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Classical formulations of the problem

Reifenberg’s (co)homological spanning

B Ď Rn a compact set , G an abelian group ,
ȞkpB;Gq the kth Čech homology group ,
Hk
pBq the k dimensional Haudorff measure ,

Problem. Let L be a subgroup of Ȟm´1pB;Gq. Min-
imize HmpSq among compact subsets S of Rn such
that the composition of maps

L ãÑ Ȟm´1pB;Gq
i˚
ÝÑ Ȟm´1pS YB;Gq

equals zero, where i˚ is induced by the inclusion map
i : B ãÑ S YB.

Problem. Let L be a subgroup of Ȟm´1pB;Gq. Min-
imize HmpSq among compact subsets S of Rn such
that the composition of maps

Ȟm´1
pS YB;Gq

i˚
ÝÑ Ȟm´1

pB;Gq� Ȟm´1
pB;Gq{L

equals zero, where i˚ is induced by the inclusion map
i : B ãÑ S YB.

See:

• E. R. Reifenberg and J. F. Adams, Acta Math., 1960

• F. Almgren, Ann. of Math., 1968

Currents of Federer and Fleming

IkpR
n
q k dimensional integral currents,

S P IkpR
n
q ñ Spφq “

ż

E

xτpxq, φpxqy θpxq dHk
pxq ,

MasspSq “

ż

E

θpxq dHk
pxq ,

SizepSq “ Hk
ptx P E : θpxq ‰ 0uq ,

B P Im´1pR
n
q , BBpφq “ Bpdφq “ 0 .

Problem (Mass minimizers).
Minimize MasspSq among S P ImpRnq satisfying

BS “ B .

Problem (Size minimizers – unsolved).
Minimize SizepSq among S P ImpRnq satisfying

BS “ B .

See:

• H. Federer and W. Fleming, Ann. of Math., 1960

Drawbacks

Solutions of the Plateau’s problem should
model the behaviour of soap films!

•Mass minimizers do not minimize measure.
•Mass minimizers are smooth everywhere and can-

not model soap films with singularities.
• Choice of orientation (currents, homology).
• Choice of the coefficient group restricts the set of

competitors (currents, homology).
• Reifenberg’s solution only for compact groups.

See:

• G. David, Should we solve Plateau’s problem again?, in Advances in anal-
ysis: the legacy of Elias M. Stein, 108–145, Princeton Math. Ser., 50,
Princeton Univ. Press, Princeton, NJ, 2014

• J. Harrison, H. Pugh, Plateau’s Problem: What’s Next, arXiv:1509.03797,
2015

• J. Harrison and H. Pugh. Plateau’s problem. In Open problems in mathe-
matics, 273–302. Springer, [Cham], 2016

New formulations of the problem

Spanning in terms of linking numbers

B Ď Rn a compact set ,
CB “

 

γ : Sn´m ãÑ Rn
„B : γ a smooth embedding

(

,

C Ď CB ,
if γ P C and rγ P CB is smoothly isotopic to γ, then rγ P C ,

FpB, Cq “
"

K Ď Rn :
K compact pHm,mq rectifiable
K X im γ ‰ ∅ for γ P C

*

.

Example. If B is an orientable pm ´ 1q dimensional
manifold, then we can take

C “ tγ P CB : lkpim γ,Bq “ 1u .

Problem. Minimize HmpSq among S P FpB, Cq.

See:

• J. Harrison and H. Pugh, J. Geom. Anal., 2012

• C. De Lellis, F. Ghiraldin, F. Maggi, J. Eur. Math. Soc. (JEMS), 2017

• G. De Philippis, A. De Rosa, F. Ghiraldin, Adv. Math., 2016

Sliding deformations and sliding minimizers

B,K0 Ď Rn compact sets ,

ΣpBq “

$

’

&

’

%

Φp1, ¨q :

Φ : r0, 1s ˆRn
Ñ Rn continuous ,

Φp0, ¨q “ idRn , Lip Φp1, ¨q ă 8 ,

Φpt, ¨qrBs Ď B for t P r0, 1s

,

/

.

/

-

,

ApB,Kq “
 

ϕrK0s : ϕ P ΣpBq
(

Problem (partially solved).
Minimize HmpSq among S P ApB,K0q.

