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Abstract. We consider n-bit binary encodings of integers. An integer
interval [p, q] can be considered as the set X of binary strings corre-
sponding to encodings of all integers in [p, q]. The most natural encoding
is the usual binary representation of integers (lexicographic encoding)
and another useful encoding, considered in the paper, the reflected Gray
code. A word w with a don’t care symbol is matching the set L(w) of
all words of the same length which can differ only on positions contain-
ing a don’t care. A set Y of words with don’t cares is matching X iff
X =

S
w∈Y

L(w). For a set X of codes of integers in [p, q] we ask
for a minimal size set Y of words with don’t cares matching X. Such
a problem appears in the context of network processing engines using
Ternary Content Addressable Memory (TCAM) as a lookup table for
IP packet header fields. Hence we use the name TCAM for sets of words
with don’t cares. A TCAM representation of intervals has been tradition-
ally performed by a heuristic called “prefix match”, which can produce
the TCAM of the size approximately twice larger than the minimal one.
In this paper we present two fast (linear time in the size of the input and
the output) algorithms for finding minimal solutions.

1 Introduction and motivation

The Ternary Content Addressable Memory (TCAM), [8, 9], is a type of asso-
ciative memory with a highly parallel architecture which is used for performing
very fast (constant time) table look up operations. The problem of interval rep-
resentation by TCAM appears in network processing engines where the header
fields of each IP packet (e.g., source address, destination address, port number,
etc.) should be matched under strict time constraints against the entries of an
Access Control List (ACL) [3, 7, 12]. Often, an ACL is represented by a TCAM.
Each entry of the ACL defines either a single value or an interval of values for
the fields of the packet header. If an ACL entry defines only single values for
all header fields, then it can be directly and very efficiently represented using a
single TCAM rule. However, if the ACL entry defines some non-trivial intervals
� The research of the second author was supported by the grant of the Polish Ministery
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for some header fields of the packet, then it may need more than one TCAM
rule [10, 11].

The problem of finding a minimal TCAM representation of an interval cor-
responds to the problem of finding a minimal set of words over three letter
alphabet {0, 1, ∗} (where ∗ plays a role of don’t care) covering the interval.

In this paper we show that in the case of lexicographic and reflected Gray
encodings the problem can be solved very efficiently. We present two fast (linear
time in the size of the input and the output) algorithms for finding minimal
solutions.

2 Definition of the problem

A TCAM can be defined as a two dimensional array of cells, where each cell
carries one of the three values 0, 1, or ∗. Each row of this array is called a
TCAM rule. Examples of TCAMs are shown in Figure 1.

a)

1 0001
2 001∗
3 01∗∗
4 10∗∗
5 110∗
6 1110

b)

1 0∗∗1
2 10∗∗
3 ∗10∗
4 ∗∗10

c)

1 01∗∗
2 1∗0∗
3 ∗0∗1
4 ∗∗10

d)

1 0∗1∗
2 10∗∗
3 ∗1∗0
4 ∗∗01

e)

1 01∗∗
2 1∗∗0
3 ∗01∗
4 ∗∗01

Fig. 1. TCAM representations for interval [1, 14], where the integers are represented
in the standard unsigned binary encoding over 4 bits. The first table corresponds to
the TCAM generated by the “prefix match” heuristics.

A rule of a TCAM of width n is a sequence r = e
1

e
2

. . . e
n

, where e
i

∈ {0, 1, ∗}
for i ∈ {1, . . . , n}. It defines the following non-empty language L(r):

L(r) def= L(e
1

)L(e
2

) . . . L(e
n

),

where L(0) def= {0}, L(1) def= {1}, and L(∗) def= {0, 1}. For example, L(0*1) =
{0}·{0, 1}·{1} = {001, 011}. A TCAM R consisting of k rules r

1

, r
2

, . . . , r
k

will be
written as R = (r

1

, r
2

, . . . , r
k

).. The language of R = (r
1

, r
2

, . . . , r
k

) is the union
of the languages defined by its rules, i.e., L(R) def= L(r

1

) ∪ L(r
2

) ∪ . . . ∪ L(r
k

).
Let E : {0, 1}n �→ {0, 1, . . . , 2n−1} be an encoding of integer values by n-bit

strings. Any subset X ⊆ {0, 1, . . . , 2n − 1} can be represented by a TCAM R of
width n. More precisely, R represents X iff E−1(X) = L(R). For two integers
x, y, we denote by [x, y] the set {x, x + 1, . . . , y} and call it an interval. A set of
binary strings X of length n is an interval-set of E if E(X) is an interval.

