
Grammar Compression, LZ-en
odings and

String Algorithms with Impli
it Input

Woj
ie
h Rytter

?

Instytut Informatyki, Warsaw University, Poland,

and Department of Computer S
ien
e, NJIT, USA

Email: rytter�oak.njit.edu

Abstra
t. We survey several 
omplexity issues related to algorithmi


problems on words given in an impli
it way: by a grammar, LZ-en
oding

or as a minimal solution of a word equation. We dis
uss the relation

between two impli
it representations, the role of word 
ompression in

solvability of word equations and 
ompressed language re
ognition prob-

lems. The grammar 
ompression is more 
onvenient than LZ-en
oding,

its size di�ers from that of LZ-en
oding by at most logarithmi
 fa
tor,

the 
onstru
tive proof is based on the 
on
ept similar to balan
ed trees.

1 Introdu
tion

Algorithmi
s on 
ompressed obje
ts is a re
ently developed area of theoreti
al


omputer s
ien
e. Its is motivated by the in
rease in the volume of data and the

need to store and transmit masses of information in 
ompressed form. The 
om-

pressed information has to be qui
kly a

essed and pro
essed without expli
it

de
ompression. The main problem is how to deal eÆ
iently with strings given

impli
itly.

We dis
uss three types of impli
it representation: a 
ontext free grammar

generating a single string, a Lempel-Ziv en
oding and word equations des
ribing

a string as a minimal solution. The last type representation is the most 
omplex,

the best upper bound on the size of minimal solution is doubly exponential while

it is believed that it is only singly exponential. The impli
it representations of

strings is the main tool in the best known algorithms for testing solvability of

word equations.

Lempel-Ziv en
odings.

Intuitively, LZ algorithm 
ompresses the input word be
ause it is able to dis-


over some repeated subwords, see [8℄. The Lempel-Ziv 
ode de�nes a natural

fa
torization of the en
oded word into subwords whi
h 
orrespond to intervals

in the 
ode. The subwords are 
alled fa
tors. Assume that � is an underlying

alphabet and let w be a string over �. The LZ-fa
torization of w is given by

a de
omposition: w = f

1

� f

2

� �f

k

, where f

1

= w[1℄ and for ea
h 2 � i � k, f

i

?
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is the longest pre�x of f

i

: : : f

k

whi
h o

urs in f

1

: : : f

i�1

or a single symbol if

there is no su
h nonempty pre�x. We 
an identify ea
h f

i

with an interval [p; q℄,

su
h that f

i

= w[p : : : q℄ and q � jf

1

: : : f

i�1

j. We identify LZ-fa
torization with

LZ(w). Its size if the number of fa
tors.

Example 1. The LZ-fa
torization of the 7-th Fibona

i word Fib

7

is given by:

abaababaabaab = f

1

f

2

f

3

f

4

f

5

f

6

= a b a aba baaba ab

Grammar 
ompression.

Text 
ompression based on 
ontext free grammars, or equivalently, on straight-

line programs, has attra
ted mu
h attention, see [5, 20, 24{26,38℄. The grammars

give a more stru
tured type of 
ompression and are more 
onvenient for exam-

ple in 
ompressed pattern-mat
hing, see [38℄. In a grammar-based 
ompression

a single text w of length n is generated by a 
ontext-free grammar G. Com-

puting exa
t size of the minimal grammar-based 
ompression is known to be

NP -
omplete. For simpli
ity assume that the grammars are in Chomsky normal

form. The size of the grammar G, denoted by jGj, is the number of produ
tions

(rules), or equivalently the number of nonterminals of a grammar G in Chom-

sky normal form. Grammar 
ompression is essentially equivalent to straight-line

programs. A grammar (straight-line program) is a sequen
e:

X

1

= expr

1

; X

2

= expr

2

; : : : ; X

m

= expr

m

,

where X

i

are nonterminals and expr

i

is a single terminal symbol, or expr

i

is

of a form X

j

�X

k

, for some j; k < i, where � denotes the 
on
atenation of X

j

and X

k

. For ea
h nonterminal X

i

, denote by val(X

i

) the value of X

i

, it is the

string des
ribed by X

i

. The string des
ribed by the whole straight-line program

is val(X

m

). The size of the straight-line program is m.

