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Abstra
t

We survey the 
omplexity issues related to several algorith-

mi
 problems for 
ompressed and fully 
ompressed pattern-

mat
hing in one- and two-dimensional texts without expli
it

de
ompression. Several related problems for 
ompressed

strings and arrays are 
onsidered: equality-testing, 
ompu-

tation of regularities, subsegment extra
tion, language mem-

bership, and solvability of word equations.

1 Introdu
tion

In the last de
ade a new stream of resear
h related to data


ompression has emerged: algorithms on 
ompressed obje
ts.

It has been 
aused by the in
rease in the volume of data

and the need to store and transmit masses of information

in 
ompressed form. The 
ompressed information has to be

qui
kly a

essed and pro
essed without expli
it de
ompres-

sion. In this paper we 
onsider several problems for 
om-

pressed strings and arrays. The 
omplexity of basi
 string

problems in 
ompressed setting for one dimensional texts

is polynomial, but it jumps if we pass over to two dimen-

sions. Our basi
 
omputational problem is the fully 
om-

pressed mat
hing:

Instan
e: P = Compress(P ) and T = Compress(T ), rep-

resenting the 
ompressed pattern and the 
ompressed

text.

Question: does De
ompress(P) o

ur in De
ompress(T ) ?

We 
an 
hange the way we formulate a problem instan
e

by representing the pattern dire
tly in un
ompressed form

, i.e., as a text or an array P . This de�nes the 
ompressed

mat
hing problem. We may also add to the problem instan
e

the 
oordinates of a lo
ation of P within the text, and ask

whether the text 
ontains an o

urren
e of the pattern at

this lo
ation. By representing the pattern in the 
ompressed

and un
ompressed form we de�ne the problems of fully 
om-

pressed pattern 
he
king and of 
ompressed pattern 
he
king.

In this paper we are mostly interested in highly 
ompressed

obje
ts, whi
h means that the real size (of un
ompressed ob-

je
t) is potentially exponential with respe
t to the size of its


ompressed representation. For one theoreti
al type of 
om-

pression (in terms of morphisms) this 
an be even doubly

exponential. In 
ase of high 
ompression the existen
e of

polynomial time algorithms for many basi
 questions is a

nontrivial 
hallenge. High 
ompression 
ould be present in

pra
ti
al situations espe
ially in 
ompressing images. The

theoreti
ally interesting highly 
ompressible strings are Fi-

bona

i words. The n-th Fibona

i word is des
ribed by the

re
urren
es: F

1

:= b; F

2

:= a; F

n

:= F

n�1

� F

n�2

For example

F

10

= abaababaabaababaababaabaa

babaabaababaababaabaababaababa.

Two interesting examples of highly 
ompressed arrays are

the k-th rank square 
orner of Sierpinski triangle, denoted

by S

k

, see Figure 7, and the k-th order Hilbert array H

k

,

see Figure 4. S

k

is a 2

k

� 2

k

bla
k and white array de�ned

re
ursively: S

0


onsists of a single bla
k element, and S

k

is

a 
omposition of 3 disjoint 
opies of S

k�1

and totally white

(blank) subarray, see Figure 1. The array H

k

represents the

sequen
e of moves in a strongly re
ursive traversal of 2

k

�2

k

array starting and �nishing at �xed 
orners. The traversal of

a square array is strongly re
ursive i� when entering any of

its four quadrants all �elds of this quadrant are visited (ea
h

one exa
tly on
e) before leaving the quadrant, and the same

property holds for ea
h quadrant and its sub-quadrants. The


ompressed mat
hing problem for these parti
ular examples

is: 
he
k if an expli
itly given word (array) P of total size

m is a subword (subarray) of F

n

(H

n

; S

n

), �nd the number

of o

urren
es. Observe that in both 
ases we 
annot simply


onstru
t F

n

, H

n

or S

n

sin
e their un
ompressed sizes are

exponential with respe
t to n. Su
h des
ription of F

k

; S

k

and H

h


orresponds to one- and two-dimensional straight-

line programs (SLP's), de�ned formally later. An SLP is a

way of des
ribing larger obje
ts in terms of their (smaller)

parts.

k

S
k

S
k

S

S

k+1 =

blank

Figure 1: The re
ursive stru
ture of S

k

. S

0


onsists of a

single bla
k pixel.

2 Sequential sear
hing in 
ompressed texts

We dis
uss several types of 1-dimensional 
ompression: run-

length, straight-line programs (SLP's), LZ, LZW, and anti-

di
tionary 
ompressions. We 
on
entrate on LZ and SLP-


ompressions as the most interesting and 
losely related po-

tentially exponential 
ompressions.

The key 
on
epts in highly 
ompressed mat
hing algorithms

are periodi
ity and linearly-su

in
t representations of expo-

nentially many periods. A nonnegative integer p is a period

of a nonempty string w i� w[i℄ = w[i � p℄, whenever both

sides are de�ned.
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Lemma 2.1 [12℄

If w has two periods p; q su
h that p+q � jwj then g
d(p; q) is

a period of w, where g
d means \greatest 
ommon divisor".

Denote Periods(w) = fp : p is a period of wg. For example

Periods(aba) = f0; 2; 3g. A set of integers forming an arith-

meti
 progression is 
alled here linear. We say that a set of

positive integers from [1 : : : U ℄ is linearly-su

in
t i� it 
an

be de
omposed in at most blog

2

(U)
+ 1 linear sets.

Lemma 2.2 [42℄

The set Periods(w) is linearly-su

in
t w.r.t. jwj.

Lemma 2.3 [26℄

Assume that i is a position in T . Let U be the set of starting

positions of all o

urren
es of a given text P in T su
h that

ea
h o

urren
e 
ontains (possibly as an internal position)

the position i. Then U is a single arithmeti
 progression.

2.1 Run-length 
ompression

The run-length 
ompression (denoted by RLC(w)) of the

string w is its representation in the form w = a

r

1

1

a

r

2

2

: : : a

r

k

k

,

where a

i

's are single symbols and a

i

6= a

i+1

for 1 � i < k.

