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EFFICIENT RANKING OF LYNDON WORDS AND DECODING
LEXICOGRAPHICALLY MINIMAL DE BRUIJN SEQUENCE*

TOMASZ KOCIUMAKA', JAKUB RADOSZEWSKIT, AND WOJCIECH RYTTERT

Abstract. We give efficient algorithms for ranking Lyndon words of length n over an alphabet
of size 0. The rank of a Lyndon word is its position in the sequence of lexicographically ordered
Lyndon words of the same length. The outputs are integers of exponential size, and complexity of
arithmetic operations on such large integers cannot be ignored. Our model of computations is the
word RAM, in which basic arithmetic operations on (large) numbers of size at most o™ take O(n)
time. Our algorithm for ranking Lyndon words makes O(n?) arithmetic operations (this would imply
directly cubic time on word RAM). However, using an algebraic approach we are able to reduce the
total time complexity on word RAM to O(n? log o). We also present an O(n? log? o)-time algorithm
that generates the Lyndon word of a given length and rank in lexicographic order. Finally we use the
connections between Lyndon words and lexicographically minimal de Bruijn sequences (a theorem of
Fredricksen and Maiorana) to develop the first polynomial-time algorithm for decoding the minimal
de Bruijn sequence of any rank n (it determines the position of a given word of length n within the
de Bruijn sequence).
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1. Introduction. We consider finite words over an ordered alphabet ¥ of size
Y. A Lyndon word [24, 5] over ¥ is a word that is strictly smaller in the
lexicographic order than all its nontrivial cyclic rotations. For example, for ¥ = {a, b}
where a < b, the word aababb is a Lyndon word, as it is smaller than its cyclic
rotations: ababba, babbaa, abbaab, bbaaba, baabab. On the other hand, the word
abaab is not a Lyndon word since its cyclic rotation aabab is smaller than it. Also
the word aabaab is not a Lyndon word, as its cyclic rotation by three letters is
equal to it. Lyndon words have a number of combinatorial properties (see, e.g.,
[23]), including the famous Lyndon factorization theorem [5], which states that every
word can be uniquely written as a concatenation of a lexicographically nonincreasing
sequence of Lyndon words (due to this theorem, Lyndon words are also called prime
words; see [20]). They are also related to necklaces of n beads in k colors, that is,
equivalence classes of k-ary n-tuples under rotation [15, 16]. In particular, a necklace
can be identified with the lexicographically minimal tuple in its class, and thus it is
often defined as a word of length n over an alphabet of size k that is smaller than
or equal to all its cyclic rotations (or, equivalently, as a power of a Lyndon word of
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a length that divides n). Lyndon words and necklaces have numerous applications in
the field of text algorithms; see, e.g., [3, 8, 9, 27].

A de Bruijn sequence of rank n [10] is a cyclic sequence of length ¢™ in which
every possible word of length n occurs as a factor exactly once. For example, for
3 = {0, 1} the following two sequences of length 16 are de Bruijn sequences of rank 4:

0000100110101111 and 0011110110010100.

De Bruijn sequences are present in a variety of contexts, such as digital fault testing,
pseudorandom number generation, and modern public-key cryptographic schemes.
There are numerous algorithms for generating such sequences, and their generaliza-
tions to other combinatorial structures have been investigated; see [6, 20]. Fredricksen
[13] and Fredricksen and Maiorana [16] have shown a surprising deep connection be-
tween de Bruijn sequences and Lyndon words: the lexicographically minimal de Bruijn
sequence over Y is a concatenation, in the lexicographic order, of all Lyndon words
over X whose length is a divisor of n. For example, for n = 6 and the binary alphabet
we have the following decomposition of the minimal de Bruijn sequence into Lyndon
words:

0 000001 000011 000101 000111 001 001011 001101 001111 01 010111 011 011111 1.

Problem definitions and previous results. We denote by £ and £, the set
of all Lyndon words and all Lyndon words of length n, respectively, and define

LynRank(w) = |[{z € Ly @ z <w}|

The problem of ranking Lyndon words can be defined as follows.

Problem 1. Ranking Lyndon words
Given a Lyndon word A, compute LynRank(\).

Ezample 1. For ¥ = {a, b} we have LynRank(ababbb) = 8 since there are eight
Lyndon words of length 6 that are not greater than ababbb:

aaaaab, aaaabb, aaabab, aaabbb, aababb, aabbab, aabbbb, ababbb.

What was previously known is that all Lyndon words of length at most n can
be generated in lexicographic order. The first solution is due to Fredricksen and
Kessler [15] and Fredricksen and Maiorana [16]; later Duval developed an alterna-
tive algorithm [12]. The analysis by Ruskey, Savage, and Wang [31] shows that the
Fredricksen—Kessler-Maiorana (FKM) algorithm generates the subsequent Lyndon
words in constant amortized time; Berstel and Pocchiola [2] achieved an analogous
result for Duval’s algorithm. A different constant-amortized-time solution, based on
recursion, was given by Cattell et al. [4]. However, there was no polynomial-time al-
gorithm to generate a Lyndon word of an arbitrary rank or for ranking Lyndon words.
Ruskey stated finding such an algorithm as a research problem in his book [30].

An intimately related task, of ranking and unranking necklaces, was explicitly
stated as open by Martinez and Molinero [25]. As far as obtaining polynomial-time
solutions is concerned, one can easily show equivalence of this problem with its coun-
terpart for Lyndon words. Listing necklaces also resembles listing Lyndon words:
two of the previously mentioned algorithms (FKM and that of Cattell et al.) can be
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used for both tasks. Variants of the listing problem have also been considered, e.g.,
generating binary necklaces with a given number of zeroes and ones [32].

Let LW = Ud|n Ly. By dB, we denote the lexicographically first de Bruijn
sequence of rank n over the given alphabet Y. It is the concatenation of all Lyndon
words in £ in lexicographic order [13, 16]. For a word w of length n over ¥,
by occ-pos(w, dB,,) we denote the (1-based) position of its occurrence in dB,. The
problem of decoding the minimal de Bruijn sequence can be stated as follows.

Problem 2. Decoding minimal de Bruijn sequence

Given a word w over ¥", compute occ-pos(w, dBy,).

Ezample 2. For ¥ = {0,1} we have dB, = 0000100110101111. For this sequence,
occ-pos(1001,dBy) =5,  occ-pos(0101,dBy) = 10,  occ-pos(1100,dBy4) = 15.

For several types of de Bruijn sequences, there exist polynomial-time decoding
algorithms [26, 35]. They find the position of an arbitrary word of length n in a
specific de Bruijn sequence, which proves useful in certain types of position sensing
applications of de Bruijn sequences (see [35]). Nevertheless, no polynomial-time de-
coding algorithm for the lexicographically minimal de Bruijn sequence was known
prior to our contribution. Note that the FKM algorithm can be used to compute the
subsequent symbols of the lexicographically minimal de Bruijn sequence with worst-
case O(n?) delay [15] and amortized O(1) delay [31]. Alternative solutions achieve
O(n) (14, 29] or even O(1) [28] worst-case delay. All these solutions only allow one to
generate characters of dB,, in order, though.

Our model of computations. Our algorithms work in the word-RAM model;
see [19]. In this model, we assume that o and n fit in a single machine word; in other
words, a single machine word has at least max(log o, logn) bits and simple arithmetic
operations on small numbers (i.e., numbers which fit in a constant number of ma-
chine words) are performed in constant time. Basic arithmetic operations (addition,
subtraction, multiplication by a small number) on numbers of size at most o™ take

(m) = O(TL) time.

Another model of computation is the unit-cost RAM, where each arithmetic op-
eration takes constant time. This model is rather unrealistic if we deal with large
numbers. However, it is a useful intermediate abstraction.