Example 2.

Let us 
onsider the following grammarG

7

whi
h des
ribes the 7th Fibona

i word

Fib

7

= abaababaabaab. We have jG

7

j = 7. This is the smallest size grammar in

Chomsky normal form for Fib

7

.

X

7

= X

6

�X

5

; X

6

= X

5

�X

4

; X

5

= X

4

�X

3

;

X

4

= X

3

�X

2

; X

3

= X

2

�X

1

; X

2

= a; X

1

= b;

Word equations.

The problem of solving word equations is not well understood. Word equations


an be used to de�ne various properties of strings, e.g. general versions of pattern-

mat
hing with variables. Instead of dealing with very long solutions we 
an deal

with their Lempel-Ziv en
odings. Ea
h minimal solution of a word equation

is highly 
ompressible (exponentially 
ompressible for long solutions) in terms

of Lempel-Ziv en
oding. The best known algorithm for general word equations

works in P -SPACE. The polynomial spa
e 
omplexity is possible due to impli
it

representation of huge strings.



Compressed membership problems for formal languages.

The problem 
onsists in 
he
king if an input word w is in a given language L,

when we are only given a 
ompressed representation of w. We present several

results related to language re
ognition problems for 
ompressed texts. These

problems are solvable in polynomial time for un
ompressed words and some of

them be
ome NP -hard for 
ompressed words. The 
omplexity depends on the

type and des
ription of the language L. In parti
ular the membership problem

is in polynomial-time for regular expressions. It is P-TIME 
omplete for a �xed

regular language. However it is NP -hard for semi-extended regular expressions

and P-SPACE 
omplete for 
ontext-free languages. The membership problem

is NP -
omplete for unary regular expressions with 
ompressed 
onstants. Also

for unary languages 
ompressed re
ognition of 
ontext-free languages is NP -


omplete.

2 Relation Between Minimal Grammar Compression and

LZ-en
odings.

The problem of �nding the smallest size grammar (or equivalently, straight line

program) generating a given text is NP -
omplete. If A is a nonterminal of a

grammar G then we sometimes identify A with the grammar G with the starting

nonterminal repla
ed by A, all useless unrea
hable nonterminals being removed.

In the parse tree for a grammar with the starting nonterminal A we 
an also

sometimes informally identify A with the root of the parse tree.

For a grammar G generating w we de�ne the parse-tree Tree(G) of w as

a derivation tree of w, in this tree we identify (
on
eptually) terminal symbols

with their parents, in this way every internal node has exa
tly two sons. De�ne

the partial parse-tree, denoted PTree(G) as a maximal subtree of Tree(G) su
h

that for ea
h internal node there is no node to the left having the same label.

We de�ne also the grammar fa
torization, denoted by G-fa
torization, of w,

as a sequen
e of subwords generated by 
onse
utive bottom nonterminals of

PTree(G). Alternatively we 
an de�ne G-fa
torization as follows: w is s
anned

from left to right, ea
h time taking as next G-fa
tor the longest uns
anned pre�x

whi
h is generated by a single nonterminal whi
h has already o

urred to the

left or a single letter if there is no su
h nonterminal. The fa
tors of LZ- and

G-fa
torizations are 
alled LZ-fa
tors and G-fa
tors, respe
tively.

Example 3. The G

7

-fa
torization for the 7-th Fibona

i strings is:

g

1

g

2

g

3

g

4

g

5

g

6

= a b a ab aba abaab

It 
an be shown that the number of fa
tors in LZ-fa
torizations is not larger

than the number of G-fa
tors.

Theorem 1.

For ea
h string w and its grammar-based 
ompression G jLZ(w)j � jGj.



AVL-grammars.

