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ABSTRACT

We study the MANHATTAN SEQUENCE CONSENSUS problem (MSC problem) in which we are
given k integer sequences, each of length ¢, and we are to find an integer sequence x
of length ¢ (called a consensus sequence) such that the maximum Manhattan distance of x
from each of the input sequences is minimized. A related problem, with Hamming distance
instead of Manhattan distance, is called HAMMING STRING CoNsENsus (HSC), also known
under the names of string center problem or closest string problem. For binary sequences
Manhattan distance coincides with Hamming distance, hence in this case HSC is a special
case of MSC. We design a practically efficient O(£)-time algorithm solving MSC for k <5
sequences. It improves upon the quadratic algorithm by Amir et al. (2012) [1] for HSC for
k =5 binary strings. Similarly as in the algorithm of Amir et al., we use a column-based
framework. We replace the implied general integer linear programming by its easy special
cases due to combinatorial properties of MSC for k < 5. Practicality of our algorithms has
been verified experimentally. We also show that for a general parameter k any instance can
be reduced in linear time to a kernel of size k!, so the problem is fixed-parameter tractable.
Nevertheless, for k > 4 this is still too large for any naive solution to be feasible in practice.
This is a full version of an article published at SPIRE 2014 [15].

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

In the sequence consensus problems,

given a set of sequences of length ¢ we are searching for a new sequence of

length ¢ which minimizes the maximum distance to all the given sequences in some particular metric. Finding the consensus
sequence is a tool for many clustering algorithms and as such has applications in unsupervised learning, classification,
databases, spatial range searching, data mining etc. [4]. It is also one of popular methods for detecting data commonalities
of many strings (see [1]) and has a considerable number of applications in coding theory [6,9], data compression [12],
and bioinformatics [13,17]. The consensus problem has previously been studied mainly in R¢ space with the Euclidean
distance and in ¢ (that is, the space of sequences over a finite alphabet ) with the Hamming distance. Other metrics
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were considered in [2]. We study the sequence consensus problem for Manhattan metric (£; norm) in correlation with the
Hamming-metric variant of the problem.

The Euclidean variant of the sequence consensus problem is also known as the bounding sphere, enclosing sphere, or en-
closing ball problem. It was initially introduced in 2 dimensions (i.e., the smallest circle problem) by Sylvester in 1857 [24].
For an arbitrary number of dimensions, a number of approximation algorithms [4,16,23] and practical exact algorithms [8,
11] for this problem have been proposed.

The Hamming distance variant of the sequence consensus problem is known under the names of string consensus, center
string or closest string problem. The problem is known to be NP-complete even for binary alphabet [9]. The algorithmic
study of Hamming string consensus (HSC) problem started in 1999 with the first approximation algorithm with the approx-
imation ratio % +0(1) [17]. Afterwards several polynomial-time approximation schemes (PTASes) with different running

1 oe 1
O(Z log o) time

times were presented: (1 + €)-approximation of the result was computed in Eko(e%) time in [19], in £k
in [3], and in Zko(e%) time in [21,22]. A number of exact algorithms have also been presented; in many of these one con-
siders a decision version of the problem, in which we are to check if there is a solution to HSC problem with distance at
most d to the input sequences. Thus FPT algorithms with time complexities O (k¢ + kd*1) and Okt + kd(16]/X])9) were
presented in [13] and [21], respectively.

An FPT algorithm parameterized only by k was given in [13]. It uses Lenstra’s algorithm [18] for a solution of an integer
linear program of size exponential in k (which requires O (k!*k'¢) operations on integers of magnitude O (k!%'¢); see [1])
and due to extremely large constants is not feasible for k > 4. This opened a line of research with efficient algorithms
for small constant k. Thus a specialized linear-time algorithm for k = 3 was presented in [13], a linear-time algorithm for
k =4 and binary alphabet was given in [5], and recently an (O(¢?)-time algorithm for k =5 and also binary alphabet was
developed in [1].

For two integer sequences X = (X1,...,X¢) and y = (y1, ..., y¢), the Manhattan distance (also known as rectilinear or
taxicab distance) between x and y is defined as:

¢
dist(x,y) =Y _|xj — yjl.
j=1

The Manhattan version of the consensus problem is formally defined as follows:

MANHATTAN SEQUENCE CONSENSUS (MSC) problem

Input: A collection A of k integer sequences a;, each of length ¢

Output: An integer sequence x of length ¢ that minimizes dist(Xx,.A) = max {dist(x,a;) : 1 <i <k} and OPT(A)
equal to dist(x, a;) for this sequence x.

We assume that integers a; j satisfy |a; j| <M, and all £,k, M fit in a machine word, so that arithmetic operations on
integers of magnitude O(¢M) take constant time.

Example 1. Let A = ((120,0, 80), (20,40, 130), (0,100, 0)). Then OPT(A) = 150 and a consensus sequence is X =
(30, 40, 60); see also Fig. 1.

For two strings X and y (i.e., two sequences of letters over some alphabet) of the same length, we define their Ham-
ming distance disty(X,y) as the number of positions where the two strings differ. We define the Hamming version of the
consensus problem.

HAMMING STRING CONSENSUS (HSC) problem

Input: A collection A of k strings a;, each of length ¢

Output: A string x of length ¢ that minimizes disty (X, A) = max {disty(X,a;) : 1 <i <k} and OPT(A) equal to
disty (X, a;) for this string x.

1.1. Our results
Our main results are as follows.

e We show that MANHATTAN SEQUENCE CONSENSUS problem has a kernel composed of k sequences of length £ <k! and is
fixed-parameter linear with the parameter k.

e We present a practical linear-time algorithm for the MANHATTAN SEQUENCE CONSENSUS problem for k =5 (which obvi-
ously can be used for any k <5).
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Fig. 1. lllustration of Example 2; m1 =(3,2,1), 12 =(1,2,3), 13 =(3, 1, 2).

