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Abstract. We design a linear time algorithm computing the maximum
weight Hamiltonian path in a weighted complete graph Kr, where T is a
given undirected tree. The vertices of Kr are nodes of T' and weight (i, j)
is the distance between ¢, j in T'. The input is the tree T" and two nodes
u, v € T, the output is the maximum weight Hamiltonian path between
these nodes. The size n of the input is the size of T' (however the to-
tal size of the complete graph Kt is quadratic with respect to n). Our
algorithm runs in O(n) time. Correctness is based on combinatorics of
alternating sequences. The problem has been inspired by a similar (but
much simpler) problem in a famous book of Hugo Steinhaus.

1 Introduction

The maximum Hamilton cycle and path problems are generally NP-hard, see
[2I3]. We introduce an interesting class of graphs for which these problems are
solvable in linear time. Although it is rather of small practical importance, it is
combinatorially and algorithmically quite interesting.

In his famous book “One Hundred Problems in Elementary Mathematics’
Hugo Steinhaus as Problem 65 asked for the value max(n) of a maximum Hamil-
tonian path in the graph K, with weights of edges between a pair of vertices
(i, 7) given by |i — j|. In other words the weights of edges correspond to the
metric of a simple path of nodes, a trivial case of an undirected tree. In this
paper we extend this to aribitrary tree with positive weights on edges. In case
of a metric given by a simple path there are very elementary closed formulas
for the total weight of maximum Hamiltonian paths in graphs implied by this
metric.

)

Lemma 1. [H. Steinhaus, see [1] |

If n is even then max(n) = "2;2, otherwise max(n) =

n?—3
5 -

In this paper we extend this to a more complicated problem of constructing in
linear time a maximum Hamiltonian path between any given pair of nodes, with
a metric implied by an arbitrary tree.
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Fig.1. A longest Hamiltonian path P when T is the line with n = 9 nodes and unit
cost edges. According to Lemmal[llwe have weight(P) = "22*3 = 39. This path starts in
a centroid and ends in its neighbor. Maximum paths between arbitrary pairs of nodes

(usually not adjacent ones) are more complicated.

Assume T is an undirected tree with the set of nodes {1, 2,..., n}. By
disty (u, v) we denote the length of the shortest path between w and v in T
Let K1 be the complete graph K, with weights of edges given by

weight(u, v) = distr(u, v).
We define formally our problem as follows:

input: given a tree 7' with n nodes and two different nodes u, v € V(T);
output: the maximum weight Hamiltonian path in Kt from u to v.

Our main result is a linear time algorithm solving this problem. The main tools
are centroids of a tree and alternating sequences: colored sequences in which
adjacent elements are of diferent colors. In the next sections we discuss them in
detail.

2 Alternating Sequences and Maximum Hamiltonian
Paths

Assume we have a coloring C of a set of n elements. We represent a coloring as
a partition of this set into color classes:

C:(017027"'7Ck)

We say that a sequence v over this set is C-alternating if and only if it is a
permutation of all n elements of this set and no two adjacent elements of the
sequence are of the same color.

Ezxample 1. Let
C=({1,2},{3,4,5}46,7,8,9, 10, 11}),
then as an alternating sequence we can take

v=(64718392105 11).
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We project our notion of coloring onto the set of vertices of a tree. Assume r € T'.
We root the tree in this node. Then by r-coloring we mean a coloring such that
the color of each node v # r corresponds to the subtree of T'— {r} containing v
and r has unique color.

Fig.2. A tree rooted in r gives r-coloring as a family of sets C =
({r}, {2}, {1, 5}, {3, 4, 6}, {7, 8, 9}). Each set represents different color and corre-
sponds to a distinct subtree of the tree rooted in r, the vertex r is colored by its own
color.

For uw € V(T') denote by A(u) the sum of distances from u to all other vertices
inT.

Lemma 2. Let r be any node of T and C be the r-coloring of all nodes of T. If
v is a C-alternating sequence starting with u and ending with v then:
(a) ~v is a mazimum weight Hamiltonian path from u to v in Krp

(b) weight(y) = 2A(r) — dist(u, r) — dist(v, 7).
Proof. We first prove the following fact:

Claim. For any node v’ and a path v/ = z125...2,, where x1 = u, , = v, we
have
weight(y") < 2A(r") — dist(u, r') — dist(v, 1)

Proof. Observe that the triangle inequality
dist(z;, 1) < dist(ax;, r') + dist(r’, zi41)
implies the following:
weight(y") < dist(zy, r') + dist(r’, x9)+
+ dist(zg, r') + dist(r’, z3)+
+ dist(xp—1, ') + dist(r’, z,)
= 2A(r") — dist(u, r') — dist(v, ')

This completes the proof of the claim.
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Consequently a sequence v (if it exists) satisfying the property in the assumption
of Lemma [2] is of maximum weight. This result follows from definition of r-
coloring: z; and x;41 are of different colors, so they reside in different subtrees
of a tree rooted in r (or one of them is r, but the argument holds anyway).
Because of that we now have:

V1§i<n diSt(LL'i7 $i+1) = diSt($i7 ’f’) + dist(n $i+1)
This completes the proof of the lemma.

