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be factor-rich iff it has the largest number of distinct factors among binary words with
the same length. A linear de Bruijn word of rank n is a shortest word containing (as a
factor) exactly once each binary word of length n. It is factor-rich and its length equals
Ap =2"+n—1. We construct for each n a binary linear de Bruijn word of rank n which is

Keywords: semi-perfect in the following sense: each of its prefixes of length m > A;_y is factor-rich.
de Bruijn word The number A;_; is the best possible (for n > 2 there is no linear binary de Bruijn word
Semi-perfect with factor-rich prefix of length m = Ap_1). We show an efficient algorithm constructing
Straight-line program compact description of binary semi-perfect de Bruijn words.
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1. Introduction

A binary word is called factor-rich iff it has the largest number of distinct factors (also called subwords) among binary
words with the same length. For example 00110 is factor-rich, but 01011 is not, since the first one contains one more
factor (the word 00) and is of the same length. Factor-rich words are closely related to de Bruijn words. A construction of a
factor-rich word of a given length was given in [4] using graph theoretic properties of de Bruijn graphs. We show here an
alternative algorithm. Our main construction is syntactic and it is quite simple “how it works”, however correctness proof of
“why it works” is rather tedious.

By an n-word we mean a binary word of length n. A circular de Bruijn binary word of rank n is a 2"-word containing in
the cyclic sense each n-word exactly once. The length should be 2" since the word should in a cyclic sense contain each of
2" distinct binary words of length n. For example 0011 € DB,. Denote by DB, the set of binary circular de Bruijn words of
rank n.

A linear de Bruijn word of rank n is a shortest binary word containing each n-word exactly once as a linear (standard)
word. Denote by LinDB, the set of binary linear de Bruijn words of rank n. For example 00110 € LinDB;.

Let Ap =2" +n — 1. Denote by |w| the length of w. The following properties of circular and linear de Bruijn words are
well known.
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Observation 1.

(a) Each linear de Bruijn word of rank n is of the form u - v, where u € DB, and v is a prefix of u of length n — 1,
consequently [u-v|=A,.
(b) Assume w is a binary word of length A;,. Then w € LinDBy, iff w is factor-rich.

The following characterization of factor rich words is from [4].

Lemma 1. Assume w is a binary word of length m, for A,_1 < |w| < Ay. Then w is factor-rich iff w contains all (n — 1)-words and
does not contain twice any n-word.

We say that a word w € LinDB,, is semi-perfect iff each prefix of w of length at least A,_; 4+ 1 is factor-rich.
As an immediate consequence of Lemma 1 we obtain the following fact.

Corollary 1. A de Bruijn word w of rank n is semi-perfect iff its prefix of length Ap_1 + 1 contains, as a factor, each word of length
n—1.

Example 1. The linear de Bruijn word 0111000101 of rank 3 is semi-perfect, all its prefixes of length at least A, + 1 are
factor-rich. Its prefix 01110 of length A, is not factor-rich since it does not contain the 2-word 00.

The lexicographically first linear de Bruijn word 0001011100 is not semi-perfect, its prefix 000101 of size A, + 1 is not
factor-rich (does not contain 11).

In the definition of semi-perfect de Bruijn words we cannot require the prefix of length A;_1 to be factor-rich, for n > 2.
We show the proof of this fact for completeness, a similar property was also observed in [1].

Lemma 2. For n > 2 a linear binary de Bruijn word of rank n cannot have a factor-rich prefix of length Ap_1.

Proof. The proof is by contradiction. Assume that for n > 2 there are two binary factor-rich words u - v, u of lengths
Ap, Ap—1.

Due to Observation 1 we have: u € LinDB,,_1, u - v € LinDB,,.

Assume u starts with 0 (opposite case is symmetric). Then u does not contain 1" and 1"~' cannot be the suffix of u
since the suffix of u of length n — 2 (equal to its prefix) contains 0. Consequently 01”10 is a factor of u (as well as of u - v).
Then u - v contains 01"~10 and 01". Now we have a contradiction, since u - v contains twice the word 01"~!. This completes
the proof. O

It is shown in [1] that for each n > 1 there is a binary word w € DB,,_1 which is a prefix of a word in DB,,1;. However
this does not help in constructing semi-perfect binary words. In case of ternary alphabet it is even possible to construct de
Bruijn words in which every prefix is factor-rich. Surprisingly the case of binary alphabet is much harder than that of larger
alphabets.