Note that binary HSC problem is a special case of the MSC problem. Hence, the latter problem is NP-complete. Moreover, the
efficient linear-time algorithm presented here for the MSC problem for k =5 yields an equally efficient linear-time algorithm
for the binary HSC problem and thus improves the result of [1].

Our approach is based on a reduction of the MSC problem to instances of integer linear programming (ILP). For general
constant k we obtain a constant, though very large, number of instances with a constant number of variables that we
solve using Lenstra’s algorithm [18] which works in constant time (the constant coefficient of this algorithm is also very
large). This idea is similar to the one used in the FPT algorithm for the HSC problem [13]. However, for MSC it requires an
additional combinatorial observation. For k <5 we obtain a more efficient reduction of MSC to at most 20 instances of very
special ILP which we solve efficiently without applying a general ILP solver.

This is a full version of an article published at SPIRE 2014 [15].

Organization of the paper. In Section 2 we show the first steps of the reduction of MSC to ILP. In Section 3 we construct
a kernel for the problem of O(k!) size. In Section 4 we perform a combinatorial analysis of the case k =5 which leaves 20
simple types of the sequence X to be considered. This analysis is used in Section 5 to obtain 20 special ILP instances with
only 4 variables. They could be solved using Lenstra’s ILP solver. However, there exists an efficient algorithm tailored for
this type of special instances which we describe in Section 6. Finally we analyze the performance of a C++ implementation
of the algorithm for k <5 and provide some conclusions in Section 7.

2. From MSC problem to ILP

Let us fix a collection A = (ay, ..., a) of the input sequences. The elements of a; are denoted by a; ; (for 1 < j <Z).

For je{1,...,n} let 7rj be a permutation of {1,...,k} such that az;1),j <... < Az (k). j» i.e. 7t is the ordering permutation
of elements ay j, ..., a j. We also set s j = dr,),j; see Example 2. As for some j there might be several possibilities for 7
(if a; j = ay j for some i #1i"), we fix a single choice for each j.

Example 2. Consider the following three sequences a; and sequences s; obtained by sorting columns:

120 0 80 0 0 0
[aij]=| 20 40 130 |, [si;1=| 20 40 80
0 100 O 120 100 130

The Manhattan consensus sequence is X = (30, 40, 60); see Fig. 1. In the figure, the circled numbers in the j-th column
are (1), 7j(2),...,mjk) (top-down).

Definition 1. A basic interval is an interval of the form [i,i + 1] (fori=1,...,k—1) or [i,i] (for i=1,..., k). The former is
called unit and the latter degenerate. An interval system is a sequence Z = (Iy, ..., Iy) of basic intervals I;.
By [a, b] we denote the interval of integers {a, ..., b}. For a basic interval I; we say that a value x; is consistent with I;

if x; € [si,}, Si4+1,j] when Ij =[i,i+ 1] is unit, and if x; =s; ; when I; =[i, ] is degenerate. A sequence X is called consistent
with an interval system Z = (Ij)le if for each j the value x; is consistent with I;.

For an interval system Z we define OPT(A,Z) as the minimum dist(x,.4) among all integer sequences X consistent
with Z. Due to the following trivial observation, for every A there exists an interval system Z such that OPT(A) =
OPT(A, 7).

Observation 1. If X is a Manhattan consensus sequence, then for each j, s1 j < Xj < sy j.

2.1. Transformation of the input to an ILP

We will show that the problem of finding OPT(.4,7Z) can be formulated as an ILP. If a sequence X is consistent with a
fixed interval system Z, the Manhattan distance dist(X, a;) can be expressed as:



Fig. 2. Illustration of Example 3: 5 sequences of length 7 together with an interval system. Notice that I is a degenerate interval.
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In other words, for a unit interval I; = [b,b + 1] we avoid the absolute value, as we know the relative order of x; and a; ;
based on the relative order of a; ; and the endpoints of the interval [sy j, Sp41,;]. For a degenerate interval I;, x; is fixed

to Sp ;.

In the ILP we introduce a variable x; with a range [sp;, Sp,i+1] for every unit interval I; =[b,b + 1]. Also an auxiliary
variable z is used to represent OPT(A,Z). We want to minimize z under the constraints “dist(x, a;) < z”, each expressed

using the formula (1). We denote the resulting ILP by ILP(Z); see Example 3.

Lemma 1. The optimal value of ILP(Z) is equal to OPT(A, 7).

Proof. Any sequence x that is consistent with Z is represented by an assignment of variables x; in ILP(Z). The i-th
constraint of ILP(Z) algebraically represents dist(X,a;). In ILP(Z) we are looking for an assignment of the variables that
minimizes z = max;{dist(X, a;)}. Hence, the resulting value of z equals OPT(A,Z). O

Example 3. Consider the following 5 sequences of length 7:

20
11
[aij]=1 14
19
16

18 20
6 7
12 18
8 16
15 11

10
17
13
18
15

16 8
14 14
11 6
12 19
6 17

10
17
12
19
11

and an interval system Z = ([2, 3], [2, 3], [2, 3], [3,4], [3,4], [3,3], [3,4]). An illustration of both can be found in Fig. 2.
We obtain the following ILP(Z), where x; € [14, 16], x2 € [8,12], x3 € [11, 16], x4 € [15, 17], x5 € [12, 14], x7 € [12,17]
and the sequence X can be retrieved as X = (X1, X2, X3, X4, X5, 14, x7):

20—x1 +
x1—11 +
x1—14 +
19 —x1 +
16 —x1 +

Note that P =ILP(Z) has the following special form, which we call basic ILP:

di + ZX]'E,'
J

Xj€R

18 — x>
X2—6
12 — x>
X2—8
15 —x»

minz

J=Z

p(xj)

+
+
+
+
+

20 — x3
x3—7
18 — x3
16—X3
x3—11

++ 4+ +

x4 — 10
17—X4
x4 — 13
18—)(4
x4 — 15

+ 16 —Xxs5
+ 14 —Xxs5
+ x5—11
+ x5—12
+ Xx5—6

++

[SSINS) Be BN e iNe)]
+ 4+ ++

minz
x7—10 <z
17 — x7 <z
x7—12 <z
19—x; <z
x7—11 <z
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where e; j = +1 and Rp(xj) = [¢j,r;] for integers ¢; <r;. Whenever we refer to variables, it does not apply to z, which is
of auxiliary character. Also, “x; € Rp(x;)” are called variable ranges rather than constraints. We say that (eq,j,..., e j) is a
coefficient vector of x; and denote it as Ep(x;). If the program P is apparent from the context, we omit the subscript.