Unfortunately the lemma gives no hint about existence and efficient location of a
node r satisfying the assumption. The next two sections give tools to find good 7.

3 Some Useful Combinatorics of Alternating Sequences

Assume C = {C1, Cs,..., Cx} such that |Ci| < |C2| < ...|Ck|. Denote by
max(C) the size of the largest set of elements of the same color and by rem(C)
the number of remaining elements, hence:

rem(C) + max(C) = n.
For two sequences
a= (a, az,..., ap), f=(b1,b2,...,0y), ¢<p
we define the interleave operation as follows:
interleave(a, B) = (a1, b1, az, ba, as, bz, ..., aq, by, Qgi1, Agi2,- -, Qp)

Ezample 2. Forsequencesa = (1, 2, 5, 8, 9) and 8 = (6, 3, 4) we have interleave
(o, B)=1(1,6,2,3,5,4,8,9).

We also introduce the operation sequentialize which for a sequence of disjoint
sets produces the sequence of all elements of these sets starting with elements of
the first set and continuing with elements of consecutive sets (order inside sets
is arbitrary).

Lemma 3 (on existence of an alternating sequence).

1. A C-alternating sequence exists if and only if max(C) < rem(C) + 1.

2. If it exists then it can be constructed in linear time.

3. If both end-elements of the computed sequence v are of the same color then
this color occurs rem(C) + 1 times.

Proof.

The necessity is obvious: if max(C) > rem(C) + 1 then we do not have enough
remaining elements to separate all elements of the largest color, so in any per-
mutation two of them should be neighbors.
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Assume now that max(C) < rem(C) + 1 and consider the case of odd number
n of elements. We can construct the required sequence « in the following way:

Algorithm 1. AlterSeql(C)

input : C={Cy, Cq,..., Cr}, |C1] < |Co] < ... < |Cy
output: C-alternating sequence of C1 UCo U ... U Cy,
Find j and a partition of C; = C] U C} such that
IC1UCU...UC) +1=|CTUCj1U...UCkl;

2 a:= sequentialize(Ck, Cg-1,...Cj11, CY);

3 (3 := sequentialize(C’, Cj_1,...Ca, C1);
a
5

[un

v = interleave(a, f);
return v;

A similar argument can be used in case of even n: now we split the coloring to
get equality:
|CiUCU...UC)| =|C7UCj1U...UCy|

It is easy to see that the algorithm AlterSeql produces C-alternating sequence
v of CyUCyU...UCYy in linear time, assuming that max(C) < rem(C) + 1.
Moreover, both end-elements of the computed sequence «y are of the same color
if and only if this color occurs rem(C) + 1 times. This completes the proof of
the Lemma.

Example 3. We show how the algorithm works for the following coloring:
C = (C, Ca, Cs, Ca) = ({1, 2}, {3, 4}, {5, 6, 7, 8}, {9, 10, 11, 12, 13})

In this case
j=3, Cé = {5, 6}, Cg’ ={7, 8}

a=(13,12,11,10,9,8,7), B=(6,5,4,3,2,1)
and finally the result of the algorithm is:

v = interleave(a, §) = (13, 6, 12, 5, 11, 4, 10, 3,9, 2, 8,1, 7)

Much more complicated is the question of alternating sequences starting and
ending in given nodes u, v.

Ezample 4. Suppose C = ({1, 2}, {3, 4}) and we impose the condition that the
sequence starts in 4 = 1 and ends with v = 2. Then there is no such alternating
sequence. However if we strengthen the inequality from Lemma [B] to max(C) <
rem(C) then such a sequence exists.

Lemma 4. Assume C is a coloring of n elements, where n > 1, u # v and
max(C) < rem(C) — 1. Then there is a C-alternating sequence ~y from u to v.
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Proof. The case n < 3 can be checked directly. Hence from now on we assume
n > 4.

Instead of elements u, v we consider their colors A, B. Hence we need a
sequence which has fixed colors A, B at its ends (it is not relevant which ends).
If we remove u and v from our universe then the resulting coloring C’ satisfies
the condition from Lemma B} we have max(C’') < rem(C’) + 1.

Let ' := AlterSeql(C") be a (’-alternating sequence missing two elements
(with regard to C) with the colors A, B. Now we insert two previously removed
elements u, v with colors A and B into «'. The main point is to show how to do
it. We have several cases depending on the colors C, D of the first and the last
element of +'.