Denote the size of the 
ompressed representation by n =

jRLC(w)j = k. We ignore here the sizes of integers and

assume that ea
h arithmeti
 operation takes a unit time.

Theorem 2.4 [3℄

Assume we are given run-length en
odings of the text T and

the pattern P of sizes n = jRLC(T )j and m = jRLC(P )j.

Then we 
an 
he
k for an o

urren
e of P in T in O(n+m)

time.

Proof: Assume that the pattern and the text are nontrivial

words: ea
h of them 
ontains at least two distin
t letters.

Let T = a

r

1

1

a

r

2

2

: : : a

r

k

k

and P = b

t

1

1

b

t

2

2

: : : b

t

s

s

. Constru
t

T

0

= r

2

r

3

: : : r

k�1

, P

0

= t

2

t

3

: : : t

s�1

,

�(T ) = a

2

a

3

: : : a

k�1

and �(P ) = b

2

b

3

: : : b

s�1

.

We sear
h for all o

urren
es of P

0

in T

0

and simultaneously

�(P ) in �(T ). For ea
h starting o

urren
e i a 
onstant-time

additional work suÆ
es to 
he
k if P o

urs at i in T . 2

2.2 1-dimensional straight-line programs

A straight-line program (SLP) R is a sequen
e of assignment

statements:

X

1

:= expr

1

; X

2

:= expr

2

; : : : ; X

n

:= expr

n

where X

i

are variables and expr

i

are expressions of the form:

expr

i

is a symbol of a given alphabet �, or expr

i

= X

j

�

X

k

, for some j; k < i, where � denotes the 
on
atenation of

X

i

and X

j

. The SLP's were also used in [48℄, a sgrammar

des
riptions, to estimate entropy of DNA strings.

For two variables X; Y de�ne Overlaps(X;Y ) as the

set of all positions i in Y su
h that the suÆx of Y whi
h

starts at i is a pre�x of X. De to Lemma 2.2 the sets

Overlaps(X;Y ) are linearly-su

in
t. In [42℄ the fully 
om-

pressed pattern mat
hing problem is redu
ed to the 
om-

putation of Overlaps(X

i

; P ) and Overlaps(P;X

j

) for every

variable X

i

; X

j

in the SLP des
ribing T (bottom-up). Then

some simple arithmeti
s (linear Diophantine equations) is

used to to 
he
k if there is an o

urren
e of the pattern

overlapping the splitting point, see Figure 2. In [26℄ it was

noti
ed that the set of o

urren
es 
overing a splitting point

forms a single arithmeti
 progression. The algorithms were

simpli�ed and it was shown in [26℄ that the total number

of o

urren
es is polynomially 
omputable. The algorithms

were further simpli�ed in [54℄, where the time 
omplexity

has been redu
ed from O((n +m)

4

to O(n

2

m

2

). For ea
h

variable Y of P and ea
h variable X

k

of T the set of o

ur-

ren
es of Y overlapping the splitting point of X is 
omputed,

see Figure 2. If the SLP is balan
ed [32℄, the this 
an be im-

proved to O(nm). If the de
ompressed sizes of jP j; jT j are

polynomially related to n;m then the 
omplexity O(n

2

m

2

)


an be redu
ed to O(nm log

2

n log

2

m), see [37℄.

Theorem 2.5 [42, 26, 54℄

The �rst o

urren
e and the number of all o

urren
es of a

SLP 
ompressed pattern in an SLP 
ompressed text 
an be


omputed in polynomial time.

X Xji

Xk

text Y

Figure 2: All o

urren
es of ea
h variable Y (subword of P )

overlapping a �xed splitting point of a variable X

k

of T form

a single arithmeti
 progression.

Example The 5-th Fibona

i word is des
ribed by the fol-

lowing SLP :

X

1

:= b; X

2

:= a; X

3

:= X

2

X

1

;

X

4

:= X

3

X

2

; X

5

:= X

4

X

3

Using 
onstru
ted algorithms it 
an be e�e
tively found, for

example, an o

urren
e (if there is any) of the Fibona

i

word F

220

in the Thue-Morse word  

200

(see [51℄ for de�ni-

tion), despite the fa
t that real lengths of these strings are

astronomi
: j 

200

j = 2

200

and jF

220

j � 2

120

.

A useful representation of the set of all o

urren
es of the

pattern is given by all arithmeti
 progressions 
orrespond-

ing to pattern overlaps on splitting points of variables of T .

There are only n su
h splitting points. Then testing for an

o

urren
e 
an be done in time proportional to the depth of

the straight-line program representing T .

We dis
uss another representation of all o

urren
es. Let

o

(P; T ) be a word of length jT j over the alphabet f0; 1g

su
h that o

[i℄ = 1 i� i is an ending position of an o

urren
e

of P in T .

Theorem 2.6 There is an SLP for o

(P; T ) whi
h is of

polynomial size with respe
t to jSLP (T )j and jP j.

Surprisingly the set of o

urren
es of a �xed pattern in a


ompressed text 
an have a very short SLP representation

but its representation in terms of union of arithmeti
 pro-

gressions is exponential. We take the sequen
e of words w

i

2



over alphabet fa; bg su
h that the k-th letter of w

i

is a i�

the number k, written in ternary, does not 
ontain the digit

1. (The positions in w

i

are 
ounted starting from 0.)

Theorem 2.7 There are strings w

i

whose SLP representa-

tion is linear but the set of all o

urren
es of a single letter

a in w

i

is not linearly su

in
t.

Proof: Consider the re
urrently de�ned sequen
e of words

fw

i

g

i�0

whi
h is de�ned in the following way:

w

0

= a w

i

= w

i�1

b

jw

i�1

j

w

i�1

for i � 1:

Let S

i

be the set of positions of o

urren
es of the letter a

in the word w

i

. Clearly, jS

i

j = 2

i

.

