
Recovering the `-tree. It does not su�ce to know the

value of

�

�

forest

i

�

�

. We must also know the structure of

the `-tree, i.e., the sons of each p

i

.

Notice that forest

j

results from forest

j�1

by a sin-

gle operation combine. This operation creates the next

root node p

j

and links two nodes, each of them a root

of forest

j�1

or an original item, to p

j

as its sons. We

know also that the roots of forest

j

are p

i+1

: : : p

j

, where

i = deroot(j). This imposes certain combinatorial re-

lations between sets of roots and leaves of successive

forests. The following fact and the next lemma are sim-

ple consequences of such combinatorial relations.

Let #(S) denote the cardinality of any set S.

Fact 5.6 Let i = deroot(j) and i

0

= deroot(j�1). Then

#(leaves

j

) = #(leaves

j�1

) + 2 � (i � i

0

).

Furthermore, i � i

0

2 f0; 1; 2g.

Lemma 5.7 Let 0 < j < m, and let i = deroot(j) and

i

0

= deroot(j � 1). Then one of the following three situ-

ations holds.

(i) i � i

0

= 2, p

j

has sons p

i

and p

i�1

, and leaves

i

=

leaves

i�1

.

(ii) i � i

0

= 1, p

j

has sons p

i

and a

t

for some t, and

leaves

i

= leaves

i�1

[ fa

t

g.

(iii) i� i

0

= 0, p

j

has sons a

t

and a

r

for some t, r, and

leaves

i

= leaves

i�1

[ fa

t

; a

r

g.

We conclude that the `-tree of � can be recovered in

O(logm) time using m processors, provided the sets W

k

and the function deroot are known, since leaves

j

= W

k

,

where k = #(leaves

j

).

Lemma 5.8 All sets W

k

can be computed in O(logm)

time with m processors.

Thus we can execute Process(�;�) in O(log

2

m)

time withm

2

= logm processors. Our main result follows.

Theorem 5.9 (main result) An optimal alphabetic tree

can be constructed in O(log

3

n) time with n

2

= log n pro-

cessors of a CREW PRAM.

Open problems

I. Can we compute alphabetic trees in polylogarithmic

time with O(n) processors?

II. Can we solve the OBST problem in polylogarithmic

time with O(n

k

) processors, for some k < 6?
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Example. Let � =(1 7 8 9 2 10 11 3 17), from Figure 2.

Then

W

2

= f1; 7g

W

3

= f1; 7; 8g

W

4

= f1; 7; 9; 2g

W

5

= f1; 7; 8; 9; 2g

W

6

= f1; 7; 9; 2; 11; 3g

W

7

= f1; 7; 8; 9; 2; 11; 3g

W

8

= f1; 7; 8; 9; 2; 10; 11; 3g

W

9

= f1; 7; 8; 9; 2; 10; 11; 3; 17g

Lemma 5.2 leaves

i

is lf -closed.

For each i > 0, leaves

i

= W

k

for some k � 2. (See

Figure 2.)

The following lemma is the heart of the reduction to

the CLWS problem.

Lemma 5.3 Let 0 < j < m. Then there exists 0 � i < j

such that

(i) the roots of forest

j

are p

i+1

: : : p

j

.

(ii) leaves

j

=W

2j�i

.

(iii)

�

�

forest

j

�

�

is the weight of the minimum weight path

in G(�) from 0 to j.

For 0 < j < m, we de�ne deroot(j) = i where i is as

given in Lemma 5.3. For completeness, let deroot(0) = 0.

If all roots of forest

j

are removed, and all items which

thereby become singletons are removed, the resulting for-

est is forest

i

.

Proof:(sketch of proof of Lemma 5.3.) The correct-

ness of (i) and (ii) is straightforward. (We use the fact

that for any two packages p

i

, p

j

if i < j then p

i

is com-

bined �rst.) By Lemma 5.2,

�

�

forest

j

�

�

�

�

�

forest

i

�

�

+w(i; j).