Case 1: The trivial case: {A, B} N{C, D} = 0.
We insert u at arbitrary end of v/ and v at the other end of 4/, thus obtaining
a desired alternating sequence ~.

Case 2: Also rather straightforward case: (A # B A C # D).
There is a possibilty that either C' or D equals either A or B, so we might
be constrained with placing u or v at one end of +'.

Algorithm 2. AlterSeq2(C, u, v)
input :C= {Cl, Coy,. .., Ck}, |Cl| < |Cg| <...<Z |Ck|, u€eC;,ve Cj,
max(C) < rem(C) —1,i<j
output: C-alternating sequence of C; UCy U ... U Cy with u, v at its ends
Cl=C; —{u};
Cj = Cj—{vkh
C/ = {Cl, 02, ceey Cifl, C;, Ci+1, ey Ojfl, CJ/, Cj+1, ey Ok};
v = AlterSeql(C’);
A := color(u), B := color(v);
C := color(first(y')), D := color(last(y'));
if ({A, B}n{C, D} =0) then
L return u~’ v;

0 N O A W N =

9 else if (A# B A C # D) then

10 if (uy'v) is an alternating sequence then

11 | return uy'v;

12 else

13 L return v+’ u;

14 else // Assume A=B=C#D
15 ~" :=~" with first element removed;

16 v = uy"v;

17 insert first(v') into 4" without violating alternating property;

18 return v";
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Case 3: (C=D)
Then by Lemma [3] the color C is ezhausted and none of A, B equals C. This
is in fact a special subcase of Case 1.

We can assume now that C' # D and A = B. Without loss of generality let
A = C. So the only remaing case is as follows.

Case 4: (A=B=C#D).
We insert one element of color A after D. We're left with one element of
color A, but we cannot put it at the end of our sequence — we have to insert
it in between a pair of elements of 4" such that neither of them is of color
A. We can use a simple counting argument that it can be done due to the
inequality max(C) < rem(C) — 1. We omit technical details.

The whole algorithm is written in pseudocode as AlterSeq2. This completes the
proof.

Example 5. We show how the algorithm works if Case 2 applies, let
C=({1},13,4,5,6}{7,8,9,10}), u=3, v=_8.

After removing elements u,v we get coloring C' = ({1}, {4, 5, 6}, {7, 9, 10}).
Then after applying algorithm from Lemma [3] we obtain:

AlterSeql(C') =+"=(75941016).

Now we have the second case from the last proof. We insert removed elements
at the ends in a suitable way and get the final result:

AlterSeq2(C, 3,8)=(3759410168)
Example 6. We show now an example when Case 1 applies, let:
C=({1},{2},1{3,4},{5,6,7}) u=1v=2.

We have n = 7 and |Cy| = max(C) < §. Then the algorithm constructs the
sequence v = (15364 72). In fact there are 12 such sequences.

We are mostly interested in colorings given by r-colorings in trees. Assume until
end of the paper that the smallest color corresponds to a singleton set (in case
of r-colorings to {r}).

Lemma 5. Assume C is a coloring of n elements with |C1| = 1 and max(C) =
rem(C). Then there ezists C-alternating sequence vy starting from u and ending
in v if and only if at least one of u, v is of a largest color.

Proof. In this case max(C) = rem(C) = %. Assume C) consists of a single
element and u is of the largest color. We provide an algorithm for constructing
a proper alternating sequence in linear time.
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Algorithm 3. AlterSeq3(C, u, v)
input :C = {Cl, 027..., Ck}, |Cl| < |CQ| <...< |Ck|, |CI| =1,u€ Ck,
max(C) = rem(C)

output: C-alternating sequence of C; UCy U ... U Cy with u, v at its ends

a = sequentialize(Ch);

0 := sequentialize(Cy_1, Cx—2,..., C1);

v := interleave(a, f);

/* Notice that < starts with the largest color and ends with
C4 */

exchange the first element of v with wu;

exchange the last element of v with v;

return v;

W N =

[ JL N

Observation. If the assumption |Ci| = 1 is dropped then the last lemma is
false, for example if C = {{1, 2}, {3, 4}} and color(u) = color(v) then max(C) =
rem(C) but there is no C-alternating path from uto v.

4 Centroids in Trees

We show that r satisfying Lemma 2] for given u, v can be chosen as one of the
potentially at most two nodes minimizing the separability.

Fig. 3. The nodes v2 and v7 are the centroids

The measure of separability of a vertex v in tree T, denoted by Br(v), is the
size of maximum component of V(T') — {v}. A vertex v is called a centroid if it
has minimal separability over all vertices in T'.

Lemma 6. [Folklore]

(a) If a vertez v is a centroid then Br(v) < |%].

