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Manuscript Number: TCS-D-17-00114: Response

to Reviewers

The new version of the paper is named paper2.pdf.

Response to Reviewer 1

> Include the following open question: How many semi-perfect de Bruijn

>words are there?

Included at the end of the paper

> Consider a shorter title. For example, On semi-perfect de Bruijn words"

> or On extending binary de Bruijn words

I changed title to On semi-perfect de Bruijn words". Very good suggestion.

> Comment that although it is possible that a Bruijn word of rank n

> extends one of rank n 2.

It is commented

> Page 1. Consider writing a shorter Abstract.

The abstract is much shorter

> Page 2, I think the expression complex does not help, just

> give the mathematical definition.

I removed "complex"

> Page 2. The expression a growing family of linear binary
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> de Bruijn words doe not convey well

> the output of the algorithm. Consider rewriting that sentence.

The sentence is rewritten

> Define factor-reach.

It is now well defined.

> Suggestion: indicate that you will use the binary alphabet and

> avoid repeating the term binary in the sequel.

Done.

> The text is not systematic in the use of linear de Bruijn,

> cyclic de Bruijn, or just de Bruijn.

I am using in a systematic way "circular" and "linear"

> Page 2, line 28 and 33. Suggestion: Avoid the expression in other words"

Expression in other words" is removed.

> Page 3, lines 43-48. Clarify that a de Bruijn word of rank n

> has length 2^n, hence, its length is exponential

Done

> Page 4, line 7-9, in Preliminaries, say you count the positions in a

> word starting at 1. Also say you use for concatenation of

> words, but you use just yuxtaposition of a letter and a word

Done.

> In Lemma2 say a binary word of lengthi m,for Delta_{n-1}<m

Done.

> Page 4, line 21. It does not read well to say An immediate

>consequence is the following fact and then to state corollary.
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> Suggestion: Just say As an immediate consequence we obtain the following.

I’ve changed accordingly.

> Page 4, 5. The operations have been called, basic, abstract,

>ccrucial, algebraic.

> Avoid these adjectives and just define them as operations

Good suggestion, it is done.

> Page 5, line 49 refers to Knuths 4-th volume.

> Then, indicate Volume 4 (Fascicle 2) in the Bibliography.

Volume 4 (Fascicle 2) is indicated as requested.

> Page 6. Item (b) should go in the next line.

Done.

> Page 8. Currently Claim 3 is part of Claim 2. Suggestion: Make

> Claim 2: u x v in DBn+1, and Claim 3: linear(u x v) is

> binary semi-perfect de Brujin.

It is changed accordingly.

> Page 11, line 39. It says facors instead of factors.

Corrected.

> Pages 11-12, Bibliography.

Corrected.

Response to Reviewer 2

>I suggest to provide some insight into the motivation and/or

> relevance of the results, and to review the language in general.
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I added some motivation/relevance at the end of the Intro and

corrected the language. Very good suggestion.

>A few further comments are reported in the annotated PDF

> attachment (Adobe software recommended).

All of them are implemented (they were rather cosmetic).

Response to Reviewer 3

>Abstract

>line 20: "is" should be removed

removed

>line 28: the phrase "We are interested here ..." is not clear.

> What does the phrase "de Brujin words representing factor-rich

> words of any length" mean? "containing"

> instead of "representing". Please, clarify.

I changed to "containing", thanks for suggestion

>line 34: in the paper you often use "size" instead of "length".

> Please, choose a unique term.

changed everywhere to "length"

>line 34: "=" instead of ">="

changed

>line 35: "an" should be removed

It was written in a different way

>Introduction

>page 1, line 55: structure of the size of the set...

> -> structure of the set of factors
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it is changed

>page 2, line 4: you give the definition of factor-rich words,

> but yu should give also some example of factor-rich words.

I gave some examples

>page 2, line 14: could you give a more detailed description of

> the result shown in [4]?

I have written shortly about it. It is reference [1] now.

>page 2, line 34: who is $k$?

it is corrected, now it is $n$, which makes sense.

>page 2, line 40: you give the definition of

> semi-perfect de Bruijn word. Vould you give an example of

> a de Bruijn word that is not semi-perfect?

