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1. Introduction

We consider permutations of the set {1, 2,...,n}, called here n-permutations. For an n-permutation 7 = ay...a,, we
define o () =azas...anay, T(w) =azajas...ap. In their classical book on combinatorial algorithms, Nijenhuis and Wilf
asked in 1975 if all n-permutations can be generated, each exactly once, using in each step a single operation o or t.
This difficult problem was open for almost 40 years. Very recently it was solved by Williams in [21], and later Sawada
and Williams presented the solution at the conference SODA’2018 [18]. For odd n, their solution was extended in [19]
to produce a o t-cycle of permutations. There are many other algorithms for permutation generation, for example [17,11,
14,9,7,5,1,22,8,20,12,13]. Usually the ordering method is accompanied by ranking and unranking algorithms. For a given
ordering, the ranking algorithm gives positions (ranks) of each permutation in this ordering, while the unranking algorithm
for a given position in the ordering gives the permutation in this position. The ranking and unranking of permutations
depend on the ordering of permutations implied by the ordering method. In the case of lexicographic ordering, there are
algorithms working in O (nlogn) time, see [9]. It was observed in [11] that it can be improved to O (nlogn/ loglogn) using
a sophisticated data structure. Other ranking/unranking algorithms for lexicographic order were given in [2]. Permutations in
the ordering described in [11] admit linear time ranking and unranking. This ordering does not correspond to lexicographic
order. Ranking/unranking algorithms for permutations in the Steinhaus-Johnson-Trotter order can be found in [6] and [10].
All these previously known orderings are completely different from that of Sawada and Williams. We believe that this
important ordering (solving a long standing open problem) deserves further studies and that it is a natural problem to find
the corresponding ranking/unranking algorithms. We give new insights into this ordering.

Usually the generation algorithm produces each successive permutation by applying some basic operation. The sequence
of these operations, corresponding to the permutation ordering, is called the syntactic sequence. It is treated as a word over

the alphabet ¥ consisting of basic operations. For example, for n = 3 and the o t-ordering 231 312 5 132 %
321 % 213 -5 123 the corresponding syntactic sequence is o T 02 7. We define Seq, as the syntactic sequence, over
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the alphabet ¥ = {o, t}, corresponding to the o t-ordering of n-permutations presented in [18]. We investigate compact
representations of these sequences. For example, Seqs = 0 2(X7)3X, where y; =0'1, X = 2y} y1740%. Seqs is of length
119.

A structural compact representation of the syntactic sequence can help to better understand the ordering, and to design
ranking and unranking algorithms. Our approach is similar to the one used by Shmuel Zaks in [22], in this case the basic
operations are reversals of a suffix of the permutation. The sequence of lengths of suffixes (corresponding to reversals) is
denoted by sy, and is described by recurrences:

S2 =25 Sp = (Sn—1 n)n—l Sn—1- (1)

Surprisingly, the recurrences given in Equation (1), give also the MinGreedy ordering of permutations presented in [17],
related to the greedy flipping of pancakes. In [22], the ranking/unranking algorithms were derived from these recurrences
in a structural way. We are doing the same, after constructing a small compact representation of Seq, we derive the
ranking/unranking algorithms which reflect the structure of this representation. Unfortunately the word Seq,, is much more
complicated than sj.
Such a syntactic approach was also used by Ruskey and Williams in the ordering of (n — 1)-permutations of an n-set in [14].
In this paper we consider compression in terms of straight-line programs. A straight-line program, briefly SLP, is a
context-free grammar that produces a single word w over a given alphabet X. Equivalently, it is a sequence of recurrences
(equations), see [15], using the operation of concatenation of words. The straight-line program can be seen as a program
with no branches, no loops, no conditional statements, no comparisons - just a straight sequence of basic operations.
This is probably the most likely origin of the name. A straight-line program can be equivalently defined as a sequence
of assignment statements of the form X; = expry; X, =expr,; ... X;n = expr,,,, where each expression expr; is a word over
YU{X1, X2, ..., Xj—1}. In the expressions we can only use the operation of concatenation of words. We use such a restricted
model to show tight bounds on the compression of Seq;,.
For each Xj, denote by val(X;) the value of Xj, it is the string described by X; and computed by executing the straight-line
program. The string described by the whole straight-line program is val(X;;). The size of an SLP is the total length of all
expressions expr;. For example, the minimal size of an SLP-representation of ¢" is ®©(logn).
We assume that the arithmetic operations used in the paper are computable in a constant time. The main results of this
paper are,

1. Tight bounds. The minimal size of an SLP representing Seq,, is On?).

2. Ranking. Using a compact description of Seq,, the number of steps (the rank of the permutation) needed to obtain a
given permutation from a starting one can be computed in time O(n,/logn).

3. Unranking. Using a compact description of Seq,, the t-th permutation generated by Seq, can be computed in
(’)(nlog’lgo';n) time.

4. Similar results are shown for the cyclic o T-generation.

A very preliminary version of this paper has been presented in [16], without any results about the cyclic generation.
2. Tree-like graphs of seeds

We define the sigma-tau graph Gy, its vertices are permutations of {1, 2, ...,n}, and there is a directed edge from 7 to
7, if and only if 7y = o (;11) or my = T (11).

Define x®1=x+1if1<x<n—1,and (n—1)®1=1.Ifa® 1=Db, then we write b 1=a. A seed { is an (n — 1)-
tuple aj a; ...a,—1 of distinct elements of {1, 2, ...,n} such that a; =n and a; (a; ®1)a;...a,—1 is a permutation. The element
mis(¢) =a; @ 1 is called a missing element. For example, the set of seeds for n =5 is

{5423, 5432, 5134, 5143, 5214, 5241, 5312, 5321}.

