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8.9. (Exercise)
Let S,T ∈ G(n, k), R ∈ G(n,m), η, η1, η2 ∈ Hom(S,S⊥)
and Si = {x + ηi(x) ∶ x ∈ S} for i ∈ {1,2}. Then
(1) ∣S♮ − T♮∣2 = 2S♮ ● T ⊥♮ = 2S⊥♮ ● T♮,

(2) ∣S♮ ○R♮∣2 = S♮ ●R♮,

(3) ∥S♮ − T♮∥ = ∥S⊥♮ ○ T♮∥ = ∥S♮ ○ T ⊥♮ ∥,

(4) 2∣T♮ ● (η ○ S♮)∣2 ≤ ∣S♮ − T♮∣2∣η∣2,

(5) ⋆ ∥S1♮ − S2♮∥ ≤ ∥η1 − η2∥,

⋆ (1 − ∥S1♮ − S♮∥2)∥η1 − η2∥2 ≤ (1 + ∥η2∥
2)∥S1♮ − S2♮∥2.

8.14. Lemma. (Exercise)
There exists Γ ∈ (0,∞) such that for all T ∈ G(n, k) and
l, θ ∈ Hom(T,T ⊥), defining L ∈ Hom(T,Rn) by L(x) =

x + l(x), there holds

(θ ○ T♮) ● (imL)♮∣⋀k L∣ − l ● θ ≤ Γ∥θ∥max{∥l∥3, ∥l∥4k−1} .

8.15. Lemma. (Estimates for harmonic functions)
Let T ∈ G(n, k). There exists Γ > 0 such that for any har-
monic function h ∶ T ∩U(0,1) → T ⊥ and y ∈ T ∩U(0, 1

2
)

there holds

max{∣h(0)∣, ∥Dh(0)∥} ≤ Γ(∫
T∩U(0,1)

∣h∣2 dH k
)
1/2

,

∣h(y) − h(0) −Dh(0)y∣ ≤ Γ(∫
T∩U(0,1)

∣h∣2 dH k
)
1/2

∣y∣2 .

Proof of 8.16.
We assume 8.16 is false. Then we are given ε ∈ (0,1) and,
for each i ∈ N, we choose θ ∈ (0, 1

16
), ∆i ∈ (0, 1

14
), and

Mi ∈ (1,∞) so that

2k+1Γ2
8.15(kα(k)/(k + 4))θ2 ≤ θ2(1−k/p)7−k−4 ,(10)

lim
i→∞

∆i = 0 , Mi ≥ Γ8.157(k+2)/2 ,(11)

((2 − ε)α(k)7k)
1/q−1/2

θ(k+2)/2∆i
≤Mi(7θ)

1−k/p .(12)

Using homotheties, scaling, and rotations we obtain se-
quences Vi, ai, ri, Ui, µi, αi such that

(13) Vi ∈ Vk(R
n), ai ∈ spt ∥Vi∥, (Ui)♮ai = 0,

(14)Ui ∈ G(n, k), ∥(Ui)♮ − T♮∥ ≤ ∆i,

(15) µi = (r−k−2 ∫C(Ui,0,7) dist(x,T )2 d∥Vi∥(x))
1/2

≤ ∆i,

(16) αi = (∫C(Ui,0,7) ∣h(Vi, ⋅)∣
p d∥Vi∥)

1/p
∈ [0,∞),

(17) ε ≤ s−k∥Vi∥B(x, s) ≤ (2 − ε)α(k) for s ∈ (0,7) and ∥Vi∥
almost all x ∈ C(Ui,0,7),

(18) 1 ≤ Θk
(∥Vi∥, x) ≤ 1 + ∆i for ∥Vi∥ almost all x ∈

C(Ui,0,7),
and whenever T̃ ∈ G(n, k) and Ã is an affine k-plane par-
allel to T̃ , then

(20) either ∥T♮ − T̃♮∥ >Miµi,

(21) or ((7θ)−k−2 ∫C(Ui,0,7θ) dist(x, Ã)2 d∥Vi∥(x))
1/2

> θ1−k/pmax{µi,Mi7
1−k/pαi}.

We set

βi = (∫
C(Ui,0,6)

∥S♮ − T♮∥2 dV (x,S))
1/2

,

νi = sup{(7 − ∣(Ui)♮x∣)k ∣T ⊥♮ x∣ ∶ x ∈ spt ∥Vi∥ ∩C(Ui,0,7)} .

We observe that

(22,23) lim
i→∞

ai = 0 , lim
i→∞

µi = 0 , and lim
i→∞

νi = 0 .

W.l.o.g. spt ∥Vi∥∩C(T,0,5) ⊆ U(ai,7). Next, we show that

(25) (∫
U(ai,7)

∣h(Vi, ⋅)∣
2 d∥Vi∥)

1/2
≤ ∆iµi .