Our construction gives a compact description of semi-perfect words in terms of so called straight-line programs (also
called grammar-based compression). A Straight-line program is a sequence of assignment statements which describe values of
new variables in terms of expressions involving already defined variables. Such statements use a restricted set of operations,
and initial variables correspond to constants (in our case words of constant length). Such type of compact representation is
a generalization of Lempel-Ziv compression and is often used to get compact description of large well-structured objects.
We consider here representation of linear de Bruijn words of rank n, which have length exponential in n, due to Observation
1, in terms of straight-line programs of size O (n). Our compact descriptions are using the operations of concatenation, cyclic
shifts, special operation W and taking prefixes/suffixes.

Our results. We show that there is a family of semi-perfect linear binary de Bruijn words which can be computed by a
simple recursive linear-time algorithm. Moreover such semi-perfect words have compact representation.

Previously factor-rich binary words were constructed using de Bruijn graphs, and were not very closely related to de
Bruijn words, unless the length was A, for some n. Here we show much closer relation of these words to de Bruijn words
by constructing linear de Bruijn words which are simple generators of factor-rich words of any length. The construction is
syntactic, omitting de Bruijn graphs. Usually words with very compact description have small number of distinct factors.
Here we have a compact description and simultaneously the largest possible number of factors. The description applies, as
a main tool, a function related to Lempel’s homomorphism, see [3].
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2. Preliminaries

We assume now that all considered de Bruijn words are binary. We count positions in a word starting at 1. We use - for
concatenation of words, but use juxtaposition of a letter and a word (as in aw, for a letter a and a word w).

Denote by Bin(n) the set of all n-words. For w € LinDB,, denote by F;,(w) the set of all n-words that are factors of w. A
word is a circular factor of w iff it is a factor of ww. Denote by C,(w) the set of all n-words that are circular factors of w.

Example 2. 7, (abc) = {ab, bc}, Cy(abc) = {ab, bc, ca}.

If |{u| > k denote by pref (u), suf(u) the prefix, respectively suffix of u of length k. For y € DB, denote:

linear(y) = y - prefn_1(¥).

Observe that if y € DB, then C,(y) = Fp(linear(y)).
We introduce three basic operations &, ®, ¥ on binary words of length 2".

2.1. Operation &

Denote by SHIFT(x,y) the cyclic shift of the word x having the suffix equals y, assuming y occurs exactly once as a
circular factor of x.

Example. SHIFT (001011101, 011) = 101001011.

For two words x, y € Bin(2"), such that suf, (x) is a circular factor of y, define

X®y =x-SHIFT(y, suf,(x)).
For example 10110110 & 01101010 = 10110110 10100110, where suf3(x) is underlined.

Observation 2. Assume n > 1 and x, y € Bin(2"). Then

(a) if x, y have a common suffix of length n or a common prefix of length n then Cy41(x-y) = Cpy1(X) U Cpt1 ().
(b) if Cpy1(x) UCh41(y) = Bin(n + 1) and suf,,(x) € Cp(y) then x® y € DBy

Proof. We start with point (a). Only the case of a common suffix is considered, the case of a common prefix is symmetric.
Observe first that, for two words v, w, if |w|=n and |v| > n then

Chp1(v-w)=Fpp(w-v-w).
Assume now that x, y have a common suffix z with |z| =n. x, y are of the form x=x"-z, y =y’ -z, where z’' € Bin(n).
We have:
Cop1(X-Y) =Fop1(X-y -X)=Fop1(X - 2.y - 2-X - 2).

Now point (a) follows from equalities

FariX 2.y 2-X-2) = Fap1(z-y - 2) U Fi1(2-X - 2)
= Cr1(Y -2 UCnp1 (X - 2) = Cagp1(x) UCny1(¥).