It is not diÆ
ult to prove that ea
h arithmeti
 sequen
e in S

i

has length at most 2. This means that ea
h de
omposition of

the set S

i

into arithmeti
 sequen
es 
ontains at least jS

i

j=2 =

2

i�1

sequen
es and the set S

i

is not linearly-su

in
t. Note,

that the words w

i

are \well" 
ompressible sin
e the size of,

for example Lempel-Ziv 
ompressed representation, of w

i

is

at most 4i + 1 (it is linear) and jw

i

j = 3

i

. 2

2.3 The Lempel-Ziv 
ompression.

The LZ 
ompression (see [74, 12, 31℄, gives a very natural

way of representing a string and it is a pra
ti
ally su

ess-

ful method of text 
ompression. We 
onsider the same ver-

sion of the LZ algorithm as in [21℄ (this is 
alled LZ1 in

[21℄). Intuitively, LZ algorithm 
ompresses the text be
ause

it is able to dis
over some repeated subwords. We 
onsider

here the version of LZ algorithm without self-referen
ing but

our algorithms 
an be extended to the general self-referential


ase. Assume that � is an underlying alphabet and let w be

a string over �. The fa
torization of w is given by a de-


omposition: w = 


1

f

1




2

: : : f

k




k+1

, where 


1

= w[1℄ and

for ea
h 1 � i � k 


i

2 � and f

i

is the longest pre�x of

f

i




i+1

: : : f

k




k+1

whi
h appears in 


1

f

1




2

: : : f

i�1




i

. We 
an

identify ea
h f

i

with an interval [p; q℄, su
h that f

i

= w[p::q℄

and q � j


1

f

1




2

: : : f

i�1




i�1

j. If we drop the assumption re-

lated to the last inequality then a self-referen
ing o

urs (f

i

is the longest pre�x whi
h appears before but not ne
essar-

ily terminates at a 
urrent position). We assume that this is

not the 
ase.

Example. The fa
torization of a word

aababbabbaababbabba# is given by:




1

f

1




2

f

2




3

f

3




4

f

4




5

= a a b ab b abb a ababbabba #.

After identifying ea
h subword f

i

with its 
orresponding in-

terval we obtain the LZ en
oding of the string. Hen
e

LZ(aababbabbababbabb#) = a[1; 1℄b[1; 2℄b[4; 6℄a[2; 10℄#.

Lemma 2.8 For ea
h string w given in LZ-
ompressed

form we 
an 
onstru
t an SLP generating w of size O(n

2

)

and depth O(log n), where n = jLZ(w)j .

Theorem 2.9 [21℄ The 
ompressed pattern-mat
hing for

LZ-en
oded texts 
an be done in O(n�log

2

(jT j=n)+jP j) time.

When we pass to the fully 
ompressed pattern-mat
hing the

situation is more 
ompli
ated. We 
an use Lemma 2.8 to

redu
e the problem to the SLP-
ompressed mat
hing. An-

other approa
h was used in [26℄, where a generalization of

SLP's has been introdu
ed and applied: a 
omposition sys-

tem. Denote by Eq(n) the time to 
he
k subwords-equality

of LZ-
ompressed texts. The te
hnique of randomized �n-

gerprinting has been used to show:

Theorem 2.10 [27℄

Assume a string w is given in LZ-
ompressed form, then

we 
an prepro
ess w in O(n

2

log n) time in su
h a way that

ea
h subword equality query about w 
an be answered in O(n�

log log n) time with a very small probability of error.

Theorem 2.11 [26℄ The Fully Compressed Mat
hing

Problem for LZ-
ompressed strings 
an be solved in

O(n log n log

2

jT j � Eq(n log n)) time.

Theorem 2.12

The linearly-su

in
t representation of the set Periods(P)


an be 
omputed in O(n log n log

2

jT j �Eq(n log n)) time.

Theorem 2.13 [26℄ We 
an test if an LZ 
ompressed text


ontains a palindrome in O(n log n log

2

jT j � Eq(n log n))

time and we 
an test square-freeness in O(n

2

log

2

n log

3

jT j �

Eq(n log n)) time.

Theorem 2.14 [26℄

Given text T , its 
ode LZ(T ) 
an be 
omputed on-line with

O(n

2

log

2

n) delay using O(n log n) spa
e.

2.4 LZW-
ompression

The main di�eren
e between LZ and LZW-
ompression is

in the 
hoi
e of 
ode words. Ea
h next 
ode word is of a

form wa, where w is an earlier 
ode-word and a is a letter.

The text is s
anned left to write, ea
h time the next largest


ode-word is 
onstru
ted. The 
ode-words form a trie, and

the text to be 
ompressed is en
oded as a sequen
e of names

of pre�xes of the trie. Denote by LZW (w) the Lempel-Ziv-

Wel
h 
ompression of w. This type of 
ompression 
annot


ompress the string exponentially, it is less interesting from

the theoreti
al point of view but mu
h more interesting from

the pra
ti
al point of view.

Lemma 2.15 jLZW (w)j = 
(

p

jwj).

Theorem 2.16 [2℄

The LZW-
ompressed mat
hing problem 
an be done in

O(minfn +m

2

; n � log(m) +mg) time.

Theorem 2.17 [28℄

The fully 
ompressed mat
hing problem for LZW-en
oded

strings 
an be done in O((n +m) � log(n+m)) time.

2.5 Texts 
ompressed by using antidi
tionaries

The method of data 
ompression that uses some "negative"

information about the text is quite di�erent from the other


ompression methods. Assume in this subse
tion that the

alphabet is binary. Let AD(w) denote the set (
alled the

antidi
tionary) of minimal forbidden fa
tors of w, this means

words whi
h are not subwords of w. The minimality is in the

sense of subword in
lusion.

For example AD(01001010) = f000; 10101; 11g.

