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Abstract. Two words wi and wsz are said to be k-binomial equivalent
if every non-empty word z of length at most k over the alphabet of w1
and ws appears as a scattered factor of wi exactly as many times as it
appears as a scattered factor of ws. We give two different polynomial-
time algorithms testing the k-binomial equivalence of two words. The first
one is deterministic (but the degree of the corresponding polynomial is
too high) and the second one is randomised (it is more direct and more
efficient). These are the first known algorithms for the problem which
run in polynomial time.

1 Introduction

An alphabet is a finite and non-empty set of symbols (also called letters). Any
finite sequence of symbols from an alphabet X is called a word over Y. The set of
all words over V is denoted by X* and the empty word is denoted by €; also X+
is the set of non-empty words over X, X¥ is the set of all words over X of length
exactly k, while X=F is the set of all words over X of length at most k. Given a
word w over an alphabet X', we denote by |w] its length; for some 1 < i < |w]
we denote the i-th letter of w by wli]. We also denote the factor that starts with
the i-th letter and ends with the j-th letter in w by w[i..j]. For w,x € X* we
denote by |w|, the number of distinct occurrences of = as a factor of w.

A scattered factor of w € X* is a word w[i1] -+ - w[ig] for some k > 1 such
that i; < i;4; forall 1 < j < k—1. The binomial coefficient of u and v, denoted
(7;), equals the number of occurrences of v as a scattered factor of u. Clearly, for
a € X we have (%) = |uq, while for € X with |z| > 2 it is not necessary that

Julz = (3)-
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Ezample 1. If v = bbaa and v = ba we have (}) = (bbaa) = 4, as u[l]u[3] =

v ba

ul2]u[3] = u[l]u[4] = u[2]ul4] = ba; clearly, |u|p, = 1.

For more details regarding these binomial coefficients see Chapter 6, by
Sakarovitch and Simon, from the handbook [8].

A well known equivalence relation between words is that of abelian equiva-
lence. Two words wy,ws € X* are said to be abelian equivalent if for all a € X
we have |w1|, = |wa|e; equivalently, wy and ws are abelian equivalent if they
have the same Parikh vector, thus being permutations of each other. This rela-
tion was extended in [7] (see also [6]), where the k-abelian equivalence relation
was defined. Two words w1, ws € X* are said to be k-abelian equivalent if for all
r € Y=F we have |w |, = |wz|,. Obviously, the 1-abelian equivalence relation is
the same as the abelian equivalence.

As Jwy|q = (“;1), another way to generalise the abelian equivalence relation is
to define the k-binomial equivalence (see the conference paper [12], as well as its
journal version [11]). Two words wy, we € X* are said to be k-binomial equivalent
if for all z € X=<F we have (“;1) = (“;2); if wy and wy are k-binomial equivalent,
we write wy; = wo. Again, it is easy to see that the 1-binomial equivalence is
the same as the abelian equivalence. Combinatorial properties of the k-binomial
equivalence relation are studied in [12,11,10].

Recently, in [3, 4] a series of algorithmic results regarding the k-abelian equiv-
alence were shown. As a basic result, it was shown that one can test whether
two words are k-abelian equivalent in linear time. Therefore, it seems natural to
us to study a similar problem in the context of k-binomial equivalence. That is,
we are interested in the following problem.

Problem 1. Given wy,wy € X*, with |wi| = |wa| = n, and k < n, decide whether
w1 =k Wa.

Our main result shows that Problem 1 can be solved in polynomial time.
The proof of this result uses a series of known results from the theory of finite
automata, which does not exploit in any way the properties of k-binomial equiva-
lence. Moreover, the degree of the polynomial characterising the time complexity
of this algorithm is rather high, so we do not give it explicitly. Instead, we also
show a simpler and much more direct Monte-Carlo algorithm solving the same
problem. Our solutions assume a basic understanding of formal languages and
automata theory; for more details, see [13] and [14].