Our results. We present an O(n? log o)-time solution for finding the rank of
a Lyndon word (Problem 1). The algorithm actually computes LynRank(w) for ar-
bitrary w that are not necessarily Lyndon words. Using binary search, it yields
an O(n®log? o)-time algorithm for computing the kth Lyndon word of length n (in
the lexicographic order) for a given k. Next, we show an O(n?logo)-time solution
for decoding minimal de Bruijn sequence dB, (Problem 2). We also develop an
O(n? log? o)-time algorithm computing the kth symbol of dB,, for a given k. Ad-
ditionally, we obtain analogous results for a variant dB], of the minimal de Bruijn
sequence, recently introduced by Au [1], in which all factors of length n are primitive
and every primitive word of length n occurs exactly once. All these algorithms work
in the word-RAM model. In the unit-cost RAM, the time complexities reduce by a
factor of logo.

Related work. A preliminary version of this paper appeared as [21]. At about
the same time, similar results were published by Kopparty, Kumar, and Saks [22]. The
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work in these two papers was done independently. The papers provide polynomial-
time algorithms for ranking Lyndon words and necklaces, respectively, and these two
problems can be easily reduced to each other. The authors in [22] put the results in
a broader context and have some additional applications (indexing irreducible poly-
nomials and explicit constructions of certain algebraic objects). On the other hand,
we exercised more care in designing the algorithm to obtain a better polynomial run-
ning time. In particular, [21] contained an O(n?)-time algorithm for ranking Lyndon
words in the word-RAM model, which works in O(n?) time in the unit-cost RAM.
We also obtained a cleaner approach to alphabets of size more than 2. An alternative
O(n?)-time algorithm in the unit-cost RAM model was recently designed by Sawada
and Williams [33].

Structure of the paper. Sections 2 to 5 (and 7) contain a full version of the
paper [21]. Section 2 defines the notions of self-minimal words (necklaces) and Lyndon
words and lists a number of their properties. In section 3 we use combinatorial tools
to obtain a formula for LynRank(w) in the case that w is self-minimal. The next three
sections are devoted to efficient computation of the main ingredient of this formula. In
section 4 we show that it is sufficient to count specific walks in an auxiliary automaton.
Then in sections 5 and 6 we show efficient implementations of this technique under
unit-cost RAM and word-RAM models, respectively. In section 7, we apply ranking
of Lyndon words to obtain efficient decoding of the minimal de Bruijn sequence.

2. Preliminaries. Let ¥ be an ordered alphabet of size ¢ = |X|. By ¥* and X"
we denote the set of all finite words over ¥ and the set of all such words of length n.
The empty word is denoted as e. If w is a word, then |w| denotes its length, wi] its
ith letter (for 1 <4 < |w|), wli, j] its factor wilw[i 4 1] ---w[j], and wy; its prefix
wl,4]. A suffix of w is a word of the form w[i,n]. A prefix or a suffix is called proper
if it is shorter than w. By w” we denote a concatenation of k copies of w. Any two
words can be compared in the lexicographic order: u is smaller than v if u is a proper
prefix of v or if the letter following the longest common prefix of v and v in wu is
smaller than in v.

By rot(w,c) let us denote a cyclic rotation of w obtained by moving ¢ mod |w|
first letters of w to its end (preserving the order of the letters). We say that the
words w and rot(w,c) are cyclically equivalent (sometimes called conjugates). By
(w) we denote the lexicographically minimal cyclic rotation of w. A word w is called
self-minimal (alternatively, a necklace) if (w) = w. The following fact gives a simple
property of self-minimal words.

FACT 3. If w € £" is self-minimal and d | n, then (wg))™* < w.

Proof. Assume to the contrary that (w))™/¢ > w. Let k be the index of the first
letter where these two words differ. Then of course (w(q))™/¢[k] > w[k]. Let j be an
integer defined as jd + 1 < k < (j + 1)d. Then wgy > w[jd + 1,(j + 1)d]. Hence,
w > rot(w, jd), a contradiction. O

In the ranking algorithms that we design below, we make an assumption that the
input word is self-minimal. Consequently, we often need to replace a given arbitrary
word w with the lexicographically largest self-minimal word w’ (of the same length)
not exceeding w. In the construction of this routine, we use the following auxiliary
facts.

FACT 4 (see [11]). For a given word x € X", (z) can be computed in O(n) time.
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FacT 5. Let x and ©', © < 2, be words of length n with the longest common
prefix of length p. If x is self-minimal and x'[i] = max¥ for each i > p+ 1, then '
is self-minimal.

Proof. First, note that z[1] < z, where z = maxX. Indeed, if z[1] = 2, then we
would have x = 2™ by self-minimality of x. However, this contradicts ' > x. Now,
observe that 2'[1] = z implies p = 0 and consequently z’'[i] = z for ¢ > 1. Thus,
x’ = 2" is trivially self-minimal. Hence, from now on we may assume that z'[1] < z.

Since z'[i] = z for i > p + 1, this means that 2’ < z < rot(2’,4) for i € {p+
1,...,n — 1}. Thus, it suffices to show that ' < rot(a’,i) for i € {1,...,p}. For a
proof by contradiction, suppose that 2’ > rot(2’,i). Consequently,

x> rot(z',i) > rot(x,i) > x

since for ¢ € {1,...,p} we have rot(z,i) < rot(a’,i) with the longest common prefix
of length exactly p — i. However, the obtained sequence of inequalities proves that
rot(z',4) and rot(z, i) have a common prefix of length at least p due to such a common
prefix of z and z’. The contradiction concludes the proof. 0

We are now ready to implement the announced procedure.

LEMMA 6. For a given word w € X" we can compute in O(n?) time the lexico-
graphically largest self-minimal word w' € X" such that w' < w.

Proof. Fact 4 lets us check whether w is self-minimal. If so, we simply return
w’ = w. Consequently, we may assume that the sought word w’ is strictly smaller
than w. Assume the longest common prefix of w and w' is w(,_y) for some & < n.
Then b = w[k] > w'[k], so in particular w[k] # min ¥ and one can choose b’ € ¥ as
the letter preceding b. Additionally, let z = max .. Consider a word

w' = w(k,l)blznik.

Note that v’ < w” < w. If w’ < w”, then Fact 5 applied for x = w’ and 2’ = w”
would show that (w”) = w”, and this would contradict the definition of w’. Hence,
w' =w".

Consequently, it suffices to consider w and, for each k € {1,...,n} such that
w[k] # min ¥, a word w(y_1)b'2"~* where b’ is the letter preceding w[k] in . Since
w’ is guaranteed to be one of the considered words, it suffices to output the largest of
these candidates for which (w') = w’. This procedure can be implemented in O(n?)

time using Fact 4. a

The shortest word u such that w = u* for some positive integer k is called the
primitive root of w. We say that w is primitive if its primitive root is w itself.
Otherwise, w is called nonprimitive. The primitive root of a word of length n can be
computed in O(n) time; see [7].

We say that A € ¥* is a Lyndon word if it is primitive and self-minimal. Equiv-
alent definitions are that a Lyndon word is (strictly) smaller than all its suffixes or
all its cyclic rotations. All cyclic rotations of a Lyndon word are different primitive
words. Moreover, every self-minimal word can be expressed in a unique way as A\*
for some Lyndon word A; see [23]. Below we show an additional property of Lyndon
words that will be useful in section 7.

FACT 7. Let A, Ao € L),
(i) It is not possible that Ay < Ag < A?/I)‘ll.
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(ﬁ) If A1 < Ag, then )\?/D‘l‘ < )\;/P\z\.

Proof. (i) The inequalities imply that \; is a proper prefix of Aa. Let Ay = Az,
where k > 1 is an integer and A is not a prefix of z. We have

Ay < )\T/Ml\ — < /\?/|)\1|—k'
If |x| < |A1], then we conclude that x < A;. Otherwise, x = 2’2", where |2/| = |\{]

and ' # \;. Hence, 2’ < A1, so again x < A;. In both cases we have z < A1 < Ag,
which contradicts the fact that a Lyndon word is smaller than all its suffixes.
(ii) Suppose to the contrary that A\; < Ao but A?/I’\ll > )\;/‘)‘2‘. Then

A < g < )\;/D\z\ < )\?/P\l\.