AD(11010001) = f0000; 111; 011; 0101; 1100g

The 
ompression algorithm pro
esses w from left-to right

symbol by symbol and produ
es the 
ompressed representa-

tion o

1

o

2

: : : o

N

, where ea
h o

i

is a single letter or an empty

string. Assume that we s
an the i-th letter a of w, if there

is a word ub 2 AD(w) su
h that u is a suÆx of w[1; ; i � 1℄

then the i-th output word o

i

is the empty word, otherwise

it is a. In other words, if the i-th letter is predi
table from

w[1::i� 1℄ and AD(w), we 
an skip the i-th letter, sin
e it is

"redundant".

3



Denote ADC(w) = (AD(w); o

1

o

2

: : : o

N

; N), where N = jwj.

ADC(w) is 
alled the antidi
tionary 
ompressed representa-

tion of w.

Let jAD(w)j denote the total length of all strings in AD(w)

and the size of 
ompressed representation is de�ned as:

jADC(w)j = jAD(w)j+ jo

1

o

2

: : : o

N

j+ logN .

Observe that N is an important part of the information ne
-

essary to identify w. For example

ADC(1

1000

) = (f0g; �; 1000), ADC(1

10

) = (f0g; �; 10).

This is a trivial example of an exponential 
ompression. It


an happen that jADC(w)j > jwj, for example

ADC(11010001) = (f0000; 111; 011; 0101; 1100g; 110; 8)

Theorem 2.18 [11℄

ADC(w) 
an be 
omputed in time O(n +N),

where n = jADC(w)j; N = jwj.

Theorem 2.19 [70℄

All o

urren
es of a pattern in w 
an be found in time

O(n + jP j

2

+ r), where n = jADC(w)j, and r is the number

of o

urren
es of the pattern.

3 Sequential sear
hing in 
ompressed ar-

rays

3.1 2-dimensional run-length en
oding

For a 2-dimensional array T denote by 2RLC(T ) the 
on-


atenation of run-length en
odings of the rows of T .

Theorem 3.1 [4℄

Assume we are given run-length en
oding of a 2D-text T and

an expli
itly given 2D-pattern P , where n = j2RLC(T ) and

M = j(P )j. Then we 
an 
he
k for an o

urren
e of P in T

in O(n +M) time.

3.2 2-dimensional straight-line programs

A 2D-text 
an be represented by a 2-dimensional straight-

line program (SLP), that uses 
onstants from the alphabet,

and two types of assignment statements

Horizontal 
on
atenation:

A B � C, whi
h 
on
atenates B and C

(both of equal height)

Verti
al 
on
atenation:

A B 	 C, whi
h puts B on top of C

(both of equal width)

A B C A =
B

C

=

Figure 3: Graphi
al illustration of horizontal 
on
atenation

� and verti
al 
on
atenation 	 of re
tangles.

An SLP P of size n (we write jPj > n) 
onsists of n state-

ments of the above form, where the result of the last state-

ment is the 
ompressed 2D-text. The result of a 
orre
t SLP,

P, is denoted De
ompress(P). We say that P is a 
ompressed

form of P . The area of P = De
ompress(P), denoted jP j,


an be exponential in jPj.

Example. Hilbert's 
urve 
an be viewed as an image whi
h

is exponentially 
ompressible in terms of SLP's. An SLP

whi
h des
ribes the n

th

Hilbert's 
urve, H

n

, uses six (termi-

nal) symbols , , , , , , and 12

variables:

r r

i

,

r

r

i

,

r

r

i

,

r

r

i

,

r

r

i

,

r

r

i

,

r

r

i

, r

r

i

,

r

r

i

,

r r

i

,

r

r

i

, r

r

i

,

for ea
h 0 � i � n. A variable with index i represents a text

square of size 2

i

� 2

i


ontaining part of a 
urve. The dots in

the boxes show the pla
es where the 
urve enters and leaves

the box.

The 2D-text T =

r r

3

des
ribing the 3

rd

Hilbert's 
urve

is shown in Figure 4. It is 
omposed of four smaller square

2D-texts r

r

2

,

r

r

2

,

r

r

2

and

r

r

2

a

ording to one of the


omposition rules. In the �gure the bla
k dots indi
ate how

T was de�ned with statement

r r

3

 ( r

r

2

�

r

r

2

)	 (

r

r

2

�

r

r

2

)

The 1� 1 text squares are des
ribed as follows.

r

r

0

 ;

r

r

0

 ;

r r

0

 ;

r r

0

 

r

r

0

 ;

r

r

0

 

r

r

0

 ;

r

r

0

 

r

r

0

 

r

r

0

 r

r

0

 ; r

r

0

 ;

The text squares for variables indexed by i � 1 are rotations

of text squares for the variables

r r

i

,

r

r

i

, r

r

i

. These

variables are 
omposed a

ording to the rules:

r r

i

 ( r

r

i�1

�

r

r

i�1

)	 (

r

r

i�1

�

r

r

i�1

);

r

r

i

 ( r

r

i�1

�

r

r

i�1

)	 (

r

r

i�1

�

r

r

i�1

);

r

r

i

 ( r

r

i�1

�

r

r

i�1

)	 (

r

r

i�1

�

r

r

i�1

):

Theorem 3.2 [10℄

There exists a polynomial time randomized algorithm for

testing equality of two 2D-texts, given their SLPs.

Theorem 3.3 There exists a polynomial time randomized

algorithm for testing equality of two 2D-texts, given their

SLPs.

Proof: Let n be the total size of 
ompressed des
ription of

A; B. Denote

deg = maxfdegree(A); degree(B)g

The value of deg 
orresponds to maximum size of 2D-texts

and we have deg � 


n

, for some 
onstant 
.

We use the following fa
t.

