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We prove that each context-free language possesses a test set of size
0(m®), where m is the number of productions in a grammar-producing
the language. A context-free grammar generating the test set can be
found in polynomial time by a sequential algorithm. It improves the
doubly exponential upper bound from [2] and single exponential one
from J. Karhuméki, W. Rytter, and S. Jarominek ( Theoret. Comput. Sci.
116 (1993}, 305-316). On the other hand, we show that the lower
bound for the probiem is 2{m®) and that the lower bound for the size
of a test set for a language defined over n-letter alphabet is 2(n?).
© 1995 Academic Press, Inc.

1. INTRODUCTION

For a long time the Ehrenfeucht conjecture has been one
of the most important open problems in formal language
theory. It states that every language over a finite alphabet
has a finite test set. A test set 7 of a language L is a set of
words being a subset of L which has the property that for
each pair of morphisms (4, g) if they agree on every word of
T (ie., for every x e T we have h(x) = g(x)) then they agree
on every word of L. The conjecture was proved to be true
independently by Albert and Lawrence (see {3]) and by
Guba (see comments to a Russian edition in [11]).
However, the question about the size of a test set (measured
in the number of words) remained open. Research went in
two directions.

First, researchers looked for a dependence between the
size of a test set and the size of alphabet. It can be easily seen
that each nonempty language over a one-letter alphabet has
a test set consisting of a single word. Every language over
two-letter alphabet possesses a test set containing at most
three elements (see [4]). Up to now there are no results for
a three-letter alphabet. An obvious lower bound for the

* A preliminary version of this paper was presented at ICALP’92
(see [8]).
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problem for an n-letter alphabet is n. We improve it to
Q(n?).

The second approach was to find a dependence between
the size of a test set and the size of a device generating a
language. Suppose, for example, the language is defined by
a grammar with m productions of a bounded length. In case
of regular languages the known lower and upper bounds for
the problem are of order @(m) (see [9]). For context-free
languages, the known upper bounds were double exponen-
tial (see [2]) and single exponential (see [9]). Almost all of
our paper is devoted to improve it to O(m®). We also show
a Q(m*) lower bound for the problem.

For a review of results dealing with the Ehrenfeucht
conjecture we refer the reader to [6, 7].

Our paper has the following structure. We start, in
Section 3, by searching for a linear context-free language
which is a test set for a given context-free language. Next, in
Section 4, using a technical key lemma, we prove that every
linear context-free language possesses a test set of size
O(m®). From the transitivity of the relation of “being a test
set” we obtain our main result. Section 5 contains a
long and complicated proof of the key lemma. Difficulties
in the proof are understandable in view of the fact that
the key lemma from [2], whose proof in [2] spanned
approximately seven pages, follows from a version of our
key lemma. The last section is devoted to finding the lower
bounds mentioned above.

2. PRELIMINARIES

We assume that the reader is familiar with the basic
notions of formal language theory and combinatorics on
words (see [5, 10]), in particular with the notions of free
group, free monoid, and morphism.

All morphisms we deal with in the paper are from a free
monoid Z* into a free monoid 4* where X, 4 are finite

0022-0000/95 $6.00

Copyright © 1995 by Academic Press, Inc.
All rights of reproduction in any form reserved.



12 KARHUMAKI, PLANDOWSKI, AND RYTTER

alphabets. Similarly all the languages considered are subsets
of I'*,

We start with a formal definition of the basic notion in
our considerations, the notion of a test set.

DEFINITION. A set of words T is called a test set for the
language L iff T is a subset of L and for every pair of
morphisms # and g we have

(VxeT, hix)=g(x)) < (VxeL, h(x)=g(x)). (1)

Note that the implication from right to left in the defini-
tion always holds, since T is a subset of L.

Recall that two morphisms 4 and agree on a language L
il for all x in L h(x)=g(x). Hence condition (1) in the
definition is equivalent to

h,gagreeon T = h,gagreeon L.

We define a grammar by a 4-tuple (N, Z, P, S), where N
is a set of nonterminals, X is a terminal alphabet, P is a set
of productions, and S is a starting symbol. Recall that each
production in a linear context-free grammar has at most one
nonterminal on its left-hand side and therefore it is either in
form A — xBy, or in form 4 — x, where A4, B are nonter-
minals and x, y are words over the terminal alphabet. Let
L(G) be a language generated by a grammar G.

In our paper a crucial role is played by the language L,
generated by linear context-free grammar G, which is given
by

A, —asAa,, Ay—byAb,
Ay—a A,ay, A,—biA,b,
A,—a,A,d,, A,—b,Ab,
A,—>a,a,, A,—>bb,.

