Partial differential equations I, 2011/2012

V: Uniqueness of solutions

1. Let U C R"™ be an open, bounded set with smooth boundary. For any T" > 0 we set Up =
Ux (0, T]and T'r =U x {t =0} U9U x [0,T). Show that the problem

ugg — Agu=finUpr, uwu=gonTly and wu;=hinU x {t =0}
has at most one solution.

2. Let Q@ C R"™ be an open, bounded set with smooth boundary. Show that the problem

Uy — A Apu = —u in @ x Ry,
%zOon@Qx{tzO}

and  u(z,0) = w(x,0) =0 for z € Q
has at most one solution.

3. Let u € C(]0,00) x R) N C%((0,00) x R) be the solution to the problem
Utg — Ugy =0 for z € R, >0 w(z,0) =g(z) and wuy(z,0) = h(h) for z € R.

Assume that g and h have compact supports. We define

1

k(t) = 3 /Ruz(:n,t) dx

and p(t) = %/ u?(z,t) do.
R

Show that

(a) k and p are well defined,
(b) k(t) = p(t) for large t,
(¢) E(t) = k(t) + p(t) is constant.

4. Let Q C R™ be an open, bounded set with smooth boundary. Let A € R"*™ be a real,
symmetric and positive definite matrix. Let v be a smooth solution to the problem

ug — div(AVu) =0in Q@ x Ry, w =0 on 09 x (0,00)
and  u(z,0) =g(z), wui(x,0)=h(z)forze.

Show that for each t > 0

/ u?(z,t) + (AVu(z, t), Vu(z,t)) de = / h%(z) + (AVg(x), Vg(x)) dz.
Q Q

Then prove that the solution is unique.

5. Show that the problem

Ut —Upe =0 in (0,7) X Ry,
u(m,t) =u(0,t) =0 fort >0
and u(z,0) =g(z) forz e (0,n)

has at most one solution.



6. Show that the problem
Ugp — Uz =0 in (0,7m) X Ry,
Ug(m,t) =uy(0,£) =0 fort >0
and u(z,0) =g(z), wui(z,0)=h(z) forze (0,m)
has at most one solution.
7. Let u be a solution to
— Ayu=|Vu|* forz € R™ t>0,
and u(z,0) =g(z) forzeR",
where ¢ is a continuous and bounded function on R".

(a) Find a function ¢ : R — R so that w = ¢ o u is a solution to the heat equation. Find
an explicit formula for w.

(b) Assume that f > 0. Is it true that w > 07 Is the solution unique in this case?

Quick cheat sheet
1. (d’Alemebert formula) The solution to
Ut — Uge =0, w(z,0)=g(x) and wi(z,0)=h(xz) for (z,t) € R x Ry
1 1ot
is wu(x,t) = i(g(x—l—t)—i—g(:v—t))—i—i/ h(y) dy.

2. The solution to
Ut — Uz = f, w(z,0) =0 and wu(xz,0)=0 for (x,t) € R xRy

is // fly,t—s) dy ds.

(Kirchhoff formula) The solution to
g — Apu =0, wu(z,0)=g(x) and wu(z,0)=h(z) for (z,t) € R® xR,

is u(z,t)= ][ th(y) +g(y) + (Dg(y),y — ) dS(y).
OB(x,t)

iad

4. (Poisson formula) The solution to
w—Au=0, wu(z,0)=g(x) and wu(z,0)=h(z) for (z,t) € R* x R
t t2h t(D —
s ule.) = f 9(y) +t°h(y) + (Dg(y),y — ) dy.
B(x,t)

V2 =y —af?

5. The solution to
ug — Agu =0, (JL‘O)Z g(z) for (=, )GR"XR+

is u(z,t) = (B *g)(x) = exp (~ 515 ) g(y) dy.

—Agu=f, u(zr,0)=0 for (z,t) e R" xRy

6. The solution to

is  wu(z,t) :/0 (Pr_s * f)(x) ds

:/Ot(zm—(i—s))n/ne)(p( L(tyl))f(y,s) dy ds.