This completes the proof of point (a).

In point (b) we can assume that x, y have the same suffix of length n, since at the start of the operation & they are
changed to satisfy it. The sets of circular factors are not changing. Now point (a) can be applied, it gives Cp11(x-y) =
Cnt+1(X) U Cpy1(y) = Bin(n + 1), since we assumed in this point that Cy41(x) U Cpt1(y) = Bin(n + 1). This completes the
proof. O

2.2. Operation ®

Assume that the length of a maximal block of the same consecutive letters p, for p € {0, 1} in a word x equals k, and
such maximal block is unique in x for each letter p. Define operations:

e add,(x) is the word resulting by adding single bit p in the group pk
e remp(x) is the word resulting by removing a single p in the group pk
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T~
00011101 00010111 —— 00111101 00001011
-
Fig. 1. Graphical illustration of x ® y.
Example 3. add;(0110) =01110, rem(00010111) =0010111.

We define the following operation ® on two circular de Bruijn words x, y of rank n:

If x, y do not start both with 0" then assume that the operation ® starts by shifting x and y cyclically to fulfill this
condition. The operation ® first moves single zero from the block of 0" in x to the block of 0" in y, and moves single 1
from the block of 1" in y to the block of 1" in x. Then the resulting words are concatenated, see Fig. 1.

More formally: x ® y = remg(addq(x)) - remq(addo(y)), assuming that x, y are first shifted to start with maximal blocks
of 0’s.

2.3. Operation W

The crucial operation is a special algebraic operation W(w) on words, the result of this operation is the binary word v
of length |w|, where for every 1 <i < |w|:

v[i] = (w[1]+ w[2] +...w][i]) mod 2.

The operation W was used in the algorithm R, presented in Knuth’s 4-th volume, see [2]. It also implicitly appears in
Lempel’s algorithm for de Bruijn words using homomorphism of de Bruijn graphs, see [3].
Denote by x the bitwise negation of the word x.

Example 4. If w =0010111011 then ¥(w) = 0011010010. It is possible that W(x) # ¥(X), e.g. for x =01.

We introduce also an operation t : Bin(n + 1) — Bin(n).
For an (n + 1)-word w define 7(w) as an n-word such that for every 1 <i <n:

T(w)[i] = (w[i]+wl[i+ 1]) mod 2.
Example 5. 7(1101) = £(1101) = 011.

Lemma 3.

(@) t(w)=1t(w).
D) t(w)=t(W) & (W=worw' =w).
(c) Assume |x| > n and ¥(x) ends with 0. Then

ChX¥) ={t(W): w € Cp1(¥(X))}.

(d) Ifx € DB, and w € Bin(n+ 1) has a circular occurrence starting at some position in W(x), then T(w) is a circular n-word starting
at (cyclically ) next position in x.

Proof. We show separately each point.

Point (a).
This point follows from equality

(Wlil+w[i+1]) mod 2 = (W[i]+ w[i + 1]) mod 2.

Point (b).
The implication < is a reformulation of point (a). We show now that

Ttw)=tWw) = (w=worw =w).

Assume w = daj, dy, ...dm, W = by, by, ...by,. We have that for i < m:

(aj+ajy1)mod 2 = (b; + b1 ) mod 2.
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Consequently:

Hence if a; = b1 then w' = w else w' =w. This proves point (b).

Points (c) and (d).

These points are closely related. First we get rid of circularity. Observe that W(x - x) = W(x) - ¥(x), since W(x) ends with
0 (it is essential).

Hence we can reformulate point (c) in terms of linear factors:

Falx-x) = {T(W) 1 W € Frp1 (W(x - X))} M

Now Equation 1, as well as point (d), follows from the following simple joint property of functions ¥ and .
Claim 1. Assume m > 1 and a; € {0, 1} for i <m. Then
T(¥(a1aas3...ay)) = aas...dy. (2)

(For example: 1100101011 % 1000110010 > 100101011.)