Claim: For any 0 � k < j,

�

�

forest

j

�

�

�

�

�

forest

k

�

�

+

w(k; j).

We prove the claim by induction on lexically ordered

pairs (j; k), 0 � k < j < m. The basis, k = 0; j = 1

follows immediately.

Let X be an lf -closed subsequence of a sequence �.

We de�ne the closure of X, cl(X) to be the smallest

pre�x of � that contains all elements of X. We say that

Y covers X if cl(X) � Y .

From [14],

�

�

forest

i

�

�

=

�

�

opt forest

i

�

�

, where opt forest

i

is the optimal alphabetic forest of i internal nodes.

Now assume that the inequality (iii) is true for any

pair (k

0

; j

0

) < (k; j). (Where \<" is de�ned lexically.)

Let h = deroot(k). We consider two cases.

Case 1: W

2j�k

covers W

2k�h

.

We explicitly construct an alphabetic forest with j

internal nodes whose weight is

�

�

forest

k

�

�

+w(k; j).

WriteW

2j�k

= U[U

0

, where U is the maximal pre�x

of � contained in W

2j�k

, and U

0

is the disjoint union of

locally minimal pairs. By our hypothesis, W

2k�h

� U .

Combine the consecutive pairs of roots of the trees of

opt forest

i

whose leaves belong to U . Then combine the

locally minimal pairs in U

0

. The resulting forest has j

internal nodes, thus its cost is at most

�

�

opt forest

j

�

�

=

�

�

forest

j

�

�

.

Case 2: W

2j�k

does not cover W

2k�h

.

In this case the following fact holds:

Fact 5.4

w(h; k) +w(k; j) � w(h; k � 1) + w(k � 1; j):

Proof: Let z be the smallest element of cl(W

2k�h

) not

in W

2j�k

and let (x; y) be the largest locally minimal

pair in W

2j�h

, where y is a local minimum. Since x is

an ancestor of z in the Cartesian tree, x + y > z. By

minimality of the W

k

,

w(h; k � 1) = jW

2k�h�2

j � jW

2k�h

� fx; ygj

w(k � 1; j) = jW

2j�k+1

j � jW

2j�k

[ fzgj

proving Fact 5.4. 2

Applying the inductive hypothesis twice,

�

�

forest

k

�

�

+ w(k; j) =

�

�

forest

h

�

�

+ w(h; k) + w(k; j)

�

�

�

forest

h

�

�

+w(h; k � 1) +w(k � 1; j)

�

�

�

forest

k�1

�

�

+ w(k � 1; j)

�

�

�

forest

j

�

�

:

Proving the claim. Part (iii) follows. 2

Reduction to the CLWS. The fw(i; j)g

0�i<j<m

de�ne

an instance of the LWS. Let T be the tree of shortest

paths starting at 0 in the graph G(�). Then, for j > 0,

lemma 5.3 implies:

if deroot(j) = i then jforest

j

j = jforest

i

j+ w(i; j);

i is the father of j in the tree T .

Lemma 5.5 (quadrangle) The fw(i; j)g satisfy the quad-

rangle inequality (2). Thus, the the single-source short-

est path problem for the graph G(�) is an instance of

the CLWS. The function deroot can be constructed in

O(log

2

m) time with m

2

= logm processors.



Procedure Shrink(X; �);

Let X = f(u

1

; w

1

); (u

2

; w

2

); :::; (u

k

; w

k

)g;

for each 1 � i � k parallel do

r

i

:= combine(u

i

; w

i

);

mark r

i

as a package which should be shifted;

Comment: As a side e�ect a forest of two-leaf

subtrees is created through new links father and

each pair u

i

; w

i

is replaced by a single package ;

end procedure;

Lemma 4.1 (predestination) LetX � Pre(�). Then

the tree constructed by Main(�) is isomorphic to the tree

constructed by the following algorithm:

Shrink(X;�); MergeAllPackages(�); Main(�).