AV L-grammars 
orrespond naturally to AV L-trees. The �rst use of a di�erent

type balan
ed grammars has appeared in [17℄. AVL-trees are usually used in the


ontext of binary sear
h trees, here we use them in the 
ontext of storing in

the leaves the 
onse
utive symbols of the input string w. The basi
 operation

is the 
on
atenation of sequen
es of leaves of two trees. We use the standard

AV L-trees, for ea
h node v the balan
e of v, denoted bal(v) is the di�eren
e

between the height of the left and right subtrees of the subtree of T rooted at

v. T is AVL-balan
ed i� jbal(v)j � 1 for ea
h node v. We say that a grammar

G is AVL-balan
ed if Tree(G) is AVL-balan
ed. Denote by height(G) the height

of Tree(G) and by height(A) the height of the parse tree with the root labelled

by a nonterminal A. The following fa
t is a 
onsequen
e of a similar fa
t for

AVL-trees, see [22℄.

Lemma 1. If the grammar G is AVL-balan
ed then height(G) = O(log n).

In 
ase of AVL-balan
ed grammars in ea
h nonterminal A additional information

about the balan
e of A is kept: bal(A) is the balan
e of the node 
orresponding

to A in the tree Tree(G). We do not de�ne the balan
e of nodes 
orresponding

to terminal symbols, they are identi�ed with their fathers: nonterminals gen-

erating single symbols. Su
h nonterminals are leaves of Tree(G), for ea
h su
h

nonterminal B we de�ne bal(B) = 0.

Example 4. The grammar G

7

for the 7th Fibona

i word is AVL-balan
ed.

Lemma 2. Assume A; B are two nonterminals of AVL-balan
ed grammars.

Then we 
an 
onstru
t in O(jheight(A) � height(B)j) time a AVL-balan
ed

grammar G = Con
at(A;B), where val(G) = val(A) � val(B), by adding only

O(jheight(A)� height(B)j) nonterminals.

Assume we have an LZ-fa
torization f

1

f

2

: : : f

k

of w. We 
onvert it into a

grammar whose size in
reases by a logarithmi
 fa
tor. Assume we have LZ-

fa
torization w = f

1

f

2

: : : f

k

and we have already 
onstru
ted good (AVL-

balan
ed and of size O(i � logn)) grammar G for the pre�x f

1

f

2

: : : f

i�1

. If f

i

is a

terminal symbol generated by a nonterminal A then we set G := Con
at(G;A).

Otherwise we lo
ate the segment 
orresponding to f

i

in the pre�x f

1

f

2

: : : f

i�1

.

Due to the fa
t that G is balan
ed we 
an �nd a logarithmi
 number of nonter-

minals S

1

; S

2

; : : : S

t(i)

of G su
h that f

i

= val(S

1

) � val(S

2

) � : : : val(S

t(i)

). The

sequen
e S

1

; S

2

; : : : S

t(i)

is 
alled the grammar de
omposition of the fa
tor f

i

.

We 
on
atenate the parts of the grammar 
orresponding to this nonterminals

with G, using the operation Con
at mentioned in Lemma 2. Assume the �rst

j�j nonterminals 
orresponds to letters of the alphabet, so they exist at the

beginning. We initialize G to the grammar generating the �rst symbol of w and


ontaining all nonterminals for terminal symbols, they don't need to be initially


onne
ted to the string symbol. If LZ-fa
torization is too large (ex
eeds n= logn)

then we negle
t it and write a trivial grammar of size n generating a given string.

Otherwise we have only k � n�logn fa
tors, they are pro
essed from left to right.

We perform the algorithm Constru
t-Grammar.