Denote by cycle(s) all permutations cyclically equivalent to 7. We define perms(y) as the set of all n-permutations which
result by making a single insertion of mis(y) into any position in ¥, and then making cyclic shifts. The sets perms(iy)
are called packages, the seed v is the identifier of its package. For a seed ¢ =aja;...ap—1 with mis(y) = x, let {Z =
aixaas...ap—1. The permutation 17] is called the representative of the package perms(y). For example, if ¥ =413, then
mis(y) = 2, {/7 =4213. In the paper we frequently use the sequences of the type yi =ok. 7.1t was observed in [18] that
perms(y/) is the set of permutations resulting by applying prefixes (as functions) of 7 - (y,_1)""! to {Z We introduce an
operation parent, which changes the seed a; ay...a,_1 by inserting mis(yr) immediately after a;, and removing mis(y-) ® 1
from the sequence (the new missing element becomes mis(y) & 1). parent(y) is called the parent of . For example,
parent(5134) =5214, parent(5321) =5432 (see Fig. 1).

Denote by Seeds, the set of seeds of {1, 2, ...,n}. We define the graph SeedGraph, = (V, E), where V = Seeds;, and the
directed edges are of the form v — parent(y). The node ¥ is called the i-th child of its parent ', written child(y’, i) = v,
if mis(y’) is at the i-th position in v counting from the end. SeedGraph,, consists of a directed cycle with hanging subtrees,
see Fig. 2. The nodes on the cycle are called hub seeds, and their non-hub children are called prehub seeds. The set of hub
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732156
721564 721546 721456 724156

Fig. 1. Children of an example non-hub node 732156 with the missing element 4. This missing element is in the i-th place (counting from the end) in
the i-th child.

(R U PP 64321
64312 4132 61543 63215/ 63051 _ 63521

fk 65423 \ m/;\m 62415 T\ 62451

61534 61354 T‘V\\

61453 61435 61345
64231 (4513 64123

65342 65324 05234

Fig. 2. The graph SeedGraphg. Hubs = {64321, 63215, 62154, 61543, 65432}. After removing the dotted edge the graph becomes a rooted tree.
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Fig. 3. The structure of ham(v), where ¥ =413, mis(y) = 2.

seeds is denoted by Hub,. We say that a sequence (c1, c3, ..., Cx) is cyclically decreasing if ¢c; =ciy1 @ 1 for i < k. Repetitive
use of the operation parent can be seen as cyclically sorting the seed (disregarding the first element), for example,

parent parent parent

8134567 — 8214567 pareqt 8321567 paregt 8432167 — 8543217 — 8654321.

For a non-hub seed i we define the seeds tree tree(y/) as a tree consisting of all descendants of i (including ¥ ) in
SeedGraph,. By the length of a path we mean the number of its nodes. The height of a non-hub node  is the maximum
length of a path from  to a leaf in tree(y). Two seeds ¢, v are called neighbors if and only if perms(¢) N perms(y) # @.

Observation 1. (a) Two distinct seeds ¢, are neighbors if and only if one of them is a parent of another one in
SeedGraph,. (b) This happens if and only if mis(¢) = mis(y) & 1 or mis(¢) = mis(¢) @ 1, and after removing from
and ¢ both elements mis(y), mis(¢), they become identical.

For a seed ¢, denote by ham(y) (similarly as in [18]) a directed simple cycle in G, consisting of edges implied by the
seed ¥ in the following sense.

The set of nodes of ham(v) equals perms(y). For each 7w € perms(y) we choose the edge m — 7 (7r) if mis(¥) is in the
second position in 7, otherwise we choose the edge m — o (), see Fig. 3.

Observe that ham(v) is a simple cycle in G, with the same syntactic sequence (labels of edges) yn ]1 for each seed v,
if we start with 1/7 (see Fig. 4). )

For 1<i<n-—1, denote y® = 7-yI~1(¥). In other words v, for n > i > 0, is the word  right-shifted by i — 1 and
with mis(y) added at the beginning. Observe that y,_1(y®) = ¢+ for 0 <i <n—1.
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9

Fig. 4. Two non-disjoint simple cycles corresponding to distinct neighboring seeds can be joined into a simple cycle by removing two o -edges conflicting
with 7-edges.

Example 2. For ¢ =5321 we have  =54321, (1 =45321, v@® =41532.

We say that an edge u — v conflicts with u’ — v’ if and only if
u,v)#@',v)and (u=u' orv=v’).

Define R, as the graph consisting of all T-edges in all (local) graphs ham(y) and all o-edges not conflicting with
selected 7-edges. A version of the construction of a Hamiltonian path by Sawada-Williams, denoted by SWj,, can be written
informally as

Algorithm Compute SW,

P=TR,

w:=nm-—1)...1; add to P the edge m — o (;r)

remove from P edges conflicting with the newly added edge

return P {P = SW,}

3. Compact representations of subpaths of SW,,

We define a bunch as a subpath of SW;, starting in J and terminating in ¥ ™=, where  is a non-hub seed. We denote
it by bunch(y). For any non-hub seed ¢ of height k we define Wy as the sequence of labels of consecutive o t-edges in
bunch(yr). We show later that this sequence depends only on the height of .

Lemma 3. If v = child(¢, i), then perms(¢) N perms(y/) is the o -cycle containing both IZ and ¢®.