The problem of finding a minimum size TCAM R (i.e., a TCAM with the
minimum number of rules) for a given set X is known to be NP-hard (as it



corresponds to the problem of finding a minimal disjunctive normal form for a
Boolean expression). However, in this paper we are interested in sets of binary
strings which correspond to the encodings of the numbers in a given interval. A
given interval can be represented by several TCAMs. For example, Figure 1 shows
5 TCAM representations for the interval [1, 14] in the case of the lexicographic
4-bit encoding.

3 Notation and preliminary results

Let R = (r
1

, r
2

, . . . , r
k

) and R� = (p
1

, p
2

, . . . , p
m

) be two TCAMs of the same
width d, i.e., r

i

, p
j

∈ {0, 1, ∗}d for i ∈ {1, 2, . . . , k} and j ∈ {1, 2, . . . , m}, and
w ∈ {0, 1, ∗}n be a rule of length n. We define:

R + R� def= (r
1

, r
2

, . . . , r
k

, p
1

, p
2

, . . . , p
m

) ; w · R def= (wr
1

, wr
2

, . . . , wr
k

).

Intuitively, the TCAM R+R� is the union of R and R�, thus its width remains
d and the number of its rules is k + m. The TCAM w · R is of width d + n and
each of its rules is the concatenation of w with a rule of R.

For a ∈ {0, 1}, by a we will denote the complement of a, i.e., 0 def= 1 and
1 def= 0. We define a full tree of height n as a perfect binary tree of height
n such that each pair of sibling edges are labeled 0 and 1. The assignment
of labels to the edges (two alternatives per each internal node) can be chosen
arbitrarily. Let T

n

be a full tree of height n. The label w ∈ {0, 1}n of the
path from the root to i-th leaf defines the n-bit encoding of number i, with
0 corresponding to the furthest left leaf of the tree. In this way, T

n

defines a
bijection T

n

: {0, 1}n �→ {0, 1, . . . , 2n − 1}, which we call dense-tree encoding.
The lexicographic encoding (i.e., standard unsigned binary encoding) and the
binary reflected Gray encoding [5, 6] are two important examples of dense-tree
encodings. They are presented in Figure 2 in the forms of full trees. In the context
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Fig. 2. Two 4-bit dense-tree encodings: the lexicographic encoding (Lex4) and the
reflected Gray encoding (Gray4). Notice that in the case of Gray every pair of sibling
sub-trees are labeled symmetrically.

of a dense-tree encoding T
n

, a set X ⊆ {0, 1}n defines both the set T
n

(X) of
integers and a subset of leaves of T

n

. X can be represented by a skeleton tree



double chain

chain

x y

interval tree for [x, y] and its skeleton tree

Fig. 3. The skeleton tree for an interval [x, y], a chain, and a double-chain.

(see Figure 3). The skeleton tree of X is obtained from T
n

by removing all edges
which are not leading to the leaves of X and turning all full sub-trees into leaves.

By ∅ and • we will represent the empty tree and the single node tree, respec-
tively. Let S be a tree and w ∈ {0, 1}∗. By S.w we will denote the corresponding
sub-tree of S; the root of S.w is the last vertex of the unique path starting from
the root of S and labeled by w.

Let X ⊆ {0, 1}n. A TCAM rule r is called an X-limited rule if L(r) ⊆ X. An
X-limited rule r is said to be X-essential if there is no other X-limited TCAM
rule r� such that L(r) ⊆ L(r�). In the context of two-level logic minimization,
an X-essential TCAM rule is called a “prime implicant” of X (see [1]). Any
coverage of X by a TCAM with k rules can be turned into a coverage by k X-
essential TCAM rules. Therefore, it is quite natural to consider only X-essential
TCAM rules in the process of finding a minimal TCAM representation of X;
representation of a set in TCAM by essential rules will be called a canonical
representation.