This contradicts part (i). O

3. Combinatorics of ranking Lyndon words. Recall that, for a word w €
¥" we defined LynRank(w) as the number of Lyndon words in ™ not exceeding w.
Our basic goal (stated as Problem 1) is to efficiently compute LynRank(w) for a given
word w. It suffices to compute LynRank(w) for a self-minimal word w. If w is not
self-minimal, then LynRank(w) = LynRank(w’), where w’ is the greatest self-minimal
word such that w’ < w; such w’ can be computed efficiently using Lemma 6.

We will show how to reduce computation of LynRank(w) to the computation of
the cardinality of the following set:

Sw) = {z e =l (z) <v}

for some prefixes v of w.

Ezample 8. For ¥ = {a, b}, there are seven words of length 4 lexicographically
smaller than or equal to w = abba:

aaaa, aaab, aaba, aabb, abaa, abab, abba.

This set contains words from the following four equivalence classes. Each class includes
a self-minimal word that is underlined.

{aaaa} U {aaab, aaba, abaa} U {aabb, abba} U {abab}.
Thus, S(w) consists of four full classes of cyclic equivalence:
S(w) = {aaaa} U {aaab, aaba, abaa, baaa} U {aabb, abba, bbaa, baab} U {abab, baba}.
Let us introduce the following auxiliary sets defined for w € X" and divisors d | n:
Sa(w) = {z e B (2)"* < w},
S\ (w) = {z € £%: z is primitive, ()" < w}.
Ezample 9. For w = abbaaa and ¥ = {a, b}, we have

Sy(w) = {aa, ab,ba}, S} (w) = {ab, bal.
S;(w) = {aaa, aab, aba,baa}, S;(w) = {aab, aba, baa}.
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As shown in the following two facts, LynRank(w) is closely related to |S;(w)|,
which can be expressed in terms of [Sy(w)| for d | n.

Fact 10. For every word w € X", we have LynRank(w) = %|S;(w)|

Proof. Observe that S;(w) is the set of all primitive words of length n that have
a cyclic rotation not exceeding w. Each Lyndon word of length n not exceeding w
corresponds to n such words: all its cyclic rotations. d

FACT 11. For every word w € X", if d | n, then |S,(w)| = Ee|dﬂ(%)|sé(w)|~
Proof. We first show that

(1) ISe(w)] = > |Sy(w)].

dle

For a word z of length ¢ there exists exactly one primitive word y such that y* = z,
where k € Z,. Thus,

n/l
Se(w) = U {y e %4 y is primitive, <ye/d> < w} ,
dle
and the sum is disjoint. Now <yé/d>n/e = <y>n/d implies (1). From this formula, we
obtain the claimed equality by the Mobius inversion formula. ad

The Sg(w) sets are closely related to the regular S(v) sets for prefixes v of w. It
is most evident for a self-minimal word.

FAcT 12. If w € X" is self-minimal and d | n, then Sg(w) = S(wg)).
Proof. If d = n, the equality of the two sets is trivial. Assume that d < n. Let
us prove the equality by showing both inclusions.

Assume that € Sg(w). This means that (z)
(as |z| = d). Hence, z € S(w(g)).

n/d < w, and therefore (z) < wy

Now assume that z € S(w()). This means that (z) < w(g). We have (z n/d

(w(d))"/‘i < w, where the second inequality is due to Fact 3. Hence, x € Sy(w).

The facts that we have just proved let us derive a formula for LynRank(w).

<
O

LEMMA 13. If a word w € X" is self-minimal, then

LynRank(w) = > () [S(wa)| -
d|n

Proof. We use Facts 10 to 12 in a series of transformations to express LynRank(w)
using |S/, (w)|, |Sq(w)| for d | n, and finally 1S(w(ay)| for d | n:

LynRank(w) = 1

S (w)] = £ " u(#) [Saw)] = £ D7 u(%) [S(wia)
din d|n 00

Ezample 14. Let w = ababbb. We have w(;) = a, w(2) = ab, w3y = aba and

S(way) = {a}, S(w(z)) = {aa, ab, ba},
S(w(3)) = {aaa, aab, aba, baa}, IS(w)| = 54,
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LynRank(w) = g - (1(1) [S(w)] + p(2) |S(w)| + n(3) |S(we)| + 1(6) [S(wn))|)
=1 .(54-4-3+1)=8

The set of Lyndon words of length 6 that are not greater than w = ababbb is
{aaaaab, aaaabb, aaabab, aaabbb, aababb, aabbab, aabbbb, ababbb}.

Indeed, it contains eight elements.
The next three sections are devoted to a proof of the following lemma.
LEMMA 15. For a self-minimal word w € X", one can compute |S(w)]

(i) in O(n?) time in the unit-cost RAM and
(ii) in O(n?logo) time in the word RAM.

As a consequence of this lemma, we obtain efficient ranking of Lyndon words.

Fact 16. If o> 1 is a real constant, then 3, ,, d* = O(n®).

Proof. Recall that for o > 1 we have Y_,” | -~ = O(1). Consequently,

S = () S (@) =S = O

d|n d|n d=1 d=1 O

THEOREM 17. For an arbitrary word w of length n, one can compute LynRank(w)
in O(n?log o) time in the word RAM or in O(n?) time in the unit-cost RAM.

Proof. We use the formula given by Lemma 13 and the algorithm of Lemma 15. If
any of the words w, w(q) is not self-minimal, then instead we take the greatest word of
the same length that is not greater than it and is self-minimal (using Lemma 6). The
time complexity is O(3_,, d*log o) in the word RAM or O apn d?) in the unit-cost
RAM which, by Fact 16, reduces to O(n?logo) in the word RAM or O(n?) in the
unit-cost RAM, respectively. d

We also obtain an efficient algorithm for “unranking” Lyndon words.

THEOREM 18. The kth Lyndon word of length n can be found in O(n®log® o)
time in the word RAM or O(n3logo) time in the unit-cost RAM.

Proof. By definition of the LynRank function, we are looking for the smallest w €
¥™ such that LynRank(w) > k. We binary search ™ with respect to the lexicographic
order, using the algorithm of Theorem 17 to check whether LynRank(w) > k. The
size of the search space is ¢", which gives an additional nlog o-time factor. a

4. Automata-theoretic interpretation. From now on we assume that w is
self-minimal. Our goal is to compute |S(w)|.

Let Pref_(w) = {w(;)s : i € {0,...,n—1},s € ¥,5s < wli + 1]} U {w}. Consider
a language L(w) containing words that have a factor y € Pref_(w). Equivalently,
x € L(w) if there exists a factor of x which is smaller than or equal to w but is not a
proper prefix of w. For a language L C ¥*, let VL = {z : 2> € L}.

Fact 19. S(w) = /L(w) N ™.
Proof. Consider a word z € ¥". If x € S(w), then (z) < w. Take y = (z), which

is a factor of 22. Some prefix of y belongs to Pref_(w). This prefix is a factor of 2,
so 22 € L(w). Consequently, x € \/L(w).
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On the other hand, assume that x € /L(w) so that 2% contains a factor y €
Pref_(w). Let us fix the first occurrence of y in #2. Observe that y can be extended
to a cyclic rotation 2’ of z. Note that y € Pref_(w) implies that 2’ < w, and hence
() <2’ <w and z € S(w). 0

We construct a deterministic finite automaton A = (Q, X, d, go, F') recognizing
L(w). It has |Q] = n + 1 states: one for each prefix of w. The initial state is
qo = w(0), and the only accepting state (the only element of the set I) is w(,y = AC.
The transitions are defined as follows: we set 6(AC, ¢) = AC for any ¢ € ¥ and

wey  if e >wli +1],
S(wey,e) = wegny fe=wli+1]and i #n—1,
AC otherwise.

Figure 1 contains an example of such an automaton.

