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Abstract. We show that for several pattern graphs on four vertices
(e.g., C4), their induced copies in host graphs with n vertices and no
clique on k+1 vertices can be deterministically detected in time O(n® k*+
n?k?), where O(f) stands for O(f(log f)¢) for some constant ¢, and
u ~ 0.46530. The aforementioned pattern graphs have a pair of non-
adjacent vertices whose neighborhoods are equal. By considering dual
graphs, in the same asymptotic time, we can also detect four vertex
pattern graphs, that have an adjacent pair of vertices with the same
neighbors among the remaining vertices (e.g., K4), in host graphs with
n vertices and no independent set on k + 1 vertices.

By using the concept of Ramsey numbers, we can extend our method for
induced subgraph isomorphism to include larger pattern graphs having
a set of independent vertices with the same neighborhood and n-vertex
host graphs without cliques on k + 1 vertices (as well as the pattern
graphs and host graphs dual to the aforementioned ones, respectively).

Keywords: induced subgraph isomorphism, matrix multiplication, wit-
nesses for Boolean matrix product, time complexity

1 Introduction

The problems of detecting subgraphs or induced subgraphs of a host graph
that are isomorphic to a pattern graph are basic in graph algorithms.
They are generally termed as subgraph isomorphism and induced subgraph
isomorphism problems, respectively. Such well-known NP-hard problems
as the independent set, clique, Hamiltonian cycle or Hamiltonian path
can be regarded as their special cases.

Recent examples of applications of some variants of subgraph iso-
morphism include bio-molecular networks [1], social networks [19], and
automatic design of processor systems [20]. In the aforementioned appli-
cations, the pattern graphs are typically of fixed size which allows for
polynomial-time solutions.



For a pattern graph on k vertices and a host graph on n vertices, the
fastest known general algorithms for subgraph isomorphism and induced
subgraph isomorphism run in time O(n®(LF/3L[=D/3LTE/31)) 4,12, 17],
where w(p, q,r) denotes the exponent of fast matrix multiplication for
rectangular matrices of size n? x n? and n? x n”, respectively [15]. For
k > 6, they also run in time O(m®(¥/3L.1(k=1)/311k/31)/2) [4/12], where
m denotes the number of edges in a (connected) host graph. Further, we
shall denote w(1,1,1) by just w. It is known that w < 2.373 [16, 23] and
for example w(1,2,1) < 3.257 [15].

There are several known examples of pattern graphs of fixed size k
for which one succeeded to design algorithms for subgraph isomorphism
or/and induced subgraph isomorphism yielding asymptotic time upper
bounds in terms of n lower than those offered by the aforementioned gen-
eral method. For instance, for each pattern graph on k vertices having an
independent set of size s, an isomorphic subgraph of an n-vertex graph
can be (deterministically) detected in time O(n®([(k=5)/21.11(k=5)/2])) <
O(n*=**t1), assuming k = O(1) [13]. Also, an induced subgraph isomor-
phic to the generalized diamond Kj — e, i.e., K; with a single edge re-
moved, as well as an induced subgraph isomorphic to the path on k ver-
tices, Py, can be detected in O(n*~1) time [10,21] which improves the
general bound from [4] for k£ < 5.

More recent examples yields the randomized algorithm of Vassilevska
Williams et al. for detecting an induced subgraph isomorphic to a pat-
tern graph on four vertices different from K4 and the four isolated ver-
tices (4K71) [22], subsuming similar randomized approach from [6]. Their
algorithm runs in the same asymptotic time as that based on matrix mul-
tiplication for detecting triangles (i.e., K3) from [11], i.e., in O(n*) time.
The authors of [22] succeeded to obtain a deterministic version of their
algorithm also running in the triangle asymptotic time for the diamond
which is K4 with one removed edge, denoted by K4 — e. In fact there are
few known earlier examples of pattern graphs on four vertices, different
from the diamond, for which isomorphic induced subgraphs can be deter-
ministically detected in an n vertex host graph substantially faster than
by the general method. The earliest example is Py, a path on four vertices,
which can be detected in O(n 4+ m) time [2], where m is the number of
edges in the host graph. The other example is a paw which is a triangle
connected to the fourth vertex by an edge, denoted by K3 + e. It can be
detected in O(n®) time [18]. The third example is a claw which is a star
with three leaves, it can be also detected in O(n®) time [4]. (Analogous



