B(z, s) ≥ δs2

}
3 Apply interpolation inequalities:

r−2/q‖f ‖q;U(a, r) ≤ C
(
q1/2‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
‖f ‖r−2Φ;U(a, r) ≤ C

(
‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
.

4 Use C 2 rectifiability of V : (Menne, J. Geom. Anal. (2011))
Suppose V ∈ IVm(U) and ‖δV‖ is a Radon measure. Then there
exists a countable collection C of m-dimensional submanifolds of U of
class C 2 such that ‖V‖(U ∼

⋃
C) = 0.



Plan of the varifold proof
Setup: V ∈ IV2(Rn), h(V , ·) ∈ L1

loc, a ∈ Rn, r > 0, T ∈ G(n, 2).
Goal: limr↓0 r−1 log(1/r)−1/2 tilt2(a, r,T) <∞.

1 Derive a coercive estimate:
tilt2(a, r/2)2 ≤ Cr−2‖δV‖B(a, 4r)2

+ Cλ
(
heightΦ(G,a, r)r−2‖δV‖B(a, 4r)

)
+ Cr−2 height2(G,a, r)

2 ,

2 Use multivalued Lipschitz approximation:
There exists a set of good points X ⊆ B(a, r) ∩ T and a 1-Lipschitz
function f̃ : X → QQ(Rn−m) such that if

η := ‖δV‖B(a, r)2 + r2 tilt2(B(a, r), r)2 ,
then
• the Q-graph of f̃ is a subset of the support of V ;
• the L2 measure of the bad set “downstairs”, i.e.,
L2(B(a, r) ∩ T ∼X) is controlled by good terms η;

• the ‖V‖ measure of the bad set “upstairs”, i.e.,
‖V‖(B(a, r)∼(X × T⊥)) is controlled by η as well;

• the L2 norm of Df̃ is also controlled by η;

• the height excess on the set G is controlled by f̃ plus η.
Recall: G =

{
z ∈ spt ‖V‖ : ‖V‖B(z, s) ≥ δs2

}
3 Apply interpolation inequalities:

r−2/q‖f ‖q;U(a, r) ≤ C
(
q1/2‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
‖f ‖r−2Φ;U(a, r) ≤ C

(
‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
.

4 Use C 2 rectifiability of V : (Menne, J. Geom. Anal. (2011))
Suppose V ∈ IVm(U) and ‖δV‖ is a Radon measure. Then there
exists a countable collection C of m-dimensional submanifolds of U of
class C 2 such that ‖V‖(U ∼

⋃
C) = 0.



Plan of the varifold proof
Setup: V ∈ IV2(Rn), h(V , ·) ∈ L1

loc, a ∈ Rn, r > 0, T ∈ G(n, 2).
Goal: limr↓0 r−1 log(1/r)−1/2 tilt2(a, r,T) <∞.

1 Derive a coercive estimate:
tilt2(a, r/2)2 ≤ Cr−2‖δV‖B(a, 4r)2

+ Cλ
(
heightΦ(G,a, r)r−2‖δV‖B(a, 4r)

)
+ Cr−2 height2(G,a, r)

2 ,

2 Use multivalued Lipschitz approximation:
There exists a set of good points X ⊆ B(a, r) ∩ T and a 1-Lipschitz
function f̃ : X → QQ(Rn−m) such that if

η := ‖δV‖B(a, r)2 + r2 tilt2(B(a, r), r)2 ,
then
• the Q-graph of f̃ is a subset of the support of V ;
• the L2 measure of the bad set “downstairs”, i.e.,
L2(B(a, r) ∩ T ∼X) is controlled by good terms η;

• the ‖V‖ measure of the bad set “upstairs”, i.e.,
‖V‖(B(a, r)∼(X × T⊥)) is controlled by η as well;

• the L2 norm of Df̃ is also controlled by η;
• the height excess on the set G is controlled by f̃ plus η.

Recall: G =
{
z ∈ spt ‖V‖ : ‖V‖B(z, s) ≥ δs2

}

3 Apply interpolation inequalities:
r−2/q‖f ‖q;U(a, r) ≤ C

(
q1/2‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
‖f ‖r−2Φ;U(a, r) ≤ C

(
‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
.

4 Use C 2 rectifiability of V : (Menne, J. Geom. Anal. (2011))
Suppose V ∈ IVm(U) and ‖δV‖ is a Radon measure. Then there
exists a countable collection C of m-dimensional submanifolds of U of
class C 2 such that ‖V‖(U ∼

⋃
C) = 0.