Fia. 1. Automaton A that accepts L(w) for a word w = aabaabab and alphabet ¥ = {a,b}.
Missing links lead to the initial state.

Note that all accepting paths in the automaton have a simple structure. Each
of them can be divided into fragments, each of which is a path that starts in w(g),
visits a number of states corresponding to subsequent prefixes of w, and eventually
either goes back to w(g) or terminates at AC. In the latter case the word spelled by
the path fragment is an element of Pref_(w). After the path reaches AC, it stays
there. Hence, if a word x is accepted by the automaton, then it contains a factor from
Pref_(w), so ¢ € L(w). Consequently, L(A) C L(w). By a more thorough analysis
we show below that L(A) = L(w).

LEMMA 20. Let x € X*, and let q be the state of A after reading x. If x € L(w),
then q = AC. Otherwise, q corresponds to the longest prefix of w which is a suffix of
x.

Proof. The proof goes by induction on |z|. If || = 0, the statement is clear.
Consider a word z of length || > 1. Let = 2'c, where ¢ € 3. If 2’ € L(w), then
clearly « € L(w). By inductive assumption after reading «’ the automaton is in AC,
and A is constructed so that it stays in AC once it gets there. Thus, the conclusion
holds in this case. From now on we assume that ' ¢ L(w).

Let w(; be the state of A after reading 2'. If ¢ < w[i + 1], clearly € L(w)
(y = w(;)c € Pref_(w)), and the automaton proceeds to AC' as desired. Similarly, it
behaves correctly if i =n — 1 and ¢ = w[i + 1]. Consequently, we may assume that
¢ > wli 4 1] and that w is not a suffix of x.

Take any j such that wy;y is a suffix of 2’ (possibly empty). Note that then w;
is a suffix of w;). Consequently, wjyw[i + 1,n]w_j is a cyclic rotation of w, so

wehwli + 1, njwi_j) > (w) = w = wiwlj + 1,n].
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Hence, ¢ > w(i + 1] > w[j + 1]. This implies that w(;yc could be a prefix of w only if
¢ =w[i+ 1] = w[j + 1]. In particular, A indeed shifts to the longest prefix of w being
a suffix of z. Now we only need to prove that = ¢ L(w). For a proof by contradiction,
choose a factor y of x such that y € Pref_(w) and |y| is minimal. Note that y is a
suffix of = (since 2’ ¢ L(w)). We have y = w(;)c for some j <n —1 and ¢ < w[j +1].
As we have already noticed, such a word cannot be a suffix of z. d

We say that an automaton with the set of states @ is sparse if the underlying
directed graph has O(|Q|) edges counting parallel edges as one. Note that the tran-
sitions from any state ¢ of A lead to at most three different states, so A is sparse.

The following corollary summarizes the construction of A.

COROLLARY 21. Let w € X™ be a self-minimal word. One can construct a sparse
automaton A with O(n) states recognizing L(w).

Let us use the natural extension of the transition function of an automaton into
words:
5(q,x) = 6(...6(0(q,2[1]),z[2]) ..., x[k]) for z € XF.

For states ¢,¢' € @Q let us define the set La(q,q¢') = {x € ¥* : §(¢,x) = ¢'} of the
labels of walks from ¢ to ¢’. The following lemma shows a crucial property of the
words 2 from the language L(A) such that & L(A). It makes use of the special
structure of the automaton A.

LEMMA 22. Let x € X", If 22 € L(A) but x ¢ L(A), then there is a unique
decomposition x = x1x2x3 such that x1,v3 # €, xzz1 € Pref_(w), and zizo €
LA (w(o), w(o) ) .

Proof. Let va (for v € ¥*,a € X) be the shortest prefix of 22 which belongs to
L(A). Let w) = 0(w(g),v) be the state of A after reading v. Also, let u be the prefix
of v of length |v| — k. The structure of the automaton implies that §(w gy, u) = wg)
and that u is actually the longest prefix of 2 which belongs to L a(wo), w()). Note
that v = ww,y and weyya € Pref_(w), so x ¢ L(A) implies |u| < n < |v]. We set
the decomposition so that xizos = uw and x3zr; = w(gya. Uniqueness follows from
deterministic behavior of the automaton. 0

Ezample 23. Let w = aabaabab. Recall that the automaton A such that L(A) =
L(w) was shown in Figure 1. Consider a word = = aabbabba of the same length as
w. For this word, z ¢ L(A) and 22 € L(A). Black circles below represent the states
of the automaton A after processing the subsequent letters of 22

[a a b b a b b ala a b b a b b al]

L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L]
W) W(1) W(2) W) Wo) Wa) Wo) Wo) wa wWe) AC AC AC AC AC AC AC

For this word, the decomposition of Lemma 22 is as follows:

T 1 v a

r 1

[a aJ]b b a b blaJa al[b b a b b al|

T T2 T3 1 T2 T3

In this case in the proof of the lemma we have u = aabbabb, v = aabbabbaa, and
k=2

Denote 7 (i, j) = |La(wgy, w(j))NE*F|. We say that a number is small if it fits into
a constant number of machine words or, in other words, is polynomial with respect
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to n 4 0. Using Lemma 22, we obtain a formula for |S(w)].

LEMMA 24. For every self-minimal word w € X", there exist coefficients a; ; that
are small numbers such that

S(w)| =7, (0,n) + Y aijm;(i,0).

4,j=0
Moreover, the coefficients a; j can all be computed in O(n?) time.

Proof. We apply Fact 19 with Corollary 21 and actually compute [{z € X" : 22 €
L(A)}|. If z € L(A), then obviously 2% € L(A). For this part, we need to compute
|L(A) N X™|, which is exactly 7,(0,n). Now it suffices to count € X" such that
22 € L(A) but = ¢ L(A).

Let us recall the characterization of such words from Lemma 22. We consider
all O(n?) choices of |z;1| and |z3| and count the number of x’s conditioned on these
values. Let x1 = 2)a, where 2} € ¥*, a € ¥. Note that z3z1 = zszfa € Pref_(w),
so x3x) is a prefix w of w and 6(w(yy,a) = AC. Hence, k is uniquely determined
by |z1] and |z3|. In particular, 23 = w[l, |z3]] and 2} = w[|zs| + 1, k] are uniquely
determined.

Let us define £ as w(y) = 6(w(o), 1 ); see Figure 2. To efficiently determine ¢ for
each choice of |21] and |x3], we precompute §(wgy, w[i, j]) for all factors wli, j] of w.
Since

5(w(0)7w[i7j + 1]) = 5(5(1‘}(0)7“}[27]])7“}[] + 1])7

these values can be computed in O(n) time for each i, i.e., O(n?) time in total.

x x
T1 a ) €3 1 a T2 xs3
L] L] L] L] L[] L] L] L] L] L] L] L] L] L] L] L] L] L] L[] L] L]
W(o) w(e) W(o) W(1) - W(k) AC - AC

Fic. 2. Illustration of Lemma 24. Both lines represent different factorizations of the same
word 2. Black circles represent states of the automaton. Only shaded letters are not necessarily
uniquely determined by |x3| and |z1| for a fized w.

Once we know /£, we need to count
{axg ex"F.qey, d(wy,a) = AC, and axs € LA(w(g),w(o))} .

Note that 6(w(y), a) € {w(oy, w(es1)} since d(wy),a) = AC would imply that x € L(A).
Thus, the number of words azxs is equal to

(2) > vkl g)mk1(g,0),

qe{0,0+1}

where y(k,£,q) = {a € X : 6(w),a) = g A d(wy)y,a) = AC}. Each coefficient
~v(k,¢,q) can be computed in constant time since in our automaton A the transition
function § has an especially simple form. By rearranging the summands of (2), we
obtain a formula for |S(w)| in the desired form. 0

5. Ranking Lyndon words with O(n?) arithmetic operations. In this
section by arithmetic operations we mean addition, subtraction, and multiplication.
The following lemma shows how to efficiently count certain walks in the automaton
A recognizing L(w). Tts proof is based on vector-matrix multiplication.
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LEMMA 25. Let A = (Q,%,0,q0, F) be a sparse deterministic automaton with n
states. Given ¢ € Q andm € Zxq, it takes O(mn) arithmetic operations on integers of
magnitude o™ to compute all values |La(q,q')NEF| and |L (g, q)NEF| for 0 < k < m,
q €Q.