The convention is that the capital letters here are non-
terminals and the lower case letters are terminals. The
starting nonterminal is 4,, so that the language L, consists
of 16 words. We consider also languages L, L, which are
produced by the same grammar but the starting nonter-
minals are A, A,, respectively. They contain 8 and 4 words,
respectively. Denote by T, the language L, without the
word b b,b,b,b,b,b,b,. Similarly, we define languages
T,, T, as languages L,, L, without words b3b,b, b b,b,,
b,b b, b,, respectively.

The following lemma dealing with the language L, is the
key point in our considerations. We postpone its proof to
Section 5; however, we will use it earlier to find test sets for

linear context-free languages.
LEMMA 1. T, is a test set for L,.

Basic tools in the proof of this lemma are combinatorial
properties of words.

3. TEST SETS FOR GENERAL CONTEXT-FREE
LANGUAGES

In this section we present a method of finding test sets for
context-free languages. To simplify the construction we
assume that a language is given by a grammar in Chomsky
normal form which is reduced, i.e., without useless nonter-
minals. This, however, is not essential, since each context-
free grammar containing m productions of bounded length
can be transformed into Chomsky normal form grammar
having O(m) productions. The test set we produce is given
by a linear context-free grammar.

We use the following simple fact to prove the main result
of this section:

Fact 1. If two morphisms agree on words u,tv,, u,tv,,
u, v, then they agree on the word u,v,.

Proof. Take two morphisms g, f- Let FG(A) be a free
group generated by an alphabet 4. Morphisms g, f can be
uniquely extended to morphisms g', f: FG(2)— FG{4).
Note that w=u,v, =u,v(u,v,) ' u,v, belongs to a sub-
group of FG(ZX) generated by wu,v,,u,v,,u,v,. Hence
g'(w)=f'(w) and, finally, g(w)=/f(w). |}

Now, take a context-free language L generated by a
context-free grammar G = (N, X, P, S) in Chomsky normal
form.

For each nonterminal A4 let w , be one of the shortest ter-
minal words which can be generated in the grammar G from
the symbol 4. Let P’ be a set of productions produced from
the set P by replacing each production of the form 4 — BC,
where B and C are nonterminals, by three productions
A->wgC,A—Bwe, A—>wew,.

Let lin(G)=(N, T, P, S). Clearly, lin(G) is a linear
context-free grammar. We will prove that the language L,
generated by this grammar is a test set for L.

In our considerations the height of a node in the deriva-
tion tree is its distance (the number of vertices) from the
root, the height of the root being zero. Let L, be the
language consisting of all words x in L which has a deriva-
tion tree such that all productions corresponding to nodes
at height at most 4 are in grammar lin(G) and all other
productions are in lin{G) or G. Thus L, = L.

For a language X denote by rest,(X) a set of all words in
X whose length is at most /.

(a)

LEmMMA 2.
izd+1>1

(b) rest,(Ly,) is a test set for rest;(L), fori> 1.

Proof. (a) Assume that morphisms h,g agree on
rest,(L,,,). Let - be a word belonging to rest,(L,)\
rest;(L,, ). Then z is in form uvxw and it has a derivation
tree of the form presented in Fig. 1. The node corresponding
to A4 in this figure has height d. Consequently, productions

rest,(L,, ) is a test set for rest,(L,), for
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derivation tree
of lin(G)

B C C B
derivation Wy We
trees of G v
X
FIG. 1. The derivation trees for = = urxw, uw gxw, uvw w.

used to generate uAw are in lin(G), and so the language
rest,(L, . ,) contains the words

UW g XW, ULW W, UW gW W

Since morphisms A, g agree on these words, they agree, by
Fact 1, on z = uvxw as well.

(b) It follows from (a) that rest,(L,) is a test set for
rest, (L) =rest,(L,). Now, since G is in Chomsky normal
form every derivation tree of G generating a word of length
at most d contains only internal nodes of heights at most d.
Hence, rest (L) =rest {Ly,) and the result follows. |

Now, we are ready to prove the main result of this section.

LEMMA 3. Let G be a context-free grammar in Chomsky
normal form. Then L, = L(lin(G)) is a test set for L(G).

Proof. We use the following property of test sets:
Assume that we are given two sequences of languages H,
and W,, such that for each i the language H, is a test set for
W,. Then the union of the languages H, is a test set for the
union of the languages W,.