Before moving to the main sections of this paper, we just point out that the
complexity results we show here hold in the unit-cost RAM with logarithmic
size memory word. In this model (which is generally used in the analysis of algo-
rithms) we assume that, if the size of the input is n (e.g., we are given a word of
length n), each memory cell can store O(logn) bits, or, in other words, that the
machine word size is O(logn). The instructions are executed one after another,
with no concurrent operations. The model contains common instructions: arith-
metic (add, subtract, multiply, divide, remainder, shifts and bitwise operations,
equality testing, etc.), data movement (indirect addressing, load the content of
a memory cell, store a number in a memory cell, copy the content of a memory
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cell to another), and control (conditional and unconditional branch, subroutine
call and return). Each such instruction takes a constant amount of time. This
model allows measurin g the number of instructions executed in an algorithm,
making abstraction of the time spent to execute each of the basic instructions.

2 A polynomial deterministic algorithm

The first step we take towards solving Problem 1 is to construct, for a word
w, a non-deterministic finite automaton A,, that accepts exactly the scattered
factors of length at most k& of w and, moreover, has exactly (;”) paths labelled
with the scattered factor z of w.

Let us assume that |w| = n; then A,, has nk + 2 states; these states are

Quw={0,0}U{(,j) [1<i<n,1<j<k}U{(n+1,k+1)}

The initial state of the automaton is (0, 0), while every state (i, ) with0 < j < k
and ¢ > j is final. The state (n + 1,k + 1) is an error state; this state and the
initial state are the only states that are not final.

We define the transition function d,, for all (i,5) € Q,, and all a € X' by

{(6,j+1) € Qu | £ > i,wlf] =a} if this set is non-empty,
{(n+Lk+1)} otherwise.

Ouw ((iaj)7a’) = {

See Figure 1 for an illustration. An immediate consequence of this definition is
that d,((n+ 1,k +1),a) = {(n+ 1,k + 1)} holds for all a € X.

Fig. 1. The definition of the transition function: all the transitions leaving (¢, j) and
leading to a non-error state, as well as all transitions going to (¢, 7). We have (¢,j+1) €
0w ((2,7), w[l]), with ¢ < £ <n and j < k.

It is not hard to see that A,, accepts exactly the words wli1]--- w[ig/] with
k' <kand i <...< . Indeed, to accept such a word the automaton starts
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in the state (0,0), and then goes through the states

(ih1)7<i2a2)a-~-7(ij>j)>~--7(ik’ak/);

as 1 < iy < ... < iy it is clear that i > K/, so the state reached by the
automaton is an accepting one. For the reverse implication, assume that the
word x is accepted by A,, on the path formed by the states

(0,0), (i1,1), (i2,2), ..., (i, 4), - - -, (ix, k).

By the definition of A,, we immediately get that i; < i;4q for all 1 < j <
k" —1; also, 41 > 0. Thus, ¢; > j 1 < j < k’. Moreover, each transition ending in
(i5,7) is labelled with w[i;], so @ = w[i1] - - - w[ix] is a scattered factor of w.

Finally, the argument above shows that there is a bijective correspondence
between the sequences of indices defining the scattered factors of length at most
k of w and the paths of A,,. In conclusion, A,, accepts the set of scattered factors
of length at most k of w and, moreover, has exactly as many paths labelled with
the scattered factor x of w as the total number of occurrences of = as a scattered
factor of w (i.e., (¥)).

Before coming back to the solution Problem 1, we recall that two non-
deterministic finite automata are said to be path-equivalent if for each word x
the number of distinct accepting paths labelled with x of A; equals the number
of distinct accepting paths labelled with x of A5, or both are infinite.

In our problem, we were given w; and wo and wanted to test whether wy =,
wa. By the above, it is enough to construct A,,, and A,,, and test whether A,
and A, are path-equivalent. The latter property is decidable (see [15,14] and
the references within for a discussion on this problem and its complexity).