Proof. Assume that 7 = pq p2 ... pn € perms(¢). We can assume that p; =n, since cyclically equivalent permutations belong
to the same packages. After removing any element from 7, the first element following n is either p, or ps, in both cases
we obtain a valid seed if and only if the removed element is greater by one than the element following n. After removing
the element p; & 1, we always receive a seed whose package contains 7z, and we can remove p; only when p, =p3 ® 1. It
means that if ¥ € perms(¢) N perms(y), then one of these seeds (denote it by ¢) equals pi p2 ... pn (without the element
pj = p2®1) and the other one (denote it by v) is equal pq p3 ... ps. The element mis(¢) = p; occurs at the position n— j+1
from the right in v, thus ¢ = ¢®=/+D = pip. 1 ... pyp1..pj_1 is cyclically equivalent to ¥ =7. O

By hub(y/) we denote the first hub seed reachable from i by parent links, and by prehub(y) denote the highest non-
hub ancestor of . The length r + 1 of the parent sequence vy = Y9 — Y1 — ¥ — ... = ¥ from ¥ to hub(y) is denoted by
level(y).

For a seed (s1, S2, .., Sp—1), define decsubs(y) and decpref(yr) as the longest prefix of (s, 61,5262, ..,526 (n—3)), which
is, respectively, a subsequence/prefix of (s3,S4,..,Sp—1). In particular each prehub seed v has |decsubs(y)| =n — 4 and
each leaf ¢ of SeedGraph, has |decpref(y)| =0.

Observation 4. level(y) =n — 3 — |decsubs(y)| and height(y/) = | decpref(y)| + 1. If ¥ is a non-hub seed, then the level
and the prehub of ¥ can be computed in O(n) time.

Example 5. We have decsubs(96154238) = (5, 4, 3). Hence the path from 96154238 to its prehub 98765423 is 96154238 —
97615423 — 98765423, and decpref(96154238) = 0.

Lemma 6. Each non-hub seed of height k > 1 has exactly n — 3 children. The sequence of heights of all these children (in their respective
order in SeedGraph,,)isequaltok — 1,k —1,....k— 1,k — 2,k — 3, ..., 1 (see Fig. 5).
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T T T Tr T, 5T T T4 LLOT, ToTT T, T

Fig. 5. The root is a hub node in SeedGraph;, it is the parent of several prehub nodes. Each subtree T; is an isomorphic copy of a seed tree rooted at a
seed of height i, after discarding labels of nodes. The numbers at edges correspond to the number of copies of the same subtree.

NGZENPZIN

Fig. 6. A part of SkewTree(7, 5). The numbers at the nodes are their heights.

Proof. Inserting the missing element of the seed after the end of its decreasing prefix cannot change its length, hence the
first n — k — 1 children are of height k — 1. Inserting the element before an element from the decreasing prefix shortens it,
hence the height decreases by one for each next child. O

Example 7. The height of the seed ¥ =11987612345 is 4, since 876 is the longest common prefix of (as, ...,a,—1) and
(261,062, ...,a2 & 2). The children of i have heights (in order of children) 3, 3, 3, 3, 3, 3, 2, 1. All the children of
11981234567 are of height 1.

For a given n > 3, the skew tree SkewTree(n, k) of height k > 1 and rank n is an ordered tree which consists of a
root labeled k and n — 3 children vq, vy, ..., v,—3 ordered from left to right. The first n — k — 2 of them are roots of sub-
trees of height k — 1, the remaining nodes are roots of subtrees of heights k — 1,k — 2, ..., 1 (from left to right). The tree
SkewTree(n, 1) is a single node. We define the following table A:

A(k,i)y=min(k —1,n—2—1i) fori<n-—2.
Ak, 1), for i € [1..n — 3], forms the sequence (k—1)*, k—2, k—3, k—4, ..., 1 (see Fig. 6).

Observation 8. If height(¢) =k <n — 3 and child(¢, i) = i, then height(y/) = A(k, 7).

We add to each node of SkewTree(n, k) backward edges from each of its children, see Fig. 7. We label the edges by
numbers (treated as symbols here), and by symbols i, for i <n — 3. We also use an additional symbol § to label each leaf.

We give labels to edges in the following way: v LN child(v,i); child(v, i) SV
Denote by dfs(n, k) the word obtained by traversing the tree SkewTree(n, k) in a depth-first-search order and concatenating
labels of traversed edges and visited leaves.

Observation 9. We have dfs(n,1) = § and dfs(n,k) = 1_[1 1 i-dfs(n, Ak, 1)) i for k > 1. For ¢ ¢ Hub,, tree(y) is
isomorphic (after discarding labels of nodes) to a skew tree of the same height.

For a permutation 7 and a sequence « of operations o, 7 denote by gen(s,«) the set of all permutations generated
from 7 by following o, including 7. The word Wj, satisfies equations gen(y, Wy) = bunch(y) and Wy (y) = 4@~ D,
Recall that we denoted ¥, = o¥7. We define a morphism

WS =Wy; W) =10 Wi)=0"2"fori<n—3; ¥Mn—3)=0-T-yn_1
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Fig. 7. An example traversal sequence dfs(7, 3) of length 45 of SkewTree(7, 3).

—» 781905432 278196543 —»

T 5 A T
g * E 0.4
965432781 654327819
T T
0.1
954327816 «—— 695432781 564327819
8
W3 6 o
543278169 —» 169543278 643278195
0'2 l/r TT Ul
954327861 €t—— 619543278 463278195 «—— 546327819
W, i . '
o o
543278619 —» 861954327 632781954 —® 954632781
o T T o2
954327681 €4—— 681954327 362781954 «—— 543627819
W, » r W,
543276819 —® 768195432 /V;/'S\' 627819543 —®» 954362781

954326781 543267819

b e )

678195432 267819543

Fig. 8. The structure of bunch(y) for the seed vy = 95432781. We have parent(y) = ¢, where ¢ = 96543281. The connecting points of i with its parent
are J and ¥ @D, in other words bunch(y) ﬂperms(d)) {(#, ¥@=D}. The sequence W, starts in v, visits all permutations in bunch(y) and ends in
¥ =D We have Wy = T - 0'W3y5 - 02W3ys - 03 W3yy - 0 W3 y3 - 0°Ways - 0SWiyg - 6.