Let P be a nonzero polynomial of degree at most d. Assume

that we assign to ea
h variable in P a random value from a

set 
 of integers of 
ardinality R. Then

ProbfP(�x) 6= 0 g � 1�

d

R

.

we 
an test equality of A and B in a randomized way, by

sele
ting random values x

0

; y

0

of variables, say in the range

[1 : : : 4 � deg ℄ and testing y

0

= y

2

, where y

1

= Poly

A

(x

0

; y

0

and y

2

= Poly

B

(x

0

; y

0

): This guarantees that the probabil-

ity of test 
orre
tness is at least

1

2

. The test 
an be repeated

a logarithmi
 number of times to guarantee that the proba-

bility of failure is at most

1

n

. However, there is one te
hni
al

diÆ
ulty. The numbers y

1

, y

2

are exponential with respe
t

4



to deg and 
ould need an exponential number of bits. In

that 
ase, we are not able to 
ompute them in polynomial

time. Hen
e instead of 
omputing and 
omparing the exa
t

values of y

;

y

2

we 
hoose a random prime number p from

the interval [1 : : : n

2

℄ and 
ompute the values y

1

, y

2

modulo

p. We refer the reader to Theorem 7.5 and the dis
ussion

in Example 7.1 of [55℄, for details about randomized test-

ing of the equality of two number using modular arithmeti


and prime numbers with an exponentially smaller number of

bits than the numbers to be tested. If the 
omputed values

y

1

mod p and y

2

mod p are di�erent, then the polynomials

are di�erent. Otherwise, the polynomials are identi
al with

high probability. The 
omputation of y

1

mod p and y

2

mod

p, where p is a prime number with polynomially many bits,


an be done in polynomial time with respe
t to n. 2

Theorem 3.4 [10℄

Compressed mat
hing for 2D-texts represented by straight-

line programs is NP-
omplete.

Proof: We only sket
h the proof of NP-hardness, using a

redu
tion from 3SAT. Consider a set of 
lauses C

1

: : : ; C

m

,

where ea
h 
lause is a disjun
tion of three literals with binary

variables from the set fx

0

; : : : ; x

n�1

g. The 3SAT question is

whether there exists a valuation of variables su
h that ea
h


lause is true for ea
h valuation.

We use the 
orresponden
e between an integer k 2

f0; 1; : : : ; 2

n

� 1g and k, its ve
tor of binary digits. Su
h

ve
tors are interpreted here as boolean valuations of boolean

variables x

0

; x

1

; : : : x

n�1

o

urring in the formula.

A 
lause C

i


an be viewed as a 0/1 fun
tion whose argu-

ments are integers k 
orresponding (in binary) to valuations

of variables.

Denote by row(C

i

) the binary string w

i

of length 2

n

su
h

that w

k

= C

i

(k). In other words the k-th digit in row(C

i

)

is the boolean value of the 
lause C

i

for the k-th (in lexi
o-

graphi
 order) valuation of variables.

Claim. If the 
lause has at most 3 literals then row(C

i

) 
an

be represented by a 1-dimensional SLP of size O(n).

From this point of view, the 3SAT question is whether there

exists k < 2

n

su
h that C

i

(k) = 1 for i = 0; : : : ; k � 1.

We de�ne a m � 2

n

2D-text A whose rows are

row(C

1

); row(C

2

); : : : row(C

m

).

The above 3SAT question is now equivalent to the ques-

tion of whether A 
ontains a 
olumn 
onsisting entirely of

1's. Due to the 
laim A 
an be represented by n verti
al


on
atenations strings, whi
h are well 
ompressible. Hen
e

A 
an be presented by 2-dimensional SLP of a polynomial

size. The 3SAT question is now redu
ed to the 
ompressed

pattern-mat
hing in A, where P is a 
olumn 
onsisting of n

ones. 2

Remark. The above proof shows that 2-dimensional 
om-

pressed mat
hing is also NP -
omplete for a 
ompression 
on-

sisting of an expli
it 
on
atenation of 
ompressed (in the

sense of LZ or SLP) rows.

Theorem 3.5 [10℄

(1) Fully 
ompressed pattern 
he
king for 2D-texts is 
o-NP-


omplete. (2) Fully 
ompressed mat
hing for 2D-texts is �

P

2

-


omplete. NP-
omplete.

Figure 4: An example of a pattern P and a 2D-text T . The

pattern o

urs twi
e in the text.

3.3 2D-
ompressions in terms of �nite au-

tomata

Finite automata 
an des
ribe quite 
ompli
ated images, for

example deterministi
 automata 
an des
ribe the Hilbert's


urve with a given resolution, see Figure 4, while weighted

automata 
an des
ribe even mu
h more 
ompli
ated 
urves,

see also [14, 15, 17℄. The automata 
an be also used as

an e�e
tive tool to 
ompress two-dimensional images, see

[43, 16℄.

Our alphabet is � = f0; 1; 2; 3g, the elements of whi
h


orrespond to four quadrants of a square array, listed in a

�xed order. A word w of length k over � 
an be interpreted,

in a natural way, as a unique address of a pixel x of a 2

k

�2

k

image (array), we write address(x) = w. The length k is


alled the resolution of the image. For a language L � �

+

denote by Image

k

(L) the 2

k

�2

k

bla
k-and-white image su
h

that the 
olor of a given pixel x is bla
k i� address(x) 2 L.

Formally, the weighted language is a fun
tion whi
h asso-


iates with ea
h word w a value weight

L

(w). A weighted

language L over � and resolution k determine the gray-tone

image Image

k

(L) su
h that the 
olor of a given pixel x equals

weight

L

(address(x)). We de�ne

Image

k

(A) = Image

k

(L(A)),

where L(A) is the language a

epted by A.

Sin
e we 
onsider images of a given �nite resolution k we

assume that the 
onsidered automata are a
y
li
.

Example. Image(�

k�1

(0 [ 3)) is the 2

k

� 2

k

bla
k-and-

white 
hess-board.

(A)

(B)

1

0

3

2

Figure 5: A : Enumeration of the quadrants. B : Image((0[

1 [ 2 [ 3)

2

(0 [ 3)).

Weighted �nite automata and deterministi
 automata 
or-

respond to images of in�nite resolution.
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Theorem 3.6 [23℄

(1) C
ompressed mat
hing for deterministi
 automata 
an

be solved in polynomial time.