Regular valleys. We de�ne a regular valley to be a 1-

valley � where, if u; v are leaves in the Cartesian tree of

� and u < v, then father(u) � father(v).

A regular valley is sorted if the global minimum is

the �rst item, and if all leaves of the valley tree, except

for the global minimum, are right children of their father

nodes in the valley tree.

Lemma 4.2 For each regular valley � there is a unique

sorted regular valley �

0

such that, � � �

0

, and thus

`-Tree(�) � `-Tree(�

0

). Furthermore, this sorted regu-

lar valley can be found in O(logm) time with m= logm

processors, where m = length of �.

By Lemma 4.2 and Lemma 2.1 we can assume with-

out loss of generality that each regular valley is sorted.

Special pairs. We say that a pair of adjacent items

(u;v) is a special pair of a sequence � if

1. u is a leaf and v is the father of u in the Cartesian

tree of �, and

2. the subtree of the Cartesian tree rooted at v has a

leaf larger than u.

Let Special(�) be the special pairs of a sequence �.

Lemma 4.3 Special(�) � Pre(�).

Lemma 4.4 (transformation lemma) A 1-valley be-

comes a regular valley after executing the following algo-

rithm:

Shrink(Special(�); �); MergeAllPackages(�).

which can be computed in O(logm) time with m= logm

processors, where m is the length of �.

5 Parallel preprocessing of regular valleys

In this section, we implement Process(�;�) in par-

allel for any regular valley �, in O(log

2

m) time with

m

2

= logm processors, where m is the length of �. The

heart of this implementation is the reduction to the CLWS

problem.

Packages and intermediate forests. Throughout this

section, let � = (a

1

; : : : a

m

) be a regular valley. Without

loss of generality, by Lemma 4.2, � is sorted.

Let p

i

be the i

th

package (round node) created by

the algorithm Main during construction of the `-tree for

�. Let forest

i

be the i

th

`-forest created in the process,

the forest whose internal nodes are p

1

; : : : p

i

, and whose

leaves are those items of � which are descendants of those

nodes. (Thus, forest

i

has no singleton trees.) We say

that i is the index of forest

i

. Let leaves

i

be the set of

leaves of forest

i

.

Let `

i

k

be the distance from a

k

to its root in forest

i

,

which we take to be zero if a

k

62 leaves

i

.

We de�ne the weight of forest

i

to be

�

�

forest

i

�

�

=

i

X

k=1

a

k

`

i

k

:

Similarly, if A is any subset of fa

1

; : : : a

n

g, we de�ne

the weight of A, which we write jAj, to be the sum of the

weights of members.

Remark 5.1 The node p

j

is a root of forest

j

. If this

root is deleted, and items that become singletons as a re-

sult of this deletion are also deleted, the resulting forest

is forest

j�1

.

Assume that after removing all roots of forest

j

and all

items that become singletons as a result, we obtain a for-

est with i internal nodes. Then forest

j

has (2j�i) leaves.

The graph G(�). A set of items A is de�ned to be lf -

closed if whenever a

i

2 A and a

i

is a leaf in the Cartesian

tree of �, then father(a

i

) 2 A. (\lf " = \leaf-father.")

Let G(�) be the weighted directed acyclic graph whose

nodes are the integers 0; 1; : : :m� 1, and where there is

an edge of weight w(i; j) = jW

2j�i

j from i to j for all

0 � i < j < m such that 2j � i � m, where W

k

is the

minimum weight lf -closed set of cardinality k.

Since � is sorted, W

k

always consists of a pre�x of �

together with zero or more locally minimal pairs of �.