Lemma 10. W, = W(dfs(n, k)) for1 <k <n —3.

Proof. We show by induction on k that W(dfs(n, k)) represents a Hamiltonian path covering bunch(y). The base of induc-
tion is given by the definition of W(§). By induction, we assume that for ¢ = child(y, i) the path covering bunch(¢) is
represented by W(dfs(n, A(k i))). We have that lIJ(l)alIJ(f) =t0" ! fori<n—3,and Y()o W(@) = (to" N2t fori=n—3,
hence the sequence ]_[1 h W(i)oW(i) = T(yn_1)""2 covers perms(r/z) N bunch(y) (placeholders o are inserted here for tran-
sitions between ¢ and ¢®~1 for each child of v). Then ¢ = o'(¥®) = W(i)((ro)~1(¥)) (as illustrated in Fig. 8), thus
W(dfs(n, A(k,i))) occurs exactly in the place held by 0. O

Observation 9 and Lemma 10 directly imply,

54



W. Rytter and W. Zuba Theoretical Computer Science 882 (2021) 49-62

Fig. 9. The compacted structure of Seqg of length 720. It differs from the structure of R¢ by adding one o-edge from 654321 and removing two (dotted)
T-edges to have Hamiltonian path. We have Seqs = (0 7)%0% (Vs7)* Vg, where Vg = 0> 1 02W,02 7 03W;0 7 0°. The structure is the union of graphs
o)

of 5 seeds in Hubg with hanging bunches. The starting path is 564321 —> 654321.
Corollary 11. For 1 <k < n — 3, we have the following recurrences
n-2 _i
Wo=0, Wi =71 - [[i.; 0'Waw,i) Vn—2—i

For example, for n=5 Wi =17 -0 'Wpo?1 - 02Wpo 11 - 03Wpo ' = 7 - 9},
4. Tight bounds for sizes of SLP representations of the whole ordering

We write separate SLP’s for all y;’s, for i <n (exponents can be replaced by SLP’s of logarithmic size, using only concate-
nations). Then, due to Corollary 11 the total size of SLP-representations of all words W; is O (n?).

Theorem 12. Seq,, has the following SLP-representation of size O (n?)
Vi = Y3 - 1155 0/ Wam-3.i) Va—2—i - 0", Segy = y% - 02 (Vy T)"2 - Vp,

Proof. For every non-hub seed y we had that gen(@, W;) = bunch(y), where k = height(y). The only difference for a
hub seed ¢ is that child(¢, 1) cannot be considered as part of a tree rooted at ¢ (with already defined parent links), since
child(¢, 1) € Huby, and this would lead to a cycle (child(¢, 1) is reachable via parent links from ¢).

We define V,, as W;,_3 with the part corresponding to the first child removed (leaving only its suffix y,_2_1). We also delete
the last symbol 7, as it does not appear at the end of the path (it corresponds to one of the 7-edges removed when joining
two cycles into one path). Now, Seq, consists of n — 1 segments equal to V, (corresponding to n — 1 hub seeds) joined by
T-edges (they are linked in the same way as if the previous V, part was a child of the next one). Additionally, it starts with
yln_] representing the small path with the last T-edge replaced by a o-edge (see Fig. 9). O

Now we will focus on the lower bound for the SLP. Define
Zn={zij:n/4<j<n—5i+2j<n}, wherez j=0""1"t0oi(tro) o™
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n—1-—i i 2j n—1
00 -+-000TO00 -+ 0O0TOTO ++ - TOTOOCT ++ - OO0
| |
2n

Fig. 10. All subwords of size 2n in z; ; contain the first and the last T (since i +2j < n) and are distinct.

Lemma 13. All words in Z, are subwords of Wy, _4.

Proof. We use composite labels of paths in SkewTree(n,n — 4) of the form: start in the (i — 1)-st child of a node of
height j + 2, then go one edge up, go to the ith child and later go downward to a leaf on the longest branch. The path
ends with a loop at a leaf, this loop is added to the path (see Fig. 7). Such a path exists since i + j + 2 < n. We define
vij=i—1-i-1.8, Th={vij:n/4<j<n-5 i+2j<n).

We show that each word z; j is a subword of W;,_4 as a prefix of W(v; j). The sequence v; ; is a subword in dfs(n, j+2),
and thus each word w € I';; is a subword in dfs(n, n — 4). Consequently, W,(w) is a subword of W;,_4 (due to Lemma 10).
We have Z, = {W(i—1-i-1)-to™ ! : v; j € Iy }. This completes the proof. O

Theorem 14. The minimal SLP representation of Seqy, is of 2(n?) size.

Proof. Denote by factorsi(w) the set of subwords of length k of a word w. The structure of the words z; ; implies that
all words in factorsy,(z; ;) are distinct, each contains 2(n) factors (|z; j| =2n+2j > %n). There are ©2(n?) distinct (i, j)
pairs and the sets factorsy,(z; ;) are pairwise disjoint (i determines the distance between first two 7's and j determines the
number of t's in the string). Consequently, there are Q(n?) distinct factors of size 2n in all words in Z,. We use the fact
that a word with SLP representation of size k has only O(mk) different subwords of length m, see [15]. The sequence Seq,
contains n — 1 full W;,_4 parts, hence the thesis follows from Lemma 13 (see Fig. 10). O

5. Locating and recovering seeds in a seed tree

If ¢ is the i-th child of its parent in the seed tree, then we write ord(y) = i. For the parent sequence Yy =
¥, Y1, ..., Ym = prehub(yr) denote

route(yr) = (ord(y), ord(yr1), ..., ord(¥m)).

Example 15. For the seed 96154238 from Example 5 we have, ord(yp) = 1, ord(y1) = 5, ord(y») = 2, hence
route(96154238) = (1, 5, 2).

