
Preface

In July 2006 the participants at the 17th Australasian Workshop on Combina-
torial Algorithms (AWOCA) met to consider future directions for a gathering
that, from a humble beginning in 1989, had taken on an important role among
Australian (and other) computer scientists and mathematicians working in com-
binatorial areas. The decision was taken to — in the Aussie phrase — go for it:
to upgrade the academic profile of the workshop, to arrange for publication of
the Proceedings by a world-class scientific publisher (College Publications), and
to internationalise, changing the name to IWOCA (International Workshop on
Combinatorial Algorithms). At the same time, the meeting urged that the tradi-
tional problem-oriented (enquiry-oriented) nature of AWOCA be preserved; this
decision has led to the prominent scheduling of problem sessions in the IWOCA
program, and to the establishment of a permanent combinatorial problem web-
page, accessible from the permanent IWOCA website at

http://www.iwoca.org

IWOCA 2007 (arguably either the 18th or the first) was held 5–9 November
2007 at Rafferty’s Resort on Lake MacQuarrie, a picturesque location close to
Newcastle in the Australian state of New South Wales. The meeting was spon-
sored by The University of Newcastle and hosted by its School of Electrical
Engineering & Computer Science. Calls for papers were distributed round the
world, using LISTSERVE and other e-mail lists, resulting in 42 submissions,
of which 24 were accepted after review by at least two (generally three) refer-
ees, making use of the EasyChair system. In the conference, 20 of the accepted
submissions were actually presented, and so included in these Proceedings. In
addition, IWOCA 2007 featured talks by 8 invited speakers. Altogether, the
authors at IWOCA 2007 represented universities from 16 territories: Australia,
Canada, Chile, China, Cuba, Czech Republic, Greece, Indonesia, Israel, Japan,
the Philippines, Poland, Russia, Spain, Taiwan, and the UK.

We gratefully acknowledge the fine work done by the members of the Program
Committee and the Organising Committee in ensuring the success of the first
IWOCA and thus assisting in the establishment of IWOCA as a forum for algo-
rithmic research on combinatorial objects.

For details of the meeting, including the complete program and a list of partici-
pants, please access

http://www.eng.newcastle.edu.au/ ˜ iwoca2007/
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Yuqing Lin
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L(2, 1)-labeling of Bipartite Permutation Graphs

Toru Araki?

Department of Computer and Information Sciences, Iwate University
Morioka, Iwate, 020-8551, Japan
arakit@cis.iwate-u.ac.jp

Abstract. An L(2, 1)-labeling of a graph G is an assignment f from
vertices of G to the set of non-negative integers {0, 1, . . . , λ} such that
|f(u) − f(v)| ≥ 2 if u and v are adjacent, and |f(u) − f(v)| ≥ 1 if u
and v are at distance 2 apart. The minimum value of λ for which G
has L(2, 1)-labeling is denoted by λ(G). The L(2, 1)-labeling problem is
related to the channel assignment problem for wireless networks.
In this paper, we present a polynomial time algorithm for computing
L(2, 1)-labeling of a bipartite permutation graph G such that the largest
label is at most bc(G) + 1, where bc(G) is the biclique number of G.
Since λ(G) ≥ bc(G) for any bipartite graph G, the upper bound is nearly
optimal.

1 Introduction

The channel assignment problem for wireless networks is to assign a channel
to each radio transmitter so that close transmitters are received channels so as
to avoid interference. This situation can be modeled by a graph whose vertices
are the radio transmitters, and the adjacency indicate possible interference. The
aim is to assign integers (corresponding to the channel) to the vertices such
that adjacent vertices receive integers at least 2 apart, and nonadjacent vertices
with a common neighbor receive distinct integers. This is called L(2, 1)-labeling
problem which is widely accepted model for the channel assignment problem. A
formal definition is given as follows.

Definition 1. An L(2, 1)-labeling of G is an assignment f from V to the set of
integers {0, 1, . . . , λ} such that |f(u)−f(v)| ≥ 2 if uv ∈ E and |f(u)−f(v)| ≥ 1
if dist(u, v) = 2. The minimum value of λ for which G has L(2, 1)-labeling is
denoted by λ(G).

The notion of L(2, 1)-labeling has attracted a lot of attention for not only
its motivation by the channel assignment problem, and also for its interesting
graph theoretic properties. Griggs and Yeh [1] first considered this problem.
There are many papers that study the problem for several graph classes (for
example, see surveys [2, 3]). The complexity for deciding λ(G) ≤ k for fixed k

? This work was supported by Japan Society of the Promotion of Science, Grant-in-Aid
for Young Scientists (B) (no. 19700001).
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is NP-complete [1], and for bipartite graphs and chordal graph are also NP-
complete [4].

In this paper, we focus on the class of bipartite permutation graphs which is a
permutation graph and bipartite graph. This class was investigated by Spinrad,
Brandstädt, and Stewart [5]. Studies for the class are motivated by the fact
that many NP-hard problems are efficiently solved in graphs of this class. For
example, algorithms for domination problems [6, 7], the path partition problem
[8], and the longest path problem [9] were investigated. Books [10, 11] include
surveys some algorithmic result for the class. Boldaender et al. [4] proved that
λ(G) ≤ 5∆− 2 for any permutation graph, where ∆ is the maximum degree of
G, and such labeling is calculated by a polynomial time algorithm that is greedy
manner.

We consider the L(2, 1)-labeling problem for bipartite permutation graphs.
We present a polynomial time algorithm for computing a nearly optimal labeling.
More precisely, the maximum value assigned for vertices is at most bc(G) + 1,
where bc(G) is the biclique number.

2 Preliminaries

Let G = (V, E) be a graph with vertex set V and edge set E. The neighborhood of
a vertex u is NG(u) = {v | uv ∈ E}. The degree of a vertex u is deg u = |NG(u)|.
The distance between two vertices u and v, denoted by dist(u, v), is the length
of shortest path between u and v. A graph G = (V, E) is bipartite if V can be
partitioned into two subsets X and Y such that every edge joins a vertex in X
and another vertex in Y . A partition X∪Y of V is called bipartition. A bipartite
graph with bipartition X ∪ Y is denoted by G = (X,Y,E). A bipartite graph
G = (X, Y, E) is complete if each vertex in X is adjacent to every vertices in
Y . For a bipartite graph, a subset of vertices is biclique if it induces a complete
bipartite subgraph. The biclique number of a bipartite graph G is the number
of vertices in a maximum biclique of G and it is denoted by bc(G).

A graph G = (V,E) with V = {v1, v2, . . . , vn} is called a permutation graph
if there is a permutation π over {1, 2, . . . , n} such that vivj ∈ E if and only if
(i − j)(π−1(i) − π−1(j)) < 0. When a permutation graph is bipartite, it is said
to be a bipartite permutation graph.

Intuitively, a permutation graph can be constructed from a permutation
π = (π1, π2, . . . , πn) on {1, 2, . . . , n} in the following visual manner. Line up
the numbers 1 to n horizontally on a line L1. On the line below it, line up the
corresponding permutation so that πi is below i on a line L2. Then connect
each i and π−1

i with a line segment which is corresponding to vertex vi. The
resulting diagram is referred to as a permutation diagram. In the permutation
graph corresponding to π, two vertices vi and vj are adjacent if and only if the
corresponding lines are crossing. An example of a bipartite permutation graph
and the corresponding permutation diagram is shown in Fig. 1.

In the permutation diagram of a bipartite permutation graph G = (X,Y, E),
we can order line segments x1, x2, . . . , xm in X from left to right (these are drawn
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Fig. 1. A bipartite permutation graph and the corresponding permutation diagram.

Fig. 2. A chain graph and the corresponding permutation diagram.

by solid lines in Fig. 1). We also order vertices y1, y2, . . . , yn in Y from left to
right (these are dotted lines in Fig. 1). From now on, we suppose that vertices
in X = {x1, x2, . . . , xm} and Y = {y1, y2, . . . , yn} are sorted such that the
corresponding lines are arranged from left to right in the permutation diagram. It
should be noted that Spinrad et al. [5] developed an O(|V |+ |E|) time algorithm
for recognizing whether a given graph is a bipartite permutation graph and
producing such orderings of the vertices if so.

A bipartite graph G = (X, Y, E) is a chain graph if vertices can be or-
dered by inclusion: that is, there is an ordering of vertices x1, x2, . . . , xm in
X and y1, y2, . . . , yn in Y such that NG(x1) ⊆ NG(x2) ⊆ · · · ⊆ NG(xm) and
NG(yn) ⊆ · · · ⊆ NG(y2) ⊆ NG(y1). It is known that any chain graph is a bipar-
tite permutation graph [9].

Lemma 1 (Uehara, Valiente [9]). Let G = (X, Y, E) be a connected chain
graph with NG(x1) ⊆ NG(x2) ⊆ · · · ⊆ NG(xm) and NG(yn) ⊆ · · · ⊆ NG(y2) ⊆
NG(y1). Then, it has a corresponding permutation diagram such that (1) x1 <
x2 < · · · < xm < y1 < y2 < · · · < yn on L1, and (2) y1 < x1 and yn < xm on
L2. Conversely, if a graph G has a corresponding permutation diagram satisfying
conditions (1) and (2), then it is a connected chain graph. See Fig. 2.

3 Labeling of Chain Graphs

In this section, we show that an optimal L(2, 1)-labeling of chain graph can be
solved in linear time. For simplicity, we may assume that the given graph is
connected. The following is easily obtained.

Lemma 2. For a complete bipartite graph G = (X, Y,E), λ(G) = |X|+ |Y |.

International Workshop on Combinatorial Algorithms 07 3



It is obvious that λ(G) ≥ λ(H) if H is a subgraph of G. Hence we obtain a
lower bound of λ(G) for any bipartite graph G from Lemma 2.

Corollary 1. λ(G) ≥ bc(G) for any bipartite graph G.

Theorem 1. Let G = (X, Y, E) be a connected chain graph such that NG(x1) ⊆
NG(x2) ⊆ · · · ⊆ NG(xm) and NG(yn) ⊆ · · · ⊆ NG(y2) ⊆ NG(y1). Define a
labeling cl of vertices such that

cl(xi) = bc(G)−m + i, for 1 ≤ i ≤ m,

cl(yj) = j − 1, for 1 ≤ j ≤ n.

Then cl is an optimal L(2, 1)-labeling of G. The labeling cl satisfies the inequality
2 ≤ cl(xi) − cl(yj) ≤ bc(G) for xiyj ∈ E. Moreover, cl(xi) − cl(yj) = bc(G) for
xiyj ∈ E if and only if i = m and j = 1.

Proof. Since every vertex in X (or Y ) receives distinct labels, every pair of
vertices distance two apart have distinct labels.

Then we show that cl(xi) − cl(yj) ≥ 2 if xiyj ∈ E. Suppose to the contrary
that cl(xi) − cl(yj) ≤ 1. Then (k − m + i) − (j − 1) ≤ 1, where k = bc(G).
Hence k ≤ m − i + j. On the other hand, the set of (m − i + 1) + j vertices
{xi, xi+1, . . . , xm} ∪ {y1, y2, . . . , yj} is a biclique. Thus we obtain k ≥ (m − i +
1) + j. This contradicts the inequality k ≤ m− i + j.

Since λ(G) ≥ bc(G) and maxv∈X∪Y cl(v) = cl(xm) = bc(G), the labeling f is
an optimal L(2, 1)-labeling. ut

Lemma 3. bc(G) = max1≤j≤n{j + deg yj} for a chain graph G.

Proof. This can be derived easily from the fact that NG(x1) ⊆ · · · ⊆ NG(xm)
and NG(yn) ⊆ · · · ⊆ NG(y1). ut

We present an algorithm for computing the biclique number and an optimal
labeling for a chain graph in Algorithm 1 and 2. Clearly, this algorithm runs in
linear time.

Theorem 2. An optimal L(2, 1)-labeling of a chain graph can be computed in
O(N) time, where N is the number of vertices.

An example of the L(2, 1)-labeling cl obtained by LABELING CHAIN(G)
is illustrated in Fig. 3. The chain graph G with |X| = 7 and |Y | = 6 has the
biclique number bc(G) = maxyj∈Y {j + deg yj} = 3 + deg y3 = 9 (in fact, the set
{x2, . . . , x7} ∪ {y1, y2, y3} forms the maximum biclique).

4 Labeling of Bipartite Permutation Graphs

In this section, we present a polynomial time algorithm for calculating an L(2, 1)-
labeling f for a bipartite permutation graph G so that max f(v) ≤ bc(G) + 1.
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Algorithm 1: BICLIQUE CHAIN(G)
Input: a chain graph G = (X, Y, E) with X = {x1, . . . , xm} and

Y = {y1, . . . , yn}.
Output: the biclique number bc(G)
bc ← 0;
for j ← 1 to n do

if bc < j + deg yj then bc ← j + deg yj

end
return bc

Algorithm 2: LABELING CHAIN(G)
Input: a chain graph G = (X, Y, E) with X = {x1, . . . , xm} and

Y = {y1, . . . , yn}.
Output: an L(2, 1)-labeling cl of G
bc ← BICLIQUE CHAIN(G) ; /* the biclique number of G */

foreach xi ∈ X do cl(xi) ← bc−m + i;
foreach yj ∈ Y do cl(yj) ← j − 1;
return cl

Definition 2. Let G = (X, Y, E) be a bipartite permutation graph. For yj ∈ Y ,
let Gj be the subgraph of G induced by Xj ∪ Yj, where

Xj = NG(yj) = {xi, xi+1, . . . , xk}, and
Yj = {yl | xkyl ∈ E and l ≥ j}.

Lemma 4. Gj is a chain graph such that NGj (xi) ⊆ NGj (xi+1) ⊆ · · · ⊆
NGj (xk) and NGJ (yl) ⊆ · · · ⊆ NGj (yj+1) ⊆ NGj (yj), where yl is the maximum
neighbor of xk.

Proof. It is easy to see that the vertices in Gj are arranged such that xi <
xi+1 < · · · < xk < yj < yj+1 < · · · < yl on L1 of the permutation diagram, and
yj < xi and yl < xk on L2. By Lemma 1, the lemma holds. ut

4.1 Algorithm

The outline of our algorithm for a bipartite permutation graph G is as follows:

Fig. 3. A chain graph G with bc(G) = 9 and its optimal L(2, 1)-labeling.
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Algorithm 3: LABELING BIPARTITE PERMUTATION(G)
Input: a bipartite permutation graph G = (X, Y, E).
Output: an L(2, 1)-labeling f of G

foreach v ∈ X ∪ Y do label(v) ← undef;1

xmax ← x0 ; /* the maximum vertex in X s.t. label(x) 6= undef */2

ymax ← y0 ; /* the maximum vertex in Y s.t. label(y) 6= undef */3

r ← 1;4

while r ≤ n do5

if max NG(yr) > xmax then6

Construct the chain graph Gr ; /* Definition 2 */7

cl ← LABELING CHAIN(Gr);8

if r = 1 then s ← 0;9

else s ← max{0, label(xmax)− cl(xmax), label(ymax)− cl(ymax)} ;10

/* Xr ∪ Yr is the bipartition of Gr */

foreach x ∈ Xr do11

if label(x) = undef then label(x) ← cl(x) + s12

if s = 0 or s = label(ymax)− cl(ymax) then13

foreach y ∈ Yr do14

if label(y) = undef then label(y) ← cl(y) + s15

else16

/* label(xmax)− cl(xmax) > label(ymax)− cl(ymax) */

foreach y ∈ Yr do label(y) ← cl(y) + s17

xmax ← max NGr (yr);18

ymax ← max NGr (xmax);19

r ← r + 120

foreach v ∈ X ∪ Y do f(v) ← label(v) mod (bc(G) + 2) ;21

return f22

1. Visit yr ∈ Y starting from r = 1 to r = n consecutively.
(a) Construct a chain graph Gr and calculate a labeling cl of Gr by LABEL-

ING CHAIN.
(b) Determine the L(2, 1)-labeling label(v) of vertices v in Gr by adjusting

cl to already assigned labels of G.
2. After the assignment label are determined for all vertices, calculate f =

label(v) mod (bc(G) + 2), and output the resulting label assignment f .

The detail of the algorithm is described in Algorithm 3.

4.2 Example of Our Algorithm

We present Figs. 4–8 as an example of our labeling algorithm for the bipartite
permutation graph G of Fig. 1.

1. In Fig. 4, the chain graph G1 and its labeling cl are calculated. Then label
for vertices in G1 is defined.

6 International Workshop on Combinatorial Algorithms 07



Fig. 4. The chain graph G1 and its labeling cl (left), and the labeling label of G (right).
In this case, s = 0.

Fig. 5. G2 and its labeling cl, and label of G (s = 1).

Fig. 6. G3 and its labeling cl, and label of G (s = 2).

Fig. 7. G6 and its labeling cl, and label of G (s = 6).

Fig. 8. The L(2, 1)-labeling of G which is obtained from label and bc(G) + 2 = 8.
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2. The chain graph G2 and its labeling cl are obtained as in Fig. 5. In this case,
s = max{0, label(x2)− cl(x2), label(y3)− cl(y3)} = max{0, 4− 4, 2− 1} = 1.
Thus label(v) = cl(v) + 1 for v ∈ {x3, x4, y4, y5}.

3. The chain graph G3 and its labeling cl are obtained as in Fig. 6. In this case,
s = max{0, label(x4)− cl(x4), label(y5)− cl(y5)} = max{0, 7− 5, 4− 2} = 2.
Thus label(v) = cl(v) + 2 for v ∈ {x5, y6}.

4. The chain graph G6 and its labeling cl are obtained as in Fig. 7. In this case,
s = max{0, label(x5)− cl(x5), label(y6)− cl(y6)} = max{0, 8− 2, 5− 0} = 6.
Since s = 6 = label(x5)− cl(x5) > label(y6)− cl(y6)}, label(v) = cl(v) + 6 for
v ∈ {x6, x7, y6, y7, y8} (line 17 of Algorithm 3).

5. Finally, L(2, 1)-labeling f of G is obtained by f(v) = label(v) mod 8 as shown
in Fig. 8.

Note that, in each step, the biclique number bc(Gr) is equal to the value of
label(x) − label(yr), where x is the maximum neighbor of yr. For example, in
Fig. 5, bc(G2) = 6 = label(x4)− label(y2) holds.

It also should be noted that if the condition s = label(xmax) − cl(xmax) >
label(ymax) − cl(ymax) holds (line 17), the labeling of nodes of Y in Gr are in-
creased. For example, label(y6) = 5 in Fig. 6, then it is increased to 6 in Fig. 7
because the situation s = label(x5)− cl(x5) > label(y6)− cl(y6) occurs.

4.3 Correctness

The labeling label calculated in the algorithm is an L(2, 1)-labeling of G, which
is guaranteed by the following two lemmas.

Lemma 5. 2 ≤ label(xi)− label(yj) ≤ bc(G) if xiyj ∈ E.

Proof (Sketch of proof). If an edge xiyj is in Gr, then cl(xi) − cl(yj) ≤ bc(Gr)
by Lemma 1, where cl is the labeling of Gr. Since label(xi)− label(yj) ≤ cl(xi)−
cl(yj), the inequality label(xi)− label(yj) ≤ bc(G) holds.

So we should show that label(xi) − label(yj) ≥ 2. This condition would be
violated only when the following situation occurs:

(i) label(yj) is increased in line 17 for some chain graph Gr, and
(ii) The labels of vertices of Xr in Gr are not consecutive numbers.

An example of non-consecutive labels is G3 in Fig. 6. The vertices of X3,
x2, x3, x4 and x5, have labels 4,6,7 and 8, respectively, in G, which are not
consecutive numbers. Furthermore, vertex x2 is adjacent to y3 and label(x2) −
label(y3) = 2. Thus, if label(y3) would be increased after processing G3, then
label(x2)− label(y3) < 2.

However, we can show that the above situation (i) and (ii) does not occur
simultaneously. The detailed proof of this will be presented in the full version of
this paper. ut

Lemma 6. The labeling label satisfies the following inequalities:
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1. 1 ≤ label(xk)− label(xi) ≤ bc(G)− 2 if dist(xi, xk) = 2 and 1 ≤ i < k ≤ m.
2. 1 ≤ label(yl)− label(yj) ≤ bc(G)− 2 if dist(yj , yl) = 2 and 1 ≤ j < l ≤ n.

Proof. Suppose that dist(xi, xk) = 2 and i < k. Clearly label(xi) < label(xk). Let
y be a common neighbor of xi and xk, and q = label(y). By Lemma 5, we have
label(xk) ≤ q+bc(G) and label(xi) ≥ q+2. Hence label(xk)−label(xi) ≤ bc(G)−2.

Similarly, we suppose that dist(yj , yl) = 2 and j < l. Clearly label(yj) <
label(yl). Let x be a common neighbor of yj and yl, and p = label(x). By
Lemma 5, we have label(yl) ≤ p− 2 and label(yj) ≥ p− bc(G). Hence label(yl)−
label(yj) ≤ bc(G)− 2. ut
Theorem 3. The labeling f calculated by Algorithm 3 is an L(2, 1)-labeling of
G, and maxv∈X∪Y f(v) ≤ bc(G) + 1. This algorithm runs in O(|V |+ |E|) time.

Proof. Since f(v) = label(v) mod (bc(G) + 2), the inequality maxv∈X∪Y f(v) ≤
bc(G) + 1 holds.

Let xy ∈ E, where x ∈ X and y ∈ Y . Then, by Lemma 5, 2 ≤ label(x) −
label(y) ≤ bc(G). Since f(x) = label(x) mod (bc(G)+2) and f(y) = label(y) mod
(bc(G) + 2), the value of |f(x)− f(y)| cannot be 0 or 1.

If dist(xi, xk) = 2, then label(xk) − label(xi) ≤ bc(G) − 2 by Lemma 6.
Hence |f(xk) − f(xi)| ≥ 1. Similarly, we can show that |f(yl) − f(yj)| ≥ 1 if
dist(yj , yl) = 2.

If the degree of yj and max NG(yj) are d1 and d2, respectively, then the chain
graph Gj has at most d1 + d2 vertices. Hence, cl and label of vertices in Gj are
calculated in O(d1 + d2) = O(∆) time, where ∆ is the maximum degree of G.
Since the number of chain graphs constructed in our algorithm is O(|V |), the
total running time of the algorithm is O(|V |+ ∆|V |) = O(|V |+ |E|). ut
Corollary 2. Any bipartite permutation graph G satisfies λ(G) ≤ bc(G) + 1.

5 Conclusion

In this paper, we investigated the L(2, 1)-labeling problem for bipartite permu-
tation graphs. We showed that an optimal L(2, 1)-labeling of a chain graph, a
special class of bipartite permutation graphs, can be computed in linear time.
We also present a linear time algorithm for computing L(2, 1)-labeling of a bi-
partite permutation graph such that the maximum label is at most bc(G) + 1.
Since λ(G) ≥ bc(G) for any bipartite graph G, our algorithm computes a nearly
optimal solution.

We conclude this paper by presenting two open problems.
It should be noted that there exists a bipartite permutation graph G such

that λ(G) = bc(G)+1. For example, the bipartite permutation graph G in Fig. 9
has bc(G) = 6 and λ(G) = 7 = bc(G)+1. Hence the set of bipartite permutation
graphs is classified into two classes, one consists of G with λ(G) = bc(G) and
another consists of G with λ(G) = bc(G) + 1.

Problem 1. Characterize bipartite permutation graph G with λ(G) = bc(G).
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Fig. 9. A bipartite permutation graph G with λ(G) = bc(G) + 1.

Our algorithm does not guarantee that the resulting labeling is optimal. The
complexity of the L(2, 1)-labeling problem for bipartite permutation graphs is
still open.

Problem 2. Develop a polynomial time algorithm for computing an optimal
L(2, 1)-labeling of a bipartite permutation graph, or prove NP-completeness of
the problem for bipartite permutation graphs.
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Smaller and Faster Lempel-Ziv Indices ?
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Abstract. Given a text T [1..u] over an alphabet of size σ = O(polylog(u))
and with k-th order empirical entropy Hk(T ), we propose a new com-
pressed full-text self-index based on the Lempel-Ziv (LZ) compression
algorithm, which replaces T with a representation requiring about three
times the size of the compressed text, i.e (3+ ε)uHk(T )+ o(u log σ) bits,
for any ε > 0 and k = o(logσ u), and in addition gives indexed access
to T : it is able to locate the occ occurrences of a pattern P [1..m] in the
text in O((m + occ) log u) time. Our index is smaller than the existing
indices that achieve this locating time complexity, and locates the occur-
rences faster than the smaller indices. Furthermore, our index is able to
count the pattern occurrences in O(m) time, and it can extract any text
substring of length ` in optimal O(`/ logσ u) time. Overall, our indices
appear as a very attractive alternative for space-efficient indexed text
searching.

1 Introduction

With the huge amount of text data available nowadays, the full-text searching
problem plays a fundamental role in modern computer applications. Full-text
searching consists of finding the occ occurrences of a given pattern P [1..m]
in a text T [1..u], where both P and T are sequences over an alphabet Σ =
{1, 2, . . . , σ}. Unlike word-based text searching, we wish to find any text sub-
string, not only whole words or phrases. This has applications in texts where
the concept of word is not well defined (e.g., Oriental languages), or texts where
words do not exist at all (e.g., DNA, protein, and MIDI pitch sequences).

We assume that the text is large and known in advance to queries, and we
need to perform several queries on it. Therefore, we can construct an index
on the text, which is a data structure allowing efficient access to the pattern
occurrences, yet increasing the space requirement. Our main goal is to provide
fast access to the text using as little space as possible. Classical full-text indices,
like suffix trees and suffix arrays, have the problem of a high space requirement:
they require O(u log u) and u log u bits respectively, which in practice is about
10 and 4 times the text size, not including the text.

Compressed self-indexing is a recent trend in full-text searching, which con-
sists in developing full-text indices that store enough information so as to search
? Supported in part by CONICYT PhD Fellowship Program (first author), and Fonde-

cyt Grant 1-050493 (second author).
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and retrieve any part of the indexed text without storing the text itself, while
requiring space proportional to the compressed text size. Because of their com-
pressed nature and since the text is replaced by the index, typical compressed
self-indices are much smaller than classical indices, allowing one to store indices
of large texts entirely in main memory, in cases where a classical index would
have required to access the much slower secondary storage. There exist two
classical kind of queries, namely: (1 ) count(T, P ), which counts the number of
occurrences of P in T ; (2 ) locate(T, P ), which reports the starting positions of
the occ occurrences of P in T . Self-indices also need operation (3 ) extract(T, i, j),
which decompresses substring T [i..j], for any text positions i 6 j.

Let Hk(T ) denote the k-th order empirical entropy of a sequence of symbols
T [12]. The value uHk(T ) provides a lower bound to the number of bits needed to
compress T using any compressor that encodes each symbol considering only the
context of k symbols that precede it in T . It holds that 0 6 Hk(T ) 6 Hk−1(T ) 6
· · · 6 H0(T ) 6 log σ (by log we mean log2 in this paper).

The main types of compressed self-indices [16] are Compressed Suffix Arrays
(CSA) [8, 19], indices based on backward search [6] (which are alternative ways
to compress suffix arrays), and the indices based on the Lempel-Ziv compression
algorithm (LZ-indices for short) [10]. LZ-indices have shown to be very effective
in practice for locating occurrences and extracting text, outperforming other
compressed indices. Compressed indices based on suffix arrays store extra non-
compressible information to carry out these tasks, whereas the extra data stored
by LZ-indices is compressible. Therefore, when the texts are highly compressible,
LZ-indices can be smaller and faster than alternative indices; and in other cases
they offer very attractive space/time trade-offs.

What characterizes the particular niche of LZ-indices is the O(uHk(T )) space
combined with O(log u) time per located occurrence. The smallest LZ-indices
available are those by Arroyuelo et al. [1] (ANS-LZI for short), which require
(2+ ε)uHk(T )+ o(u log σ) bits of space, for any constant 0 < ε < 1 and any k =
o(logσ u); however, their time complexity of O(m2 log m+(m+occ) log u) makes
them suitable only for short patterns, when the quadratic term is less significant.
Other LZ-indices, like a compact version of that by Ferragina and Manzini [6],
or the one by Russo and Oliveira [18] (ILZI for short), achieve O((m+occ) log u)
time. They are, however, relatively large, at least 5uHk(T ) + o(u log σ) bits of
space.

In this paper we propose a new LZ-index scheme requiring (3 + ε)uHk(T ) +
o(u log σ) bits of space, for σ = O(polylog(u)) and any k = o(logσ u), with
an overall locating time of O((m + occ) log u), a counting time of O(m), and
an extracting time of O(`/ logσ u) for a substring of length `. In this way we
achieve the same locating complexity of larger LZ-indices [6, 18]. Note that the
original index in [6] achieves better locate time, O(m + occ), yet it requires
O(uHk(T ) logγ) bits of space, for any γ > 0.

The CSA of Sadakane [19] (SAD-CSA for short) has a locating complexity
of O((m + occ) logε u), for any ε > 0, however the space requirement is propor-
tional to the zero-th order empirical entropy plus a non-negligible extra space,
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ε−1uH0(T ) + O(u log log σ) bits. The Alphabet-Friendly FM-index [7] (AF-FMI
for short), on the other hand, requires uHk(T )+o(u log σ) bits of space, however
its locate complexity is O(m+occ log1+ε u), which is slower than ours. Finally, the
CSA of Grossi, Gupta, and Vitter [8] (GGV-CSA for short) requires ε−1uHk(T )+
o(u log σ) bits of space, with a locating time of O((log u)

ε
1−ε (log σ)

1−2ε
1−ε ) per oc-

currence, after a counting time of O( m
logσ u +(log u)

1+ε
1−ε (log σ)

1−3ε
1−ε ), where 0 < ε <

1/2. When ε approaches 1/3, the space requirement is about 3uHk(T )+o(u log σ)
bits, with a locating time of O( m

logσ u + log2 u + occ((log u)1/2(log σ)1/2)). Thus,
using the same space their time per occurrence located is slightly lower, in ex-
change for an O(log2 u) extra additive factor.

In Table 1 we summarize the space and time complexities of some existing
compressed self-indices. Locate times in the table are per occurrence reported,
after counting the pattern occurrences. In the case of our LZ-index, we have to
pay extra O(m log u) time.

Table 1. Comparison of our LZ-index with alternative compressed self-indices. The
result for the GGV-CSA [8] is shown for ε = 1/3, and assuming σ = O(polylog(u)) in
all cases.

Index Space in bits

SAD-CSA [19] ε−1uH0(T ) + O(u log log σ)
GGV-CSA [8] 3uHk(T ) + o(u log σ)

AF-FMI [7] uHk(T ) + o(u log σ)
ANS-LZI [1] (2 + ε)uHk(T ) + o(u log σ)
RO-LZI [18] (5 + ε)uHk(T ) + o(u log σ)

Our LZI (3 + ε)uHk(T ) + o(u log σ)

Index count locate (per occurrence) extract

[19] O(m log u) O(logε u) O(` + logε u)

[8] O( m
logσ u

+ log2 u) O(log1/2 u log1/2 σ) O(log1/2 u log1/2 σ + `/ logσ u)

[7] O(m) O(log1+ε u) O(` + log1+ε u)
[1] O((m + occ) log u) free after counting O(`/ logσ u)

[18] O((m + occ) log u) free after counting O(`/ logσ u)
Our LZI O(m) O(log u) O(`/ logσ u)

2 Searching in Lempel-Ziv Compressed Texts

Assume that the text T [1..u] has been compressed using the LZ78 algorithm [21]
into n + 1 phrases, T = B0 . . . Bn, such that B0 = ε. The search of a pattern
P [1..m] in a LZ78-compressed text has the additional problem that, as the text
is parsed into phrases, a pattern occurrence can span several (two or more)
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consecutive phrases. We call occurrences of type 1 those occurrences contained
in a single phrase (there are occ1 occurrences of type 1), and occurrences of type
2 those occurrences spanning two or more phrases (there are occ2 occurrences
of this type). Next we review the existing Lempel-Ziv self-indices. The first
compressed index based on LZ78 was that of Kärkkäinen and Ukkonen [10],
which has a locating time O(m2 + (m + occ) log u) and a space requirement of
O(uHk(T )) bits [16], plus the text. However, this is not a self-index.

Ferragina and Manzini [6] define the FM-LZI, a compressed self index based
on the LZ78 compression algorithm, requiring O(uHk(T ) logγ u) bits of space,
for any constant γ > 0. This index is able to report the occ pattern occurrences
in optimal O(m + occ) time. This is the fastest existing compressed self-index,
achieving the same time complexity as suffix trees, yet requiring o(u log u) bits
and without needing the text to operate. However, the extra O(logγ u) factor
makes this index large in practice. However, we can replace their data structure
for range queries by that of Chazelle [4], such that the resulting version of FM-
LZI requires (5 + ε)uHk(T )+ o(u log σ) bits of space, for any constant 0 < ε < 1
and any k = o(logσ u), and is capable of locating the pattern occurrences in
O((m + occ) log u) time.

The LZ-index of Navarro [15] (Nav-LZI for short) has a greater locate time
than that of LZ-indices in general, yet the smallest existing LZ-index is a vari-
ant of the Nav-LZI: the index defined by Arroyuelo et al. [1] (ANS-LZI for
short) requires (2 + ε)uHk(T ) + o(u log σ) bits of space, and its locate time is
O(m2 log m + (m + occ) log u). Although the locating time per occurrence is
O(log u) as for other LZ-indices, the O(m2 log m) term makes the ANS-LZI at-
tractive only for short patterns.

The key to achieve such a small space requirement is that the Nav-LZI (and
therefore the ANS-LZI) do not use the concept of suffix arrays at all. Rather,
the search is based only in an implicit representation of the text through the
LZ78 parsing of it: the LZTrie, which is the trie representing the LZ78 phrases
of T . As the text is scattered throughout the LZTrie, we have to distinguish
between occurrences spanning two consecutive phrases (occurrences of type 2)
and occurrences spanning more than two phrases (occurrences of type 3 ). For
occurrences of type 3 we must consider the O(m2) possible substrings of P , search
for all these strings in LZTrie, then form maximal concatenations of consecutive
phrases, to finally check every candidate [15]. All of this takes O(m2 log m) time.

The space of the ANS-LZI can be reduced to (1+ ε)uHk(T )+ o(u log σ) bits,
with a locating time of O(m2) on average for patterns of length m > 2 logσ u,
yet without worst-case guarantees at search time.

Russo and Oliveira [18] discard the LZ78 parsing of T and use a so-called
maximal parsing instead, which is constructed for the reversed text. In this way
they avoid the O(m2) checks for the different pattern substrings. The resulting
LZ-index (the RO-LZI) requires (5+ ε)uHk(T )+ o(u log σ) bits of space, for any
constant 0 < ε < 1 and any k = o(logσ u). The locating time of the index is
O((m + occ) log u). As for all the previous LZ-indices, the extract time for any
text substring of length ` is the optimal O(`/ logσ u).

14 International Workshop on Combinatorial Algorithms 07



3 Smaller and Faster Lempel-Ziv Indices

In the review of Section 2 we conclude that LZ-indices can be as small as to re-
quire (2+ε)uHk(T )+o(u log σ) bits of space yet with a locate time O(m2 log m+
(m+occ) log u), or we can achieve time O((m+occ) log u) for locate with a greater
index requiring (5 + ε)uHk(T ) + o(u log σ) bits of space. On the other hand, we
can be fast to count only using the FM-LZI: O(m) counting time in the worst
case. We show that we can be fast for all these operations with a significantly
smaller LZ-index.

3.1 Index Definition

As we aim at a small index, we use the ANS-LZI as a base, specifically the
version requiring (1 + ε)uHk(T ) + o(u log σ) bits of space, which is composed of:

– LZTrie: is the trie storing the LZ78 phrases B0, . . . , Bn of T . As the set of
LZ78 phrases is prefix-closed, this trie has exactly n + 1 nodes. We repre-
sent the trie structure using the following data structures: (1 ) par[0..2n]: the
tree shape of LZTrie represented using dfuds [2], requiring 2n+o(n) bits of
storage, allowing us to compute operations parentlz(x) (which gets the par-
ent of node x), childlz(x, i) (which gets the i-th child of x), subtreesizelz(x)
(which gets the size of the subtree of x, including x itself), depthlz(x) (which
gets the depth of x in the trie) and LAlz(x, d) (a level-ancestor query, which
gets the ancestor at depth d of node x), both of which can be computed on
dfuds by using the idea of Jansson et al. [9], and finally ancestorlz(x, y)
(which tells us whether x is an ancestor of node y), all of them in O(1) time.
As in [1], we add the data structure of [20] to extract any text substring of
length ` in optimal O(`/ logσ u) time, requiring only o(u log σ) extra bits.
(2 ) ids[0..n]: is the preorder sequence of LZ78 phrase identifiers. Permuta-
tion ids is represented using the data structure of Munro et al. [14] such
that we can compute ids in O(1) time and its inverse permutation ids−1 in
O(1/ε) time, requiring (1 + ε)n log n bits for any constant 0 < ε < 1. (3 )
letts[1..n]: the array storing the edge labels of LZTrie according to a dfuds
traversal of the trie. We solve operation child(x, α) (which gets the child of
node x with label α ∈ {1, . . . , σ}) in constant time as follows (this is slightly
different to the original approach [2]). Suppose that node x has position p
within par. Let k be the number of αs up to position p− 1 in letts, and let
p + i be the position of the (k + 1)-th α in letts. If p + i lies within positions
p and p + degree(x), the child we are looking for is child(x, i + 1), which is
computed in constant time over par; otherwise x has no child labeled α. If
σ = O(polylog(u)), we represent letts using the wavelet tree of [7] in order
to compute k and p + i in constant time by using rankα and selectα respec-
tively, and requiring n log σ + o(n) bits of space. We can also retrieve the
symbol corresponding to node x (i.e., the symbol by which x descend from
its parent) in constant time by letts[rank((par, p)− 1]. Sequence letts is also
used to get the symbols of the text for extract queries.
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Overall, LZTrie requires (1 + ε)n log n + 2n + n log σ + o(u log σ) bits, which
is (1 + ε)uHk(T ) + o(u log σ) bits [11], for any k = o(logσ u).