2.2. Simplification of ILP

The following two lemmas are used to reduce the number of variables of a basic ILP. For A, B C Z we define —A ={—a:
acAland A+ B={a+b:aeA,beBj}.

Lemma 2. Let P be a basic ILP with n variables. Let P’ be a program obtained from P by replacing a variable xj with —xj, i.e. setting
Ep/(xj) = —Ep(xj) and Rp/(xj) = —Rp(x;j). Then OPT(P) = OPT(P’). Moreover, knowing the optimal variables’ assignment for P’,
we can compute the optimal variables’ assignment for P in O(1) time.

Proof. For every feasible solution (z,X1,...,Xj—1,Xj, Xj+1,...,Xn) Of P, (z,X1,...,Xj—1, —Xj,Xj41, ..., Xn) is a feasible solu-
tion of P’, and vice versa. O

Lemma 3. Let P be a basic ILP with n variables. Assume Ep(xj) = Ep(xj) for j # j'. Let P’ be a program obtained from P by removing
the variable xj and replacing xj with xj 4 xj, i.e. setting Rp:(xj) = Rp(xj) + Rp(xjr). Then OPT(P) = OPT(P’). Moreover, knowing
the optimal variables’ assignment for P/, we can compute the optimal variables’ assignment for P in O(1) time.

Proof. Let (z,x1,...,Xn) be a feasible solution of P. Then setting x; := x;+x; and removing the variable x; we obtain a fea-
sible solution of P’. Therefore OPT(P’) < OPT(P). For the proof of the other inequality, take a feasible solution (z, x1, ..., Xp)
(with xj missing) of P’. Note that x; € Rp:(xj) = Rp(xj) + Rp(xj). Therefore one can split x; into x; +x; so that xj € Rp(x;)
and xj € Rp(xj). This way we obtain a feasible solution of P and thus prove that OPT(P) < OPT(P’). DO

Corollary 1. For a basic ILP with k constraints one can compute in linear time an equivalent basic ILP with k constraints and up to 2%~1
variables.

Proof. We apply Lemma 2 to obtain e; ;1 =eq,2 =...=e . This leaves at most 2k=1 different coefficient vectors. Afterwards
we apply Lemma 3 as many times as possible so that there is exactly one variable with each coefficient vector. O

Example 4. Consider the basic ILP P from Example 3. Observe that Ep(x4) = Ep(x7) = —Ep(x2) and thus Lemmas 2 and 3
let us merge x and x7 into x4 with
Rpr(x4) = Rp(x4) + Rp(x7) — Rp(x2) = [[15, ]7]] + [[12, ]7]] + [[—12, —8]] = |I]5, 26]].

By simplifying the constant terms, we obtain the following basic ILP P’:

minz
—X1 — X3 + X3 — X5 + 60 <z
+Xx1 + X3 — X4 — x5 + 24 <z
+xX1 — X3 4+ X4 + x5 — 12 <z
—X|{ — X3 — X4 + X5 + 57 =<z
—X1 4+ X3 4+ X4 + x5 — 9 <z

3. Kernel of MSC for arbitrary k

In this section we give a kernel for the MSC problem parameterized with k, which we then apply to develop a linear-time
FPT algorithm. To obtain the kernel we need a combinatorial observation that if 77; = 7 then the j-th and the j’-th column
in A can be merged. This is stated formally in the following lemma.

Lemma 4. Let A= (a1, ..., ay) be a collection of sequences of length £ and assume that wj = 7y forsome 1 < j < j <{. Let A’ =
(@].....a,) be a collection of sequences of length £ — 1 obtained from A by removing the j’-th column and setting a; j=0ij+aij.

Then OPT(A) = OPT(A’). Moreover, the optimal sequence x for A can be computed in O(klogk) time from the optimal sequence x’
for A

Proof. First, let us show that OPT(A’) < OPT(A). Let x be a Manhattan consensus sequence for A and let X' be obtained
from x by removing the j'-th entry and setting x’j =X;j + xj. We claim that dist(x’, A") < dist(x, A). Note that it suffices

to show that [} —a; ;| < |xj —aj j| + [xy —a; y| for all i. However, with x; =X; +x;j and a; ; =a; j +a; j, this is a direct
consequence of the triangle inequality.
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It remains to prove that OPT(A) < OPT(A’). Let X' be a Manhattan consensus sequence for A’. By Observation 1, x’j is

consistent with some unit basic interval [i,i+1]. Let d; ; =X, —s; ; and D; ;=s;,; ; —s; ;. Also, let D; j =si11 j — s;j and
Dj j = Ssit1,j — si j. Note that, since 77; =7y, D; ; = Dj j+ Dj j. Thus, one can write d; ; as d; j+d; j so that both d; j and
d; j» are non-negative integers not exceeding D; ; and D; j, respectively. Particularly, one may choose d; j = min(dg, T Di j),
dij = d;ﬁj —d;j j. We set xj =s; j+d; j and Xy =s;  +d; j, and the remaining components of X correspond to components
of X'. Note that x; = x; +x; and that both x; and x; are consistent with [i, i + 1]. Consequently, for any sequence an it
holds that dist(x, a,) = dist(X, a,) and therefore dist(x, A) = dist(x’, A"), which concludes the proof.