I gave examples.

>page 2, Lemma 1: you use the fact that every de Bruijn word

> is factor-rich. This fact is a consequence of Lemma 2.

> In my opinion Lemma 2 should be stated

>before the Lemma 1.

Yes, I’ve done it.

>page 2, proof of Lemma 1, line 53: you state that any factor-rich

> word of length $\Delta_k$ contains each binary word of length k

> exactly once and it is a de Bruijn word. Please, justify

I have explained that shortly.

>page 3, line 9: could you rephrase "These occurrences are separated

> by the last >letter 0 of $u$?

I have rewritten the proof which contained this phrase.
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>page 3, line 31: Why the prefix of length $\Delta_2$ is

> not factor-rich?

Now it is explained.

>page 3, line 36: varaiables-> variables

corrected

>Preliminaries

>page 4, line 11: "s" should be "is"

corrected

>page 4, line 44: you define the notion of synchronizing word.

> Usually this term indicates the words related to Cerny

> Conjecture. Is there any relation? Why the same term is used?

The term "synchronizing" is removed.

>page 4, lines 53-56: Observations 2(a) and (b) are not so immediate.

>You don’t have any space limit, so you can give the proof

> of these observations.

>page 5, line 36: who are $u$ and $w$?

changed to $x$, $y$, which were defined.

>page 6, line 5: You say that $\tau$ is a reverse of Psi,

>In which sense? \tau(w) is unique? The definition of \tau is

> not natural, please could you explain how to compute it?

The term "reverse" is removed. The operation is redefined in natural way.

>The operation NEXT

>page 6, lines 28-31: Please, could you give a proof of the Observation 4?

The proof is given. It is now Observation 3, as I changed Observation 3

to a lemma, due to its lengthy proof.
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>page 7, Figure 2, line 17: you should add a round bracket.

corrected

>The Main Algorithm

>page 8, line 47: Are the brackets correct? Maybe the operator "linear"

>should be applied to the result of the operation.

Corrected.

>Proof of Complementarity Lemma

>page 10, line 20: you should add a bracket after Common(n)

Corrected.

>page 10, line 37, Figure 3: you should add a bracket after Common(5)

Corrected.

>page 10, line 59: the font used of the character "s" in suf is

> different from the others (two occurrences)

it is corrected

>page 11, line 39: facors->factors

Corrected.

>page 12, line 8: The order of the authors should be inverted.

Bibliography is corrected.
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On Semi-Perfect De Bruijn Words

Damian Repkea, Wojciech Ryttera,1,⇤

a
Department of Mathematics, Computer Science and Mechanics,

Warsaw University, Warsaw, Poland

Abstract

We show an application of Lemepel’s recursive construction of De Bruijn words to the

generation of binary words having many factor-rich prefixes. A binary word is said to

be factor-rich i↵ it has the largest number of distinct factors among binary words with

the same length. A linear de Bruijn word of rank n is a shortest word containing (as a

factor) exactly once each binary word of length n. It is factor-rich and its length equals

�n = 2n + n � 1. We construct for each n a binary linear de Bruijn word of rank n

which is semi-perfect in the following sense: each of its prefixes of length m > �n�1 is

factor-rich. The number �n�1 is the best possible (for n > 2 there is no linear binary

de Bruijn word with factor-rich prefix of length m = �n�1). We show an e�cient

algorithm constructing compact description of binary semi-perfect de Bruijn words.

Keywords: de Bruijn word, semi-perfect, straight-line program, algorithm

2010 MSC: 68R15, 68W32

1. Introduction

A binary word is called factor-rich i↵ it has the largest number of distinct factors

(also called subwords) among binary words with the same length. For example 00110

is factor-rich, but 01011 is not, since the first one contains one more factor (the word

00) and is of the same length. Factor-rich words are closely related to de Bruijn words.

A construction of a factor-rich word of a given length was given in [4] using graph

theoretic properties of de Bruijn graphs. We show here an alternative algorithm. Our

main construction is syntactic and it is quite simple “how it works”, however correctness

proof of “why it works” is rather tedious.