– RevTrie: is the PATRICIA tree [13] of the reversed LZ78 phrases of T . In this
trie there could be internal nodes not representing any phrase. We call these
nodes empty. We compress empty unary nodes, and so we only represent
the empty non-unary nodes. As a result, the number of nodes in this trie
is n 6 n′ 6 2n. The trie is represented using the dfuds representation,
requiring 2n′ + n′ log σ + o(n′) 6 4n + 2n log σ + o(n) bits of space.

– R[1..n]: a mapping from RevTrie preorder positions (for non-empty nodes)
to LZTrie preorder positions, requiring n log n = uHk(T ) + o(u log σ) bits.

– TPos[1..u]: a bit vector marking the n phrase beginnings. We represent TPos
using the data structure of [17] for rank and select queries in O(1) time and
requiring uH0(TPos) + o(u) 6 n log log n + o(u) = o(u log σ) bits of space1.

We can compress the R mapping [1], so as to require o(u log σ) bits, by
adding suffix links to RevTrie, which are represented by function ϕ. R(i) (seen
as a function) can be computed in constant time by using ϕ [1]. If we store
the values of ϕ in preorder (according to RevTrie), the resulting sequence can
be divided into at most σ strictly increasing subsequences, and hence it can be
compressed using the δ-code of Elias [5] such that its space requirement is n log σ
bits in the worst case, which is o(u log σ). The overall space requirement of the
three above data structures is (1 + ε)uHk + o(u log σ) bits.

To avoid the O(m2 log m) term in the locating complexity, we must avoid
occurrences of type 3 (which make the ANS-LZI slower). Hence we add the
alphabet friendly FM-index [7] of T (AF-FMI(T ) for short) to our index. By
itself this self-index is able to search for pattern occurrences, requiring uHk(T )+
o(u log σ) bits of space. However, its locate time per occurrence is O(log1+ε u),
for any constant ε > 0, which is greater than the O(log u) time per occurrence of
LZ-indices. As AF-FMI(T ) is based on the Burrows-Wheeler transform (BWT)
[3] of T , it can be (conceptually) thought as the suffix array of T .

To find occurrences spanning several phrases we define Range, a data struc-
ture for 2-dimensional range searching in the grid [1..u] × [1..n]. For each LZ78
phrase with identifier id, for 0 < id 6 n, assume that the RevTrie node for id
has preorder j, and that phrase (id + 1) starts at position p in T . Then we store
the point (i, j) in Range, where i is the lexicographic order of the suffix of T
starting at position p.

Suppose that we search for a given string s2 in AF-FMI(T ) and get the
interval [i1, i2] in the BWT (equivalently, in the suffix array of T ), and that the
search for string sr

1 in RevTrie yields a node such that the preorder interval for
its subtree is [j1, j2]. Then, a search for [i1, i2]×[j1, j2] in Range yields all phrases
ending with s1 such that in the next phrase starts an occurrence of s2.

We transform the grid [1..u]× [1..n] indexed by Range to the equivalent grid
[1..n]×[1..n] by defining a bit vector V[1..u], indicating (with a 1) which positions
of AF-FMI(T ) index an LZ78 phrase beginning. We represent V with the data
1 rank1(TPos, i) is the number of 1’s in TPos up to position i. select1(TPos, j) yields

the position of the j-th 1 in TPos.
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structure of [17] allowing rank queries, and requiring uH0(V)+o(u) = o(u log σ)
bits of storage. Thus, instead of storing the point (i, j) as in the previous de-
finition of Range, we store the point (rank1(V, i), j). The same search of the
previous paragraph now becomes [rank1(V, i1), rank1(V, i2)]× [j1, j2].

As there is only one point per row and column of Range, we can use the data
structure of Chazelle [4], requiring n log n(1+o(1)) = uHk(T )+o(u log σ) bits of
space and allowing us to find the K points in a given two-dimensional range in
time O((K +1) log n). As a result, the overall space requirement of our LZ-index
is (3 + ε)uHk(T ) + o(u log σ), for any k = o(logσ u) and any constant 0 < ε < 1.

3.2 Search Algorithm

Assume that P [1..m] = p1 . . . pm, for pi ∈ Σ. We need to consider two types of
occurrences of P in T .

Locating Occurrences of Type 1. Assume that phrase Bj contains P . If Bj does
not end with P and if Bj = B` · c, for ` < j and c ∈ Σ, then by LZ78 properties
B` contains P as well. Therefore we must find the shortest possible phrases
containing P , which according to LZ78 are all phrases ending with P . This work
can be done by searching for P r in RevTrie. Say we arrive at node v. Any node
v′ in the subtree of v (including v itself) corresponds to a phrase terminated
with P . Thus we traverse and report all the subtrees of the LZTrie nodes R(v′)
corresponding to each v′. Total locate time is O(m + occ1).

Locating Occurrences of Type 2. To find the pattern occurrences spanning two
or more consecutive phrases we must consider the m − 1 partitions P [1..i] and
P [i + 1..m] of P , for 1 6 i < m. For every partition we must find all phrases
terminated with P [1..i] such that the next phrase starts at the same position as
an occurrence of P [i + 1..m] in T . Hence, as explained before, we must search
for P r[1..i] in RevTrie and for P [i + 1..m] in AF-FMI(T ). Thus, every partition
produces two one-dimensional intervals, one in each of the above structures.

The m− 1 intervals in AF-FMI(T ) can be found in O(m) time thanks to the
backward search concept, since the process to count the number of occurrences
of P [2..m] proceeds in m − 1 steps, each one taking constant time: in the first
step we find the BWT interval for pm, then we find the interval for occurrences
of pm−1pm, and so on to finally find the interval for p2 . . . pm = P [2..m]. How-
ever, the work in RevTrie can take time O(m2) if we search for strings P r[1..i]
separately, as done for the ANS-LZI. Fortunately, some work done to search for
a given P r[1..i] can be reused to search for other strings.

We have to search for strings pm−1pm−2 . . . p1; pm−2 . . . p1;. . . ; and p1 in
RevTrie. Note that every pj . . . p1 is the longest proper suffix of pj+1pj . . . p1.
Suppose that we successfully search for P r[1..m−1] = pm−1pm−2 . . . p1, reaching
the node with preorder i in RevTrie, hence finding the corresponding preorder
interval in RevTrie in O(m) time. Now, to find the node representing suffix
pm−2 . . . p1 we only need to follow suffix link ϕ(i) (which takes constant time)
instead of searching for it from the RevTrie root (which would take O(m) time
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again). The process of following suffix links can be repeated m − 1 times up
to reaching the node corresponding to string p1, with total time O(m). This is
the main idea to get the m − 1 preorder intervals in RevTrie in time less than
quadratic. The general case is slightly more complicated and corresponds to the
descend and suffix walk method used in the RO-LZI [18]. In the sequel we explain
the way we implement descend and suffix walk in our data structure.

We first prove a couple of properties. First, we know that every non-empty
node in RevTrie has a suffix link [1], yet we need to prove that every RevTrie
node (including empty-non-unary nodes) has also a suffix link.

Property 1. Every empty non-unary node in RevTrie has a suffix link.

Proof. Assume that node with preorder i in RevTrie is empty non-unary, and
that it represents string ax, for a ∈ Σ and x ∈ Σ∗. As node i is an empty
non-unary node, the node has at least two children. In other words, there exist
at least two strings of the form axy and axz, for y, z ∈ Σ∗, y 6= z, both strings
corresponding to non-empty nodes, and hence these nodes have a suffix link.
These suffix links correspond to strings xy and xz in RevTrie. Thus, it must
exist a non-unary node for string x, so every empty node i has a suffix link. ut

We store the n′ 6 2n suffix links ϕ in preorder (as explained before), requiring
2n log σ bits of space in the worst case, which is o(u log σ).

The second property is that, although RevTrie is a PATRICIA tree and hence
we store only the first symbol of each edge label, we can get all of it.

Property 2. Any edge label in RevTrie can be extracted in optimal time.

Proof. To extract the label for edge eij between nodes with preorder i and j in
RevTrie, note that the length of the edge label can be computed as depthlz(R[j])−
depthlz(R[i]). We can access the node from where to start the extraction by
x = LAlz(R[j], depthlz(R[j])− depthlz(R[i])), in constant time. The label of eij

is the label of the root-to-x path (read backwards). ut
In this way, every time we arrive to a RevTrie node, the string represented

by that node will match the corresponding prefix of the pattern.
Previously we show that it is possible to search for all strings P r[1..i] in

time O(m), assuming that P r[1..m− 1] exists in RevTrie (therefore all P r[1..i]
exist in RevTrie). The general case is as follows. Suppose that, searching for
pm−1pm−2 . . . p1, we arrive at a node with preorder i in RevTrie (hereafter node
i), and we try to descend to a child node with preorder j (hereafter node j).
Assume that node i represents string ax, for a ∈ Σ and x ∈ Σ∗. According
to Property 2, we are sure that ax = pm−1 . . . pt, for some 1 6 t 6 m − 1.
Assume also that edge eij between nodes i and j is labeled yz, for y, z ∈ Σ∗,
z = z1 . . . zq. If we discover that pt−1 . . . pk = y and pk−1 6= z1, then this means
that symbol z1 in the edge label differs from the corresponding symbol pk−1 in
P r[1..m − 1], and so we cannot descend to node j. This means that there are
no phrases ending with P r[1..m− 1], and we go on to consider P r[1..m− 2]. To
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reuse the work done up to node i, we follow the suffix link to get the node ϕ(i),
and from this node we descend using y = pt−1 . . . pk. As this substring of P has
been already checked in the previous step, the descent is done checking only the
first symbols of the labels, up to a node such that the next node in the path
represents a string longer than |xy|. At this point the descent is done as usual,
extracting the edge labels and checking with the pattern symbols. In this way
the total amortized time is O(m).

If the search in RevTrie for P r[1..i] yields the preorder interval [x, y], and the
search for P [i + 1..m] in AF-FMI(T ) yields interval [x′, y′], the two-dimensional
range [x′, y′]×[x, y] in Range yields all pattern occurrences for the given partition
of P . For every pattern occurrence we get a point (i′, j′). The corresponding
phrase identifier can be found as id = ids(R(j′)), to finally compute the text
position by select1(TPos, id+1)− i. Overall, occurrences of type 2 are found in
O((m + occ2) log n) time.

For count queries we can achieve O(m) time by just using the AF-FMI(T ).
For extract queries we use the data structure of Sadakane and Grossi [20] in the
LZTrie to extract any text substring T [p..p + `] in optimal O(`/ logσ u) time:
the identifier for the phrase containing position p can be computed as id =
rank1(TPos, p). Then, by using ids−1 we compute the corresponding LZTrie
node from where to extract the text.

We have proved:

Theorem 1. There exists a compressed full-text self-index requiring (3+ ε)uHk

(T )+o(u log σ) bits of space, for σ = O(polylog(u)), any k = o(logσ u), and any
constant 0 < ε < 1, which is able to: report the occ occurrences of pattern P [1..m]
in text T [1..u] in O((m+occ/ε) log u) worst-case time; count pattern occurrences
in O(m) time; and extract any text substring of length ` in time O(`/(ε logσ u)).
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Abstract. The superconnectivity κ1 of a connected graph G is defined
as the minimum cardinality of a vertex-cut over all vertex-cuts X such
that no vertex x 6∈ X has all its neighbors in X. In this paper we prove
for any δ-regular graph of diameter D and odd girth g that if D ≤ g− 2
then κ1 > δ when g ≥ 5 and a complete graph otherwise.
Key words. connectivity, superconnectivity, cutset, diameter, girth.

1 Introduction

Let G = (V, E) be a graph with vertex set V = V (G) and edge set E = E(G).
Throughout this paper, only undirected simple graphs without loops or multiple
edges are considered. Unless otherwise stated, we follow [7] for terminology and
definitions.

The set of vertices adjacent to a vertex v is called the neighborhood of v and
denoted by N(v). A vertex in the neighborhood of v is a neighbor of v. The
degree of a vertex v is deg(v) = |N(v)|, and the minimum degree δ = δ(G) of
G is the minimum degree over all vertices of G. A graph is called δ-regular
if all its vertices have the same degree δ. If S ⊂ V then G[S] stand for the
subgraph induced by S. The degree of a vertex v in an induced subgraph H of
G is degH(v) = |N(v) ∩ V (H)|. The minimum edge-degree of G, denoted by
ξ = ξ(G), is defined as ξ(G) = min{(d(u) + d(v)− 2 : uv ∈ E(G)}. The distance
d(u, v) of two vertices u and v in G is the length of a shortest path between u
and v. The diameter of a graph G, written D = D(G), is the maximum distance
of any two vertices among all the vertices of G. The girth g = g(G) is the length
of a shortest cycle in G. For S ⊂ V , d(w,S) = dG(w, S) = min{d(w, s) : s ∈ S}
denotes the distance between a vertex w and a set S. For every v ∈ V and every
positive integer r ≥ 0, Nr(v) = {w ∈ V : d(w, v) = r} denotes the neighborhood

? m.camino.balbuena@upc.edu j.tang@ballarat.edu.au klmar-
shall@students.ballarat.edu.au yuqing.lin@newcastle.edu.au
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of v at distance r. Similarly, for S ⊂ V , the neighborhood of S at distance r is
denoted Nr(S) = {w ∈ V : d(w,S) = r}. Observe that N0(S) = S. When r = 1
we write N(v) and N(S), instead of N1(v) and N1(S).

A graph G is connected if there is a path between any two vertices of G.
If X ⊂ V and G − X is not connected, then X is said to be a cutset or a
disconnecting set. Analogously, If F ⊂ E and G − F is not connected, then
F is said to be an edge-cut or an edge disconnecting set. We say that G is r-
connected if the deletion of at least r vertices of G is required to disconnect
the graph and in this case we say that the vertex connectivity κ = κ(G) ≥ r.
A complete graph with r + 1 vertices is r-connected. A graph with minimum
degree δ is maximally connected if it is δ-connected, or equivalently κ = δ. The
notion of superconnectedness was proposed in [4–6]. A graph is superconnected,
for short super-κ, if all minimum cutsets consist of the vertices adjacent with one
vertex, see Boesch [5], Boesch and Tindell [6] and Fiol, Fàbrega and Escudero [9].
Observe that a superconnected graph is necessarily maximally connected, κ = δ,
but the converse is not true. For example, a cycle Cg of length g with g ≥ 6 is
a maximally connected graph that is not superconnected. A cutset X of G is
called a non-trivial cutset if X does not contain the neighborhood N(u) of any
vertex u 6∈ X. Provided that some non-trivial cutset exists, the superconnectivity
of G denoted by κ1 was defined in [1, 9] as:

κ1 = κ1(G) = min{|X| : X is a non-trivial cutset}.
A non-trivial cutset X is called a κ1-cut if |X| = κ1. Notice that if κ1 ≤ δ,
then κ1 = κ and that κ1 > δ is a sufficient and necessary condition for G to
be super-κ, since all the minimum disconnecting sets with cardinality equal to
δ must be trivial. A non-trivial edge-cut, the edge-superconnectivity λ1 = λ1(G)
and a λ1-cut are defined analogously.

Some known sufficient conditions on the diameter of a graph in terms of its
girth to guarantee lower bounds on κ, λ, κ1 and λ1 are listed in the following
theorem.

Theorem 1. Let G be a graph with minimum degree δ ≥ 2, diameter D, girth
g, edge minimum degree ξ, connectivities λ and κ and superconnectivities κ1 and
λ1. Then,

(i) [10] λ = δ if D ≤ 2b(g − 1)/2c.
(ii) [10] κ = δ if D ≤ 2b(g − 1)/2c − 1.
(iii) [3] λ1 = ξ if D ≤ g − 2.
(iv) [2] κ1 ≥ ξ if D ≤ g − 3.

In this paper we improve Theorem 1 (ii) by proving that a δ-regular graph
G with δ ≥ 3 and diameter at most g − 2 is super-κ when g odd. To do this we
require the following known result.

Proposition 1. [2] Let G = (V,E) be a connected graph with girth g and min-
imum degree δ ≥ 2. Let X ⊂ V be a κ1-cut of |X| < ξ(G). Then for each
connected component C of G−X there exists some vertex u0 ∈ V (C) such that
d(u0, X) ≥ d(g − 3)/2e and |Nd(g−3)/2e(u0) ∩X| ≤ 1.
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In Section 2 we present our results.

2 Main results

We use Proposition 1 to prove the existence of some structural properties in a
component C when g is odd and max{d(u,X) : u ∈ V (C)} = (g − 3)/2.

Lemma 1. Let G be a κ1-connected graph with odd girth and minimum degree
δ ≥ 3. Let X be a κ1-cut with |X| = δ and assume that there exists a connected
component C of G −X such that max{d(u,X) : u ∈ V (C)} = (g − 3)/2. Then
the following assertions hold:

(i) If u ∈ V (C) is such that d(u, X) = (g−3)/2 and |N(g−3)/2(u)∩X| = 1, then
u has degree d(u) = δ and δ − 1 neighbors z such that d(z,X) = (g − 3)/2
and |N(g−3)/2(z) ∩X| = 1.

(ii) If u ∈ V (C) is such that d(u,X) = (g − 3)/2 and |N(g−3)/2(u) ∩ X| = 1,
then |N(g−1)/2(u) ∩X| = δ − 1.

(iii) There exists a (δ−1)-regular subgraph Γ such that for every vertex w ∈ V (Γ ),
dG(w) = δ and d(w, X) = (g − 3)/2.

(iv) If g = 5 then |N(X)∩V (C)| ≥ δ(δ−1). And if g ≥ 7 then |N(X)∩V (C)| ≥
(δ − 1)2 + 2.

As a consequence of Lemma 1 we obtain Theorem 2 which is an improvement
of Theorem 1 (i) for regular graphs of odd girth.

Theorem 2. Let G be a δ-regular graph with δ ≥ 3 and odd girth g. If the
diameter D ≤ g − 2, then G is super-κ when g ≥ 5 and a complete graph
otherwise.

The graph depicted in Figure 1 shows a non δ-regular graph with g = 5, D =
3 which is non super-κ. Consequently, the hypothesis of regularity is essential to
establish Theorem 2.
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8. J. Fàbrega and M.A. Fiol, Maximally connected digraphs. J. Graph Theory 13
(1989), 657–668.
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Abstract: Since Moore digraphs do not exist for k 6= 1 and d 6= 1, the problem

of finding the existence of digraph of out-degree d ≥ 2 and diameter k ≥ 2 and

order close to the Moore bound becomes an interesting problem. To prove the

non-existence of such digraphs, we first may wish to establish their diregularity.

It is easy to show that any digraph with out-degree at most d ≥ 2, diameter

k ≥ 2 and order n = d + d2 + . . . + dk − 1, that is, two less than Moore bound

must have all vertices of out-degree d. However, establishing the regularity or

otherwise of the in-degree of such a digraph is not easy. In this paper we prove

that all digraphs of defect two are out-regular and almost in-regular.

Key Words: Diregularity, digraph of defect two, degree-diameter problem.

1 Introduction

By a directed graph or a digraph we mean a structure G = (V (G), A(G)), where
V (G) is a finite nonempty set of distinct elements called vertices, and A(G) is a
set of ordered pair (u, v) of distinct vertices u, v ∈ V (G) called arcs.

The order of the digraph G is the number of vertices in G. An in-neighbour
(respectively, out-neighbour) of a vertex v in G is a vertex u (respectively, w) such
1 This research was supported by the Australian Research Council (ARC) Discovery

Project grant DP04502994.
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that (u, v) ∈ A(G) (respectively, (v, w) ∈ A(G)). The set of all in-neighbours (re-
spectively, out-neighbours) of a vertex v is called the in-neighbourhood (respec-
tively, the out-neighbourhood) of v and denoted by N−(v) (respectively, N+(v)).
The in-degree (respectively, out-degree) of a vertex v is the number of all its
in-neighbours (respectively, out-neighbours). If every vertex of a digraph G has
the same in-degree (respectively, out-degree) then G is said to be in-regular (re-
spectively, out-regular). A digraph G is called a diregular digraph of degree d if
G is in-regular of in-degree d and out-regular of out-degree d.

An alternating sequence v0a1v1a2...alvl of vertices and arcs in G such that
ai = (vi−1, vi) for each i is called a walk of length l in G. A walk is closed if
v0 = vl. If all the vertices of a v0−vl walk are distinct, then such a walk is called
a path. A cycle is a closed path. A digon is a cycle of length 2.

The distance from vertex u to vertex v, denoted by δ(u, v), is the length of a
shortest path from u to v, if any; otherwise, δ(u, v) = ∞. Note that, in general,
δ(u, v) is not necessarily equal to δ(v, u). The in-eccentricity of v, denoted by
e−(v), is defined as e−(v) = max{δ(u, v) : u ∈ V } and out-eccentricity of v,
denoted by e+(v), is defined as e+(v) = max{δ(v, u) : u ∈ V }. The radius of G,
denoted by rad(G), is defined as rad(G)= min{e−(v) : v ∈ V }. The diameter of
G, denoted by diam(G), is defined as diam(G)= max{e−(v) : v ∈ V }. Note that
if G is a strongly connected digraph then, equivalently, we could have defined
the radius and the diameter of G in terms of out-eccentricity instead of in-
eccentricity. The girth of a digraph G is the length of a shortest cycle in G.

The well known degree/diameter problem for digraphs is to determine the
largest possible order nd,k of a digraph, given out-degree at most d ≥ 1 and
diameter k ≥ 1. There is a natural upper bound on the order of digraphs given
out-degree at most d and diameter k. For any given vertex v of a digraph G, we
can count the number of vertices at a particular distance from that vertex. Let
ni , for 0 ≤ i ≤ k, be the number of vertices at distance i from v. Then ni ≤ di,
for 0 ≤ i ≤ k, and consequently,

nd,k =
k∑

i=0

ni ≤ 1 + d + d2 + . . . + dk. (1)

The right-hand side of (1), denoted by Md,k, is called the Moore bound. If
the equality sign holds in (1) then the digraph is called a Moore digraph. It is
well known that Moore digraphs exist only in the cases when d = 1 (directed
cycles of length k + 1, Ck+1 , for any k ≥ 1) or k = 1 (complete digraphs of
order d + 1,Kd+1, for any d ≥ 1) [2, 11].
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Note that every Moore digraph is diregular (of degree one in the case of Ck+1

and of degree d in the case of Kd+1). Since for d > 1 and k > 1 there are no
Moore digraphs, we are next interested in digraphs of order n ‘close’ to Moore
bound.

It is easy to show that a digraph of order n, Md,k−Md,k−1+1 ≤ n ≤ Md,k−1,
with out-degree at most d ≥ 2 and diameter k ≥ 2 must have all vertices of out-
degree d. In other words, the out-degree of such a digraph is constant (= d). This
can be easily seen because if there were a vertex in the digraph with out-degree
d1 < d (i.e., d1 ≤ d− 1), then the order of the digraph,

n ≤ 1 + d1 + d1d + . . . + d1d
k−1

= 1 + d1(1 + d + . . . + dk−1)

≤ 1 + (d− 1)(1 + d + . . . + dk−1)

= (1 + d + . . . + dk)− (1 + d + . . . + dk−1)

= Md,k −Md,k−1

< Md,k −Md,k−1 + 1,

However, establishing the regularity or otherwise of in-degree for an almost
Moore digraph is not easy. It is well known that there exist digraphs of out-
degree d and diameter k whose order is just two or three less than the Moore
bound and in which not all vertices have the same in-degree. In Fig. 1 we give
two examples of digraphs of diameter 2, out-degree d = 2, 3, respectively, and
order Md,2 − d, with vertices not all of the same in-degree.

Fig. 1. Two examples of non-diregular digraphs.
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Miller, Gimbert, Širáň and Slamin [7] considered the diregularity of digraphs
of defect one, that is, n = Md,k−1, and proved that such digraphs are diregular.
For defect two, diameter k = 2 and any out-degree d ≥ 2, non-diregular digraphs
always exist. One such family of digraphs can be generated from Kautz digraphs
which contain vertices with identical out-neighbourhoods and so we can apply
vertex deletion scheme, see [8], to obtain non-diregular digraphs of defect two,
diameter k = 2, and any out-degree d ≥ 2. Fig. 2(a) shows an example of
Kautz digraph G of order n = M3,2 − 1 which we will use to illustrate the
vertex deletion scheme. Note the existence of identical out-neighbourhoods, for
example, N+(v11) = N+(v12). Deleting vertex v12, together with its outgoing
arcs, and then reconnecting its incoming arcs to vertex 11, we obtain a new
digraph G1 of order n = M3,2 − 2, as shown in Fig. 2(b).

(a)

25

1

34

9

6 7

12 11

8

10

1

2

34

5

6 7

8 9

10

11

(b)

Fig. 2. Digraphs G of order 12 and G1 of order 11.

We now introduce the notion of ‘almost diregularity’. Throughout this paper,
let S be the set of all vertices of G whose in-degree is less than d. Let S′ be the
set of all vertices of G whose in-degree is greater than d; and let σ− be the
in-excess, σ− = σ−(G) =

∑
w∈S′(d

−(w) − d) =
∑

v∈S(d − d−(v)). Similarly,
let R be the set of all vertices of G whose out-degree is less than d. Let R′ be
the set of all vertices of G whose out-degree is greater than d. We define the
out-excess, σ+ = σ+(G) =

∑
w∈R′(d

+(w) − d) =
∑

v∈R(d − d+(v)). A digraph
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of average in-degree d is called almost in-regular if the in-excess is at most equal
to d. Similarly, a digraph of average out-degree d is called almost out-regular if
the out-excess is at most equal to d. A digraph is almost diregular if it is almost
in-regular and almost out-regular. Note that if σ− = 0 (respectively, σ+ = 0)
then G is in-regular (respectively, out-regular). In this paper we prove that all
digraphs of defect two, diameter k ≥ 3 and out-degree d ≥ 2 are out-regular and
almost in-regular.

2 Results

Let G be a digraph of out-degree d ≥ 3, diameter k ≥ 3 and order Md,k − 2.
Since the order of G is Md,k − 2, using a counting argument, it is easy to show
that for each vertex u of G there exist exactly two vertices r1(u) and r2(u) (not
necessarily distinct) in G with the property that there are two u → ri(u) walks,
for i = 1, 2, in G of length not exceeding k. The vertex ri(u), for each i = 1, 2,

is called the repeat of u; this concept was introduced in [5].

We will use the following notation throughout. For each vertex u of a digraph
G described above, and for 1 ≤ s ≤ k, let T+

s (u) be the multiset of all endvertices
of directed paths in G of length at most s which start at u. Similarly, by T−s (u)
we denote the multiset of all starting vertices of directed paths of length at
most s in G which terminate at u. Observe that the vertex u is in both T+

s (u)
and T−s (u), as it corresponds to a path of zero length. Let N+

s (u) be the set
of all endvertices of directed paths in G of length exactly s which start at u.
Similarly, by N−

s (u) we denote the set of all starting vertices of directed paths
of length exactly s in G which terminate at u. If s = 1, the sets T+

1 (u) \ {u}
and T−1 (u) \ {u} represent the out- and in-neighbourhoods of the vertex u in
the digraph G; we denote these neighbourhoods simply by N+(u) and N−(u),
respectively. We illustrate the notations T+

s (u) and N+
s (u) in Fig. 3.

We will use the following notation throughout.

Notation 1 We say that G is a (d, k, δ)-digraph, that is, G ∈ G(d, k, δ), if G is
a digraph of defect δ, maximum out-degree d and diameter k.

We will present our new results concerning the diregularity of digraphs of
order close to Moore bound in the following sections.
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. . .
u1 u2

u

ud

T+
k−1(ud)

T+
k (u) N+

2 (u)

N+
1 (u)

N+
k (u)

...

Fig. 3. Multiset T+
k (u)

2.1 Diregularity of (d, k, 2)-digraphs

In this section we present a new result concerning the in-regularity of digraphs
of defect two for any out-degree d ≥ 2 and diameter k ≥ 3. Let S be the
set of all vertices of G whose in-degree is less than d. Let S′ be the set of
all vertices of G whose in-degree is greater than d; and let σ be the in-excess,
σ− =

∑
w∈S′(d

−(w)− d) =
∑

v∈S(d− d−(v)).

Lemma 1 Let G ∈ G(d, k, 2). Let S be the set of all vertices of G whose in-degree
is less than d. Then S ⊆ N+(r1(u)) ∪N+(r2(u)), for any vertex u.

Proof. Let v ∈ S. Consider an arbitrary vertex u ∈ V (G), u 6= v, and let
N+(u) = {u1, u2, ..., ud}. Since the diameter of G is equal to k, the vertex v

must occur in each of the sets T+
k (ui), i = 1, 2, ..., d. It follows that for each i

there exists a vertex xi ∈ {u} ∪ T+
k−1(ui) such that xiv is an arc of G. Since the

in-degree of v is less than d then the in-neighbours xi of v are not all distinct.
This implies that there exists some vertex which occurs at least twice in T+

k (u).
Such a vertex must be a repeat of u. As G has defect 2, there are at most
two vertices of G which are repeats of u, namely, r1(u) and r2(u). Therefore,
S ⊆ N+(r1(u)) ∪N+(r2(u)). 2

Combining Lemma 1 with the fact that every vertex in G has out-degree d

gives

Corollary 1 |S| ≤ 2d.
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In principle, we might expect that the in-degree of v ∈ S could attain any
value between 1 and d− 1. However, the next lemma asserts that the in-degree
cannot be less than d− 1.

Lemma 2 Let G ∈ G(d, k, 2). If v1 ∈ S then d−(v1) = d− 1.

Proof. Let v1 ∈ S. Consider an arbitrary vertex u ∈ V (G), u 6= v1, and let
N+(u) = {u1, u2, ..., ud}. Since the diameter of G is equal to k, the vertex v1

must occur in each of the sets T+
k (ui), i = 1, 2, ..., d. It follows that for each

i there exists a vertex xi ∈ {u} ∪ T+
k−1(ui) such that xiv1 is an arc of G. If

d−(v1) ≤ d − 3 then there are at least three repeats of u, which is impossible.
Suppose that d−(v1) ≤ d− 2. By Lemma 1, the in-excess must satisfy

σ− =
∑

x∈S′
(d−(x)− d) =

∑

v1∈S

(d− d−(v1)) = |S| ≤ 2d.

We now consider the number of vertices in the multiset T−k (v1). To reach v1

from all the other vertices in G, the number of distinct vertices in T−k (v1) must
be

|T−k (v1)| ≤
∑

u∈N−
t−1(v1)

d−(u) = d|N−
t−1(v1)|+ εt, (2)

where 2 ≤ t ≤ k and ε2 + ε3 + . . . + εk ≤ σ. If d−(v1) = d− 2 then |N−(v1)| =
|N−

1 (v1)| = d − 2. It is not difficult to see that a safe upper bound on the sum
of |T−k (v1)| is obtained from the inequality (2) by setting ε2 = 2d, and εt = 0
for 3 ≤ t ≤ k. This gives

|T−k (v1)| ≤ 1 + |N−
1 (v1)|+ |N−

2 (v1)|+ |N−
3 (v1)|+ . . . + |N−

k (v1)|
= 1 + (d− 2) + (d(d− 2) + ε2) + (d(d(d− 2) + ε2) + ε3)

(1 + d + · · ·+ dk−3)

= 1 + (d− 2) + (d(d− 2) + 2d) + (d(d(d− 2) + 2d) + 0)

(1 + d + · · ·+ dk−3)

= 1 + d− 2 + d2 + d3(1 + d + · · ·+ dk−3)

= Md,k − 2.

Since ε2 = 2d, εt = 0 for 3 ≤ t ≤ k, and G contains a vertex of in-degree
d − 2 then |S| = d. Let S = {v1, v2, . . . , vd}. Every vi, for i = 2, 3, . . . , d, has
to reach v1 at distance at most k. Since v1 and every vi have exactly the same
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in-neighbourhood then v1 is forced to be selfrepeat. This implies that v1 occurs
twice in the multiset T−k (v1). Hence |T−(v1)| < Md,k−2, which is a contradiction.
Therefore d−(v1) = d− 1, for any v1 ∈ S. 2

Lemma 3 If S is the set of all vertices of G whose in-degree is d − 1 then
|S| ≤ d.

Proof. Suppose |S| ≥ d + 1. Then there exist vi ∈ S such that d−(vi) = 1, for
i = 1, 2, . . . , d + 1. The in-excess σ− =

∑
v∈S(d − d−(v)) ≥ d + 1. This implies

that |S′| ≥ 1. However, we cannot have |S′| = 1. Suppose, for a contradiction,
S′ = {x}. To reach v1 (and vi, i = 2, 3, . . . , d + 1) from all the other vertices in
G, we must have x ∈ ⋂d+1

i=1 N−(vi), which is impossible as the out-degree of x is
d. Hence |S′| ≥ 2.

Let u ∈ V (G) and u 6= vi. To reach vi from u, we must have
⋃d+1

i=1 N−(vi) ⊆
{r1(u), r2(u)}. Since the out-degree is d then |⋃d+1

i=1 N−(vi)| = d. Without loss of
generality, we suppose x1 ∈

⋃d
i=1 N−(vi) and x2 ∈ N−(vd+1), where x1, x2 ∈ S′.

Now consider the multiset T+
k (x1). Since every vi, for i = 1, 2, . . . , d, respectively,

must reach {vj 6=i}, for j = 1, 2, . . . , d + 1, within distance at most k, then x1

occurs three times in T+
k (x1), otherwise x1 will have at least three repeats, which

is impossible. This implies that x1 is a double selfrepeat. Since two of vi, say vk

and vl, for k, l ∈ {1, 2, . . . , d + 1}, occur in the walk joining two selfrepeats then
vk and vl are selfrepeats. Then it is not possible for the d out-neighbours of x1

to reach vd+1. 2

Theorem 1 For k ≥ 3 and d ≥ 2, every (d, k, 2)-digraph is out-regular and
almost in-regular.

Proof. Out-regularity of (d, k, 2)-digraphs was explained in the Introduction.
Hence we only need to proof that every (d, k, 2)-digraph is almost in-regular. If
S = ∅ then (d, k, 2)-digraph is diregular. By Lemma 2, if S 6= ∅ then all vertices
in S have in-degree d− 1. This gives

σ =
∑

x∈S′
(d−(x)− d) =

∑

v∈S

(d− d−(v)) = |S| ≤ 2d.

Take an arbitrary vertex v ∈ S; then |N−(v)| = |N−
1 (v)| = d − 1. By the

diameter assumption, the union of all the sets N−
t (v) for 0 ≤ t ≤ k is the entire

vertex set V (G) of G, which implies that

|V (G)| ≤
k∑

t=0

|N−
t (v)|. (3)
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To estimate the above sum we can observe the following inequality

|N−
t (v)| ≤

∑

u∈N−
t−1(v)

d−(u) = d|N−
t−1(v)|+ εt, (4)

where 2 ≤ t ≤ k and ε2 + ε3 + . . . + εk ≤ σ.
It is not difficult to see that a safe upper bound on the sum of |V (G)| is

obtained from the inequality (4) by setting ε2 = σ = |S|, and εt = 0, for
3 ≤ t ≤ k; note that the latter is equivalent to assuming that all vertices from
S \{v} are contained in N−

k (v) and that all vertices of S
′
belong to N−

1 (v). This
way we successively obtain:

|V (G)| ≤ 1 + |N−
1 (v)|+ |N−

2 (v)|+ |N−
3 (v)|+ . . . + |N−

k (v)|
≤ 1 + (d− 1) + (d(d− 1) + |S|)(1 + d + · · ·+ dk−2)

= d + d2 + · · ·+ dk + (|S| − d)(1 + d + · · ·+ dk−2)

= Md,k − 2 + (|S| − d)(1 + d + · · ·+ dk−2) + 1.

But G is a digraph of order Md,k − 2; this implies that

(|S| − d)(1 + d + · · ·+ dk−2) + 1 ≥ 0

(|S| − d)
dk−1 − 1

d− 1
+ 1 ≥ 0

|S| ≥ d− d− 1
dk−1 − 1

As 0 < d−1
dk−1−1

< 1, whenever k ≥ 3 and d ≥ 4, it follows that |S| ≥ d. Since
1 ≤ |S| ≤ d. This implies |S| = d. 2

We conclude with a conjecture.