Taking H,=rest,(L;,) and W, ,=rest,(L) and applying
Lemma 2 we obtain the thesis of the lemma. |}

4. TEST SETS FOR LINEAR CONTEXT-FREE
LANGUAGES

A linear context-free grammar G = (N, X, P, S) can be
viewed as a multigraph named graph(G), whose nodes
correspond to nonterminal symbols and whose edges
correspond to productions. One special node ¢ called the
sink is added. The graph has also one distinguished source
node S corresponding to the starting nonterminal. The
edges of the graph are derived in the following way from the
set of productions P:

« each production of the form A — xBy corresponds to
an edge from A4 to B labelled by a pair of terminal words
(x,»),

¢ each production of the form A — x corresponds to an
edge from A to ¢ labelled by (u, v), where u, v are defined by
any factorization x = uv.

S
(24,34) (bs. by)
(a3, 23) (b3, by)
(a2, &,) (b, by)
(a,,d,) (by,5))

t

FIG. 2. graph(G,).

Many distinct edges leading from A4 to B are possible.
Clearly, the size of the graph equals the size of the grammar.
A graph graph(G,) for the grammar G, is presented in
Fig. 2.

With each path n of graph(G) we associate a word
denoted by [n] and defined as follows: if (x,,y,),
(X2, ¥32)s - (Xx, ¥x) is @ sequence of labels of consecutive
edges of the path n, then [t] =, x5 -~ X, Vs - V2 ).

The following fact is an easy consequence of the
definitions:

Fact 2. L(G)={[n]:n is a path from S to t in
graph(G)}.

Let L be a linear context-free language generated by a
linear context-free grammar G. For each node v of graph(G)
construct a subgraph of graph(G) which forms a tree named
tree(v) rooted at v. Its nodes are all nodes reachable from v.
Contrary to graph(G), tree(v) is a simple graph; there is at
most one directed edge between any pair of nodes. Let
A= (v, wy), (v, Wa), -, (Ui, Wwi) be any sequence of edges
of graph(G), not necessarily forming a path, where v;, w, are
endnodes of the edges. We associate with the sequence 4 a

the source
node

the source
node

-
w

/‘“\
€

-

FIG. 3. The structure of the path corresponding to the sequence of
three edges (vy, wy). (U2, w5), (03, W3).
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path named path(4) which starts at the starting node S and
ends in the sink 7. The path goes from S to v, by the unique
path in tree(S); then it goes through the edge v,, w;),
follows from w, to v, by the unique path in tree(w,),
traverses (v,, w,), and continues in tree(w,). At the end it
traverses (v,, w,) and goes in tree(v, ) in a unique way from
w, to the sink node 7; see Fig. 3 for the case k = 3. Note that
with each sequence of edges at most one path is associated,
since in every tree there is at most one path from the root to
a specified vertex. It can happen that for some sequence
such a path is undefined. The edges of 4 are called special
edges

Recall that for any path = in the graph(G), [ =] denote the
word corresponding to this path.

Let F,(G)= {[path(4)]: 2 is a sequence of at most k
special edges in graph(G)}

LEMMA 4. Assume that G is a linear context-free gram-
mar describing L(G). Then F¢(G) is a test set for L(G).

Proof. The main point is an application of the key
Lemma 1. Assume that we are given a sequence v,, U,, ..., Us
of five nodes and for each i <5 we have two not necessarily
distinct, subpaths from v; to v,,,. Let D be the multiset
consisting of 2*=16 paths from v, to vs formed by
combining these subpaths in all possible ways (if two
distinct combinations give the same path then we consider
the resulting path as two distinct copies of the same path).
Let D’ be a set resulting by removing a single path from D.

Take two morphisms 4, g. Then the following claim is a
direct consequence of Lemma 1.

CLAM. If h, g agree on all words corresponding to paths
in D', then they agree on all words corresponding to paths in
D as well.

Proof. Since for each word w from L({G) there is a finite
number & such that we F,(G), it is enough to prove that
F.(G) is a test set for F), | {(G) for k= 6.

special edges

FIG. 4. All paths except the lowest one belong to Fi(G).