The above paragraph shows a procedure to convert the optimum solution X’ for A’ to the optimum solution x for .A. To

implement it, we require the values s; j, s; j, and s; i for i=1...,k, which can be computed via sorting the columns ga; ;,
a; y, and a;j fori=1...,kin O(klogk) time. O

By Lemma 4, to obtain the desired kernel we need to sort the elements in columns of A and afterwards sort the resulting
permutations ;.

Theorem 1. In O(£klogk) time one can reduce any instance of MSC to an instance with k sequences of length ', with £’ < k!.

Proof. Sorting of the ¢ columns takes O(lklogk) time in total. Afterwards we obtain the permutations 7 in O(k{) time.
The next step is sorting of permutations 77, which takes O(k¢) time if we use radix sort [7]. Finally, merging of columns
using Lemma 4 takes O(¢klogk) time in total. O

Remark 1. For binary instances, if permutations 7; are chosen appropriately, it holds that ¢ < 2k,

Proof. For binary sequences there are at most 2X different possible columns. By merging all equal columns together, we
obtain a collection of sequences for which ¢’ < 2k o

Theorem 2. For any integer k, the MANHATTAN SEQUENCE CONSENSUS problem can be solved in O (¢klogk -+ 2K'108k+02"% 1o0 pp)
time.

Proof. We solve the kernel from Theorem 1 by considering all possible interval systems Z composed of unit intervals. The
sequences in the kernel have length at most k!, which gives (k — 1)X' basic ILPs of the form ILP(Z) to solve.

Each of the basic ILPs initially has k constraints on k! variables but, due to Corollary 1, the number of variables can be
reduced to 251, Lenstra’s algorithm with further improvements [14,10,20] solves ILP with p variables in O(p25P°(P) JogL)
time, where L is the bound on the scope of variables. In our case L = O(¢£M), which gives the time complexity of:

o ((k — k. 2k=1)(2.52F 1402k 1)) log M) -0 <2k! log k+0 (2¥k) log M) ‘
This concludes the proof of the theorem. O

4. Combinatorial characterization of solutions for k =5

In this section we characterize those Manhattan consensus sequences X which additionally minimize ), dist(x, a;) among
all Manhattan consensus sequences. Such sequences are called here sum-MSC sequences. We show that, if k =5, then for
every input one can determine a collection of 20 interval systems, so that any sum-MSC sequence is guaranteed to be
consistent with one of them. We also prove some structural properties of these systems, which are then useful to efficiently
solve the corresponding basic ILPs.

We say that x; is in the center if xj = s3 j, i.e. X; is equal to the column median. Note that if x; # s3 j, then moving x;
by one towards the center decreases by one dist(X, a;) for at least three sequences a;.

Definition 2. We say that a; governs x; if x; is in the center or moving x; towards the center increases dist(X, a;). The set of
indices i such that a; governs x; is denoted as G ;(x).

Observe that if x; is in the center, then |G ;(x)| =5, and otherwise |G;(X)| < 2; see Fig. 3. For k=5 we have 4 unit basic
intervals: [1,2], [2,3], [3,4], and [4,5]. We call [1,2] and [4, 5] border intervals, and the other two middle intervals. We
define G;([1,2]) = {mj(1)}, G;([2,3]) ={m;j(1), 7;2)}, G;([3,4]D = {mj4), 7;(5)}, and G;([4,5]) = {7;(5)}. Note that if we
know G (x) and |G;(x)| < 2, then we are guaranteed that x; is consistent with the basic interval I; for which G;(I}) = G (X).

Observe that if x is a Manhattan consensus sequence, then G;(x) # ¢ for any j. If we additionally assume that x is a
sum-MSC sequence, we obtain a stronger property.
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Fig. 3. Assume a1 j =2, a2 j=4, a3j=1, a4 =3, as j = 5. Then G;(x) depends on the interval of x; as shown in the figure. E.g, if 1 <x; <2 then
Gj(x) ={3}.

Lemma 5. Let X be a sum-MSC sequence. Then G j(X) N G j(X) # @ for any j, j'.

Proof. For a proof by contradiction assume G ;(X) and Gy (x) are disjoint. This implies that neither x; nor xj is in the center
and thus |G;(X)[, |Gj(X)| < 2. Let us move both x; and xj by one towards the center. Then dist(x, a;) remains unchanged
for i € Gj(x) U Gj(x) (by disjointness), and decreases by two for the remaining sequences a;. There must be at least one
such remaining sequence, since k =5, which contradicts our choice of x. O

Additionally, if a sum-MSC sequence X has a position j with |G;(X)| =1, the structure of X needs to be even more
regular.

Definition 3. A sequence X is called an i-border sequence if for each j it holds that x; =a; j or G;(x) = {i}.
Lemma 6. Let X be a sum-MSC sequence. If G j(X) = {i} for some j, then X is an i-border sequence.

Proof. For a proof by contradiction assume G j(x) # {i} and xj # a; j for some j'. Let us move x; towards the center and
xj towards a; y, both by one. Then for every i’, dist(x,a;) does not increase. By Lemma 5, i € G/ (X), so xj is moved away
from the center. Moreover, x; is moved towards some ay_j with i’ #1, since G (x) # {i}. Consequently, dist(x, a;) decreases
by two, which contradicts our choice of Xx. O

Definition 4. A sequence X is called an i-middle sequence if for each j it holds that i € Gj(x) and |G;(x)| > 2.

Definition 5. For a 3-element set A C {1,...,5}, a sequence X is called a A-triangle sequence if for each j it holds that
[ANG;Xx)| = 2.

Lemma 7. Let x be a sum-MSC sequence. Then X is a border sequence, a middle sequence, or a triangle sequence.

Proof. Recall that G;(x) # ¢ for each j. By Lemma 6, if G;(x) = {i} for some j, then X is an i-border sequence. Otherwise,
for each j we have |G;(x)| > 2, ie. |Gj(X)| € {2,5}. Let F be the family of 2-element sets among G j(x). By Lemma 5 every
two of them intersect, so we can apply the following easy set-theoretical claim.