Conjecture 1 All digraphs of defect 2 are diregular for diameter k ≥ 3 and
maximum out-degree d ≥ 2.
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1 Introduction

Our aim is to investigate intragraph clustering in large enterprise networks and
to define a metric, for quantifying network change, based on the evolution of
vertex clusters. The use of clustering as a technique for change detection is a
relatively recent idea and one which requires further study. In this paper, a
metric will be defined on a sequence of graphs G1, . . . , Gs. The basis for the
metric will be a clustering procedure which uses edge weights to determine a
partition Ch of the vertex set of graph Gh. Then a distance measure d(Ch, Ch+1),
1 ≤ h ≤ s− 1, will be computed and used to quantify the distance d(Gh, Gh+1).
The clustering procedure will be based on spectral analysis. This combination
of spectral analysis, intragraph clusters and change detection is a new field of
study and one which will be explored in the current paper.

In spectral graph theory (see [11] Section 8.6, page 452, for a general discus-
sion) the eigenvalues and eigenvectors of associated matrices are calculated and
used to characterize a graph’s global structure. The literature includes some pa-
pers studying spectral theory and quantifying change in networks. For instance,
for each graph Gh selected from a sequence of graphs, G1, . . . , Gs, Bunke, Dick-
inson, Kraetzl and Wallis (see [1], page 72) determine the k largest positive
eigenvalues λh

1 , . . . , λh
k and quantify a graph distance measure by setting

d(Gh, Gh+1) =

∑k
j=1(λ

h
j − λh+1

j )2

min
(∑k

j=1(λ
h
j )2,

∑k
j=1(λ

h+1
j )2

) . (1)
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This measure is termed the spectral distance and it will be one of the techniques
used to calibrate the results obtained in this paper (see Section 6). Using simi-
lar ideas, Robles-Kelly and Hancock [8] calculate the largest eigenvalue for the
adjacency matrix of a graph. The associated eigenvector is then used to identify
an ordered path traversing every vertex. This ordered path forms the basis for
computing the distance between graphs within the sequence. Robles-Kelly and
Hancock also go on to discuss clustering, however individual clusters are deter-
mined using the largest eigenvalue. In this paper, we take a different approach
and adapt techniques which have been used extensively for image analysis and
graphs embedded in Euclidean space, see [6]. Initially, we will focus on a rigorous
theoretical discussion of the eigenvectors of the Laplace matrix and associated
techniques for partitioning the vertex set. By carefully analysing the theory we
are able to demonstrate that the second smallest eigenvalue provides a good
measure for determining vertex cluster sets. As noted by Hagan and Kahng [4],
the advantage of this technique is that the partitioning is based on global infor-
mation extracted from the overall network. Once we have determined the vertex
clustering for each graph in a sequence, the Rand Index (see Dickinson, Bunke,
Dadej and Kraetzl [3] and also [1] page 118) is used to define a graph distance
measure.

Section 3 provides the necessary background on the Rand index. The under-
lying theory is reviewed in Section 4, providing a rigorous justification for the
techniques under investigation. Section 5 discusses the necessary heuristics and
provides some justification for the methods used. The theory is then tested in
Section 6 and a comparison is made with distance measures studied by Bunke,
Dickinson, Kraetzl and Wallis [1].

2 Definitions

A graph G = (V,E(V )) is a vertex set V and a collection E(V ) of 2-element
subsets, chosen from V . If {u, v} ∈ E(V ), then {u, v} is called an edge and u and
v the endpoints of the edge. In this paper all graphs will be simple, in that there
are no repeated edges and all edges have two distinct endpoints. Each edge in
the graph will be assigned a label or weight. Thus it will be assumed that there
exists a function β, where

β : E(V ) −→ ZZ+ ∪ {0}.

When we wish to emphasize the fact that the edges of the graph are labeled we
will use the notation G = (V,E(V ), β).

It will be productive to define a number of matrices to summarize specific
information about a graph. We begin by setting m = |V | and define an ordering
on the vertex set; that is, the vertices are given an arbitrary order v1, . . . , vm and
this ordering is used to define a vector V = (v1, . . . , vm)T . An adjacency matrix
A = (aij), for a graph G = (V, E(V ), β), is defined to be a |V |× |V | matrix with
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entries

aij =
{

β({vi, vj}), where {vi, vj} ∈ E(V ),
0, otherwise.

Given the adjacency matrix A we let ai =
∑

j aij be the sum of the ith row (or
column since A is symmetric) and define the diagonal matrix to be D = (dij),
where dij = aiδij . Finally B = D−A is the disconnection or Laplace matrix. Note
that since A is symmetric, B is self adjoint. Hence, by the Spectral Theorem, B
has a full complement of orthogonal eigenvectors.

Example 1. These concepts are illustrated for the graph given in Figure 1.

• vertex set is V = {A,B, C,D, E, F};
• vertex ordering is given by V = (A,B,C, D,E, F )T ;
• edge set is E(V ) = {{A, D}, {B,D}, {B,C}, {C, E}, {D,E}, {D, F}};
• weights are β({A,D}) = 5, β({B, D}) = 1, β({B, C}) = 2,

β({C, E}) = 5, β({D,E}) = 2, β({D, F}) = 3.

• matrices are

D −A =




5 0 0 0 0 0
0 3 0 0 0 0
0 0 7 0 0 0
0 0 0 11 0 0
0 0 0 0 7 0
0 0 0 0 0 3



−




0 0 0 5 0 0
0 0 2 1 0 0
0 2 0 0 5 0
5 1 0 0 2 3
0 0 5 2 0 0
0 0 0 3 0 0




=




5 0 0 −5 0 0
0 3 −2 −1 0 0
0 −2 7 0 −5 0

−5 −1 0 11 −2 −3
0 0 −5 −2 7 0
0 0 0 −3 0 3




= B.

5

5

2 2

1 3 F

E

D

C

B

A

Figure 1: A weighted graph G = (V, E(V ), β)

3 Distance Measure

The focus of this paper will be the partitioning of the vertex set V of a graph
G into cluster sets C1, . . . , Ct, such that V = C1 ∪ . . . ∪ Ct and Ci ∩ Cj = ∅, for
1 ≤ i < j ≤ t. The collection C = {C1, . . . , Ct} is termed a clustering of V . This
partition defines an equivalence relation ρ(C) on the vertex set V ; that is, for
any two vertices x, y ∈ V, (x, y) ∈ ρ(C) if and only if there exists Ci ∈ C such
that x, y ∈ Ci.

Given two graphs G1 and G2, with associated clusterings C1 and C2, we seek
to quantify the distance d(G1, G2) by specifying the distance between C1 and
C2. We say a pair of vertices x, y ∈ V are consistent if either (x, y) ∈ ρ(C1)
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and (x, y) ∈ ρ(C2), or (x, y) /∈ ρ(C1) and (x, y) /∈ ρ(C2). Otherwise the vertices
x and y are said to be inconsistent. That is, two vertices x and y are consis-
tent if they belong to the same cluster set in C1 and the same cluster set in
C2, or they are in different cluster sets in both C1 and C2. Then R+ = |{{x, y} |
x, y are consistent vertices in V }| and R− = |{{x, y} | x, y are inconsistent
vertices in V }|. Note that if |V | = m, then R+ + R− = m(m − 1)/2. Finally
the Rand Index for a pair of clusterings C1 and C2 is defined to be

R(C1, C2) = 1− R+

R+ + R−
.

We note that R(C1, C2) ∈ [0, 1], with R(C1, C2) = 0 if and only if |C1| = |C2| and
all pairs of vertices are consistent, and R(C1, C2) = 1 if all pairs of vertices are
inconsistent.

For a sequence of graphs the Rand Index will be used to measure the distance
between consecutive graphs in the sequence. That is, for a given sequence of
graphs G1, . . . , Gs, we will determine a sequence of clusterings C1, . . . , Cs, where
Ci is a clustering on the vertex set of graph Gi. Then

d(Gi, Gi+1) = R(Ci, Ci+1).

4 The clustering procedure

In this section we will follow the work of Hall [6], including ideas of Hagen
and Kahng [4], and develop techniques needed to partition the vertex set of a
general graph; see also [5]. Initially the partition will give two disjoint subsets,
but repeated application will provide a hierarchical clustering tree with branches
of degree 2, the root of the tree corresponding to V and the leaves corresponding
to the cluster sets.

Thus initially we seek to take a graph G = (V,E(V ), β) and partition the
vertex set V into two subsets U and W such that the sum of weights of edges con-
necting U and W , defined to be w(U,W ) =

∑
x∈U,y∈W β({x, y}), is minimized.

More specifically, we seek to minimize the cut ratio

r =
w(U,W )
|U |.|W | .

We begin with the work of Hall [6], where G = (V,E(V ), β) is a graph
embedded in IR2, and hence each vertex vi corresponds to a point (xi, yi) ∈ IR2.
The vector XT = (x1, . . . , xm), where xi ≤ xj , defines an ordering on the vertex
set V = (v1, . . . , vm). Hall seeks to reposition the vertices to minimise the sum
of the edge weights times the squared distances between the corresponding x-
coordinates of XT , minimizing

z =
1
2

m∑

i=1

m∑

j=1

(xi − xj)2aij .
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Hall’s method clusters together those vertices which are “strongly” connected.
We note that since A is symmetric

z =
1
2

m∑

i=1

m∑

j=1

(xi − xj)2aij

=
1
2

m∑

i=1

m∑

j=1

(x2
i − 2xixj + x2

j )aij

=
1
2




m∑

i=1

x2
i ai − 2

m∑

i=1

m∑

j=1

xixjaij +
m∑

j=1

x2
jaj




=
m∑

i=1

x2
i ai −

m∑

i=1

m∑

j=1

xixjaij

= XT DX −XT AX

= XT BX.

Hence to minimize the weighted sum of the squares of the distance between the
x-coordinates of the vertices we seek to minimize the expression XT BX, where
B is symmetric, positive semidefinite.

Hagen and Kahng [4] extend these ideas to study general graphs, not just
those which are embedded in the plane.

So let G = (V, E(V ), β) be any graph and {U,W} be any partition of the
vertex set V = {v1, . . . , vm} into two subsets; that is, V = U∪W and U∩W = ∅.
Set p = |U |/m and q = |W |/m and let XT = (x1, x2, . . . , xm) be a vector of
length m with coordinates defined by

xi =
{

q, if vi ∈ U, and
−p, if vi ∈ W.

(2)

Note that p+q = |U |/m+|W |/m = (|U |+|W |)/m = 1, XT 1 = qpm+(−p)qm =
0, and

|xi − xj | =





0, if vi, vj ∈ U
1, if vi ∈ U, vj ∈ W
1, if vi ∈ W, vj ∈ U
0, if vi, vj ∈ W.

Also note
w(U,W ) =

1
2

∑

{vi,vj}∈E(V )

(xi − xj)2aij .

Moreover

|X|2 =
m∑

i=1

x2
i = (q)2pm + (−p)2qm = pqm(q + p)

=
pqm2

m
=
|U ||W |

m
.
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So returning to Hall’s analysis, where 1
2

∑
{vi,vj}∈E(V )(xi − xj)2aij = XT BX,

r =
w(U,W )
|U ||W | =

∑
{vi,vj}∈E(V )(xi − xj)2aij

2m|X|2 =
XT BX

m|X|2 . (3)

Hence to minimize r we need to minimize XT BX/|X|2, where X satisfies the
conditions given in (2) and XT 1 = 0.

We obtain an approximation to this by using Lagrange multipliers to min-
imize XT BX amongst X with XT X = 1 and XT 1 = 0. Thus given that B is
symmetric and XT BX =

∑
ij xibijxj , we have

∂

∂xs

(
XT BX

)
=

∑

j

Bsjxj +
∑

i

xiBis, and

∇XT BX = BX + BT X = 2BX.

Consequently, for the Lagrangian L = XT BX − λ(XT X − 1) − µXT 1, ∇L =
2BX − 2λX − µ1. After noting that B1 = 0 and so 1 is an eigenvector with
eigenvalue 0, the optimal solution occurs when 0 = (B − λI)X and non-trivial
solutions for X can be obtained by calculating the eigenvalues λi of B and
associated eigenvectors. Premultiplying by XT gives 0 = XT BX − λXT X and
since it is assumed that XT X = 1,

λ = XT BX = z.

Thus (see the Courant-Fischer Minimax principle, [2], page 106) the second
eigenvalue

λ = min
X⊥1,X 6=0

XT BX

|X|2

and so Equation (3) implies

r =
w(U,W )
|U ||W | ≥

λ

m
.

This suggests r can be minimized by using the Fiedler eigenvector corresponding
to the second smallest eigenvalue λ. Further, this eigenvalue can be used to de-
termine the coordinates of the “position” vector X which satisfies the conditions
given in (2). That is, z = 1

2

∑
{vi,vj}∈E(V )(xi−xj)2aij = XT BX is minimized by

the Fiedler eigenvector, with norm 1, and so intuitively the best approximation
to this minimum will be obtained by assigning values to X which reflect the
differences in the coordinates of the eigenvector and satisfy the conditions given
in (2). More precisely, if the difference for two coordinates of the eigenvector
is small then the difference between the corresponding coordinates given in (2)
should be small. Conversely, if the difference for two coordinates of the eigen-
vector is large then the difference between the corresponding coordinates given
in (2) should be large.
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So to determine a partition of the vertices of V into two subsets, the com-
ponents of the Fiedler vector are ordered in ascending numerical value giving
F = (f1, . . . , fm). The same ordering is applied to the vector V to obtain a new
ordering of the vertex set, or equivalently a new vector V+. This vector can now
be split into subvectors reflecting the partitioning of V into two subsets U and
W such that the sum of the weights of the edges joining vertices from different
subsets is minimized. The value |U | is termed the splitting index. A heuristic for
determining the splitting index is discussed in the next section.

Once U and W are determined using the splitting index, the process is re-
peated for the induced graphs G(U) = (U,E(U), β) and G(W ) = (W,E(W ), β).

5 Splitting Index

Hagen and Kahng [4] propose four heuristics for determining the splitting index:

(i) partition V+ = (v+
1 , . . . , v+

m) based on the sign of the corresponding com-
ponent in the Fiedler vector; that is, U = {v+

i | fi ∈ F , fi < 0} and
W = {v+

i | fi ∈ F , fi ≥ 0};
(ii) partition V+ around the median value of F ;
(iii) partition V+ = (v+

1 , . . . , v+
m) by determining the maximum difference be-

tween consecutive components of F ; that is, ai = |fi− fi+1|, 1 ≤ 1 ≤ m− 1,
U = {v+

1 , . . . , v+
t | at = max{ai}} and W = {v+

t+1, . . . , v
+
m};

(iv) partition V+ to obtain the least cut ratio; that is, for 1 ≤ i ≤ m−1, calculate
ri = w(Ui,Wi)/|Ui||Wi|, where Ui = {v+

1 , . . . , v+
i } and Wi = {v+

i+1, . . . , v
+
m},

then set U = {v+
1 , . . . , v+

t | rt = min{ri}} and W = {v+
t+1, . . . , v

+
m}.

It is suggested in [4] that method (iv) be used. However, our research indicates
that the above methods are susceptible to singularities and thus we will follow
the work of Hopcroft, Khan, Kulis and Selman, [7], by investigating instabilities
in the data and thus determining the most appropriate heuristic.

Full details of the data set are given in Section 6, however for a random
selection of graphs the following observations were made. The graphs contained
a large number of pendant vertices (vertices incident with at most one edge).
For these graphs heuristics (i), (iii) and (iv) were equivalent. Thus heuristics (ii)
and (iv) were tested on a number of randomly selected graphs, then the pendant
vertices were removed. When heuristic (iv) was applied the pendant vertices
dominated the majority of cluster sets and their removal reduced the clustering
to a small number of cluster sets containing a large number of vertices. When
heuristic (ii) was applied and the pendant vertices were removed the number of
cluster sets did not change. At times some of the pendant vertices were collected
together into the same cluster but at times they were fairly evenly distributed
across the cluster sets. Hence given the data set, it was decided that heuristic
(ii) should be applied to determine the splitting index.
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6 Experimentation

In this section we apply the above procedure (using heuristic (ii)) to data ob-
tained from an enterprise communication network4. This data set was obtained
by placing probes on physical links and recording the volume of information in
daily communications. Three types of statistics were gathered: sender and re-
ceiver identifications and a count of the TCP/IP traffic. The sender and receiver
identifications were clustered into 328 business domains or vertices in the resul-
tant network. Data was collected over a period of 102 days and this information
gives rise to a series of graphs G1, . . . , G102.

In [1], Bunke, Dickinson, Kraetzl and Wallis conducted a number of tests on
the distance between consecutive graphs in the above sequence. We have selected
two techniques proposed in [1], the Spectral Distance (see (1), Section 1) and
the Edit Distance, and compared these techniques with the procedure presented
in this paper. The results of these tests are given below, but first we provide a
brief discussion of edit distance.

Let Gh = (V, Eh(V ), βh) and Gh+1 = (V, Eh+1(V ), βh+1), where |V | = m
and let Bh = [bh

ij ] and Bh+1 = [bh+1
ij ] represent the corresponding m ×m dis-

connection matrices. Then the edit distance is given by

d(Gh, Gh+1) =
∑

1≤i<j≤m

|bh
ij − bh+1

ij |+
∑

bh
ii

=0,bh+1
ii

6=0

1 +
∑

bh
ii
6=0,bh+1

ii
=0

1.

That is, the sum of the differences in the weights of edges in Gh and Gh+1 plus
the number of vertices of non-zero degree which only occur in one of Gh or
Gh+1. This is a robust measure as it accurately records the overall change in
communication traffic across the network.

The values of d(Gh, Gh+1), using each of the three techniques (spectral dis-
tance, edit distance and clustering techniques), has been calculated for 1 ≤ h ≤
101 and the results are displayed in the following graphs.

In the first of these graphs, we note that both the edit distance and the
clustering procedure detect major changes in the network between days 20 and
25, 60 and 65, and 85 and 90. The spectral distance detects the first of these
changes, but not the other two major perturbations. A more interesting aspect
highlighted in the first graph is the differences between days 20 and 90. Other
than the major changes mentioned above, the edit distance shows relatively lit-
tle change from one day to the next. However the clustering technique tends to
imply that during the same period there are changes in intergroup communi-
cations, indicating that the dynamics of the network may be changing through
this period. These results suggest that the clustering technique presented here
may be useful in detecting major changes in the overall communication traffic,
but may also be useful in detecting changes in group dynamics.

4 We wish to acknowledge the generous support of Miro Kraetzl, who among other
things has given us access to the data set.
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Figure 2: Time Series: Network Evolution

7 Conclusions and further research

The above results show that the Fiedler vector can be used to determine an in-
tragraph clustering. Further, it may tentatively be suggested that this clustering
technique may provide a method comparable to the edit distance for detecting
change in networks. For the data tested here, there are some instances where
the clustering technique detects changes which were not so obvious in the edit
distance. These results are positive and indicate that further investigation of
the technique is warranted, and may lead to more refined methods providing a
robust tool for the detection of change within large enterprise networks. Possible
areas for further investigation are an extended analysis of the heuristics used
to determine the splitting index; an investigation of the use of the M-cut ratio
as proposed by Shi and Malik [9]; an investigation of related algorithms which
overcome the problem of a hierarchical clustering process, for instance some of
the techniques proposed by Tolliver and Miller [10].

References

1. Horst Bunke, Peter J Dickinson, Miro Kraetzl and Walter D Wallis: A Graph-
Theoretic Approach to Enterprise Network Dynamics, Birkhäuser. Boston (2007)
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Abstract. We consider the problem of minimal representations of in-
tervals of positive integers by Ternary Content Addressable Memory
(TCAM). The integers are encoded (represented) as binary strings of
the same length n and a TCAM is a string-oriented representation in
terms of unions of simple sets, called rules. Each rule is a concatena-
tion (of length n) of singleton sets (i.e., single digits 0 and 1) or the set
{0, 1} denoted by ∗. Two important encodings are lexicographic encoding
(standard binary representation of integers) and binary reflected Gray
encoding. We consider a family of encoding schemes, called dense-tree
encodings, which includes both of them: each integer i ∈ {0, 1, . . . , 2n−1}
is represented as the label of the path from the root to the i-th leaf of a
perfect binary tree T of height n, whose edges are labeled by zeros and
ones. A set X ⊆ {0, 1, . . . , 2n− 1} corresponds to the set T [X] ⊆ {0, 1}n

of binary strings representing integers in X as branches of the tree T .
We provide exact bounds (with respect to n) on the minimal sizes of
TCAMs representing sets of strings T [X], for an interval X. Three im-
portant cases are analyzed: T can correspond to lexicographic, Gray or
general dense-tree encoding. Some other issues related to the minimal
sizes and number of essential rules of TCAMs are also investigated.

1 Introduction

The Ternary Content Addressable Memory (TCAM), [8, 7], is a type of associa-
tive memory with a highly parallel architecture which is used for performing very
fast (constant time) table look up operations. The problem of interval represen-
tation by TCAMs appears in network processing engines where the header fields
of each IP packet (e.g., source address, destination address, port number, etc.)
should be matched under strict time constraints against the entries of an Access
Control List (ACL) [2, 6, 11]. In these engines, an ACL is often represented by
a TCAM. Each entry of the ACL defines either a single value or an interval of
? The research of the first, second, and the third author were supported by grants of

NSERC, Polish Ministery of Science and Higher Education N 206 004 32/0806, and
Ontario Graduate Scholarship, respectively.
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values for the fields of the packet header. If an ACL entry defines only single
values for all header fields, then it can be directly and very efficiently represented
using a single TCAM rule. However, if the ACL entry defines some non-trivial
intervals for some header fields of the packet, then it may need more than one
TCAM rule [9, 10].

A TCAM can be defined as a two dimensional array of cells, where each cell
carries one of the three values 0, 1, or ∗. Each row of this array is called a TCAM
rule. An example of a TCAM is shown in Figure 1.

1 0 1 ∗ ∗ ∗
2 ∗ 0 1 ∗ ∗
3 ∗ ∗ ∗ 0 1
4 ∗ ∗ 0 1 ∗
5 1 ∗ ∗ ∗ 0

Fig. 1. A TCAM T of width 5 with 5 rules. L(T ) = {0, 1}5 \ {00000, 11111}.

A rule of a TCAM of width n is a sequence r = e1e2 . . . en, where ei ∈ {0, 1, ∗}
for i ∈ {1, . . . , n}. It defines the following non-empty language L(r):

L(r) def= L(e1)L(e2) . . . L(en),

where L(0) def= {0}, L(1) def= {1}, and L(∗) def= {0, 1}. For example, L(0*1) =
{0} · {0, 1} · {1} = {001, 011}.

We say that r covers a set of strings S if ∀w ∈ S, w ∈ L(r). A TCAM T
of width d with k rules defines the following partial mapping T : {0, 1}d →
{1, . . . , k}. T (w) = i if and only if w is a word of the language defined by the
rule number i, and w is not a word of the language defined by any rule with a
number smaller than i.

The language L(T ) of a TCAM T is the union of the languages defined by
its rules, i.e., the domain of the partial mapping T . The number of rules in a
TCAM is called the size of the TCAM.

For a ∈ {0, 1}, by a we will denote the complement of a, i.e., 0 def= 1 and
1 def= 0.

The problem of interval representation in TCAM is sometimes referred to
as the problem of “range representation” in TCAM, [10, 9, 2]. In this paper we
present a systematic approach for tackling this problem. For a family of encoding
schemes, which includes the lexicographic encoding and the binary reflected Gray
encoding, we provide exact bounds on the minimal sizes of TCAMs for intervals
representation. We also provide bounds on the number of essential TCAM rules
(prime implicants) for intervals in the lexicographic encoding and the binary
reflected Gray encoding.
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2 Dense-tree encodings of integers and interval sets

We define a full tree of height n as a perfect binary tree of height n such that
each pair of sibling edges are labeled 0 and 1. The assignment of labels to the
edges (two alternatives per each internal node) can be chosen arbitrarily.

Let Tn be a full tree of height n. The label w ∈ {0, 1}n of the path from the
root to i-th leaf defines the n-bit encoding of number i, with 0 corresponding to
the furthest left leaf of the tree. In that way, Tn defines a bijection Tn : {0, 1}n ↪→
{0, 1, . . . , 2n−1}, called an n-bit dense-tree encoding. The lexicographic encoding
(i.e., standard unsigned binary encoding) and the binary reflected Gray encoding
[3, 5] are two important examples of dense-tree encodings. They are presented
in Figure 2 in forms of full trees for 4-bit encodings.

0

0

0

0 0 0 0 0 0 0 0

1

1

1 1 1 1

1

1 1 1 1 1 1 1 1

0 0 0

0

0

0

0

0

1

1

1 1

1 1

01 0

01

1

0 0

0

10 1 0 1 0 1 1 0

1 0

(Lex) (Gray)

10 2 3 4 5 6 7 8 9 10 1314 151112 10 2 3 10 14 1511 13124 5 6 7 8 9

Fig. 2. Two sample 4-bit dense-tree encodings: Lexicographic encoding (Lex) and re-
flected Gray encoding (Gray).

In the context of a dense-tree encoding Tn, a set X ⊆ {0, 1}n defines both
the set Tn(X) of integers and a subset of leaves of Tn. X can be represented by
a skeleton tree (see Figure 3). The skeleton tree of X is obtained from Tn by:

(1) removing all edges which are not leading to the leaves of X;
(2) secondly, turning into leaves all full subtrees.

We say that a skeleton tree S is a chain, if every vertex of S has at most one non-
leaf child. A double-chain is a skeleton tree with at most one vertex v having two
non-leaf children and such that all ancestors of v have only one child. Examples
of a chain and a double-chain are illustrated in Figure 4.

For two integers x, y, we denote by [x, y] the set {x, x + 1, . . . , y} and call it
an interval. A set of binary strings X of length n is an interval-set of a dense-tree
encoding Tn if Tn(X) is an interval.

Lemma 1. Let X ⊆ {0, 1}n. The following statements are equivalent:

1. There exists a dense-tree encoding Tn for which Tn(X) = [0, |X| − 1];
2. There exists a dense-tree encoding Tn for which Tn(X) = [2n − |X|, 2n − 1];
3. For any dense-tree encoding the skeleton tree of X is a chain.
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interval tree T

skeleton version of T

Fig. 3. An interval tree T and its skeleton version.

double chain

chain

Fig. 4. A chain and a double-chain.

Lemma 2. Let X ⊆ {0, 1}n. The following statements are equivalent:

1. There exists a dense-tree encoding Tn for which Tn(X) is an interval;
2. For any dense-tree encoding the skeleton tree of X is a double-chain.

Corollary 1. There is a linear time algorithm to test whether there exists a
dense-tree encoding Tn for which Tn(X) is an interval.

In contrast the problem of determining whether a given TCAM defines an
interval is intractable, as stated by the following lemma.

Lemma 3. The problem of testing for a given TCAM T if L(T ) is an interval
set is co-NP complete.

Proof. Testing if a TCAM of width n corresponds to a full tree is co-NP com-
plete, since determining whether a given Boolean formula in a disjunctive normal
form is a tautology is known to be co-NP complete. For a given TCAM T , we
construct the TCAM T ′ = {10} · T ∪ {*1n+1}. TCAM T ′ defines an interval set
if and only if T corresponds to a full tree. ut
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3 Prefix rules and essential rules of TCAMs

Let E : {0, 1}n ↪→ {0, 1, . . . , 2n − 1} be an encoding of integer values by n-bit
strings. Any subset S ⊆ {0, 1, . . . , 2n − 1} can be represented by a TCAM T of
width n, i.e., T represents S iff E−1(S) = L(T ).

The problem of finding a minimal size TCAM T (i.e., a TCAM with the min-
imal number of rules) for a given set S is known to be NP-hard (as it corresponds
to the problem of finding a minimal disjunctive normal form for a Boolean ex-
pression). However, in this paper we are interested only in subsets which are
intervals.

A TCAM rule is called a prefix rule if all non-star symbols occur as a prefix
of it, e.g., 0101**** is a prefix rule.

Theorem 1. Let X ⊆ {0, 1}n be an interval-set of a dense-tree encoding Tn.
The minimum number of prefix rules covering X equals the number of leaves in
the skeleton tree of X in Tn.

Theorem 2. Let the skeleton tree of X ⊆ {0, 1}n in a dense-tree encoding Tn

be a chain with k leaves. The minimal size of a TCAM for X is k.

Proof. We first show that k rules are sufficient for representing X. Let k denote
the number of leaves. Obviously k prefix rules are enough, each rule correspond-
ing to a leaf.

Now we show that we need at least k rules (prefix or non-prefix). Assume, by
contradiction, we have k′ rules e1, e2, . . . , ek′ , with k′ < k. Let d = d[1]d[2] . . . d[n]
be the label of the path from the root to the sibling of the bottom leaf of the
chain, which means that d 6∈ X. Each rule ei has to have at least one position pi

such that ei[pi] is d[pi]; we choose always the first such position. Since k′ < k,
there is a position r which corresponds to an incoming edge of a leaf of the chain
and which was not selected by any of positions pi. We change the symbol on this
position of d to d[r]. Then the resulting string belongs to the interval but it is
not covered by any of the rules. ut
Corollary 2. In an n-bit dense-tree encoding, representing each of the intervals
[1, 2n − 1] and [0, 2n − 2] needs exactly n TCAM rules.

Consider a set X ⊆ {0, 1}n. A TCAM rule r is called an X-limited rule if
it does not cover any string out of X, i.e., L(r) ⊆ X. An X-limited rule r is
said to be X-essential if there is no other X-limited TCAM rule that covers r.
In the context of two-level logic generation, an X-essential TCAM rule is called
a “prime implicant” of X (see [1]). Prime implicants play an important role in
the process of two-level logic generation. Any coverage of X by a TCAM of size
k can be turned into a coverage by k X-essential TCAM rules. Therefore, one
can consider only X-essential TCAM rules in the process of finding a minimal
coverage of X.

In the general case of two-level logic minimization, the number of prime
implicants for a given set may be exponential with respect to the number n of
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input bits [1]. In the following, we prove that in the case of the n-bit lexicographic
encoding and n-bit reflected Gray encoding, an interval-set X ⊆ {0, 1}n admits
no more than n(n− 1) + 1 and 2n X-essential TCAM rules, respectively.

Lemma 4. Let X ⊆ {0, 1}n such that the skeleton tree of X in a dense-tree
encoding Tn is a chain with k ≤ n leaves. There are exactly k different X-
essential TCAM rules.

Proof. It can be verified that every X-essential rule is of form s1s2 . . . si . . . sn,
where i is the level of a leaf in the chain and, for 1 ≤ j ≤ n,

sj =





d[i] if i = j
d[j] if j < i and there is no leaf at level j
* otherwise

where d = d[1]d[2] . . . d[n] is the path from the root to the sibling of the bottom
leaf of the chain. ut
Theorem 3. Let X ⊆ {0, 1}n be an interval-set in the n-bit lexicographic en-
coding Lexn. There is at most n(n− 1) + 1 different X-essential TCAM rules.

Proof. Let Lexn(X) = [x, y]. The proof is by induction on n. Suppose that
Lexn(0u) = x and Lexn(1v) = y for some u, v ∈⊆ {0, 1}n−1. The easy case when
x and y encodings are starting by the same digit is skipped.

The set P ([0u, 1v]) of all X-essential TCAM rules can be split into three
disjoint sets P0, P1, and P∗, where Pa, a ∈ {0, 1, ∗}, denotes the set of all X-
essential TCAM rules that start with a. By Lemma 4, we have: |P0| ≤ n−1 and
|P1| ≤ n− 1. Also |P∗| = |P ([u, v])|, where the interval [u, v] is encoded by n− 1
bits. Thus, p(n) ≤ 2(n − 1) + p(n − 1), with p(1) = 1, where p(i) denotes the
maximum number of different X-essential TCAM rules for any interval I with
Lexi(X) = I. ut
Theorem 4. Let X ⊆ {0, 1}n be an interval-set in the reflected Gray encoding
Grayn. There is no more than 2n different X-essential TCAM rules.

Proof. Let Grayn(X) = [x, y] be such that encodings of x and y differ in the
first digit. We assume that the dense-tree encoding is “reflective”, i.e., the labels
of the right-hand side and the left-hand side subtrees rooted at every node are
the mirror copy of each other. Suppose that x < y, x is encoded as av, y as
au, a ∈ {0, 1}, and u, v ∈ {0, 1}n−1. Then by reflective property, au encodes
2n − 1− y.

In case when x ≤ 2n−1−y, there is no X-essential TCAM rule which starts
by a, and symmetrically, if x ≥ 2n − y then there is no X-essential TCAM rule
which starts by a. Without loss of generality we may assume that x ≤ 2n−1−y.
Therefore, X-essential TCAM rules can be split into two sets Pa (i.e., the set of
rules starting by a), and P∗ (i.e., those rules that start by ∗). Every rule from Pa

with initial a removed must be an essential TCAM rule for interval [x, 2n−1− 1]
on n−1 bits, and every rule from P∗ with initial ∗ removed must be an essential
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TCAM rule for interval [2n − 1 − y, 2n−1 − 1] on n − 1 bits. Since the skeleton
trees of both these intervals are chains (or empty), by Lemma 4 each of them
has at most n− 1 (or none if empty) different essential TCAM rules. ut

4 Bounds on the size of a TCAM representing an interval

The minimum number of prefix rules required for representing an interval in
TCAM is equal to the number of leaves in its corresponding skeleton tree. For
some intervals, this number can be significantly reduced by using non-prefix
TCAM rules.

Theorem 5. There is a dense-tree encoding Tn and an interval I such that
the minimum number of prefix rules representing I is 2n− 2 and the minimum
TCAM size is only n.

Proof. Consider the interval I = [1, 2n − 2] in the lexicographic encoding on n
bits. The skeleton tree for X ⊂ {0, 1}n such that Lexn(X) = I has 2n− 2 leaves
and thus by Theorem 1 it cannot be covered by less than 2n − 2 prefix rules.
However X can be covered by the following n rules: X = {rotk(01 ∗ . . . ∗) | 0 ≥
k < n}, where rot denotes the left-rotation of a word, i.e., rot(aw) def= wa, for
a ∈ {0, 1, ∗} and w ∈ {0, 1, ∗}n−1. (An example of X for n = 5 is presented in
Figure 1.) ut

0 1

1 0

T1 T2

0 1

T1 T2 T3

10

0
1

0
0

0

0

0
0

0
0

0

(A) (B)

Fig. 5. The lexicographic tree in (A) needs at least 2n−4 rules for lexicographic coding,
the (non-lexicographic) tree in (B) needs at least 2n− 3 TCAM rules.

Theorem 6.
(a) Let Tn be a lexicographic or reflected Gray encoding of length n. There is
an interval I = [x, y] which cannot be represented with less than max(n, 2n− 4)
TCAM rules.
(b) For each n ≥ 1 there exists a dense-tree encoding Tn and an interval I =
[x, y] which needs max(n, 2n− 3) TCAM rules.

Proof. Point (a). For 1 ≤ n ≤ 3, we have max(n, 2n − 4) = n and the the-
orem’s claim was proved in Corollary 2. For n ≥ 4, we provide a proof for
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the lexicographic encoding; the proof for the reflected Gray encoding is sim-
ilar to this proof. Consider the interval I = [rl, rh] = [Lexn(sl), Lexn(sh)] =
[Lexn(0100 . . . 001), Lexn(1011 . . . 110)] whose corresponding interval-set has a
skeleton tree as illustrated in Fig. 5(A) for the lexicographic encoding. sl starts
with 01, followed by n − 3 zeros and ends by 1. sh starts with 10, followed
by n − 3 ones and ends by 0. We divide this interval to two sub-intervals
I1 = [rl, 2n−1−1] = [Lexn(0100 . . . 001), Lexn(0111 . . . 11)] and I2 = [2n−1, rh] =
[Lexn(100 . . . 00), Lexn(1011 . . . 110)]. The encodings of all values in the interval
I1 start with 01 and thus they are within the first half of the domain [0, 2n− 1].
This means that all the leaves corresponding to the values in I1 fall on the left
side of the vertical line that passes through the root of the tree. The encodings
for the values of interval I2, however, start with 10 and so their corresponding
leaves fall on the right side of the vertical line. This means that any TCAM
rule that represents a value from I1 cannot represent any value from I2 and vice
verse. As such, the minimum number of TCAM rules required for representing
I is equal to the addition of the minimum number of rules that are required to
represent each of the intervals I1 and I2, separately.

Since the encodings of all the values from I1 start with 10, we can represent
this interval by prepending 10 to the n − 2 rules that are required to represent
the interval [1, 2n−2 − 1] = [Lexn(00 . . . 001), Lexn(11 . . . 11)] over the domain
[0, 2n−2 − 1]. Hence, using Corollary 2, we need at least n − 2 TCAM rules of
width n− 2 to represent this interval. Similarly, it can be seen that representing
I2 needs at least n − 2 TCAM rules. This means that the interval I cannot be
represented by less than 2n− 4 TCAM rules.
Point (b). An example of such a dense-tree encoding Tn and the interval
[1, 2n−1 + 2n−2 − 2] is shown in Figure 5(B). ut

Theorem 7. Let Tn be a dense-tree encoding of length n. Every interval I =
[x, y] can be represented by max(n, 2n− 3) TCAM rules.