H 4-vertex pattern graph [ deterministic time complexity H

P, 0(n?) 2]
claw O(n*°7) 4]
paw K3+ e O(n?3™) [18]
diamond K4 —e O(n*77) [22]
04 O(n3A257) 4
K4 O(n3.257) 4

Table 1. Known upper bounds on the deterministic time complexity of induced sub-
graph isomorphism for pattern graphs on four vertices.

upper bounds hold for the pattern graphs that are the complement to one
of the aforementioned pattern graphs.)

Summarizing, there are twelve pairwise non-isomorphic pattern graphs
on four vertices. For P, and its complement one can detect determinis-
tically an isomorphic induced subgraph in an n vertex host graph in
O(n?) time, while for the diamond, paw and claw, it takes O(n“) time.
Thus, only for the cycle on four vertices, Cy, and its complement, and K4
and its complement, there are no known deterministic algorithms for the
induced subgraph isomorphism that are asymptotically faster than the
general method yielding the O(n“(l’Q’l))—time bound. See also Table 1.

In this paper, we show in particular that if an n-vertex host graph
does not contain a clique on k + 1 vertices then for the pattern graph Cy
the induced subgraph isomorphism can be solved in time O(n®k* +n2k?),
where O(f) stands for O(f(log f)°) for some constant ¢, and p ~ 0.46530.
We also show that if the host graph does not contain a clique on k£ + 1
vertices then one can detect an independent set on four vertices in the
host graph in time O(n“’k" + n2k?). Note that our upper time-bounds
subsume the general O(n®(1H21)) ~ O(n®?7) bound for pattern graphs
on four vertices for k = O(n%%?8). Our method works for all pattern
graphs on four vertices that have a pair of non-adjacent vertices with
the same neighborhood and all n-vertex host graphs without cliques on
k+1 vertices in time O(nwk;“ +n%k?). By considering the dual graphs, we
obtain the same asymptotic upper bound for the detection of an induced
subgraph isomorphic to a given pattern graph with four vertices and a
pair of adjacent vertices with the same neighbors among the remaining
vertices in an m-vertex host graph without independent sets on k + 1
vertices. (We denote the class of aforementioned 4-vertex pattern graphs
and the class of pattern dual to them by F; (4) and F(4), respectively.)



H pattern graph class [ deterministic time complexity [host graph with H
F7(4), e.g., Cq and 4K, O(n®k" + n’k?) no k + 1 clique
Ff(4), eg., K4 and 2K> O(n“k* + n2k2) no k + 1 ind. set

F;7(5), e.g., K23, (2,3) — fan O:(n“(k(k;g))“ + nQ(k(k;S))?’) no k + 1 clique

F(5), eg., K5 and K5 — e O(n“(k(k;?’))“ + n2(k(k2+3))3) no k + 1 ind. set

Table 2. Upper bounds on the deterministic time complexity of induced subgraph
isomorphism for pattern graphs on four and five vertices and restricted host graphs
presented in this paper (u &~ 0.46530). K>3 denotes the complete bipartite graph with
two vertices on one side and three vertices on the other side. (2, 3)— fan can be obtained
from K>3 by connecting the two vertex side by an edge.

By using the concept of Ramsey numbers, we can extend our method
for induced subgraph isomorphism to include larger pattern graphs having
a set of independent vertices with the same neighborhood and n-vertex
host graphs without cliques on k + 1 vertices (as well as the pattern
graphs and host graphs dual to the aforementioned ones, respectively). In
particular, we obtain an O(nw(@)“ + n%@)g’) bound on the time
complexity of induced subgraph isomorphism for pattern graphs with five
vertices among which three are independent and have the same neighbors
and n-vertex host graphs without cliques on k+1 vertices. (We denote the
class of these 5-vertex pattern graphs by F, (5) and the class of graphs
dual to them by F;"(5), respectively.) See Table 2 for the summary of our
results for pattern graphs on four and five vertices.