(2) Compressed mat
hing for weighted automata is NP -


omplete.

3.4 2D-
ompression using LZ-en
odings

A natural approa
h to (potentially exponential) 
ompression

of images is to s
an a given two-dimensional array T in some

spe
i�ed order, obtain a linear version of T 
alled linear(T ),

and then apply Lempel-Ziv en
oding to the string linear(T ).

The Hilbert's 
urve H

k


orresponds to a strongly regular

traversal of 2

k

� 2

k

grid, starting in a bottom left 
orner of

n�n array T , and ending at the right bottom 
orner, where

n = 2

k

. An example of H

3

is illustrated in Figure 4.

We denote now by H-linear(T ) the linearization of T a
-


ording to the Hilbert's 
urve. The 2LZ-
ompression is de-

�ned as follows:

2LZ(T ) = LZ(H-linear(T )).

Su
h type of en
oding has been already 
onsidered in [50℄.

a

a a

a a a

aa


 




a

aa

a

a a

aa

a

a a

a a

a a

a






 
 
 






a

a a

a a

a a

a

aa

a a

a

aa

a




 


aa

a a a

a a

a

Figure 6: The 3rd Hilbert 
urve H

3

and an image T (on the

right).

Example. The 
urve H

3

is shown on the left in Figure 6.

Let T be the text array on the right in the �gure. Then

H-linear(T ) = a

8




4

a

16




8

a

16




4

a

8

.

2LZ(T ) = LZ(a

8




4

a

16




8

a

16




4

a

8

) =

a[1; 1℄[1; 2℄[1; 4℄
[9; 9℄[9; 10℄[1; 8℄[1; 12℄[9; 32℄[1; 8℄

2LZ-
ompression is at least as strong as �nite automata 
om-

pression, with respe
t to polynomial redu
tion.

Theorem 3.7

If the automaton A des
ribes an image T then 2LZ(T ) is of

polynomial size w.r.t. jAj.

Theorem 3.8

Sear
hing for an o

urren
e of a row of ones in a 2LZ 
om-

pressed image is NP -hard.

Surprisingly there are bla
k-and-white images whose 2LZ

en
oding is small and any deterministi
 a
y
li
 �nite au-

tomata en
oding should be exponential.

Theorem 3.9

For ea
h m there is an image W

m

su
h that 2LZ(W

m

) is

of size O(m) but ea
h deterministi
 automaton en
oding the

image W

m


ontains at least 4

m�1

states.

4 Compressibility of subsegments

In this se
tion we 
onsider the problem of 
onstru
ting a


ompressed representation of a part of a 
ompressed obje
t.

The 
ompressed representation of a part 
an be larger than

that of the whole obje
t. We 
onsider �rst �nite-automata

representations. In our 
onsiderations we assume that the

automata are a
y
li sin
e we 
onsider only �nite resolution

images.

Example. Image(f0; 1; 2g

k

) = S

k

is the 2

k

�2

k

bla
k-and-

white square part of Sierpinski's triangle. see Figure 7 for the


ase k = 4. The 
orresponding smallest a
y
li
 deterministi


automaton a

epting all paths des
ribing bla
k pixels has 5

essential states but there are needed 9 essential states to

des
ribe the 8 � 8 subarray R of S

4

indi
ated in Figure 7.

(The state is essential i� it is on an a

epting path, other

states are treated as redundant.)

1

6

s0 s1 s2 s3
0, 1, 2,0, 1, 2,0, 1, 2,0, 1, 2,

s4

starting state accepting stae

subsegment  R to be cut off

Figure 7: The image S

4

and its smallest a
y
li
 automaton.

Edges whi
h are not on an a

epting path are disregarded.

Theorem 4.1 [10℄

Assume the 
ompression is in terms of deterministi
 au-

tomata. Let n be the size of a deterministi
 automaton de-

s
ribing T .

(a) The 
ompressed representation of a subsquare R of T


an be 
omputed in O(n

2:5

) time. (b) For ea
h subimage R

of an image T there is a deterministi
 automaton des
ribing

R of size O(n

2:5

). There are images T and their subim-

ages R su
h that the smallest deterministi
 automaton for

R requires 
(n

2:5

) states.

The situation is very mu
h di�erent for 2-dimensional

straight-line programs.

Theorem 4.2 [35℄

For ea
h n there exists an SLP of size n des
ribing a text

image A

n

and a subre
tangle B

n

of A

n

su
h that the smallest

SLP des
ribing B

n

has exponential size.

6



subsegment R

0

3

0

1,2

2,3

2

1

1

0,2

3
1,2

0

1,3

0

0,1,3

q0

q1

q2

q3

q4

q5

q6

q7

q8

Figure 8: The subsegment R of S

4

and the smallest a
y
li


automaton des
ribing R.

5 Parallel sear
hing in 
ompressed texts

and arrays

The di�eren
e between sequential and NC-
omputations for


ompressed texts 
an be well demonstrated by the following

problem: 
ompute the symbol T [i℄ where T is the text given

in its LZ-version, and i is given in binary.

This task has a trivial sequential linear time algorithm

(whi
h performs 
omputations sequentially in the order the

re
urren
es are written). However if we ask for an NC-

algorithm for the same problem the situation is di�erent,

and it be
omes quite diÆ
ult. Any straightforward attempt

of using the doubling te
hnique and squaring the matrix of

positions fails, sin
e the number of positions in the text de-

�ned by n re
urren
e equations 
an be 
(2

n

).

Theorem 5.1 [29℄

(1) The problem of testing for any o

urren
e of an un
om-

pressed pattern in a LZ-
ompressed text is P-
omplete.

(2) The problem of 
omputing a symbol on a given position

in a LZ-
ompressed text is P-
omplete.

Theorem 5.2 [29℄ The SLP-
ompressed mat
hing problem


an be solved in O(log(m)�log(n)) time with O(n) pro
essors.