Proof. If 1 ≤ n ≤ 3, we have max(n, 2n−3) = n and it can be checked manually
that every interval can be represented by n or less TCAM rules. For n > 3, if
the skeleton tree of I has 2n − 3 or less leaves, then by Theorem 1 I can be
represented by 2n−3 or less prefix TCAM rules. The skeleton tree has maximal
number of 2n − 2 leaves iff it has a shape similar to tree T of Figure 6. We
decompose this tree into three subtrees T1, T2, and T3. The subtrees T1 and T2

are chains with n− 3 leaves each, and thus altogether they need 2n− 6 TCAM
rules. It is enough to show that T3 needs only 3 TCAM rules. Let abc (ab′c′)
be the labels of the left (resp., right) branch of T3, as shown in Figure 6. We
consider all possible cases as follows. If b′c′ = bc, then rules ∗bc, a∗c, and
ab∗ represent T3; If b′c′ = bc, then rules ∗∗c, abc, and abc represent T3; If
b′c′ = bc, then rules ∗bc, abc, and abc represent T3. ut

Theorem 8. Let Tn ∈ {Lexn, Grayn} be the lexicographic or the reflected Gray
encoding of length n. Every interval I = [x, y] can be represented by max(n, 2n−
4) TCAM rules.
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vv
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tree T
tree T3
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a
b
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b′

Fig. 6. The case when skeleton tree has maximal number of prefix rules 2n − 2. T is
decomposed into T1, T2, and T3. For T1 and T2 we use 2n− 6 prefix rules. For T3 three
general rules are enough (instead of 4 prefix rules).

Proof. We only show the proof for the lexicographic encoding; the proof for the
Gray encoding is similar. For n ≤ 4, it can be manually verified that every
interval I can be represented by n or less TCAM rules. For n ≥ 5, if the interval
tree has 2n − 2 leaves, then by proof of Theorem 5 it can be represented by n
TCAM rules. If the skeleton tree has 2n−3 leaves, then it has one of the formats
shown in Figure 7, where Cl and Cr are chains. In all these three cases it can be
proved that the leaf labeled by letter B can be represented by a combination of
the TCAM rules that represent the other labeled leaves and thus (by Theorem 1)
the whole interval can be represented by 2n − 4 TCAM rules. For instance, in
the skeleton tree of Figure 7-(a), changing the second bit and the first bit of the
prefix rules that represent the leaves A and D, respectively, to ∗ results in two
rules that represent A′ and D′, either. As such, representing leaf B does not

1
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1

1

1

(b)

0

0 1

0 1
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0 1
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0
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1
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0

0

0

0

1

1
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1

0 1

1
A

1010

D

E E′
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A′
C′ C

B

D′A′

Fig. 7. Three possible forms of a skeleton tree with 2n− 3 leaves, for n ≥ 5.

need a separate TCAM rule. ut
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5 Conclusion and future work

In this paper we studied the problem of interval representation by TCAM. This
problem appears in the Internet routers that classify and filter the packets by
implementing ACL policy rules. The available methods of interval representation
by TCAM use the lexicographic encoding to encode the integers of a given
interval. We broadened this choice and explored the problem assuming that
the underlying encoding scheme belongs to the family of dense-tree encoding
schemes which includes the lexicographic encoding and the binary reflected Gray
encoding.

We introduced the notion of a skeleton tree of a set X ⊆ {0, 1}n and used
it to devise a linear time algorithm which determines whether X is an interval
in some dense tree encoding scheme. Skeleton trees appear to be useful also
in estimating the sizes of TCAMs. We also showed that the number of prime
implicants (called here the essential rules) of a given interval set X ⊆ {0, 1}n

is at most n(n− 1) + 1 and 2n for the lexicographic encoding and the reflective
Gray encoding, respectively.

Finally, we proved that for the class of dense-tree encoding schemes, every
interval over the domain [0, 2n − 1] can be represented by 2n − 3 TCAM rules
and in addition, there are intervals over the domain [0, 2n − 1] which need at
least max(n, 2n− 4) rules for their TCAM representation.

Suppose that we use a fixed n−bit encoding scheme for representing the
integer values of a domain D = [0, 2n − 1]. In the continuation of our work, we
would devise an algorithm for finding a TCAM representation of a given interval
over D with minimum number of TCAM rules. This problem is a special case of
finding a TCAM representation of an arbitrary subset of the integers of domain
D with minimal number of TCAM rules. The latter problem is an NP-hard
problem as it can be polynomially reduced to the NP-complete problems of the
Minimal Disjunctive Normal Form of a Boolean formula [4] or the Two-Level
Logic Minimization [1].
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1 Introduction

This paper explores new avenues into an old problem. Although the famous
Four-Colour Problem (FCP ) of planar graphs has a published solution [6–8]
with later improvements [9] there has always been a body of opinion that extant
proofs are unsatisfactory, lacking conciseness and lucidity and requiring hours of
electronic computation.

Historically, (see, for example, [10]) work on FCP has contributed signifi-
cantly to the body of graph theory and combinatorics and continues to do so,
partly through papers like this. Tait [3] showed that 3-edge colouring of cu-
bic bridgeless graphs was equivalent to FCP . Building indirectly on this work
others (for example, [4, 5]) showed that FCP was equivalent, by a linear-time
reduction, to the so-called Colouring Pairs of Binary Trees problem (CPBT ).
This is our starting point. Specifically, the paper explores the notion of so-called
towersin this context. Other papers cited in the references, by the same authors,
investigate (CPBT through other avenues.

Figure 1 shows an instance of CPBT. Such an instance always consists of
two binary trees of the same size (that is, having the same number of leaves).
For analytical reasons, we usually consider that the trees have so-called root-
edges shown at the top of these structures. Any 3-edge colouring of a binary
tree defines a sentence over the colours {a, b, c} which is given by reading (from
left to right) the colours of those edges which have leaves as endpoints. In this
figure, for both trees, the sentence in bbabb. The sentence is said to colour the
tree. In the example, bbabb is said specifically to a-colour both trees because a
is the colour of the root-edge in both cases. More formally, an a-colouring of a
binary tree is one in which the colours of edges are assigned in such a way that
the root-edge is forced (by the colours assigned to all other edges) to be a. For
any pair of binary trees of the same size, CPBT is to prove that there always
exists at least one sentence that colours both trees.

Other problems in a variety of combinatorics (for example, in language, au-
tomata and integer linear equation theories, [4, 5]) have, in turn, been shown to
be equivalent to CPBT which adds to its interest. In [1, 2] the authors study
CPBT through the idea of rotations in trees and by looking at broad classes
of CPBT problem instances which are solvable independently from FCP . This
paper takes a fresh look at CPBT through the notion of towers. The follow-
ing sections define towers and decomposition of binary trees into towers. They
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also develop combinatorics and algorithmics appropriate to this initial study of
towers in the context of CPBT .

Before embarking on that, we present a theorem which, for the first time,
completely characterises the set of all the strings each of which a-colours at least
one binary tree with n leaves. In the theorem, Sn is the cardinality of this set.

a

bc

a b

b c

b a

a

cb

a b

b c

a b

Fig. 1. A solution to CPBT for two trees with 5 leaves

Theorem 1. Let S be a string of length n (> 1) over the alphabet {a, b, c} and
let A,B, C respectively be the number of a’s, b’s and c’s in s. Then:· S a-colours some binary tree with n leaves if and only if

1. S contains at least two of the characters a, b and c.
2. for n even, A is even and (B,C) are odd.

for n odd, A is odd and (B, C) are even.

· Sn = (3n − 1)/4, n even, and Sn = (3n − 3)/4, n odd

Proof. (sketch) First part: In a 3-edge colouring of any 3-regular rootless tree T ,
the number of edges attached to leaves that are coloured a, b or c are either all
even or all odd. This forces the parities of A, B and C of S defining the colouring
of any binary tree obtained by rooting T . On the other hand, given any S over
{a, b, c}, we can simulate a colouring of a binary tree by replacing recursively
any pair of adjacent and differently coloured letters by the third letter, only if
S satisfies the conditions of the theorem for a-colouring.

Second part: It is easy to prove that of the 3n distinct strings of length n
over {a, b, c}, (3n +1)/2 have A even and (3n−1)/2 have A odd. For n even, the
(3n + 1)/2 strings with even A includes the string consisting only of a’s. This is
disallowed by (1) above, leaving (3n+1)/2−1 = (3n−1)/2 strings. Each of these
contains at least one character that is not a, and each has either (B, C) odd or
(B,C) even. We can form pairs of strings such that one string of a pair differs
from the other in just one respect: the first character that is not an a in one is
a b and in the other is a c. Clearly every one of the (3n − 1)/2 strings can be
accounted for in this way. It follows that for n even, there are (3n− 1)/4 strings
with A even, (B,C) odd and containing at least two characters from {a, b, c}.
For n odd, the proof is similar but we start with (3n − 1)/2 strings with A odd.
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Corollary 1. In any instance of CPBT, each tree with n leaves can be a-coloured
by 2n−1 distinct strings. It follows that the full space of all strings a-colouring
trees of size n is therefore much too large to guarantee that the two sets of strings
defined by two trees of such an instance will have a non-empty intersection.

2 Towers

If both children of an internal node of a binary tree are leaves, then that internal
node is said to be a terminal. A tower is a binary tree with exactly one terminal.
Before going on to look at the decomposition of trees into towers and its relevance
for CPBT , we present the following theorem which formulates the number of
binary trees, Tk,n that have n leaves and k terminals.

Theorem 2.

Tk,n =
1
k

(
2k − 2
k − 1

)(
n− 2
2k − 2

)
2n−2k

Proof. (brief sketch) A tree with n vertices may be constructed from a tree with
(n− 1) vertices by attaching a pair of edges (creating a terminal vertex) to any
leaf. This process of adding an edge pair may (if the new terminal is not a child
of an old terminal) or may not (if the new terminal is a child of an old terminal)
create one more terminal in the new tree than in the old. Thus, a particular tree
with n leaves and k terminals may be constructed from k different smaller trees
with (n − 1) leaves, some of which have k terminals and some of which have
(k − 1) terminals.

In a tree with (n − 1) leaves and (k − 1) terminals, there are (n − 2k + 1)
leaves that are not the children of terminals. In a tree with (n − 1) leaves and
k terminals, there are 2k leaves that are the children of terminals. The above
considerations establish the following recurrence relation

Tk,n = ((n− 2k + 1)Tk−1,n−1 + 2kTk,n−1)/k (1)

In addition, and by inspection of the trees, we have that:

T1,2 = 1, T1,3 = 2, T1,4 = 4, T2,4 = 1, T1,5 = 8, T2,5 = 6

The closed form for Tk,n in the theorem statement can now be found using
standard means too long to include here. The reader may (tediously) verify that
the closed form does indeed satisfy the recurrence relation and initial values.

2.1 Decomposition of Trees into Towers

There are several ways to decompose trees into towers. At this time it is not clear
what strategy might best help, for example, to provide an algorithmic solution
to CPBT (this being a major motivator). Let a join define an internal vertex
for which both children are not leaves. Natural methods for decomposition then
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involve cutting edges that connect a join to a child (a copy of that edge being
retained by the join and its child). Such methods might: (a) cut both edges from
each join to its children, or (b) cut just one edge from each join to a child. We
look briefly at both of these possibilities.

Cutting both edges produces more towers from a given tree, but the method
seems to provide, in some contexts, greater analytic utility. For example, we can
reproduce the result of Theorem 2 by considering the reverse process of such a
decomposition. Suppose that a tree has k terminals, then we can think of the
towers produced by process (a) as super-edges in a “tree” of super-edges which
has k “leaves” and, in all, (2k − 1) super-edges arranged in one of the standard
topologies of a normal k-leaved binary tree. This is illustrated in Figure 2. For
the tree, T , of (a) the edge-cuts decomposing (that is, separating) the tree into
towers are indicated. Its super-edge tree is shown in (b).

Now, suppose that we wish to count the number of trees with n leaves and k
terminals. We can look at all the distinct ways of generating (2k−1) towers and
combining them through topologies such as that of Figure 2 (b). The following
method does this, carefully avoiding the duplication of individual binary trees.
We start with a large tower with n leaves. Such a tower that will produce T
of Figure 2 (a) is shown in (c). Internal edges of the large tower are cut to
produce the required (2k−1) super-edges. Note that the stacking of super-edges
is topologically ordered according to the digital labels of (b) and (c). How many

1

2

4 5

3

(c) tower of super−edges

z

y
1

2

3

4

5

x

(b) super−edge tree of T

(a) T

Fig. 2. Decomposition of a tree, T , into towers.

different trees with n vertices and k terminals can be constructed in this way for
a fixed topology such as that of (b)? We start with a tower (such as (c)) with n
leaves, there are 2n−1 such towers. We cut (2k-2) internal edges of the tower to
make (2k− 1) super-edges; there are (n-2) internal edges, so that these cuts can
be made in

(
n−2
2k−2

)
ways. However, the same set of super-edges can be produced

by 22k−2 different large towers which only differ in the connections made at the
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cuts. For example, in Figure 2 (c), the topmost cut severs y from z, but after the
cut z might just as well have been connected to x. Thus, removing duplications
in the count, there are overall

(
n−2
2k−2

)
2n−2k different ways of producing trees

with n leaves, k terminals with a fixed topology (such as that indicated in (b)).
Notice that we employ, for every such tree, the same mapping of super-edges
in the tower to positions in the tree (exemplified by the digital labels in (b)
and (c)) and this avoids duplications in those trees generated by the process.
Now there are 1

k

(
2k−2
k−1

)
different topologies for the super-edge tree (this is the

Catalan number giving the number of binary trees with k leaves). Multiplying
the Catalan number with the number of super-edge trees with a specific topology
then reproduces the result of Theorem 2.

We very briefly look at the second option, (b), of decomposing a tree into
towers. It is easily appreciated that this option (however the choice is made as
to which edge of a pair is cut) produces a minimum number of towers (equal
to the number of terminals in the tree). A lemma similar to the following also
holds for the previous method of decomposition.

Lemma 1. A decomposition of a binary tree into a minimum number of towers
can be achieved in linear-time.

Proof. (sketch) We employ a depth-first traversal of the tree which (on exiting
a tower) can detect (on the basis of local information and in constant time)
whether an edge should be cut. It is well-known that such a traversal takes
linear time.

2.2 Towers and the CPBT problem

In deriving solutions to specific CPBT problems we shall be concerned to show
that the 3-regular graph, obtained by conjoining corresponding leaves of the
trees, has an even-cycle cover. A 3-edge colouring then follows immediately by
assigning the colours a and b to edges alternately around each cycle and assigning
the colour c to every other edge. The solution to CPBT is then given by the
series of colours assigned to the conjoined edges.

We first show that if one of the trees in a CPBT problem is a left (or right)
spine, then a solution is easily found. A right (left) spine is, of course, just a
tower with its terminal as parent of the rightmost (leftmost) pair of leaves.

Theorem 3. If (T1, T2) is an instance of CPBT where T1 is any binary tree
and T2 is a right (or left) spine, then this instance is solvable.

Proof. We first show that the so-called Halin graph based on T1 contains a
Hamiltonian cycle. A Halin graph is constructed from T1 by adding a circuit of
edges, each connecting adjacent leaves of T1 as indicated in Figure 3(a). Here,
T1 is enclosed in a so-called skirt of edges and e is the root-edge. A Hamiltonian
Circuit for any Halin graph can be inductively constructed by replacing vertices
on the skirt, in turn, by triangles. This is indicated in Figure 3(b) where the
starting point for any T1 is the graph on the left of that figure. In that starting
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Fig. 3. A Halin Graph (a) and construction of its Hamiltonian Circuit (b).

position, the bold (Hamiltonian) circuit is the seed for our final Hamiltonian
circuit. At each stage, a vertex (indicated by a heavy dot) is replaced by a
triangle and the bold circuit is locally expanded to incorporate two sides of the
triangle so that it remains Hamiltonian.

A 3-edge colouring of the Halin graph is now obtained by assigning the colours
a and b to the Hamiltonian Circuit and c to the other edges. By removing part of
the skirt (for our example, this is shown in Figure 4(a)) we begin to construct the
graph which is the conjugation of T1 and a right- or left-spine. This produces four
free ends: W,X, Y and Z in the figure. Notice that whatever T1, the free ends
W and X will be connected by a 2-coloured chain of edges (coloured a and b in
our example) which does not contain Y or Z. To complete the construction, we
interchange the colours of this chain and conjoin (as will always be possible) the
free ends X and Y . We can now observe (see Figure 4(b)) the graph T1 (above
the dotted line) and a spine (below it). By obvious variation in construction, the
choice of left- or right- spine is always possible. For our example, the solution to
CPBT is babbbc.

Unlike the case for Lemma 2, instances of CPBT will generally consist of tree
pairs neither of which is a tower. Our vision then first consists of a decomposition
of these trees into towers. Then the towers are to be systematically reconnected
and coloured. We might start with a pair of towers with some conjoined edges
and add towers one or more at a time until the job is done. This process is too
ambitious to be tackled in this initial study. However, a starting point has to be
the solution of CPBT for pairs of towers. This occupies the remainder of the
paper. Incidentally (as the bigger picture requires), solving CPBT for problem
instances consisting of two towers also lets us colour pairs of towers where there
is only partial overlap in terms of conjoined edges.

2.3 The lozenge and restricted lozenge graph

In general, two towers with corresponding leaves conjoined form the archetypical
graph shown in Figure 5(a). The edges of one tree are indicated in bold and
its longest path can be traced through the vertices Y (its root), e, f and a.
Other edges form the second tree whose longest path is traced through X (its
root), b, c and d. Note that for some pairs of trees the longest paths might be
traced respectively by (X, b, a, f) and (Y, e, d, c), but the overall graph is always
archetypically as shown. At the heart of the figure is the lozenge traced through
the vertices a, b, c, d, e and f . For this reason, we call such a graph a lozenge
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Fig. 5. Archetypical lozenge (a) and restricted lozenge (b) graphs.

graph. Within the lozenge are a number of horizontal edges which we call slats.
If there are zero or one slats, then a Hamiltonian Path from X, through the
lozenge and onto Y is easy to trace. For these cases the CPBT problem is
trivially solved so that we will normally assume there are several or more slats.

Outside the lozenge, the edges are shown in a curved manner. In the figure,
these edges on the left [right] form (as it were) concentric arcs away from the
edge (a,b) [(e,d)]. The edges (a, b) and (d, e) are called the free edges, while (b, c)
and (e, f) are called the leaf-spanning edges (they are actually segments on the
longest path of one tree which span between the two leaves at maximum depth
in the other tree) of the lozenge. Similarly, those edges defining the perimeter
of the lozenge , which are not free or leaf-spanning, we will call inter-slat edges
(although in the lozenge graph as a whole they will be segments of the longest
paths of one of the trees). The rectangular shapes within the lozenge between
successive slats will be called boxes. By the degree of a perimeter edge of the
lozenge, we will mean the number of curved edges that have an endpoint on that
edge; notice that the degree of the free edges is always zero.
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If there are no curved edges on (say) the right-hand-side of Figure 5 (a), then
one of the towers is a right- or left-spine and (by Lemma 3) the corresponding
CPBT problem is solvable. One approach to solve the CPBT problem for any
pair of towers might then be to start with such a coloured lozenge graph and
attempt to add and colour the missing edges. However, we will take a different
starting point which, we believe, will present fewer problems in extending to the
general case. Given an instance of CPBT on the lozenge graph as exemplified
in Figure 5 (a), the corresponding problem on the restricted lozenge graph is
obtained by deleting all those curved edges that have no endpoint on the lozenge.
Of course, it is possible for our original instance of CPBT to be already in this
restricted form. In this case, what follows describes how a solution may be found,
otherwise the restricted form is a useful starting point for solving the original
problem. To be clear, Figure 5 (b) shows the archetypical form of an instance of
CPBT on the restricted lozenge graph.

Lemma 2. Without loss of generality, we may assume that each leaf-spanning
edge of a restricted lozenge graph has non-zero degree.

Proof. (sketch) Suppose that a leaf-spanning edge has zero degree, then, locally,
the restricted lozenge graph is depicted on the left of Figure 6(a). We assume that
the number of slats is greater than 1, otherwise the graph is 3-edge colourable
as described earlier. In Figure 6(a), the degrees of the interslat edges (X, i)
and (Y, j) are 2 and 1 respectively, although the construction to be described
works whatever their degrees. As Figure 6(a) indicates, we construct a smaller
restricted lozenge by removing that part of the graph enclosed by the dotted
curve and join the three loose edges left (crossing the curve) at a single new
vertex Z as shown on the right of Figure 6(a). If the smaller restricted lozenge
is 3-edge colourable, then we show that the reconstructed graph is also 3-edge
colourable. Notice that the edges meeting at Z must be differently coloured. We
therefore only need to show that the removed portion of the graph has a 3-edge
colouring in which the corresponding edges are all differently coloured. That this
is possible is indicated in Figure 6(b). Here (from left to right) the degree of
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the original interslat edge (X, i) is increased (in an obvious inductive manner)
from 0 upwards until its original value is attained.

It is possible that (if the degree of the interslat edge (Y, j) of the original
graph is zero) our smaller restricted lozenge in Figure 6(a) will also have a
leaf-spanning edge of zero degree. In this case we simply repeat the operation
described above until this is not the case or until the number of slats is one.
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Lemma 3. Without loss of generality, we may assume that at least one of the
leaf-spanning edges of a restricted lozenge graph has odd degree (and that the
other has non-zero degree).

Proof. (sketch) Suppose that one of the leaf-spanning edges has even degree.
The situation is depicted on the left of Figure 7(a). Here the degree of (X,Y )

X

Z

Y

X

Z

Y X

Y

a

Z

b

(b) X

Y Z

c

c

a b

ab

a b

X

Y

a

Z

X

Y Z

c

c
a b

a a

a a

b

(a)

Fig. 7.

is 2, but the construction we describe works just as long as it is non-zero and
even. As Figure 7(a) indicates, we construct a smaller restricted lozenge graph
simply by deleting the edges contributing to the degree of the leaf-spanning edge
(X, Y ). If the smaller graph is 3-edge colourable, then it is easy to obtain a 3-edge
colouring of the reconstructed graph. Figure 7(b) shows how this is possible (for
each pair of edges contributing to the even degree of (X,Y )) given that (on the
left) the replaced edges connect differently coloured edges or (on the right) they
connect similarly coloured edges. Notice that the deconstruction of Figure 7(a)
yields a restricted lozenge graph with a leaf-spanning edge of zero-degree. We
then apply the process of Lemma 2 to obtain an even smaller example with a
non-zero degree leaf-spanning edge. If this degree is even, then we repeat the
construction of this lemma and so on until we obtain either a restricted lozenge
graph with a single slat or a restricted lozenge graph with a leaf-spanning edge
of odd degree.

Theorem 4. Every restricted lozenge instance of CPBT is solvable.

Proof. In view of Lemma 3, we may assume that in our instance of CPBT at
least one of its leaf-spanning edges has odd degree and that the other has non-
zero degree. Figure 8 shows that a Hamiltonian cycle of the graph exists in this
case. In this example, the leaf-spanning edge (e, f) has degree 3, but provided
that it is odd, then a similar construction is possible in which all edges that
contribute to the degree also lie on the Hamiltonian Cycle. The construction
works whatever the degree of the other leaf-spanning edge (c, d).

3 Conclusion

We have proposed a new approach to an old problem (FCP ) whose importance
is emphasised by its links to a variety of areas in combinatorics and graph theory.
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The lemmas and theorems of this paper are a substantial start to this work. We
might next extend Theorem 3 to the full lozenge graph (perhaps relatively easily)
and then fully consider issues of inductively combining and colouring towers for
general instances of CPBT (challenging). There are also many other challenging
combinatorial problems (like finding the size of the set of strings each a-colouring
some tower) in this general area.
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A Compressed Text Index on Secondary
Memory
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Abstract. We introduce a practical disk-based compressed text index
that, when the text is compressible, takes much less space than the suffix
array. It provides very good I/O times for searching, which in particular
improve when the text is compressible. In this aspect our index is unique,
as compressed indexes have been slower than their classical counterparts
on secondary memory. We analyze our index and show experimentally
that it is extremely competitive on compressible texts.

1 Introduction and Related Work

Compressed full-text self-indexing [22] is a recent trend that builds on the dis-
covery that traditional text indexes like suffix trees and suffix arrays can be
compacted to take space proportional to the compressed text size, and moreover
be able to reproduce any text context. Therefore self-indexes replace the text,
take space close to that of the compressed text, and in addition provide indexed
search into it. Although a compressed index is slower than its uncompressed
version, it can run in main memory in cases where a traditional index would
have to resort to the (orders of magnitude slower) secondary memory. In those
situations a compressed index is extremely attractive.

There are, however, cases where even the compressed text is too large to fit
in main memory. One would still expect some benefit from compression in this
case (apart from the obvious space savings). For example, sequentially searching
a compressed text is much faster than a plain text, because much fewer disk
blocks must be scanned [25]. However, this has not been usually the case on
indexed searching. The existing compressed text indexes for secondary memory
are usually slower than their uncompressed counterparts.

A self-index built on a text T1,n = t1t2 . . . tn over an alphabet Σ of size σ,
supports at least the following queries:
– count(P1,m): counts the number of occurrences of pattern P in T .
– locate(P1,m): locates the positions of all those occ occurrences of P1,m.
– extract(l, r): extracts the subsequence Tl,r of T , with 1 ≤ l, r ≤ n.

⋆ Funded by Millennium Nucleus Center for Web Research, Grant P04-067-F, Mide-
plan, Chile.

⋆⋆ Partially funded by Fondecyt Grant 1-050493, Chile.
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The most relevant text indexes for secondary memory follow:

– The String B-tree [7] is based on a combination between B-trees and Patricia
tries. locate(P1,m) takes O(m+occ

b̃
+logb̃ n) worst-case I/O operations, where

b̃ is the disk block size measured in integers. This time complexity is optimal,
yet the string B-tree is not a compressed index. Its static version takes about
5–6 times the text size plus text.

– The Compact Pat Tree (CPT) [4] represents a suffix tree in secondary mem-
ory in compact form. It does not provide theoretical space or time guarantees,
but the index works well in practice, requiring 2–3 I/Os per query. Still, its
size is 4–5 times the text size, plus text.

– The disk-based Suffix Array [2] is a suffix array on disk plus some memory-
resident structures that improve the cost of the search. We divide the suffix
array into blocks of h elements, and for each block store the first m symbols
of its first suffix. It takes at best 4 + m/h times the text size, plus text, and
needs 2(1 + log h) I/Os for counting and ⌈occ/b̃⌉ I/Os for locating (in this
paper log x stands for ⌈log2(x + 1)⌉). This is not yet a compressed index.

– The disk-based Compressed Suffix Array (CSA)[17] adapts the main memory
compressed self-index [24] to secondary memory. It requires n(O(log log σ)+
H0) bits of space (Hk is the kth order empirical entropy of T [18]). It takes
O(m logb̃ n) I/O time for count(P1,m). Locating requires O(log n) access per
occurrence, which is too expensive.

– The disk-based LZ-Index [1] adapts the main-memory self-index [21]. It uses
8nHk(T ) + o(n log σ) bits. It does not provide theoretical bounds on time
complexity, but it is very competitive in practice.

In this paper we present a practical self-index for secondary memory, which is
built from three components: for count, we develop a novel secondary-memory
version of backward searching [8]; for locate we adapt a recent technique to
locally compress suffix arrays [12]; and for extract we adapt a technique to
compress sequences to k-th order entropy while retaining random access [11].
Depending on the available main memory, our data structure requires 2(m− 1)
to 4(m − 1) accesses to disk for count(P1,m) in the worst case. It locates the
occurrences in ⌈occ/b̃⌉ I/Os in the worst case, and on average in cr · occ/b̃
I/Os, 0 < cr ≤ 1 is the compression ratio achieved: the compressed divided
by original text size. Similarly, the time to extract Pl,r is ⌈(r − l + 1)/b⌉ I/Os
in the worst case (where b is the number of symbols on a disk block), multiply-
ing that time by cr on average. With sufficient main memory our index takes
O(Hk log(1/Hk)n log n) bits of space, which in practice can be up to 4 times
smaller than suffix arrays. Thus, our index is the first in being compressed and
at the same time taking advantage of compression in secondary memory, as its
locate and extract times are faster when the text is compressible. Counting time
does not improve with compression but it is usually better than, for example,
disk-based suffix arrays and CSAs. We show experimentally that our index is
very competitive against the alternatives, offering a relevant space/time tradeoff
when the text is compressible.
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Algorithm count(P [1, m])
i← m, c← P [m], First← C[c] + 1, Last← C[c + 1];
while (First ≤ Last) and (i ≥ 2) do

i← i− 1; c← P [i];
First← C[c] + Occ(c, First− 1) + 1;
Last← C[c] + Occ(c, Last);

if (Last < First) then return 0 else return Last− First + 1;

Fig. 1. Backward search algorithm to find and count the suffixes in SA prefixed by P

(or the occurrences of P in T ).

2 Background and Notation

We assume that the symbols of T are drawn from an alphabet A = {a1, . . . , aσ}
of size σ. We will have different ways to express the size of a disk block: b will
be the number of symbols, b̄ the number of bits, and b̃ the number of integers in
a block.
The suffix array SA[1, n] of a text T contains all the starting positions of the
suffixes of T , such that TSA[1]...n < TSA[2]...n < . . . < TSA[n]...n, that is, SA gives
the lexicographic order of all suffixes of T . All the occurrences of a pattern P in
T are pointed from an interval of SA.
The Burrows-Wheeler transform (BWT) is a reversible permutation T bwt

of T [3] which puts together characters sharing a similar context, so that k-th
order compression can be easily achieved. There is a close relation between T bwt

and SA: T bwt
i = TSA[i]−1. This is the key reason why one can search using T bwt

instead of SA.
The inverse transformation is carried out via the so-called “LF mapping”,

defined as follows:
– For c ∈ A, C[c] is the total number of occurrences of symbols in T (or T bwt)

which are alphabetically smaller than c.
– For c ∈ A, Occ(c, q) is the number of occurrences of character c in the prefix

T bwt[1, q].
– LF (i) = C[T bwt[i]] + Occ(T bwt[i], i), the “LF mapping”.

Backward searching is a technique to find the area of SA containing the
occurrences of a pattern P1,m by traversing P backwards and making use of the
BWT. It was first proposed for the FM-index [8, 9], a self-index composed of a
compressed representation of T bwt and auxiliary structures to compute Occ(c, q).
Fig. 1 gives the pseudocode to get the area SA[First,Last] with the occurrences
of P . It requires at most 2(m− 1) calls to Occ. Depending on the variant, each
call to Occ can take constant time for small alphabets [8] or O(log σ) time in
general [9], using wavelet trees (see below).
A rank/select dictionary over a binary sequence B1,n is a data structure that
supports functions rankc(B, i) and selectc(B, i), where rankc(B, i) returns the
number of times c appears in prefix B1,i and selectc(B, i) returns the position
of the i-th appearance of c within sequence B.
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Both rank and select can be computed in constant time using o(n) bits of
space in addition to B [20, 10], or nH0(B)+o(n) bits [23]. In both cases the o(n)
term is Θ(n log log n/ log n).

Let s be the number of one bits in B1,n. Then nH0(B) ≈ s log n
s , and thus the

o(n) terms above are too large if s is not close to n. Existing lower bounds [19]
show that constant-time rank can only be achieved with Ω(n log log n/ log n)
extra bits. As in this paper we will have s << n, we are interested in techniques
with less overhead over the entropy, even if not of constant-time (this will not
be an issue for us). One such rank dictionary [14] encodes the gaps between
successive 1’s in B using δ-encoding and adds some data to support a binary-
search-based rank. It requires s(log n

s + log n
log s +2 log log n

s )+O(log n) bits of space
and supports rank in O(log s) time. We call this structure GR.
The wavelet tree [13] wt(S) over a sequence S[1, n] is a perfect binary tree
of height ⌈log σ⌉, built on the alphabet symbols, such that the root represents
the whole alphabet and each leaf represents a distinct alphabet symbol. If a
node v represents alphabet symbols in the range Av = [i, j], then its left child vl

represents Avl = [i, i+j
2 ] and its right child vr represents Avr = [ i+j

2 + 1, j]. We
associate to each node v the subsequence Sv of S formed by the characters in
Av. However, sequence Sv is not really stored at the node. Instead, we store a
bit sequence Bv telling whether characters in Sv go left or right, that is, Bv

i = 1
if Sv

i ∈ Avr . The wavelet tree has all its levels full, except for the last one that
is filled left to right.

In this paper S will be T bwt. A plain wavelet tree of S requires n log σ bits of
space. If we compress the wavelet tree using a numbering scheme [23] we obtain
nHk(T ) + o(n log σ) bits of space for any k ≤ α logσ n and any 0 < α < 1 [16].

The wavelet tree permits us to calculate Occ(c, i) using binary ranks over the
bit sequences Bv. Starting from the root v of the wavelet tree, if c belongs to
the right side, we set i ← rank1(i) over vector Bv and move to the right child
of v. Similarly, if c belongs to the left child we update i ← rank0(i) and go to
the left child. We repeat this until reaching the leaf that represents c, where the
current i value is the answer to Occ(c, i).
The locally compressed suffix array (LCSA) [12], is built on well-known
regularity properties that show up in suffix arrays when the text they index is
compressible [22]. The LCSA uses differential encoding on SA, which converts
those regularities into true repetitions. Those repetitions are then factored out
using Re-Pair [15], a compression technique that builds a dictionary of phrases
and permits fast local decompression using only the dictionary (whose size one
can control at will, at the expense of losing some compression). Also, the Re-Pair
dictionary is further compressed with a novel technique. The LCSA can extract
any portion of the suffix array very fast by adding a small set of sampled absolute
values. It is proved in [12] that the size of the LCSA is O(Hk log(1/Hk)n log n)
bits for any k ≤ α logσ n and any constant 0 < α < 1.

The LCSA consists in three substructures: the sequence of phrases SP , the
compressed dictionary CD needed to uncompress the phrases and the absolute
sample values to restore the suffix array values. One disadvantage of the original
structure is the space and time needed to construct it. In [5] they present a
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heuristic to overcome this, as it can run with limited main memory and performs
sequential passes on disk. It might not choose the pairs to replace as well as the
original algorithm, but it can trade construction time for precision.

3 A Compressed Secondary Memory Structure

We present a structure on secondary memory, which is able to answer count,
locate and extract queries. It is composed of three substructures, each one re-
sponsible for one type of query, and allowing diverse trade-offs depending on
how much main memory space they occupy.

3.1 Entropy-compressed rank dictionary on secondary memory

As we will require several bitmaps in our structure with few bits set, we describe
an entropy-compressed rank dictionary, suitable for secondary memory, to repre-
sent a binary sequence B1,n. In case it fits in main memory, we use GR (Section
2). Otherwise we will use DEB, the δ-encoded form of B: we encode the gaps
between consecutive 1’s in B as variable-length integers, so that x is represented
using log x + 2 log log x bits. DEB uses at most s log n

s + 2s log log n
s + O(log n)

bits of space [16, Sec. 3.4.1]. Let b̄ be the number of bits contained in a disk
block. We split DEB into blocks of at most b̄ bits: if a δ-encoding spans two
blocks we move it to the next block. Each block is stored in secondary memory
and, at the beginning of block i, we also store the number of 1’s accumulated up
to block i− 1; we call this value OBi. To access DEB, we use in main memory
an array Ba, where Ba[i] is the number of bits of B represented in blocks 1 to
i− 1. Ba uses (s log n

s + 2s log log n
s + O(log n)) log n

b̄
bits of space.

To answer rank1(B, i) with this structure, we carry out the following steps:
(1) We binary search Ba to find j such that Ba[j] ≤ i < Ba[j + 1]. (2) We read
block j from disk. (3) We decompress the δ-encodings in block j until reaching
position i, summing up the bits set. (4) rank1(B, i) will be the previous sum
plus OBi, the accumulator of 1’s stored in the block.

Overall this costs O(log s
b̄
+log log n

s + b̄) = O(log s+log log n+ b̄) CPU time
and just one disk access. When we use these structures in the paper, s will be
Θ(n/b). Table 1 shows some real sizes and times obtained for the structures,
when s = n/b. As it can be seen, we require very little main memory for the
second scheme, and for moderate-size bitmaps even the GR option is good.

3.2 Counting

We run the algorithm of Fig. 1 to answer a counting query. Table C uses σ log n
bits and easily fits in main memory, thus the problem is how to calculate Occ
over T bwt.

We describe four different structures to count depending on how we represent
T bwt. We enumerate the versions from 1 to 4. In versions 1 and 2, we use an
uncompressed form of T bwt and pay one I/O per call to Occ. In versions 3 and
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Table 1. Different sizes and times obtained to answer rank, for some relevant choices
of n and b. DEB is stored in secondary memory and is accessed using Ba. Ba and GR

reside in main memory. Tb, Gb, etc. mean terabits, gigabits, etc. TB, GB, etc. mean
terabytes, gigabytes, etc.