(b) A tree with an odd number of vertices has exactly one centroid.
A tree with an even number of vertices either has only one centroid v, in which
case Br(v) < %, or it has two adjacent centroids v and v, in which case Br(u) =

pr(v) =5 and A(u) = A(v).
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Lemma 7.

(a) For any chosen pair of distinct nodes u, v for at least one (of at most two)
centroids v of T there is a C-alternating path between nodes u, v, where C is the
r-coloring.

(b) Let r be a centroid and C be r-coloring. Then any C-alternating sequence
starting with u and ending with v is a mazimum weight Hamiltonian path from
u tov in K.

Fig.4. A bicentroidal tree with centroids denoted by r, 7’. There is no alternating
path from u to v with respect to r-coloring, but there exists such path with respect to
r’-coloring: v = (u 17 27" v).

5 Computing Maximum Hamiltonian Paths

We present a linear time algorithm constructing a maximum Hamiltonian path
in K7 between two different nodes u, v € V/(T').

Lemma 8.
For a given tree T we can compute in linear time: centroids of T, A(v) and the
distance to each centroid, for all v € V(T).

First we present a theorem which describes how to compute the maximum value
of a path. This theorem follows directly from the results in the previous two
sections.

Theorem 1. Let r be a centroid of T' such that there is an alternating sequence
~v with respect to r from u to v. We know such r exists. Then v is the maximum
path from u to v in Kr and its weight equals 2 - A(r) — dist(u, r) — dist(v, r).

Corollary 1.

(a) The mazimum weight of a Hamiltonian path in K1 equals 2- A(r)—dist(r, v),
where 1 is one of the centroids of T and v is the closest neighbor of r (i.e.
dist(r, v) is minimal).

(b) The mazimum weight of a Hamiltonian cycle in K equals 2 - A(r), where
r 1s a centroid of T.

Lemma [] together with Lemma [ and Lemma [ directly imply the following
fact.

Theorem 2. Algorithm MazPath(T, u, v) computes a mazimum Hamiltonian
path in Kp between two given nodes in linear time.
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Algorithm 4. MaxPath(T, u, v)

1 if (there are two centroids in T ) then
2 choose centroid r such that at least one of u, v is of the largest color
in r-coloring;

3 else

4 L r becomes the unique centroid;
5 C := r-coloring of T}

6 if (T is bicentroidal) then

7 L v := AlterSeq3(C, u, v);

8 else

L v := AlterSeq2(C, u, v);

10 return v;

©

To quickly output the length of a maximum Hamiltonian path between a given
pair of nodes in Kr (without the path itself) we need to find the (at most
two) centroids of T'. For each centroid r we have to compute distance to all
other nodes in v. Both operations can be done in linear time. If there’s only
one centroid r, then we already have all necessary information to compute the
value of maximum Hamiltonian paths in constant time. When there are two
centroids r # 7’ in tree T then there’s one more preprocessing step involved.
We need to compute size of the largest subtrees of trees rooted in r and r’ and
should be able to quickly recognize which vertices belong to these subtrees. This
is useful in cases similar to [l when we need to determine which centroid to use
for construction of maximum Hamiltonian paths in K. This additional step can
also be done in linear time which leads us to the following theorem.

Theorem 3. We can preprocess a given tree in linear time to allow queries about
the value of a mazimum path between two nodes in O(1) time.

6 Final Remarks

We have shown that finding maximum Hamiltonian path between two vertices
of K is algorithmically and combinatorially interesting. It is based on the algo-
rithm for constructing sequences with alternating colors and choosing centroids
as good vertices (satisfying assumption of Lemma 2). However the good vertex
should not be a centroid. For example when the tree is a single path 1-2—3—4—5,
and v = 4, v = 5 we can chose r = 2 as a good vertex, but 2 is not a centroid,
though r = 2 satisfies Lemma 2 in case of this tree.

One can ask a natural related question about the minimum Hamiltonian
path between two distinct vertices u,v of K. Now there is much less fun and
the solution is rather straightforward. We double each edge of T, except the
edges on the shortest path from w to v. In this way we obtain a multigraph
T'. In this graph each vertex has even degree except u and v. Let us take an
Euler path 7 from u to v in T, see the figure below. Then traverse m and
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Jjump over already visited vertices, vertices
are listed when they are visted for the first
time. The resulting path v is the Hamilto-
nian path in Kp from v to v of minimum
weight. Its total weight is the double sum
of weights of all edges minus the sum of
weights of edges of the shortest path from
u to v.

We apply here the technique called Fuler Tour method. This technique been
used previously for trees especially in parallel computing, see [4]. The weight of
a minimum weight Hamiltonian cycle is the double sum of weights of all edges
of T', a cycle can be generated as a sequence of first-time visited vertices during
DFS traversal starting from any node of the tree.
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