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Setup: 0 < k ≤ m ≤ n, U ⊆ Rn is open, M is a smooth
m dimensional submanifold of U such that the inclusion
map i ∶M ↪Rn is proper, X, Y are vectorspaces, φ, ψ are
measures, E ⊆X, g ∈ C∞

c (M,Rn), V ∈ Vk(M), 1 ≤ p ≤∞,
Z a locally compact Hausdorff space, α ∈ K (Gk(M)),
β ∈ K (G(n, k)).

Definitions
1.O∗(n, k) = {p ∈ Hom(Rn,Rk) ∶ p ○ p∗ = idRk}
2.G(n, k) - Grassmannian of k-dim. subspaces of Rn;

3. T ∈ G(n, k) ⇒ T♮ ∈ Hom(Rn,Rn);
4. f, g ∈ Hom(X,Y ) ⇒ f ● g = tr(f∗ ○ g),

∣f ∣ = (f ● f)1/2, ∥f∥ = sup{f(x) ∶ x ∈X, ∣x∣ ≤ 1};

5.Θk(φ,x) = limr↓0
φB(x,r)
α(k)rk

;

6. Tan(E,a) = {v ∈X ∶ ∀ε > 0 ∃x ∈ E ∃r > 0
∣x − a∣ < ε and ∣r(x − a) − v∣ < ε};

7. Tanm(φ, a) =
⋂{Tan(E,a) ∶ E ⊆X, Θm(φ X ∼E,a) = 0};

8.X (M) = {g ∈ C∞

c (M,Rn) ∶ g(x) ∈ Tan(M,x)};
9.X ⊥(M) = {g ∈ C∞

c (M,Rn) ∶ g(x) ∈ Nor(M,x)};
10. Tan(M,g) ∈ X (M) and Nor(M,g) ∈ X ⊥(M);
11.⊙m(X,Y ) symmetric Y -valued m-forms on X;
⊙m(X,Y ) ≃ Hom(⊙mX,Y );

12.⋀m(X,Y ) antisymmetric Y -valued m-forms on X;
⋀m(X,Y ) ≃ Hom(⋀mX,Y );

13. b(M,a) ∈⊙2(Tan(M,a),Nor(M,a)) s.t.
Dg(a)w ● v = −b(M,a)(v,w) ● g(a) for g ∈ X ⊥(M);

14. h(M,a) ∈ Nor(M,a) s.t. for g ∈ X ⊥(M)
(Dg(a) ○Tan(M,a)♮) ●Tan(M,a)♮ = −g(a) ● h(M,a);

15.Gk(M) =
{(x,S) ∶ x ∈M, S ∈ G(n, k), S ⊆ Tan(M,x)};

16.K (Z) space of continuous compactly supported func-
tions Z →R endowed with locally convex topology;

17.Vk(M) space of Radon measures over Gk(M);
18.Vk(M) ⊆ K (Gk(M))∗ ⊆ RK (Gk(M));

19. ∥V ∥(B) = V ({(x,S) ∈ Gk(M) ∶ x ∈ B}) for B ⊆M ;

20. f ∈ Hom(X,Y )⇒ ⋀m f ∈ Hom(⋀mX,⋀m Y );
21. h ∈ C 1(M,M ′) ⇒ h#V ∈ Vk(M ′) s.t.
h#V (α) = ∫ α(h(x),Dh(x)[S])∣⋀kDh(x) ○ S♮∣dV (x,S);

22. V (x)(β) = limr↓0

ffl
B(x,r)×G(n,k) β(S)d(i#V )(y,S);

23.µr(x) = rx; τ a(x) = x + a;
24. a ∈M , j ∶ Tan(M,a)↪Rn,

C ∈ VarTan(V, a) ⇐⇒
j#C = limj→∞(µrj ○ τ−a ○ i)#V for some rj ↑∞;

25. vk(E)(α) = ∫E α(x,Tank(H k E,x))dH k(x)
given E ⊆ Rn is a countably (H k, k) rectifiable and
H k(E ∩K) <∞ for K ⊆ U compact;