By an n-word we mean a binary word of length n. A circular de Bruijn binary word

⇤
Corresponding author

Email address: rytter@mimuw.edu.pl (Wojciech Rytter)

1
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of rank n is a 2n-word containing in the cyclic sense each n-word exactly once. The

length should be 2n since the word should in a cyclic sense contain each of 2n distinct

binary words of length n. For example 0011 2 DB2. Denote by DBn the set of binary

circular de Bruijn words of rank n.

A linear de Bruijn word of rank n is a shortest binary word containg each n-word

exactly once as a linear (standard) word. Denote by LinDBn the set of binary linear

de Bruijn words of rank n. For example 00110 2 LinDB2.

Let �n = 2n + n � 1. Denote by |w| the length of w. The following properties of

circular and linear de Bruijn words are well known.

Observation 1.

(a) Each linear deBruijn word of rank n is of the form u · v, where u 2 DBn and v is

a prefix of u of length n� 1, consequently |u · v| = �n.

(b) Assume w is a binary word of length �n. Then w 2 LinDBn i↵ w is factor-rich.

The following characterisation of factor rich words is from [4].

Lemma 1. Assume w is a binary word of length m, for �n�1 < |w|  �n.

Then w is factor-rich i↵ w conatins all (n� 1)-words and does not contain twice any

n-word.

We say that a word w 2 LinDBn is semi-perfect i↵ each prefix of w of length at

least �n�1 + 1 is factor-rich.

As an immediate consequence of Lemma 1 we obtain the following fact.

Corollary 1. A de Bruijn word w of rank n is semi-perfect i↵ its prefix of length

�n�1 + 1 contains, as a factor, each word of length n� 1.

Example 1. The linear de Bruijn word 0111000101 of rank 3 is semi-perfect, all its

prefixes of length at least �2 + 1 are factor-rich. Its prefix 01110 of length �2 is not

factor-rich since it does not contain the 2-word 00.

The lexicographically first linear de Bruijn word 0001011100 is not semi-perfect, its

prefix 000101 of size �2 + 1 is not factor-rich (does not contain 11).

In the definition of semi-perfect de Bruijn words we cannot require the prefix of

length �n�1 to be factor-rich, for n > 2. We show the proof of this fact for complete-

ness, a similar property was also observed in [1].

Lemma 2. For n > 2 a linear binary de Bruijn word of rank n cannot have a

factor-rich prefix of length �n�1.

Proof. The proof is by contradiction. Assume that for n > 2 there are two binary

factor-rich words u · v, u of lengths �n, �n�1.

2
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Due to Observation 1 we have: u 2 LinDBn�1, u · v 2 LinDBn.

Assume u starts with 0 (opposite case is symmetric). Then u does not contain 1n and

1n�1 cannot be the su�x of u since the su�x of u of length n� 2 (equal to its prefix)

contains 0. Consequently 01n�10 is a factor of u (as well as of u ·v). Then u ·v contains

01n�10 and 01n. Now we have a contradiction, since u ·v contains twice the word 01n�1.

This completes the proof.

It is shown in [1] that for each n > 1 there is a binary word w 2 DBn�1 which is

a prefix of a word in DBn+1. However this does not help in constructing semi-perfect

binary words. In case of ternary alphabet it is even possible to construct de Bruijn

words in which every prefix is factor-rich. Surprisingly the case of binary alphabet is

much harder than that of larger alphabets.

Our construction gives a compact description of semi-perfect words in terms of so

called straight-line programs (also called grammar-based compression). A Straight-line

program is a sequence of assignment statements which describe values of new variables

in terms of expressions involving already defined variables. Such statements use a

restricted set of operations, and initial variables correspond to constants (in our case

words of constant length). Such type of compact representation is a generalization of

Lempel-Ziv compression and is often used to get compact description of large well-

structured objects. We consider here representation of linear de Bruijn words of rank

n, which have length exponential in n, due to Observation 1, in terms of straight-

line programs of size O(n). Our compact descriptions are using the operations of

concatenation, cyclic shifts, special operation  and taking prefixes/su�xes.