Proof:(sketch) The proof follows by induction on the

number of nodes in the valley tree of the valley �. The

base case follows by results of [7]. The inductive step is

a natural consequence of the choice of the value �. 2

3 Parallelization of algorithm Main

One straightforward method for parallelizing the algo-

rithmMainwould be to perform combine(u;w) for many

locally minimal pairs in parallel, e.g., as many as possi-

ble, followed by MergeAllPackages, and then repeat

these two operations until the list consisted of a single

item. Unfortunately, in the worst case, the number of

iterations needed is linear. For example, if � is sorted,

there will be only one locally minimal pair at every step,

and (n� 1) steps will be required. We thus need to de-

velop a more sophisticated approach to obtain an NC

algorithm.

We de�ne a 1-valley to be a valley � such that each

node of val-Tree(�) of degree two has at least one son

which is a leaf.

A 1-valley is a weighted list whose non-singleton val-

leys form a chain under inclusion. For example, 57234 is

a 1-valley, while 45723 is not a 1-valley, since 45 and 23

are non-singleton valleys that are disjoint.

Algorithm ParallelMain(�)

1. whilej�j � 2 do

1.1 �nd the set Val of all maximal 1-valleys

1.2. for each 1-valley � 2 Val parallel do

replace � by Process(�;�

�

);

Comment: as a side e�ect many links

father are created

1.3. MergeAllPackages(�);

2. return the tree given by the links father

Consider our example sequence � =

(17 8 24 10 16 14 18 12 19 22 27 11 21 23 15 25 20 26).

There three maximal 1-valleys are:

val

1

= (17; 8)

val

2

= (10; 16; 14; 18; 12; 19; 22)

val

3

= (11; 21; 23; 15; 25; 20; 26)

We have

Val = fval

1

; val

2

; val

3

g

Process(val

1

; 24) = (25

0

)

Process(val

2

; 24) = (22; 26

0

; 30

0

; 33

0

)

Process(val

3

; 27) = (26; 32

0

; 38

0

; 45

0

):

After processing these valleys we have the sequence:

� = (25

0

; 24; 22; 26

0

; 30

0

; 33

0

; 27; 26; 32

0

; 38

0

; 45

0

):

Next we execute MergeAllPackages(�) and obtain:

� = (24; 22; 25; 26; 27; 26; 30; 32; 33; 38; 45):

At the same time an `-forest is computed as an e�ect

of applying many operations combine (which produce

marked elements). This forest is illustrated in Figure

1.c. This completes one iteration of ParallelMain.

Lemma 3.1 (tree contraction) The number of itera-

tions of the algorithm ParallelMain is logarithmic.

Proof:(sketch) If we look at each iteration from the per-

spective of the valley tree then each iteration is like a tree

contraction. At each iteration, we remove all 1-chains:

subtrees corresponding to maximal 1-valleys. and insert

some number of new packages into the tree. Note, how-

ever that a package can only subdivide an edge of the

\old" tree and never creates a node of degree 2. More

formally, de�ne a branching node of the valley tree to be

an internal node that has two non-leaf sons. At each it-

eration the number of branching nodes in the current

valley tree is reduced to fewer than half the previous

number, and if there are no branching nodes, the entire

sequence consists of a single 1-valley. Hence the number

of iterations is logarithmic. 2

4 Parallel preprocessing of 1-valleys: regular val-

leys

To complete the parallel implementation of the algorithm

Main it is su�cient to execute Process(�) in O(log

2

m)

time with m

2

= logm processors for a 1-valley �, where

m is the number of elements of the 1-valley.

Parallel processing of a 1-valley is in two steps. First,

all \special" pairs are identi�ed and processed. Second,

the resulting valley, which is now a \regular valley," is

processed by reduction to the CLWS.

Predestination. We say that a pair of adjacent items

in the sequence � are predestined if they are brothers

(sons of the same node) in the `-tree constructed by the

algorithm Main. In other words, (u; w) is a predestined

pair if, at some iteration of the algorithmMain(�), \r :=

combine(u;w)" will be executed. For example, all locally

minimal pairs are predestined. Let Pre(�) be the set of

predestined pairs of �.