Proof. We construct an n x n matrix M with rows and columns indexed by states
from Q. Set My, = |{a € ¥ : 6(g,a) = ¢'}|. It is easy to see that (M*),, =
|La(g,q') N X*¥|. Consequently, the entries of M* belong to {0,...,o"}.

Note that the matrix M is sparse, i.e., it contains O(n) nonzero entries. Thus, for
a (vertical) vector v one can compute Mv and vI M using O(n) arithmetic operations.
For ¢ € Q, let e, be the unit vector with one at the position corresponding to g.
Observe that (M")g, is equal to the ¢'th entry of el M*. For a fixed state ¢ € Q,
we can compute these (horizontal) vectors for 0 < k < m using m vector-matrix
multiplications. Symmetrically, [La(¢,q) N X*| = (MF), , is the ¢'th entry of M*e,,
and we can also compute these (vertical) vectors for 0 < k < m using m matrix-vector
multiplications. In total, we perform O(mn) arithmetic operations. d

The algorithm below combines the results obtained so far to provide the imple-
mentation for Lemma 15(i).

Proof of Lemma 15(i). Our algorithm is based on the formula of Lemma 24,
whose proof already provides a procedure to compute the coefficients o; ;. On the
other hand, Lemma 25 states that values 7;(0,4) and 7;(4,0) for 0 < 4,j < n can be
determined using O(n?) arithmetic operations given the automaton recognizing L(w).

Algorithm Computing |S(w)| in O(n?) time in the unit-cost RAM model
Construct automaton A for w { Corollary 21 }
Compute 7;(0,4) and 7;(4,0) for all 0 < 4,5 < n { Lemma 25 }
Compute «;,; coefficients { Lemma 24 }
IS (w)] := 7 (0,n) + >t =0 @ijm;(i,0) { Lemma 24 }

Thus, our algorithm, given in the pseudocode above, performs O(n?) arithmetic
operations on integers of magnitude o™ to compute |S(w)| for a self-minimal word
w. a

In the unit-cost RAM model of arithmetic operations, we obtain O(n?) time.
It is easy to check that all arithmetic operations performed in the algorithm above
are additions and subtractions of numbers not exceeding ¢™ and multiplications of
such numbers by small numbers. Hence, in the word-RAM model we obtain O(n?)
time. In the following section we give an algorithm working in O(n?log o) time in the
word-RAM model.

6. Ranking Lyndon words in O(n?logo) time on word RAM. The im-
provement of the time complexity requires a modification of the formula of Lemma 24,
after which we perform O(n?) arithmetic operations only on small integers and only
O(n) operations on large integers. We also use Newton’s iteration for power series
inversion [34]; see also [18, p. 140].

FACT 26. Let T'(n) be the time necessary to compute the inverse of a power series
G(z) of degree n modulo x™, that is, the time to compute a power series F'(x) of degree
n such that F(z)G(z) =1 (mod «™). Then T'(n) satisfies

T(2F) <T@ 1) + eM (2871,
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where ¢ > 0 is a constant and M (n) is the time to multiply two polynomials of degree
n with coefficients of magnitude not exceeding the nth coefficient of F(x).

For an efficient implementation of Fact 26, we use an integer multiplication algo-
rithm designed for the word-RAM model; see Fiirer [17].

LEMMA 27. Two polynomials of degree at most n with coefficients of magnitude
o™ can be multiplied in O(n?logo) time in the word-RAM model.

Proof. Let F(x) and G(z) be the considered polynomials. We encode them as
integers u and v as follows. Both u and v are divided into n chunks consisting
of nlogo + logn bits each. The ith least significant chunk of u (respectively, v)
holds the ith coefficient of F(z) (respectively, G(z)) prepended by zeroes. Then the
corresponding chunks of wv hold the coefficients of F(z)G(x). Both numbers u and
v have O(n?logo) bits. Therefore, the product uv can be computed in O(n?log o)
time [17]. O

With the auxiliary fact, Fact 16, we obtain the following tool.

LEMMA 28. Let F(x) and G(x) be power series such that F(x)G(x) = 1. Assume
that the kth coefficient of F(x) is of magnitude o®. If the coefficients of G(z) can
be computed in O(1) time, then F(x) mod 2" can be computed in O(n?log o) time in
the word-RAM model.

Now we show how to use Lemma 28 to count specific paths in the automaton A
for the word w. Denote

T; = m(0,0) and a; = |{c € X : 6(wi_1),¢c) = w)}| = [{c € X :c > wli]}].

LEMMA 29. All values Ty,..., T, can be computed in O(n?logo) time in the
word-RAM model.

Proof. Assume that for k < 0, T}, = 0. Recall that a nonempty path from wg) to
itself in A passes through a number of consecutive states w(y), w(a), ..., w(; before it
first comes back to w(g). Hence, T}, satisfy the following recurrence:

0 for k <0,
T, =141 for k=0,
a1Tk_1+ - +a,Tr_, otherwise.

Let us set ag = —1. Let F' and G be the generating functions of T} and ag:
F(z) = ZTkxk, G(z) = Z apz”.
k=0 k=0

Note that

3
=
2
=
I

o0 k [e'S) n
Zajk Z amTi—m = —1+ Zxk Z amTh—m
k=0 =0 k=1 =0

-1+ vak(—Tk + Z amTk,m) =—1.
k=1

m=1

This concludes that we can use Lemma 28 to compute n first coefficients of F(z) in
O(n?logo) time. 0
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We extend the results of the previous lemma to compute the first term of the
formula for |S(w)].

LEMMA 30. The value m,(0,n) can be computed in O(n?log o) time in the word-
RAM model.

Proof. Note that

n—1
(3) m™(0,n) = Z Ticn—i,
i=0

where c; is the number of paths of length j that start in wg), end in AC, and do
not pass through wg) again. Denote a; = [{a € ¥ : 6(w(;—1),a) = AC}|. Note that
a, =0 —1—a; for i <n and a,, = 0 — a,. Moreover, for every j € {1,...,n},

cj=ayo’ "t +aho? 2 4 -+ d),

as in the considered path we traverse some number of edges k € {0,...,j— 1} passing
through wq), ..., w); then we use an edge to the accepting state and stay in that
state for the remaining j — 1 — k steps.

Due to the recurrence ¢;;1 = oc¢; 4 aj, ,, all values ¢; can be computed in O(n?)
time. By Lemma 29, all values T} can be computed in O(n?logo) time. Obviously
c;, T; < o7, This concludes that we can use the algorithm of Lemma 27 to multiply
the polynomials

n—1 n—1
F(x) = Z Tz and G(z) = Z Ciy12’.
i=0 i=0
The coefficient of F(z)G(x) at 2"~ ! is exactly the desired sum (3). O

Finally, we are ready to prove Lemma 15(ii). To this end, we show that the
remaining terms of the formula for |S(w)| can be computed efficiently in the word-
RAM model.

Proof of Lemma 15(ii). We provide an efficient implementation of the formula
from Lemma 24. For the 7,(0,n) part we use Lemma 30. Now we show how to
transform the coefficients o; ; to obtain an equivalent set of small coefficients 3; ;
satisfying f3; ; # 0 if and only if i = 0 or j = 0. We use the following claim.

Claim 31. For 0 <i < mnand j > 1, we have
(4) 7 (4,0) = mi—1(i + 1,0) + aiy1m;-1(0,0).

Moreover, 7j(n,0) = 0 for j > 0.