Remark. One can find K Ď Rn satisfying

inftHm
pSq : S P ApB,K0qu “ Hm

pKq

“ inftHm
pSq : S P ApB,Kqu ,

but it is not known whether K P ApB,K0q.

See:

• G. David, Princeton Math. Ser., 2014

• G. De Philippis, A. De Rosa, F. Ghiraldin, Adv. Math., 2016

• C. De Lellis, F. Ghiraldin, F. Maggi, J. Eur. Math. Soc. (JEMS), 2017

A unifying approach

Let B Ď Rn be compact.

• Define the class of competitors PpBq axiomatically
without referring to any particular notion of bound-
ary or spanning.

• Consider general elliptic functionals Φ instead of
the Hausdorff measure Hm.

•Minimize ΦpSq among S P PpBq.

Remark. Usually the class PpBq is assumed to be
closed under certain deformations (like sliding defor-
mations).

See:

• C. De Lellis, F. Ghiraldin, F. Maggi, J. Eur. Math. Soc. (JEMS), 2017

• G. De Philippis, A. De Rosa, F. Ghiraldin, Adv. Math., 2016

• C. De Lellis, A. De Rosa, F. Ghiraldin, arXiv:1602.08757, 2016

• J. Harrison and H. Pugh, arXiv:1603.04492, 2016

• Y. Fang. Existence of minimizers for the Reifenberg plateau problem. Ann.
Sc. Norm. Super. Pisa Cl. Sci. (5), 16(3):817–844, 2016

Elliptic integrands and a generalized Plateau
problem

Elliptic integrands

F : Rn
ˆGpn,mq Ñ p0,8q continuous ,

S “ Sreg Y Sirr Ď Rn compact with Hm
pSq ă 8 ,

ΦF pSq “

ż

Sreg

F px,TanpSreg, xqq dHm
pxq `Hm

pSirrq ,

x P Rn
ñ F x

py, T q “ F px, T q .

Definition (F. Almgren, Ann. of Math., 1968). We say that F is
elliptic at x P Rn if: there exists C ą 0 such that given
any disc D Ď L lying in an affine m-plane L Ď Rn

and a compact set S Ď Rn which cannot be deformed
onto BD Ď S with an admissible deformation, there
holds

ΦFxpSq ´ ΦFxpDq ě C
`

Hm
pSq ´Hm

pDq
˘

.

Definition. F is bounded if sup imF { inf imF ă 8.

Example. The area integrand : F px, T q “ 1 for px, T q P
Rn ˆGpn,mq. Then ΦF pSq “ HmpSq.

An existence result; see [?]

Let U Ď Rn be open. Let DpUq be the family of defor-
mations which are compositions of a finite number of
maps f : Rn Ñ Rn such that for some ball B Ď U

tx P Rn : fpxq ‰ xu Ď B and f rBs Ď B .

Let C be a family of closed subsets of Rn such that

• if S P C and f P DpUq, then f rSs P C;

• if Si P C and Si
iÑ8
ÝÝÝÑ S locally in U in Hausdorff

distance, then S P C.

Theorem. Let F be a bounded elliptic C 0 integrand.
Assume µ “ inf

 

ΦF pT X Uq : T P C
(

P p0,8q.
There exist S P C and a sequence Si P C such that

• S X U is pHm,mq rectifiable;

• limiÑ8ΦF pSi X Uq “ ΦF pS X Uq “ µ;

• limiÑ8 vpSi X Uq “ vpS X Uq in VmpUq;

• Si
iÑ8
ÝÝÝÑ S locally in U in Hausdorff distance.

An application

Corollary. Suppose B Ď Rn is compact. Let PpBq be
the family of compact sets S Ď Rn which span some
subgroup L Ď Ȟm´1pB;Gq (or L Ď Ȟm´1pB;Gq) in
the sense of Reifenberg. Then there exists a mini-
mizer R P PpBq of ΦF . Moreover, R is compact and
pHm,mq rectifiable.

Remark. If we assumed that DpUq contains only dif-
feomorphisms C 1 isotopic to identity, then we could
apply the theorem also in case PpBq “ FpB, Cq
(spanning defined in terms of linking numbers).
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