Our results. We show that there is a family of semi-perfect linear binary de Bruijn

words which can be computed by a simple recursive linear-time algorithm. Moreover

such semi-perfect words have compact representation.

Previously factor-rich binary words were constructed using de Bruijn graphs, and

were not very closely related to de Bruijn words, unless the length was �n, for some n.

Here we show much closer relation of these words to de Bruijn words by constructing

linear de Bruijn words which are simple generators of factor-rich words of any length.

The construction is syntactic, omitting de Bruijn graphs. Usually words with very

compact description have small number of distinct factors. Here we have a compact

description and simultaneously the largest possible number of factors. The description

applies, as a main tool, a function related to Lempel’s homomorphism, see [3].

3
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2. Preliminaries

We assume now that all considered de Bruijn words are binary. We count positions

in a word starting at 1. We use · for concatenation of words, but use yuxtaposition of

a letter and a word (as in aw, for a letter a and a word w).

Denote by Bin(n) the set of all n-words. For w 2 LinDBn denote by Fn(w) the set of

all n-words that are factors of w. A word is a circular factor of w i↵ it is a factor of

ww. Denote by Cn(w) the set of all n-words that are circular factors of w.

Example 2. F2(abc) = {ab, bc}, C2(abc) = {ab, bc, ca}.

If |u| � k denote by prefk(u), sufk(u) the prefix, respectively su�x of u of length k.

For y 2 DBn denote:

linear(y) = y · prefn�1(y).

Observe that if y 2 DBn then Cn(y) = Fn(linear(y)).

We introduce three basic operations �, ⌦,  on binary words of length 2n.

2.1. Operation �

Denote by SHIFT (x, �) the cyclic shift of the word x having the su�x equals �,

assuming � occurs exactly once as a circular factor of x.

Example. SHIFT (001011101, 011) = 101001011.

For two words x, y 2 Bin(2n), such that sufn(x) is a circular factor of y, define

x� y = x · SHIFT (y, sufn(x)).

For example 10110110 � 01101010 = 10110110 10100110, where suf3(x) is underlined.

Observation 2.

Assume n � 1 and x, y 2 Bin(2n). Then

(a) if x, y have a common su�x of length n or a common prefix of length n

then Cn+1(x · y) = Cn+1(x) [ Cn+1(y).

(b) if Cn+1(x) [ Cn+1(y) = Bin(n+ 1) and sufn(x) 2 Cn(y) then x� y 2 DBn+1

Proof. We start with point (a). Only the case of a common su�x is considered, the

case of a common prefix is symmetric.

Observe first that, for two words v, w, if |w| = n and |v| � n then

Cn+1(v · w) = Fn+1(w · v · w).

4
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Assume now that x, y have a common su�x z with |z| = n. x, y are of the form

x = x0 · z, y = y0 · z, where z0 2 Bin(n). We have:

Cn+1(x · y) = Fn+1(x · y · x) = Fn+1(x0 · z · y0 · z · x0 · z).

Now point (a) follows from equalities

Fn+1(x
0 · z · y0 · z · x0 · z) = Fn+1(z · y0 · z) [ Fn+1(z · x0 · z)

= Cn+1(y
0 · z) [ Cn+1(x

0 · z) = Cn+1(x) [ Cn+1(y).

This completes the proof of point (a).

In point (b) we can assume that x, y have the same su�x of length n, since at the start

of the operation � they are changed to satisfy it. The sets of circular factors are not

changing. Now point (a) can be applied, it gives Cn+1(x · y) = Cn+1(x) [ Cn+1(y) =

Bin(n+ 1), since we assumed in this point that Cn+1(x)[ Cn+1(y) = Bin(n+ 1). This

completes the proof.

2.2. Operation ⌦.

Assume that the length of a maximal block of the same consecutive letters p, for

p 2 {0, 1} in a word x equals k, and such maximal block is unique in x for each letter

p. Define operations:

• addp(x) is the word resulting by adding single bit p in the group pk

• remp(x) is the word resulting by removing a single p in the group pk

Example 3. add1(0110) = 01110, rem0(00010111) = 0010111.