Claim 1. Let G be a family of 2-element sets such that every two sets in G intersect. Then all sets in G share a common element or G
contains exactly three sets with three elements in total.

Proof. Assume that there are two sets A, B € G such that A # B; otherwise the claim is trivial. Let AN B ={u}, A={u, v},
B = {u, w}. Then either all the remaining elements of G contain u, or there exists a set C € G such that u ¢ C. In the latter
case, CN A ={v} and C N B = {w}. Consequently, A, B, C form a desired collection of three sets with three elements in
total. O

If all the sets in F share an element i, then X is clearly an i-middle sequence. Otherwise X is a A-triangle sequence for
A=JF. O

Lemma 7 allows 545+ (g) = 20 different types of sequences X. The following, final combinatorial lemma shows that,
for every collection .4, each type of sequence X can be characterized by a single interval system.

Lemma 8. There exist 20 interval systems B;, M; (fori e {1,...,5})and Ta (for 3-element sets A C {1, ..., 5}) such that:

(a) Bi=(Bi, ..., Biy) is consistent with each i-border sequence and G ;(B; ;) = {i} for unit B; ;;
(b) Mij=(Mi,..., M) is consistent with each i-middle sequence and if M;_; is unit then |G j(M; j)| =2 and i € G;(M, j);
(c) Ta=(Ta 1, ..., Ta,e) is consistent with each A-triangle sequence and if T j is unit then |G;(Ta,j)| =2 and Gj(Ta,j) € A.
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Proof. (a) Let us fix a position j. For any i-border sequence X, we know that x; =a; ; or G;(X) = {i}. If either of the border
intervals I satisfies G;(I) = {i}, we set B; j :=1 (observe that a; j is then consistent with I). Otherwise we choose B; ; so
that it is degenerate and corresponds to x; =aj j.

(b) Again fix j. For any i-middle sequence X, we know that x; is consistent with at least one of the two middle intervals
(both if x; is in the center). If either of the middle intervals I satisfies i € Gj(I), we choose M; j :=I. (Note that this
condition cannot hold for both middle intervals.) Otherwise we know that x; is in the center and set M; j so that it is
degenerate and corresponds to x; in the center, i.e. M; j:=[3,3].

(c) We act as in (b), i.e. if either of the middle intervals I satisfies |G;(I) N A| =2, we choose Tx j:=1 (because sets
G(I) are disjoint for both middle intervals, this condition cannot hold for both of them). Otherwise, we set T4 j:=[3,3],
since x; is guaranteed to be in the center for any A-triangle sequence X. O

5. Practical algorithm for k <5

It suffices to consider k = 5, as otherwise we may add 5 — k copies of one of the sequences. Using Lemma 8 we reduce
the number of interval systems from (k— 1)¥' =4°' > 1072 to 20 compared to the algorithm of Section 3. Moreover, we show
below that for each of them ILP(Z) admits structural properties, which lets us compute OPT(A, Z) much more efficiently
than using a general ILP solver.

Definition 6. A basic ILP is called an easy ILP if for each constraint the number of +1 coefficients is 0, 1, or n, where n is
the number of variables, and no two constraints have equal coefficients for each variable.

Note that if two constraints have equal coefficients for each variable, then the constraint with smaller constant term is
weaker than the other, and thus it can be removed.

Lemma 9. For each 7 being one of the 20 interval systems B;, M, and T, ILP(Z) can be reduced to an equivalent easy ILP with up
to 4 variables.

Proof. Recall that for degenerate intervals I;, we do not introduce variables. On the other hand, if I; is unit, possibly
negating the variable x; (Lemma 2), we can make sure that the coefficient vector E(x;) has +1 entries corresponding to
ieGj(j) and —1 entries for the remaining i. Moreover, merging the variables (Lemma 3), we end up with a single variable
per possible value G;(I;). Now we use structural properties stated in Lemma 8 to claim that the basic ILP we obtain this
way, possibly after further variable negations, becomes an easy ILP.

Border sequences. By Lemma 8(a), if B; ; is unit, then G;(B; ;) = {i}, and thus the basic ILP has at most 1 variable and,
consequently, is an easy ILP.

Middle sequences. By Lemma 8(b), if M; ; is unit, then Gj(M; j) ={i, i’} for some i’ # i. Thus there are up to 4 variables,
the constraint corresponding to i has only +1 coefficients, and the remaining constraints have at most one +1.

Triangle sequences. By Lemma 8(c), if 7a ; is unit, then G;(7a ;) is a 2-element subset of A, and thus there are
up to three variables. Any basic ILP with up to two variables is an easy ILP, and if we obtain three variables, then the
constraints corresponding to i € A have exactly two +1 coefficients, while the constraints corresponding to i ¢ A have just
—1 coefficients. Now, negating each variable (Lemma 2), we get one +1 coefficient in constraints corresponding to i € A
and all +1 coefficients for i ¢ A. O

The algorithm of Lenstra [18] with further improvements [14,10,20], which runs in roughly n2°>"t°® time, could perform
reasonably well for n = 4. However, in the following section we design a simple (O(n?)-time algorithm solving easy ILP.

This is the last ingredient for an efficient O(£)-time solution of the MSC problem with k = 5. In conclusion, the algorithm
for MSC problem first proceeds as described in Lemma 8 to obtain the interval systems B;, M; and Ta. For each of them it
computes ILP(Z), as described in Section 2, and converts it to an equivalent easy ILP following Lemma 9. Finally, it uses the
efficient algorithm to solve each of these 20 basic ILPs. The final result is the minimum of the optima obtained. Note that,
as an optimization, the algorithm may use the kernelization procedure of Theorem 1 to reduce the length of the sequences
to 5! =120 or even to 2> = 32 if we aim to solve the HSC problem for binary sequences.