The formula (4) corresponds to traversing the first edge of the path from i to 0.
We arrive at the following algorithm, which reduces computation of the required sum
of a quadratic number of large numbers to the computation of a linear combination
of only linearly many big numbers T}.
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Algorithm Compute |S(w)|
foreach 7,5 € {0,...,n} do

Bij =i
end

for j :=n downto 1 do
fori:=1ton—1do
Bit1,j-1 += Bi;
Bo,j—1 += air1Bi,;

ﬂi,j =0
end

end
return 7, (0,n) + >0, Bo; - T}

Denote A = 377", Bijm;(i,0). By (4) we have
A = A—B;;mi(i,0) + Bijmi—1(i+1,0) 4+ B; jai-1mj—1(0,0).

Consequently, resetting f; ; to zero and increasing the coefficients 3;11,;—1 and By j—1
in the inner iteration does not alter the total sum A. Hence, after every iteration of
the inner for-loop the coefficients satisfy the following invariant:

n

A= Z Biym;(i,0) = Z a; ;7;(4,0).

4,57=0 4,57=0

Observe that once f; ; is reset to zero, it will not be changed anymore. Hence,
at the end of the algorithm we have 3;; = 0if j > 0 and 1 <4 <n — 1. Note that
Bn,j - mj(n,0) = By -0 =0 for each j and ;0 - m(4,0) = Bi0 - 0 =0 for i # 0. This
concludes that at the end of the algorithm we have

Z O%jﬂj(ivo) = Z Bi,jﬂj(i70) = ZBOJ 'Tj.
7=0

i,5=0 1,5=0

Note that each o ; coeflicient accounts in Zj Bo,; as at most (aj41+aiy2+- -+
an)ag ;. Hence, the sum of the resulting nonzero coefficients §; ; does not exceed on
times the sum of the initial values oy ;. At the end, we will compute a linear combina-
tion of T} with small coefficients. Consequently, Lemma 29 yields an O(n? log o)-time
algorithm on the word RAM. d

7. Decoding minimal de Bruijn sequence. In this section we focus on decod-
ing lexicographically minimal de Bruijn sequence dB,, over X: we aim at an efficient
algorithm that for every w € " computes occ-pos(w, dB,,), that is, the position of
the sole occurrence of w in dB,,. Recall that by L we denote the set of Lyndon
words over Y. whose length is a divisor of n. A theorem of Fredricksen and Maiorana
(see [13, 16, 20]) states that dB,, is a concatenation of the Lyndon words from £ in
the lexicographic order. The proof of the theorem is constructive; i.e., for any word
w of length n it shows the concatenation of a constant number of consecutive Lyndon
words from the cyclic version of the sequence £ that contain w. This, together
with the following lemma which relates dB,, to S, lets us compute the exact position
where w occurs in dB,,.
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LEMMA 32. Let w € X" and L(w) = {\ € L™ : A\ < wl. Then the con-
catenation, in lexicographic order, of words A € L(w) forms a prefix of dB,, and its
length, 3" 5c i) 1Al is equal to IS (w)|.

Proof. First note that, by Fact 7(ii), the lexicographic order of elements A € £
coincides with the lexicographic order of A*/ 1A, This shows that the concatenation of
elements of £L(w) indeed forms a prefix of dB,,.

It remains to show that . p ) [Al = |S(w)]|. For this we shall build a mapping
¢ : X" — £ such that [¢~1(\)| = |\ and (z) < w for z € X" if and only if
() € L(w).

Let z € ¥". There is a unique primitive word y and a positive integer k such
that z = y*. We set ¢(x) = (y). Note that ¢(x) indeed belongs to £(™). Moreover, to
each Lyndon word A of length d | n we have assigned v™/¢ for each cyclic rotation v
of A. Thus |¢~1(\)| = |A|. Also, (z) = (1)™%, so (z) < w if and only if ¢p(z)"/¢ < w,
ie., ¢(z) € L(w). 0

THEOREM 33. Given a word w € X", occ-pos(w, dB,,) can be found in O(n?log o)
time in the word-RAM model or O(n?) time in the unit-cost RAM model.

Proof. Let A\ < Ay < --- < Ap be all Lyndon words in £m) (we have AAg -+ Ap =
dBy,). The proof of the theorem of Fredricksen and Maiorana (see [16, 20]) describes
the occurrence of w in dB,, which can be stated succinctly as follows.

Claim 34 (Fredricksen and Maiorana [16], Knuth [20]). Assume that w = (a3),
where d € Z and Ba = A\, € L. Denote ¢ = min ¥ and z = max X.
(i) If w = 2%a™ % for i > 1, then w occurs in dB,, at position o™ — i + 1.
(ii) If a # Zlol then w is a factor of A\gAgy1.
(i) If a = zlol and d > 1, then w is a factor of Ak—1 Ak Akt 1-
(iv) f a = zlel and d = 1, then w is a factor of Ak/—1 A\’ Akr 11, where Ags is
the largest A € £ such that A < £.

In case (i) it is easy to locate w in dB,,. Further on we consider only the cases
(ii), (iii), and (iv).

Observe that A\; can be retrieved as the primitive root of (w). Also note that, by
Fact 7(i), Ak is the primitive root of the largest self-minimal word w’ € X" such that
w’' < Bal®l. Thus, A can be computed in O(n?) time using Lemma 6.

Once we know A and A, depending on the case, we need to find the successor
in £ and possibly the predecessor in £(™ of one of them. For any A € £, the
successor in £(™ can be generated by iterating a single step of the FKM algorithm at
most (n—1)/2 times [15], i.e., in O(n?) time. For the predecessor in L™, a version of
the FKM algorithm that visits the Lyndon words in reverse lexicographic order can
be used [20]. It also takes O(n?) time to find the predecessor. In all cases we obtain
in O(n?) time the Lyndon words whose concatenation contains w.

Then we perform a pattern matching for w in the concatenation. This gives us a
relative position of w in dB,, with respect to the position of the canonical occurrence
of \; or A\ in dB,. Lemma 32 proves that such an occurrence of A € £ ends
at position |S(AT)|, which can be computed in O(n2logo) time in the word-RAM
model or O(n?) time in the unit-cost RAM model by Lemma 15. Applied to A or
Ak, this concludes the proof. ad

Ezample 35. Below we present the four cases of the claim in the proof of Theo-
rem 33 on the sequence dBg over a binary alphabet (i.e., the lexicographically minimal
binary de Bruijn sequence of rank 6), which has the following decomposition into Lyn-
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don words Ay, Ao, ..., A14:

)\1 A2 A3 A4 As AXe A7 Ag A9 Ao A1 A2 A )\14
0 000001 000011 000101 000111 001 01011 001101 001111 01 010111 011 O11[1

(ii) 001100 (iv) 110010 (iii) 110110 (i) 111000

Case (1): occ-pos(111000, dBg) = 62, and 111000 appears as a factor of AjzA1aA1Aa.
Case (ii): occ-pos(001100, dBg) = 10, and 001100 appears as a factor of AgAy.

Case (iii): occ-pos(110110, dBg) = 53, and 110110 appears as a factor of A1 A12A13.
Case (iv): occ-pos(110010,dBg) = 24, and 110010 appears as a factor of AsAgA7.

To compute the kth symbol of dB,,, we have to locate the Lyndon word from £
containing the kth position of dB,,. We apply binary search as in Theorem 18.

THEOREM 36. Given integers n and k, the kth symbol of dB,, can be computed in
O(n®log® o) time in the word-RAM model or O(n®log o) time in the unit-cost RAM
model.

Proof. We binary search for the smallest word v € X" such that |S(v)| > k,
using Lemma 15 to test the condition. In each step of the binary search, we actually
consider a self-minimal word, due to Lemma 6. Therefore the resulting word v is of
the form \? for some \ € £(™). By Lemma 32, a prefix of dB,, of length |S(v)| contains
all Lyndon words from L(v). Moreover, by Fact 7(i), this prefix ends with A\. This
means that the kth position of dB,, lies within the canonical occurrence of A\. More
precisely, it suffices to return the (|]S(v)| — k4 1)st last symbol of A (which is also the
(IS(v)| — k + 1)st last symbol of v). As in Theorem 18, the binary search introduces
a multiplicative O(nlogo) factor to the complexity of the algorithm of Lemma 15. O

Recently, Au [1] introduced a variant of a de Bruijn sequence in which each
(cyclic) factor of length n is primitive and each primitive word from ¥™ occurs as a
(cyclic) factor. He also proved that the lexicographically minimal sequence satisfying
this condition, denoted by dB},, is the concatenation in lexicographic order of Lyndon
words of length n over X.