Proof. Assume v = aya;...aym, Y(v) = b1by...by, T(¥(V)) = c1C2...Cm—1.
It is enough to show that c¢; = a;41 for i <m. We have:

¢i = (bi +bjy1) mod 2, bj11 = (b; +a;j+1) mod 2.
Consequently ¢; = (2-b;j+a;y1) mod 2 =aj1, as required. This completes the proof of the Equation 2 and of the claim. O

Denote now by % the word x with the first letter removed.
We have: F;,(x - x) = Fp(X - x) since |x| > n. Now observe that

{t(w):weFp(WEx-x))} = Fn(T(W(EX-X) = Fa(R-X) = Fu(x-X).

This proves Equation 1 and point (c).

In point (d) we have x € DB;, hence the last bit of W(x) is zero. The point (c) applies. Equation 2 implies that (n +
1)-factors in W(x-x) correspond to n-factors in x-x shifted by one position. The correspondence is given by t. This completes
the proof. O

3. Aversion of Lempel’s recursive algorithm
We use the following basic properties of the operation W.
Observation 3. Assume x € DB, and y = W(x). Then:
(1) All circular (n 4+ 1)-factors of y are pairwise distinct.
(2) if z is a circular (n + 1)-factor of y then z is not a circular (n + 1)-factor of y.
(3) Corn (M NCry1(y) = 9.

Proof. We prove separately each point.

Point (1) We show it by contradiction. Assume a circular (n + 1)-word appears twice in W(x). Then the number of (n +
1)-factors in W(x) is smaller then 2" (the length of W(x)). However according to Lemma 3.c each circular n-factor in x
equals 7(w) for some circular (n + 1)-word in W(x). Then the number of circular n-factors in x is smaller than 2", which
contradicts x € DB,,. This completes the proof of this point.

Point (2) Assume z and z are circular factors in W(x). Then t(z) and 7(z) occur in different places in x, according to
Lemma 3.d. However t(z) = 7(z). Consequently the same circular n-factor occurs twice in x, which again contradicts x €
DB,.

Point (3) This point is a reformulation of point (2). O
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Fig. 2. Graphical interpretation of computing NEXT(00010111). Two cycles correspond to W(00010111) = 00011010, W¥(x) = 11100101.
SHIFT(11100101, 010) = 11110010. The operation @ applied to these two circular words corresponds to interchanging successors of two nodes (dot-
ted arrows). The result is the circular word 0001101011110010 € DBy4. The edges corresponding to the word 010 are shown in bold.

For x € DB, we introduce another basic operation:

Operation NEXT (x)
[* A version of Lempel’s algorithm */
X := SHIFT(x,1M);
return V(x) @ W(x).

In this operation if x does not end with 17 then it is first shifted to have 1" at the end, where n is the largest group of
1’s in x.

Example 6. Let x = 00010111, we have: SHIFT(x,13) = x, W(x) = 00011010 (see Fig. 2). NEXT(x) = 00011010 &
11100101 = 00011010 - 11110010.

The recursive algorithm given in the following lemma can be viewed as a syntactic version of Lempel’s graph-theoretic
algorithm.

Lemma 4. I[f x € DB, and n > 2 then NEXT (x) € DB;,;1.
Proof. It is enough to show that words W(x), W(x) satisfy the assumptions of Observation 2.b.
Claim 2. If x € DBy, then Cp41 (W(x)) U Cpy1 ((x)) = Bin(n + 1).
) The word x is de Bruijn word of rank n, so we know that |C,(x)| =2". Let y = W(x). Due to Observation 3.1 |Cp4+1(¥)| =
? .Also, due to Observation 3.3, Cp11(¥) NCr+1(¥) = 0.

Therefore, the union of Cpt1 (W(x)) U Cnr1 (W(x)) is of size 2™+1, This completes the proof of the claim and of the lemma
(due to Observation 2.b). O

4. The main algorithm
An important component of the algorithm is the construction of pairs of de Bruijn words of a given rank n which have
the smallest number of common (n + 1)-factors. Two words x, y in DB, are said to be complementary (denoted x 1 y) iff

the set of their common circular factors of length n + 1 is:

Common(n) = {0™1, 170, 01", 10" }.