The proof of the claim is illustrated in Fig. 4. Take any
k = 6. Let n be the path determined by &k + 1 special edges
(v1, W), (v3, Wa), oo (g4 1> Wi 4 1). Node S is connected to
the vertex v,, and, hence, there is a subpath =, in the tree(.S)
which starts at S and ends at v,. In the same way we
conclude that there are subpaths n, from w, to v, in
tree(w,), n; from w, to v4 in tree(w,), and =, from w to the
sink 7 in tree(wy). The morphisms # and g agree on the
words corresponding to paths containing at least one of
subpaths 7, 7, 5, 7, since they are determined by at most
k edges. For example, the path n,, vy, w,, v3, Wa, vy, Wy, T4,
Ve, W¢, T, is associated with the sequence of four edges
(va, W), (03, Wa), (U4, wy), (vg, we). Observe here that the
same path can correspond to distinct sequences of edges.
Consequently, by the claim, A and g agree on the word
corresponding to 7. |

Now we can state our main result.

THEOREM 3. Assume that G is a context-free grammar in
Chomsky normal form generating L. Then there is a test set
F for L containing O(m®) words, where m is the number of
productions in the grammar. A context-free grammar
generating F can be constructed in polynomial time.

Proof. By Lemma 3, L(lin(G)) is a test set of L. Now we
use Lemma 4 to conclude that F(lin(G)) is a test set of
L(lin(G)). Hence, Fy(lin{G)) 1s a test set of L. Since lin(G)
contains at most 3m productions, F¢(lin(G)) contains at
most > °_,(3m)’ words. Since context-free grammars
producing words w , can be constructed in polynomial time,
we can construct a context-free grammar for Fy(lin(G)) in
polynomial time as well. |

Remark. A brute force algorithm derivable from the
proof of the theorem can be improved to produce a gram-
mar containing O(nm) productions and to work in O(»nm)
worst-case time, where » 1s the number of nonterminals in
the grammar. Observe here that a polynomial time algo-
rithm generating all the words of a test set for a context-free
language does not exist, because some context-free gram-
mars describe languages in which the shortest word has
exponential length with respect to the number of produc-
tions in a grammar.

5. PROOF OF THE KEY LEMMA

The proof is similar to the proof of the key lemma in [2].
Its idea is to show that certain systems of equations on
words imply other equations. The key tool is the periodicity
in words. Some properties of periodic ‘and primitive words
can be found in [ 10]. Below, we present the basic notions
that we use in the proof.

Let | x| be the length of a word x. We write x <, y (x <, y)
iff x is a prefix (respectively suffix) of y. The longest common
prefix (suffix) of words x and y we denote by x A,y (x A, y,
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respectively). We say, that a word w is a period of a word x
iff it is in form w*p, where p is a prefix of w. If p is empty then
the word w is called a full period of x. The shortest full
period of x is denoted by root(x). Word x is said to be
primitive iff x is nonempty and root(x) = x. We denote the
empty word by & A word x, is a conjugate of x, iff x, = vy,
x, = uv for some words u, v.

Let us fix morphisms 4, g and write x” instead of #(x) and
x' instead of g(x) for each word x. The assumption of the
key lemma is equivalent to the following two conditions:

"o n=n

a,x"a, =a,x'a,

nonpn N
byx"b, =b,x'b,

for each xe L5,

(2)
(3)

for each xe T,.
Denoting u =b,b,b,b,b,b,, the key lemma can now be
restated.

LeMMA S. If (2) and (3) hold then blu"b" = byy'B;.

Before we present the proof of the lemma we prove some
facts and lemmas which are used in the proof. Our first fact
is well known.

Fact 4. Let v, 0 be fixed words. Then the equality
vx = xv is equivalent to the following property of x: there
exist words p, q such that v=pq, = qp, x € (pq)*p.

In our paper we use a sharper version of this fact which
can be formulated in the following way.

FacT 5. Let v, be fixed words. Then the equality
vx = x0 is equivalent to the following property of x. there
exist unique words p#e,q Ssuch that root(v)=pgq,
root(#) = gqp, x € (pq)*p, and p, q are determined by v and v
independently of x.

Another fact can be as follows.

FacT 6. Assume that w is primitive and that |z} = |w|. If
w is a period of both ux and vx (not necessarily a full period)
then there exists a prefix w, of w such that u, ve w¥w,,.

Proof. Take the prefix x of z of length |w|. Then x is a
primitive word due to the property that a conjugate of
primitive word is also primitive. We can assume that 4 and
v are proper prefices of w; otherwise we cut off some number
of occurrences of w.

We may also assume that |u| > |v|, so that vx is a prefix

[ u ! X J

Y] |
[ v X ] :
.
[ w T w [ w

FIG. 5. Both x and y are periods of the indicated segment.

of ux. It is enough to show that ¥ =v. Assume that u # v.
Then we have the situation presented in Fig. 5. Both x and
y are periods of the indicated segment. Due to periodicity
lemma, see [10], x has a period of size ged(|x|, |u| — |v}).
Since x is primitive this is possible only if |u| — |v]| =0. ||

Fact 7. Let x be a word satisfying conditions: |x| = | pr|
and vxv, wxw € p(rp)*. Then for each word = the following
equivalence holds: vzv € p(rp)* <> wzw € p(rp)*.

