Partial differential equations I, 2011/2012

IV: Canonical forms.
Find diffeomorphisms (x,y) — (&, 7n) such that the following equations
a) 2Uzy + gy + Uyy + Tug +4duy —2u =0

b) Upg + Upy — 2Uyy — Bug — 15uy + 272 =0

¢) (14 22)%upe + uyy + 22(1 4+ 22)uy = 0

d) Vg, + 20Yuzy + ar;?uyy =0

€) Uzy — (14 y2)2uyy —2y(1+ y2)uy =0

f) 2y use — 202 yugy + 23Uy — yPu, =0

9) € tgg + 26" Vugy + e*uy, — zu =0

h) Uge + 2sinzug, — (cos2 x — sin? T)Uyy + coszuy =0
)

Ugz + TYUyy = 0
J) Yuze + tyy =0
take the canonical form when expressed in the variables (£, 7). For each equation determine

its type (elliptic, parabolic or hyperbolic). Note that the type may change at different points
of R2.

Having an equation of the form
gy + 2bUgy + cuyy + f(Ug, uy, u,z,y) =0 (1)

we set A = b? —ac. For A < 0, A = 0 or A > 0 we say that (1) is elliptic, parabolic or
hyperbolic respectively. If (z,y) — (§,n) is a diffeomorphism and w(z,y) = v(§,n) then

AUzy + 20Ugy + Clyy + Uz, Uy, U, T, Y) = Vee (a(fx)2 + 2066, + c(éy)Q)
+ Ven (a&ame + 26(Eany + Eyna) + c§ymy)
- vgy (@)% + 2bmamy + ¢(ny)?) + Fve,v9,0,6,m)
If (1) is elliptic (A < 0) then we have to solve
a(&:)? + 206:6, + ¢(&)* = 1
a&aMe + 26(Eeny + Eye) + c§ymy = 0
a(nz)? + 2bmen, +c(ny)? =1,
which is equivalent to
a&y + b&y + vV —An, =0
ang + by, —V—AE, =0.
If (1) is hyperbolic (A > 0) then we have to solve
a(&e)? + 2688y + c(&)* =0
€ + 208ty + Eyna) + cEyny =1
a(nz)? + 2biay + c(1y)* = 0,



which should be equivalent to

ate + (b+ VA, =0
ang + (b— VA, =0.

This way we obtain an equation of the form
v§7] + f(v57v’777v7§7n) = 07
which in turn can be transformed to the canonical form by the substitution £ = a + 3 and

n=a—p.
If (1) is parabolic (A = 0) then we have to solve

a(€x)? + 266, + c(&)? =1
alune + 2b(Exmy + Eynz) + c€ymy =0
a(%)Q + 2bngny + C("?y)Q =0,

so it suffices to find n(z,y) such that
ang +bny =0
and then ¢ may be any function such that

a(&x)? 4 20,6, + c(&,)2 £ 0.