Lemma 16. For a non-hub seed v we can compute route(y) in O(n./logn) time.

Proof. First we reduce the problem to the case mis(¥) =n — 1. Let ¥ =ajay...ap—1 and j be the number such that
a, ® j=n— 2. Then we replace ¥ by ¢’ =ay (a; @ j) (a3 ® j) ... (@p—1 ® j). The routes of vy and ¥’ are the same and
mis(y’) =n — 1. Now, for the rest of the proof, we can assume that mis(y¥) =n — 1. We know the length of the parent
sequence from  to its prehub, since we know level(y). We use the following auxiliary problem

Inversion Vector problem: for a permutation 7 compute for each element x the number of elements smaller than x,
which are to the right of x in 7

Denote by pos(v, x) the position of x in the sequence v counting from the end and by rightsmaller(y, x) the number of
elements smaller than x, which are to the right of x in . Our sequence v is not a permutation but we can replace n with
n — 1 to obtain a one. Then, after solving the Inversion Vector problem, we know all values rightsmaller (v, k).

Assume mis(y) =n — 1. Then for k < level(y) we have

ord(y) = pos(y, 1) and ord(parent (1)) = pos(y, k + 1) — rightsmaller(y, k + 1) (2)

Now all the values ord(yy) can be computed using Equation (2). The Inversion Vector problem can be computed in
O(n,/logn) time, see [3]. Consequently, the whole computation of numbers ord(v;) is of the same asymptotic complex-
ity,. O

Lemma 17. If we know " = hub(y) and route(v), then r can be computed in O(n ) time.

logn
loglogn
Proof. Assume route(y) = (ord(vg), ord(y1), ..., ord(¥mm)) = (to, t1, ..., tm). Then the following algorithm recovers
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Y=y
for i =m — 1 downto 0 do

X :=mis(yr); remove xS 1 in v;

insert x to the position t; in ¥ counting from the end;
return .

The data structure from [4] allows us to implement each of the operations on y (treated as a list) to work in 0(101;1%)

time, consequently the recovery algorithm works in O(n log’l%gn) time. This completes the proof. O

6. Ranking algorithm

The ranks of permutations which are representatives of hub seeds are easy to compute. For example for n =6 we have
(see Fig. 9): rank(643215) =1, rank(632154) = 3, rank(621543) = 5, rank(615432) = 7, rank(654321) = 9.

k

Observation 18. All the values |W| and > (JW;|+n—1) for k € {0..n—4} can be computed in O(n) total time and accessed
i=0

in O(1) time, afterwards.

. i—1 i .
Define sum(k, j) = |t - [[/Z; o' Wawi) Va—2—il + J.

Observation 19. (a) If ¢ = parent(y) ¢ Hub,, and v is the i-th child of ¢, then rank({/?) — rank(a) = sum(height(¢), i). (b)
After the linear time preprocessing sum(k, j) can be computed in O(1) using one of the formulas

T+ (Wil +n—1-G—D+j or Wl =X/ 2(Wil+n—1) +J.

Lemma 20. For a given permutation = € perms(y), we can compute in time O(n)
(a) rank(;r) — rank(vy), if ¢ ¢ Huby, (b) rank(sr), otherwise.

Proof. By a starting path we mean the sequence of the first 2n — 2 permutations of SWj, see Fig. 9.

(a) Let p =nry...ry be the permutation cyclically equivalent to 77, which starts with n, and let j be the position such that
rj=r2®1.1f Yy =nrs3...r, then p =1. Now we distinguish two cases depending in the position [ of n in 7.

Case 1: if | <n — j+ 2, then rank(;r) =rank(p) — [+ 1.

Case 2: otherwise, rank(sr) = rank(p) + [Wheight(y)| + (m —1) =1+ 1

If ¢ =, r2,...,7j-1,Tj41, ..., '), then rank(p) = rank(J) + sum(height(y), n — j + 1). Using similar arguments as before,
we have rank(rr) =rank(p) —1+1 if | <n— j+2, and rank(r) = rank(p) + [Wa neight(y),n—j+1)| + (1 — 1) — [+ 1, otherwise.
(b) If the permutation 7, after removing n, is cyclically equivalent to (n — 1) (n — 2)...1 and n appears in the first position
(7t belongs to the starting path), then rank(;r) =2-(n—py —1) — 1, and if it appears in the second position, then rank(w) =
2-(n—py—1), where p1, p are the first two elements of 7. Otherwise we define p, j and [ like in the case (a) and v =
nry..Tj_17j41...Th. We know that v € perms(y), and want to compute rank(;r) minus the rank of the first permutation of
perms(y), which appears in SW;, with the rank greater than 2n — 3. This permutation equals y =713 ...7j_1Tj}1...Th (@ 1)n
and has the rank equal to
2n—=2)+|Vyt|-(r; mod (n—1)) = 2n— 2+ (r; mod(n — 1)) - (n(n — 2)! — 2).

If j =n, then rank(zr) =rank(t) +n —1 else, if | <n — j+ 2, then
rank(p) =rank(u) + sumn —3,n — j+ 1) — [Wy_4| — 2, rank(sr) =rank(p) — 1+ 1.
Otherwise, we have, rank(;r) =rank(p) + [W;_3|+n—1) =14 1.