Theorem 5.3 [29℄

The pattern-mat
hing problem for SLP-
ompressed 2d-texts


an be solved in

(1) O(log

2

(n+m)) time with O(n

2

�m+ n

6

) pro
essors, or

(2) O(n + logm) time with O(n � (n +m)) pro
essors.

Theorem 5.4 [28℄

There is an almost optimal NC algorithm for fully 
om-

pressed LZW-mat
hing.

Theorem 5.5 [7, 13℄

The 
omputation of LZW (w) is P -
omplete.

The 
omputation of LZ(w) is in NC.

6 Complexity of other problems related to


ompressed texts.

There are several textual problems related to pattern-

mat
hing. For example the pattern-mat
hing problem 
an

be viewed as a language membership problem. The pattern


aan be des
ribed by a regular expression W , then the reg-

ular pattrn-mat
hing 
an be seen as x 2 �

�

W�

�

, when the


ompressed representation of x is given.

6.1 The language membership problems

The language membership problem is to 
he
k if w 2 L,

given Compress(w) and a des
ription of a language L. The

des
ription of L 
an be dire
tly given or 
an also involve

some type of 
ompression, e.g. 
ompressed representation of

a regular expression.

Theorem 6.1

(a) We 
an test the membership problem for LZ-
ompressed

words in a language des
ribed by given regular expression W

in O(n �m

3

) time, where m = jW j.

(b)We 
an de
ide for LZ-
ompressed words the membership

in a language des
ribed by given determiniati
 automaton M

in O(n �m) time, where m is the number of states of M .

We use the following problem to show NP -hardness of sev-

eral 
ompressed re
ognition problems.

SUBSET SUM problem:

Input instan
e: Finite set A = fa

1

; a

2

; : : : ; a

n

g of integers

and an integer K. The size of the input is the number

of bits needed for the binary representation of numbers

in A and K.

Question: Is there a subset A

0

� A su
h that the sum of

the elements in A

0

is exa
tly K?

Lemma 6.2 The problem SUBSET SUM is NP-
omplete.

Proof: see [38℄, and [25℄, pp. 223. 2

Theorem 6.3 [42, 66℄

Testing the membership of a 
ompressed unary word in a lan-

guage des
ribed by a star-free regular expression with 
om-

pressed 
onstants is NP -
omplete.

Proof:

The proof of NP -hardness is a redu
tion from the SUBSET

SUM problem. We 
an 
onstru
t easily a straight-line pro-

gram su
h that value(X

i

) = d

a

i

and w = d

K

. Then the

SUBSET SUM problem is redu
ed to the membership:

w 2 (value(X

1

) [ ") � (value(X

2

) [ ") � � � (value(X

n

) [ "):

The empty string " 
an be easily eliminated in the following

way. We repla
e ea
h " by a single symbol d and ea
h number

a

i

by (a

i

+1). Then we 
he
k whether d

n+K

is generated by

the obtained expression.

The problem is in NP sin
e expressions are star-free. We 
an


onstru
t an equivalent nondeterministi
 �nite automaton A

7



and guess an We 
an 
he
k in polynomial time if 
on
atena-

tion of 
onstants on the path equals an input text P . This


ompletes the proof. 2

It is not obvious if the previously 
onsidered problem is in

NP for regular expressions 
ontaining the operation

�

, in this


ase there is no polynomial bound on the length of a

epting

paths of A. There is a simple argument in 
ase of unary

languages. In the proof of the next theorem an interesting

appli
ation of the Euler path te
hnique to a unary language

re
ognition is shown.

Theorem 6.4 [66℄

(a) The problem of 
he
king membership of a 
ompressed

unary word in a language des
ribed by a given regular ex-

pression with 
ompressed 
onstants is in NP .

(b) The problem of 
he
king membership of a 
ompressed

word in a language des
ribed by a semi-extended regular ex-

pression is NP -hard.

Theorem 6.5

The problem of 
he
king membership of a 
ompressed word

in a given linear 
ontext-free language L is NP -hard, even

if L is given by a 
ontext-free grammar of a 
onstant size.

Proof:

Take an instan
e of the subset-sum problem with the set

A = fa

1

; a

2

; : : : ; a

n

g of integers and an integer K. De�ne

the following language:

L = fd

R

$d

v

1

#d

v

2

# : : :#d

v

t

: t � 1 and there is

A

0

� fv

1

; : : : ; v

t

g su
h that

P

u2A

0

u = Rg

L is obviously a linear 
ontext-free language generated by

a linear 
ontext-free grammar of a 
onstant size. We 
an

redu
e an instan
e of the subset sum-problem to the mem-

bership problem:

d

K

$d

a

1

#d

a

2

# : : :#d

a

n

2 L.

2

Theorem 6.6

(a) The problem of 
he
king membership of a 
ompressed

word in a given linear 

 is in NSPACE(n).

(b) The problem of 
he
king membership of a 
ompressed

word in a given 

 is in DSPACE(n

2

).

Proof:

We 
an easily 
ompute in linear spa
e a symbol on a given

position in a 
ompressed input word. Now we 
an use a

spa
e-eÆ
ient algorithm for the re
ognition of 
ontext-free

languages. It is known that linear languages 
an be re
og-

nized in O(logN) nondeterministi
 spa
e and general 

s 
an

be done in O(log

2

N) deterministi
 spa
e, where N is the size

of the un
ompressed input word. In our 
ase N = O(2

n

),

this gives required NSPACE(n) and DSPACE(n

2

) 
om-

plexities. 2

Theorem 6.7

The problem of 
he
king membership of a 
ompressed unary

word in a given 

 is NP -
omplete.

Proof:

We present only the proof of NP -hardness. We use the 
on-

stru
tion from Theorem 6.3 and 
onstru
t a grammar gener-

ating a language des
ribed by a star-free regular expression.