Structure Space (bits) CPU time
Real space if s = n/b

n = 1 Tb 1 Gb 1 Gb 1 Mb
for rank b = 32 KB 8 KB 4 KB 4 KB

GR s log n
s

+ s log n

log s
+ 2s log log n

s
+ O(log n) O(log s) 100 MB 354 KB 667 KB 677 B

DEB+ s log n
s

+ 2s log log n
s

+ O(log n) + O(log s + b̄ 93 MB 326 KB 613 KB 600 B

Ba (s log n
s

+ 2s log log n
s

+ O(log n)) log n

b̄
+ log log n) 14 KB 153 B 575 B 1 B

4, we use a compressed form of T bwt and pay one or two I/Os per call to Occ.
In versions 1 and 3, we spend O(b) CPU operations per call to Occ. In versions
2 and 4, this is reduced to O(log σ). Version 4 is omitted from now on as it is
not competitive.

To calculate Occ(c, i), we need to know the number of occurrences of symbol
c before each block on disk. To do so, we store a two-level structure: the first
level stores for every t-th block the number of occurrences of every c from the
beginning, and the second level stores the number of occurrences of every c from
the last t-th block. The first level is maintained in main memory and the second
level on disk, together with the representation of T bwt (i.e., the entry of each
block is stored within the block). Let K be the total number of blocks. We define:

– Ec(j): number of occurrences of symbol c in blocks 0 to (j − 1)· t, with
Ec(0) = 0, 1 ≤ j < ⌊K/t⌋.

– E′
c(j): j goes from 0 to K − 1. For j mod t = 0 we have E′

c(j) = 0, and
for the rest we have that E′

c(j) is the number of occurrences of symbol c in
blocks from ⌊j/t⌋ · t to j − 1.

Summing up all the entries, E uses ⌈K/t⌉·σ log n bits and E′ uses Kσ log t·n
K

bits of space in versions 1 and 2. In version 3, the numbering scheme [23] has a
compression limit n/K ≤ b · log n/(2 log log n). Thus, for version 3, E′ uses at
most K·σ log(t· b log n

2 log log n ) bits.
To use these structures, we first need to know in which block lies T bwt[i]:

– In versions 1 and 2, where the block size is constant, we know directly that
T bwt[i] belongs to block ⌊i/b⌋, where b is the number of symbols that fit in
a disk block.

– In version 3, the block size is variable. Compression ensures that there are
at most n/b blocks. We use a binary sequence EB1,n to mark where each
block starts. Thus the block of T bwt[i] is rank1(EB, i). We use an entropy-
compressed rank dictionary (Section 2) for EB. If we need to use the DEB
variant, we add up one more I/O per access to T bwt (Section 3.1) .

With this sorted out, we can compute Occ(c, i) = Ec(j div t) + E′
c(j) +

Occ′(Bj , c, offset), where j is the block where i belongs, offset is the position of
i within block j, and Occ′(Bj , c, offset) is the number of occurrences of symbol c
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Fig. 2. Block propagation over the wavelet tree. Making ranks over the first level of
WT (rank0(12) = 6, rank0(24) = 10 and rank1(i) = i − rank0(i)), we determine
propagation over the second level of WT , and so on.

within block Bj up to offset. Now we explain the three ways to represent T bwt,
and this will give us three different ways to calculate Occ′(Bj , c, offset).

Version 1. We use directly T bwt without any compression. If a disk block can
store b symbols (ie, b log σ bits), we will have K = ⌈n/b⌉ blocks. Occ′(Bj , c, offset)
is calculated by traversing the block and counting the occurrences of c up to
offset.

Version 2. Let b be the number of symbols within a disk block. We divide
the first level of WT = wt(T bwt) into blocks of b bits. Then, for each block, we
gather its propagation over WT by concatenating the subsequences in breadth-
first order, thus forming a sequence of b log σ bits. See Fig. 2. Note that this
propagation generates 2j−1 intervals at level j of WT . Some definitions:

– Bj
i : the i-th interval of level j, with 1 ≤ j ≤ ⌈log σ⌉ and 1 ≤ i ≤ 2j−1.

– Lj
i : the length of interval Bj

i .
– Oj

i /Z
j
i : the number of 1’s/0’s in interval Bj

i .
– Dj = Bj

1 . . . Bj
2j−1 with 1 ≤ j ≤ ⌈log σ⌉: all concatenated intervals from level

j.
– B = D1D2 . . . D⌈log σ⌉: concatenation of all the Dj , with 1 ≤ j ≤ ⌈log σ⌉.

Some relationships hold: (1) Lj
i = Oj

i +Zj
i . (2) Zj

i = rank0(B
j
i , L

j
i ). (3) Lj

i =
Zj−1

(i+1)/2 if i is odd (Bj
i is a left child); Lj

i = Oj−1
i/2 otherwise. (4) |Dj | = L1

1 = b

for j < ⌊log σ⌋, the last level can be different if σ is not a power of 2. With those
properties, Lj

i , Oj
i and Zj

i are determined recursively from B and b. We only
store B plus the structures to answer rank1 on it in constant time [10]. Note
that any rank1(B

j
i ) is answered via two ranks over B.

Fig. 3 shows how we calculate Occ′ in O(log σ) constant-time steps. To nav-
igate the wavelet tree, we use some properties:

1. Block Dj begins at bit (j − 1)· b + 1 of B, and |B| = b log σ.
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Algorithm Occ′(B, c, j)
node← 1; ans← j; des← 0; B1

1 = B[1, b];
for level← 1 to ⌈log σ⌉ do

if c belongs to the left subtree of node then
ans← rank0(B

level
node , ans);

len← Zlevel
node ;

node← 2·node− 1;
else ans← rank1(B

level
node , ans);

len← Olevel
node ; des← Zlevel

node ;
node← 2·node;

Blevel
node = B[level · b + des + 1, level · b + des + len];

return ans;

Fig. 3. Algorithm to obtain the number of occurrences of c inside a disk block, for
version 2.

Table 2. Different sizes and times obtained to answer count(P1,m).

Version Main Memory Secondary Memory I/O CPU
1 O( n

bt
·σ log n) n log σ + O( n

b
·σ log(t· b)) 2(m − 1) O(m· b)

2 O( n
bt

·σ log n) n log σ + O( n
b
·σ log(t· b)) 2(m − 1) O(m log σ)

3a O( n
bt

·σ log n + n
b

log n)
nHk(T ) + O(σk+1 log n)

2(m − 1) O(m(b + log n))
+O( n

b
·σ log(t · b log n))

3b O( n
bt

·σ log n + n

b2
log n log b) nHk(T ) + O(σk+1 log n)

4(m − 1) O(m(b + log n))
+O( n

b
·σ log(t · b log n))

2. To know where Bj
i begins, we only need to add to the beginning of Dj the

length of Bj
1, . . . , B

j
i−1. Each Bj

k, with 1 ≤ k ≤ i−1, belongs to a left branch
that we do not follow to reach Bj

i from the root. So, when we descend through
the wavelet tree to Bj

i , every time we take a right branch we accumulate the
number of bits of the left branch (zeroes of the parent).

3. node is the number of the current interval at the current level.
4. We do not calculate Blevel

node , we just maintain its position within B.

Version 3. We compress block B from version 2 using a numbering scheme
[23], yet without any structure for rank. In this case the division of T bwt is
not uniform, but we add symbols from T bwt to the disk block as long as its
compressed WT fits in the block. By doing this, we compress T bwt to nHk +
O(σk+1 log n+n log log n/ log n) bits for any k [16]. To calculate Occ′(B, c, offset),
we decompress block B and apply the same algorithm of version 2, in O(b) time.

In Table 2 we can see the different sizes and times needed for our three
versions. We added the times to do rank on the entropy-compressed bit arrays.

3.3 Locating

Our locating structure will be a variant of the LCSA, see Section 2. The array
SP from LCSA will be split into disk blocks of b̃ integers. Also, we will store in
each block the absolute value of the suffix array at the beginning of the block. For
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optimization of I/O, the dictionary will be maintained in main memory. So we
compress the differential suffix array until we reach the desired dictionary size.
Finally, we need a compressed bitmap LB to mark the beginning of each disk
block. LB is entropy-compressed and can reside in main or secondary memory.

For locating every match of a pattern P1,m, first we use our counting sub-
structure to obtain the interval [First,Last] of the suffix array of T (see Section
2). Then we find the block First belongs to, j = rank1(LB,First). Finally, we
read the necessary blocks until we reach Last, uncompressing them using the
dictionary of the LCSA.

We define occ = Last − First + 1 and occ′ = cr· occ, where 0 < cr ≤ 1 is
the compression ratio of SP . This process takes, without counting, ⌈occ′/b̃⌉ I/O
accesses, plus one if we store LB in secondary memory. This I/O cost is optimal
and improves thanks to compression. We perform O(occ+ b̃) CPU operations to
uncompress the interval of SP .

3.4 Extracting

To extract arbitrary portions of the text we use a variant of [11], which com-
presses T blockwise using a semistatic statistical modeler of order k plus an
encoder EN . This compresses the text to nHk(T ) + fEN (n), where fEN (n) is
the redundancy of the encoder. For example, a Huffman coder has redundancy
n, whereas an arithmetic encoder has redundancy 2. The data generated by the
modeler, DM , is maintained in main memory, which requires σk+1 log n bits.
This restricts the maximum possible k to be used: If we have ME bits to store
the data generated by the modeler then k ≤ logσ(ME/ log n)− 1. To store the
structure in secondary memory we split the compressed text into disk blocks of
size b̄ bits (thus the overhead over the entropy is n

b fEN (b̄)). If we store less than
b = b̄/ log σ symbols in a particular disk block, we rather store it uncompressed.
An extra bit per block indicates whether this was the case. Also each block will
contain the context of order k of the first symbol stored in the block (k log σ
bits). To know where a symbol of T is stored we need a compressed rank dictio-
nary ER, in which we mark the beginning of each block. This can be chosen to
be in main memory or in secondary memory, the latter requiring one more I/O
access.

The algorithm to extract Tl,r is: (1) Find the block j = rank1(ER, l) where
Tl is stored. (2) Read block j and decompress it using DM and the context of
the k first symbols. (3) Continue reading blocks and decompressing them until
reaching Tr.

Using this scheme we have at most ⌈(j − i + 1)/b⌉ I/O operations, which on
average is ⌈(j−i+1)Hk(T )/b̄⌉. We add one I/O operation if we use the secondary
memory version of the rank dictionary. The total CPU time is O(j−i+b+log n).

4 Experiments

We consider two text files for the experiments: the text wsj (Wall Street Journal)
from the trec collection from year 1987, of 126 MB, and the 200 MB XML file
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Fig. 4. Compression ratio achieved on XML as a function of the percentage allowed
to the dictionary (CD). Both are percentage over the size of SA, the right plot shows
other texts.

provided in the Pizza&Chili Corpus (http://pizzachili.dcc.uchile.cl). We
searched for 5,000 random patterns, of length from 5 to 50, generated from these
files. As in [6] and [1], we assume a disk page size of 32 KB.

We first study the compressibility we achieve as a function of the dictionary
size, |CD| (as CD must reside in RAM). Fig. 4 shows that the compressibility
depends on the percentage |CD|/|SA| and not on the absolute size |CD|. In
the following, we let our CD use 2% of the suffix array size. For counting we
use version 1 (GR, Section 3.2) with t = log n. With this setting our index uses
19.15 MB of RAM for XML, and 12.54 MB for WSJ (for GR, CD, and DM). It
compresses the SA of XML to 34.30% and that of WSJ to 80.28% of its original
size.

We compared our results against String B-tree [7], Compact Pat Tree (CPT)
[4], disk-based Suffix Array (SA) [2] and disk-based LZ-Index [1]. We add our
results to those of [1, Sec. 4]. We omit the disk-based CSA [17] as it is not
implemented, but that one is strictly worse than ours.

Fig. 5 (left) shows counting experiments. Our structure needs at most 2(m−1)
disk accesses. We show our index with and without the substructures for locating.
Fig. 5 (right) shows locating experiments. For m = 5, we report more occurrences
than those the block could store in raw format.

We can see that the result depends a lot on the compressibility of the text.
In the highly-compressible XML our index occupies a very relevant niche in
the tradeoff curves, whereas in WSJ it is subsumed by String B-trees. Thus,
our index is very competitive on compressible texts. We have used texts up to
200 MB, but our results show that the outcome scales up linearly for the RAM
needed, while the counting cost is at most 2(m−1), the locating cost depends on
the number of occurrences of P . Thus it is very easy to predict other scenarios.
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10. R. González, Sz. Grabowski, V. Mäkinen, and G. Navarro. Practical implementa-

tion of rank and select queries. In Proc. Posters WEA, pages 27–38, Greece, 2005.
CTI Press and Ellinika Grammata.
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Abstract. A star-shaped drawing of a plane graph is a straight-line
drawing such that each inner facial cycle is drawn as a star-shaped poly-
gon and the outer facial cycle is drawn as a convex polygon. Given a bi-
connected planar graph, we consider the problem of finding a star-shaped
drawing of the graph with the minimum number of concave corners. We
derive an effective lower bound on the number of concave corners, and
prove that the problem can be solved in linear time.

1 Introduction

Graph drawing has attracted much attention over the last ten years due to
its wide range of applications, such as VLSI design, software engineering and
bioinformatics. Two- or three-dimensional drawings of graphs with a variety of
aesthetics and edge representations have been extensively studied (see [1]).

One of the most popular drawing conventions is the straight-line drawing,
where all the edges of a graph are drawn as straight-line segments. Every planar
graph is known to have a planar straight-line drawing [5]. A straight-line drawing
is called a convex drawing if every facial cycle is drawn as a convex polygon. Note
that not all planar graphs admit a convex drawing.

Tutte [14] gave a necessary and sufficient condition for a plane graph to
admit a convex drawing. He also showed that every triconnected plane graph
with a given boundary drawn as a convex polygon admits a convex drawing using
the polygonal boundary. Later, Thomassen [13] gave a necessary and sufficient
condition for a biconnected plane graph to admit a convex drawing. Based on
this result, Chiba et al. [4] presented a linear time algorithm for finding a convex
drawing (if any) for a biconnected plane graph with a specified convex boundary.

In general, the convex drawing problem has been well investigated for the last
ten years. Recently Hong and Nagamochi gave conditions for hierarchical plane
? This is an extended abstract. This research was done when the second author was

visiting NICTA (National ICT Australia) and partially supported by the Scientific
Grant-in-Aid from Ministry of Education, Culture, Sports, Science and Technology
of Japan.
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graphs to admit a convex drawing [7], and for c-planar clustered graphs to admit
a convex drawing in which every cluster is also drawn as a convex polygon [8].
Another variation of convex drawing with minimum outer apices was studied by
Miura et al. [12]. They gave a linear time algorithm for finding a convex drawing
with minimum outer apices for an internally triconnected plane graph.

However, not much attention has been paid to the problem of finding a
convex drawing with a non-convex boundary or non-convex faces. Recently, in
our companion paper [6], we proved that every triconnected plane graph whose
boundary is fixed with a star-shaped polygon has an inner-convex drawing (a
drawing in which every inner face is drawn as a convex polygon), if its kernel
has a positive area. Note that this is an extension of the classical result by Tutte
[14], since any convex polygon is a star-shaped polygon.

In this paper, we deal with biconnected planar graph, and consider how to
draw these graphs nicely. However, Kant [11] already proved that the problem
of deciding whether a biconnected planar graph can be drawn with at most k
nonconvex faces is NP-complete. We define a “star-shaped drawing” of a plane
graph to be a straight-line drawing such that each inner facial cycle is drawn as a
star-shaped polygon and the outer facial cycle is drawn as a convex polygon. We
consider the problem of finding a star-shaped drawing of a biconnected planar
graph with the minimum number of concave corners (including outer apices
as concave corners). We first derive an effective lower bound on the number
of concave corners by identifying two characteristic structures “multipaths” and
“bi-facial cycles” that require concave corners in any straight-line drawing. Based
on this, we design linear time algorithms for finding an optimal plane embedding
F of G and for computing a star-shaped drawing of the embedding F .

Theorem 1. Let G be a biconnected planar graph. A star-shaped drawing with
the minimum number of concave corners among all straight-line drawings of G
can be obtained in linear time. ut

2 Preliminaries

graph. Let G = (V, E) be a graph. The set of edges incident to a vertex v ∈ V
is denoted by E(v). The degree of a vertex v in G is denoted by dG(v) (i.e.,
dG(v) = |E(v)|). For a subset X ⊆ E (resp., X ⊆ V ), G−X denotes the graph
obtained from G by removing the edges in X (resp., the vertices in X together
with the edges in ∪v∈XE(v)).

A graph G = (V, E) is called planar if its vertices and edges are drawn as
points and curves in the plane so that no two curves intersect except for their
endpoints, where no two vertices are drawn at the same point. In such a drawing,
the plane is divided into several connected regions, each of which is called a face.
A face is characterized by the cycle of G that surrounds the region. Such a cycle
is called a facial cycle, A set F of facial cycles in a drawing is called a plane
embedding of a planar graph G, where a face is specified as the outer face in a
plane embedding, and is denoted by fo

F . Let F(G) denote the set of all plane
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Fig. 1. Example of a biconnected planar graph G = (V, E); (a) A plane embedding
F1 ∈ F({u1, u2, u7}; G); (b) A plane embedding F2 ∈ F({u1, u2, u7}; G); (c) A star-
shaped drawing of embedding F2 ∈ F({u1, u2, u7}; G) with six concave corners.

embeddings of G. Figure 1(a) and (b) show two different plane embeddings of
the same planar graph.

A planar graph G = (V, E) with a fixed embedding F of G is called a plane
graph. The set of vertices, set of edges and set of facial cycles of a plane graph
H may be denoted by V (H), E(H) and F (H), respectively. A vertex (resp., an
edge) in the outer facial cycle is called an outer vertex (resp., an outer edge),
while a vertex (resp., an edge) not in the outer facial cycle is called an inner
vertex (resp., an inner edge). For a subset W ⊆ V , let F(W ; G) denote the set
of all plane embeddings F of G such that W ⊆ V (fo

F ).
A biconnected plane graph G is called internally triconnected if, for any cut-

pair {u, v}, u and v are outer vertices and each component in G−{u, v} contains
an outer vertex.

For two points p1, p2 in the plane, [p1, p2] denotes the line segment with end
points p1 and p2, and for three points p1, p2, p3, [p1, p2, p3] denotes the triangle
with three corners p1, p2, p3. For a polygon P , let V (P ) denote the set of vertices
of P . A kernel K(P ) of a polygon P is the set of all points from which all points
in P are visible. The boundary of a kernel, if any, is a convex polygon. A polygon
P is called star-shaped if K(P ) 6= ∅.

A straight-line drawing of a graph G = (V, E) in the plane is an embedding
of G in the two dimensional space <2, such that each vertex v ∈ V is drawn as
a point ψ(v) ∈ <2, and each edge (u, v) ∈ E is drawn as a straight-line segment
(ψ(u), ψ(v)), where < is the set of reals. A straight-line drawing F of a plane
graph G = (V, E, F ) is called a convex drawing, if every facial cycle is drawn as
a convex polygon. We say that a drawing F of a graph G is extended from a
drawing ψ′ of a subgraph G′ of G, if ψ(v) = ψ′(v) for all v ∈ V (G′). A convex
polygon drawn for the outer facial cycle in a biconnected plane graph can be
extended to a convex drawing when the next condition holds.
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Theorem 2. [4, 13] Let G = (V, E, F ) be a biconnected plane graph. Then a
drawing of fo

F on a convex polygon P can be extended to a convex drawing of G
if and only if the following conditions (i)-(iii) hold:

(i) For each inner vertex v with dG(v) ≥ 3, there exist three paths disjoint
except for v, each connecting v and an outer vertex;

(ii) Every cycle of G which has no outer edge has at least three vertices v
with dG(v) ≥ 3; and

(iii) Let Q1, Q2, . . . , Qk be the subpaths of fo
F , each corresponding to a side

of P . The graph G−V (fo
F ) has no component H such that all the outer vertices

adjacent to vertices in H are contained in a single path Qi, and there is no inner
edge (u, v) whose end vertices are contained in a single path Qi. ut

In a straight-line drawing of a planar graph G, the whole angle around a
vertex v is split into dG(v) angles, each of which is formed by two consecutive
edges in the drawing and is called a corner. A corner is called concave if its angle
is greater than π. A vertex v in a straight-line drawing is called concave if one of
the corners around v is concave. For a straight-line drawing D of a biconnected
plane graph G, let Λ(D) denote the set of all concave vertices in D.

A star-shaped drawing of a plane graph is a straight-line drawing such that
each inner facial cycle is drawn as a star-shaped polygon and the outer facial
cycle is drawn as a convex polygon. An outer vertex in a straight-line drawing of a
plane graph is called an apex if it is concave in the drawing and its concave corner
appears in the outer face. Figure 1(c) shows an example of a straight-line drawing
D of the plane graph in Figure 1(b), where Λ(D) = {u4, u10, u14, u16, u17, u18}
and u4, u14, and u18 are the apices.

We easily observe the following.

Lemma 1. Any straight-line drawing of a biconnected graph with at least three
vertices requires at least three apices on its boundary. ut

We call a graph trivial if G is a triconnected planar graph or a cycle. By
Theorem 2, a trivial graph admits a convex drawing with a specified convex
boundary. If we specify the boundary as a triangle, it has a convex drawing
with three concave corners (three apices), and this is an optimal solution to our
problem. In the following sections, we deal with nontrivial biconnected planar
graphs.

The SPQR tree of a biconnected graph G = (V, E) represents the adjacency
the triconnected components of G (see [2, 3] for detail). Each node ν in the SPQR
tree is associated with a graph σ(ν) = (Vν , Eν) (Vν ⊆ V ), called the skeleton
of ν, which corresponds to a triconnected component of G. Figure 2 shows the
SPQR tree of the biconnected planar graph in Figure 1.

We treat the SPQR tree of a graph G as a rooted tree Tν∗ by choosing an
arbitrary node ν∗ as its root. The parent virtual edge of a node ν is denoted
by parent(ν) (we let parent(ν) = ∅ if ν is the root). We define a parent cut-
pair of ν as the two endpoints of a parent virtual edge e. We denote the graph
formed from σ(ν) by deleting its parent virtual edge as σ−(ν) = (Vν , E−

ν ), where
E−

ν = Eν − {parent(ν)}. Let G−(ν) denote the subgraph of G which consists
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Fig. 2. The SPQR tree of the biconnected planar graph G in Fig. 1.

of the vertices and real edges in the graphs σ−(µ) for all descendants µ of ν,
including ν itself.

For a cut-pair {u, v} of a biconnected graph G, a u, v-component H is a con-
nected subgraph of G that either consists of a single edge (u, v) or is a maximal
subgraph such that H−{u, v} remains connected. We may treat a u, v-component
H of a plane graph G as a plane graph under the same embedding of G. In this
case, we define the u, v-boundary path fo

uv(H) of H to be the path obtained by
traversing the boundary of H from u to v in the clockwise order. A simple path
with end vertices u and v of a graph G is called a u, v-path, and is called an
induced u, v-path if the every internal vertex (i.e., non end vertex) is of degree 2.

Let A ⊆ V in a plane graph G = (V,E, F ). For a plane subgraph H of G and
two outer vertices u and v of H, we denote Auv(H) = A∩ (V (Quv(H))−{u, v}).
If H is graph G−(ν) for a node ν in the SPQR tree and (u, v) = parent(ν), then
we denote Auv(H) by Auv(ν) and Auv(ν) ∪Avu(ν) by A(ν), where for the root
ν∗, we denote by A(ν∗) A ∩ V (fo

F ).

3 Structure of Multipaths and Bi-facial Cycles

This section identifies two structures “multipaths” and “bi-facial cycles” which
cannot admit a straight-line drawing without introducing concave corners.

A set of at least two induced u, v-paths is a multipath (a path may be a
single edge). We call vertices u and v the terminals of a multipath, and denote
by T (M) the set of terminals of a multipath M . A multipath between terminals
u and v is called maximal if it contains all induced u, v-paths. For a multipath
M , we denote by |M | the number of paths in M . For example, the graph G
in Figure 1(a) has three maximal multipaths M1 = {Q1 = (u1, u5, u2), Q2 =
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(u1, u3, u4, u2)}, M2 = {Q3 = (u7, u12), Q4 = (u7, u18, u12), Q5 = (u7, u17, u12)}
and M3 = {Q6 = (u8, u9), Q7 = (u8, u10, u9)}. We here observe the following.

Lemma 2. Assume that a nontrivial biconnected planar graph G contains a
multipath M . In any straight-line drawing of G, each of at least |M |−1 paths in
M must have a concave vertex among its internal vertices. ut

Then we see by definition that for any multipath, its terminals appear as the
vertices in the skeleton σ(ν) of a P-node ν (recall that G is not a cycle). Hence
we observe the following.

Lemma 3. Let Tν∗ be the rooted SPQR-tree of a nontrivial biconnected planar
graph G, and f be a face of the skeleton σ(ν∗) of the root ν∗ in Tν∗ . Then the set
of all maximal multipaths is unique for all plane embeddings in F(V (f); G). ut

In a fixed plane embedding F of a planar graph G, a cycle C is called a bi-
facial cycle if it is the boundary of a u, v-component H of G with fo

F 6∈ F (H) (H
is considered as a plane graph), where vertices u and v are called the terminals of
the bi-facial cycle C. We denote by T (C) the set of terminals of a bi-facial cycle C.
For example, in the plane embedding F1 in Figure 1(a), C1 = (u14, u15, u13, u16),
C2 = (u1, u14, u12, u13), C3 = (u8, u2, u9), and C4 = (u6, u8, u2) are bi-facial
cycles. We here observe the following.

Lemma 4. Assume that a plane embedding F of a nontrivial biconnected graph
G contains a bi-facial cycle C. In any straight-line drawing of F , at least one of
non terminal vertices in C is concave. ut

Note that a bi-facial cycle in a plane embedding of a graph G may not be a
bi-facial cycle in a different embedding of G. For example, cycle C4 = (u6, u8, u2)
is a bi-facial cycle in the plane embedding F1 in Figure 1(a) but not in the plane
embedding F2 in Figure 1(b). A bi-facial cycle C with T (C) = {u, v} is called
minimal if the corresponding u, v-component H contains no other bi-facial cycle
C ′ which shares an edge with C and no multipath M sharing an edge with C. For
our running example, C1 and C2 are minimal bi-facial cycles in both embeddings
F1 and F2 in Figure 1(a) and (b), but bi-facial cycles C3 and C4 in embedding
F1 are not minimal, since C3 and C4 share an edge with bi-facial cycle C4 and
multipath M3, respectively. It is not difficult to observe that The next property
holds.

Lemma 5. Let Tν∗ be the rooted SPQR-tree of a nontrivial biconnected planar
graph G, and f be a face of σ(ν∗) of the root ν∗ in Tν∗ . Let C be a bi-facial cycle
for some plane embedding F ∈ F(V (f); G). Then C remains to be a bi-facial
cycle for all plane embeddings in F(V (f); G) if and only if C is a minimal bi-
facial cycle in the plane embedding F . ut

By definition and Lemmas 3 and 5, we have the following.
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Lemma 6. Let Tν∗ be the rooted SPQR-tree of a nontrivial biconnected planar
graph G, f be a face of σ(ν∗) of the root ν∗ in Tν∗ , and F ∈ F(V (f); G).
Let L = {C1, . . . , Cp,M1, . . . ,Mq} be the set of minimal bi-facial cycles Ci and
maximal multipaths Mj such that (V (H) − T (H)) ∩ V (f) = ∅ for all H ∈ L.
Then:

(i) For every two subgraphs H, H ′ ∈ L, H and H ′ are edge-disjoint, and (V (H)−
T (H)) ∩ (V (H ′)− T (H ′)) = ∅.

(ii) L is unique for all plane embeddings in F(V (f); G). ut

For a face f in σ(ν∗) of the root ν∗, we denote by L(f ; G) the set L of minimal
bi-facial cycles and maximal multipaths such that (V (H)−T (H))∩V (f) = ∅ for
all H ∈ L. In our running example, for root ν∗ = νr and face f = (u1, u2, u7) ∈
F (σ(νr)) in the SPQR tree in Figure 2, we have L(f ; G) = {C1, C2,M1,M2, M3}.

We are now ready to derive a lower bound on the number of concave corners in
a straight-line drawing of a plane embedding F ∈ F(V (f); G). Denote L(f ; G) =
{C1, . . . , Cp,M1, . . . ,Mq} as in Lemma 6, and define

a(f) := p + (|M1| − 1) + · · ·+ (|Mq| − 1). (1)

Note that any straight-line drawing of F ∈ F(V (f); G) must have at least
a(f) concave corners on those subgraphs in L(f ;G). Fix an embedding F ∈
F(V (f); G), and denote by b(F ; f) the number of concave corners that appear
on the boundary of F among such concave corners. More specifically, b(F ; f) is
given as follows. If the boundary of F consists of two induced paths Q,Q′ ∈ Mj

for some Mj ∈ L(f ; G), then we define

b(F ; f) :=
{

2 (|Mj | ≥ 3),
1 (|Mj | = 2); (2)

otherwise we define

b(F ; f) := |{H ∈ L(f ; G) | (V (H)− T (H)) ∩ V (fo
F ) 6= ∅}|. (3)

Hence we have the following.

Lemma 7. (lower bound) Let Tν∗ be the rooted SPQR-tree of a nontrivial
biconnected planar graph G, and f be a face of σ(ν∗) of the root ν∗ in Tν∗ . Then
for any straight-line drawing D of a plane embedding F ∈ F(V (f); G), it holds

|Λ(D)| ≥ a(f) + max{0, 3− b(F ; f)}. (4)

ut
In general, equality in (4) does not hold. In fact, if F contains a bi-facial cycle

which is edge-disjoint with any of all minimum bi-facial cycles, then equality in
(4) does not hold. For example, embedding F1 in Figure 1(a) contains bi-facial
cycle C4 = (u6, u8, u2) which is edge disjoint with any subgraph in L(f ; G) with
f = (u1, u2, u7).
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We now consider a plane embedding F of a planar graph G = (V, E) and a
candidate set A ⊆ V of concave vertices to compute a straight-line drawing of
F whose concave vertices are given by A.

When an embedding F of G is given, we assume that, for a P-node ν, the
indices of the edges in E−

ν = {e1, e2, . . . , ek} is given by the order in which the
corresponding subgraphs of G are embedded in F (the subgraphs for e1 and ek

enclose other subgraphs).

Definition 1. For a plane embedding F ∈ F(V (f); G), a subset A ⊆ V is called
proper if the following is satisfied.

(i) For each minimal bi-facial cycle C ∈ L(f ; G), |A ∩ (V (C)− T (C))| = 1;
(ii) For each maximal multipath M = {Q1, Q2, . . . , Qk} ∈ L(f ; G), there is a

path Q` such that |A∩ (V (Qi)− T (Qi))| = 1 for i ∈ {1, 2, . . . , k} − {`}, and
A∩ (V (Q`)− T (Q`)) = ∅, where if M contains a single edge, then Q` is the
edge;

(iii) A contains max{0, 3− b(L;F )} vertices from Vν∗ ;
(iv) For each P-node ν in the rooted SPQR-tree Tν∗ and E−

ν = {e1, e2, . . . , ek},
there are indices h′ and h as follows: h′ = h or h′ = h− 1, and if h′ = h− 1
then eh represents an induced u, v-path Q such that A∩ (V (Q)−{u, v}) = ∅,
where (u, v) = parent(ν). Moreover, ei, 1 ≤ i ≤ h′ is a virtual edge and its
corresponding child node µi satisfies Avu(µi) 6= ∅ while ej, h + 1 ≤ j ≤ k is
a virtual edge and its corresponding child node µj satisfies Auv(µj) 6= ∅ (see
Figure 3(a)).
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Fig. 3. (a)Definition 1(iv) for a P-node ν; (b) An example of a non-proper set A.

Note that the total number of those vertices in A∩ (V (C)−T (C)) in (i) and
A∩ (V (Qi)− T (Qi)) in (ii) is a(f). Hence by (iii), a proper pair (A, F ) satisfies
|A| = a(f) + max{0, 3 − b(F, f)}. Condition (iv) is necessary for an embedding
F to have a straight-line drawing without introducing other concave vertices
than those in A. For example, Figure 3(b) shows a subset A = {w1, . . . , w4, u, v}
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in a plane graph G = (V, E, F ) from which no straight-line drawing can be
constructed without introducing some other concave vertices in V −A.

4 Finding a Best Embedding

This section shows how to maximize b(F ; f) over all F ∈ F(V (f), G) for a given
face f ∈ F (σ(ν∗)) of the skeleton of the root ν∗ of the rooted SPQR tree of G.

Lemma 8. Let Tν∗ be the rooted SPQR-tree of a nontrivial biconnected planar
graph G, and f be a face of the skeleton σ(ν∗) of the root ν∗ in Tν∗ . Then an
embedding F ∈ F(V (f); G) that maximizes b(F ; f) and a proper set A ⊆ V with
|A| = a(f) + max{b(F ; f) | F ∈ F(V (f); G)} can be found in linear time. ut

We can compute an embedding F that maximizes b(F ; f) in a bottom-up
manner along the rooted SPQR tree Tν∗ . For a non-root node ν in the rooted
SPQR tree Tν∗ and its parent cut-pair {u, v} of ν, let L(ν; ν∗) denote the set of
minimal bi-facial cycles and maximal multipaths H ∈ L(f ;G) such that (V (H)−
T (H)) ∩ {u, v} = ∅ (note that L(ν; ν∗) remains unchanged even if other face
of σ(ν∗) is chosen as f). Let b(ν; ν∗) be the maximum number of subgraphs
H ∈ L(ν; ν∗) that share an edge with the u, v-boundary path Quv(G−(ν)) of
G−(ν) (the maximum is taken over all embeddings in F({u, v}; G−(ν))). By
definition, it is not difficult to see that L(ν; ν∗) and b(ν; ν∗) for all non root nodes
ν can be computed in O(|V |) time by a dynamic programming algorithm based
on a recursive formula (the detail is omitted due to the space limitation). From
L(ν; ν∗) and b(ν; ν∗), ν ∈ Ch(ν∗), we can actually compute a(f)+max{b(F ; f) |
F ∈ F(V (f); G)} for all faces f ∈ F (σ(ν∗)) in O(|Vν∗ |+ |Eν∗ |) time. Let Hence
a face fν∗ ∈ F (σ(ν∗)) that maximizes a(f) + max{b(F ; f) | F ∈ F(V (f); G)}
can be obtained in the same time complexity.

We can apply the above dynamic programming algorithm for other choice of
root ν in the SPQR tree to find such a maximizer fν in O(|V |) time. However, we
can compute such fν for all nodes ν in O(|V |) time by reusing the information
used to compute b(ν; ν∗) for all descendants ν of the first choice of root ν∗.
When we choose a node ν1 adjacent to the current root ν∗ as a new root, we can
compute b(ν; ν1), ν ∈ Ch(ν1) in O(|Vν1 | + |Eν1 |) time. Therefore, we obtain a
face f∗ of a skeleton σ(ν) of a node that maximizes b(f∗) in O(|V |) time, and we
can conclude that the minimum number of concave corners in any straight-line
drawing is at least a(f∗) + max{0, 3 − b(f∗)}. For the optimal face f∗, we can
also compute an embedding F ∈ F(V (f∗); G) and a proper subset A ⊆ V in F
such that |A| = a(f∗) + max{0, 3− b(f∗;F )} in O(|V |) time.

The remaining task to prove Theorem 1 is to show that, given a proper set
A ⊆ V in a plane embedding F of G, a star-shaped drawing D with Λ(D) = A
under the specified embedding F always exists and that such a drawing D can
be computed in linear time.
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5 Constructing Star-shaped Drawings

This section describes how to construct a star-shaped drawing of a given proper
pair (A,F ). We prove the following.

Lemma 9. Let Tν∗ be the rooted SPQR-tree of a biconnected planar graph G,
and f be a face of σ(ν∗) of the root ν∗ in Tν∗ . Let L = L(f ; G), and (A,F )
be a proper pair. Then there exists a star-shaped drawing D of F such that
c(D) = a(L) + max{0, 3− b(L; F )}, and such a drawing D can be constructed in
linear time. ut

Let F be a plane embedding of G and A be a proper subset. For a node ν in
the SPQR tree Tν∗ , let fo

F (H) denote the boundary of an induced subgraph H of
G (where H are regarded as plane graphs induced from G by embedding F ). We
compute a star-shaped drawing D with Λ(D) = A in a top-down manner along
the SPQR tree Tν∗ . We first explain key strategies to maintain a star-shaped
drawing recursively:

1. After choosing an arbitrary |A(ν∗)|-gon Bν∗ with V (Bν∗) = A(ν∗) for the
root ν∗, we process all nodes ν in Tν∗ from the root to the leaves by repeatedly
computing a drawing Dν of skeleton σ−(ν) (or σ(ν)), where the line segments
in Dν for virtual edges will be replaced with new drawings Dµ of the nodes
corresponding to the virtual edges.