Using these equations we can rank permutations in basic cases, and reduce the main problem to the ranking of the
representatives of seeds. 0O

We slightly abuse notation and for a seed ¢ define rank(y) = rank({ﬁ).
Lemma 21. For a non-hub seed v, the value rank(y) — rank(prehub(v)) can be computed in O(n./logn) time.
Proof. Let us consider the parent sequence ¥ = ¥, Y1, V2, ..., ¥ = prehub(y/), where r = level(y) — 1. Then rank(y;) —
rank(y+1) = sum(height(v;+1), ord(y;)), and height(y;) = A(height(y;,1), ord(y;)). Consequently, knowing route(yr), we
can compute in O(n) time rank(y) — rank(prehub(y)) = Z?:m_l (rank(v;) — rank(vi+1)). Now the thesis is a consequence
of Observation 19 and Lemma 16. O

The following result follows directly from Lemmas 20 and 21.
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Theorem 22. [Ranking] For a given permutation 7, we can compute the rank of 7 in Seq,, in time O(n./logn).
7. Unranking algorithm

Denote by unrank(t) the t-th permutation in Seq,, and for t < |bunch(y)|, let unrank(y, t) = unrank(t + rank({ﬁ)) (it is
the t-th permutation in bunch(y), counting from the beginning of this bunch).

Lemma 23. If we know a non-hub seed  such that unrank(y, t) € perms(yr),
then we can recover unrank(y, t) in linear time.

We say that a permutation 7 is a hub permutation if 7 € perms(y) for some € Hub,.

Proof. Let v =nay...ap—1, and k = height(y/). We find in linear time the number j such that sum(k, j) — j <t < sum(k, j+
H—j—1.

If sum(k, j) <t < sum(k, j) 4 |Wa, j)l, then unrank(y, t) does not belong to perms(y) (it belongs to bunch(child(+, j))).
If I =sum(k, j) —t >0, then unrank(y,t) equals na;...a,—j(az @ 1)ap_j41...ap—1, rotated by I to the right, and if [ =
t —sum(k, j) + [Wa, j| = 0, then it is the same permutation rotated by [+ 1 to the left.

In this way we reduced the problem of unranking a non-hub permutation to finding a package containing the permuta-
tion. O

Lemma 24. We can test in O(n) time if unrank(t) is a hub permutation.
(a) If “yes”, then we can recover unrank(t) in O(n) time.
(b) Otherwise, we can find in O(n) time a prehub ¢ together with rank(¢) such that unrank(t) € bunch(¢).

Proof. If t <2n — 2, then unrank(t) is equal to (n — 1)...1 rotated to the left by [%]. with n inserted on first position if x is
odd, and in the second if it is even.

Otherwise, let t — (2n —2) =tq - [V, 7| + t2 (we use integer division to compute t1,t3), and let ¢ =nt; (t1 61)...(t1 © (n —
3)), (with t; substituted by n — 1 if equal to 0). The permutation unrank(t) belongs to perms(y) or to bunch(¢), where
parent(¢) = . If to <n — 2, then unrank(t) is equal to nt; (t; ©1)...(t1 © (n — 2)), rotated to the left by t, + 1. Otherwise,
we find j such that

sum(n—3,j)—j<tp+ A4+ Wp4|l+n—-1)—(n—-2)<sum(n—3,j+1)—j—1,

and | =ty + |Wp_4| + 2 — sum(n — 3, j), ¢ = child(y, j)

If | <0, then unrank(t) is equal to 5 rotated to the right by —I, else if I > [Wx;—3,j)l, then unrank(t) is equal to 5
rotated to the left by I — [Wa@n—3,j)| 4 1. Otherwise, unrank(t) = unrank(¢, I), and it is not a hub permutation. By using this
algorithm we either already succeeded in finding the required permutation, or restricted ourselves to a limited regular part
of SW,. O

Lemma 25. After linear preprocessing, for given height(y) and t < | bunch(y)|, we can answer in O(loglogn) time if unrank(y, t) €
perms(¥). If not, then we output the numbers ord and height of B - a descendant of v such that unrank(y, t) € bunch(g).

Proof. Denote m =n — 5. For k € {1, ..., m}, define b, = Z{-‘=0(|Wi| +n—1). We have, 2 < b;)—*il <nfori<m. Let § = Vbn
and let d be the sequence such that d[i] = max{j:b; < 8%}, In the preprocessing we compute this sequence in linear time.
Then, t is located between positions d[i] and d[i + 1]+ 1 in (b1, by, ..., bm), where i = [logst]. In this way we find a
logarithmic subrange, where the required ¢ is located (d[i 4+ 1] — d[i] <log, § = O(logn)), and using binary search, we find
t in O(loglogn) time.

Let k = height(y/). We need j, such that sum(k, j)—j <t <sum(k, j+1) — (j+1). For j <n—k, we have sum(k, j) —j=
(=1 (W1l +n—1).

Hence, if t < sum(k,n — k) —n + k, then division by |[Wj_1|+n — 1 suffices to find the appropriate j. Otherwise, let
s = |Wy| —t, we look for j such that

buj—3 = Wi — sum(k, j+ 1)+ j+ 1 <5 < (Wi — sum(k, j) + j = bn_j_.

We can find the required j in O(loglogn) time. If sum(k, j) <t < sum(k, j)+|Wa, j)l, then unrank(y, t) = unrank(g, t —
sum(k, j)), where g = child(y, j) has the height A(k, j). Otherwise, unrank(y, t) € perms(y). O

Theorem 26. For a given number t, we can compute the t-th permutation in O(”lolgl%)'

Proof. From Lemma 24 we either obtain the required permutation (if it is a hub permutation) or a prehub ¢ together
with rank(¢) such that unrank(t) € bunch(¢). In the second case we know that unrank(t) equals unrank(¢, t — rank(¢)).
Now, after the linear preprocessing, we apply Lemma 25 to obtain route(y/) for a seed ¢ such that unrank(t) € perms(y).
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Fig. 11. The graph of modified seeds for n = 6. The prehub nodes are in boxes. Its hub nodes are 64321, 63251, 62541, 65431.