We say that a skeleton tree S is a chain, if every vertex of S has at most
one non-leaf child. A double-chain is a skeleton tree with at most one vertex v
having two non-leaf children and such that all ancestors of v have only one child.
Examples of a chain and a double-chain are illustrated in Figure 3. The skeleton
tree of any interval in a dense-tree encoding is either a chain or a double-chain.
A chain is called left chain (resp., right chain) if every right (resp., left) child
is a unique child or it is a leaf. Intuitively, a left-chain C

L

defines an range
[x, 2n − 1], and a right-chain C

R

a range [0, y], where n is the width of the
dense-tree encoding, and x, y ∈ {0, 1, . . . , 2n − 1}. We say that C

L

and C
R

are
complementary chains if the intervals they define overlap, i.e., if and only if
x ≤ y + 1.

Lemma 1. [4] Let the skeleton tree of X ⊆ {0, 1}n in a dense-tree encoding T
n

be a chain C with k leaves. There exists a unique minimal canonical TCAM for
X, denoted by ChainTCAM

n

(C), with k rules, which can be computed in time
O(kn). (See Appendix A.)

If the skeleton tree of a given interval is a chain C, we can directly use
Lemma 1 to calculate its unique minimal canonical TCAM representation, de-
noted by ChainTCAM

n

(C), independently of the dense-tree encoding T
n

.



4 Intervals in the lexicographic encoding

Let C
L

, C
R

be left and right chains, respectively. Denote by Merge(C
L

, C
R

) the
interval skeleton tree which results by creating a new root and connecting C

L

to the left child and C
R

to the right child of the root (see S� in Figure 7).

ALGORITHM LexTCAM (S, n)

1. if S is a chain then return ChainTCAMn(S);

2. if v = root(S) has one child z and the edge v → z has label a ∈ {0, 1}
then return a · LexTCAM (S.a, n− 1), where S.a is the tree rooted at z;

3. k := number of grandchildren of the root;
let L, R be the leftmost and rightmost grandchildren of v, and CL, CR the left
and the right chains rooted in L and R, respectively;

if k = 2 then return 01 · ChainTCAMn−2(CL) + 10 · ChainTCAMn−2(CR);

4. S

�
:= Merge(CL, CR); R�

:= LexTCAM (S�
, n− 1);

Split rules of R� w.r.t. the first symbol, i.e., R� = 0 · R�
0 + 1 · R�

1 + ∗ · R�
∗;

if k = 3 and L is a right child then
return 01 · R�

0 + 1∗ · R�
1 + ∗1 · R�

∗ + (10∗n−2);
if k = 3 and L is a left child then

return 0∗ · R�
0 + 10 · R�

1 + ∗0 · R�
∗ + (01∗n−2);

5. (k = 4) R := 0∗ · R�
0 + ∗1 · R�

1 + ∗∗ · R�
∗ + (10∗n−2);

if (CL, CR) are complementary then return R else return R + (01∗n−2);

Fig. 4. Algorithm LexTCAM (S, n).

The recursive algorithm LexTCAM (S, n), presented in Figure 4, returns a
minimal canonical TCAM for an interval represented by its skeleton tree S in the
Lex

n

encoding. It employs a top-down-reduction approach to reduce the TCAM
representation problem to another problem with a smaller skeleton tree.

The algorithm consists of 5 parts which correspond to the treatment of 5
different types of interval skeleton trees described below (see also Figure 5):

ξ
0

– Chains;
ξ
1

– Double-chains whose roots have only one child;
ξ
2

– Double-chains whose roots have two children and two grandchildren;
ξ
3

– Double-chains whose roots have three grandchildren;
ξ
4

– Double-chains whose roots have four grandchildren.

Let us consider an interval I = [19, 61] within Lex

6

encoding.