Observe that Common(n) C C,+1(x) for each word x € DB,,.

Example 7. The word 0011 is self-complementary, we have: 0011 L 0011.
The following two distinct words are complementary: 00011101 L 00010111.

We postpone the proof of the following technical lemma to the last section.

Lemma 5. [Complementarity Lemma]
Ifx,y € DB(n), x L y, and n > 2 then NEXT(x) L NEXT(y).
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We combine the operations @, ®, W (used in the definition of NEXT) as components of our main algorithm:

function CONSTRUCT(n)

if n =1 then return 01
if n =2 then return 00110

x:=y:=0011 ( invariant: x 1 y)

fori=3ton—1do
x:=NEXT(X); y:=NEXT(y)
invariant: x 1 y

return linear(x ® y)

We have:
Construct(3) = 0111000101, Construct(4) = 0010111100001101001.
Two complementary words in DB, contain all circular factors of length n + 1 except:
Unused(n) = {0™*1, 11 01" 10, 10" 11}.

Similarly, none of words in DB, contains any of these four unused (n + 1)-factors.
We are now ready to show our main result.

Theorem 1.

(a) The word Construct(n), of length 2" +n — 1, is a semi-perfect linear de Bruijn word of rank n. It can be constructed in O (2") time.
(b) Forn > 2 the following word is semi-perfect:

linear(NEXT"3(0011) ® (NEXT)"3(0011)).

Proof. The following claim reduces construction of semi-perfect de Bruijn words to the construction of a pair of comple-
mentary words.
First we show the following fact:

Claim 3. Assume u, w € DB(n), u L w and both start with 0". Then u ® w € DBy 1.
Proof. Let u’ =remg(add;(u)) and w’ = remq(addo(w)).

Example 8. For u =00010111, w =00011101 we have:

u’=00101111, w'=00001101, u® w = u’- w’ = 00101111 00001101.

Note that both v’ and w’ start with 0! and end with 1. Let u”, w” be the words u’, w’ with the last letter 1 shifted
to the beginning. The word u” - w” is a cyclic shift of u’- w’. Hence

Cop1(W - W) =Cpp1 (" - W), Ca(u) =Co(u"), Ca(W') =Cn(W").
The words u” and w” have the same prefix of length n, so by Observation 2 we have that Cpo 1 (u” - w”) = Cp1(u”) U
Cn+1(w”). Consequently:
Crr1u®w) = Crp(u' - W) = Crpau” - w")
= Crp1 (W) UChp1(W") = Cop1 (1) U Cppa (w).

Consider now how adding and removing bits change the set of circular (n 4 1)-factors of words u, w € DB,,. Operation add,
(p € {0, 1}) just adds extra (n+ 1)-factor p"™*!. Moreover, operation rem;, removes factors pp" and p"p and adds new factor
pp"~1p. Hence:

Cop1 (W) = (Co1 (@) U (10" 11, 1"} — {10, 01}
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0010101 1010100
011111 T 111110
1101010 = o101t =
0000001 1111110
TS 0001 TSN 0000
i — o =

Fig. 3. The arrows correspond to the operation 7. The words a0, Bs1, g0, Bs1 are all words mapped onto {011111, 111110} (first row). Common(6) is
mapped onto {0°1, 10°} (second row). T~!(Common(5)) = Common(6) U {ag0, Bs1, 260, Bsl }.

Cnr1 (W) = (Cag1 (w) U {01710, 0"F1}) — (01", 170}

Notice that every removed factor belongs to Common(n), so each of them still belongs to the union of Cpy1(u’) and
Cn+1(W'). Furthermore, every element of Unused(n) is added, so finally we have:

Cnt1(U @ W) = Cpy1(u) UCryq1(w) U Unused(n) = Bin(n + 1).

Hence u ® w € DB,,1, which proves the claim. O
Claim 4. Assume u, w € DB(n), u L w and both start with 0". Then linear(u ® w) is semi-perfect.