We define the following operation ⌦ on two circular de Bruijn words x, y of rank n:

if x, y do not start both with 0n then assume that the operation ⌦ starts by shifting

x and y cyclically to fulfill this condition. The operation ⌦ first moves single zero from

the block of 0n in x to the block of 0n in y, and moves single 1 from the block of 1n in

y to the block of 1n in x. Then the resulting words are concatenated, see Figure 1.

00011101 00010111 00111101 00001011

Figure 1: Graphical illustration of x⌦ y.

More formally: x ⌦ y = rem0(add1(x)) · rem1(add0(y)), assuming that x, y are first

shifted to start with maximal blocks of 0’s.

5
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2.3. Operation  

The crucial operation is a special algebraic operation  (w) on words, the result of

this operation is the binary word v of length |w|, where for every 1  i  |w|:

v[i] = (w[1] + w[2] + . . . w[i] ) mod 2.

The operation  was used in the algorithm R, presented in Knuth’s 4-th volume,

see [2]. It also implicitly appears in Lempel’s algorithm for de Bruijn words using

homomorphism of de Bruijn graphs, see [3].

Denote by x̄ the bitwise negation of the word x.

Example 4. If w = 0010111011 then  (w) = 0011010010. It is possible that

 (x) 6=  (x), e.g. for x = 01.

We introduce also an operation ⌧ : Bin(n+ 1) ! Bin(n).

For an (n+ 1)-word w define ⌧(w) as an n-word such that for every 1  i  n:

⌧(w)[i] = (w[i] + w[i+ 1] ) mod 2.

Example 5. ⌧(1101) = ⌧(1101) = 011.

Lemma 3.

(a) ⌧(w) = ⌧(w̄) ;

(b) ⌧(w) = ⌧(w0) , (w0 = w or w0 = w̄ ).

(c) Assume |x| > n and  (x) ends with 0. Then

Cn(x) = {⌧(w) : w 2 Cn+1( (x))}

(d) If x 2 DBn, and w 2 Bin(n+1) has a circular occurrence starting at some position

in  (x), then ⌧(w) is a circular n-word starting at (cyclically) next position in x.

Proof. We show separately each point.

Point (a).

This point follows from equality

(w[i] + w[i+ 1] ) mod 2 = (w[i] + w[i+ 1] ) mod 2.

6
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Point (b).

The implication ( is a reformulation of point (a). We show now that

⌧(w) = ⌧(w0) ) (w = w0 or w0 = w̄ ).

Assume w = a1, a2, ...am, w0 = b1, b2, ...bm. We have that for i < m:

( ai + ai+1 )mod 2 = ( bi + bi+1 )mod 2.

Consequently:

ai = bi ) ai+1 = bi+1 and ai = bi ) ai+1 = bi+1.

Hence if a1 = b1 then w0 = w else w0 = w. This proves point (b).

Points (c) and (d).

These points are closely related. First we get rid of circularity. Observe that  (x ·x) =
 (x) · (x), since  (x) ends with 0 (it is essential).

Hence we can reformulate point (c) in terms of linear factors:

Fn(x · x) = {⌧(w) : w 2 Fn+1( (x · x))} (1)

Now Equation 1, as well as point (d), follows from the following simple joint property

of functions  and ⌧ .

Claim 1. Assume m > 1 and ai 2 {0, 1} for i  m. Then

⌧( (a1a2a3 . . . am)) = a2a3 . . . am. (2)

(For example: 1100101011
 ! 1000110010

⌧! 100101011.)

Proof. Assume v = a1a2...am,  (v) = b1b2...bm, ⌧( (v)) = c1c2...cm�1.

It is enough to show that ci = ai+1 for i < m. We have:

ci = ( bi + bi+1 ) mod 2, bi+1 = ( bi + ai+1) mod 2.

Consequently ci = ( 2 · bi+ai+1 ) mod 2 = ai+1, as required. This completes the proof

of the Equation 2 and of the claim.

Denote now by x̂ the word x with the first letter removed. We have: Fn(x·x) = Fn(x̂·x)
since |x| > n. Now observe that

{⌧(w) : w 2 Fn+1( (x · x))} = Fn(⌧( (x · x)) = Fn(x̂ · x) = Fn(x · x).

