
Partial differential equations I, 2011/2012

IV: Canonical forms.

Find diffeomorphisms (x, y) 7→ (ξ, η) such that the following equations

a) 2uxx + 3uxy + uyy + 7ux + 4uy − 2u = 0

b) uxx + uxy − 2uyy − 3ux − 15uy + 27x = 0

c) (1 + x2)2uxx + uyy + 2x(1 + x2)ux = 0

d) y2uxx + 2xyuxy + x2uyy = 0

e) uxx − (1 + y2)2uyy − 2y(1 + y2)uy = 0

f) xy2uxx − 2x2yuxy + x3uyy − y2ux = 0

g) e2xuxx + 2ex+yuxy + e2yuyy − xu = 0

h) uxx + 2 sinxuxy − (cos2 x− sin2 x)uyy + cosxuy = 0

i) uxx + xyuyy = 0

j) yuxx + uyy = 0

take the canonical form when expressed in the variables (ξ, η). For each equation determine
its type (elliptic, parabolic or hyperbolic). Note that the type may change at different points
of R2.

Having an equation of the form

auxx + 2buxy + cuyy + f(ux, uy, u, x, y) = 0 (1)

we set ∆ = b2 − ac. For ∆ < 0, ∆ = 0 or ∆ > 0 we say that (1) is elliptic, parabolic or
hyperbolic respectively. If (x, y) 7→ (ξ, η) is a diffeomorphism and u(x, y) = v(ξ, η) then

auxx + 2buxy + cuyy + f(ux, uy, u, x, y) = vξξ
(
a(ξx)2 + 2bξxξy + c(ξy)2

)
+ vξη (aξxηx + 2b(ξxηy + ξyηx) + cξyηy)

+ vηη
(
a(ηx)2 + 2bηxηy + c(ηy)2

)
+ f̃(vξ, vη, v, ξ, η) .

If (1) is elliptic (∆ < 0) then we have to solve

a(ξx)2 + 2bξxξy + c(ξy)2 = 1

aξxηx + 2b(ξxηy + ξyηx) + cξyηy = 0

a(ηx)2 + 2bηxηy + c(ηy)2 = 1 ,

which is equivalent to

aξx + bξy +
√
−∆ηy = 0

aηx + bηy −
√
−∆ξy = 0 .

If (1) is hyperbolic (∆ > 0) then we have to solve

a(ξx)2 + 2bξxξy + c(ξy)2 = 0

aξxηx + 2b(ξxηy + ξyηx) + cξyηy = 1

a(ηx)2 + 2bηxηy + c(ηy)2 = 0 ,



which should be equivalent to

aξx + (b+
√

∆)ξy = 0

aηx + (b−
√

∆)ηy = 0 .

This way we obtain an equation of the form

vξη + f̂(vξ, vη, v, ξ, η) = 0 ,

which in turn can be transformed to the canonical form by the substitution ξ = α + β and
η = α− β.

If (1) is parabolic (∆ = 0) then we have to solve

a(ξx)2 + 2bξxξy + c(ξy)2 = 1

aξxηx + 2b(ξxηy + ξyηx) + cξyηy = 0

a(ηx)2 + 2bηxηy + c(ηy)2 = 0 ,

so it suffices to find η(x, y) such that

aηx + bηy = 0

and then ξ may be any function such that

a(ξx)2 + 2bξxξy + c(ξy)2 6= 0 .