Ea
h 
ompressed unary 
onstant of exponentila length 
an

be easily generated by a polynomial size grammar. 2

6.2 Word equations

Word equations are used to des
ribe properties and relations

of words, e.g. pattern-mat
hing with variables, imprimitive-

ness, periodi
ity, and 
onjugation, see [36℄. The main algo-

rithm in this area was Makanin's algorithm for solving word

equations, see [52, 47, 19℄. The time 
omplexity of the al-

gorithm is too high, and the algorithm is too 
ompli
ated.

Re
ently mu
h simpler algorithms were 
onstru
ted by W.

Plandowski [64, 65℄ and test 
ompression is behind the de-

sign of the best known algorithm.

Theorem 6.8 [65℄

The solvability of word equations is in P-SPACE.

Let � be an alphabet of 
onstants and � be an alphabet of

variables. We assume that these alphabets are disjoint. A

word equation E is a pair of words (u; v) 2 (�[�)

�

�(�[�)

�

usually denoted by u = v. The size of an equation is the sum

of lengths of u and v. A solution of a word equation u = v

is a morphism h : (� [ �)

�

! �

�

su
h that h(a) = a, for

a 2 �, and h(u) = h(v). For example assume we have the

equation

abx

1

x

2

x

2

x

3

x

3

x

4

x

4

x

5

= x

1

x

2

x

3

x

4

x

5

x

6

,

and the length of x

i

's are 
onse
utive Fibona

i numbers.

Then the minimal solution is given by h(x

i

) being the i-th

Fibbona
i word.

It is known that the solvability problem for word equations

is NP -hard, even if we 
onsider (short) solutions with the

length bounded by a linear fun
tion and the right side of the

equation 
ontains no variables, see [6℄.

The main open problem is to show the following:

Conje
ture A: The problem of solving word equations

is in NP .

Conje
ture B: Let N be the minimal length of the so-

lution (if one exists). Then N is singly exponential w.r.t. n

(total length of the equation).

The author believes that both questions have positive an-

swers.

A motivation to 
onsider 
ompressed solutions follows from

the following fa
t (whi
h is an appli
ation of a fully 
om-

pressed pattern-
he
king, in this 
ase 
he
king o

urren
e of

one 
ompressed string at the beginning of another one).

Lemma 6.9

If we have LZ-en
oded values of the variables then we 
an

verify the word equation in polynomial time with respe
t

to the size of the equation and the total size of given LZ-

en
odings.

Theorem 6.10

Assume N is the size of minimal solution of a word equation

of size n. Then ea
h solution of size N 
an be LZ-
ompressed

to a string of size O(n

2

log

2

(N)(log n + log logN)).

As a dire
t 
onsequen
e of Lemma 7 and Theorem 34 we

have:

Theorem 6.11 Conje
ture B implies 
onje
ture A.

Theorem 6.12

Assume the length of all variables are given in binary by

a fun
tion f . Then we 
an produ
e a polynomial-size LZ-


ompression of the lexi
ographi
ally �rst solution (if there is

any).

8



There are eÆ
ient polynomial time algorithms for the 
ase

of one and two variables. The 
ompression approa
h is espe-


ially used in 
ase of one variable, sin
e the time 
omplexity

is shorter than the maximal size of the equation (if the real

value of the variable is substituted). Ea
h minimal solution x

of one-variable equation is of the form (uv)

�

u, where uv is a

primitive (nonde
omposable) word of length at most n, and

arithmeti
s of periodi
ities of x is used, [60℄. We 
onje
ture

that the problem is generally in P for a 
onstant number of

variables. This is not even known for 3 variables.

Theorem 6.13 [60, 34℄

Word equations 
an be solved in O(n log n) time in the 
ase of

one variable, and in O(n

6

) time in the 
ase of two variables.

6.3 Compression by morphi
 representations.

There is possible a short des
ription of strings in terms of

morphisms. Assume w = �

k

(a), where � is a morphism

and a is a letter in the alphabet. Words of the type �

k

(a)


an be interpreted as instru
tions in a "turtle language" to

draw fra
tal images, see [62℄. Hen
e the 
al
ulation of the

i-th letter has a pra
ti
al meaning when 
omputing a lo-


al stru
ture of a fra
tal without 
omputing the whole ob-

je
t. The pair (k; �) 
an be treated as short morphi
 de-

s
ription of w, denoted by morphi
 des
(w). The length

n = jmorphi
 des
(w)j of the des
ription is the size of the

binary representation of k and �.

For some morphisms the 
omputation of the i-th letter 
ould

be espe
ially simple. This is the 
ase for the Thue-Morse

morphism

	(0) = 01; 	(1) = 10

Assume we 
ount positions starting from 0. Let bin(i) be

the binary representation of i. Then:

 

k

(0) = 1, bin(i) 
ontains an odd number of ones

For example the 1024-th position of  

100

(0) is 1 sin
e

bin(1024) = 10000000000 
ontains odd number of ones.

However su
h simple 
omputation of the i-th letter does not

apply to every morphism.

Theorem 6.14 Let � be a morphism. There is a polynomial

time algorithm to 
ompute the i-th letter of �

k

(a), where the

input size is the total number of bits for i, �, and k.

Instead of morphi
 fun
tions � we 
an use a �nite-state

transdu
er fun
tion �

A

where A is a �nite state transdu
er

(deterministi
 �nite automaton with an output fun
tion).

The repla
ement of � by �

A

has dramati
 
onsequen
es.

Theorem 6.15 [69℄

Let A be a �nite state transdu
er. The problem of 
omputing

the i-th letter of �

k

A

(a) is EXPTIME-hard.

7 Final remarks

We have surveyed 
omplexity-theoreti
al results related to

the pro
essing of large 
ompressed texts and arrays without

de
ompression. However we have not dis
ussed one impor-

tant aspe
ts: pra
ti
ality of algorithms. Re
ently many re-

lated pra
ti
al issues were investigated, see [39, 40, 56, 57,

58℄. New theoreti
al/pra
tial developments are related for

example to the Boyer-Moore type algorithms and approxi-

mate mat
hing in 
ompressed texts [59, 71, 44℄. .
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