Our paper is structured as follows. In the next section, we provide
basic definitions and facts. In Section 3, we present our algorithms for
the detection of induced subgraphs isomorphic to pattern graphs on four
vertices, in graphs without large cliques or large independent sets. In
Section 4, we extend our algorithms for induced subgraph isomorphism
to include larger pattern graphs. We conclude with Final Remarks.

2 Preliminaries

A subgraph of the graph G = (V, E) is a graph H = (V, Ey) such that
Vg CV and Eg C E.

An induced subgraph of the graph G = (V, E) is a graph H = (Vyg, Eyy)
such that Vg CV and Eg = EN (VH X VH)

The neighborhood of a vertex v in a graph G is the set of all vertices
in G adjacent to v.



For g > 4, we shall distinguish the family F; (q) of pattern graphs H
on ¢ vertices vy, v, ...,v4 such that vq,...,v4—2 form an independent set
and have the same neighbors among the remaining two vertices v4_1, vg.
We shall also denote the family of pattern graphs dual to those in F} (q)
by F(q). Note that the latter family consists of pattern graphs H on g
vertices vy, vg, ..., vq such that vy, ..., v,_2 form a clique and have the same
neighbors among the remaining two vertices vg—1, vq.

The adjacency matriz A of a graph G = (V,E) isthe 0 — 1 n xn
matrix where for 1 <i,j <n, A[i,j] =1iff {i,j} € E.

A witness for an entry BJi, j] of the Boolean matrix product B of two
Boolean matrices A; and A, is any index k such that A;[i, k] and As[k, j]
are equal to 1 [9].

Fact 1. The fast matriz multiplication algorithm runs in O(n%) time,
where w is not greater than 2.3728639 [16] (cf. [23]).

Fact 2. The k-witness algorithm from [9] takes as input an integer k and
two n X n Boolean matrices, and returns a list of q witnesses for each
positive entry of the Boolean matrix product of those matrices, where q is
the minimum of k and the total number of witnesses for this entry. It runs
in O(n@kB-w=)/(0=0) 4 2k} time, where o ~ 0.30298 (see [15]). One
can rewrite the upper time bound as ON(nwk:“ +n%k), where p ~ 0.46530
[9].

For two natural numbers p, s, the Ramsey number R(p,s) is the
minimum number ¢ such that any graph on at least ¢ vertices contains
a complete subgraph (clique) on p vertices or an independent set on s
vertices.

Fact 3. For p, s > 2, R(p,s) < ("757%) holds [3].

3 The Algorithms

The idea of our algorithm for detecting induced subgraphs isomorphic to
Cy depicted in Fig. 1 is simple. First, we check if there is a pair of non-
adjacent vertices connected by more than k different paths of length two
in the host graph, by computing the arithmetic square of the adjacency
matrix of the host graph. If so, there must be a pair of non-adjacent middle
vertices of the aforementioned paths of length two, since all the middle
vertices cannot induce a clique on more than k vertices. We conclude
that the host graph contains a subgraph isomorphic to Cy. Otherwise, for
each pair of non-adjacent vertices i, j, we examine the set of all middle
vertices of paths of length two connecting ¢ with j for the containment of



Input: a graph G on n vertices given by it adjacency matrix A and an integer param-
eter k € [2,n] such that G does not contain a (k + 1)-clique.
Output: if G contains an induced subgraph isomorphic to C4 then YES else NO

1: C + A x A (arithmetic product)

2: for i =1 ton do

3: for j=1tondo

4: ifi £ jAA[i,j] =0ACli,j] > k then

5: return YES and stop

6: end for

7: end for

8: for i =1ton do

9: for j =1tondo

10: if i # j A Afi, 7] = 0 then Wi, j] - the set of witnesses for the B[i, j] entry
of the Boolean product B of A with A

11: if Wi, j] contains at least two vertices and it does not induce a clique in G
then

12: return YES and stop

13: end for

14: end for

15: return NO

Fig. 1. An algorithm for detecting an induced subgraph isomorphic to C4 in a graph
with no (k + 1)-clique.

a pair of non-adjacent vertices. Since the aforementioned middle vertices
correspond to witnesses for the (7, j) entry of the Boolean square of the
adjacency matrix of the host graph, we can use the k-witness algorithm
from [9] described in Fact 2 to compute the middle vertices.