The key property of predestined pairs is that any

number of them can be processed in parallel using the

following procedure.



valley. Each valley is of the form �

1

b

k

�

2

, where each �

i

is either the empty list or is itself a valley which is a son

of vall(b

k

). In this way we de�ne the valley tree of �,

denoted val-Tree(�).

The subtree of val-Tree(�) corresponding to a valley

� is denoted by val-Tree(�).

The Cartesian tree [4] of a sequence is de�ned very

similarly, and in fact is isomorphic to the valley tree. The

nodes of the Cartesian tree are the list items themselves.

This isomorphism is obtained by replacing each valley by

its representative (i.e., maximum) item. [See Figure 1.]

Example. Let us take the following sequence � =

(17 8 24 10 16 14 18 12 19 22 27 11 21 23 15 25 20 26).

Then vall(19) = (10 16 14 18 12 19) and vall(23) =

(11 21 23 15). The valleys and the Cartesian tree for this

example are presented in Figure 1.

Each proper valley � has a smaller neighbor, �

�

,

de�ned to be the parent of the representative of � in the

Cartesian tree. In our example, for instance, the smaller

neighbor of vall(19) is 22.

Equivalence. We de�ne a rotation of a binary tree to

be the exchange of the left and right sons of some node.

Then two binary trees are isomorphic in the sense of

unordered trees if one can be changed into the other in

a sequence of rotations. Denote this relation by \�."

An important relation between isomorphism of `-trees

and valley trees is given in the following lemma:

Lemma 2.1 If val-Tree(�) � val-Tree(�

0

) then

`-Tree(�) � `-Tree(�

0

):

Computing Packages. Let � be a valley subsequence

of a sequence �. Let � = �

�

, the smaller neighbor

of �. The following algorithm, Process, processes �

independently of the rest of the sequence. It iteratively

computes packages until at most one item less than �

remains. Process returns the sequence of roots of the

forest it computes.

We illustrate the algorithm for our example sequence.

Consider val

2

from Figure 1. The smaller neighbor of

val

2

is � = 24. The computation of Process(val

2

;�)

(where prime means a marked element) is:

(10;16; 14; 18; 12; 19; 22) ) (14; 18; 12; 19; 22; 26

0

))

(14; 19; 22; 26

0

; 30

0

) ) (22; 26

0

; 30

0

; 33

0

)

Hence:

Process((10;16; 14; 18; 12; 19; 22); 24) = (22; 26

0

; 30

0

; 33

0

).

Algorithm Process(�;�);

Comment: � is a valley;

Comment: � = �

�

MakeEmpty(Queue);

1. while j�j � 2 do

1.1. select any locally minimum pair (u; w)

1.2. r := combine(u;w);

1.3. if weight(r) � � then

� :=MergeSinglePackage(r; �)

else mark r as a package to be processed

later; insert(r;Queue);

Comment: denote the forest de�ned by com-

puted links father in the combination steps by

`-Forest(�;�);

Queue = the sequence of roots of this forest (left-

to-right);

2. return the concatenation � � Queue.

The following algorithm, MergeAllPackages(�),

generalizes the operationMergeSinglePackage(r; �) to the

set of all marked elements of the sequence �.

Algorithm MergeAllPackages(�);

Let Q be the set of marked elements of �

for each r 2 Q do

MergeSinglePackage(r;�);

Assume that F

0

is a forest whose roots are contained

in the set of leaves of the tree T

0

. Denote by T

0

� F

0

the tree resulting by connecting the subtree of F

0

whose

root is any r to the leaf r of T

0

.

Let T be the `-tree of some sequence. Denote by

Cuto� (T;�) the forest resulting by cutting o� all up-

links from nodes larger than �.

The following lemma shows that each valley can be

processed independently of the other ones. This permits

the parallelization of the algorithm Main.