7



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

This proves Equation 1 and point (c).

In point (d) we have x 2 DBn, hence the last bit of  (x) is zero. The point (c) applies.

Equation 2 implies that (n+1)-factors in  (x ·x) correspond to n-factors in x ·x shifted

by one position. The correspondence is given by ⌧ . This completes the proof.

3. A Version of Lempel’s Recursive Algorithm

We use the following basic properties of the operation  .

Observation 3. Assume x 2 DBn and y =  (x). Then:

(1) All circular (n+ 1)-factors of y are pairwise distinct.

(2) if z is a circular (n+ 1)-factor of y then z̄ is not a circular (n+ 1)-factor of y.

(3) Cn+1(y) \ Cn+1(ȳ) = ;.

Proof. We prove separately each point.

Point (1) We show it by contradiction. Assume a circular (n+1)-word appears twice

in  (x). Then the number of (n + 1)-factors in  (x) is smaller then 2n (the length

of  (x)). However according to Lemma 3.c each cicrular n-factor in x equals ⌧(w)

for some circular (n + 1)-word in  (x). Then the number of circular n-factors in x is

smaller than 2n, which contradicts x 2 DBn. This completes the proof of this point.

Point (2) Assume z and z̄ are circular factors in  (x). Then ⌧(z) and ⌧(z̄) occur in

di↵erent places in x, according to Lemma 3.d. However ⌧(z) = ⌧(z̄). Consequently the

same circular n-factor occurs twice in x, which again contradicts x 2 DBn.

Point (3) This point is a reformulation of point (2).

For x 2 DBn we introduce another basic operation:

Operation NEXT (x)

/* A version of Lempel’s algorithm */

x := SHIFT (x, 1n);

return (x)� (x).

In this operation if x does not end with 1n then it is first shifted to have 1n at the

end, where n is the largest group of 1’s in x.

Example 6. Let x = 00010111, we have: SHIFT (x, 13) = x,  (x) = 00011010.

NEXT (x) = 00011010� 11100101 = 00011010 · 11110010.
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Figure 2: Graphical interpretation of computing NEXT (00010111). Two cycles correspond to

 (00010111) = 00011010,  (x) = 11100101. SHIFT (11100101, 010) = 11110010. The operation

� applied to these two circular words corresponds to interchanging successors of two nodes (dotted

arrows). The result is the circular word 00011010 11110010 2 DB4. The edges corresponding to the

word 010 are shown in bold.

The recursive algorithm given in the following lemma can be viewed as a syntactic

version of Lempel’s graph-theoretic algorithm.

Lemma 4. If x 2 DBn and n � 2 then NEXT (x) 2 DBn+1.

Proof. It is enough to show that words  (x),  (x) satisfy the assumptions of Obser-

vation 2.b.

Claim 2. If x 2 DBn then Cn+1( (x)) [ Cn+1( (x)) = Bin(n+ 1).

The word x is de Bruijn word of rank n, so we know that |Cn(x)| = 2n. Let

y =  (x). Due to Observation 3.1 |Cn+1(y)| = 2n.

Also, due to Observation 3.3, Cn+1(y) \ Cn+1(ȳ) = ;.

Therefore, the union of Cn+1( (x))[Cn+1( (x)) is of size 2n+1. This completes the

proof of the claim and of the lemma (due to Observation 2.b).

4. The Main Algorithm

An important component of the algorithm is the construction of pairs of de Bruijn

words of a given rank n which have the smallest number of common (n + 1)-factors.

Two words x, y in DBn are said to be complementary (denoted x ? y) i↵ the set of

their common circular factors of length n+ 1 is:

Common(n) = { 0n1, 1n0, 01n, 10n }.

Observe that Common(n) ✓ Cn+1(x) for each word x 2 DBn.
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Example 7. The word 0011 is self-complementary, we have: 0011 ? 0011.

The following two distinct words are complementary: 00011101 ? 00010111.

We postpone the proof of the following technical lemma to the last section.

Lemma 5. [Complementarity Lemma]

If x, y 2 DB(n), x ? y, and n � 2 then Next(x) ? Next(y).