ALGORITHM Constru
t-Grammar; ffor string w of size ng

we are given LZ fa
torization f

1

f

2

f

3

: : : f

k

of w

if k > n= log(n) then return trivial O(n) size grammar

else for i = 1 to k do

(1) Let S

1

; S

2

; : : : ; S

t(i)

be grammar de
omposition of f

i

;

(2) H := Con
at(S

1

; S

2

; : : : ; S

t(i)

);

(3) G := Con
at(G;H);

Due to Lemma 2 we have t(i) = O(log n), so the number of two-arguments 
on-


atenations needed to implement single step (2) is O(log n), ea
h of them adding

O(log n) nonterminals. Steps (1) and (3) 
an be done in O(log n) time, sin
e the

height of the grammar is logarithmi
. Hen
e the algorithm gives O(log

2

(n)-

ratio approximation. At the 
ost of slightly more 
ompli
ated implementation

of step (2) log

2

n-ratio 
an be improved to a logn-ratio approximation. The

key observation is that the sequen
e of heights of subtrees 
orresponding to

segments S

i

of next LZ-fa
tor is bitoni
. We 
an split this sequen
e into two

subsequen
es: height-nonde
reasing sequen
e R

1

; R

2

; : : : R

k

, 
alled right-sided,

and height-nonin
reasing sequen
e L

1

; L

2

; : : : L

r

, 
alled left-sided.

Lemma 3. Assume R

1

; R

2

; : : : R

k

is a right-sided sequen
e, and G

i

is the

AVL-grammar whi
h results by 
on
atenating R

1

; R

2

; : : : R

i

from left-to-right.

Then jheight(R

i

)� height(G

i�1

)j � max f(height(R

i

)� height(R

i�1

); 1g

Theorem 2. We 
an 
onstru
t in a O(n log j�j) time a O(log n)-ratio approx-

imation of a minimal grammar-based 
ompression.

Given LZ-fa
torization of length k we 
an 
onstru
t a 
orresponding grammar

of size O(k logn) in time O(k logn) .

Proof. The next fa
tor f

i

is de
omposed into segments S

1

; S

2

; : : : S

t(i)

. It is

enough to show that we 
an 
reate in O(log n) time an AVL-grammar for the


on
atenation of S

1

; S

2

; : : : ; S

t(i)

by adding only O(log n) nonterminals and pro-

du
tions to G, assuming that the grammars for S

1

; S

2

; : : : ; S

t(i)

are available.

The sequen
e (S

1

; S

2

; : : : ; S

t(i)


onsists of a right-sided sequen
e and left-

sided sequen
e. The grammars H

0

; H

00


orresponding to these sequen
es are


omputed (by adding logarithmi
ally many nonterminals to G), due to Lemma 3.

Then H

0

; H

00

are 
on
atenated. Assume R

1

; R

2

; : : : R

k

are right-sided subtrees.

Then the total work and number of extra nonterminals needed to 
on
atenate

R

1

; R

2

; : : : R

k


an be estimated as follows:

k

X

i=2

jheight(R

i

)� height(G

i�1

)j �

k

X

i=2

max fheight(R

i

)� height(R

i�1

); 1g

�

k

X

i=2

(height(R

i

)� height(R

i�1

)) +

k

X

i=2

1 � height(R

k

) + k = O(log n):



The same applies to the left-sided sequen
e in a symmetri
 way. Altogether

pro
essing ea
h fa
tor f

i

enlarges the grammar by an O(log n) additive fa
tor

and needs O(log n) time. To get logn-ratio we 
onsider only the 
ase when the

number k of fa
tors is O(n= logn). LZ-fa
torization is 
omputed in O(n log j�j)

time using suÆx trees, (O(n) time for integer alphabets, see [19, 11℄)).

There is possible a rather 
osmeti
 improvement of the approximation ratio.

Let g be the size of the minimal grammar-based 
ompression and assume we

have a greedy LZ-fa
torization of a string w of size n into s fa
tors, the number

s is also a lower bound on g. The improvement is a dire
t appli
ation of a method

from the paper on 
ompressed mat
hing of Fara
h and Thorup [10℄, (In their

notation n = U; g = n). In [10℄ they improved a starting fa
tor logn to log(n=g)

by introdu
ing new 
ut-points and re�ning fa
torization. Exa
tly in the same

way logn 
an be improved to get log(n=g).

Theorem 3. [6, 37℄

We 
an 
onstru
t in polynomial time O(log(n=g))-ratio approximation of a min-

imal grammar 
ompression, where g is the size of the minimal grammar based


ompression of a given string of length n.