Lex

6

(010011) = 19 and Lex

6

(111101) = 61



CD
CR

ξ2ξ1 ξ3 ξ4

CRCLCL CR CL

Fig. 5. Double-chains of types ξ1, ξ2, ξ3, and ξ4. The double-chain CD, left chain CL,
and right chain CR are non-empty. Notice that in some cases the chains cannot be trivial
(i.e., a single node tree). For example, in ξ4 both chains CL and CR are non-trivial.

The history of the execution of LexTCAM (S, 6), where S is the interval skeleton
tree for I, is presented in Figure 6. The final result of the computation is shown
in the rightmost column of the table and consists of 6 TCAM rules.

The correctness of the algorithm is checked by analysing all five steps of the
algorithm. In the proof we will need the following lemma.

Lemma 2. Let I and I � be two intervals corresponding to the skeleton trees S
and S� of Figure 7, respectively. A minimal TCAM for I has at least k rules
more than a minimal TCAM for I �, where k ≥ 1 is the height difference between
S and S�. (See Appendix A.)

Step 1 and 2. For skeleton trees of type ξ
0

, i.e., chains, we use the solution
provided by Lemma 1. The case of a skeleton tree of type ξ

1

is simple since
there is the one-to-one correspondence between all TCAM representations of
(the interval of) S and all TCAM representations of (the interval of) S.a, where
a is the label of the unique edge of the root of S.

Step 3. For the skeleton trees of type ξ
2

we have:

Proposition 1 (Skeleton trees of type ξ
2

). Let S be an interval skeleton
tree in Lex

n

such that S.00 = S.11 = ∅, S.01 = C
L

�= ∅, and S.10 = C
R

�= ∅. If
R

L

is a minimal canonical TCAM for C
L

on n − 2 bits and R
R

is a minimal
canonical TCAM for C

R

on n − 2 bits, then R = 01R
L

+ 10R
R

is a minimal
canonical TCAM for S encoded on n bits.

Proof. Every rule in a TCAM for S starts by 01 or 10. Therefore, any TCAM
covering S can be written as 01R

L

+ 10R
R

, where R
L

and R
R

cover C
L

and
C

R

, respectively. ��

Step 4. If a skeleton tree S is of type ξ
3

then either S.00 = ∅ or S.11 = ∅. Since
these two cases are very similar, in the following proposition we consider only
one case, S.00 = ∅, which corresponds to the graphical representation of ξ

3

in
Figure 5. Due to Lemma 2, for k = 1. we have the following fact.

Proposition 2 (Skeleton trees of type ξ
3

). Let S be an interval skeleton
tree in Lex

n

such that S.00 = ∅, S.01 = C
L

�= ∅, S.10 = •, and S.11 = C
R

�= ∅.



S

����
, 1 S

���
, 3 S
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, 4 S
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1

01

1

10

1

1

0 1

0

10

1

1

0

0 1

1

0

10

1
1

1
1

1

10

1
0

0
0

ξ0: i.e.,

chain

ξ2:

R =

01R�
+ 10(∗)

ξ4 (non-compl.):

R = 0∗R�
0 + ∗1R�

1 +

∗∗R�
∗+(01∗2

)+(10∗2
)

ξ4 (complementary):

R = 0∗R�
0 + ∗1R�

1 +

∗∗R�
∗ + (10∗3

)

ξ3 (L is right child):

R = 01·R�
0+1∗·R�

1+

∗1 · R�
∗ + (10∗4

)

R 1 1

1 011

2 10∗

1 0∗11

2 ∗10∗
3 01∗∗
4 10∗∗

1 0∗∗11

2 0∗1∗∗
3 ∗10∗∗
4 ∗∗10∗
5 10∗∗∗

1 01∗∗11

2 01∗1∗∗
3 1∗0∗∗∗
4 ∗110∗∗
5 ∗1∗10∗
6 10∗∗∗∗

R0 ∅ 1 11

1 ∗11

2 1∗∗
1 ∗∗11

2 ∗1∗∗

R1 1 ε 1 0∗ 1 0∗∗ 1 0∗∗∗

R∗ ∅ ∅ 1 10∗ 1 10∗∗
2 ∗10∗

Fig. 6. The history of the algorithm LexTCAM for interval I = [19, 61] with Lex6

encoding, presented in terms of skeleton trees together with intermediate TCAMs.
The skeleton trees from the first row of the table correspond to the arguments of
recursive calls (from right to left). The second row describes the type of the skeleton
tree argument as well as the formula which is used to calculate the TCAM in which
R� = 0 · R�

0 + 1 · R�
1 + ∗ · R�

∗ corresponds to the result of the sub-recursive call. For
convenience, all intermediate results R are presented explicitly (third row) and in form
of R0, R1, and R∗ (remaining rows). For example, R�

0 in the formula of column 3 (for
recursive call S

��
, 4), refers to TCAM written in column 2 (call S

���
, 3) row 4 (R0).

Also let S� = Merge(C
L

, C
R

), i.e., S� is an interval skeleton tree in Lex

n−1

, such
that S�.0 = C

L

and S�.1 = C
R

. If R� = 0R�
0

+1R�
1

+∗R�
∗ is a minimal canonical

TCAM for S�, then

R = 01R�
0

+ 1∗R�
1

+ ∗1R�
∗ + 10(∗n−2)

is a minimal canonical TCAM for S.

Step 5. In case of skeleton trees of type ξ
4

, i.e., when all four grandchildren
of the root are non-empty, we distinguish two cases; the chains rooted in the
leftmost grandchild and the rightmost grandchild (i.e., chains C

L

and C
R

in ξ
4

of Figure 5) are complementary or are not.

Proposition 3 (Skeleton trees of type ξ
4

). Let S be an interval skeleton
tree in Lex

n

such that S.00 = C
L

�= ∅, (S.01 = •, S.10 = •, and S.11 =
C

R

�= ∅. Also suppose that S� = Merge(C
L

, C
R

) is an interval skeleton tree
in Lex

n−1

with a minimal canonical TCAM R� = 0R�
0

+ 1R�
1

+ ∗R�
∗. If C

L

and C
R

are complementary chains then a minimal canonical TCAM for S is



k

1

1

CR

0 1

CR
CL

CL

S

S

�

Fig. 7. Two skeleton trees S and S

� from Lemma 2.

R = 0∗R�
0

+ ∗1R�
1

+ ∗∗R�
∗ + 10(∗n−2). Otherwise a minimal canonical TCAM

for S is: R = 0∗R�
0

+ ∗1R�
1

+ ∗∗R�
∗ + 10(∗n−2) + 01(∗n−2).

B
A

BA
AB

S

CR

0
0 0

1
11

S

�

CL
0 1

CR

CL

Fig. 8. Skeletons trees S

� = Merge(CL, CR) and S of Proposition 3 in case when CL

and CR are complementary. Intervals corresponding to left chain CL and right chain
CR are represented by trees A and B, respectively.

Proof. If C
L

and C
R

are complementary, then the construction in Figure 8 shows
that TCAM R = 0∗R�

0

+ ∗1R�
1

+ ∗∗R�
∗ + 10(∗n−2) covers S, whenever 0R�

0

+
1R�

1

+ ∗R�
∗ covers S� and the number of rules in R is one more than that of R�.

Besides Lemma 2 guarantees that no smaller TCAM can cover S. Notice that
another symmetric construction for R is also possible: R = ∗0R�

0

+ 1∗R�
1

+
∗∗R�

∗ + 01(∗n−2).
If C

L

and C
R

are non-complementary, then 01∗ · · · ∗ (resp., 10∗ · · · ∗) is an
S-essential rule which cannot be covered by other S-essential rules. Therefore,
10∗ · · · ∗ and 01∗ · · · ∗ have to be in any minimal canonical solution for S. Notice
that in case when C

L

and C
R

are non-complementary, there are four variants
for construction of a minimal canonical TCAM for S from a minimal canonical
TCAM for S�:

R = αR�
0

+ βR�
1

+ ∗∗R�
∗ + 10(∗n−2) + 01(∗n−2),

for α ∈ {∗0, 0∗} and β ∈ {∗1, 1∗}

Theorem 1. The algorithm LexTCAM computes in time O(n + K) a minimal
canonical TCAM for an interval in the n-bit lexicographic encoding, where K is
the total size (in bits) of the generated TCAM.