Lemma 2.2 (Independence lemma)

Assume that �

1

; �

2

; :::; �

k

are disjoint valleys of �. Let

�

0

be the sequence obtained from � by replacing each �

i

with Process(�

i

;�

i

), where �

i

is the smaller neighbor

of �

i

. Let T

0

=Main(MergeAllPackages(�

0

)) and F

i

be the forest created in the call Process(�

i

;�

i

) Then

1. `-Tree(�) � T

0

� F

1

� F

2

:::� F

k

.

2. F

i

� Cuto� (`-Tree(�

i

);�

i

)



cessed by reduction to the CLWS, resulting in at most

one item of the original 1-valley together with some num-

ber of \marked" items. These marked items are then

reinserted into the list by moving each to the place just

to the left of its nearest larger right neighbor, completing

one top-level iteration.

Using standard tree-contraction techniques, it can be

shown that the number of maximal 1-valleys is at least

halved at each iteration. If the list has just one maximal

1-valley, it is processed to a single item, which is then

the root of the `-tree.

Complexity. Maximal 1-valleys can be found in O(log n)

time using n= log n processors. Processing a 1-valley of

length m requires O(log

2

m) time using m

2

= logm pro-

cessors. The total length of all 1-valleys processed during

the entire algorithm is O(n). The number of top-level it-

erations is O(log n). Finally, the OAT can be constructed

in O(log n) from the `-tree using n= log n processors [10].

We conclude that our algorithm takes O(log

3

n) time

and uses n

2

= log n processors.

2 A Sequential algorithm

In this section, we introduce a slight modi�cation of the

Garsia-Wachs algorithm, and in section 3 we give a par-

allelization.

Let � = (b

1

; : : : b

k

). We refer to b

i

+ b

i+1

as the i

th

2-sum, for 1 � i < k. A pair of consecutive elements

(b

i

; b

i+1

) is said to be locally minimal if the i

th

2-sum is

a local minimum in the sequence of 2-sums. Every locally

minimal pair must eventually be combined (\packaged").

Combining one pair. The algorithm performs (n � 1)

iterations. At each iteration, a new node, r, called a

package, is created through the operation combine de-

�ned below. This node is marked, which means that it

must later be moved and unmarked.

Function combine(u;w);

Comment: u, w are adjacent elements in �

r := u +w;

create links

father(u) = r and father(w) = r ;

mark r as a package to be processed;

remove u and w from � and replace by

the single element r;

return r;

end function.

We call this step combining the pair (u;w) and denote

it as a function (with side-e�ects):

r := combine(u;w):

We de�ne the operation

MergeSinglePackage(r;�):

as follows: A marked package r is moved in the actual

working sequence � to the place immediately before the

�rst element r

0

which is to the right of r and whose weight

is not smaller than weight of r. After this reinsertion, r

is unmarked.

In order for MergeSinglePackage to be de�ned in all

cases, we assume the existence of a �ctitious in�nite item

after the last item in the list.

The sequential algorithmMain. The di�erence between

our sequential algorithm and Garsia-Wachs algorithm is

that we take any locally minimal pair, rather than nec-

essarily the leftmost minimal pair.

Algorithm Main(�);

1. while j�j � 2 do

1.1 Choose an arbitrary locally minimal pair

(u;w);

1.2. r := combine(u;w);

Comment: u, w are replaced by r, and

two links son-father are created;

1.3. MergeSinglePackage(r);

2. `-Tree := tree de�ned by the created father -links

3. return `-Tree

After each iteration of the main loop in Algorithm

Main the function father computed so far de�nes a for-

est. The roots of this forest are the elements of the cur-

rent sequence, and its leaves are the elements of the ini-

tial sequence. It is possible that some of the leaves are

roots of a single-node components.

Valleys. It was �rst observed by Hu [7] that disjoint

\valley"-shaped subsequences can be processed to a cer-

tain extent independently of each other. This fact is

central to our algorithm and it motivates the de�nitions

below.