3 String Compression and Word Equations

Word equations are used to des
ribe properties and relations of words, e.g.

pattern-mat
hing with variables, imprimitiveness, periodi
ity, 
onjugation, [18℄.

Let � be an alphabet of 
onstants and � be an alphabet of variables. We

assume that these alphabets are disjoint. A word equation E is a pair of words

(u; v) 2 (�[�)

�

�(�[�)

�

usually denoted by u = v. The size of an equation is

the sum of lengths of u and v. A solution of a word equation u = v is a morphism

h : (�[�)

�

! �

�

su
h that h(a) = a, for a 2 �, and h(u) = h(v). For example

assume we have the equation

abx

1

x

2

x

2

x

3

x

3

x

4

x

4

x

5

= x

1

x

2

x

3

x

4

x

5

x

6

,

and the length of x

i

's are 
onse
utive Fibona

i numbers. Then the solution is

h(x

i

) = Fib

i

.

It is known that the solvability problem for word equations is in P -SPACE

and is NP -hard, even if we 
onsider (short) solutions with the length bounded

by a linear fun
tion and the right side of equations 
ontains no variables, see [4℄.

The main open problem is to 
lose the gap between NP and P -SPACE, and

to show the following

Conje
ture A: the problem of solving word equations is in NP .

Assume n is the size of the equation and N is the minimal length of the solution

(if one exists). It is generally believed that another 
onje
ture is true (at least

no 
ounterexample is known):

Conje
ture B: N is at most singly exponential w.r.t. n.



A motivation to 
onsider 
ompressed solutions follows from the following fa
t.

Lemma 4. [34℄

If we have grammar-en
oded values of the variables then we 
an verify the word

equation in polynomial time with respe
t to the size of the equation and the total

size of the en
odings.

Assume h(u) = h(v) = T is a solution of a given word equation E. A 
ut in

T is a border of a variable or a 
onstant in T . We say that a subword w of T

overlaps a 
ut 
 i� an o

urren
e of w extends to the left and right of 
 or 
 is

a border of an o

urren
e.

Lemma 5 (overlap lemma). [36℄

Assume T is the minimal length solution of the equation E. Then ea
h subword

of T has an o

urren
e whi
h overlaps at least one 
ut in T .

The overlap lemma is 
ru
ial in proving the following fa
t.

Theorem 4. [36℄

Assume N is the size of minimal solution of a word equation of size n. Then ea
h

solution of size N 
an be LZ-
ompressed to a string of size O(n

2

log

2

(N)(logn+

log logN)).

As a dire
t 
onsequen
e we have:

Corollary 1. Conje
ture B implies 
onje
ture A.

Proof.

If N is exponential then the 
ompressed version of the solution is of a polynomial

size. The algorithm below solves the problem in nondeterministi
 polynomial

time. The �rst step works in nondeterministi
 polynomial time, the se
ond one

works in deterministi
 polynomial time due to Lemma 4.

ALGORITHM Solving by LZ-En
oding ;

guess LZ-en
oded solution of size

O(n

2

log

2

N(logn+ log logN));

verify its 
orre
tness using the polynomial

time deterministi
 algorithm from Lemma 4.

Using more 
ompli
ated algorithm it 
an be shown the following:

Theorem 5. Assume the length of all variables are given in binary by a fun
tion

f . Then we 
an test solvability in polynomial time, and produ
e polynomial-size


ompression of the lexi
ographi
ally �rst solution (if there is any).



Compressed Proofs of Solvability of Word Equations.

The periodi
ity index for a given string x is the maximal k su
h that u

k

is a

subword of x, for a nonempty u.

Example 5.

For example index of periodi
ity of abbabababababbaba is 5 sin
e we 
an write:

abbabababababbaba= abb(ab)

5

baba;

Denote by index per(n) the maximal index of periodi
ity of minimal length

solutions of word equations of length n.

Theorem 6 (periodi
ity index lemma). [23℄

index per � 2


n

for a 
onstant 
.