Example 37. For n = 6 and the binary alphabet we have the following decompo-
sition of dB§:

000001 000011 000101 000111 001011 001101 001111 010111 011111.

The ranking algorithm for Lyndon words lets us derive a counterpart of Theo-
rem 33 for dB], with a slightly simpler proof (admitting a similar structure, though).

PROPOSITION 38. Given a primitive word w € X", occ-pos(w, dB,) can be found
in O(n?logo) time in the word-RAM model or O(n?) time in the unit-cost RAM
model.

Proof. Let Ay < Ay < --- < Ay be all Lyndon words in £,, (we have Ay --- Ay =
dB}). The proof of a theorem of Au [1, Theorem 9] describes the occurrence of w in
dB!,, which can be stated succinctly as follows.

Claim 39 (Au [1]). Assume that w = «f, where o # € and Sa = )y, is a Lyndon
word of length n. Denote ¢ = min ¥ and z = max X..
(i) If w = 2%a™ % for i > 1, then w occurs in dB., at position |dB.| —i + 1.
(ii) If o # 21!, then w occurs in A Ap41 at position 1 + |3
(i) If a = zlol then w occurs in A\g A 41 at position 1 + |B], where Ag is
the largest Lyndon word A € £,, such that A < 3.
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In case (i), it is easy to locate w in dB;, with [dB,| =3, p(%)o?. Otherwise,
we observe that A\ = (w) and this word can be computed using Fact 4 along with
the decomposition w = «f. In case (ii), we observe that the position of Ay in dBj,
is 1+ n(k — 1), so w occurs in dBJ, at position 1+ n(k —1) + |8] = 1 + nk — |a].
Thus, it suffices to determine k = LynRank(\;) using Theorem 17. The situation in
case (iii) is similar: w occurs in dB], at position 1+ nk’ — |a|. Since Ay is the largest
Lyndon word smaller than 3, we have k' = LynRank(fal®!), i.e., the computation is
also reduced to Theorem 17. O

Example 40. Below we present the three cases of the claim in the proof of Propo-
sition 38 on a sequence dB{ over a binary alphabet, which has the following decom-
position into Lyndon words Ay, Ag, ..., Ag:

A1 Ao A3 A s X6 A7 As Ao
000001 000011 000101 000111 001011 001101 001111 010111 011111

(ii) 001100 (iii) 110010 (i) 111000

Case (1): occ-pos(111000, dB§) = 52, and 111000 appears as a factor of AgA;.
Case (ii): occ-pos(001100,dBg) = 9, and 001100 appears as a factor of Az2s.
Case (iii): occ-pos(110010, dB§) = 23, and 110010 appears as a factor of AgAs.

The kth symbol of dB], is much easier to find than the kth symbol of dB,, as
shown in the following result.

PROPOSITION 41. Given integers n and k, the kth symbol of dB), can be computed
in O(n?log? o) time in the word-RAM model or O(n®log o) time in the unit-cost RAM
model.

Proof. The kth symbol of the sequence dB), is the ith symbol of the jth Lyndon
word of length n, where

i=((k—1)modn)+1 and j=|&1|+1.

This word can be determined using Theorem 18. d

8. Conclusions. The main result of this paper is an O(n? log o)-time algorithm
in the word-RAM model and an O(n?)-time algorithm in the unit-cost RAM model
for ranking Lyndon words. We have also presented efficient algorithms for computing
a Lyndon word of a given length and rank in the lexicographic order, decoding the
lexicographically minimal de Bruijn sequence of a given rank and computing a par-
ticular symbol of this sequence. Our results can also be applied to ranking necklaces
due to a known connection between Lyndon words and necklaces; see [22].
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the work of Kopparty, Kumar, and Saks [22].

REFERENCES

[1] Y. H. Au, Generalized de Bruijn words for primitive words and powers, Discrete Math., 338
(2015), pp. 2320-2331, https://doi.org/10.1016/j.disc.2015.05.025.

[2] J. BERSTEL AND M. PoccHIOLA, Average cost of Duwal’s algorithm for generating Lyn-
don words, Theoret. Comput. Sci., 132 (1994), pp. 415-425, https://doi.org/10.1016/
0304-3975(94)00013-1.

[3] S. BoNnoMO, S. MANTACI, A. RESTIVO, G. ROSONE, AND M. SCIORTINO, Suffizes, conjugates
and Lyndon words, in Proceedings of the 17th International Conference on Developments in
Language Theory (DLT 2013), Lecture Notes in Comput. Sci. 7907, M. Béal and O. Carton,


https://doi.org/10.1016/j.disc.2015.05.025
https://doi.org/10.1016/0304-3975(94)00013-1
https://doi.org/10.1016/0304-3975(94)00013-1

[18]

[19]

22]

EFFICIENT RANKING OF LYNDON WORDS 2045

eds., Springer, Heidelberg, 2013, pp. 131-142, https://doi.org/10.1007/978-3-642-38771-5_
13.

. CATTELL, F. RUSKEY, J. SAWADA, M. SERRA, AND C. R. MIERS, Fast algorithms to generate
necklaces, unlabeled necklaces, and irreducible polynomials over GF(2), J. Algorithms, 37
(2000), pp. 267-282, https://doi.org/10.1006/jagm.2000.1108.

. T. CHEN, R. H. Fox, AND R. C. LYNDON, Free differential calculus, IV. The quotient groups
of the lower central series, Ann. of Math. (2), 68 (1958), pp. 81-95, https://doi.org/10.
2307/1970044.

R. K. CHuUNG, P. Diaconis, AND R. L. GRAHAM, Universal cycles for combina-
torial structures, Discrete Math., 110 (1992), pp. 43-59, https://doi.org/10.1016/
0012-365X(92)90699-G.

M. CROCHEMORE, C. HANCART, AND T'. LECROQ, Algorithms on Strings, Cambridge University

Press, New York, 2007.

M. CROCHEMORE, C. S. Iniopouros, M. KunicA, J. RADOSZEWSKI, W. RYTTER, AND

T. WALEN, Eztracting powers and periods in a word from its runs structure, Theoret.
Comput. Sci., 521 (2014), pp. 29-41, https://doi.org/10.1016/j.tcs.2013.11.018.

M. CROCHEMORE AND W. RYTTER, Text Algorithms, Oxford University Press, New York, 1994.

N

. G. DE BRULIN, A combinatorial problem, Proc. Konink. Nederl. Akad. Wetensch., 49 (1946),
pp. 758-764, www.dwc.knaw.nl/DL/publications/PU00018235.pdf.

.-P. DUVAL, Factorizing words over an ordered alphabet, J. Algorithms, 4 (1983), pp. 363-381,

https://doi.org/10.1016,/0196-6774(83)90017-2.

-P. DuvAL, Génération d’une section des classes de conjugaison et arbre des mots de Lyndon

de longueur bornée, Theoret. Comput. Sci., 60 (1988), pp. 255-283, https://doi.org/10.
1016/0304-3975(88)90113-2.
. FREDRICKSEN, The lezicographically least de Bruijn cycle, J. Combinatorial Theory, 9 (1970),
pp. 1-5, https://doi.org/10.1016,/S0021-9800(70)80050-3.
. FREDRICKSEN, Generation of the Ford sequence of length 2™, n large, J. Combinatorial
Theory Ser. A, 12 (1972), pp. 153-154, https://doi.org/10.1016/0097-3165(72)90091-X.
FREDRICKSEN AND I. J. KESSLER, An algorithm for generating mnecklaces of beads
in two colors, Discrete Math., 61 (1986), pp. 181-188, https://doi.org/10.1016/
0012-365X(86)90089-0.
FREDRICKSEN AND J. MAIORANA, Necklaces of beads in k colors and k-ary de
Bruijn sequences, Discrete Math., 23 (1978), pp. 207-210, https://doi.org/10.1016/
0012-365x(78)90002-x.