Proof. If pr is primitive then the proof of this fact follows
directly from Fact 6 and its dual formulation for suffices.

If rp is not primitive then we consider the root p of rp.
Then rp = p/ and p = ap’ for some i, j, and a proper suffix ¢
of p. Assuming the left-hand side of the proposed equiv-
alence, we have for some k, [, m > 0:

vxb=ap'**, wxw=ap't vzo=ap "

We also have that wzw e gp*, since p is primitive. However,
|wzw| = |wxw| + |vz0] — [vx¥| = |ap’| + (k +m — I) | p/|, where
k+m—1>0. Hence, wzw e ap’'(p/)* =p(rp)*. 1

LEMMA 6. Let p,q,v,0,w, w, z, and z be fixed words.
Then

(a) if x'e(pq)*p for each x e T then ' € (pq)*p;

(b) ifvx'=X's for each x € Ty then vu' = u'v,

(c) ifwx'w=zx'zZ for each x € Ty then wu'w = Zu'Z.
Proof. 1t is enough to prove part (a). Two remaining

parts follow from it easily. Part (b) follows from it and
Fact 5. Part (c) is an easy consequence of (b). For example,
if |w| > |z| then we can write w = zz, Z = iw, and tx’ = x'f for
all x e T and, hence, part (b) become applicable.

To prove (a) assume that x'e(pq)*p for each xe T;.
Consider words y, = a, b’ b, a5 and y, = a,a',a, a,.

Case 1. y,=y,. In that case, b\b}=aia;. Thus,
K =b3byb1bybybs = b3 b5 a\ d\ by b e (pg)* p.

Case 2. y,#y,. Assume |y,| > |y,|, so that | y,| > |pq]|.
Let u, = b, b’ b1 b,. From the assumption of the lemma we
have a3y, ds, byy, b, aiu,dy e (pg)*p. By Fact 7 we get
H =byu bse(pg)*p. 1

Fact 8. Let y, 8, q be three words such that |y A, q| <
\gl and |q A, Bl = 0. Then for any distinct words x, y we have:
If vx0, vyv, wxw, wyw, vzi € yq* ff then wzw € yq*p.

Proof. Denote p=y A,q. Take r,a such that g=rp,
y = ap. Since § # y we may assume that |x| > | y| and, hence,
|x| — |y} = | pr|. Consequently, |x| = |pr|. Let s = vx0 A, vyD,
t=wxW A WyW, f=0xi A, vyD, g =wxw A, wyw. Clearly,
|s] =101, [t| =W, |f] =|vl, |g|=|w|. Words vxs, vys are
both in a(pr)*pf and they have different lengths. By the
choice of a word, s is in form ( pr)*pg. Similarly we obtain:
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te(pr)*pB, fea(pr)*p, gealpr)*p. We distinguish two
cases:

Case 1. |s|<|y?| or [t <|yw] or |f]<]|uvy| or |g| <
[wy]. Assume [f7| < |yw| (other cases are symmetric). There
exist two nonempty words x,,y; such that x;=xw,
¥yt =y and the last letters of x,, y, are different. From
inequality |7| = |w| words x, have a common suffix u
such that x;u=.x, x, y,u=y, and t=uw. It follows that
u=Xx A,y and, hence, s=up.

Suppose first that s, ¢ have different lengths. Since u is a
common prefix of 7 and s, it follows from their form and the
assumption |{¢ A, f| =0, that « is a prefix of the word in
form (pr)*p. Hence we can find a word & such that kis a
proper suffix of rp and words w, & are both in k(rp)*p.
Consequently, there exists a prefix n of pr such that
vy, wx € a pr)*nand x is a common suffix of them. Since the
only common suffix of « and r is the empty word, we have
either v = w or v, w e a pr)*m, where m is a prefix of pr. In
either case, if vzt e a( pr)* pf, then wow e a pr)* pp.

Assume that s, r have equal lengths. Now, s = r and conse-
quently w = ¢. Therefore, yw is a suffix of both wyw and vy,
so that either v =w or pw is a suffix of a word in p(rp)*p.
Since |7] > | #] and | yw| > ||, we have | yw| > | f| and finally
there is a word » such that v, wea(pr)*n. Hence w=r1
and either v=w or v,wea{pr)*n. In both cases, if
vzt eap(rp)* B, then wow e ap(rp)* p.