However, we do not know . It can be computed using Lemma 17. Finally we use Lemma 23 to obtain the required
permutation unrank(t). O

8. Cyclic o T-generation of permutations

A ot-sequence of permutations is cyclic if the last permutation is equal to the first one. Let &' denote a modified
addition modulo n — 2, where (n—1) @' 1 =2 (previously n — 1@ 1 =1). It gives a cyclic order of the elements {2, ...,n—1},
with attached element 1 (19’ 1=2). Fora > 2, we writtea®’1 =a—1and 26’1 =n—1.

The change of the operation @ to &' implies redefinition of seeds and their interaction. We understand later that in this
section we deal with seeds and their graphs with respect to @’. In particular for a seed ¥ =ajay...a,—1 mis(¥) =a; @' 1.

Observe that in the previous construction we had the seeds 5423, 5432, and now they are replaced by 5413, 5431, since

, .

4@’ 1=2, while 4® 1 =1, for n =5. The set of modified seeds is now {5413, 5431, 5134, 5143, 5214, 5241, 5312, 5321}
(see Fig. 11).

Lemma 27. The subtree rooted at a non-hub seed  of height k in the graph of modified seeds is isomorphic to SkewTree(n, k)
Furthermore, W, generates the Hamiltonian path on bunch(y).

Proof. It is enough to show, that the children of a seed with a newly defined height equal to k > 1 follow the same pattern
of heights as in Lemma 6. Let x = mis(yr). When x @' 1 # 2, the proof does not change, since for a non-hub seed, x &' 1
cannot belong to the decreasing prefix. x cannot be equal to 1 as it has no predecessor (it cannot be a missing element) and
for x=n —1 only placing it after 2 can make any difference. There is only one seed with x=n — 1 and with the element 2
in the decreasing prefix - n(n—2) (n—3)...21, and it is a hub seed. However the child obtained in this way is very special -
it is the only non-hub seed of height n — 3 (such a seed does not appear for operation ©). We know that for ¢ = child(y, i)

& = oi(yD), hence, using the morphism W on the traversal sequence of the skew tree we obtain the ordering of the
Hamiltonian path. O

For 1 <x <n, we define switch-permutations (switches, in short) as permutations of the form xn(x® 1) (x @ 2)
other words they are cyclic shifts of the identity permutation 123
Let r; be the switch starting with n —

..(x61).In
...(n—1) in which n is inserted into the second position.
i, and let u; denote o (r;). Denote by R, the graph consisting of T-edges of all ham(y)
and all o-edges not conflicting with selected 7-edges, where each ham(vy) is understood here as the one defined with the
use of the modified operator &'. A version of the construction of SW’ in [19] can be written informally as

Algorithm ComputeCycle
P:=TR;
for each switch r; do

remove edge r; — o (r;); add edge ri — T(Iy);
return P
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Fig. 12. The cycles Cinner and Couter for n =7 (edges of the outer cycle are drawn as thicker lines). We obtain Seq, by adding dashed edges, and removing
(old) edges conflicting with the dashed ones.

It was shown in [19] that R;, consists of two disjoint cycles Cipper (the one containing r;_1), and Couter. Denote by Cycle,,
the Hamiltonian cycle constructed in [19] (see Fig. 12).

Lemma 28. [19] For odd n, the algorithm ComputeCycle produces the Hamiltonian cycle Cycle, which is of the form

T B2 T Ba T Bn-3 T Bn-1
n —>Uy —> I3 — Ug —> I's —> ... —> I'n_2 —> Up—1 —> I'n—1

T I3} T B3 T Bs T T Bn—2
—> Uy —> Iy — U3 —> 14 — Us —> 1'g —> ... —> Up_2 —> I'1,
and Seql, = T2 TPaThe ..., Thn1TP1TB3TBs5 ... T Pna.
Lemma 29. We have Seqyyrer = (0Wn—3¥n—-3Y2)(0Wn_a¥n-3 )/2)”_3, and
SeGinner = U" %, where U= y_4 - [T55 o' Wan-3,i) Yn—2-i-

Proof. From Lemma 27 we know that for i outside of the hub cycle, we have
gen(y, W) = bunch(y) and Wy(¥) =@,

Every hub seed ¢ has exactly one child which is also a hub seed. In the previous construction it was always child(¢, 1).
In this construction it is child(¢, 2), as hub seeds are of the form nx(x &’ 1)...(x ®' 2) 1. Hence, the construction separates
the first child from children 3 to n — 3 (and the cycle with Wy). The outer cycle covers the first children of hub seeds, and
the inner cycle covers the remaining ones. The first child of each hub seed has the height equal to n — 4 with one exception
- the seed n(n —3)(n — 4)...1(n — 1), which is the first child of the hub seed n(n —2) (n — 3)...1 and has the height
equal to n — 3. Hence the outer cycle has the required representation (additional y» represents the transition to the second
child, which is the next hub seed). In the inner cycle each child of the hub seed has the same height as in the previous
construction (height(child(¢, i)) = A(n — 3, 1)), and these children are visited in the same order. Afterwards, we follow the
sequence of operations y;;,—4, Which represents the “return to the parent seed” (thus, in this cycle, hub seeds are visited in
the reversed order). O

60



W. Rytter and W. Zuba

Theoretical Computer Science 882 (2021) 49-62

97654321 — B 98765431
> 92876541 ,
! 96543281 93287651 97654312
96543218
\ 1 95432871 @ 94328761 98765413
95432781 I 3
05432178 05432817 1 1 , 906543812
4 93287615 , 97634123 A
3 94326781 94328716
2 95437812
04321678  ouasier , 98765134 A
03256781 92876145 5 96548123 ?5
4 393287156 5 97651234 ;94367812
93215678 s 93281567 (
f 92456781 y 98701345 5 95478123 ?6
5
’ 4 92871456 L 96581234 . 93567812
92145678 92814567
4 97612345 ¢ 94678123
6 5 98713456
01345675 08134567 6 95781234
5 96812345
97123456

Fig. 13. The routes of 8 switch seeds for n = 9. The hub seeds are in the upper cycle. The routes have very similar patterns - they consist of two simple
arithmetic progressions.