In the following, we show that this algorithm runs in polynomial time in our
model of computation. The construction of the two automata A,,, and A,,, takes
O(nk) time. Moreover, as none of A,,, and A,,, has transitions labelled with e,
it follows from [15] that there is an algorithm deciding the path-equivalence
of A,, and A, that runs in polynomial time with respect to the size of these
automata (so, essentially, with respect to nk). Note that the algorithm presented
in [15] is only shown to run in polynomial time in a computational model where
it is assumed that the arithmetic operations between any (no matter how big)
rational numbers can be done in constant time. To show that the algorithm still
runs in polynomial time in our model of computation, we need to go further into
details.

Basically, the algorithm of [15] applied to the two automata we constructed
either decides that A,,, and A,,, identifies the lexicographically first word = such
that A,,, has a different number of accepting paths labelled with  than A4,,,. To
do this, the algorithm explores the set of words from X* in lexicographical order;
it maintains a list of words V' and for each v € V the array P(v) storing the
number of accepting pathsin A4,,, and A,,, (that is, an array storing for each final
state of the two automata, how many paths labelled with v connect the initial
state of the respective automata to that final state). If the list V' contains at some
moment the words x1,...,z, and the new considered word is x, the algorithm
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checks if the array P(x) is linearly independent from P(x1),..., P(xz,). If yes,
is added to V and the algorithm further tries all words xa with a € X. If no, the
algorithm stops trying any other word that has x as a prefix. In [15] it is shown
that only a polynomial number of words should be tried in this process, since
V may contain up to 2nk words (as many words as the number of final states
of the two automata). In our particular case, it is clear that all words that are
longer than k are not accepted by any of our automata (i.e., the array P(x) of
some z longer than k contains only 0s); so, essentially, our algorithm will only
try words of length at most k& 4+ 1. Each such word x that is accepted by one of
our automata is accepted on at most n¢ paths, where ¢ < k is the length of z, in
total. So, its array P(z) can be stored in at most O(nk?) memory words (that
is, k memory words for each final state, or, in other words, k£ memory words for
each component of the array). At each step of the algorithm, we test whether
the newly considered z produces an array P(z) linearly independent from the
arrays P(y) with y € V; since all these arrays contain only words that can be
stored on & memory words, this test can be done in polynomial time. Indeed, if
we use either a Gaussian elimination method or a modular method, such a test
can be implemented in polynomial time (see, e.g., [1] and the references within,
as well as [5]). Finally, the algorithm just checks whether there exists a word x
in V which is accepted on a different number of paths in w; than in ws. Again,
this clearly takes polynomial time.

This concludes our analysis. We do not go into details and compute the
exact complexity of the algorithm described above: we just state that it runs
in polynomial time. While the preprocessing phase in which A,,, and A,, are
constructed is rather simple, computing the complexity of the algorithm from [15]
requires really going into the implementation details of each step (for instance,
testing the linear independency of the arrays), and this is not our purpose. We
just note that the exponent of n in the complexity of this algorithm is at least
3 (in other words, the algorithm is at least cubic in n). The main result of our
paper is, thus, the following theorem.

Theorem 1. Problem 1 can be solved in polynomial time.

Although based on a rather simple idea (the construction of the two au-
tomata), the algorithm presented in this section has a drawback: the main part
of the computation is hidden in the algorithm checking the path equivalence of
these two automata. Accordingly, in the following section we present a direct
and more efficient randomised algorithm testing the k-binomial equivalence of
two words.

3 A Monte-Carlo algorithm

We begin with a series of prerequisites. The first one is a folklore result; although
it is really well known, we give a short sketch of the proof for completeness. In
the following polylog means O((logn)¢) for some constant c.



6 Freydenberger et al.

Lemma 1. We can generate p € [N,2N] in O(polylog(N)) time, so that the
probability that p is prime is at least 1 — ﬁ

Proof. We recall that testing whether a number p is prime can be done in
O((log p)*?%) time, using the AKS algorithm [2].