Case 2. |s|=|ye| and |¢| = |vw| and |f|>|vy] and
lg] = jwy|. The conditions for this case imply that || < |v|,
fa| < Iwl, |B] < |7], | B < |w|. Now v cannot be in a( pr)* pd,
where d is a nonempty prefix of § because |f] <|¢]. Hence,
vea(pr)*h, where A is a prefix of pr. Similarly, we obtain
that wea(pr)*l, cem(rp)*p, wen(pr)*p, where / is a
prefix of pr and n, m are suffices of rp. Thus hxm, Ixne
(pr)*p which, together with |x| > |pr| and hzme (pr)*p,
imply that lzne(pr)*p. It follows from Fact 7. Conse-
quently, wwea{ pr)*pf. |

FAcT 9. Let S be set of pairs of words (x, y) consisting of

at least two elements and u, -, u, = be fixed words, such that
u # z. If each pair (x, y) of words in S satisfies the equalities
=x = yZ and ux = yi, then one can find words a, q, f§ such that

(a)
(b)

ox, yZ, ux, yu € ag*f for all pairs (x, y) € S and
lg Asal<lgland |f A, q|=0.

Proof. Case 1. :=<,uand Z<u. Letusprove first that
there exist words «,, f8,, ¢, which satisty condition (a).

Let w, w be such that ¥ =:xw and & =wZ. Assume that
w # w. If they are equal the proof is similar. Let p be the root
of w and consider a factorization p = pr, where p, r are fixed
later. Now, we take shortest words a,,ff;, such that
cpea(rp)*, Ze(rp)* B, and set g, = rp. Let (x, y) be a fixed
pair from S.

If |y| > |z| then there is a word ¢ satisfying the equality

R 9, q, q; 94 B|

P

FIG. 6. Construction of the words 2.4, 8. Igl=lq.\l. a8 A, q,=0,
lxAsgl <lgl.

y=—zt. Consequently, our assumptions yield the equalities
x =1tZand wt = tw. Now, we apply Fact 5 to the latter iden-
tity and fix our factorization: root(w) = pr, root(w)=rp,
and re(pr)*p. Since w#Ww,p and r are nonempty
words. Hence, yez{pr)*p=a,q¥ and xe(pr)*pZ=pq¥p,
and, consequently, yZ, zx, yi,uxez(pr)*p=o,q¥ff,, as
required.

If |yj <|z| then there exists a word t such that yr=-=:.
Hence, x = 7 from the second equality and tw = w1 from the
first one. By Fact 5 and p # ¢ we get € (rp)*r and, therefore
seyr(pr)* and Zer( pr)* x. Consequently, the construction
ofx;, fyyields yea, g, zex, q¥r.rxeqff,, Zeq*p,. This
implies the required result.

We proved that the words we found satisfy condition (a).
If they do not satisfy condition (b) we choose «, f5, ¢ which
satisfy ag*f =«,q}f, and the condition (b} as follows, see
Fig. 6. We simply extend period ¢, as far as possible in £,
and take the last |¢,| letters to form the period ¢. A word to
the right of this place is set to be . Then we “go” with the
period ¢ from right to left until we cannot find whole ¢
inside «,. The word which is placed to the left of this posi-
tion is set to be «. By construction, the chosen words satisfy
the required conditions. This completes the proof of Case 1.

Case 2. = £, uor Z £, u Assume the first possibility, the
proof for the other being similar. We can find words
w, uy, z; such that - =wz,, u=wu, and the first letters of u,
and :z, are different. Take any pair (x, y) from the set S.
Then wz,x = yZ and wu, x = yii implies that w =y A, yZ =
y(i A, Z). Thus y is unique for all pairs of words from S. But
also x is unique for all pairs from S, contradicting the fact
that S contains at least two elements. |}

LemMmA 7. (a) Let f be a morphism and g, y, p be fixed
words such that |q A, y| <|q| and | B A , q| =0. Then we have
the implication. uf(x)ueyq*p for each xe T, =uf(u)ue
q*B.

(b) Let z, Z, u, i1 be fixed words and v="5b,b, b,b,. Then
(zx" = x'Z for each x € T, and ux" = x"ii for each xe L,) =

" ’

v =0

ty

Proof. (a) Assume that uf(x)ie yq*p for each xe T.
Consider words y, =f(a,b,b,a,), y,=f(a,a,a,a,). There
are two cases:
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(:onﬁg3

conﬁg4

FIG. 7. The definition of configurations.