2. When we process a non-root R-node ν whose parent is an R-node, we fix the
boundary of G−(ν) as an (|A(ν)| + 2)-gon Bν , and then compute a convex
drawing Dν of skeleton σ−(ν) as an extension of Bν (we use the linear time
convex drawing algorithm due to Chiba et al. [4] to compute such a convex
extension).

3. When we process a non-root R-node ν whose parent is an R- (resp., S-node),
we compute a convex drawing Dν of skeleton σ−(ν) (resp., Dν of skeleton
σ(ν)), where the boundary of the skeleton has been fixed as a convex polygon
Bν , and we b(we use the linear time convex drawing extend Bν to such a
drawing Dν .

r
f

f

(b)  (a) 

: concave vertices

: view points

1µB

4µB

2µB

3µB

s s

t t

r
f

Fig. 4. (a) Fixing the boundary Bν of G−(ν) of an S-node ν of type I; (b) Fixing the
boundaries Bµi of G−(µi) of the child nodes µi ∈ Ch(ν) of an S-node ν of type I.
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4. When we process a non-root S-node ν whose parent is an R-node (resp., a
P-node), the virtual edge corresponding to ν is drawn as a line segment Lν

(resp., a convex polygon Bν), and we then compute an (|A(µ)|+ 2)-gon Bµ

of its child node µ ∈ Ch(ν), and replace Lν with (resp., extend Bν to) the
sequence of these convex polygons Bµ, µ ∈ Ch(ν).

5. When we process a non-root P-node ν with {u, v} = parent(ν), the boundary
of G−(ν) has been fixed as Bν , and we fix the boundary G−(µ) of each child
node µ ∈ Ch(ν) as an (|Avu(µ)|+2)-, (|Auv(µ)|+2)- or (|A(µ)|+2)-gon Bν

depending on the position of the corresponding virtual edge in the indexing
of Definition 1(iv).

6. When new inner faces are introduced after computing a drawing Dν of σ−(ν)
(or σ(ν)) of an R-node ν, we choose a point rf inside each new face f as the
view point of f , which will be kept as a visible point in the kernel of the face
f until a final drawing is obtained.

7. A convex polygon Bν for a node ν will be chosen so that the view point(s)
rf of the face(s) adjacent to the corresponding virtual edge remain visible
from everywhere in the face(s).
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: view points

: child S-nodesS

e
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Fig. 5. (a) Fixing the boundary Bν∗ of G for the root R-node ν∗; (b) Fixing the
boundaries of G−(µ) and G−(µ′) for the child P- and R-nodes µ ∈ Ch(ν) and the child
P- and R-nodes µ′ ∈ Ch(µ) with child S-nodes µ ∈ Ch(ν).

We distinguish type I with type II for each of S- and R-nodes. We briefly
explain what we need to compute for each type of nodes. (A full description of
the algorithm is omitted due to the space limitation.) When a vertex u is drawn
as a point in the plane, the point may be denoted by u for notational simplicity.

type I S-node A non-root S-node ν is called type I if the virtual edge eν cor-
responding ν is an outer edge (resp., an edge) in the drawing for its parent
R-node (resp., its parent P-node).
Input: The view point rf of the face incident to eν and a convex polygon Bν

drawn for fo
vu(G−(ν) (or fo

uv(G−(ν)) are given.
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Fig. 6. (a) For an R-node ν of type I, a convex (|Avu(ν)| + 2)-gon Bν is drawn for
fo

uv(ν); (b) Extending Bν into a convex drawing of σvu(ν); (c) Fixing the boundaries
of G−(µ) and G−(µ′) for the child P- and R-nodes µ ∈ Ch(ν) and the child P- and
R-nodes µ′ ∈ Ch(µ) with child S-nodes µ ∈ Ch(ν).

Output: For each child node µ ∈ Ch(ν), we place the parent cut-pair (s, t)
on Bν and fix the boundary of G−(µ) as a convex (|A(µ)|+ 2)-gon Bµ with
V (Bµ) = A(µ) ∪ {s, t} by combining the line segments of Bν between s and
t and a new line segments between s and t inside Bν (see Figure 4, and the
virtual edge e1 in Figure 5).

type II S-node A non-root S-node ν is called type II if its parent node is an
R-node, and the virtual edge eν corresponding ν is an inner edge in the
drawing of the parent node.
Input: The view points r1 and r2 of the two faces incident to eν and a line
segment Bν = [u, v] drawn for parent(ν) = (u, v) are given.
Output: For each (R- or P-node) µ, we place the parent cut-pair (s, t) on
Bν and fix the boundary of G−(µ) as a convex (|A(µ)| + 2)-gon Bµ with
V (Bµ) = A(µ) ∪ {s, t} inside [s, t, r1] ∪ [s, t, r2] (see the virtual edge e2 in
Figure 5).

For a non-root node ν with (u, v) = parent(ν), two plane drawings for σ(ν)
can be obtained from the plane graph σ−(ν); one still has fo

uv(σ−(ν)) as part of
its boundary, and the other fo

vu(σ−(ν)), where we denote the former and latter
plane graphs by σuv(ν) and σvu(ν), respectively.

type I R-node A non-root R-node ν is called type I if a convex drawing of
plane graph σvu(ν) (resp., σuv(ν)) is required to be computed. Let (u, v) =
parent(ν).
Input: A convex (|Avu(ν)|+ 2)-gon Bν for fo

vu(ν) (resp., (|Avu(ν)|+ 2)-gon
Bν for fo

vu(ν)) is given (see Figure 6(a)).
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Fig. 7. (a) For an R-node ν of type II, a convex (|A(ν)| + 2)-gon Bν is given as the
boundary of G−(ν); (b) Extending Bν into a convex drawing of σ−(ν); (c) Fixing the
boundaries of G−(µ) and G−(µ′) for the child P- and R-nodes µ ∈ Ch(ν) and the child
P- and R-nodes µ′ ∈ Ch(µ) with child S-nodes µ ∈ Ch(ν).

Output: A convex drawing of σvu(ν) (resp., σuv(ν)) as an extension of Bν

(see Figure 6(b)).
type II R-node An R-node ν is called type II if a convex drawing of σ−(ν) is

required to be computed.
Input: A convex (|A(ν)|+2)-gon Bν for the boundary of G−(ν) is given (see
Figure 7(a)), where a convex |A(ν∗)|-gon Bν∗ for the boundary of G is given
if ν is the root ν∗.
Output: A convex drawing of σ−(ν) as an extension of Bν (see Figure 7(b)).

P-node Let ν be a P-node. Let u, v be the vertices in Vν∗ if ν is the root ν∗ or
the vertices in parent(ν) otherwise.
Input: A convex boundary Bν of G−(ν), where (e1, e2, . . . , ej∗ , . . . , ek) de-
notes the sequence of E−

ν , where ej∗ = c(ν) is the central edge, and fi

denotes the face between two edges ei and ei+1 in the plane graph σ−(ν)
(see Figure 8(a)).
Output: Drawings of σ−(µ) of child nodes µ ∈ Ch(ν). We process left edges
in E−

ν from e1 to ej∗−1 and right edges in E−
ν from ek to ej∗+1 before the

central edge ej∗ is processed. Left edges: If left edge ei corresponds to an
S-node µi, then we choose a view point rfi and treat µi as a type I S-node
. If left edge ei corresponds to an R-node µi, then treat µi as a type I R-
node, and compute a convex drawing Dµ of σvu(µi) (including virtual edge
parent(ν)), where the view point rfi

is computed during the computation of
Dµ (see Figure 9(a) and (b)).
Right edges: we apply the above procedure symmetrically to right edges
ek, ek−1, . . . , ej∗+1.
We treat the central edge ej∗ as follows. If ej∗ corresponds to an R-node µj∗ ,
then we then treat µj∗ as a type II R-node.
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Fig. 8. (a) Bν for the root P-node or an internal P-node ν; (b) e1 corresponds to an
S-node µ1, where Snode(µ1, Bµ1 , rf1 , ∅,I) is executed after choosing view point rf1 .

Since we can show that a boundary of Bν of a node ν can be fixed in linear
time of the size of Bν , the entire algorithm can be implemented to run in O(|V |+
|E|) time. This proves Lemma 9.

6 Concluding Remarks

In this paper, we considered the problem of finding a star-shaped drawing of a
given biconnected planar graph with the minimum number of concave corners.
By deriving an effective lower bound on the number of concave corners, we
proved that the problem can be solved in linear time. A natural question related
to the problem is whether the problem of finding a straight-line drawing that
minimizes the number of concave corners for a given plane embedding F of a
biconnected planar graph is hard or not. Remember that (4) does not hold by
equality in general, as observed in the example in Fig. 1(a). However, recently
we showed that the problem can be solved in linear time [9].
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Abstract. We study the complexity of the longest common subsequence
(LCS) problem from a new perspective. By an indeterminate string (i-

string, in short) we mean a sequence eX = eX[1] eX[2] . . . eX[n], where
eX[i] ⊆ Σ for each i, and Σ is a given alphabet of potentially large size.

A subsequence of eX is any usual string over Σ which is an element of
the finite (but usually of exponential size) language eX[i1] eX[i2] . . . eX[ip],
where 1 ≤ i1 < i2 < i3 . . . < ip ≤ n, p ≥ 0. Similarly, we define a super-
sequence of x. Our first version of the LCS problem is Problem ILCS: for
given i-strings eX and eY , find their longest common subsequence. From
the complexity point of view, new parameters of the input correspond
to |Σ| and maximum size ` of the subsets in eX and eY . There is also a

third parameter R, which gives a measure of similarity between eX and
eY . The smaller the R, the lesser is the time for solving Problem ILCS.
Our second version of the LCS problem is Problem CILCS (constrained

ILCS): for given i-strings eX and eY and a plain string Z, find the longest

common subsequence of eX and eY which is, at the same time, a superse-
quence of Z. In this paper, we present several efficient algorithms to solve
both ILCS and CILCS problems. The efficiency in our algorithms are ob-
tained in particular by using an efficient data structure for special type
of range maxima queries and fast multiplication of boolean matrices.
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1 Introduction

This paper deals with two interesting variants of the classical and well-studied
longest common subsequence (LCS) problem: LCS for indeterminate strings (i-
string) and Constrained LCS (CLCS) problem, also for i-strings. In i-strings, at
each position, the string may contain a set of characters. The LCS problem and
variants thereof have been focus of extensive research in the computer science
literature since long. Given two strings, the LCS problem consists of comput-
ing a subsequence of maximum length common to both strings. In CLCS, the
computed longest common subsequence must also be a supersequence of a third
given string. The motivation of CLCS problem comes from bioinformatics: in
the computation of the homology of two biological sequences it is important to
take into account a common specific or putative structure [25].

The longest common subsequence problem for k strings (k > 2) was first
shown to be NP-hard [17] and later proved to be hard to be approximated [15].
The restricted but probably the more studied problem that deals with two strings
has been studied extensively. The classic dynamic programming solution to LCS
problem, invented by Wagner and Fischer [27], has O(n2) worst case running
time, where n is the length of the two strings. Masek and Paterson [18] improved
this algorithm using the “Four-Russians” technique [1] to reduce the worst case
running time to O(n2/ log n)6. Since then not much improvement in terms of n
can be found in the literature. However, several algorithms exist with complexi-
ties depending on other parameters. For example, Myers in [20] and Nakatsu et
al. in [21] presented an O(nD) algorithm, where the parameter D is the sim-
ple Levenshtein distance between the two given strings [16]. Another interesting
and perhaps more relevant parameter for this problem is R, where R is the total
number of ordered pairs of positions at which the two strings match. Hunt and
Szymanski [11] presented an algorithm running in O((R+ n) log n) time. They
also cited applications where R ∼ n and thereby claimed that for these appli-
cations the algorithm would run in O(n log n) time. Very recently, Rahman and
Iliopoulos presented an improved LCS algorithm running in O(R log log n + n)
time [23]. Notably, an O(R log log n) time algorithm for LCS was also reported
in [19]; but their running time excludes a costly preprocessing time of O(n2 log n).
For a comprehensive comparison of the well-known algorithms for LCS problem
and study of their behaviour in various application environments the readers are
referred to [5].

The CLCS problem, on the other hand, has been introduced quite recently
by Tsai in [25]. In [25], a dynamic programming formulation for CLCS was
presented leading to a O(pn4) time algorithm to solve the problem, where p
is the length of the third string which applies the constraint. Later, Chin et
al. [7] and independently, Arslan and Eğecioğlu [2] presented improved CLCS
algorithm with O(pn2) time and space complexity. The problem was also studied

6 Employing different techniques, the same worst case bound was achieved in [10].
In particular, for most texts, the achieved time complexity in [10] is O(hn2/ log n),
where h ≤ 1 is the entropy of the text.
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very recently in [13], where an algorithm running in O(pR log log n+n) time was
devised.

In this paper, we revisit the LCS and CLCS problems, but in a different
setting: instead of standard strings, we consider i-strings, where at each position
the string may contain a set of characters. The motivation of our study comes
from the fact that i-strings are extensively used in molecular biology to express
polymorphism in DNA sequences, e.g. the polymorphism of protein coding re-
gions caused by redundancy of the genetic code or polymorphism in binding site
sequences of a family of genes. To the best of our knowledge, the only work in
the literature in this context is the recent paper [14], where a finite automata
based solution for the CLCS problem for i-strings was presented with worst case
running time O(|Σ|pn2). Here we present a number of improved algorithms to
solve both LCS and CLCS problems for i-strings. In particular, we have used
some novel techniques to preprocess the given i-strings, which let us use the
corresponding solutions for normal strings to get efficient solution for i-strings.

The rest of the paper is organized as follows. In Section 2, we present the
preliminary concepts and formally define the problems handled in this paper.
In Section 3, we handle Problem LCS for i-strings (Problem ILCS). To elab-
orate, in Sections 3.1 to 3.3, we present three different preprocessing steps to
get efficient algorithms to solve Problem ILCS. In particular, in Section 3.1, we
reduce the problem at hand to boolean matrix multiplication problem and uses
the fast multiplication of boolean matrices to gain efficiency. In Sections 3.2
and 3.3 we take a different approach and consider algorithms with running time
dependent on R. Particularly in Section 3.3, we have (implicitly) used efficient
data structure of [23] for special type of range maxima queries to get efficient
algorithms for ILCS. Notably, the use of RMQ in solving LCS problems and
variants thereof was explored in [19] and later in [12, 22, 23]. Thus, the prepro-
cessing step in Section 3.3, could be viewed as an extension of the work of [19,
12, 22, 23]. We handle the CLCS problem for i-strings (Problem ICLCS) in Sec-
tion 4. In particular, we present two different preprocessing steps for ICLCS in
Sections 4.1 and 4.2 extending the ideas and techniques used in Sections 3.1
and 3.2 respectively. Finally, we briefly conclude in Section 5.

2 Preliminaries

We use LCS(X, Y ) to denote a longest common subsequence of X and Y . We
denote the length of LCS(X,Y ) by L(X, Y ). Given two strings X[1..n] and
Y [1..n] and a third string Z[1..p], a common subsequence S of X, Y is said to be
constrained by Z if, and only if, Z is a subsequence of S. We use LCSZ(X,Y )
to denote a longest common subsequence of X and Y that is constrained by Z.
We denote the length of LCSZ(X, Y ) by LZ(X, Y ).

Example 1. Suppose X = TCCACA, Y = ACCAAG and Z = AC. As is
evident from Fig. 1, S1 = CCAA is an LCS(X, Y ). However, S1 is not an
LCSZ(X, Y ) because Z is not a subsequence of S1. On the other hand, S2 =
ACA is an LCSZ(X, Y ). Note that, in this case rZ(X, Y ) < r(X, Y ).
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T C C A C AX =

Y = A C C A A G

T C C A C AX =

Y = A C C A A G

Z = A C

Fig. 1. |LCS(X, Y )| = 4 and |LCSZ(X, Y )| = 2.

In this paper, we are interested in indeterminate strings (i-strings, in short). In
contrast, usual strings are called here standard strings. A string X̃[1..n] is said to
be indeterminate, if it is built over the potential 2|Σ|−1 non-empty sets of letters
belonging to Σ. Each X̃[i], 1 ≤ i ≤ n can be thought of as a set of characters and
we have |X̃[i]| ≥ 1, 1 ≤ i ≤ n. The length of the i-string X̃, denoted by |X̃|, is
the number of sets (of characters) in it, i.e., n. In this paper, the set containing
the letters A and C will be denoted by [AC] and the singleton [C] will be simply
denoted by C for ease of reading. Also, we use the following convention: we use
plain letters like X to denote normal strings. The same letter may be used to
denote a i-string if written as X̃. For i-strings, the notion of symbol equality
is extended to single-symbol match between two (indeterminate) letters in the
following way. Given two subsets A,B ⊆ Σ we say that A matches B and write
A ≈ B iff A∩B 6= ∅. Note that, the relation ≈, referred to as the ‘indeterminate
equality’ henceforth, is not transitive.

Example 2.
Suppose we have i-strings X̃ = AC[CTG]TG[AC]C and Ỹ = TC[AT ][AT ]TTC.
Here we have X̃[3] ≈ Ỹ [3] because X̃[3] = [CTG] ∩ Ỹ [3] = [AT ] = T 6= ∅.
Similarly we have, X̃[3] ≈ Ỹ [1], and also X̃[3] ≈ Ỹ [2] etc.

We can extend the notion of a subsequence for i-strings in a natural way replacing
the equality of symbols by the relation ≈ as follows. A subsequence of X̃ is a
plain string U over Σ which is an element of the finite (but usually of exponential
size) language X̃[i1]X̃[i2] . . . X̃[ip], where 1 ≤ i1 < i2 . . . < ip ≤ n, p ≥ 0.
Similarly, we define a supersequence of X̃. The notion of common and longest
common subsequence for i-strings can now be extended easily. In what follows,
for the ease of exposition, we assume that |X̃| = |Ỹ | = n. But our results can be
easily extended when |X̃| 6= |Ỹ |. We are interested in the following two problems.

Problem “ILCS” (LCS for Indeterminate Strings). Given 2 i-strings X̃

and Ỹ we want to compute an LCS(X̃, Ỹ ).

Problem “CILCS” (CLCS for Indeterminate Strings). Given 2 i-strings
X̃ and Ỹ and another (plain) string Z, we want to compute an LCSZ(X̃, Ỹ ).

Example 3. Suppose, we are given the i-strings

X̃ = [AF ]BDDAAA, Ỹ = [AC]BA[CD]AA[DF ], Z = BDD
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Figure 2 shows an LCS(X̃, Ỹ ) and an LCSZ(X̃, Ỹ ). Note that, although L(X̃, Ỹ ) =
5, LZ(X̃, Ỹ ) = 4.

eX [AF ] B D D A A A
eY [AC] B A [CD] A A [DF ]

An LCS( eX, eY ) A B D A A

eX [AF ] B D D A A A
eY [AC] B A [CD] A A [DF ]
Z B D D

An CLCSZ( eX, eY ) A B D D

Fig. 2. LCS(X̃, Ỹ ) and LCSZ(X̃, Ỹ ) of Example 3.

3 Algorithm for ILCS

In this section, we devise efficient algorithms for Problem ILCS. We start with
a brief review of the traditional dynamic programming technique employed to
solve LCS [27] for standard strings. Here the idea is to determine the longest
common subsequences for all possible prefix combinations of the input strings.
The recurrence relation for extending the length of LCS for each prefix pair
(X[1..i], Y [1..j]), i.e. L(X[1..i], Y [1..j]), is as follows [27]:

T [i, j] =

(
0 if i = 0 or j = 0,

max(T [i− 1, j − 1] + δ(i, j), T [i− 1, j], T [i, j − 1]), otherwise,

(1)

where δ(i, j) = 0 if X[i] = Y [j]; otherwise δ(i, j) = 1.
Here we have used the tabular notion T [i, j] to denote L(X[1..i], Y [1..j]).

After the table has been filled, L(X, Y ) can be found in T [n, n] and LCS(X,Y )
can be found by backtracking from T [n, n] (for detail please refer to [27] or any
textbook on algorithms, e.g. [9]). It is easy to see that Equation 1 can be realized
easily in O(n2) time.

Interestingly, Equation 1 can be adapted to solve Problem ILCS quite easily.
The only thing we need to do is to replace the equality check (‘=’) in Equation 1
with the indeterminate equality (‘≈’). However, this ‘simple’ change affects the
running time of the algorithm because instead of the constant time equality
check we need to perform intersection between two sets. To deduce the precise
running time of the resulting algorithm, we make the assumption that the sets
of characters for each input i-strings are given in sorted order. Under this as-
sumption, we can perform the intersection operation in O(|Σ|) time in the worst
case, since there can be at most |Σ| characters in a set of a i-string. So we have
the following theorem.

Theorem 1. Problem ILCS can be solved in O(|Σ|n2) time.

In the rest of this section, we try to devise algorithms giving better running
times than what is reported in Theorem 1. We assume that the alphabet Σ is
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indexed, which is the case in most practical situations. We also assume that
the sets of characters for each input i-strings are given in sorted order. Recall
that the latter assumption is required to get the running time of Theorem 1. To
improve the running time, we plan to do some preprocessing to realize Equation 1
more efficiently. In particular, we want to preprocess the two given strings so
that the indeterminate equality check can be realized in O(1) time. In the next
subsections, we present three different preprocessing steps and analyze the time
and space complexity of the resulting algorithms.

3.1 Preprocessing 1 for ILCS

Here the idea is to first compute a table I[i, j], 1 ≤ i, j ≤ n as defined below:

I[i, j] =

{
1 If X̃[i]

⋂
Ỹ [j] 6= ∅

0 Otherwise.
(2)

It is easy to realize that, with that table I in our hand, we can realize Equation 1
in O(n2) time because the indeterminate equality check reduces to the constant
time checking of the corresponding entry in I-table. Now it remains to see how
efficiently we can compute the table I. Recall that, our ultimate goal is to get
a overall running time better than the one reported in Theorem 1. To compute
the table I, we first encode each X̃[i], 1 ≤ i ≤ n and Ỹ [j], 1 ≤ j ≤ n as a binary
vector of size |Σ| as follows. We use X̃e and Ỹe to denote the encodings for X̃

and Ỹ , respectively. For all 1 ≤ i ≤ n and c ∈ |Σ|, the encoding for X̃[i] is
defined below:

X̃e[i][c] =

{
1 If c ∈ X̃[i]
0 Otherwise.

(3)

The encoding for Ỹ is defined analogously. Now, we can view X̃e and Ỹe as two
ordered lists having n binary vectors each, where each vector is of size |Σ|. And it
is easy to realize that the computation of I reduces to the matrix multiplication
of X̃e and Ỹe. To speed-up this computation, we perform the following trick.
Without loss of generality, we assume that n is divisible by |Σ| We divide both
the boolean matrices X̃e and Ỹe in square partitions, each partition having size
|Σ| × |Σ|. Now we can perform the matrix multiplication by performing square
matrix multiplication of the constituent square blocks.

Next, we analyze the running time of the preprocessing discussed above. The
encoding of the two input i-strings X̃ and Ỹ require O(n|Σ|) time and space. For
square matrix multiplication, the best known algorithm is due to Coppersmith
and Winograd [8]. Their algorithm works in O(N 2.376) time, where the involved
matrices are of size N × N . Now, recall that in our case the square matrices
are of size |Σ| × |Σ|. Also, it is easy to see that, in total, we need (n/|Σ|)2
such computation. Therefore, the worst case computational effort required is
O((n/|Σ|)2 × |Σ|2.376) = O(n2|Σ|0.376). To sum up, the total time required to
solve Problem ILCS is O(n|Σ|+n2|Σ|0.376)+n2) = O(n|Σ|+n2|Σ|0.376)) in the
worst case. This implies the following result.
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Theorem 2. Problem ILCS can be solved in O(n|Σ|+ n2|Σ|0.376) time.

Before concluding this section, we briefly review some other boolean matrix
multiplication results that may be used in our algorithm. There is a simple so
called “Four Russians” algorithm of Arlazarov et al. [1], which performs Boolean
N × N matrix multiplication in O(N 3/ logN ) time. This was eventually im-
proved slightly to O(N 3/ log1.5N ) time by Atkinson and Santoro [3]. Rytter [24]
and independently Basch, Khanna, and Motwani [4] gave an O(N 3/ log2N ) al-
gorithm for Boolean matrix multiplication on the (log n)-word RAM. Similar
result also follows from a very recent paper [28]. Therefore problem ILCS can
be solved in O(n|Σ|+ n2|Σ|/ log2 |Σ|)) time without algebraically sophisticated
matrix multiplication.

3.2 Preprocessing 2 for ILCS

We first present some notations needed to discuss the next preprocessing phase.
We define the term ` as follows:

` = max{|X̃[i]|, |Ỹ [i]| | 1 ≤ i ≤ n}.

Also, we say a pair (i, j), 1 ≤ i, j ≤ n defines a match, if X̃[i] ≈ Ỹ [j]. The set of
all matches, M, is defined as follows:

M = {(i, j) | X̃[i] ≈ Ỹ [j], 1 ≤ i, j ≤ n}.
Observe that, R = |M|.

Algorithm 1 Computation of the Table I
1: for each i, j do I[i, j] = 0;
2: for each a ∈ Σ do
3: L eX [a] := ∅; LeY [a] := ∅;
4: for i = 1 to n do
5: for each a ∈ X̃[i] do insert(i, L eX [a])

6: for each b ∈ Ỹ [i] do insert(i, LeY [b])

7: for each a ∈ Σ do
8: for each i ∈ L eX [a] do
9: for each j ∈ LeY [a] do I[i, j] = 1.

In the algorithm we pre-compute M, and then fill up the table I. We proceed
as follows. We construct, for each symbol a ∈ Σ, two separate lists, L eX [a] and
LeY [a]. For each a ∈ Σ, L eX [a] (LeY [a]) stores the positions where a appears in X̃

(Ỹ ), if any. We have for 1 ≤ i, j ≤ n

I[i, j] = 1 ⇔ ∃ (a ∈ Σ) such that (i ∈ L eX [a]) and (j ∈ LeY [a])
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The initialization of the table I requires O(n2) time. The constructions of the
lists L eX [a], LeY [a], a ∈ Σ can be done in (n`) time simply by scanning X̃ and Ỹ in
turn. Traversing the two lists LX [a] and LY [a] for each a ∈ Σ to fill up I requires
O(R`) time. This follows from the fact that there are in total R positions where
we can have a match and at each such position we can have up to ` matches.
Thus the total running time required for the preprocessing is O(n` + n2 +R`).

Theorem 3. Problem ILCS can be solved in O(n` + n2 +R`) time.

We remark that, in the worst case we have ` = |Σ|. However, ` can be much
smaller than |Σ| in many cases. Also, R` and n` are ‘pessimistic’ upper bounds
in the sense that rarely for all 1 ≤ i ≤ n, we will have |X̃[i]| = ` (|Ỹ [i]| = `).
Also, in the worst case we have R = O(n2). But in many practical cases R turns
out to be o(n2), or even O(n). Another remark is that to compute an actual
LCS, we will additionally require O(n`) time in the worst case.

3.3 Preprocessing 3 for ILCS

The preprocessing of Section 3.2 can be slightly modified to devise an efficient
algorithm based on the parameter R. There exist efficient algorithms for com-
puting LCS depending on parameterR. The recent work of Rahman and Iliopou-
los [23] presents an O(R log log n+n) algorithm (referred to as LCS-II in [23]) for
computing the LCS. LCS-II computes the set M, sorts it in a ‘prescribed’ order
and then considers each (i, j) ∈ M and do some useful computation (instead
of performing computation for all n2 entries in the usual dynamic programming
matrix). The efficient computation in LCS-II is based on the use of the famous
vEB data structure invented by van Emde Boas [26] to solve a restricted dynamic
version of the Range Maxima Query problem. The vEB data structure allows
us to maintain a sorted list of integers in the range [1..n] in O(log log n) time
per insertion and deletion. In addition to that it can return next(i) (successor
element of i in the list) and prev(i) (predecessor element of i in the list) in con-
stant time. On the other hand, the range maxima query (RMQ) problem is to
preprocess an array of numbers to answer queries to find the maximum in a given
range of the array. In [23], the authors observed that to compute the LCS, one
needs only solve a restricted but dynamic version of RMQ problem7. Using the
vEB structure, they then solved this restricted RMQ problem in O(R log log n)
time per update and per query, which leads to an overall O(R log log n+n) time
algorithm for computing the LCS. Now the essential thing about LCS-II is that
if M is computed and supplied to it, it can compute the LCS in O(R log log n)
time. Based on the results of [23], we get the following theorem.

Theorem 4. Problem ILCS can be solved in O(R` +R log log n + n) time.

7 Similar ideas were also utilized in [19] to solve LCS although employing a slightly
different strategy and using a different data structure.
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Proof. (Sketch)
We can slightly change Algorithm 1 to compute the set M instead of computing
the table I. This can be done simply by replacing Step 13 of Algorithm 1 with
the following statement:
M = M⋃

(i, j).

We also need to initialize M to ∅ just before the for loop of Step 9.

Now, for plain strings, M can be computed in O(R) time. But, for i-strings,
it requires O(R`) time, because at each match position we may have up to `
matches in the worst case. However, recall that our goal is to use LCS-II for
which we need M to be in a prescribed order. This however, can be done using
the same preprocessing algorithm (Algorithm Pre) used in [23]. Algorithm Pre
computes M requiring O(R + n) time (for normal strings) and using the vEB
structures maintain the prescribed order spending O(R log log n) time. In our
case, we have already computed M for the degenerate strings, and hence, we use
Algorithm Pre, only to maintain the orders. Therefore, in total our preprocessing
requires O(R` +R log log n) time. Finally, once M (for the degenerate strings)
is computed in the prescribed order, we can employ LCS-II directly to solve
Probelem ILCS, requiring a further O(R log log n) time. Therefore, in total, the
running time to solve Problem ILCS remains O(R`+R log log n+n) in the worst
case. ¤

Remark 1. LCS-II can compute the actual LCS in O(L(X, Y )) time. However,
in our adaptation of that algorithm for i-strings, we will need O(L(X, Y ) × `)
time because we don’t keep track of the matched character and therefore, are
required to do the intersection operations to find a match. However, this can be
reduced to O(L(X,Y )) simply by keeping track of the matched character (at
least one of them if there exists more) in the set M.

4 Algorithm for CILCS

In this section, we present algorithms to solve Problem CILCS, i.e. Constrained
LCS problem for i-strings. We follow the same strategy of Section 3: we use the
best known dynamic programming algorithm for CLCS and try to devise an
efficient algorithm for CILCS by doing some preprocessing. We use the dynamic
programming formulation for CLCS presented in [2]. Extending our tabular no-
tion from Equation 1, we use T [i, j, k], 1 ≤ i, j ≤ n, 0 ≤ k ≤ p to denote
LZ[1..k](X[1..i], Y [1..j]). We have the following formulation for Problem CLCS
from [2].

T [i, j, k] = max{T ′[i, j, k], T ′′[i, j, k], T [i, j − 1, k], T [i− 1, j, k]} (4)
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where

T ′[i, j, k] =





1 + T [i− 1, j − 1, k − 1] if(k = 1 or
(k > 1 and T [i− 1, j − 1, k − 1] > 0))
and X[i] = Y [j] = Z[k].

0 otherwise.
(5)

and

T ′′[i, j, k] =





1 + T [i− 1, j − 1, k] if (k = 0 or T [i− 1, j − 1, k] > 0)
and X[i] = Y [j].

0 otherwise.
(6)

The following boundary conditions are assumed in Equations 4 to 6:

T [i, 0, k] = T [0, j, k] = 0, 0 ≤ i, j ≤ n, 0 ≤ k ≤ p.

It is straightforward to give an O(n2p) algorithm realizing the dynamic pro-
gramming formulation presented in Equations 4 to 6. Now, for CILCS, we
have to make the following changes. First of all, all equality checks of the form
X[i] = Y [j] have to be replaced by:

X̃[i] ≈ Ỹ [j]. (7)

Here, the constant time operation is replaced by an O(|Σ|) time operation in
the worst case. On the other hand, all the triple equality checks of the form
X[i] = Y [j] = Z[k] have to be replaced by the check:

Z[k] ∈ X̃[i]
⋂

Ỹ [j]. (8)

Once again, the constant time operations are replaced by O(|Σ|+ log |Σ|) time
operations. So we have the following theorem.

Theorem 5. Problem CILCS can be solved in O(|Σ|n2p) time.

As before, our goal is to do some preprocessing to facilitate O(1) time realiza-
tion of the Check 7 and 8 and thereby improve the running time reported in
Theorem 5.

4.1 Preprocessing 1 for CILCS

It is clear that we need the table I as defined in Section 3.1 for constant time
realization of Check 7. In addition to that, to realize Check 8 in constant time,
we compute two more tables B eX [i, k], for 1 ≤ i ≤ n, 1 ≤ k ≤ p and BeY [j, k], 1 ≤
j ≤ n, 1 ≤ k ≤ p, as defined below:

B eX [i, k] =

{
1 If Z[k] ∈ X̃[j]
0 Otherwise.

(9)
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BeY [j, k] =

{
1 If Z[k] ∈ Ỹ [j]
0 Otherwise.

(10)

It is easy to realize that Check 8 evaluates to be true if, and only if, we have
B eX [i, k] = BeY [j, k] = I[i, j] = 1. Therefore, with all three tables pre-computed,
we can evaluate Check 8 in constant time. We have already discussed the con-
struction of table I in Section 3.1. The other two tables can be computed exactly
in the same way requiring O(np|Σ|0.376) time each. Note that p ≤ n. So we have:

Theorem 6. Problem CILCS can be solved in O(n|Σ|+n2|Σ|0.376 +n2p) time.

Theorem 7. Problem CILCS can be solved in O(n|Σ|+n2|Σ|/ log2 |Σ|)+n2p)
time.

However, instead of applying the complex matrix multiplication algorithm to
compute B eX and BeY we can do it more simply by employing the set-membership
check for each entry in the n × p table. This would require O(np log |Σ|) time
to compute B eX and BeY . However, the overall asymptotic running time remains
unimproved.

4.2 Preprocessing 2 for CILCS

In this section, we adapt the preprocessing of Section 3.2 to solve Problem
CILCS. We first define the set of all ‘triple’ matches, M3, as follows:

M3 = {(i, j, k) | X̃[i] ≈ Ỹ [j]
∧

Z[k] ∈ X̃[i]
⋂

Ỹ [j], 1 ≤ i, j ≤ n, 1 ≤ k ≤ p}.

We assume that R3 = |M3|. Now our goal is to compute the table I3[i, j, k], 1 ≤
i, j ≤ n, 1 ≤ k ≤ p as defined below:

I3[i, j, k] =

{
1 If Z[k] ∈ X̃[i]

⋂
Ỹ [j]

0 Otherwise.
(11)

It is easy to realize that, with table I and I3, we can evaluate, respectively,
Check 7 and 8 in constant time each. And it is quite straightforward to adapt
Algorithm 1 to compute I3 (please see Algorithm 2). All we need to do is to
construct lists LZ [a], (similar to L eX [a] and LeY [a]) for each symbol a ∈ Σ and
incorporate it in the for loop of Step 9. The preprocessing time to compute I3

can be easily deduced following the analysis of Algorithm 1. To compute I3 we
need to create 3 ∗ |Σ| lists. These can be constructed by simply scanning X̃, Ỹ
and Z in turn requiring in total O(2×n`+n) = O(n`) time in the worst case. The
initialization of I3 requires O(n2p) time. The filling up of I3 requires O(R3`)
time. Note that we also need to compute I. Thus the total running time required
for the preprocessing is O(n`+n2 +n2p+R`+R3`) = O(n`+n2p+`(R+R3)).
Since, we already have an n2p component in the above running time, the total
running time for the CILCS problem remains same as above.
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Algorithm 2 Computation of the Table I3

1: for a ∈ Σ do
2: Insert the positions of a in X̃ in L eX [a] in sorted order
3: Insert the positions of a in Ỹ in LeY [a] in sorted order
4: Insert the positions of a in Z in LZ [a] in sorted order
5: for i = 1 to n do
6: for j = 1 to n do
7: for k = 1 to p do
8: I[i, j, k] = 0.
9: for a ∈ Σ do

10: for i ∈ L eX [a] do
11: for j ∈ LeY [a] do
12: for k ∈ LZ [a] do
13: I[i, j, k] = 1.

Theorem 8. Problem CILCS can be solved in O(n` + n2p + `(R+R3)) time.

We remind that the remarks in Section 3.2, regarding ` and R, applies here as
well. We further remark that, in the worst case we have R3 = n2p. But in many
practical cases R3 may turn out to be o(n2p). Also, since ` can be much smaller
than |Σ| in many cases, R3` remains as a ‘pessimistic’ upper bound.