M. FURER, How fast can we multiply large integers on an actual computer?, in Proceedings of

M

the Latin American Symposium on Theoretical Informatics (LATIN 2014), Lecture Notes
in Comput. Sci. 8392, A. Pardo and A. Viola, eds., Springer, Heidelberg, 2014, pp. 660—670,
https://doi.org/10.1007/978-3-642-54423-1_57.

. O. GEDDES, S. R. CzAPOR, AND G. LABAHN, Algorithms for Computer Algebra, Kluwer
Academic Publishers, Boston, MA, 1992.

. HAGERUP, Sorting and searching on the word RAM, in Proceedings of the 15th Annual
Symposium on Theoretical Aspects of Computer Science (STACS 1998), Lecture Notes in
Comput. Sci. 1373, M. Morvan, C. Meinel, and D. Krob, eds., Springer, Berlin, Heidelberg,
1998, pp. 366-398, https://doi.org/10.1007/BFb0028575.

. E. KNUTH, The Art of Computer Programming, Vol. 4, Fasc. 2, Addison—Wesley, Upper
Saddle River, NJ, 2005.

. Kocrumaka, J. RADOSZEWSKI, AND W. RYTTER, Computing kth Lyndon word and de-
coding lexicographically minimal de Bruijn sequence, in Proceedings of the 25th Annual
Symposium on Combinatorial Pattern Matching (CPM 2014), Lecture Notes in Comput.
Sci. 8486, A. S. Kulikov, S. O. Kuznetsov, and P. A. Pevzner, eds., Springer, Cham, 2014,
pp. 202-211, https://doi.org/10.1007/978-3-319-07566-2_21.

. KoppARTY, M. KUMAR, AND M. E. SAKS, Efficient indexing of necklaces and irreducible

polynomials over finite fields, in Proceedings of the 41st International Colloquium on Au-
tomata, Languages and Programming (ICALP 2014), Part I, Lecture Notes in Comput.
Sci. 8572, J. Esparza, P. Fraigniaud, T. Husfeldt, and E. Koutsoupias, eds., Springer,
Heidelberg, 2014, pp. 726-737, https://doi.org/10.1007/978-3-662-43948-7_60.

. LOTHAIRE, Combinatorics on Words, 2nd ed., Cambridge Math. Lib., Cambridge University
Press, Cambridge, UK, 1997.

. C. LYNDON, On Burnside’s problem, Trans. Amer. Math. Soc., 77 (1954), pp. 202-215,
https://doi.org/10.1090/S0002-9947-1954-0064049-X.
MARTINEZ AND X. MOLINERO, An Efficient Generic Algorithm for the Generation
of Unlabelled Cycles, Birkhauser, Basel, 2004, pp. 187-197, https://doi.org/10.1007/


https://doi.org/10.1007/978-3-642-38771-5_13
https://doi.org/10.1007/978-3-642-38771-5_13
https://doi.org/10.1006/jagm.2000.1108
https://doi.org/10.2307/1970044
https://doi.org/10.2307/1970044
https://doi.org/10.1016/0012-365X(92)90699-G
https://doi.org/10.1016/0012-365X(92)90699-G
https://doi.org/10.1016/j.tcs.2013.11.018
www.dwc.knaw.nl/DL/publications/PU00018235.pdf
https://doi.org/10.1016/0196-6774(83)90017-2
https://doi.org/10.1016/0304-3975(88)90113-2
https://doi.org/10.1016/0304-3975(88)90113-2
https://doi.org/10.1016/S0021-9800(70)80050-3
https://doi.org/10.1016/0097-3165(72)90091-X
https://doi.org/10.1016/0012-365X(86)90089-0
https://doi.org/10.1016/0012-365X(86)90089-0
https://doi.org/10.1016/0012-365x(78)90002-x
https://doi.org/10.1016/0012-365x(78)90002-x
https://doi.org/10.1007/978-3-642-54423-1_57
https://doi.org/10.1007/BFb0028575
https://doi.org/10.1007/978-3-319-07566-2_21
https://doi.org/10.1007/978-3-662-43948-7_60
https://doi.org/10.1090/S0002-9947-1954-0064049-X
https://doi.org/10.1007/978-3-0348-7915-6_19

2046

[26]

[27]

[35]

T. KOCIUMAKA, J. RADOSZEWSKI, AND W. RYTTER

978-3-0348-7915-6_19.

C. J. MitcHELL, T. ETzION, AND K. G. PATERSON, A method for constructing decodable de
Brugjn sequences, IEEE Trans. Inform. Theory, 42 (1996), pp. 1472-1478, https://doi.org/
10.1109/18.532887.

M. MUCHA, Lyndon words and short superstrings, in Proceedings of the Twenty-Fourth Annual
ACM-SIAM Symposium on Discrete Algorithms (SODA 2013), S. Khanna, ed., SIAM,
Philadelphia, 2013, pp. 958-972, https://doi.org/10.1137/1.9781611973105.69.

J. RADOSZEWSKI, Generation of Lexicographically Minimal de Bruijn Sequences with Prime
Words, Master’s thesis, University of Warsaw, Warsaw, Poland, 2008, in Polish, http://
www.mimuw.edu.pl/~jrad/dyplomowe/mgr.pdf.

A. RALSTON, A new memoryless algorithm for de Bruijn sequences, J. Algorithms, 2 (1981),
pp. 50-62, https://doi.org/10.1016,/0196-6774(81)90007-9.

F. RUuskEy, Combinatorial Generation, draft version of a book, 2003, http://www.lstworks.
com/ref/RuskeyCombGen.pdf.

F. Ruskey, C. D. SAVAGE, AND T. M. Y. WANG, Generating necklaces, J. Algorithms, 13
(1992), pp. 414-430, https://doi.org/10.1016/0196-6774(92)90047-G.

F. RUSKEY AND J. SAWADA, An efficient algorithm for generating necklaces with fized density,
SIAM J. Comput., 29 (1999), pp. 671-684, https://doi.org/10.1137/S0097539798344112.

J. SAWADA AND A. WILLIAMS, private communication, 2015.

] M. SIEVEKING, An algorithm for division of powerseries, Computing, 10 (1972), pp. 153-156,

https://doi.org/10.1007/BF02242389.
J. TULIANI, De Bruijn sequences with efficient decoding algorithms, Discrete Math., 226 (2001),
pp. 313-336, https://doi.org/10.1016,/S0012-365X(00)00117-5.


https://doi.org/10.1007/978-3-0348-7915-6_19
https://doi.org/10.1109/18.532887
https://doi.org/10.1109/18.532887
https://doi.org/10.1137/1.9781611973105.69
http://www.mimuw.edu.pl/~jrad/dyplomowe/mgr.pdf
http://www.mimuw.edu.pl/~jrad/dyplomowe/mgr.pdf
https://doi.org/10.1016/0196-6774(81)90007-9
http://www.1stworks.com/ref/RuskeyCombGen.pdf
http://www.1stworks.com/ref/RuskeyCombGen.pdf
https://doi.org/10.1016/0196-6774(92)90047-G
https://doi.org/10.1137/S0097539798344112
https://doi.org/10.1007/BF02242389
https://doi.org/10.1016/S0012-365X(00)00117-5

	Introduction
	Preliminaries
	Combinatorics of ranking Lyndon words
	Automata-theoretic interpretation
	Ranking Lyndon words with O(n2) arithmetic operations
	Ranking Lyndon words in O(n2 log) time on word RAM
	Decoding minimal de Bruijn sequence
	Conclusions
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


