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1 Preliminaries

We shall use the notation of Federer; see [Fed69, pp. 669 — 671]. In the sequel n and m shall
denote integers satisfying 1 < m < n.

1.1 Definition. Let f : R™ — R be Z™ measurable. We say that f is of locally bounded
variation, and write f € BVio.(R™), if E™L f € NI°¢(R™).

1.2 Definition (cf. [Fed69, 4.5.10]). Let (Y,d) be a metric space, f : R — Y be ! mea-
surable, —00o < a < b < oo, [ ={t:a <t <b}. We define the essential variation of f on I,
denoted ess Vg f, as the supremum of the set of numbers

> d(f(ty), f(ti))
j=1

corresponding to all finite sequences of points ti,ts,...,t,4+1 of £ approximate continuity
offwitha<t1 <ty <--- <ty <b.

1.3 Definition (cf. [Fed69, 4.5.9(27)]). For i = 1,2,...,m and z € R™ ! we define
Xi,z R—-R", Xi,z(t) = (2’1, ey Zim1, by 2y 7zm—1) .

1.4 Lemma (cf. [Fed69, 4.5.10]). Assume f: R™ — R is £™ measurable and m > 2. Then
f s of locally bounded variation if and only if

/ |f|dZL™ < oo  whenever K C R™ is compact (1)
K
and / ess VO (foxi.)dL™ (z) < o (2)
*7

whenever Z C R™~! is compact, —0o < a < b < oo, and i € {1,2,...,m}.

1.5 Lemma (cf. [Fed69, 2.10.13]). Let Y be a metric space, g : R =Y be continuous. Then

essVZg:/N(gHt:agtSb},y)d%ﬂl(y) whenever —oo < a < b < 00.



1.6 Lemma (cf. [Fed69, 2.10.25]). Let X and Y be metric spaces, f: X — Y be Lipschitz,
ACX,0<k<00,0<I<o00. Then

e (k)e(l)

a(k+1) HEHA)

Ki%ﬂAﬂf4wD¢%Ww<(Mpﬂ

provided either {y : % (ANf~y}) > 0} is a union of countably many sets of finite ' mea-
sure or'Y is boundedly compact.

2 The proof

2.1 Remark. Assume m > 2. Let f: R™ — R be .Z! measurable, F: R™ — R™*! be given
by F(z) = (z, f(x)), and i € {1,2,...,m}, and z € R™ !, Whenever —c0 < s < t < 00 we
have

[foxi(t) = Foxiz(s)] < [Foxia(t) = Foxiz(s)]

= (If o xis(8) = Foxin(s)+ |t — s2) /%

In particular, ess V8(f o Xiz) < ess VY (Fo Xi,z)-

2.2 Theorem. Assume m > 2. Let f : R™ — R"™™ be continuous. Define F' : R™ — R"
by F(x) = (z, f(z)) for x € R™ and let ¥ = im F be the graph of f. Suppose

HAM(ENK) <oo whenever K CR"™ is compact.
Then f € BVipe(R™)"™.

Proof. Since we want to show that each component function of f is in BVj,.(R") we may,
and shall, assume that n —m = 1. According to 1.4 it suffices to check conditions (1) and (2).
Condition (1) is trivially satisfied since f is continuous. We shall check (2).

Let Z C R™ ! be compact, —0o < a <b < oo,andi € {1,2,...,m}.Set J={t:a<t<
b}. According to 2.1 and 1.5 for z € R™~! we have

essVZ(f o Xiz) < esng(F o Xiz) = N(F o xi:|Jy) d%”l(y) = %1(F o Xiz[J]);
Rn

hence,
/ ess Vg(f 0 Xiz) d.,?m_l(z) < / %I(F o Xi,z[/]) dfm_l(z) )
YA Z
Define

bi: R" — Rm_la pl(z) = (Zl"'wziflazl”rl?' . 'azm)a
A@J’Z:Rnﬂ{w:wi € J,pi(w) EZ}.

Then Lipp; =1 and

imFNA;jzNp; 2l =Foxi.lJ] forzeZ.



Therefore, according to 1.6 since ¥ N A; 57 is compact

/ ess Vo(f o xi:) 4271 (2) < / AN (M F 0 Ai gz 0p; ' [2]) A2 (z)
*Z 7
= HNEN A gz Np; ) ALY (2)
Rmfl
a)a(m—1)

=T a(m)

%m(EﬂAi’Jyz)<oo. J

2.3 Corollary. The graph of f is countably (A", m) rectifiable.
Proof. Apply [Fed69, 4.5.9(4)(5)]. O
2.4 Corollary. If F' has the Lusin N property, i.e.,
H"(Z)=0 = H™(F|Z])=0,
then f € W,oH(R™, R*™™).

Proof. Apply [Fed69, 4.5.9(30)]. O
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