Case 1. y,=y,. In that case f(b, b, )=fla,a,)
hence, uf (u)ii=uf(b,b,b,b,b,b '—uf(b bya,a,b,by)iie

a(pq)*pp.

Case 2. y,#y,. Follows directly from Fact 8 with the

choice v=uf(as), x=y,, v=f(ay)a, w=uf(bs), y=y,,

(b) Ifu=r:zthen &= Zand the result follows. So suppose
that u # z. Define S at a set of words {(x", x'): xe T,}. If §
contains exactly one element then it is easy to prove that
(v", v') e § and we are done.

Assume that S contains at least two elements. Then we
use Fact 9 to obtain zx", x'Z, ux", x'ueyg*p for all xe T,.
Now, set u = i = ¢ and define a morphism f by

fla)=u, flby)=z, fla;)=¢, f(bs)=
flty=1t" for te{a,,a,,a,,a,, by, by, b, by},

and apply part (a). Since f(x
conclude that f(u)=:zv" € yg*p.

Similarly, we see that v'Z e yg*f5. However, the lengths of
v, v'Z are equal, since |[zv"|=|w"|— |ux"|+ [zx"|=
V| —|x'a) + |x'Z=|v'Z] for any xe€ T,. Thus, zv' =V'z,
completing the proof. ||

yeyg*p for all xeT,, we

We are ready to proof the main lemma of this section.
Proof (of the Key Lemma). We define four conditions
for a pair of words w, w, see Fig. 7:

config,(w, w): (w' <, w") and (W' <

w");

config,(w, w): (w” <, w') and (W" <, w');
config;(w, w): (w' <, w") and (W" <, W');
w").

configy(w, w): (w” <, w') and (W' <,

T ToTETIE T
S et et W

FIG. 8.

Case 1 in the proof of the key lemma. Here x ranges over L;.

b" b’
T T % T
S R iuiatetels

b by

FIG. 9. Case 2 in the proof of the key lemma. Here x ranges over T}.

The following crucial fact follows directly from the defini-
tions:

Fact 10. If the conditions (2), (3) are satisfied, then
config;(a,, a,) and config;(b,, b,) hold for some 1<i<4,
1<j<4

Proof. Assume that conditions (2), (3) are satisfied. The
proof of the key lemma proceeds by considering several
cases depending on integers i,/ in the fact above. For-
tunately several pairs of them are symmetric. Our goal is to
prove that b u"b} = b, u'b),. There are essentially four cases
to be considered.

Case 1. config,(a,, a,) holds. We have the situation
presented in Fig 8, where by (2), x' =ux"ufor each xin L,,
in particular, u'=upu"a. Therefore, it is enough to show
that bf{y”b[,’=b;u/,c"ub4 Now, by (3), we known that
bix"by = b,y x'b}y = b,ux'ub),. for each x € T, so that Lemma
6(c) yields the required identity bju"b} = bYyuu"ab’;.

Case 2. config,(b,, b,) holds. In this case we have the
situation of Fig. 9, where x’' = ux"u for each x in T;. By (2)
we also have that af{x"d[{ =a,x'a, for each x € L,, implying
that ajx"d; =a,ux"ua, for each xe7, and that

ajp"ay =au'a,. Now, Lemma 6(c) yields the identity

a;p"ay, = a4uy"u”a; which, together with the previous iden-
tity, implies that 4’ = uu”a. This, in turn, yields the required

identity bju"b} = b,u'b}, by the assumptions of this case.

Case 3. configs(a,, d,) and config,(b,, b,) hold simul-
taneously. We have the situation presented in Fig. 10; in
particular, we have zux"=:zx'u=x"Zu for each xeT;.

al4 a4

b" B;
C IT__-x__---[=ZT171
C T =T----x --.-C1]
b b,

FIG. 10. Case 3 in the proof of the key lemma. Here in the first figure
x ranges over L, and in the second one over T;.
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FIG. 11. Case 4 in the proof of the key lemma. Here in the first figure
x ranges over L, and in the second one over T5;.

Now, Lemma 6 (b) implies the identity zup” = 4"z which,
together with the equality uu” = u'i (see assumption (2)),
implies that -u'w=p"Zu or, equivalently, that -y’ =u"z.
Now, the required identity bju"b} = v),y'b’, follows from the
assumption concerning config,(b,, b,).

Case 4. config,(a,, a,) and config,(b,, b,) hold simul-
taneously. According to Fig. 11 we have the identity ux” =
x'i for all xe Ly and zx”" = x'Z for all x € T;. Consequently,
Lemma 7(b) yields zu”"=x'Z and the required identity
biu"by =byu'b, follows directly from the assumption
concerning config.(b,, b,).