26. V ∈ RVk(M) ⇐⇒ Vk(M) ∋ V = ∑∞

i=1 civk(Ei)
where ci ∈ (0,∞) and Ei ⊆M ;

27. V ∈ IVk(M) ⇐⇒ Vk(M) ∋ V = ∑∞

i=1 civk(Ei)
where ci ∈ N and Ei ⊆M ;

28. δV (g) = ∫ (Dg(x) ○ S♮) ● S♮ dV (x,S);
29. ∥δV ∥(G) = sup{δV (g) ∶ g ∈ X (M) , spt g ⊆ G, ∣g∣ ≤ 1}

for G ⊆M open,
∥δV ∥(A) = inf {∥δV ∥(G) ∶ A ⊆ G, G ⊆M open}
for arbitrary A ⊆M .

30.D(φ,ψ, x) = limr↓0
φB(x,r)
ψB(x,r)

;

31. ∥δV ∥ is a Radon measure ⇒
• δV (g) = ∫ g(x) ● η(V,x)d∥δV ∥(x),
• h(V,x) = −D(∥δV ∥, ∥V ∥, x)η(V,x),
• δV (g) = − ∫ g(x) ● h(V,x)d∥V ∥(x)

+ ∫ g(x) ● η(V,x)d∥δV ∥sing(x);
32. V is stationary ⇐⇒ δV = 0

V is stationary in an open set G ⇐⇒ ∥δV ∥(G) = 0;

33. x ∈ regV ⇐⇒ x ∈ spt ∥V ∥ and there exists G open in
M with x ∈ G s.t. spt ∥V ∥∩G is a C 1 submanifold of M
of dim. k and V Gk(G) ∈ RVk(M);
singV = spt ∥V ∥∼ regV ;

34. V satisfies H(p) if
• in case p = 1, ∥δV ∥ is a Radon measure;

• in case p > 1, ∥δV ∥ is a Radon measure, the mean cur-
vature vector h(V, ⋅) belongs to Lploc(∥V ∥), and ∥δV ∥
is absolutely continuous with respect to ∥V ∥;

35.C(T, a, r, h) =
{x ∈ Rn ∶ ∣T♮(x − a)∣ < r, ∣T ⊥♮ (x − a)∣ < h}
C(T, a, r) = C(T, a, r,∞);

36. H-distA(B,C) = sup{∣dist(x,B) − dist(x,C)∣ ∶ x ∈ A},
whenever A,B,C ⊆X.

Exercises
1. ω ∈ Hom(Rn,R), v ∈ Rn, S ∈ G(n, k) ⇒

(ω ⋅ v) ● S♮ = ⟨S♮v,ω⟩ = ω(S♮v);
2. S,T ∈ G(n, k),R ∈ G(n,m), η, η1, η2 ∈ Hom(S,S⊥)⇒

• ∥S♮ − T♮∥ = ∥S⊥
♮
○ T♮∥ = ∥S♮ ○ T ⊥♮ ∥,

• ∣S♮ − T♮∣2 = 2S♮ ● T ⊥♮ = 2S⊥
♮
● T♮,

• 2∣T♮ ● (η ○ S♮)∣2 ≤ ∣S♮ − T♮∣2∣η∣2,
• ∣S♮ ○R♮∣2 = S♮ ●R♮,

• Si = {x + ηi(x) ∶ x ∈ S} for i = 1,2⇒
⋆ ∥S1♮ − S2♮∥ ≤ ∥η1 − η2∥,
⋆ (1−∥S1♮ −S♮∥2)∥η1 −η2∥2 ≤ (1+∥η2∥2)∥S1♮ −S2♮∥2;

3. assume T ∈ G(n, k), µ ∈ (1,∞),A ⊆ Rn, ∣a−b∣ ≥ µ∣T ⊥
♮
(a−

b)∣ for a, b ∈ A. Then there exists f ∶ T → T ⊥ such that
Lip f < (µ2 − 1)−1/2 and A = {T♮x + f(T♮x) ∶ x ∈ T♮[A]};