It has been shown by W. Plandowski that the solvability of word equations

is in P-SPACE, this algorithm is the milestone a
hievement is this area. The

algorithm 
onsists of nondeterministi
ally �nding a (
ompressed) 
ompressed

synta
ti
 derivation of the equation. All equations in the derivation have lengths

bounded by p(n), where p(n) is a �xed polynomial (the same for all equations)

and n is the size of the original equation.

Assume � is the set of additional variables 
alled pseudo-
onstants, and �

is the set of original 
onstants. Let X be the set of original variables, assume

X \ � = ;.

An exponential expression is a 
ompressed representation of a word in terms

of 
on
atenation and exponentiation, e.g.

a

237

ba


1024


db

23

with the main invariant: all exponents are singly exponential w.r.t. n, hen
e 
an

be stored in P-SPACE.

Ea
h step in the 
ompressed synta
ti
 derivation should be a

ompanied by all

possible redu
tions of the exponential expressions, to guarantee that their height

is at most one. This 
an be done nondeterministi
ally, guessing the �nal form

and testing if the initial expression and the required one are equivalent. The


ompressed synta
ti
 derivation 
onsists in performing lo
ally in one step one of

the following synta
ti
 operations :

1. Repla
e ea
h o

urren
e of a sele
ted pseudo-
onstant by an exponential

expressions of size O(n

3

) over the alphabet � [�;

2. Repla
e a subword � over the alphabet � [ � in the a
tual equation by a

variable X 2 X . For the same variable � should be the same in one iteration.

3. Repla
e a fragment X � R, where (X 2 X and R 2 (� [ �)

�

), by X , for

an original variable X , this should be done for all o

urren
es of X in the

a
tual equation



We start with w = w and end with the original equation preserving the invari-

ant: the a
tual equation is solvable We show a 
ompressed synta
ti
 derivation

of the following equation (the variables are written with 
apital letters)

Y Y X b a a a a Z = Z Y Y X a a a a b

The 
ompressed synta
ti
 derivation provides a 
ompressed proof that this equa-

tion is solvable.

w = w

w)uvuuv

�! uvuuv = uvuuv

Z(uv

�! uvuZ = Zuuv

v)
e

�! u
euZ = Zuu
e

u)

d

�! 

d
e

dZ = Z

d

d
e

Y(
; X(


�!

Y 
dY e
XdZ = ZY 
dY 
dXe


)ef

�! Y efdY eefXdZ = ZY efdY efdXe

Y(Y e

�!

Y fdY efXdZ = ZY fdY fdXe

e)fb

�! Y fdY fbfXdZ = ZY fdY fdXfb

Y(Y f

�! Y dY bfXdZ = ZY dY dXfb

d)bf

�! Y bfY bfXbfZ = ZY bfY bfXfb

Y :=(Y bf

�! Y Y XbfZ = ZY Y Xfb

f)a

4

�! Y Y XbaaaaZ = ZY Y Xaaaab

Another possibility to 
he
k solvability of the equation is to guess the following

values for the variables (then test the example word equation).

x = aaaabaaaa; y = aaaabaaaaaaaabaaaabaaaa

z = aaaabaaaaaaaabaaaabaaaaaaaabaaaaaaaab

After substituting these values into the equation the length of ea
h of its sides

be
omes 97.

Using the overlap-lemma and the periodi
ty-index lemma the following theo-

rem has been shown. Observe that the only nontrivial part here is the ")"

impli
ation in point (1).

Theorem 7. [33℄

(1) The word equation has a solution i� it has a synta
ti
 derivation;

(2) The solvability problem for word equations is in P-SPACE.

Let A be a deterministi
 �nite automaton. The pseudo-
onstants and variables

whi
h appear in the synta
ti
 derivation 
an be augmented by additional in-

formation: transition tables whi
h say to whi
h state we move after reading a

subword (
onsisting of �nal 
onstants) 
orresponding to the pseudo-
onstant or

the a
tual value of the variable after starting in ea
h possible state. In this way

it 
an be shown the following:

Theorem 8. Solvability of word equations with regular 
onstraints (values of

variables should be in given regular sets) is P -SPACE 
omplete.