Plan of the varifold proof
Setup: V ∈ IV2(Rn), h(V , ·) ∈ L1

loc, a ∈ Rn, r > 0, T ∈ G(n, 2).
Goal: limr↓0 r−1 log(1/r)−1/2 tilt2(a, r,T) <∞.

1 Derive a coercive estimate:
tilt2(a, r/2)2 ≤ Cr−2‖δV‖B(a, 4r)2

+ Cλ
(
heightΦ(G,a, r)r−2‖δV‖B(a, 4r)

)
+ Cr−2 height2(G,a, r)

2 ,

2 Use Lipschitz approximation:
Set f (x) = max

{
|z| : z ∈ f̃ (x)

}
.

Assume that Q ∈ N, a ∈ spt ‖V‖, T ∈ G(n, 2), 0 < r <∞. There
exists Γ > 1 such that if

‖V‖B(a, r) ≈ Qπr2,
η := ‖δV‖B(a, r)2 + r2 tilt2(B(a, r), r)2 ≤ Γ−1r2,

then there exists a Borel set X ⊆ B(a, r) ∩ T and a function
f : X → R, such that Lip f ≤ 1 and

L2(B(a, r) ∩ T ∼X) + ‖V‖(B(a, r)∼(X × T⊥)) ≤ Γη

height2(G,a, r) ≤ Γr(‖f ‖2,X + η)

heightΦ(G,a, r) ≤ Γ(‖f ‖r−2Φ,X + η1/2)

‖f ‖2,X ≤ Γ(height2(X × T⊥, r))

‖Df ‖2,X ≤ Γη1/2

3 Apply interpolation inequalities:
r−2/q‖f ‖q;U(a, r) ≤ C

(
q1/2‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
‖f ‖r−2Φ;U(a, r) ≤ C

(
‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
.

4 Use C 2 rectifiability of V : (Menne, J. Geom. Anal. (2011))
Suppose V ∈ IVm(U) and ‖δV‖ is a Radon measure. Then there
exists a countable collection C of m-dimensional submanifolds of U of
class C 2 such that ‖V‖(U ∼

⋃
C) = 0.



Plan of the varifold proof
Setup: V ∈ IV2(Rn), h(V , ·) ∈ L1

loc, a ∈ Rn, r > 0, T ∈ G(n, 2).
Goal: limr↓0 r−1 log(1/r)−1/2 tilt2(a, r,T) <∞.

1 Derive a coercive estimate:
tilt2(a, r/2)2 ≤ Cr−2‖δV‖B(a, 4r)2

+ Cλ
(
heightΦ(G,a, r)r−2‖δV‖B(a, 4r)

)
+ Cr−2 height2(G,a, r)

2 ,

2 Use Lipschitz approximation:
η := ‖δV‖B(a, r)2 + r2 tilt2(B(a, r), r)2 ,

L2(B(a, r) ∩ T ∼X) + ‖V‖(B(a, r)∼(X × T⊥)) ≤ Γη ,
height2(G,a, r) ≤ Γr(‖f ‖2,X + η) ,

heightΦ(G,a, r) ≤ Γ(‖f ‖r−2Φ,X + η1/2) ,
‖f ‖2,X ≤ Γ(height2(X × T⊥, r)) , ‖Df ‖2,X ≤ Γη1/2 .

3 Apply interpolation inequalities:
r−2/q‖f ‖q;U(a, r) ≤ C

(
q1/2‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
‖f ‖r−2Φ;U(a, r) ≤ C

(
‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
.

4 Use C 2 rectifiability of V : (Menne, J. Geom. Anal. (2011))
Suppose V ∈ IVm(U) and ‖δV‖ is a Radon measure. Then there
exists a countable collection C of m-dimensional submanifolds of U of
class C 2 such that ‖V‖(U ∼

⋃
C) = 0.



Plan of the varifold proof
Setup: V ∈ IV2(Rn), h(V , ·) ∈ L1

loc, a ∈ Rn, r > 0, T ∈ G(n, 2).
Goal: limr↓0 r−1 log(1/r)−1/2 tilt2(a, r,T) <∞.