Let m(n) denote the number of primes smaller than n. It is well-known that
nj(l’;‘l)n = 1. So, for n large enough we can safely assume that 7(n) ~ -

Now, the probability that a number chosen at random between N and 2N is

2N __ _N .
prime can be approximated as 22N_IN ~ Ll Tt can be shown that if we
N In N

try O(f(N)Inn) numbers between N and 2N, then the probability that none
of them is prime is approximatively e~/(™); hence, for f(N) = In(2N), we have
that the error probability is approximatively ﬁ (so upper bounded by %)

limy, 00

Thus, the algorithm generating a prime between N and 2N works as follows.
For O(In(2N)) times, we pick at random a number between N and 2N (which
takes about O(log N) time, as we have to randomly pick log N bits) and test its
primality using the AKS test. If we find a prime, we store it and return it at
the end. The total time complexity of this approach is O((log N)'*®) and the

probability it returns a prime is at least 1 — %

In fact, the complexity of the algorithm can be decreased quite a lot, while
preserving the error probability, by using the Rabin-Miller probabilistic primality
test (see [9]) instead of the AKS algorithm. In this approach the algorithm can
err also at every primality test, but trying enough numbers guarantees that the
error probability is still less than % a

The second auxiliary result is a particular case of the Schwartz-Zippel lemma.
For a prime number p, let F,, denote the finite field (also known as Galois field)
with p elements, consisting of the integers modulo p. It is well known that a
non-zero polynomial @@ € F,[X] of degree d has at most d distinct roots in F,,.
Thus, the following trivially holds:

Lemma 2. Let Q) be a non-zero polynomial of degree d over the field IF,,. Then,
the probability that a randomly chosen x € IF), is a root of Q) is at most %.‘

Pra:E]Fp [Q(:E) = 0} S

hSARSY

We now continue with the main part of this section.

For v € {0,1}" let bin(v) be the number whose binary representation is v.
We define the crucial polynomial:

Qrw(z) = Z (1;}) Zhin(v),

vl <k
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Ezample 2.

Qs.0010(x) = (00010> Lbin(10) | (00110) hin(1) <08(1)0> Jin(100)

0010\ pin(101) 0010\ 4in(110) 0010\ pinc11)
<01 )x T\ )" Tl )?

=322+ 2% + 3z + 2%+ 25

Clearly the powers of the variable  encode uniquely the scattered factors of the
word w, consequently:

Observation 1 wy =, w2 if and only if Qp wy, = Qk,w,-

By definition, for any word w with |w| > k, the degree of Qg ,, is 28! — 1, so
we cannot afford (time-wise) to construct it explicitly for any of the words wy and
ws, as enumerating the coefficients of such a polynomial would take exponential
time. But, by Lemma 2, to check whether Qg ., = Qkw, (or, alternatively,
Qk.w, — Qk,w, = 0) holds with high probability, it is enough to check whether
Qk,w, () — Qi w, (x) = 0 for some randomly chosen z € F,,.

So, what we should see now is how to compute efficiently Qg ,(x); this is
solved in the next lemma, where we show how this value is computed in O(k?n)
for some word w of length n. Note that even though we choose p which is ex-
ponential in k (between n* and 2n*), its binary representation needs O(klogn)
bits, that is O(k) memory words. Thus, operating on the potentially large num-
bers of I, is not a bottleneck in achieving a polynomial time algorithm: each
operation takes O(k) time in our model. The bottleneck is that we cannot con-
struct Q. explicitly, so we need to go around this in order to compute the
value we need, namely Qg ().

Lemma 3. For a word word w of length n, the value Qg () in the field F,
can be computed in O(k*n) time.