Formally we de�ne a valley as follows. Given an item

b

k

in the list �, let vall(b

k

; �) be the largest (contiguous)

subsegment of � containing b

k

which contains no item

larger than b

k

. We say b

k

is the representative of its



in the class NC up to now.

The Concave Least Weight Subsequence Problem. We

make use of a reduction to the Least Weight Subsequence

(LWS) problem: given a triangular array of weights

fw(i; j)g

0�i<j<n

, choose a monotonic sequence of in-

tegers 0 = i

0

; i

1

; : : : i

m

= n which minimizes the sum

P

w(i

k

; i

k+1

). This problem can be solved in O(n) se-

quential time if the weight function is concave, i.e., if for

all 0 � i � i

0

< j � j

0

� n,

w(i; j) + w(i

0

; j

0

) � w(i; j

0

) +w(i

0

; j) (2)

The inequality (2) is also called the quadrangle inequality

[17]. This condition speci�es the so-called Concave Least

Weight Subsequence (CLWS) problem [6]. The �rst lin-

ear time algorithm for the CLWS problem was given by

Wilber [16], but there is no known e�cient paralleliza-

tion. The best known NC algorithm for the CLWS re-

quires O(log

2

n) time with n

2

= log n CREW processors

[1, 2]. The use of such an algorithm is the bottleneck of

our algorithm for the OAT problem, i.e., if the CLWS

problem is solvable in polylogarithmic time with n

�

pro-

cessors, � � 1, then our algorithm can be also imple-

mented to work in polylogarithmic time with those same

n

�

processors.

The Hu-Tucker (or Garsia-Wachs) algorithm is con-

siderably more complicated than the Hu�man algorithm.

We can cite Knuth's opinion about the problem of prov-

ing it correct (see page 443 in [11]), \No simple proof

is known, and it is quite possible that no simple proof

will ever be found!" The Hu-Tucker algorithm works in a

\mysterious way" and appears to be inherently sequen-

tial. One of the minor di�culties is caused by the use of

two di�erent types of nodes in the algorithm (square and

round nodes). We use the Garsia-Wachs version of the

Hu-Tucker algorithm which uses only one type of nodes,

and is technically easier to parallelize.

Uniqueness hypothesis. In order to avoid dealing with

ties, we will, throughout this paper, assume that all

weights that arise during any computation are distinct.

It su�ces to assume that the item weights b

1

; : : : b

n

are

linearly independent over the integers. In theory, the

uniqueness hypothesis can be forced by adding appropri-

ate in�nitesimals to the weight of each item. In prac-

tice, the uniqueness hypothesis can be forced without

increasing the asymptotic complexity by careful use of a

tie-breaking strategy. This technique will be explained

in the full paper.

For the rest of this paper, for simplicity of exposi-

tion, each item's weight will also be its name. By the

uniqueness hypothesis, no confusion will result.

Overview of the algorithm. Our algorithm has the same

two phases as the Hu-Tucker and the Garsia-Wachs al-

gorithms. In the �rst phase, a certain tree called the

`-tree (short for \level tree") is constructed. This is a

binary tree whose leaves are the nodes in the list, and

whose internal nodes are what Hu and Tucker call \round

nodes," and what are called \packages" in [13]. In the

second phase, we �nd the unique alphabetic tree where

each item is at the same level as in the `-tree. This will

be the optimal alphabetic tree.

The sequential algorithm. The classical sequential al-

gorithms compute the `-tree as follows. Initialize the list

� = (b

1

; : : : b

n

). After each step, � will be a list of roots

of binary trees, and the totality of leaves of these trees

will be the set fb

1

; : : : b

n

g

Each step consists of \processing" just one pair. Two

items of � are chosen. These two items are deleted from

�, and become the left and right sons of the root of a new

binary tree, which is then re-inserted into �. The length

of � thus decreases by 1 at each step. After (n�1) steps,

� consists of a single item, the root of the `-tree.