4. f ∈ Hom(Rn,Rn), t ∈ (0,∞)⇒
det(idRn +tf) = ∑nk=0 t

k tr(⋀k f);
5. g ∈ C 1(Rn,Rn), S ∈ G(n, k), x ∈ Rn, p, q ∈ O∗(n, k),

imp∗ = S, im q∗ = im Dg(x) ○ S♮ ⇒
∥⋀k Dg(x)○S♮∥ = ∣⋀k Dg(x)○S♮∣ = det(q○Dg(x)○S♮○p∗);
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6. ∥µr#V ∥ = rkµr#∥V ∥,

∥δ(µr#V )∥ = rk−1µr#∥δV ∥;
7. p ∈ [1,∞), r > 0, V satisfies H(p), ψV = ∣h(V, ⋅)∣p∥V ∥⇒
ψµr#V

= rk−p(µr#ψV );
8. f ∶ Z →R is bounded,
λ(x) = lim supy→x f(y), µ(x) = lim infy→x f(y)⇒
λ is upper semi-continuous, µ is lower semi-continuous;

9. f ∶ Z → (0,∞) is upper semi-continuous ⇒
{x ∶ f(x) > lim infy→x f(y)} is of first Baire category;

10. {fi ∶ i ∈ I} a family of real valued upper semi-continuous
functions on Z ⇒
λ(x) = inf{fi(x) ∶ i ∈ I} is upper semi-continuous;

11. µ is a Borel regular measure over U , t ∈ (0,∞), A ⊆ U ⇒
• Θ∗k(µ,x) < t for x ∈ A⇒ µ(A) ≤ 2ktH k(A),
• µ(U) <∞,Θ∗k(µ,x) > t for x ∈ A⇒
µ(A) ≥ tH k(A),

• µ(A) <∞, A is µ-measurable ⇒Θk(µ A,x) = 0 for
µ almost all x ∈ U ∼A.

12. S,T ∈ G(n, k), a ∈ Rn, f(x) = ∣T ⊥
♮
(x − a)∣ for x ∈ Rn ⇒

∣S♮(grad f(x))∣ ≤ ∥S♮ − T♮∥;
13.L ∈ (0,∞), S,T ∈ G(n, k), ϕ ∈ D(R,R), Lipϕ < L,

g ∈ X (Rn), g(x) = ϕ(x)2T ⊥
♮
x for x ∈ Rn ⇒

Dg(x) ●S = 2ϕ(x)(S♮ ○T ⊥♮ x) ● gradϕ(x)+ϕ(x)2T ⊥
♮
●S♮,

ϕ(x)2∥S♮ − T♮∥2 ≤ Dg(x) ● S♮ + 2Lϕ(x)∥S♮ − T♮∥ ⋅ ∣T ⊥♮ x∣;
14. µ,µi are Radon measures over Rn, µi → µ as i→∞⇒

limi→∞ sup{dist(x, sptµi) ∶ x ∈K ∩ sptµ} = 0
for any compact set K ⊆ Rn.

15. µ,µi are Radon measures over Rn, µi → µ as i → ∞,
ω ∶ Rn × (0,∞) → (0,∞) is continuous in the first
variable, µiB(x, r) > ω(x, r) for all i ∈ N, r ∈ (0,1),
x ∈ sptµi ⇒
limi→∞ sup{dist(x, sptµ) ∶ x ∈K ∩ sptµi} = 0
for any compact set K ⊆ Rn.

16. µ is a Radon measure over Rn, a ∈ Rn ⇒
Tank(µ, a) ⊆ Tan(sptµ, a);

17.C > 0, µ is a Radon measure over Rn, µB(x, r) ≥ Crk
for x ∈ sptµ, r ∈ (0,1) ⇒
Tan(sptµ,x) = Tank(µ,x) for µ almost all x.