5 Conclusion

In this paper, we have studied the classic and well-studied longest common
subsequence (LCS) problem and a recent variant of it namely the constrained
LCS (CLCS) problem, when the inputs are i-strings. In LCS, given two strings,
we want to find the common subsequence having the highest length; in CLCS,
in addition to that, the solution to the problem must also be a supersequence of
a third given string. We have presented efficient algorithms to solve both LCS
and CLCS for i-strings. In particular, we have used some novel techniques to
preprocess the given strings, which lets us use the corresponding DP solutions
for normal string to get efficient solution for i-strings. It would be interesting
to see how well the presented algorithms behave in practice and compare them
among themselves on the basis of their practical performance.
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Abstract. Seidel’s switching is a graph operation which makes a given
vertex adjacent to precisely those vertices to which it was non-adjacent
before, while keeping the rest of the graph unchanged. Two graphs are
called switching-equivalent if one can be made isomorphic to the other
by a sequence of switches.
In this paper, we show the NP-completeness of the problem Switch-cn-
Clique for each c ∈ (0, 1): determine if a graph G is switching-equivalent
to a graph containing a clique of size at least cn, where n is the number
of vertices of G. We also prove the NP-completeness of the problems
Switch-Max-Edges and Switch-Min-Edges which decide if a given
graph is switching-equivalent to a graph having at least or at most a
given number of edges, respectively.

1 Introduction

The concept of Seidel’s switching was introduced by a Dutch mathematician
J. J. Seidel in connection with algebraic structures, such as systems of equiangu-
lar lines, strongly regular graphs, or the so-called two-graphs. For more structural
properties of two-graphs, cf. [11–13]. Since then, switching has been studied by
many others. Apart from the algebraic structures, consequences of switching arise
in other research fields as well; for example, Seidel’s switching plays an impor-
tant role in Hayward’s polynomial-time algorithm for solving the P3-structure
recognition problem [6].

As proved by Colbourn and Corneil [4] (and independently by Kratochv́ıl
et al. [9]), deciding whether two given graphs are switching equivalent is an
isomorphism-complete problem.

In this paper, we prove the NP-completeness of several problems related
to Seidel’s switching. We examine the complexity of deciding if a given graph is
switching-equivalent to a graph having a certain desired property. This paradigm
has already been addressed by several authors. As observed by Kratochv́ıl et
al. [9] and also by Ehrenfeucht at al. [5], there is no correlation between the
complexity of the problem and the complexity of the property P itself. For
example, Kratochv́ıl et al. [9] proved that any graph is switching-equivalent to a
graph containing a Hamiltonian path, and it is polynomial to decide if a graph
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is switching-equivalent to a graph containing a Hamiltonian cycle. However, the
problems to decide if a graph itself contains a Hamiltonian path or cycle are well
known to be NP-complete [7].

On the other hand, the problem of deciding switching-equivalence to a reg-
ular graph was proven to be NP-complete by Kratochv́ıl [10], and switching-
equivalence to a k-regular graph for a fixed k is polynomial, while both the regu-
larity and k-regularity of a graph can be tested polynomially. Three-colorability
and switching-equivalence to a three-colorable graph are both NP-complete [5].

One of the problems we address in this paper is deciding switching-equivalence
to a graph containing a clique of a certain size. It is well known that deciding for
instances (G, k) if the graph G itself contains a clique of size at least k is NP-
complete [7]. The corresponding switching problem, to decide for instances (G, k)
if G is switching-equivalent to a graph with a clique of size at least k, was shown
by Ehrenfeucht et al. [5] to be NP-complete as well. If k is fixed (not part of the
input), then the problem can be solved by testing all induced subgraphs of size
k. The whole graph G is switching-equivalent to a graph with a k-clique if and
only if at least one induced subgraph of G on k vertices is switching-equivalent
to a clique, and that can be determined in polynomial time. In Section 3 we
extend the results of Ehrenfeucht et al. [5] by proving the NP-completeness of
deciding switching-equivalence to a graph with a clique of size at least cn, where
n is the number of vertices of G, for every fixed constant c in (0, 1).

We further examine the complexity of problems Switch-Min-Edges and
Switch-Max-Edges which for instances (G, k) decide if G is switching-equi-
valent to a graph with at most or at least k edges, respectively. We prove that
both problems are NP-complete. Such a result may be unexpected, because
switching a vertex affects the number of edges in a simple way.

On the other hand, Suchý [14] recently proved that the problems Switch-
Min-Edges and Switch-Max-Edges are fixed-parameter tractable. Hence, for
fixed k they are polynomial, which complements our result.

This paper is organized as follows. In Section 2, we introduce the notation
and definitions used throughout the paper. In Section 3, we prove the NP-
completeness of Switch-cn-Clique. In Section 4 we prove the NP-completeness
of Switch-Min-Edges and Switch-Max-Edges, and describe a connection of
these problems to graph theoretic codes and the Maximum Likelihood De-
coding problem.

2 Basic Definitions

2.1 Preliminaries

In this paper, we use the standard graph theoretic notation. Unless defined
otherwise, by n we denote the number of vertices of the currently discussed
graph. The graph G = (V,

(
V
2

)
) is called a complete graph and denoted by Kn.

A complete subgraph on k vertices is called a k-clique. A path with n vertices is
denoted by Pn, and a graph with n vertices and no edges is called discrete and
denoted by In. The symmetric difference of sets A and B is denoted by A4B.
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2.2 Seidel’s Switching

Definition 1. Let G be a graph. Seidel’s switch of a vertex v ∈ VG results in
the graph called S(G, v) whose vertex set is the same as of G and the edge set is
the symmetric difference of EG and the full star centered in v, i. e.,

VS(G,v) = VG

ES(G,v) = EG \ {xv : x ∈ VG, xv ∈ EG}) ∪ {xv : x ∈ VG, x 6= v, xv 6∈ EG}.

It is easy to observe that the result of a sequence of vertex switches in G
depends only on the parity of the number of times each vertex is switched. This
allows generalizing switching to vertex subsets of G.

Definition 2. Let G be a graph. Then the Seidel’s switch of a vertex subset
A ⊆ VG is called S(G,A) and

S(G,A) = (VG, EG 4 {xy : x ∈ A, y ∈ VG \A}).

We say that two graphs G and H are switching equivalent (denoted by G ∼
H) if there is a set A ⊆ VG such that S(G,A) is isomorphic to H.

3 Searching for a Switch with a cn-Clique

In this section, we consider the following problem.

Problem: Switch-cn-clique
Input: A graph G on n vertices
Question: Is G switching-equivalent to a graph containing a clique of

size at least cn?

Theorem 1. The problem Switch-cn-clique is NP-complete for any c ∈ (0, 1).

Proof. We prove the theorem in two steps: first we prove the statement for
rational numbers c only; then we extend it to numbers c which are irrational.
For rational c, it is clear that the problem is in NP—a polynomial-size certificate
contains vertex subsets A and C such that S(G,A)[C] is a clique of the desired
size. In the case of irrational c, we assume that an oracle can be used for querying
the bits of c in constant time. This ensures that the certificate can be checked
in time polynomial in n.

In the first step, we show the NP-hardness of the problem by reducing SAT
to it, whereas in the second step we reduce 3-SAT. Both SAT and 3-SAT are
well known to be NP-complete [7].

Suppose that c is rational and equal to p
q , where p, q ∈ N, and p < q. We

have an instance of SAT: a formula ϕ in CNF with k clauses and l occurrences
of literals, and ask if ϕ is satisfiable. Without loss of generality we can assume
that k < l and k ≥ 2.
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Let G = Gp,q(ϕ) be a graph constructed in the way illustrated in Fig. 1. The
vertices of G are VG = L ∪K ∪ Z, where L, K, Z are pairwise disjoint and

|L| = l,

|K| = pl + p− k,

|Z| = (q − p− 1)(l + 1) + k + 1.

L of size l

K of size
pl + p − k

Z of size
(q − p − 1)(l + 1)

+ k + 1

Fig. 1. The graph Gp,q(ϕ).

The edges of G are defined as follows:

– K induces a clique and every vertex in K is adjacent to all vertices in L and
no vertex in Z.

– Every vertex in Z is adjacent to all vertices in L and nothing more.
– Vertices of L represent occurrences of literals in ϕ. Two vertices l1, l2 ∈ L

are adjacent if and only if
• l1 and l2 occur in different clauses and
• they are not in the form l1 = ¬l2 nor l2 = ¬l1.

Lemma 1. Let j be an integer. The graph Gp,q(ϕ)[L] contains a j-clique if and
only if the formula ϕ contains j simultaneously satisfiable clauses.

Proof. Mutually adjacent vertices of Gp,q(ϕ)[L] correspond to simultaneously
satisfiable literals in distinct clauses. ut
Corollary 1. The formula ϕ is satisfiable if and only if Gp,q(ϕ)[L] contains
a clique of size k (where k is the number of clauses in ϕ).

Let us now consider cliques of size pl + p in the whole graph—either in the
original graph G or in its switches. The reader can verify that n = |L∪K ∪Z| =
ql + q and (pl + p)/n = c, therefore cliques of size pl + p are exactly cn-cliques.
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Lemma 2. The following statements are equivalent for G = Gp,q(ϕ).

(a) The graph G[L] contains a k-clique.
(b) The graph G contains a (pl + p)-clique.
(c) There exists a set A ⊆ VG such that S(G,A) contains a (pl + p)-clique.

Proof. First we prove that (a) implies (b). Any clique in G[L] forms a larger
clique together with all vertices of K. So, if G[L] contains a k-clique, then G[L∪
K] contains a clique of size k + (pl + p− k) = pl + p.

The implication from (b) to (c) is obvious.
To prove that (c) implies (a), suppose that there is a set A ⊆ VG such that

S(G,A) contains a (pl + p)-clique on a vertex set C.
The set C does not contain more than two vertices of Z, because they are

pairwise non-adjacent in G and in S(G, A) they induce a bipartite graph. From
the assumptions k < l and k ≥ 2 it follows that l > 2, and p ≥ 1, so pl + p > 2.
Therefore C contains some vertices of L or K. But all vertices of Z are non-
adjacent in G and have the same neighborhood in G[L∪K]; surely all vertices in
Z∩C have the same neighborhood in S(G, A)[C] (otherwise C would not induce
a clique). But then either (Z ∩C) ⊆ A or (Z ∩C) ∩A = ∅, so switching A does
not affect edges inside S(G,A)[Z ∩ C] and any two vertices in S(G,A)[Z ∩ C]
are non-adjacent. Therefore C contains at most one vertex of Z.

Since 1 + |K| = 1 + (pl + p− k) < pl + p, the clique C contains at least one
vertex of L. But then it cannot contain both vertices of K and Z, because in the
graph G they have the same neighborhood in L and there is no edge between K
and Z. Also, the set C cannot consist only of vertices of L, because pl + p > l.
Therefore C contains one of the following:

– pl + p− 1 (which is at least k) vertices of L and one vertex of Z
– at least k vertices of L and at least one vertex of K.

In both cases, C contains k vertices of L, and a vertex v of K ∪ Z. Since
C induces a clique in S(G,A), the vertex v is adjacent to all other vertices in
C. But in G, by definition, the vertex v is adjacent to all vertices of L, too.
So switching A cannot have changed any edge connecting v and the k vertices,
which means that either all these k + 1 vertices are in A or none of them is.
But then they induce a (k +1)-clique in G as well, and G[L] contains a k-clique,
which we wanted to prove. ut

Corollary 1 and Lemma 2 together give us that ϕ is satisfiable if and only if
there exists a set A ⊆ VG such that S(G,A) contains a (pl + p)-clique. But we
have already shown that pl+p = cn; and clearly a graph contains a clique of size
exactly cn if and only if it contains a clique of size at least cn. That concludes the
reduction. The graph Gp,q(ϕ) with q(l + 1) = O(l) vertices and O(l2) edges can
be constructed in time polynomial in the size of ϕ. Hence the problem Switch-
cn-Clique is NP-complete for every rational constant c ∈ (0, 1).

Proving the NP-hardness of Switch-cn-Clique for irrational numbers c is
slightly more complicated. We use a theorem of Arora et al. [1] and certain
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number theoretic results to get suitable numbers p, q, and then, analogously to
the rational case, we reduce an instance of 3-SAT to Switch-cn-Clique for
the graph Gp,q. Due to space limitations, the rest of the proof is placed in the
Appendix. ut

4 Minimizing the Number of Edges

In this section, we prove the NP-completeness of the following problem:

Problem: Switch-Min-Edges
Input: A graph G, an integer k.
Question: Is G switching-equivalent to a graph with at most k edges?

The problem Switch-Max-Edges is defined analogously with “at most”
replaced by “at least”. It is easy to observe that these two problems are polyno-
mially equivalent. Therefore it suffices to show the NP-completeness of Switch-
Min-Edges only, which is done in the proof of Theorem 3.

4.1 The Connection to Maximum Likelihood Decoding

Let V be a fixed set of n vertices. For an edge set E ⊆ (
V
2

)
, by χE we denote

the characteristic vector of E, i. e., the element of Z(n
2)

2 such that χE(e) = 1 if
and only if e ∈ E. Thus any graph on the vertex set V can be represented by
a vector of length

(
n
2

)
. The following observation expresses how switching works

by means of characteristic vectors.

Observation 2 Let Kn = (V,
(
V
2

)
) be the complete graph, let V1, V2 be a parti-

tion of V and let S = {{x, y}, x ∈ V1, y ∈ V2} be the corresponding cut in Kn.
Then for any G = (V, E),

χS(G,V1) = χS(G,V2) = χE + χS .

(Note that the summation is done over Z2.) Therefore, if we seek a switch of
G with the minimum number of edges, we seek a characteristic vector χE + χS

with the minimum Hamming weight. Or, equivalently, we seek a cut S in Kn

with the minimum Hamming distance between χS and χE .
It is a well-known fact that the cut space C∗(G) of a graph G is a vector

space, and the cycle space C(G) is also a vector space orthogonal to C∗(G).
The dimension of C∗(G) is |V | − 1, and C∗(G) can also be viewed as a linear
[|E|, |V | − 1] code with a parity-check matrix C whose rows are |E| − |V | + 1
linearly independent characteristic vectors of cycles in G. Such a code is called
a graph theoretic code; the concept of graph theoretic codes has been introduced
by Hakimi and Frank [8].

The problem of finding a codeword in a linear code that is closest to a given
vector is an important problem in coding theory. It can be formulated as a
decision problem in the following way.
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Problem: Maximum Likelihood Decoding
Input: A binary p× q matrix H, a vector r ∈ Zp

2, and an integer w > 0.
Question: Is there a vector e ∈ Zq

2 of Hamming weight at most w such
that He = r?

This problem was proven to be NP-complete by Berlekamp et al. [2]. Note
that Switch-Min-Edges is indeed its special case, which we formalize in the
following lemma (proved in the Appendix).

Lemma 3. Switch-Min-Edges is a special case of Maximum Likelihood
Decoding, where H is the parity check matrix of the code of cuts in a complete
graph.

Special cases of Maximum Likelihood Decoding have been studied. It is
known that the problem is NP-complete even if we allow unbounded time for
preprocessing the code H. This was proven by Bruck and Naor [3] by show-
ing that Maximum Likelihood Decoding is NP-complete for the cut code
of a special fixed graph, and therefore no preprocessing can help because this
fixed code can be known in advance. Our proof in Subsection 4.2 provides an
alternative proof of Bruck and Naor’s result by using Kn as the fixed graph.

4.2 Proof of NP-Completeness

We use a reduction of the following well-known NP-complete problem [7].

Problem: Simple-Max-Cut
Input: A graph G, an integer j.
Question: Does there exist a partition V1, V2 of VG such that the cut

between V1 and V2 in G contains at least j edges?

Theorem 3. Switch-Min-Edges is NP-complete.

Proof. From an instance (G, j) of Simple-Max-Cut we create an instance
(G′, k) of Switch-Min-Edges in the following way. For each vertex of G we
create a corresponding non-adjacent vertex pair in G′. An edge in G is repre-
sented by four edges completely interconnecting the two pairs, and a non-edge
in G is represented by only two edges connecting the two pairs in a parallel way.
More formally, we set

VG′ = {v′, v′′ : v ∈ VG}
EG′ ={{u′, v′}, {u′′, v′′} : u, v ∈ VG, u 6= v} ∪ {{u′, v′′}, {u′′, v′} : {u, v} ∈ EG}.

The following lemma relates cuts in G with switches of G′.

Lemma 4. The following statements are equivalent:

(a) There is a cut in G having at least j edges,
(b) there exists a set A ⊆ VG′ such that S(G′, A) contains at most 2

(|VG|
2

)
+

2|EG| − 4j edges.
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Proof. For a cut C in G we define a corresponding vertex subset A = A(C) of
G′. Suppose that C separates a vertex set V1 from the remaining vertices of G.
We set A to be the set {v′, v′′ : v ∈ V1}. Note that such a set A satisfies the
following condition.

Definition 3. We say that a vertex subset of G′ is legal if it contains an even
number of vertices out of the pair v′, v′′ for every v ∈ VG. Otherwise, we say
that it is illegal.

Legality is a desired property, because there is an obvious correspondence
between legal sets and cuts in G. Also, the number of edges in S(G′, A) is de-
termined by the size of the cut C. The original graph G′ contains two edges
per every vertex-pair of G and two more edges per every edge in G, which is
2
(|VG|

2

)
+ 2|EG| edges altogether. Since A is legal, it can easily be checked that

every non-edge {u, v} in G corresponds to two edges in both G′ and S(G′, A),
regardless of the cut C. For every edge {u, v} in the cut C we have u′, u′′ ∈ A
and v′, v′′ 6∈ A (or vice versa), so switching A destroys all the four corresponding
edges and creates none. For an edge not present in the cut C, switching A does
not modify the corresponding edges, so there are still four of them in S(G′, A).
To sum it up, S(G′, A) has

2
(|VG|

2

)
+ 2|EG| − 4|C|

edges. This proves that the statement (a) implies (b). As for the other implica-
tion, by reverting the construction of A(C) from a cut C, we get that it holds for
legal sets A. It remains to deal with possible illegal switches. For that purpose,
we introduce another definition.

Definition 4. We say that a vertex u ∈ VG is broken in A if A contains exactly
one vertex of u′, u′′. We say that a vertex set {u, v} ⊆ VG is broken in A if at
least one of its vertices u, v is broken. Otherwise, we say that it is legal in A.

Lemma 5. For every illegal set A there is a legal set A′ such that S(G′, A′)
contains at most the same number of edges as S(G′, A).

Proof. Let A be an illegal set. As can be seen in Fig. 2, a broken non-edge never
decreases the resulting number of edges, and thus is no more profitable than a
legal non-edge. Therefore, if all the broken pairs in A correspond to non-edges,
then the set A minus the union of all broken pairs is legal, and it yields a switch
with at most the same number of edges as A does.

Assume that there are m broken edges, where m > 0. As shown in Fig. 2, a
broken edge could in certain cases decrease the number of edges in G′ by more
than a legal edge not present in the cut would. We create a legal set A′ from A
using the following greedy algorithm.

1. A′ := A.
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Fig. 2. The possible legal and illegal switches of non-edges (on the left, in the middle)
and edges (on the right) in G and their influence on the number of edges in G′.

2. Find a vertex v broken in A′. If there is no such, STOP.
3. Look for vertices u that are legal in A′ and such that {u, v} is an edge in G.

If there are more such vertices in A′ than in VG \A′, set A′ := A′ \ {v′, v′′},
otherwise set A′ := A′ ∪ {v′, v′′}.

4. Go back to step 2.

It remains to prove that the algorithm finds a legal set that is better than A.
In each iteration of step 3, the algorithm legalizes one vertex. It clearly fin-

ishes after a finite number of steps and creates a legal set. It does not modify
legal vertices nor legal edges in A, therefore the number of edges in S(G′, A′)
corresponding to legal sets in A remains unchanged. Also, legalizing a non-edge
does not increase the number of edges in S(G′, A′) in comparison to S(G′, A).

As we already know, any legal set gives us a cut in G; consider the cut
obtained from A′. In each iteration of Step 3, at least half of the newly legalized
edges became cut edges with one endpoint in A′ and the other not in A′. Since
each broken edge was legalized exactly once, we know that at least m/2 legalized
edges became cut edges (and decreased the edge number by at least 3), and at
most m/2 legalized edges became out of the cut (and increased the edge number
by at most 1). Therefore, the edge number in S(G′, A′) is lower by at least
3m/2−m/2 = m, which we assumed to be positive. ut

To finish the proof of Lemma 4, it remains to prove that (b) implies (a). Let
S(G′, A) be a switch with at most 2

(|VG|
2

)
+ 2|EG| − 4j edges. If A is illegal,

Lemma 5 assures that there is a legal set A′ such that S(G′, A′) has even less
edges. The legal set yields a partition V1 = {v : v′, v′′ ∈ A′} and V2 = VG \ V1

such that the cut between V1 and V2 contains at least j edges. ut
According to Lemma 4, the graph G contains a cut of size at least j if and

only if G′ is switching-equivalent to a graph with at most k = 2
(|VG|

2

)
+2|EG|−4j
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edges. The size of (G′, k) is surely polynomial in the size of (G, j). That concludes
the proof of NP-hardness of Switch-Min-Edges. To prove that Switch-Min-
Edges is in NP, it suffices to note that the positive answer can be certified by
a vertex set A that gives us a switch with the desired number of edges. ut
Acknowledgments I am grateful to Jan Kratochv́ıl for numerous useful tips
and valuable discussions; and to Jǐŕı Sgall for advice concerning some relevant
references.
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Appendix

Proof (of Theorem 1, continued). To prove the NP-hardness of Switch-cn-
Clique for irrational numbers c, we use a theorem of Arora et al. proved in [1]
(and restated in this way in [15] as Lemma 29.10).

Theorem 4. (Arora, Lund, Motwani, Sudan, Szegedy) There exists a polyno-
mial time transformation T from 3-CNF to 3-CNF and a constant ε > 0 such
that

– If ψ is satisfiable, then T (ψ) is satisfiable.
– If ψ is not satisfiable, then at most 1− ε fraction of the clauses of T (ψ) are

simultaneously satisfiable.

Our aim is to do a reduction from an instance ψ of 3-SAT. We will use the
graph Gp,q, like in the previous part of the proof; this time for the transformed
formula T (ψ) and for numbers p and q such that p

q is sufficiently close to the
irrational number c. Then we examine the relationship between cn-cliques and
p
q -cliques in the resulting graph. To show that some suitable numbers p and q
exist, we will make use of Lemma 6, which is a variant of Dirichlet’s Theorem,
and Lemma 7.

Lemma 6. For any real number α ∈ [0, 1], any ε > 0 and r ∈ R there exists
n ∈ N such that n > r and {nα} < ε (where {nα} stands for the decimal fraction
of nα).

Proof. Without loss of generality we can assume that ε < α and α ∈ (0, 1). We
prove by induction that for each k ∈ N0 there exists nk ∈ N such that

{nkα} ≤ α

2k

and nk+1 > nk for all k. Then we take n = nk for k ≥ max {r, log2(
α
ε )}.

We set n0 = 1, because {1 ·α} ≤ α
1 . Now assume that we already have nk for

some k ≥ 0 and want to find nk+1. Let β = {nkα}; we want to get an integer m
so that {mβ} ≤ β

2 and m > 1. If β = 0, then clearly the inequality {mβ} ≤ β
2

holds for any integer m, so we can set m = 2. Otherwise we consider the number
b 1

β cβ. It is clear that b 1
β cβ ≤ 1; in case of an equality we have that {b 1

β cβ} = 0,
while b 1

β c is nonzero. Hence m can be either b 1
β c or any its integral multiple

larger than 1.
The remaining case is that β > 0 and b 1

β cβ < 1. Then 1 < d 1
β eβ < β + 1,

and after subtracting 1 we get that
{⌈

1
β

⌉
β

}
< β. (1)

We want m to be an integer such that {mβ} ≤ β
2 . Note that d 1

β e > 1,
since b 1

β c > 0 for any β ∈ (0, 1). So suppose that m cannot be d 1
β e, because
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{d 1
β eβ} > β

2 . Then we define

δ = β + 1−
⌈

1
β

⌉
β.

The assumption {d 1
β eβ} > β

2 together with (1) imply that δ ∈ (0, β
2 ). Similarly

like before we obtain the inequalities b β
2δ cδ ≤ β

2 and β
2 ≤ d β

2δ eδ. Moreover, it is
surely true that d β

2δ e ≤ (1 + b β
2δ c); hence

β

2
≤

⌈
β

2δ

⌉
δ ≤ β. (2)

Now we set

m =
⌈

β

2δ

⌉(⌈
1
β

⌉
− 1

)
+ 1.

It is clear that such an m is larger than one, and by substituting δ according to
its definition, it can be easily verified that

mβ =
⌈

β

2δ

⌉
−

⌈
β

2δ

⌉
δ + β. (3)

By plugging the inequalities of (2) into (3), we obtain
⌈

β

2δ

⌉
≤ mβ ≤

⌈
β

2δ

⌉
+

β

2
,

which immediately gives us that {mβ} ≤ β
2 , and that is what we wanted. It now

remains to set nk+1 = mnk and verify that {nk+1α} ≤ α
2k+1 . Indeed, we have

that

{nk+1α} = {mnkα} = {mβ} <
β

2
=
{nkα}

2
≤

α
2k

2
=

α

2k+1
,

where the last inequality holds by the induction hypothesis. In all cases consid-
ered we chose m to be larger than one, hence nk+1 > nk, and we are done. ut
Lemma 7. For each irrational c ∈ (0, 1) and ε > 0, there exist p, q ∈ N such
that p

q ∈ (0, 1) and

c ∈
((

1− ε

4p

)
p

q
,
p

q

)
.

Proof. We shall find an integer p such that the interval (p
c − ε

4c , p
c ) contains

another integer q. We want p to satisfy the condition
{p

c

}
<

ε

4c
, (4)

and additionally we request that

p >
ε

4(1− c)
. (5)
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It is true that {p
c} = {p{1

c}}, the number {1
c} lies in the interval (0, 1), and

surely ε
4c > 0; hence Lemma 6 for α = { 1

c}, ε′ = ε
4c and r = ε

4(1−c) ensures the
existence of such a p.

Then we set q = bp
c c and verify that it is really an integer in the interval(

p
c − ε

4c , p
c

)
. The number p

c is irrational, so we have q < p
c . The fact that bp

c c =
p
c − {p{1

c}}, and (4) together give us the other inequality q > p
c − ε

4c .
Moreover, from (5) we obtain

p

c
− ε

4c
> p,

so any integer q in the interval
(

p
c − ε

4c , p
c

)
is larger than p, and thus p

q ∈ (0, 1).
Also, by rewriting the inequalities q < p

c and q > p
c − ε

4c we get the desired
inequality (

1− ε

4p

)
p

q
< c <

p

q
.

ut

Let c be an irrational number in (0, 1), let ε be the constant from Theorem 4,
and p, q the integers given by Lemma 7 for ε and c. We take an instance ψ of
3-SAT and construct the graph G = Gp,q(T (ψ)) in the same way as in the
previous part of the proof. Let us again denote the number of clauses of T (ψ) by
k. The number of occurrences of literals is l = 3k and n stands for the number
of vertices of G.

If ψ is satisfiable, we have again by Corollary 1 that G[L] contains a k-clique,
and by Lemma 2 the graph G contains a (pl+p)-clique, which is a p

q n-clique. We
shall show that if ψ is not satisfiable, then for any set A ⊆ VG the graph S(G,A)
does not contain a clique of size larger than (1 − ε

4p )p
q n. We limit ourselves to

instances ψ such that (1− ε)k > 1 and pl +p− εk ≥ 2, which we can do without
loss of generality. Let us first show the following lemma.

Lemma 8. Let ψ be a formula such that (1− ε)k > 1 and pl + p− εk ≥ 2. If ψ
is not satisfiable, then for any set A ⊆ VG the graph S(G,A) does not contain
a clique of size larger than pl + p− εk.

Proof. Suppose that for some A ⊆ VG we have a clique on a vertex set C in
S(G,A) and the size of the clique is larger than pl + p− εk. Then (similarly as
in the proof of Lemma 2) we get that the set C does not contain more than two
vertices of Z, because they are pairwise non-adjacent in G and in S(G,A) they
induce a bipartite graph.

Since |C| is more than two, C contains some vertices of L or K. But all
vertices of Z are non-adjacent in G and have the same neighborhood in G[L∪K];
surely all vertices in Z∩C have the same neighborhood in S(G,A)[C] (otherwise
C would not be a clique). But then either (Z ∩ C) ⊆ A or (Z ∩ C) ∩ A = ∅, so
switching A does not affect edges inside S(G, A)[Z ∩C], and any two vertices in
S(G,A)[Z ∩C] are non-adjacent. Therefore C contains at most one vertex of Z.
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The set C contains at least one vertex of L, because

1 + |K| = 1 + (pl + p− k) < (1− ε)k + pl + p− k = pl + p− εk.

But then C cannot contain both vertices of K and Z, because in G they have
the same neighborhood in L and there is no edge between K and Z.

By Lemma 1, every clique in L corresponds to |C ∩ L| clauses which are
simultaneously satisfiable. Hence by Theorem 4, the maximum clique size in L
is (1− ε)k, which is not enough for C, since

(1− ε)k < (1− ε)k + pl + p− k = pl + p− εk,

hence C cannot consist only of vertices of L. Therefore C consists of one of the
following:

– more than pl + p− εk − 1 (which is larger than (1− ε)k) vertices of L, and
one vertex of Z

– more than (1− ε)k vertices of L, and pl + p− k vertices of K.

In both cases, C contains more than (1 − ε)k vertices of L, and a vertex v
from K or Z. Since C induces a clique in S(G,A), the vertex v is adjacent to
all other vertices in C. But in G, by definition, v is adjacent to all vertices of L,
too. So switching A cannot have changed any edge connecting v and the other
vertices, which means that either all the vertices are in A or none of them is.
But then they induce a clique of size larger than (1 − ε)k in G[L] as well. As
we have already shown, the maximum clique size in G[L] is (1 − ε)k, which is
a contradiction. ut

By Lemma 8, if ψ is not satisfiable, then the maximum clique size in S(G,A)
for any A is pl + p− εk. But

εk

n
=

εk

q(l + 1)
=

εk

q(3k + 1)
≥ ε

4q
=

ε

4p
· p

q
,

so the maximum clique size divided by n is

pl + p− εk

n
=

p(l + 1)
q(l + 1)

− εk

q(l + 1)
≤ p

q
− ε

4p
· p

q
=

(
1− ε

4p

)
p

q
.

We have chosen the numbers p, q so that

c ∈
((

1− ε

4p

)
p

q
,
p

q

)
,

hence the maximum clique ratio matches the lower bound of the interval con-
taining c.

To sum it all up, we have shown that

– if ψ is satisfiable, then there exists an A ⊆ VG such that S(G, A) contains
a clique of size p

q n, which is at least cn,
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– if ψ is not satisfiable, then for no set A ⊆ VG the graph S(G,A) contains
a clique of size more than (1− ε

4p )p
q n, especially of size at least cn.

Hence ψ is satisfiable if and only if G can be switched to contain a clique of
size at least cn. The graph Gp,q(T (ψ)) with q(l + 1) = O(l) vertices and O(l2)
edges can be constructed in polynomial time. That concludes the polynomial-
time reduction of 3-SAT to Switch-cn-Clique for an irrational constant c, and
also the proof that the problem is NP-complete. ut
Proof (of Lemma 3). Having a graph G with edge set E, we set H = C(Kn)
(the parity-check matrix of C∗(G)), r = HχE , and w = k. Then a vector e is
a solution of Maximum Likelihood Decoding if and only if H(e + χE) = 0,
which means that the vector e + χE is an element of the cut space C∗(G) and
its Hamming distance from χE is at most k.

Therefore, by Observation 2 there exists a switch of S(G,A) whose char-
acteristic vector is e. Since the Hamming weight of e is at most k, the switch
S(G,A) has at most k edges and we are done.

International Workshop on Combinatorial Algorithms 07 121
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Abstract. A (k, g)-cage is a graph that has the least number of vertices
among all k-regular graphs with girth g. It was conjectured by Fu, Huang
and Rodger [3] that all (k, g)-cages are k-connected for every k ≥ 3. A k-
connected graph G is called superconnected if every k-cutset S is trivial.
Moreover, if G−S has precisely two components, then G is called tightly
superconnected. In [9, 13], the authors showed that every (4, g)-cage is
4-connected. In this extended abstract, we proved that every (4, g)-cage
is tightly superconnected when g is odd.

Key words: cage, superconnected, tightly superconnected

1 Introduction

Throughout the paper, only undirected simple graphs are considered. Unless
otherwise defined, we follow [1] for terminology and definitions.

Let G = (V, E) be a graph with vertex set V (G) and edge set E(G). For
u, v ∈ V (G), dG(u, v) denotes the length of a shortest path in G. For vertex
sets T1, T2 ⊆ V (G), E(T1, T2) is the set of the edges between T1 and T2, and
d(T1, T2) = dG(T1, T2) = min{d(t1, t2) | t1 ∈ T1, t2 ∈ T2} denotes the distance
between T1 and T2. For S ⊂ V (G), G − S is the subgraph of G obtained by
deleting the vertices in S and all the edges incident with them. The set of vertices
which are at distance r to S in G is denoted by Nr(S) = {v ∈ V (G) | d(v, S) = r},
where r is an integer. We write N(S) instead of N1(S). The length of a shortest
cycle in G is called the girth of G, denoted by g(G). The diameter of G is the
maximum distance between any two vertices in G.

A k-regular graph with girth g is called a (k, g)-graph. A (k, g)-cage is a (k, g)-
graph with the least number of vertices for given k and g. We use f(k, g) to denote
the number of vertices in (k, g)-cages. A cutset X of G is called a non-trivial
cutset if X does not contain the neighborhood N(u) of any vertex u /∈ X. A k-
connected (or k-vertex-connected) graph G is called superconnected if for every
vertex cutset S ⊆ V (G) with |S| = k, S is a trivial cutset. Moreover, if G − S
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has precisely two components, then G is called tightly superconnected. Provided
there exists a non-trivial cutset, the superconnectivity of G is denoted by κ1 =
κ1(G) = min{|X| : X is a non-trivial cutset}. The edge-superconnectivity λ1 is
defined similarly.

Cages were introduced by Tutte in 1947, and have been extensively stud-
ied. Most of the work carried out so far has focused on the existence problem,
whereas very little is known about the structural properties of (k, g)-cages. For
more information see survey [12]. Recently, several researchers have studied the
connectivity of cages. Fu, Huang and Rodger [3] proved that all cages are 2-
connected, and then subsequently showed that all cubic cages are 3-connected.
They then conjectured that (k, g)-cages are k-connected. Daven and Rodger
[2], and independently Jiang and Mubayi [4], proved that all (k, g)-cages are
3-connected for k ≥ 3. In [9, 13], some authors also showed that every (4, g)-cage
is 4-connected. Tang et al [10] conjectured that every (4, g)-cage with odd girth
is tightly superconnected. In this paper, we show that this conjecture is true.

For the edge-connectivity of (k, g)-cage, Wang, Xu and Wang [11] showed
that (k, g)-cages are k-edge-connected when g is odd, and subsequently, Lin,
Miller and Rodger [7] proved that (k, g)-cages are k-edge-connected when g is
even. Recently, Lin et al. [5, 8] proved that (k, g)-cages are edge-superconnected.

2 Main Results

First, we list several known results which will be used in proving our main
theorem.

Theorem 1 (see [3]) Let G be a (k, g)-cage with diameter D, where k ≥ 2 and
g ≥ 3, then f(k, g) < f(k, g + 1) and D ≤ g.

Theorem 2 ([8]) Every (k, g)-cage with odd girth g ≥ 5 is edge-superconnected.

For edge-connectivity, Tang et al. [10] conjectured the following:

Conjecture 1 ([10]) Every (k, g)-cage of odd girth g ≥ 5 has λ1 = 2k − 2.

We can show that the conjecture is true for k = 4 and present it as a lemma
below.

Lemma 1 Every (4, g)-cage of girth g ≥ 5 has λ1 = 6

The following lemma has been proven in [10].

Lemma 2 ([10]) Let G be a (4, g)-cage with odd girth g ≥ 5. Assume that there
exists a non-trivial cutset X, and C is a component of G−X. Then there exists
a vertex u ∈ V (C) such that d(u,X) ≥ (g − 1)/2.

We now provide a stronger version of this lemma for (4, g)-cages.
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Lemma 3 Let G be a (4, g)-cage with odd girth g ≥ 5. Assume that there exists
a non-trivial cutset X, and C is a component of G − X. Then max{d(u, X) :
u ∈ V (C)} = (g − 1)/2.

Proof. By contradiction. Let G − X contains exactly two components C and
C ′. Suppose the lemma is not true, then there is a vertex u ∈ C such that
dC(u, X) = (g + 1)/2. We know that the diameter of G is at most g and also by
Lemma 2, there exists a vertex v ∈ V (C ′) such that dC′(v, X) ≥ (g−1)/2. Denote
NC(u) = {u1, u2, u3, u4}, NC′(v) = {v1, v2, v3, v4} and X = {x1, x2, x3, x4}, then
d(ui, vj) ≥ g − 2, where i, j = 1, 2, 3, 4.

Claim 1. There are at least two pairs of vertices (ui, vj) such that d(ui, vj) ≥
g − 1.