Proof. We use an auxiliary polynomial. Let
/ _ w bin(v)
Gt = 3 (7)o

We make the convention that Qg ,(7) = 1 and also note that, as no factor of
length k occurs in the empty word, we have @} () =0
It is enough to compute the polynomials @’ since

k

> Q) =Y (X (1)a"0 ) = Qunta).

t=1 t=1 \|v|=t

We use dynamic programming to compute all Q}, (), where 1 < k" < k
and w' is a suffix of w. We denote:

T[klv ’L] = Q;c',w[i“n] (Jf)
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Every such T[k', 1] is computed just once and in a constant number of operations
in F),, each taking O(k) time. Also, we compute (in F,) and store all the numbers

:CQk for 1 < k' < k, which are then used to compute Qk,w (z), as shown below.
Indeed, once the array T'[-, -] is computed, we just have to return
k y
Qrw(z) = Z z* T[E 1]
k=1

This final computation can be done in O(k®) time. Hence the claimed overall
complexity follows.
First, we claim that the following recurrence holds:

1 itk =0
T 1] 0 ifk >0andi=n+1
’ TE i+ 1]+ Tk —1,i+1] if £ >0and i <n and w[i] =0
Tk, i+ 1)+ Tk — 1,6+ 122" itk >0 and i <n and w]i] = 1

Now, it is clear that the above recurrence gives us T[0,7] = Q&wh“n] () and,
as w[n + 1..n] = € by convention, T'[k,n + 1] = Q) ,(n41..(@)-

We now show why our claim holds in the other cases by considering i from n
down to 1; we proceed by induction on n + 1 — i. That is, we assume that T, -]
is defined by the above recurrence and also that T[k', j] = Q;c’,w[j..n] (z) for all
k" > 0 and j such that n 4+ 1 > j > i. We show that T[k’,i] = Q;c,,w[i_in] (z) for
all " > 0.

For our proof, we see each T[k'][j], with j > 4, as a polynomial in z. Then,
we compute for each £ < 2% —1 the coefficient of 2 in Q}, ;. (%) and show it
is equal to the coefficient of z¢ in T[k’,i] (as obtained from the recurrence). In
the following, let v, denote the k’-bits binary expansion of ¢ (i.e., |vg| = k and
bin(ve) = £).

In the first case we analyse, let w[i] = 0.

If vy has the most significant bit equal to 1, then the number of occurrences
of vy in wli..n] (i.e., the coefficient of ¢ in Qs wii.n) (%)) equals the number of
occurrences of vy in w[i + 1..n], which is the coefficient of z* in Q;,)w[iﬂnn] ().

Moreover, we have £ > Qk,_l, so the coefficient of z¢ in Qr'—1,w]j..n) () is 0, for
all j > i. Consequently, the coefficient of 2 in Qf, (x) equals the sum of
the coefficient of z¢ in Q) wli-+1..m]
of z* in T[k’,i+1]) and the coefficient of z* in Q}, ;11 ,(#) (which is 0 and,
by induction, equals the coefficient of z¢ in T[k' — 1,i + 1]).

If v, has the most significant bit 0 then bin(ve) = bin(ve[2..k']) = £ < 2.
Now, the number of occurrences of vy in wli..n] equals the number of occurrences
of vy in w[i + 1..n] plus the number of occurrences of v¢[2..k'] in wli + 1..n]
(which is the coefficient of zt™(v¢[2-*1) — 2 in Q1 w[i-i—l..n])' So, again, the

,wli..n]

(2) (which, by induction, equals the coefficient
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coefficient of z* in Q;ﬂ,7w[i”n] (x) equals the coefficient of z* in Q;ﬁ,7w[i+1”n} (x)
(which, by induction, equals the coefficient of x in T'[k’, i+ 1]) plus the coefficient
of z% in Q%,_Lw[iﬂ_n] (x) (which, by induction, equals the coefficient of z* in
Tk —1,i+1)).

This shows that, indeed, if 0 < k’,4 < n, and w[i] = 0 we have Q) ,; ,,(z) =
Tk i+ 1]+ T[k" — 1,7+ 1]. In conclusion, @}, ,; (x) = T[K',4].

In the second case, let w[i] = 1.

If v, has the most significant bit 0 (so £ < 2 ~1), then the number of occur-
rences of v in w[i..n] equals the number of occurrences of v, in w[i+1..n], so the
coefficient of z* in @, ;1 (¥) equals the coefficient of #* in Q}, ;1 .(2) =
T[k',i + 1]; note that the coefficient of z* in $2k/Qk/71,w[i+1..n] (x) is 0.