We apply 8.12 to each Vi with µ =
√

2 so to obtain maps
fi ∶ T → T ⊥ with Lip fi ≤ 1 and, setting,

Fi(x) = x + fi(x) , C = C(T,0,1) , D = T ∩U(0,1) ,

Xi = C ∩ imFi , Yi = {y ∈D ∶ Θk
(∥Vi∥, x) ≥ 1} ,

we get

(30,33) ∥Vi∥(C ∼Xi) +H k
(D ∼Yi)

≤ P8.12((∆iµi)
2
+ βi)

8.13
≲ µ2

i .

Next, using (33) and 8.9, we prove that {µ−1i fi ∶ i ∈ N}

is bounded in W 1,2 so, up to a subsequence, it converges
in L2 to aW 1,2 function h ∶D → T ⊥. Using 8.9 and 8.14 we
compare µ−1i ∫D Dfi(x) ●Dϕ(x)dH k(x) with δVi(ϕ ○ T♮)
and show, employing (25), that h is harmonic.

Next, we set

Li(y) = y + µiDh(0)y , Ki(x) = Li ○ T♮x + µih(0) ,

T̃i = imLi , Ãi = imKi .

We observe that (20) is not satisfied, i.e.,

(39) ∥(T̃i)♮ − T♮∥
8.9(5)
≤ µi∥Dh(0)∥

8.15
≤ Miµi .

We show that

dist(x, Ãi)
8.15
≤ dist(x,T ) +Cµi(40)

for x ∈ C ∩ spt ∥Vi∥ ,

dist(Fi(y), Ãi)
8.15
≤ ∣fi(y) − µih(y)∣ +Cµi∣y∣

2(41)

for x ∈Xi, y = T♮x, ∣y∣ < 1
2
,

Using (41), (40), (33), the area formula [Fed69, 3.2.20],
and (10) we derive for all large i ∈ N

1

(7θ)k+2µ2
i
∫
C(Ui,0,7)

dist(x, Ãi)
2 d∥Vi∥(x) < (θ1−k/p)

2
.

Hence, (21) is not satisfied for large i ∈ N and, recall-
ing (39), we get a contradiction.
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8.17. Corollary. For all ε ∈ (0,1) there exists γ ∈ (0,1)
and N ∈ (1,∞) such that for all V , a, r, T , U , A, µ, α
satisfying (1)–(6) of 8.16 with γ in place of ∆ assuming
r1−k/pα ≤ γ there holds
(1) spt ∥V ∥ ∩U−1

♮ {a} = {a},

(2) S(a) = Tan(spt ∥V ∥, a) ∈ G(n, k) and

∥T♮ − S(a)♮∥ ≤ N max{µ, r1−k/pα} ,

(3) for s ∈ (0, r) there exists Ts ∈ G(n, k) and an affine
k-plane As parallel to Ts such that

∥T♮ − S(a)♮∥ ≤ N max{µ, r1−k/pα}(
s

r
)
1−k/p

,

(s−k−2 ∫
C(U,a,s)

dist(x,As)
2 d∥V ∥(x))

1/2

≤ N max{µ, r1−k/pα}(
s

r
)
1−k/p

.

8.18. Lemma. Let U ⊆ Rk be open, B ⊆ Rk be closed
and such that Tan(B, b) = Rk for b ∈ B ∩ U . Then B ∩ U
is open in Rk.

In particular B ∩ U is both closed and open relative
to U , so B ∩U = U .

8.19. Theorem. For all ε ∈ (0,1) there exist η ∈ (0,1)
and C ∈ (1,∞) such that for all V , r, T , µ, α if
(1) V ∈ Vk(R

n), 0 ∈ spt ∥V ∥, r ∈ (0,∞), T ∈ G(n, k),

(2) µ = (r−k−2 ∫C(T,0,2r) dist(x,T )2 d∥V ∥(x))
1/2

≤ η,

(3) 0 ≤ rp−kα ≤ η, (∫C(T,0,2r) ∣h(V, ⋅)∣p d∥V ∥)
1/p

≤ α,

(4) ε ≤ s−k∥V ∥B(x, s) ≤ (2 − ε)α(k) for ∥V ∥ almost all
x ∈ C(T,0,2r) and s ∈ (0, r),

(5) 1 ≤ Θk
(∥V ∥, x) ≤ 1+η for ∥V ∥ almost all x ∈ C(T,0,2r),

then there exist f ∶ T → T ⊥ and F ∶ T →Rn such that
(6) F (y) = y + f(y) for y ∈ T ,

(7) spt ∥V ∥ ∩C(T,0, r) = imF ∩C(T,0, r),

(8) f is differentiable,

(9) ∥Df(y) −Df(z)∥ ≤ Cmax{µ, r1−k/pα}(
∣y−z∣
r

)
1−k/p

.
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