Proof. By Corollary 1 it is enough to show: the prefix of linear(u ® w) of length A, + 1 contains, as a factor, each binary
word of length n.
Notice that this prefix is of the form u’-0" and its set of n-factors is the same as the set of circular n-factors of word
u’ -0 or any of its shift, e.g. 0- u’ = add (u). The word u is a de Bruijn word of rank n, so it contains all n-factors.
Obviously, adding a single one in the group 1" does not remove any of n-factors, so C,(add (1)) = Fn(u’ - 0") = Bin(n).
This completes the proof of the claim. O

Our main result follows now directly from Lemma 5. This completes the whole proof. O

Remark 1. An O (n)-sized compact description of Construct(n) can be computed in O(n) time as a straight-line program
using operations of concatenation, negation, shifts, prefix/suffix cutting and ¥ using formula from point (b) of the theorem.

5. Proof of complementarity lemma

We will show that the invariant related to complementarity is preserved in the algorithm Construct. There are two
sequences of words oy, B; which play here the key role.

Denote by oy the word of length k which does not contain 00 or 11 and ends with 0. Let 8 be the word o with the
first letter negated.
Example 9. a4 = 1010, 84 = 0010, o5 = 01010, 85 = 11010.
5.1. Properties of the words oy, Bn

The words «y, B¢ have the following important properties.
Observation 4.

(a) Let n > 2, x € DBy, x ends with 1" and u = W(x), v = SHIFT (W(x), suf,(u)). Then

sufpq (W) = opg1, Sufpq @) = Bagr.

(b) 771(1"0) = {ans10, 2n410}, T71(01") = {Bag11, Buga1} (see Fig. 3).
(c) T~ (Common(n)) = Common(n+1) U {tn+10, Bus11, dni10, Bry11}.

We need a fact which is a straightforward extension of Observation 2.
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Observation 5. If u, v € Bin(2") have a common suffix of length n then

Crny2(U- V) = Cnp2(U) UCpya(v) U {suf 1 (Wb, sufpq (v)a} — {sufyq (Wa, suf,1(v)b},

where a=uq, b=vj.

Lemma 6. For any de Bruijn word z of rank n ending with 1" we have:

Cny2(NEXT(2)) = X U X — {110, Bnr11} U {etnr11, Bay10},
where X = Cqy2(¥(2)).

Proof. Let u = W(z), v=SHIFT(u, suf,(u)). Then NEXT(z) =u - v. According to Observation 4 we have: suf, ;(u) =
Ont1, SUfpyq(V) = Bny1. Also we have u; =0, vy = 1. Now the thesis follows directly from Observation 5. O

5.2. Proof of Lemma 5
We recall the statement of the complementarity lemma:

if x,y eDB(n), x L y,n>2 and the words x, y end with 1",
then NExT(x) L NEXT(y).

Proof. Let X = Cpi2(¥(x)), Y =Cny2(¥(y)). From Lemma 6 and Observation 5 we know that:
(XUX)N(YUY) = Common(n+1) U {410, fus11, @ns10, Bus11)-

Due to Lemma 6 in the operation NEXT the set
{on410, Bnt11, an10, Bni10}

is changed into

Zy = {ant11, Bn10, 10, Baya1}
The words of Z, are the only common (n + 2)-factors of NEXT (x) and NEXT(y) besides Common(n + 1).
In the operation of changing NEXT(y) into NEXT(y) the set Z, becomes Z,. Now the thesis follows from the fact that
Zn NZy = ¥. We have:
Zn N Zn = {ans11, Bu10. @10, Buga1} N {410, Buga 1, Any11, Baya0} = 0.

Consequently the only common circular (n + 2)-factors of NEXT(x) and NEXT(y) are in Common(n + 1). Thus NEXT (x)
and NEXT(y) are complementary.
This completes the proof. O

Example 10. We have:
Z3 = {10101, 00100, 10100, 00101} = {10101, 00100, 01011, 11010}.
Z3NZ3 = {10101, 00100, 01011, 11010} N {01010, 11011, 00101} = @.

We pose the following open question:

How many elements of the set LinDB,, are semi-perfect?
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