Two remaining cases are symmetric to the previous ones:

case “config,(a,, a,)” to Case 1, case “config,(b,, by)” to
Case 2,

case “config,(a,,d,) and config,(b,, b,) hold simul-
taneously” to Case 3;

case “config,(a,, d,) and config,(b,, b,) hold simul-
taneously” to Case 4.

This completes the proof of the key lemma as well as our
main result. ||

6. LOWER BOUND

In this section we present a family = of finite languages
which has the property that for each L € = the only set for
L is L itself. We start with a proof of an auxiliary lemma.

S S
(a3, 3,) (b3, by) (f(a,), f(ay)) (f(bs), f(by))
(ay, 3y) (by, By) (f(ay), f(4,)) (f(by), f(b,))
(a;.a,) (b,,by) (f@a)). f(@,)) (f(b). f(b, ))

t t

FIG. 12. graph(G;) and graph(G,).

LEMmMa 8.

Proof. 1t isenough to introduce two morphisms 4 and g
which agree on T and which do not agree on L,, i.e., which
do not agree on the word u = b,b,b, b, b,b,.

Let graph(G,) corresponding to language L, be as shown
in Fig. 12. Then for a given morphism f, graph (G ) denotes
a graph which is obtained from graph(G,) by replacing its
each label (x, ¥) by (f(x), f(¥)). It is straightforward to see
that each path associated with a word w in graph(G;) has
corresponding path in graph (G) which is associated with a
word f(w).

Thus to check if two morphisms A and g agree on w, it is
enough to compare words associated with appropriate
paths in graph,(G,) and graph,(G).

Now let /1 and g be morphisms for which graph, (G;) and
graph,(G,) look as in Fig. 13. In other words, 4 and g are
defined as

T, is not a test set of L.

hay)=h(b;)=¢, has)=h(by)=p
h(ay)=h(b,) =¢, ha,)=h(b,)=gq
h(a,)=h(b,)=h(a,)=¢,

gla;)=g(bs) =g,

glay) =g(by)=p, glay) =h(by)=¢

gla,) =g(51) =h(a,) =¢, 3(51) =gp.

It is straightforward to check that A, g agree on each word
in 75. On the other hand, A(u)=pqqp # qppg =glu),
proving our lemma. ||

For k>1 define a linear context-free grammar G* =
(N*, T*, P*, $*) in the following way:

NF={A4,, A,, 45},

Tf={a,;, a,; 1<i<3,1<j<k},

Sk=4A,,

Pk={A3"’a3.jA2(23,j» A,—ay,;, Aay;, Ay—ay;d;
1<j<k} fork>1.

S s
(e.p) (p. & (9,8 (e,
(&9 (g.8) (p.€) (e, p)
(€ € (& gp) (&€ (€.gp)
t t

FIG. 13. graph,(G;) and graph (G,).
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Let £= {L(G*)};»,. Our next lemma shows that = has
the interesting property we are looking for:

LEMMA 9. L(G*) is the only test set for L(G*) for k > 1.

Proof. Suppose that L(G*) possessess a test set T < L( G*)
such that T# L(G*). Let x=a, 'a, *a, }d, }d, d, ;' be
any fixed word in L(G*)\T. We define two morphisms /', g’

g'la, ;)= {g((;z‘,)) :? jij: where 1 <7i<3,1</j<k;
g'a,,)= {j((g:)) :? jiji’ where 1<i<3,1</<k;
h(a, ;)= {:EZ:; ﬁ.‘ jij;: where 1<i<3,1<<k;
Kia, ;)= %:ggi; it{ ji;:, where 1 <i<3,1</j<k,

where g and 4 are morphisms from the previous lemma. It
follows from the construction that 4’ and g’ agree on all
words from L(G*) except x. This contradicts our assump-
tion that T is a test set for L(G*). |

Now we are ready to prove the main result of this section.

THEOREM 11. (a) The lower bound for the size of a test
set for languages from the family of linear context-free
languages which are produced by grammars containing m
productions is Q(m?).

(b) The lower bound for the size of a test set for
languages from the family of finite languages which are
defined over n-letters alphabet is Q(n*).

Proof. The family Z'is a subfamily of linear context-free
languages and finite languages. L{G*) consists of k* words,
it is produced by a linear context-free grammar with 3k
productions and it is defined over a 6k-letter alphabet.
Hence the result follows. |
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