5 Intervals in the reflected Gray encoding

Unlike for the lexicographic encoding, not every sub-tree of the reflected Gray
dense-tree encoding Gray

n

is a reflected Gray dense-tree encoding. However,
every pair of sibling sub-trees of the dense tree representing Gray

n

are the mirror
copies of each other, Gray

k

and its mirror copy Gray

k

, 1 ≤ k < n.
Suppose that I = [x, y] is an interval and y < 2n. We say that I is reciprocal

if x = 2n − 1 − y. If I is reciprocal, then there is a w ∈ {0, 1}n−1 such that
x = Gray

n

(0w) and y = Gray

n

(1w). (The same holds for Gray

n

where 0 and 1
are interchanged.)

ALGORITHM GrayTCAM(S, n)

1. v := LCA(x�, y); α = ΠL(u, v);
2. R1 := ChainTCAMn−1(C1); R2 := ChainTCAMn−|α|−2(C2);

R3 := ChainTCAMn−|α|−1(C3);
3. if (d1 ≤ d2) return (∗R1 + 0α∗R2) else return (∗R1 + 0αR3)

1

0

y

y

�
x

d2 d1

rootu

C3

C2

C1
v

�
v

S

a

a

Fig. 9. The structure of the skeleton tree S for a non-reciprocal interval in Gray.

Lemma 3. Let I = [x, y] be a reciprocal interval with x = Gray

n

(0w) and
y = Gray

n

(1w). Let R be a minimal canonical TCAM representation of the
interval I � = [Gray

n−1

(w), 2n−1 − 1]. The TCAM ∗R is a minimal canonical
TCAM representation of the interval I. (See Appendix A.)

Our algorithm for calculating the minimal canonical TCAM representation of
intervals in Gray encoding relies on Lemma 3; it divides a given non-reciprocal
interval into two overlapping sub-intervals where one of the intervals is reciprocal
and the other one is not. Then it generates the minimal TCAM representation
of the interval as the union of those of the sub-intervals.

The algorithm GrayTCAM (shown in Figure 9) generates a minimal canon-
ical TCAM representation of an interval [x, y] whose skeleton tree S has the
form of Figure 9. In this skeleton tree y� is the mirror image of y in the left
sub-tree and y� > x. Depending on the values of d

1

and d
2

, the computation
of the minimal TCAM is reduced to the computation of a minimal TCAM for
the right chain C

1

and one of the left chains C
2

or C
3

. LCA(x, y�) denotes the



lowest common ancestor of x and y�, which is calculated by taking the greatest
common prefix of x and y� in Gray

n

. Π
L

(u, v) is the label of the path from the
left child of the root of S to node v, where every symbol of a left-going edge is
replaced by ∗.
Theorem 2. The algorithm GrayTCAM computes in time O(n+K) a minimal
canonical TCAM for an interval in the n-bit reflected Gray encoding, where K
is the total size (in bits) of the generated TCAM.

6 Conclusions

The problem of interval representation in TCAM consists of finding a representa-
tion of a set of consecutive integers by a number of TCAM rules. In this paper
we presented two fast and simple algorithms that generate a minimal TCAM
representation for a given interval: one algorithm for the binary reflected Gray
encoding and the other for the lexicographic encoding. Our algorithms can also
be used in the context of the “two-level logic minimization” [1, 2], since a min-
imal TCAM representation of an interval corresponds to a minimal size logical
formula in DNF (disjunctive normal form) defining the characteristic function
of the interval.
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A Appendix

Alternative presentation of algorithm LexTCAM. Assume
α = (a

1

, a
2

, . . . a
k

),β = (b
1

, b
2

, . . . b
k

) are binary strings of a same length k,
denote by [α]

2

the number corresponding to α in binary. Assume p = [α]
2

≤
q = [β]