1 Derive a coercive estimate:
tilt2(a, r/2)2 ≤ Cr−2‖δV‖B(a, 4r)2

+ Cλ
(
heightΦ(G,a, r)r−2‖δV‖B(a, 4r)

)
+ Cr−2 height2(G,a, r)

2 ,

2 Use Lipschitz approximation:
η := ‖δV‖B(a, r)2 + r2 tilt2(B(a, r), r)2 ,

L2(B(a, r) ∩ T ∼X) + ‖V‖(B(a, r)∼(X × T⊥)) ≤ Γη ,
height2(G,a, r) ≤ Γr(‖f ‖2,X + η) ,

heightΦ(G,a, r) ≤ Γ(‖f ‖r−2Φ,X + η1/2) ,
‖f ‖2,X ≤ Γ(height2(X × T⊥, r)) , ‖Df ‖2,X ≤ Γη1/2 .

3 Apply interpolation inequalities:
r−2/q‖f ‖q;U(a, r) ≤ C

(
q1/2‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
‖f ‖r−2Φ;U(a, r) ≤ C

(
‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
.

4 Use C 2 rectifiability of V : (Menne, J. Geom. Anal. (2011))
Suppose V ∈ IVm(U) and ‖δV‖ is a Radon measure. Then there
exists a countable collection C of m-dimensional submanifolds of U of
class C 2 such that ‖V‖(U ∼

⋃
C) = 0.



Plan of the varifold proof
Setup: V ∈ IV2(Rn), h(V , ·) ∈ L1

loc, a ∈ Rn, r > 0, T ∈ G(n, 2).
Goal: limr↓0 r−1 log(1/r)−1/2 tilt2(a, r,T) <∞.

1 Derive a coercive estimate:
tilt2(a, r/2)2 ≤ Cr−2‖δV‖B(a, 4r)2

+ Cλ
(
heightΦ(G,a, r)r−2‖δV‖B(a, 4r)

)
+ Cr−2 height2(G,a, r)

2 ,

2 Use Lipschitz approximation:
η := ‖δV‖B(a, r)2 + r2 tilt2(B(a, r), r)2 ,

L2(B(a, r) ∩ T ∼X) + ‖V‖(B(a, r)∼(X × T⊥)) ≤ Γη ,
height2(G,a, r) ≤ Γr(‖f ‖2,X + η) ,

heightΦ(G,a, r) ≤ Γ(‖f ‖r−2Φ,X + η1/2) ,
‖f ‖2,X ≤ Γ(height2(X × T⊥, r)) , ‖Df ‖2,X ≤ Γη1/2 .

3 Apply interpolation inequalities:
r−2/q‖f ‖q;U(a, r) ≤ C

(
q1/2‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
‖f ‖r−2Φ;U(a, r) ≤ C

(
‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
.

4 Use C 2 rectifiability of V : (Menne, J. Geom. Anal. (2011))
Suppose V ∈ IVm(U) and ‖δV‖ is a Radon measure. Then there
exists a countable collection C of m-dimensional submanifolds of U of
class C 2 such that ‖V‖(U ∼

⋃
C) = 0.



Plan of the varifold proof
Setup: V ∈ IV2(Rn), h(V , ·) ∈ L1

loc, a ∈ Rn, r > 0, T ∈ G(n, 2).
Goal: limr↓0 r−1 log(1/r)−1/2 tilt2(a, r,T) <∞.

1 Derive a coercive estimate:
tilt2(a, r/2)2 ≤ Cr−2‖δV‖B(a, 4r)2

+ Cλ
(
heightΦ(G,a, r)r−2‖δV‖B(a, 4r)

)
+ Cr−2 height2(G,a, r)

2 ,

2 Use Lipschitz approximation:
η := ‖δV‖B(a, r)2 + r2 tilt2(B(a, r), r)2 ,

L2(B(a, r) ∩ T ∼X) + ‖V‖(B(a, r)∼(X × T⊥)) ≤ Γη ,
height2(G,a, r) ≤ Γr(‖f ‖2,X + η) ,

heightΦ(G,a, r) ≤ Γ(‖f ‖r−2Φ,X + η1/2) ,
‖f ‖2,X ≤ Γ(height2(X × T⊥, r)) , ‖Df ‖2,X ≤ Γη1/2 .

3 Apply interpolation inequalities:
r−2/q‖f ‖q;U(a, r) ≤ C

(
q1/2‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
‖f ‖r−2Φ;U(a, r) ≤ C

(
‖Df ‖2;U(a, r) + r−1‖f ‖2;A

)
.

4 Use C 2 rectifiability of V : (Menne, J. Geom. Anal. (2011))
Suppose V ∈ IVm(U) and ‖δV‖ is a Radon measure. Then there
exists a countable collection C of m-dimensional submanifolds of U of
class C 2 such that ‖V‖(U ∼

⋃
C) = 0.



Thank you for your attention.
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