6. Solving easy ILP
Recall the definition of an easy ILP:
min z

d; + ijei,j <z
J
Xj € R(xj)
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where e; ; = £1, and for each constraint the number of +1 coefficients is 0, 1 or n, where n is the number of variables.
Moreover R(x;) = [¢;,r;] for integers £; <r;.
We define a canonical form of easy ILP as follows:

min z
yi+y2+...+yn+K <z
yVi—y2—...—ymmt+Ki=z

—yit+y2—...—yn+Ky=z

—V1—Y2—...+yn+Kn=<z
yi € [0, Di]

where D; € Z>¢ and K’, Ky, ..., K, are of the same parity.

Lemma 10. Any easy ILP with n variables and at least one constraint can be reduced in O (n®) time to two easy ILPs in the canonical
form, with n + 1 variables, so that the optimum value of the input basic ILP is equal to the smaller optimum value of the two resulting
basic ILPs. Moreover, one can reconstruct in O(n) time the optimal variables’ assignment for the original basic ILP from the assignments
of the two constructed basic ILPs.

Proof. First, observe that the substitution x; = y; + ¢; affects only the constant terms and the ranges of variables, and gives
a basic ILP where the range of y; is [0, D;] for D; =r; — ¢;.

Recall that the number of +1 coefficients in a constraint of an easy ILP is 0, 1 or n. Consequently, there are at most n+ 2
constraints: one (denoted C;) only with coefficients +1, one (denoted C_) only with coefficients —1, and for each variable
y;j one constraint (denoted C;) with coefficient 41 for y; and —1 for the remaining variables. Also, unless there are no
constraints at all, if some of these n + 2 constraints are missing, one may add it, setting the constant term to a sufficiently
small number, e.g. K — 2 Zi Dj, where K is the constant term of any existing constraint C. Then, with such a constant term,
the introduced constraint follows from the existing one.

Finally, we introduce a dummy variable y,q with D;4+1 =0 and coefficient +1 in C_ and C, and coefficient —1 in the
constraints C;. This way C_ can be interpreted as C,41, and we obtain a basic ILP in the canonical form. However, it does
not satisfy the parity condition yet.

Now, we replace the basic ILP obtained so far, denoted as P, with two copies: in one of them, P, we increment (by one)
each odd constant term, and in the other, P;, we increment (by one) each even constant term. Clearly, both these basic ILPs
are stronger than the original basic ILP. Nevertheless, we claim that the originally feasible solution remains feasible for one
of them so it suffices to return the minimal of the optimal solutions to P; and P5.

Consider a feasible solution (z, y1,..., ¥nt+1) for P and the parity of =z + y1 + ...+ ¥n+1. Note that changing a +1
coefficient to a —1 coefficient does not change the parity, so only constraints with constant terms of parity ¢ mod 2 may
be tight in P. For the remaining ones, we can increment the constant term without violating the feasibility. If ¢ mod 2 =0,
this shows that (z, y1,..., yn+1) is a feasible solution for P, and otherwise it is a feasible solution for P;.

Now it is easy to reconstruct the optimal solution for the original basic ILP from the optimal solutions to P; and P;:
we choose the one with minimal z, dispose of the variable y,;1, and set x; = y; + £;. This completes the proof of the
lemma. O

In the following we focus on solving easy ILPs in the canonical form. We will apply subsequent algorithm transformations
to finally arrive at an efficient solution.

From now on we assume that K1 < ... < K (constraints and variables can be renumbered accordingly). By C; and C; we
denote the constraint with all coefficients equal to +1 and with the coefficient +1 at y;, respectively. The following function
Solve is our first approach to solving easy ILPs of the specified form. This function is rather inefficient; we improve it later
on. An explanation of the pseudocode is contained in the proof of the following lemma.

Lemma 11. Solve correctly determines the optimum value of the easy ILP in the canonical form, provided that K1 < ... < K;. It can
be augmented with computing the optimal variables’ assignment without increase of time complexity.

Proof. If n =1 then the constraints are y; + K’ <z and y; + K; < z, therefore the optimum is clearly y; =0 and z =
min(K’, K7). Consequently, line 1 is correct and in the following we may assume that n > 2.

Due to the constraint ) ; y; + K’ <z and the fact that y; are non-negative, the value K’ is clearly a lower bound on z.
Moreover, if K, < K’, then taking y;1 =...=y, =0 and z = K’ is feasible, since in that case all the constraints reduce to
K; < K’ which is true due to monotonicity of K;. Thus, we may exit the while-loop and return K’ in line 12 when K, < K’.
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1 if n =1 then return max(K’, Ky);
2 while K’ < K, do
3 £:=max{i: K; =Ki};

4 fori:=1to ¢ do

5 if D; =0 then

6 | return Solve(K’, Ky, ..., Ki—1,Kiz1, ..., Kn,Dq,..., Di—1,Diy1, ..., Dy);
7 K':=K +1;

8 fori:=1tof¢—1do K; :=K; —1;

9 Ke:=Ke+1;

10 D¢y:=D;—1;

1 fori:=¢(+1tondo K;:=K; —1;
12 return K’;

Function Solve(K’, K1, ..., Ky, D1, ..., Dy).

Let us define ¢ as in line 3. If D; =0 for some 1 <i < ¢, then y; must be equal to 0, and thus this variable can be
removed. Then the constraint C; becomes — =i Yit K; < z. However, since n > 2, there is at least one other constraint Cj
for i’ #1. It has the form y; — Z#i, ¥j+ Ky <z, which becomes 2y — Z#i yj+ Ky <z after y; is removed. As K; = K1,
we have Ky > Kj, and due to non-negativity of y;, Ci gives a stronger lower bound on z than Cj, i.e. the constraint C; can
be removed. Thus lines 4-6 are correct. Also, note that in the recursive call the monotonicity assumption still holds, and the
constant terms are still of the same parity.