Lemma 1. Algorithm 1 is correct.

Proof. Let B be the Boolean square of the adjacency matrix A. Witnesses
of Bli, j] are just middle vertices of different paths of length two connect-
ing the vertices ¢ and j. The answer YES is returned if Afi,j] = 0 and
the set of witnesses contains at least two vertices and it does not form a
clique. Then, ¢ and j are not adjacent, and there are two paths of length
two connecting ¢ and j whose middle vertices are not adjacent. Thus,
there is an induced C4 in G.

To prove the correctness of the answer NO suppose that there is an
induced Cy in G. We may assume w.l.o.g. that it is induced by the vertices
q, 7, i, j, where Afi,j] = 0 and Alg,r] = 0. Note that ¢ and r belong to
the set Wi, j] of witnesses of B[, j|. Since A[g,r] = 0, Wi, j] does not
induce a clique. Consequently, Algorithm 1 would return YES. g



Lemma 2. Algorithm 1 runs in time O(n® + T(n, k) + n?k?), where
T(n, k) stands for the time necessary to solve the k-witness problem for
two n X n Boolean matrices.

Proof. The computation of C' takes O(n®) time. The first double loop
takes O(n?) time. To implement the second double loop we need to solve
the k-witness problem. It takes T'(n, k) time. After that, the second dou-
ble loop takes O(n?k?) since the considered sets Wi, j] are of size not
exceeding k, and we can test if | < k vertices induce a clique in O(k?)
time. ad

By combining Lemmata 1, 2 with Fact 2, we obtain our first main
result.

Theorem 1. Let G be a graph on n wvertices with no cliqgue on k + 1
vertices. We can decide if G contains an induced subgraph isomorphic to
Cy in time O(n“k* + n2k?), where p =~ 0.46530.

Recall that F; (4) is the family of graphs H on four vertices vy, va, v3, v4
such that v1, vy are not adjacent and have the same neighbors among the
remaining two vertices vs, vq. Clearly, Cy belongs to F; (4). Also, 4K,
(i.e, an independent set on four vertices), Ky — e, P3s + K and the paw
belong to F, (4).

We can immediately generalize Algorithm 1 and Theorem 1 to include
the detection of a given member H € F; (4) in the graph G satisfying
the requirements of Theorem 1.

Consider the distinguished pair of non-adjacent vertices vy, vy in H.
Let v3, v4 be the two remaining vertices. Finally, let H stand for the
graph dual to H, and A for the adjacency matrix of H. In the generalized
Algorithm 1, we match v3, vg4 with 4, j, respectively, and vy, v, with
witnesses for the entry corresponding to (7, j) of an appropriated Boolean
matrix product. In case of C4, both v3 and v4 are neighbors of v; and vo,
so we use the Boolean product of A with A. Generally, for H € F; (4),
we have to replace the Boolean product A x A with that of two matrices
A1, Ay defined as follows:

— if {vs,v1}, {vs,v2} are edges of H then A; = A,
— otherwise, {v3,v,}, {vs,v2} are edges of H and A; = A,
— if {v1,v4}, {ve,v4} are edges of H then Ay = A,
— otherwise, {v1,v4}, {v2,v4} are edges of H and Ay = A.

Also, to count the number of witnesses for respective entries of the
Boolean product of A; and As, in the first step of the generalized al-
gorithm, we compute the arithmetic product of A; and As treated as



Input: a graph G on n vertices given by it adjacency matrix A, a pattern graph H on
vertices v1, vz, vs, va satisfying the requirements of the membership in F; (4), and
an integer parameter k € [2,n] such that G does not contain a (k + 1)-clique.