The Hu-Tucker and Garsia-Wachs algorithms di�er in

the manner in which they decide which pair to combine

and where the combined node is reinserted, but the �nal

`-tree is the same.

In the Garsia-Wachs algorithm, which is more closely

related to ours, a pair must be a locally minimum ad-

jacent pair. When combined, the new node moves to

the right (or left) as far is it can without passing a node

which is heavier. It is then reinserted at this point.

Both the Hu-Tucker and Garsia-Wachs algorithms

compute the `-tree in O(n log n) time. The optimal al-

phabetic tree is constructed from the `-Tree in O(n) time.

Parallelization. The model of parallel computation we

use in this paper is the CREW PRAM. In our parallel al-

gorithm, we make use of the invariance of the `-tree. We

process any number of locally minimal adjacent pairs at

once, and we also make use of what we call \predestina-

tion." If we can determine that a certain pair of adjacent

nodes will eventually become locally minimal, we can

process them immediately. (See Lemma 4.1.)

The construction of the `-tree is then done in par-

allel in logarithmically many \top-level" iterations. At

each iteration, a non-overlapping set of special subse-

quences, maximal \1-valleys," is identi�ed. Each maxi-

mal 1-valley is processed in two steps. In the �rst step,

certain predestined \special" pairs are identi�ed and pro-

cessed. The 1-valley is thereby transformed into a \reg-

ular valley." In the second step, the regular valley is pro-
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Abstract

A parallel algorithm is given which constructs an opti-

mal alphabetic tree in O(log

3

n) time with n

2

log n pro-

cessors. The construction is basically a parallelization of

the Garsia-Wachs version [5] of the Hu-tucker algorithm

[8]. The best previous NC algorithm for the problem

uses n

6

= log

O(1)

n processors. [15]

Our method is an extension of techniques used �rst in

[3] and later used in [13] for the Hu�man coding problem,

which can be viewed as the alphabetic tree problem for

the special case of a monotone weight sequence. In this

paper, we extend to the case of certain \almost mono-

tone" sequences, which we call \sorted regular valleys."

The processing of such subsequences depends on a quad-

rangle inequality, while the total number of global itera-

tions depends on a kind of tree contraction. Altogether

we can view our algorithmic approach as (quadrangle in-

equality + tree contraction).

An optimal alphabetic tree is a special case of an

optimal binary search tree where all the weights are in

the leaves. Thus, the result gives a partial answer to

the open problem posed in [3]: is there an NC algorithm

which can �nd an optimal binary search tree and which

uses n

6��

processors for some � > 0?
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1 Introduction

The construction of optimal binary search trees (OBST)

is an important algorithmic problem which has so far

resisted any really e�cient NC implementation, though

Knuth gives a quadratic time sequential algorithm [12]

which uses a quadrangle inequality. The optimal alpha-

betic tree (OAT) problem is an important special case

of the OBST problem. The best known sequential time

for that problem is O(n log n) using a greedy approach

[5, 8]. In this paper, we use a combination of that greedy

approach and a quadrangle inequality, generalizing the

results on Hu�man coding from [13].

Statement of the optimal alphabetic tree problem. Let

� = (B

1

; : : : B

n

) be a sequence of weighted items, where

b

i

is the weight of B

i

. If T is a binary tree with n leaves,

where the i

th

leaf (in left-to-right order) is labeled B

i

,

we de�ne the cost of T as follows:

cost(T ) =

n

X

i=1

b

i

`

i

(1)

where `

i

is the level of B

i

in T , de�ned to be the distance

from the root. The OAT problem is then the problem of

�nding that tree T of minimum cost for a given sequence

of items.

Although the restriction of the OBST problem to the

OAT problem results in substantial savings in the se-

quential class [5, 8], no savings at all have been realized