We combine the operations �, ⌦,  (used in the definition of NEXT ) as compo-

nents of our main algorithm:

function Construct(n)

if n = 1 then return 01

if n = 2 then return 00110

x := y := 0011 ( invariant: x ? y )

for i = 3 to n� 1 do

x := NEXT (x); y := NEXT (y)

invariant: x ? y

return linear(x⌦ y)

We have:

Construct(3) = 0111000101, Construct(4) = 0010111100001101001.

Two complementary words in DBn contain all circular factors of length n+ 1 except:

Unused(n) = { 0n+1, 1n+1, 01n�10, 10n�11 }.

Similarly, none of words in DBn contains any of these four unused (n+ 1)-factors.

We are now ready to show our main result.

Theorem 1.

(a) The word Construct(n), of length 2n + n � 1, is a semi-perfect linear de Bruijn

word of rank n. It can be constructed in O(2n) time.

(b) For n > 2 the following word is semi-perfect:

linear(NEXT n�3(0011) ⌦ (NEXT )n�3(0011) ).
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Proof. The following claim reduces construction of semi-perfect de Bruijn words to the

construction of a pair of complementary words.

First we show the following fact:

Claim 3. Assume u, w 2 DB(n), u ? w and both start with 0n. Then u⌦w 2 DBn+1.

Proof. Let u0 = rem0(add1(u)) and w0 = rem1(add0(w)).

Example 8. For u = 00010111, w = 00011101 we have:

u0 = 00101111, w0 = 00001101, u⌦ w = u0 · w0 = 00101111 00001101.

Note that both u0 and w0 start with 0n�1 and end with 1. Let u00, w00 be the words

u0, w0 with the last letter 1 shifted to the beginning. The word u00 · w00 is a cyclic shift

of u0 · w0. Hence

Cn+1(u
0 · w0) = Cn+1(u

00 · w00), Cn(u) = Cn(u00), Cn(w0) = Cn(w00).

The words u00 and w00 have the same prefix of length n, so by Observation 2 we have

that Cn+1(u00 · w00) = Cn+1(u00) [ Cn+1(w00). Consequently:

Cn+1(u⌦ w) = Cn+1(u
0 · w0) = Cn+1(u

00 · w00)

= Cn+1(u
00) [ Cn+1(w

00) = Cn+1(u
0) [ Cn+1(w

0).

Consider now how adding and removing bits change the set of circular (n+ 1)-factors

of words u, w 2 DBn. Operation addp (p 2 {0, 1}) just adds extra (n+ 1)-factor pn+1.

Moreover, operation remp removes factors p̄pn and pnp̄ and adds new factor p̄pn�1p̄.

Hence:

Cn+1(u
0) = (Cn+1(u) [ {10n�11, 1n+1})� {10n, 0n1}

Cn+1(w
0) = (Cn+1(w) [ {01n�10, 0n+1})� {01n, 1n0}

Notice that every removed factor belongs to Common(n), so each of them still belongs

to the union of Cn+1(u0) and Cn+1(w0). Furthermore, every element of Unused(n) is

added, so finally we have:

Cn+1(u⌦ w) = Cn+1(u) [ Cn+1(w) [ Unused(n) = Bin(n+ 1).

Hence u⌦ w 2 DBn+1, which proves the claim.

Claim 4. Assume u, w 2 DB(n), u ? w and both start with 0n. Then linear(u ⌦ w)

is semi-perfect.
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Proof. By Corollary 1 it is enough to show: the prefix of linear(u⌦w) of length �n+1

contains, as a factor, each binary word of length n.

Notice that this prefix is of the form u0 · 0n and its set of n-factors is the same as

the set of circular n-factors of word u0 · 0 or any of its shift, e.g. 0 · u0 = add1(u). The

word u is a de Bruijn word of rank n, so it contains all n-factors.

Obviously, adding a single one in the group 1n does not remove any of n-factors, so

Cn(add1(u)) = Fn(u0 · 0n) = Bin(n). This completes the proof of the claim.

Our main result follows now from directely from Lemma 5. This completes the

whole proof.