Output: if G contains an induced subgraph isomorphic to H then YES else NO

: A « the adjacency matrix of the complement of G

if {vs,v1} is an edge of H then A; < A else A1 + A

if {v1,v4} is an edge of H then A; + A else Ay + A

C + A1 x Ay (arithmetic product)

if {vs,v4} is an edge of H then a < 1 else a < 0

fori=1tondo

for j=1tondo
if i # j A A[i,j] = aACJi, j] > k then
return YES and stop

end for

: end for

: fori=1tondo

for j=1tondo

if i # j A A[i, j] = a then Wi, j] < the set of witnesses for the BJi, j] entry
of the Boolean product B of A; with As

15: if Wi, j] contains at least two vertices and it does not induce a clique in G

then

16: return YES and stop

17: end for

18: end for

19: return NO

— = = = =
WO 9

Fig. 2. An algorithm for detecting an induced subgraph isomorphic to H € F; (4) in
a graph with no (k + 1)-clique.

arithmetic matrices, instead of the arithmetic product of A with A. Fi-
nally, if {vs, v4} is an edge of H then we have to replace the condition
Ali, j] = 0 with A[i, j] = 1.

By arguing analogously as in the proof of Theorem 1, we obtain the
following generalization.

Theorem 2. Let H € F; (4), and let G be a graph on n vertices with no
cliqgue on k+1 vertices. We can decide if G contains an induced subgraph
isomorphic to H in time O(n“k* + n%k?), where p ~ 0.46530.

Recall that F(4) is the family of graphs on four vertices dual to
those in F; (4), i.e., graphs that have a pair of adjacent vertices with the
same neighborhood. Note that in particular Ky, K3+ K7, 2K, and again
K4 — e belong to F.F(4).

By considering dual graphs, we obtain the following corollary from
Theorem 2.



Corollary 1. Let H € F;}'(4), and let G be a graph with n vertices and no
independent set on k+1 vertices. We can decide if G contains an induced
subgraph isomorphic to H in time O(n“k* + n2k?), where p ~ 0.46530.

Corollary 2. Let H € F; (4)NF; (4), and let G be a graph on n vertices
which does not contain a clique on k+1 vertices or an independent set on

k+1 vertices. We can decide if G contains an induced subgraph isomorphic
to H in time O(n*k* 4+ nk?), where pu ~ 0.46530.

Note that F; (4) N F(4) = {K4 — e, Ko+ 2K1}.

4 Extensions to Larger Pattern Graphs

Recall that for ¢ > 4, F.; (q) stands for the family of graphs H on ¢
vertices v1,v2, ...,V such that v,...,v,—2 form an independent set and
have the same neighbors among the remaining two vertices vy_1, vy.

We can easily generalize Algorithm 2 and Theorem 2 to include the
detection of a given member H € F (q), where ¢ > 4, in the graph G
satisfying the requirements of Theorem 2.

In Algorithm 2, it is sufficient for a pair of vertices i, j satisfying
Ali, j] = a to deduce or verify that the set of witnesses for the (i, j) entry
of the Boolean matrix product contains a pair of non-adjacent vertices in
order to detect an induced subgraph isomorphic to the pattern graph H.
Now, we have to deduce or verify that the aforementioned set of witnesses
contains an independent set on ¢ — 2 vertices in G instead. If the set of
witnesses contains no less than the Ramsey number R(k + 1,q — 2) of
vertices then it fulfills this requirement since we assume that the host
graph G does not contain a clique on k + 1 vertices. Otherwise, we have
to go through all subsets of ¢ — 2 witnesses to check if any of them forms
an independent set. If we do not know the exact Ramsey number R(k +
1,q — 2) but only an upper bound ¢ on R(k + 1,q — 2), we have to use ¢
instead. Thus the threshold on the number of witness becomes now t — 1
instead of k, and we have to use Fact 2 to find up to ¢ — 1 witnesses. The
generalized algorithm is depicted in Fig. 3.

Lemma 3. Algorithm 3 runs in time O(n®(t —1)* +n2(t —1)72), where
1~ 0.46530.

Proof. As a straightforward generalization of Algorithm 2, Algorithm 3
runs in time O(n® 4 T(n,t) + n?t972), where T(n,t) stands for the time
necessary to solve the (¢ — 1)-witness problem for two n x n Boolean
matrices. By Fact 2, we obtain the lemma. O



Input: a graph G on n vertices given by it adjacency matrix A, a pattern graph H on
q > 4 vertices v1, ..., v4 satisfying the requirements of the membership in F; (q),
an integer parameter k € [2,n] such that G does not contain a (k + 1)-clique, and
an upper bound ¢ on the Ramsey number R(k + 1,q — 2).