Facts
1. V ∈ Vk(Rn), M ∈ [0,∞), a ∈ spt ∥V ∥, R ∈ R, 0 <
R < dist(a,Rn ∼U), ∥δV ∥B(a, r) ≤ M∥V ∥B(a, r) for
r ∈ (0,R) ⇒
ϕ(r) = r−k∥V ∥B(a, r) exp(Mr)
is non-decreasing on (0,R).
(see [All72, 5.1(3)])

2. V ∈ Vk(Rn), p > k, a ∈ spt ∥V ∥, R ∈ R,
0 < R < dist(a,Rn ∼U), V satisfies H(p),
∫B(a,R) ∣h(V, ⋅)∣p d∥V ∥ = Γp ⇒
ϕ(r) = r−k∥V ∥B(a, r) + Γ

p−k
r1−k/p

is non-decreasing on (0,R).

(see [Sim83, 17.7])

3. V ∈ Vk(Rn), d ∈ (0,∞), Θk(∥V ∥, x) ≥ d for ∥V ∥ almost
all x ⇒
∥V ∥(Rn)(k−1)/k ≤ γ(k)d−1/k∥δV ∥(Rn).
(see [Sch16, 6.11])

4.M is connected, V ∈ Vm(U), spt ∥V ∥ ⊆ M , ∥δV ∥ is a
Radon measure, δV (g) = 0 for g ∈ X (U) such that
Nor(M,g∣M) = 0 ⇒
V = cvm(M) where R ∋ c = ∥V ∥(A)/H m(A) for any
A ⊆M with H m(A) > 0.
(see [All72, 4.6(3)])

5. r ∈ R, V ∈ Vk(U), ∥δV ∥ is a Radon measure, f ∶ U →R
is continuous, g ∈ X (U), f is smooth in a neighbor-
hood of spt ∥V ∥ ∩ f−1{r} ∩ spt g ⇒
(δV {x ∶ f(x) > r})(g)
= δ(V {(x,S) ∶ f(x) > r}(g))(g)
+ limh↓0

1
h ∫{x∶r<f(x)≤r+h} S♮(g(x)) ● grad f(x)dV (x,S).

(see [All72, 4.10(1)])

6. V ∈ Vk(U), ∥δV ∥ is a Radon measure, −∞ ≤ a < b ≤∞,
f ∶ U →R is continuous and smooth in a neighborhood
of spt ∥V ∥ ∩ f−1{(a, b)} ⇒
∫
b
a ∥δ(V {(x,S) ∶ f(x) > r})∥(B)dL 1(r)
≤ ∫B∩f−1{(a,b)}×G(n,k) ∣S♮(grad f(x))∣dV (x,S)
+ ∫

b
a ∥δV ∥(B ∩ {x ∶ f(x) > r})dL 1(r)

for any Borel set B ⊆ U .
(see [All72, 4.10(2)])

7.W ⊆ Rn is (H m,m) rectifiable and H m measurable,
m ≤ ν, f ∶W →Rν , Lip(f) <∞. ⇒
∫W (g ○ f)Jmf dH m = ∫Rν g(z)N(f, z)dH m(z)
for any g ∶ Rν → R̄.
(see [Fed69, 3.2.20])

8.m ≥ µ, W ⊆ Rn is (H m,m) rectifiable and H m mea-
surable, Z ⊆ Rν is (H µ, µ) rectifiable and H µ mea-
surable, f ∶ W → Z, Lip(f) < ∞ (we write “ap” for
“(H m W,m)ap”) ⇒
• for H m almost all w ∈W , either apJµf(w) = 0 or

im ap Df(w) = Tanµ(H µ Z, f(w)) ∈ G(ν,µ);
• f−1{z} is (H m−µ,m−µ) rectifiable and H m−µ mea-
surable for H µ almost all z ∈ Z;