2

. The input interval [p, q] is presented in the form (α, β). Denote by
size(α, β) the length of the interval [p, q]. Denote by 1

k

, 0

k

the sequence of k
ones, and k zeros, respectively. It is convenient to assume later that we write 0, 1

without indices, the length is implied by the other string in a corresponding pair.
The crucial is the notion of complementary interval. The pair α ≤ β is called
complementary iff

size(α,1
k

) + size(0
k

,β) ≥ 2k

ALGORITHM LexTCAM1 (α, β)

1. if [α, β] is a chain then return ChainTCAM(α, β);

2. if (α = a · α�, β = a · β� for a ∈ {0, 1} then return a · LexTCAM1(α�, β�);

3. if (α = 01α

�
, β = 10β

� then return
01 · ChainTCAM(α�,1) + 10 · ChainTCAM(0, β

�);

4. Let α = a1a2 · α�, β = b1b2 · β�;
R� := LexTCAM1(0 · α�, 1 · β�); Represent R� as 0R�

0 + 1R�
1 + ∗R�

∗;
if a1a2 = 00, b1b2 = 10 then return 01 · R�

0 + 11 · R�
1 + ∗∗R�

∗ + 10∗ . . .;
if a1a2 = 01, b1b2 = 11 then return 0 ∗ ·R�

0 + 10 · R�
1 + ∗∗R�

∗ + 01∗ . . .;

5. (Now a1a2 = 00, b1b2 = 11;) R := 0∗R�
0 + ∗1R�

1 + ∗∗R�
∗ + 10∗∗ · · · ∗;

if α

�
, β

� are complementary then return R else return R + 01∗∗ · · · ∗;

The motivation for presenting the algorithm in terms of skeleton trees was to ease
the proof of correctness. The skeleton tree is showing much better the structure
of the interval from the point of view of constructing a minimal TCAM.

The proof of Lemma 1. Consider a chain C in a dense-tree encoding T
n

.
The minimal canonical TCAM representation of C, denoted by ChainTCAM(C, n),
can be calculated as follows:

– ChainTCAM(∅, n) = (), i.e., the empty TCAM;
– ChainTCAM(•, n) = (∗n), i.e., the single rule consisting n star symbols.

Otherwise, i.e., when C /∈ {∅, •}:

ChainTCAM(C, n) =

8
>><

>>:

1ChainTCAM(C.1, n− 1) if C.0 = ∅
0ChainTCAM(C.0, n− 1) if C.1 = ∅
∗ChainTCAM(C.1, n− 1) + 0(∗n−1) if C.0 = •
∗ChainTCAM(C.0, n− 1) + 1(∗n−1) if C.1 = •



The above characterization of the minimal canonical TCAM representation
of a set X holds as long as the corresponding skeleton tree for X is a chain.

The proof of Lemma 2.

Lemma 4. [4] A minimal TCAM representation of I
k

= [1, 2k − 2] in Lex

k

needs exactly k rules.

Let R be a minimal canonical TCAM for I and R
C

be the set of those
rules in R which enter into the chains C

L

and C
R

(i.e., rules that intersect with
0k1∗∗ · · · ∗ or with 1k+1∗∗ · · · ∗). The rules of R

C

can be turned into a TCAM
for I � by replacing k + 1 initial symbols of each rule with one of 0, 1, or ∗.

If k = 1, then the I-essential rule 10∗∗ · · · ∗ cannot be covered by other I-
essential rules. Therefore a minimal TCAM for I has exactly one rule more than
a minimal TCAM for I �. For k > 1, since C

R

is not a single node tree (i.e., at
least 111 · · · 1 /∈ C

R

), no inner node of S at level k, except the parents of C
L

and
C

R

, can be covered by rules from R
C

. More precisely, no string which has both
a 0 and a 1 in its k first bits, 0 at position k +1, and then only 1 in all positions
bigger than k +1, can be covered by rules from RC . Thus, by Lemma 4, we need
at least k rules outside of RC to cover all those k-level inner nodes.

The proof of Lemma 3. The proof is illustrated in Figure 10.

CR

x y

2

n−1

CL

Fig. 10. Illustration of Lemma 3; y is the mirror image of x with respect to the root
of the tree. If R is a minimal TCAM for left-chain CL then ∗R is a minimal TCAM
for the whole tree.