The seeds corresponding to switch permutations are called switch seeds. Observe that each switch seed i is of the form
aia;z...anp—1, where ay ...ap—1 is a cyclic shift of 123... (n — 1) with the successor of the first element removed (see Fig. 13).

Lemma 30. A route of a switch seed is either equal to (n —3,n —4,...,3) orto (n —3,n — 4, ..., 1) with 0 or 1 element erased (for
example (6,5,3,2,1) forn=9).

Proof. A switch rp_x41 =S 1)nx(x®1)...(x©2) belongs to perms(y) for a switch seed ¥ =nx(x®2)(x®3)...xS 1)
of height equal to 1 (for x=n—1 ¢ =n(Mm—1)13... (n —2)). When going to hub(y/) through the parent edges in each step
we take an element one greater (in terms of @’) and place it after n (removing the new missing element). Each such action
shifts by 1 all elements between the first position and the position from which the new missing element was removed.
These elements are already sorted (and will not be removed later). Hence the route of the permutation is composed of the
initial positions of elements x @' 2, x®’ 3, ... (counting from the end). For x =1, all elements from 3 to n — 1 are removed in
some step, which results in (n—3,n—4, ..., 1), as the route (positions of elements 3 to n—1 in 1, counting from the right).
For x > 1, the element 1 appears in the position x — 1 counting from the end in v (the position n — 3 for x=n — 1), hence
this value is missing from its route (route is equal to (n — 3, ..., 1) with x — 1 removed). For x = 2, the route (n — 3, ..., 2)
would lead to a hub seed n(n—2)...21, however its second child n(n—3) (n—4)...32(m—1) 1 is already a hub seed, hence
we need to remove the value 2 as well (obtaining route(r)=(n—3,...,3)). O

Theorem 31. The size of the minimal SLP representation of Sed, is Om?).

Proof. It is enough to give SLP representations of total size @ (n?) for all B;. We consider only the case 2 <i <n — 2 (four
. . wi _ Wi+1

other cases are very similar). We divide $; into three parts w}, wa, w’3+l such that u; —> a§” RN
a; = prehub(s;) and s; is a switch seed corresponding to ri. For 2 <i <n — 2, all words wa are suffixes of W,_4, and all

w';q are prefixes of Wy_4, while wy = y,_3y20. We use the fact, that for a non-prehub ancestor of a switch seed of height
k, its parent is of height k + 1, furthermore, it is always either the last or the penultimate son of this height.

This implies that for k > 1 a split in equation for W) can only happen in two places (in one of the two Wj_q). We
decompose Wy, =7 ]_[?:_faiWA(m)yn,z,,- as W,((])(Wk_1yko”*k”Wk_l)W,((z), without changing the total size of equations
in the SLP representation, where

W,(:) = @[T 0 Wa g Yna-o 2, W,iz) = V1 [T 0 Wagei Va-ai.
Intuitively, we divide the product over i € {1, ...,n — 2} into three parts
{1,...n—k-3}, n—k—-2,n—k—1}, {(n—k,....n—2}.
We want to represent the two parts of each W;,_4 with a split. Due to the fact that the split on each level (for k from n —4
down to 2) happens in the middle part of Wj, and none of the W,EU or W,(f) parts are affected by the split, they do not
need to be altered. The middle parts of each Wy may be partitioned in two different ways (depending on i), however these
parts are of constant size each.

—~ 3
diy1 — Tit1, where
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For i # 2, u; is always positioned two permutations before slgn—l) (si("_U is obtained from u; after applying o t), hence Wy

is always divided into ng)Wo)ﬁO'n_g and WOWEZ) (the same division into three parts as on the higher levels, with a minor

difference inside cycle(r;)). More formally, each wg is composed of n —4 parts equal either to W,(:) or to W,(J)W,(_] yko”*k*1
and of Wyy;0™"3 (similarly Wli is composed of Wy and of n — 4 parts equal to either yko”*k”Wk,]W,((z) or W,(cz) ).

Each such production has linear size, hence all equations for 8; have ©O(n?) total size. The lower bound follows from
Lemma 13 in the same way as for the path sequence Seq, (Theorem 14), since Seq), contains Wy_4. This completes the

proof. O

Theorem 32. In the sequence Seq], the ranking can be done in O(n./logn) time and the unranking in O(n%) time.

Proof. Ranking and unranking in Seqqyter and Sedyner is basically the same as in Seq,,. We show how to compute ranks of
all r; in Seqgyger, Sedinner and in Seqy in O(n) total time. By Lemma 30 we know the routes of all the switch seeds, hence
ranking of each of them (in Seqgyeer OF Seqipner) can be computed in O(n) time. Furthermore for 2 <i <n — 3 the route
of the next switch seed differs on exactly one position. Hence we can rank riy1 for those i in O(n) total time using the
formula,

rank(riy1) —rank(r;) = [oWy_4yp—3y2| +sum(i — 1,n —i) —sum(i — 1,n —i — 1) = [Wp_4| + |W;_2| +2n + 2.

These differences give the values of |8;| for each i, which can be used to compute the ranks of switches in Seq),. Now we
can perform ranking and unranking.

Ranking: to obtain the rank of 7 in Seq), we rank it inside Seqgyeer O SeQyner, and then add the difference between
rankings of the next r; in both constructions (7 € 8;).

Unranking: to find permutation of the rank ¢ in Seqy, we find r; with the smallest rank greater than or equal to t. We can
then unrank |8;| — |ri|+tin B;. O
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