If v, has the most significant bit 1 (so £ > 2¥'~1), then the number of occur-
rences of vy in wli..n] equals the number of occurrences of v, in w[i+1..n] plus the
number of occurrences of vg[2..k"] in wli+1..n]. As bin(ve[2..k']) = bin(ve) — 2%,

we get that the coefficient of z¢ in Q} wli..n] is the sum of the coefficient of x

in Qs yjit1.n (@) and the coefficient of 22" in Q' —1,wfi+1..n (€) (which can
be seen as the coefficient of z* in xgk,Q;,iLw[Hl_.n] (x)).
In conclusion, we get that if w[i] =1 then @}, ;i 1 (¥) = Qs iy (@) +
2 Qo wiigrm (@) = TR i+ 1+T[R = 1,i+1]a%" . S0, Qi (@) = T, i].
So the recurrent definition of Qj/ ,;..n)(z) holds and we can compute all these

values in O(k?n) time. As an important consequence, we have @}, ,,(z) = T[k’, 1]
as claimed. Thus, the conclusion of the lemma now follows as explained. O

We conclude this section by putting together all the preliminary results we
have shown, to obtain the final Monte-Carlo algorithm solving Problem 1.

Randomised Algorithm ;
let p be a prime from [n*,2n"]
choose = at random from F),
compute Qg,w, () and Qg w, (T)

Qurwy () = Qk,uwn (:E) = Qrwy (:E)

return YES if Qu,,w,(z) = 0
and NO otherwise

The overall time complexity is clearly polynomial both in k£ and in n; as
k < n, we conclude that this algorithm runs in polynomial time. Moreover,
the running time of the algorithm is linear in n, as generating a prime number
between n* and n?* takes O(polylog(2n*)) C O((klogn)) time, where ¢ > 2 is
a constant that depends on the specific algorithm we use.

Now, if w1 =g wa then Qu, w,(z) = 0 for all z € F,, so the algorithm will
always return YES. Otherwise, there are two ways it could err. First, we could
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have generated a non-prime p. Second, we could have generated a prime p, but
our choice of x was unfortunate. The chance for the former is at most ,%k The

Qk;jl. By the
union bound, for large enough n, the total error probability is at most % as

required.

chance for the latter, by the Schwart-Zippel lemma, is at most

Theorem 2. Problem 1, for input words of length n, can be solved by a Monte-
Carlo algorithm with running time

O(nk? + (klogn)) C O(nke),

where c is a constant depending on the algorithm used to generate a prime number
between n* and 2n*. Our algorithm solving Problem 1 always returns a positive
answer when the input words wy and wy are k-binomial equivalent, and returns
a negative answer when wy and wq are not k-binomial equivalent with probability
at least 1 — %

4 Conclusion

In this paper we considered the problem of deciding whether two given words
w; and wy are k-binomial equivalent. We gave two polynomial algorithms solv-
ing this problem. The first one was deterministic, and was heavily relying on
a known result showing that deciding whether two non-deterministic finite au-
tomata are path-equivalent can be done in linear time. The second one was a
direct algorithm, its running time was linear in the length of the input words,
but it was no longer deterministic.

The main consequence of our result is that also finding all the factors of
a long word which are k-binomial equivalent to a shorter one can be done in
polynomial time; in other words, the problem of pattern matching under k-
binomial equivalence can be solved in polynomial time. Indeed, one can check
(using the algorithms presented in this paper) for all factors of the text whether
they are k-binomial equivalent to the pattern and return those for which this
property holds. The next theorem follows.

Theorem 3. Given two words w and x and a number k, we can find all the
factors of w that are k-binomial equivalent to x in polynomial time.

The main open problems remaining from this work are to find simpler and
more efficient algorithms solving Problem 1 as well as a pattern matching under
k-binomial equivalence solution that does not use testing k-binomial equivalence
as a subroutine.
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