• for any (H m W ) integrable function g ∶W → R̄

∫W g ⋅ apJµf dH m = ∫Z ∫f−1{z} g dH m−µ dH µ(z).
(see [Fed69, 3.2.22])

9.R ∈ (0,∞), C ∈ Vk(U(0,R)), C is stationary, 0 ∈
spt ∥C∥, ∥C∥U(0,R) ≤ Θk(∥C∥, x)α(k)Rk for ∥C∥ al-
most all x ∈ U(0,R) ⇒
there exists T ∈ G(n, k) such that
C = Θk(∥C∥,0)vk(T ∩U(0,R)).
(see [All72, 5.3])

10. d ∈ (0,∞), limi→∞ Vi = V ∈ Vk(U), W ⊆ U is open,
lim infi→∞ ∥δVi∥(W ) <∞,
limi→∞ ∥Vi∥({x ∈W ∶ Θk(∥Vi∥, x) < d}) = 0 ⇒
Θk(∥V ∥, x) ≥ d for ∥V ∥ almost all x ∈W .
(see [All72, 5.4])
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Theorem ([All72, §8]). Suppose 1 ≤ k < p <∞ and p ≥ 2. For each ε ∈ (0,1) there exists η ∈ (0,∞) such that if

R ∈ (0,∞) , d ∈ (0,∞) , V ∈ Vk(Rn) , a ∈ spt ∥V ∥ ,
Θk(∥V ∥, x) ≥ d for ∥V ∥ almost all x ∈ U(a,R) ,(1)

∥V ∥U(a,R) ≤ (1 + η)dα(k)Rk ,(2)

V satisfies H(p) and (∫
U(a,R)

∣h(V, ⋅)∣p d∥V ∥)
1/p

≤ ηd1/p

R1−k/p
,(3)

then there exist T ∈ G(n, k) and f ∶ T → T ⊥ of class C 1,1−k/p such that

∥Df(y) −Df(z)∥ ≤ ε( ∣y − z∣
R

)
1−k/p

and U(a, (1 − ε)R) ∩ spt ∥V ∥ = U(a, (1 − ε)R) ∩ graph f .

Remark. Setting V̄ = 1
d
(µ1/R ○ τ−a)#V we obtain

Θk(∥V̄ ∥, x) ≥ 1 for ∥V̄ ∥ almost all x ∈ U(0,1) ,
∥V̄ ∥U(0,1) ≤ (1 + η)α(k) ,

V̄ satisfies H(p) and (∫
U(0,1)

∣h(V̄ , ⋅)∣p d∥V̄ ∥)
1/p

≤ η .

Remark. Assume T = Rk, a = 0, R = 1, and V is stationary. The function f from the theorem is of class C 1,1−k/p and
its graph corresponds to a stationary varifold. In particular, f ∶ Rk →Rn−k must be a critical point of the functional

W 1,k
f (Rk,Rn−k) ∋ g ↦ ∫

U(0,1−ε)
Φ§(z, g(z),Dg(z))dL k(z) ,

where Φ§ is the non-parametric integrand corresponding to the area integrand Φ ∶ Rn×⋀kRn →R given by Φ(x, ξ) = ∣ξ∣;
see [Fed69, 5.1.1, 5.1.9]. Therefore, one may apply PDE methods (see [Fed69, 5.2.15-18]) to verify that f is in fact real
analytic.

Remark. Assume V satisfies H(p) with p > k and ∥V ∥({x ∶ Θk(∥V ∥, x) = 0}) = 0. Then for ∥V ∥ almost all a there exists
R > 0 such that conditions (2) and (3) hold. Only the condition (1) is problematic; cf. [All72, 8.1(2)]. From fact 2 and
exercise 10 it follows that Θk(∥V ∥, ⋅) is upper semi-continuous and from exercise 9 that the set of points a ∈ spt ∥V ∥
where (1) is satisfied is dense in spt ∥V ∥. Hence, the Allard Regularity Theorem implies that the regular set regV of V
is open and dense in spt ∥V ∥.
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