4 Membership of Compressed Strings in Formal

Languages.

For a formal languageL and a 
ompressed word x, given impli
itly by a grammar,

we are to 
he
k if x 2 L. The 
ompressed string mat
hing 
an be treated as a

language re
ognition problem:


he
k if w 2 fx#y : x is a subword of y; and x; y do not 
ontain #g.

Compressed re
ognition problems for regular expressions.

We 
onsider three 
lasses of regular expressions as des
riptions of regular lan-

guages:

1. (standard) regular expressions (using un
ompressed 
onstants and opera-

tions [;

�

; �);

2. regular expressions with 
ompressed 
onstants (
onstants given in 
ompressed

forms);

3. semi-extended regular expressions (using additionally the operator \ and

only un
ompressed 
onstants)

The size of the expression is a part of the input size.

Theorem 9.

(a) We 
an de
ide for 
ompressed words the membership in a language des
ribed

by given regular expression W in O(n �m

3

) time, where m = jW j.

(b) We 
an de
ide for 
ompressed words the membership in a language des
ribed

by given deterministi
 automaton M in O(n �m) time, where m is the number

of states of M .

The following problem is useful to show NP -hardness of several 
ompressed

re
ognition problems.

SUBSET SUM problem:

Input instan
e: Finite set A = fa

1

; a

2

; : : : ; a

n

g of integers and an integer K.

The size of the input is the number of bits needed for the binary represen-

tation of numbers in A and K.

Question: Is there a subset A

0

� A su
h that the sum of the elements in A

0

is

exa
tly K?

Lemma 6. [12℄ The problem SUBSET SUM is NP-
omplete.

We show an appli
ation of the SUBSET SUM problem in the proof of the fol-

lowing fa
t.

Theorem 10. [35℄ The problem of 
he
king membership of a 
ompressed unary

word in a language des
ribed by a star-free regular expression with 
ompressed


onstants is NP -
omplete.



Proof.

The proof of NP -hardness is a redu
tion from the SUBSET SUM problem.

We 
an 
onstru
t easily a straight-line program su
h that value(X

i

) = d

a

i

and

w = d

K

. Then the SUBSET SUM problem is redu
ed to the membership:

w 2 (value(X

1

) [ ") � (value(X

2

) [ ") � � � (value(X

n

) [ "):

The empty string " 
an be easily eliminated in the following way. We repla
e

ea
h " by a single symbol d and ea
h number a

i

by (a

i

+ 1). Then we 
he
k

whether d

n+K

is generated by the obtained expression.

The problem is in NP sin
e expressions are star-free. We 
an 
onstru
t an equiv-

alent nondeterministi
 �nite automatonA and guess an a

epting path. All paths

are of polynomial length due to star-free 
ondition. We 
an 
he
k in polynomial

time if 
on
atenation of 
onstants on the path equals an input text P . This


ompletes the proof.

Theorem 11. [35℄ The problem of 
he
king membership of a 
ompressed unary

word in a language des
ribed by a given regular expression with 
ompressed 
on-

stants is in NP .

Theorem 12. [35℄ The problem of 
he
king membership of a 
ompressed word

in a language des
ribed by a semi-extended regular expression is NP -hard.

Re
ently it has been shown that the membership problem for a �xed regular

language is 
omlete in the 
lass of deterministi
 polynomial time 
omputations.

Theorem 13. [28℄ There is a �xed �nite automaton for whi
h the 
ompressed

membership problem is P-COMPLETE.

Compressed membership problem for 
ontext-free languages.

The 
ompressed memebrship problem is more diÆ
ult than that for regular

languages, though in the un
ompressed setting both 
an be soved in deterministi


polynomial time.

Theorem 14. [35℄ The problem of 
he
king membership of a 
ompressed unary

word in a given 

 is NP -
omplete.

The 
ompressed 
ontext-free memebership problem for general alphabets has

surprisingly high 
omplexity status.

Theorem 15. [28℄

The 
ompressed membership problem for 
ontext free languages is P-SPACE


omplete.
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