Output: if G contains an induced subgraph isomorphic to H then YES else NO

: A < the adjacency matrix of the complement of G

if {vg,v1} is an edge of H then A; + A else A; + A

if {v1,v4-1} is an edge of H then Ay < A else Ay < A

C + A1 x Ay (arithmetic product)

if {vg—1,vq} is an edge of H then a + 1 else a «+ 0

for i =1ton do

for j =1tondo
ifi#jAA[i,j] =aACli,j] >t then
return YES and stop

10: end for

11: end for

12: for i =1 to n do

13: for j =1tondo

©

14: if i # j A Ali, j] = a then Wi, j] + the set of witnesses for the B[i, j] entry
of the Boolean product of A; with As

15: if Wi, j] contains an independent set on g — 2 vertices in G then

16: return YES and stop

17: end for

18: end for

19: return NO

Fig. 3. An algorithm for detecting an induced subgraph isomorphic to H € F; (gq),
g > 4, in a graph with no (k + 1)-clique.

Theorem 3. Let g > 4, H € F; (q), and let G be a graph on n vertices
with no clique on k + 1 vertices. Next, let t be a known upper bound
on R(k+ 1,q — 2). We can decide if G contains an induced subgraph
isomorphic to H in time O(n®(t —1)* 4+n?(t —1)972), where pu ~ 0.46530.

Proof. We use Algorithm 3. Its correctness follows from the discussion
preceding its pseudocode. Lemma 3 yields the time bound. ad

By Fact 3, we can easily conclude that R(k+1,3) < W Hence,
we obtain the following corollary.

Corollary 3. Let H € F; (5), and let G be a graph on n vertices with no
clique on k+ 1 vertices. We can decide if G contains an induced subgraph
isomorphic to H in time O(nw(k(kTJr?’))” + n%@)?’)

Note that H € F; (5) includes K3, (2,3) — fan (see Table 2), Ko +
3K; and 5K; among other things. We leave to the reader stating the



results implied by Theorem 3 and Corollary 3 for the dual pattern and
host graphs.

5 Final Remarks

The authors of [12] have shown that if one knows the number of induced
subgraphs of an n vertex host graph that are isomorphic to a given 4-
vertex pattern then one can compute the analogous number for each of
the twelve 4-vertex pattern graphs in O(n*) time. This result has been
generalized to include pattern graphs on more than four vertices in [13].
Thus, in particular, if we knew that the host graph is free from K, then
we could compute for each pattern graph H on four vertices the number
of induced subgraphs isomorphic to H in O(n“) time. Generally, graphs
with some forbidden subgraphs, induced subgraphs, or minors (e.g., pla-
nar graphs) are widely studied in algorithmics. Typically, the forbidden
subgraphs are of small fixed size. In our approach the forbidden (k + 1)
clique (or, an (k + 1) independent set, respectively) can be very large,
e.g., even larger than /n and we can still obtain an upper time-bound on
detecting for instance induced subgraphs isomorphic to Cy better than
the known O(n“(b21) one.

One of the reviewers posed an interesting question of whether or not
our pattern detection algorithms can be extended to include pattern find-
ing algorithms without substantially increasing their running times. For
instance, consider our algorithm for Cj detection. Suppose that i, j is
a pair of non-adjacent vertices in the input graph. If Cy is detected by
finding a pair of non-adjacent witnesses among at most k witnesses of
Bi, j], then we can easily locate an induced subgraph isomorphic to Cj.
However, if Cy is detected by checking that B[i, j|] has more than k wit-
nesses then we need to know at least k + 1 witnesses of BJi, j] in order to
locate a pair of non-adjacent ones. Thus, we can extend our algorithm for
Cy and the other ones to the finding variant by increasing the number of
witnesses to compute for each positive entry of B by one. This increases
the running times of our algorithms solely marginally.
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