Consequently, in lines 7-11 we may assume that D; > O for i < ¢. The arithmetic operations in these lines correspond to
replacing y, with y, + 1 € [1, D,]. This operation is valid provided that the following claim holds.

Claim 2. If D; > O for i < ¢, there exists an optimal solution (z, y1, ..., Yn) With y, > 1.

Proof. Let us take an optimal solution (z, y1, ..., yn). If y¢ > 1, we are done, so assume y, = 0. We consider several cases.
First, assume that there exists some i with y; > 1. Replace y; with y; — 1 and set y, to 1. By D, > 1, this is feasible with
respect to variable ranges. The only constraints that change are C; and C;. Set S=)_ j ¥j» which also does not change. Note
that C; changes from z> Ky — S to z > K; — S+ 2 and C; changes from z > K; —S+2y; to z > K; — S +2y; — 2. Thus C; only

weakens and the new C; is weaker than the original Cj, since y; > 1 and K; > K. Consequently, unless y1 =...=y, =0 is
the only optimum, there exists an optimum with y, = 1.
Thus, assume y; =...= y, =0 is an optimum. Since K’ < K, we have z = K;, for the optimum. Now, we consider two

cases. First, assume ¢ < n. We claim that after setting y, := 1, the solution is still feasible. The only constraints that become
stronger are C; and C,. For the former we need to show that K’ + 1 < Kp, which is satisfied since K’ < K. For the latter
we require Ky + 1 < K,,, which is also true since, by £ <n, we have K; < K.

Now, assume ¢ =n. By n > 2 this means that £ > 1. Therefore we can increment both y; and y, to 1 and observe that
only C; became stronger, and we need to show that K’ + 2 < K,,. However, since K’ and K, are of the same parity, this is
a consequence of K’ < K,. O

The claim proves that lines 7-11 are correct. Because K; and K,41 satisfied K; < K¢41, that is, K, + 2 < K41, before
these lines were executed and each K; changed by at most 1, they now satisfy K; < K¢+1, so the monotonicity is also
preserved. Also, observe that after operations in lines 7-11 all constant terms have the same parity.

Finally, observe that each iteration decreases ) ;(1+ D;) and thus the procedure terminates.

To recover the variables’ assignment, it suffices to keep record of which variables were set to 0 (lines 4-6) and for which
the value was incremented (lines 7-11). O

Now we transform the Solve function into a more efficient version which we call Solwve2. The latter simulates series
of iterations of the while-loop of the former in single steps of its while-loop.

Lemma 12. Functions Solve2 and Solve are equivalent for all inputs corresponding to easy ILPs in the canonical form with K1 <
=<Ky

Proof. Lines 1-6 of Solve and Solve2 coincide, so we can restrict to inputs for which both functions reach line 7. Recall
from the proof of Lemma 11 that this implies n > 2, K’ < K, and D1, ..., Dy > 1. We claim that lines 7-13 simulate the
first ¢ iterations of the while-loop of Solve (or all < ¢ iterations if the loop execution is interrupted earlier). Note that the
value of £ decrements by 1 in each of these iterations excluding the last one. Also, in each of these iterations the condition
in line 5 is false, since in the previous iteration the respective D; variables did not change. Thus, after an iteration with
£ > 1, the execution of the following £ —1 iterations of the while-loop may only be interrupted due to the K’ < K, condition
(line 2).

Note that, if £ < n, then the difference K, — K’ decreases by exactly 2 per iteration, as K, is decremented while K’
is incremented. Thus, if started with £ < n, the loop fails to make ¢ steps only if K, — K’ < 2¢, and this happens after
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1 if n =1 then return max(K’, K1);
2 while K’ < K;,, do
3 ¢:=max{i: K; =K1};
fori:=1to ¢ do
if D; =0 then

| return Solve2 (K. K, ..., Ki—1, Kiv1,..., Ky, D1, ..., Di_1,Dis1,..., Dyp);
if ¢ <nand K, — K’ < 2¢ then return 1 (K’ + Kp);
if t=nand K, — K’ <2(n— 1) then return 1+ %(K’ + Kp);

9 K =K +¢;
10 fori:=1to ¢ do

11 Ki:=Ki+2—-¢,

12 Di:=D;—1;

13 fori:=¢(+1tondo K;:=K;—¢;
14 return K';

Function Solve2(K’, K1, ..., Kn, D1, ..., Dp).

%(K,1 — K’) iterations (due to same parity of constant terms this is an integer). Then, the value K’, incremented at each
iteration, is %(K’ + Kp) in terms of the original values.

On the other hand, if ¢ =n, then in the first iteration K, — K’ does not change, since K’ and K, are both in-
cremented. The while-loop execution is interrupted before ¢ iterations only if K, — K’ < 2(n — 1), and this happens
after 1+ %(Kn — K’) iterations, when K’, incremented at each iteration, is 1 + %(K’ + Kp) in terms of the original val-
ues.

Consequently, lines 7 and 8 are correct, and if Solve2 proceeds to line 9, we are guaranteed that Solve would execute
at least ¢ iterations, with value ¢ decremented by 1 in each iteration. It is easy to see that lines 9-13 of Solve2 simulate
execution of lines 7-11 of Solve in these ¢ iterations, which corresponds to simultaneously replacing y1,...,y¢ with
yvi+1,...,y+ 1.

Keeping track of variables’ assignment here works the same as for the original Solve function. O

We perform the final improvement of the algorithm for solving easy ILP, which yields an efficient function Solve3.
Again, what actually happens is that series of iterations of the while-loop from Solve2 are now performed at once.