Remark 1. An O(n)-sized compact description of Construct(n) can be computed in

O(n) time as a straight-line program using operations of concatenation, negation, shifts,

prefix/su�x cutting and  using formula from point (b) of the theorem.

5. Proof of Complementarity Lemma

We will show that the invariant related to complementarity is preserved in the

algorithm Construct. There are two sequences of words ↵n, �n which play here the key

role.

Denote by ↵k the word of length k which does not contain 00 or 11 and ends with 0.

Let �k be the word ↵k with the first letter negated.

Example 9. ↵4 = 1010, �4 = 0010, ↵5 = 01010, �5 = 11010.

5.1. Properties of the words ↵n, �n

The words ↵k, �k have the following important properties.

Observation 4.

(a) Let n � 2, x 2 DBn, x ends with 1n and u =  (x), v = SHIFT ( (x), sufn(u)).

Then

sufn+1(u) = ↵n+1, sufn+1(u) = �n+1.

(b) ⌧�1(1n0) = {↵n+10, ↵n+10 }, ⌧�1(01n) = {�n+11, �n+11 } (see Figure 3)

(c) ⌧�1(Common(n)) = Common(n+ 1) [ {↵n+10, �n+11, ↵n+10, �n+11 }

We need a fact which is a straightforward extension of Observation 2.
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0010101

1101010

011111

1010100

0101011

111110

0000001

1111110

000001

1111110

0111111

100000

Figure 3: The arrows correspond to the operation ⌧ . The words ↵60, �61, ↵60, �61 are all words

mapped onto {011111, 111110} (first row). Common(6) is mapped onto {051, 105} (second row).

⌧�1
(Common(5)) = Common(6) [ {↵60, �61, ↵60, �61 }.

Observation 5. If u, v 2 Bin(2n) have a common su�x of length n then

Cn+2(u · v) = Cn+2(u) [ Cn+2(v) [ {sufn+1(u)b, sufn+1(v)a}� {sufn+1(u)a, sufn+1(v)b},

where a = u1, b = v1.

Lemma 6. For any de Bruijn word z of rank n ending with 1n we have:

Cn+2(Next(z)) = X [ X � {↵n+10, �n+11} [ {↵n+11, �n+10},

where X = Cn+2( (z)).

Proof. Let u =  (z), v = SHIFT (ū, sufn(u)). Then NEXT (z) = u · v. According

to Observation 4 we have: sufn+1(u) = ↵n+1, sufn+1(v) = �n+1. Also we have u1 =

0, v1 = 1. Now the thesis follows directely from Observation 5.

5.2. Proof of Lemma 5.

We recall the statement of the complementarity lemma:

if x, y 2 DB(n), x ? y, n � 2 and the words x, y end with 1n,

then Next(x) ? Next(y).

Proof. Let X = Cn+2( (x)), Y = Cn+2( (y)). From Lemma 6 and Observation 5 we

know that:

(X [X) \ (Y [ Y ) = Common(n+ 1) [ {↵n+10, �n+11, ↵n+10, �n+11}.

Due to Lemma 6 in the operation NEXT the set

{↵n+10, �n+11, ↵n+10, �n+10}

13
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is changed into

Zn = {↵n+11, �n+10, ↵n+10, �n+11}.

The words of Zn are the only common (n + 2)-factors of NEXT (x) and NEXT (y)

besides Common(n+ 1).

In the operation of changing NEXT (y) into NEXT (y) the set Zn becomes Zn.

Now the thesis follows from the fact that Zn \ Zn = ;. We have:

Zn \ Zn = {↵n+11, �n+10, ↵n+10, �n+11} \ {↵n+10, �n+11, ↵n+11, �n+10} = ;.

Consequently the only common circular (n + 2)-factors of NEXT (x) and NEXT (y)

are in Common(n+ 1). Thus NEXT (x) and NEXT (y) are complementary.

This completes the proof.

Example 10. We have:

Z3 = { 10101, 00100, 10100, 00101} = { 10101, 00100, 01011, 11010 }.

Z3 \ Z3 = { 10101, 00100, 01011, 11010 } \ { 01010, 11011, 00101 } = ;.

We pose the following open question:

How many elements of the set LinDBn are semi-perfect ?
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