1 if n =1 then return max(K’, K7);
2 while K’ < K, do

3 ¢:=max{i: K; =Kq};

4 fori:=1to ¢ do

5 if D; =0 then

6 | return Solve3 (K, Kq,..., Ki—1, Kit1, ..., Ky, D1, ..., Di—1,Dit1, ..., Dp);
7 if ¢ <n then

8 A:=min(D1,..., D¢, J(Kert — Ko), | 25 (Kn — K ]);
9 if A =0 then return %(K’ + Kn);

10 else

1 A :=min(Dy, ..., Dy, Lﬁ([(,, —KH]);

12 if A =0 then return 1+ %(K/ + Kn);

13 K=K +A-¢

14 fori:=1to ¢ do

15 Ki:=Ki+ A2 —-10);

16 Di:=Dj—A;

17 fori:=¢+1tondo K;:=Ki—A-¢,

18 return K';

Function Solve3(K’, K1, ..., Kn, D1, ..., Dp).

Lemma 13. Functions Solve3 and Solve2 are equivalent for all inputs corresponding to easy ILPs in the canonical form with
Kq <... < K,. Moreover, Solve3 runsin (’)(nz) time (including recursive calls).

Proof. As previously, lines 1-6 of Solve2 and Solve3 coincide, so we can restrict to inputs for which both functions reach
line 7. This, in particular, means that Dq,..., Dy > 1. Also, the definition of £ and the equal parity of constant terms imply
that K, > K; + 2. Thus, if A =0 in line 9, then K, — K’ < 2¢, and similarly in line 12, A =0 only if K, — K’ <2(n —1).
These are exactly the conditions that Solve2 checks in lines 7 and 8, and consequently Solve3 simulates the execution
of Solve?2 if one of these conditions is satisfied.

Consequently, in the following we may assume that A > 0. Observe that during the execution of the while-loop in
Solve2, the value ¢ may only increase. Indeed, the operations in lines 9-13 preserve the equality K1 =... = K, and
decrease by 2 the difference K11 — K¢, which leads to an increase of ¢ after %(KH] — Ky) steps. Also, in a single iteration,
the difference K, — K’ decreases by either 2¢ if £ <n or 2(n — 1) if £ =n. Consequently, unless the execution is interrupted,
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Fig. 4. The running times of our implementation of the efficient linear-time algorithm, without kernelization (upper graph) and with kernelization (lower
graph). The graph presents the median of running times for 20 runs of the algorithm; the boxes span through first and third quartiles, and the error bars
denote the extremal running times.

each value included in the minima in lines 8 and 11 decreases by exactly 1. Moreover, the execution is interrupted only
if one of these values reaches 0, so we are guaranteed that A iterations will not be interrupted and can simulate them
in bulk. This is what happens in lines 13-17 of Solve3, which correspond to lines 9-13 of Solve2. Thus, Solve2 and
Solve3 are indeed equivalent. It remains to justify the quadratic running time of the latter.

Once again, it is easy to keep track of the variables’ assignment, as in Solve2.

Observe that each iteration of the while-loop of Solve3 can be executed in O(n) time. Thus, it suffices to show that,
including the recursive calls, there are (O(n) iterations in total. First, note that the case of £ =1 and D1 = 0 can occur at
most n times in total. Otherwise, we show that 2n — ¢ decreases not less frequently than every second iteration. Note that
the recursive call for £ > 1 decrements both n and ¢ by one, and thus it also decrements 2n — £. Therefore it suffices to
consider an iteration which neither calls Solve3 recursively nor terminates the whole procedure. Then lines 13-17 are
executed. If A was chosen so that A = Dj, the next iteration performs a recursive call, and thus 2n — ¢ decreases after this
iteration. On the other hand, if A = %(IQH — Ky), then after executing lines 13-17 it holds that Ky = K¢+1 and thus in
the next iteration ¢ is increases, while n remains unchanged, so 2n — ¢ decreases. Finally, if the previous conditions do not

hold, then A = L%J and in the next iteration line 7 is reached again, but then in line 8 or 11 A is set to 0, and

the procedure is terminated in line 9 or 12. This shows that it could not happen that three consecutive iterations (possibly
from different recursive calls) do not decrease 2n — £. This completes the proof that Solve3 executes O(n) iterations in
total. O

Lemmas 11-13 together show that Solve3 correctly solves any easy ILP in the canonical form in ((n?) time. Moreover,
note that the resulting algorithm is elementary and has a small constant hidden in the O notation. Combined with the
reduction of Lemma 10, we obtain the following result.

Theorem 3. Any n-variate easy ILP can be solved in O (n?) time.

7. Conclusions

We have presented an O(¢klogk)-time kernelization algorithm, which for any instance of the MSC problem computes
an equivalent instance with ¢’ <k!. Although for k <5 this gives an instance with ¢ < 120, i.e. the kernel size is constant,
solving it in a practically feasible time remains challenging. Therefore for k <5 we have designed an efficient linear-time
algorithm. As a consequence, we have obtained an efficient linear-time algorithm for the HSC problem with k =5 binary
sequences.

Our implementation of the algorithm for k = 5 is available at http://www.mimuw.edu.pl/~kociumaka/files/msc.cpp. As
a preliminary test, we have run two versions of the algorithm—with and without the kernelization—on random input data
with £ = 200000, 400000, ...,2000000 and k = 5. Fig. 4 presents the median of running times for 20 runs of the algorithm.
The experiments were conducted on a MacBook Pro notebook (2.3 GHz Intel Core i7, 8 GB RAM).

Our approach for k <5 constructs 20 ILP instances of an especially simple form, called here easy ILP, for which we craft
a solution that is incomparably faster in practise than Lenstra’s general ILP solver [18]. An interesting result would be to
reduce the number of ILP instances constructed in this case.
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A natural open question is whether our approach extends to larger values of k, e.g. to k = 6. It seems that while combi-
natorial properties could still be used to dramatically reduce the number of interval systems required to be processed, the
resulting basic ILPs are not easy ILPs and have more variables. Consider, for example, a special case where for each column
there are just 2 different values, each occurring 3 times. Then, there is a single interval sequence consistent with each x
satisfying Observation 1; it also corresponds to taking a median in each column. Nevertheless, after simplifying the ILP there

are still %(g) =10 variables, and the ILP is not an easy ILP.
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