Otherwise there exists a vertex s ∈ N(u) ∪ N(v), and d(ui, vj) = g − 2 if
ui, vj 6= s. Then each vertex in N(u)− s is at distance (g − 1)/2 to each vertex
in X, and there are at least twelve shortest paths at distance (g − 1)/2 from
N(u)− s to X which can not have a common vertex of N(X)−X, otherwise a
cycle of length shorter than g appears in G. So there are at least twelve edges
from X to C, then at most four edges left from X to C ′, a contradiction to
Lemma 1.

Without loss of generality, assume d(u1, v1) = d(u2, v2) = g− 1, then we can
reconstruct a (4, g′)-graph as follows: In G′ = G − u − v, add a vertex y and
six edges u1v1, u2v2, yu3, yu4, yv3 and yv4. So |V (G′)| < |V (G)|, and it is clear
that g′ ≥ g, a contradiction to Theorem 1. ¤

Suppose U and W are two vertex sets with |U | = |W |. For a one-to-one map
f : U 7→ W , we define E(f) = {uw | f(u) = w, u ∈ U,w ∈ W}. The following
lemma is a key technical tool for the construction of a new (4, g)-graph of smaller
order in our proof.

Lemma 4 Let H be a bipartite graph with bipartition (U,W ), where |U | =
|W | = 4, such that |E(H)| ≤ 4 and ∆(H) ≤ 3. Let H∗ be a copy of H with
bipartition (U∗,W ∗). Let G = H ∪ H∗. Then there exist two one-to-one maps
f : W 7→ U∗ and f∗ : W ∗ 7→ U such that no new 4-cycle created in graph
G ∪ E(f) ∪ E(f∗).

Proof. It suffices to show that the result holds for |E(H)| = 4. Suppose that
we can partition H into two vertex disjoint subgraphs H1 = (U1,W1) and
H2 = (U2,W2) such that no edge e ∈ E(H1, H2), where U1 = {a1, b1}, U2 =
{c1, d1}, W1 = {a2, b2} and W2 = {c2, d2}. Let two maps be defined by E(f) =
{a2c

∗
1, b2d

∗
1, c2a

∗
1, d2b

∗
1} and E(f∗) = {a∗2a1, b

∗
2b1, c

∗
2c1, d

∗
2d1}. No new 4-cycles

will be created in the graph G ∪ E(f) ∪ E(f∗). If we can not partition H into
two vertex disjoint subgraphs as above, then H must be one of graphs shown in
Figure 1 since E(H) = 4 and ∆(H) ≤ 3. We give the two maps dotted line in
Figure 1 for each case. ¤

To prove that all (4, g)-cages with odd girth g ≥ 11 are tightly supercon-
nected, we use contrapositive arguments by assuming that there exists a non-
trivial cutset S of order 4 in G. Let G1 be the smaller component of G − S
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Fig. 1. Graph G ∪ E(f) ∪ E(f∗)

and G2 = G − S − G1, we know that there exists a vertex u ∈ G1 such that
d(u, S) = (g − 1)/2 by Lemma 3, and |V (G1)| ≤ |V (G)/2| − 2. We proceed by
constructing a (4, g′)-graph of order less than |V (G)|, where g′ ≥ g, which then
yields a contradiction against Theorem 1.

Let S = {s1, s2, s3, s4}. Based on the degree distribution of vertices of S in
the component G1, we need to consider two major cases which are stated as
lemmas below. Because of the page limit, in this extended abstract, we provide
a detailed argument for one case in Lemma 5 and a sketch of the construction
for the second case. Hopefully, the reader can get a taste of the main idea in
both lemmas. For Lemma 6, we omit the entire proof.

Lemma 5 If dG1(si) = 2 and dG2(si) = 2 where si ∈ S for i = 1, 2, 3, 4, then
G is not a (4, g)-cage.

Sketch of Proof. Let N(u) = {u1, u2, u3, u4} and Wi = N(ui)−u = {ui1, ui2, ui3}
for i = 1, 2, 3, 4. We consider two cases according to the neighbors of u, but firstly
we show the following claim.

Claim 1. For each Wi, i = 1, 2, 3, 4, if there is at most one vertex xj ∈ Wi

such that d(xj , S) = (g − 5)/2, then G is not a (4, g)-cage.

No two vertices of Wi will be at distance (g − 3)/2 to the same vertex in
S. Otherwise, a cycle of length g − 1 appears. Similarly, it is impossible to
have d(ui, s) = d(uj , s) ≤ (g − 3)/2 for any two different vertices ui, uj and a
vertex s ∈ S. It is clear that there is a vertex in Wi at distance (g − 5)/2 or
(g − 3)/2 to S. Otherwise, the vertex ui is at distance (g + 1)/2 to S which is
impossible because of Lemma 3. Without loss of generality, assume ui1 ∈ Wi is
the vertex that satisfies d(ui1, S) = (g − 5)/2 or (g − 3)/2. In the rest of this
paper, connecting two vertices means joining the two vertices by an edge and
connecting a vertex x to a set R means joining x to every vertex in R.

Let W = {W ′
1, W

′
2,W

′
3,W

′
4}, where W

′
i = Wi − ui1. We shall construct a

bipartite graph H = (W,S), where |W | = |S| = 4 and W
′
i sj ∈ E(H) if and only

if dG1(sj ,Wi − ui1) ≤ (g − 3)/2 in G. It is clear that there are at most eight
paths in total of length at most (g − 3)/2 from

⋃
i=1,2,3,4 Wi to S, otherwise a

cycle of length shorter than g appears. This implies that there are at most four
paths of length at most (g − 3)/2 from W to S. It is clear that at most two of
the paths can share the same vertex in S since dG1(si) = 2. Also it is easy to see
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that these four paths can not start from the same W
′
i = Wi − ui1, because, by

the Pigeon Hole Principle, it would imply that ui1 and another vertex from Wi

have distance at most (g − 3)/2 to the same vertex in S, and this is impossible.
So we can conclude that 4(H) ≤ 3 and |E(H)| ≤ 4. Let H∗ be a copy of

H. By Lemma 4, there are two one-to-one maps f : S 7→ W ∗ and f∗ : S∗ 7→ W
such that no new 4-cycles created in H ∪H∗ ∪ E(f) ∪ E(f∗).

We consider a subgraph N = G[(V (G1)− u−N(u)) ∪ S]. Let N∗ be a copy
of N . For every x ∈ V (N), let x∗ denote its image in N∗. Now we can construct
a 4-regular graph G′ (see Figure 2) with girth at least g by using N and N∗:

N N*

S1

S4

S3

S2

S*1

S*4

S*3

S*2

u11

u31

u21

u41

u*31

u*21

u*11

u*41

Fig. 2. Illustration of the construction for Claim 1, where f∗(s∗i ) = W ′
i , i = 1, 2, 3, 4;

f(s1) = W ′∗
2 , f(s2) = W ′∗

1 , f(s3) = W ′∗
4 , f(s4) = W ′∗

3 .

(a) connect ui1 and u∗i1 for i = 1, 2, 3, 4;
(b) si are connected with u∗j2 and u∗j3 if and only if f(si) = W ′∗

j for i, j =
1, 2, 3, 4;

(c) s∗i are connected with uj2 and uj3 if and only if f∗(s∗i ) = W ′
j for i, j =

1, 2, 3, 4.
Consider the additional edges: any new cycle, say C, which was introduced

in the construction, has to use at least two new edges. If C goes through two
edges in (a), then the cycle C has length at least 2(g − 4) + 2 > g since g ≥ 11.
If C contains two edges in (b) and (c), then the cycle C has length at least g,
since H ∪H∗ ∪ E(f) ∪ E(f∗) creates no new 4-cycles, so the length of C is at
least (g − 1)/2 + (g − 3)/2 + 2 = g. If C goes through one edge in (a) and one
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edge in (b) or (c), then the cycle C has length at least (g−4)+2+(g−3)/2 > g
since g ≥ 11. It is obvious that if the cycle C goes through more than two
new edges, its length is at least g. Hence G′ is 4-regular and has girth g, but
|V (G′)| = |N∗|+ |N | = 2|V (G1)|− 2 < |V (G)|, a contradiction to the statement
that G is a cage.

Case 1. All the neighbors of u are at distance (g − 3)/2 to S.
This is a special case of Claim 1, it is clear that in this case, G is not a

(4, g)-cage.

Case 2. There are at most three neighbors of u at distance (g − 3)/2 to S.

The basic idea for this case is somewhat similar to that of Case 1, we sketch
it here.

For this case, there exists a vertex v ∈ N(u) such that d(v, S) = d(u, S) =
(g − 1)/2. Let N(u) = {u1, u2, u3, v}, N(v) = {v1, v2, v3, u}, Wi = N(ui)− u =
{ui1, ui2, ui3}, and Ti = N(vi)− v = {vi1, vi2, vi3}, i = 1, 2, 3. If there is at most
one vertex x ∈ Wi such that d(x, S) = (g − 5)/2 for i = 1, 2, 3, then from Claim
1, we know that G is not a (4, g)-cage.

Assume that there exist two sets Wi and Tj , say W3 and T3, such that
|N(g−5)/2(S) ∩ T3| ≥ 2 and |N(g−5)/2(S) ∩W3| ≥ 2. By counting the number of
paths of length at most (g − 3)/2 from N2(u) to S, we can show that there are
exactly two paths of length (g − 5)/2 and no paths of length (g − 3)/2 from W3

to S. Moreover, the ends of the two paths of length (g − 5)/2 are distinct in set
N(u3). Thus there are only two paths of length (g− 7)/2 and no paths of length
(g − 5)/2 from N2(u3) to S. Now regarding u3 as u, we can construct a graph
G′ in a fashion similar to that in Claim 1 and obtain a contradiction. ¤
Lemma 6 If dG1(s1) = dG1(s2) = 3, dG2(s1) = dG2(s2) = 1 and dG1(s3) =
dG1(s4) = dG2(s3) = dG2(s4) = 2, where si ∈ S, then G is not a (4, g)-cage.

With the preparation of two lemmas above, we can prove our main result
now.

Theorem 3 Every (4, g)-cage with odd girth g ≥ 11 is superconnected.

Proof. Suppose G is not superconnected, then we choose a non-trivial cutset S
of G such that S minimizes the order of the smaller component of G−S among all
non-trivial cutsets. Since 4|V (G1)|−E(S, G1) =

∑
v∈V (G1)

dG1(v) ≡ 0 (mod 2),
we have E(S, G1) ≡ 0 (mod 2). Similarly, E(S,G2) ≡ 0 (mod 2). Since every
(4, g)-cage is edge-superconnected, we need only to discuss three cases for the
cutsets S shown in Figure 3. (a) and (b) are impossible by Lemmas 5 and 6. For
(c), we can simply delete edge s1s2 from G[S] and obtain a contradiction as in
Lemma 5. ¤
Corollary 1 Every (4, g)-cage with odd girth g ≥ 11 is tightly superconnected.

Acknowledgments The authors are indebted to the anonymous referees for
their constructive suggestions.
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G1 G2
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s1

s2G1G1 G2G2

Fig. 3. The three extremal cutsets of a (4, g)-cage G
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Abstract. In 1960, Hoffman and Singleton investigated the existence of
Moore graphs for diameter 2 and found that Moore graphs only exist for
maximum degree d = 2, 3, 7 and possibly 57. In 1980, Erdős et al. asked
the following more general question: Given nonnegative numbers d and
∆, is there a (d, 2, ∆)-graph, that is, a graph of diameter 2, maximum
degree d and order d2 + 1 −∆? Erdős et al. solved the case for ∆ = 1:
C4 is the only possible graph.
In this paper, we consider the next case (∆=2). We prove the nonexis-
tence of such graphs for infinitely many values of odd d and we conjecture
that they do not exist for any odd d greater than 5.

Keywords: Moore graphs; diameter 2; degree/diameter problem

1 Introduction

The degree/diameter problem is to determine, for each d and k, the largest order
nd,k of a graph of maximum degree d and diameter at most k. It is easy to show
that nd,k ≤ Md,k, where Md,k is the Moore bound given by

? Research partially supported by the Australian Research Council grant ARC
DP0450294.
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nd,k ≤ Md,k = 1 + d + d(d− 1) + · · ·+ d(d− 1)k−1.

In this paper, we concentrate on the case when the diameter is equal to 2.
Since a graph of diameter 2 and maximum degree d has at most d2+1 vertices, it
was asked in [3]: Given non-negative numbers d and ∆ (defect), is there a graph
of diameter 2 and maximum degree d with d2 + 1−∆ vertices? In 1960, it was
proved by Hoffman and Singleton[5] that if ∆ = 0 then there are unique graphs
corresponding to d = 2, 3, 7 and possibly d = 57. The case ∆ = 1 was solved by
Erdös et al. [3]. In this paper, for the case ∆ = 2, we show the nonexistence of
such graphs for infinitely many values of odd d.

We refer to a graph of maximum degree d, diameter k ≥ 2 and order Md,k−∆
(∆ ≥ 1) as a (d, k, ∆)-graph. Let G be a (d, k, ∆)-graph.

Definition 1. Let u be a vertex in G. A vertex v in G is called a repeat of u
with multiplicity mv(u) (1 ≤ mv(u) ≤ ∆) if there are exactly mv(u)+1 different
paths of lengths at most k from u to v.

It is immediate that

Observation 1. Vertex u is a repeat of v with multiplicity mu(v) if and only if
v is a repeat of u with the same multiplicity.

A repeat with multiplicity 1 will be called a single repeat, a repeat with
multiplicity 2 will be called a double repeat, a repeat with multiplicity ∆ will be
called a maximal repeat.

We denote by Rs(u) the set of all repeats of a vertex u in G. Taking into
account the multiplicities of repeats, we denote by Rm(u) the multiset of all
repeats of a vertex u in G, containing each repeat v of u exactly mv(u) times.

Let u be a vertex in G, we denote by N(u) the set of all neighbours of u. If A
is a multiset of vertices of G, then N(A) denotes the multiset of all neighbours
of the vertices of A. We use Rm(A) to denote the multiset of all repeats of all
vertices in A.

Proposition 1. If G is regular then for all u ∈ V (G),

|Rm(u)| =
∑

v∈Rs(u)

mv(u) = ∆.

Definition 2. A subset S of V (G) is called a closed repeat set if Rm(S) = S. A
closed repeat set is minimal if none of its proper subsets is a closed repeat set.

Definition 3. A repeat subgraph HS of a closed repeat set S of G is a multigraph
whose vertex set V (HS) = S and the number of parallel edges between a vertex
u and any of its repeats, say v ∈ Rm(u), equals the multiplicity mv(u).

We observe that

Observation 2. If ∆ < 1 + (d− 1) + · · ·+ (d− 1)k−1 then G is regular.
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It is also true that

Observation 3. If G is regular then the repeat graph HG of G is ∆-regular.

For the purpose of this paper, we shall consider each pair of parallel edges in
HG as a cycle of length 2.

Observation 4. HG is the union of cycles of lengths ≥ 2, each cycle a minimal
closed repeat set of G.

2 Structural properties of (d, 2, 2)-graphs

Let G be a (d, 2, 2)-graph for d ≥ 3. From Observation 2, we deduce that

Observation 5. Every (d, 2, 2)-graph for d ≥ 3 is regular.

Let us consider repeat configurations in (d, 2, 2)-graphs. Let u be a vertex of
a (d, 2, 2)-graph. Then there are two possiblities:

– u has two single repeats (ri(u), i = 1, 2).
– u has one double (maximal) repeat (r(u) = r1(u) = r2(u)) with multiplicity

2.

With respect to repeats in G, there are five possible repeat configurations,
as depicted in Fig. 2. We denote by n0, n1, n2a, n2b, n2c the number of vertices
of the corresponding repeat types.

We are now interested in pointing out the following theorem, which was
proved in [8].

Theorem 1. [8] For odd d,

– d = 3 and G is the graph in Fig. 1(i) or 1(ii)
– d = 5 and G is the graph in Fig. 1(iii)
– d ≥ 7 and n2b = d2 − 1.

3 Nonexistence of infinitely many (d, 2, 2)-graphs for odd
d

Let us now get back to the graph HG. For d ≥ 7, from Theorem 1, we see that
each vertex u ∈ G has exactly two different repeats, that is, each component of
HG is a cycle of length at least 4. From now on, each cycle in HG will be called
a repeat cycle.

Let A be the adjacency matrix of G and let B be the adjacency matrix of
HG, called the defect matrix, in which the main diagonals consist entirely of 0’s
and the row and column sums are equal to 2. With a suitable labeling of HG, B
becomes a direct sum of symmetric ath-order circulants of the form,
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i. d = 3: n0 = 3, n1 = 2, n2c = 3

iii. d = 5: n0 = 9, n1 = 6, n2c = 9

ii. d = 3: n2b = 8

Fig. 1. All known (d, 2, 2)-graphs for odd d.

v. Type 2b

r(u) r1(u) r2(u)

u

u u

r2(u)r1(u)

r1(u) r2(u)

u

r2(u)r1(u)

u

i. Type 0 ii. Type 1 iii. Type 2c

iv. Type 2a

Fig. 2. Repeat configurations in a (d, 2, 2)-graph.
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Da =




0 1 0 . . . 0 1
1 0 1 . . . 0 0
0 1 0 . . . 0 0
. . . . . . . . .
1 0 0 . . . 1 0




a ≥ 4

This matrix has been studied in [2] and [6] in the context of regular graphs
of girth 5.

Let n be the order of G, let b be the number of cycles in HG and let ai,
i = 1, . . . , b, be the lengths of these cycles. We need to consider the following
equation

A2 + A− (d− 1)I = J + B (1)

where J is a matrix all of whose entries are 1 and I is the identity matrix of
order n.

The special case when there is just one repeat cycle, that is, b = 1 and
HG = Cn, was studied by Fajtlowicz in [4]. In that paper, Fajtlowicz proved the
following,

Theorem 2. [4] If B is the adjacency matrix of the n-cycle then d = 3.

As A, B and J are symmetric matrices, they are diagonalizable. Since J
commutes with A and B, B commutes with A and hence, all the three ma-
trices are simultaneously diagonalizable, that is, there is an orthogonal matrix
P for which P−1AP , P−1BP and P−1JP are diagonal and the columns of P
are corresponding eigenvectors for each of these matrices. Note also that these
eigenvectors form an orthogonal basis of Rn.

Furthermore, it is well known that the eigenvalues and its respective multi-
plicities of a matrix representing a m-cycle are[

2 2 cos 2π
m × 1 2c cos 2π

m × 2 . . . 2 cos 2π
m × (m

2 − 1) −2
1 2 2 . . . 2 1

]
(m even)

[
2 2 cos 2π

m × 1 2 cos 2π
m × 2 . . . 2 cos 2π

m × (m−1
2 )

1 2 2 . . . 2

]
(m odd)

The first row displays the eigenvalues and the second row their respective
multiplicities.

Therefore, the eigenvalues of J + B are n + 2, 2 and 2 cos 2πci

ai
with ci =

1 . . . ai − 1 and i = 1 . . . b, of multiplicities 1, b− 1 and 1, respectively.
Thus, the spectrum of A in the general case b ≥ 1 is:

(i) The eigenvalue d with multiplicity 1,
(ii) b− 1 roots of the equation

α2 + α− (d− 1) = 2, (2)

(iii) one root of each of the equations

α2 + α− (d− 1) = 2 cos
2πci

ai
(3)
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where i = 1 · · · and ci = 1 . . . ai − 1.
We denote by m(α) the multiplicity of an eigenvalue α of A. The solutions

of (2) are β1 = −1+
√

4d+5
2 , β2 = −1−√4d+5

2 and m(β1) + m(β2) = b − 1. The
general solution of (3) is

β =
−1±

√
4d + 8 cos( 2πci

ai
)− 3

2

For each even ai, i = 1, . . . , b, and when ci = ai

2 , there is exactly one eigen-
value β of A with multiplicity 1 satisfying (3). In other words, corresponding to
the special case when cos( 2πci

ai
) = −1, there are eigenvalues β3 = −1+

√
4d−11
2 ,

β4 = −1−√4d−11
2 . Let me = m(β3) + m(β4). Then me is exactly the number of

even cycles in HG.

Observation 6. For odd d, n = d2 − 1 is even. Therefore, if d is odd, then
me ≡ b (mod 2).

Using a similar method to that described in [6] we will next show that

Theorem 3. G does not exist for any odd d ≥ 7 such that d 6= l2 + l + 3 and
d 6= l2 + l − 1 for each nonnegative integer l.

Proof. If all the four eigenvalues β1, . . . , β4 are irrational, then m(β1) = m(β2) =
b−1
2 and m(β3) = m(β4) = me

2 . But, by Observation 6, these equations cannot
occur at the same time. We can then see that corresponding with those odd
values of d such that d 6= l2 + l+3 and d 6= l2 + l−1 for each nonnegative integer
l, the four eigenvalues β1, . . . , β4 are irrational, thus the proof follows.

By counting the total number (N5) of 5-cycles in G, we are able to derive
some further necessary conditions for the existence of G.

Theorem 4. G does not exist for any odd d ≥ 7 such that N5 is not an integer,
where

N5 =
(d2 − 1)

5

[
1
2
(d− 3)(d2 + d + 4) + d + 2

]
.

Proof. From Theorem 1, we know that n2b = d2 − 1. Let u0 be a vertex of
type 2b. Let v, w be the two repeats of u0 and N(u0) = {u1, . . . , ud}. We also
denote by A,B, C, D,E, F the sets N(u1)\{u0, v}, {v}, N(u2)\{u0, v, w}, {w},
N(u3) \ {u0, w},

⋃d
i=4(N(ui) \ {u0}), respectively, as shown in Fig. 3.

Let e(BE) be the number of edges in G between the two sets B and E. To
reach v from u3 in two steps we must have e(BE) ≥ 1. But since u3 is of type
2b, v cannot be a repeat of u3. Thus, e(BE) = 1. Similarly, we have e(AD) = 1.
As a result, e(BF ) = e(DF ) = d− 3.

By an analogous argument, we get e(AE) = d−2, which means that e(AC) =
e(CE) = d− 3. Then it is not difficult to show that e(CF ) = (d− 3)2, e(AF ) =
e(EF ) = (d− 2)(d− 3) and e(FF ) = 1

2 (d− 2)(d− 3)2.
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Let c5 be the number of different cycles of length 5 on which u0 lies. Then
c5 = e(FF )+ e(FA)+2e(FB)+ e(FC)+2e(FD)+ e(FE)+ e(EC)+2e(EB)+
e(EA) + 2e(AD) + e(AC) = 1

2 (d− 3)(d2 + d + 4) + d + 2.
For odd d ≥ 7, every vertex of G is of type 2b and so the number of different

cycles of length 5 in G is N5 = 1
5 (d2 − 1)c5. The theorem then follows.

u0

u1
u2

u3

ud

A B C D E F

v

u4

w

Fig. 3. Illustration for proof of Theorem 4.

The results of Theorems 3 and 4 improve the upper bound for the order of
(d, 2, 2)-graphs so that nd,2 ≤ d2−3 for infinitely many odd degrees d. For d ≥ 7,
the first 50 values of d for which G might still exist are shown in Table 1.

Table 1. The first 50 values of d for which a (d, 2, 2)-graph might still exist for odd d.

9 11 19 23 29 33 41 59 71 89
93 109 113 131 159 181 209 213 239 243
271 309 341 379 383 419 423 461 509 551
599 603 649 653 701 759 811 869 873 929
933 991 1059 1121 1189 1193 1259 1263 1331 1409

Finally, we conjecture the following

Conjecture 1. For odd d ≥ 7, (d, 2, 2)-graphs do not exist.
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Abstract. An incongruent restricted disjoint covering system of length
n is a sequence of positive integers s1, . . . , sn with the property that
si = m for some m if and only if si+km = m for all k for which i + km
is in [1, n], and further such that any integer appearing in the sequence
appears at least twice. An example of length 11 is

6, 9, 3, 4, 5, 3, 6, 4, 3, 5, 9.

We describe two algorithms for finding all such systems of a given length.

1 Introduction

An incongruent restricted disjoint covering system (henceforth IRDCS) of length
n is a sequence of positive integers s1, . . . , sn with the property that si = m for
some m if and only if si+km = m for all k for which i + km is in [1, n], and
further such that any integer appearing in the sequence appears at least twice.
An example of length 11 is

6, 9, 3, 4, 5, 3, 6, 4, 3, 5, 9.

We introduced the idea of an IRDCS in [5] and [3] as a new twist on the
venerable theme of covering systems of congruences. We begin with some back-
ground on this, partly by way of motivation and partly to explain the impressive
title of our paper.

We write S(m, a) for the congruence class {x : x ≡ a (mod m)}. A covering
system of congruences is a set of congruence classes with the property that every
integer belongs to at least one class. If no integer belongs to more than one class
then the system is disjoint (or exact), if the moduli of the classes are distinct
then the system is incongruent. An example of a disjoint covering system is

{S(2, 0), S(2, 1)},

and an example of an incongruent system is

{S(2, 0), S(3, 0), S(4, 1), S(6, 1), S(12, 11)}.
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It is not possible for a system to be both disjoint and incongruent (see [6]). These
systems were introduced by Erdős in [1] and have spawned a large literature (see
the survey [6] and sections F13 and F14 in [2]).

We define a restricted disjoint covering system on [1, n] as a set of congruence
classes such that each integer in the interval [1, n] belongs to exactly one class,
and each class contains at least two members of the interval. The condition that
the classes contain at least two members is included to avoid trivialities. As
with standard covering systems we describe such a system as incongruent if the
moduli are distinct. Here is an example of an IRDCS on [1, 11].

Example 1.
S(6, 1), S(9, 2), S(3, 0), S(4, 0), S(5, 0).

Rather than exhibiting an IRDCS in this way we can do so by writing down
a sequence of n integers the ith of which equals the modulus of the unique
congruence class to which i belongs. Thus Example 1 becomes

6, 9, 3, 4, 5, 3, 6, 4, 3, 5, 9

which is the sequence we started with. It is easy to see that our original definition
and the definition just given in terms of congruence classes are equivalent.

We have found all IRDCS of lengths up to 40 and found that their num-
ber increases quickly with length: there are 1,805,096 with length 40. In [3] we
reported on some observations from this data, proved some results about the
structure of IRDCS and presented some open problems. Some of these problems
are repeated at the end of this paper and some properties of the data are given
in Table 1. The main purpose of the present paper is to discuss the algorithms
we used to find these IRDCS. We used two algorithms, one based on Knuth’s
recursive Dancing Links algorithm and the other a more intuitive back-tracking
algorithm. We will describe the second in some detail and the first more sketchily.
We finish with a comparison of the algorithms, a general discussion and the open
problems.

2 Backtracking

We present an algorithm that finds all IRDCS on input n. The systems are
built in an array x[1..n], initially having a 1 in each position, being built up one
modulus at a time. If we find a modulus is causing a clash with an already used
modulus, that is, if we are trying to use two moduli at the same position, we try
a larger modulus if one is available, otherwise backtrack to the previous modulus
used and increase that.

Two other arrays are used. The modusage array shows which moduli have
already been used - true if used, false if not. The modulus currently being consid-
ered is m. When a new modulus is being chosen, we increase from the previous
value till we find one which hasn’t yet been used. The other array is primary. A
primary array element is true if that position in the x array is empty or if it was
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the first position which used some modulus. After a modulus had been placed
in a certain position we fill other appropriate positions with this modulus, but
these later (or secondary) occurrences of the modulus would get ‘false’ in the
corresponding position of primary. The variable position shows the position at
which we’ve just inserted a primary modulus or where we’re just about to do so.
The variable position starts at bn/2c+ 1, then changes by having increment[i]
added to it.

Increment[i] goes 1,−2, 3,−4, . . . ,±(n+1) for odd n, signs reversed for even
n. The next increment to be used (if we’re not backtracking) is increment[ctr],
(ctr for counter). If we’re backtracking we have to subtract an increment and
this requires decreasing ctr by 1 first. The point of this is that we filling the
middle of the interval [1, n] first, then moving towards the ends. We found this
was faster than starting at one end of the interval.

If we get a clash while entering secondary moduli the variable clash takes
the value true.

Initialisation
Input n
Set all entries of vectors x[1..n] to 1, primary[1..n] to true, modusage[2..n] to
false and for i = 1..n + 1 increment[i] to (−1)n+1 ∗ i. Set position = bn/2c+1,
ctr = 1, finished := false and clash := false.
Begin main loop
while not finished do
Choose next modulus

Set m = next unused modulus after x[position]
if this modulus feasible at this position then

Feasible modulus found - enter while checking for clashes
i := position−m ∗ b(position− 1)/mc
while i ≤ n and not clash

if i 6= position then
if x[i] = 1 then

x[i] := x[position]
primary[i] := false

else
clash := true
i = i−m

end if
end if
i := i + m

If clash has occurred clear last modulus except at current position
if clash then

modusage[m] := false
for i ≡ position (mod m) and primary[i] = false do

x[i] = 1
primary[i] = true
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Check to see if finished current system
else

while x[position] > 1 and ctr < n do:
if ctr < n then

position := position + increment[ctr]
end if
ctr := ctr + 1

end while
if ctr > n then

output system
ctr := ctr + 1
modusage[m] := false
set position to that of primary position for m
reinitialise other positions where this m used

end if
end if

else
Backtrack or finish

if position = bn/2c+ 1 then
finished := true
Output “No more solutions”

else
set m equal to last modulus entered
reinitialise all positions where this m used
change position to last modulus’ primary position

end if
end if

end main loop

3 Recursion

The second algorithm we used was Knuth’s Dancing Links implementation of
his Algorithm X [4] for solving the NP-complete Exact Cover problem. Exact
Cover may be given as follows.

Instance An m× n matrix A with each entry either 0 or 1.

Question Find a subset of the rows of A such that for each column exactly
one row in the set has a 1 in that column.

To find a length n IRDCS we consider all congruence classes that might
appear in the IRDCS. These are {S(m, a) : 2 ≤ m ≤ n− 1, 1 ≤ a ≤ min{m, n−
m− 1} For each such congruence class construct a row of a matrix A which has
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a 1 in column j if j ∈ S(m, a) and 0 otherwise. Thus the first few rows of the
matrix for n = 11 would be:




1 0 1 0 1 0 1 0 1 0 1
0 1 0 1 0 1 0 1 0 1 0
1 0 0 1 0 0 1 0 0 1 0
0 1 0 0 1 0 0 1 0 0 1
0 0 1 0 0 1 0 0 1 0 0




.

Clearly finding an IRDCS of length n is equivalent to finding an exact cover for
this matrix.

Algorithm X solves the problem recursively by choosing a row i from A then
for each j such that ai,j = 1 delete column j from A, and for each k 6= i such
that ak,j = 1 delete row k. Then apply the algorithm to this reduced matrix.

The algorithm is expensive in space and requires the computer to spend most
of its time searching for 1s. For our problem A will have n2/4 + O(n) rows. The
Dancing Links algorithm implements the algorithm using circular doubly-linked
lists of the 1s in the matrix. There is a list of 1s for each row and each column.
Each 1 in the matrix has a link to the next 1 above, below, to the left, and to
the right of itself.

Table 1 compares the speed of our two algorithms, showing that the second is
substantially quicker. Both algorithms were run on a PC with a 2.0 GHz proces-
sor. We had not expected Knuth’s algorithm to be faster than back-tracking
since it is designed to solve a very general problem and does not exploit the
special structure of an IRDCS. Perhaps another faster algorithm can be found.
Knuth’s algorithm solves an NP-complete problem. A decision problem relating
to our situation is: “given a set of positive integers, does there exist an IRDCS
with these integers as moduli?” We do not know the complexity of this question.

Length Number of IRDCS Backtracking Dancing Links

35 68,176 3 seconds 1 seconds
36 85,762 4 2
37 304,892 10 3
38 855,072 24 7
39 1,229,050 41 11
40 1,805,096 68 18

Table 1. Times taken to find all IRDCS of various lengths using the two algorithms
described above.

4 Open Problems

We end with some open problems.
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(1) Is there a more efficient method of finding IRDCS than those described
here?

(2) Do there exist IRDCS with all moduli odd?
(3) Can the smallest modulus of an IRDCS be arbitrarily large?
(4) In [3] we showed that the number of distinct moduli appearing in an

IRDCS of length n is at most (n− 1)/2. This bound is attained in the example
with n = 11 given above, but computational results suggest that a stronger
result should be possible for large n. What is it?

(5) The following two IRDCS both have length 43 and their sets of moduli
are disjoint.

{S(24, 1), S(2, 2), S(4, 3), S(36, 5), S(12, 9), S(16, 13), S(20, 17)}
{S(25, 1), S(33, 2), S(7, 3), S(8, 4), S(9, 5), S(21, 6), S(18, 7), S(13, 8),
S(10, 9), S(11, 11), S(27, 13), S(15, 15), S(26, 16), S(19, 18)}.

Generally, if each of {S(m1, a1), ..., S(ms, as)} and {S(n1, b1), ..., S(nt, bt)} is
an IRDCS for [1, n] and their sets of moduli are disjoint, as in the case above,
then

{S(3mi, 3ai + 1) : i = 1, . . . , s} ∪ {S(3ni, 3bi + 2) : i = 1, . . . , t} ∪ {S(3, 0)}
is an IRDCS for [1, 3n] in which every modulus is divisible by 3.

This suggests the question, does an IRDCS exist with every modulus divisible
by k for any value of k? This example shows it’s possible for k = 3. We can easily
produce examples for k = 2 by doubling each modulus then inserting a 2 in every
second position, so that, for instance, the n = 11 example produces

2, 12, 2, 18, 2, 6, 2, 8, 2, 10, 2, 6, 2, 12, 2, 8, 2, 6, 2, 10, 2, 18, 2.

(6) Our definition of an IRDCS requires that each congruence is satisfied at
least twice. Do analogous systems exist in which each congruence is satisfied at
least k times for values of k exceeding 2?
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Abstract. A graph is called supermagic if it admits a labeling of the
edges by pairwise different consecutive integers such that the sum of the
labels of the edges incident with a vertex is independent of the particular
vertex.
In this talk we deal with the existence of r-regular supermagic graph of
order n. Some constructions of supermagic labeling of regular graphs are
described.

Keywords: regular graph, supermagic graph, (a, 1)-antimagic graph, cir-
culant graph

1 Introduction

We consider finite undirected graphs without loops and multiple edges. Let G
be a graph, we denote by V (G) and E(G) the vertex set and edge set of G
respectively.

Let G be a graph and f be a mapping from E(G) into positive integers. The
index-mapping of f is the mapping f? from V (G) into positive integers defined
by

f?(v) =
∑

e∈E(G)

η(v, e)f(e) for every v ∈ V (G),

where η(v, e) is equal to 1 when e is an edge incident with the vertex v, and 0
otherwise. An injective mapping f from E(G) into positive integers is called a
magic labeling of G for an index λ if its index-mapping f? satisfies

f?(v) = λ for all v ∈ V (G).

A magic labeling f of G is called supermagic if the set {f(e) : e ∈ E(G)} consists
of consecutive positive integers. A graph G is called supermagic (magic) if and
only if there exists a supermagic (magic) labeling of G.

The concept of magic graphs was introduced by Sedláček [12]. The regu-
lar magic graphs are characterized in [3]. Two different characterizations of all
magic graphs are given in [10] and [9]. Supermagic graphs were introduced by
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B.M. Stewart [13]. It is easy to see that the classical concept of a magic square of
n2 boxes corresponds to the fact that the complete bipartite graph Kn,n is super-
magic for every positive integer n 6= 2 (see also [13]). Stewart [14] characterized
supermagic labeling of complete graphs. In [7], supermagic regular complete mul-
tipartite graphs and supermagic cubes are characterized. In [8] characterizations
are given for magic line graphs of general graphs and supermagic line graphs of
regular bipartite graphs. In [11] and [1] supermagic labellings of the Möbius lad-
ders and two special classes of 4-regular graphs are constructed. Constructions
of supermagic labellings of various classes of regular graphs are described in [6]
and [7]. More comprehensive information on magic and supermagic graphs can
be found in [5].

Trenkler proved the following condition

Proposition 1 [15] A connected magic graph with n vertices and ε edges exists
if and only if n = 2 and ε = 1 or n ≥ 5 and 5n

4 < ε ≤ n(n−1)
2 .

However, for supermagic graphs we do not have similar results. In [4], it is
proved that if d is the greatest common divisor of integers n and ε, and if n

d and
ε are both even, then there exists no supermagic graph of order n and size ε.
Moreover in [4] the following bound was established for the number of edges in
supermagic graphs of order n:

d(3−
√

3)ne ≤ |E(G)| ≤





8 for n = 5,
n(n−1)

2 for 6 ≤ n 6≡ 0 (mod 4),
n(n−1)

2 − 1 for 8 ≤ n ≡ 0 (mod 4).

The existence of supermagic graphs is a very complicated problem. In this
talk we will focus on the existence of regular supermagic graph of a given order.

2 Regular supermagic graphs

Ivančo proved the following necessary conditions for supermagic regular graphs

Proposition 2 [7] Let G be an r-regular supermagic graph of order n. Then the
following statements hold:

(i) if r ≡ 1 (mod 2), then n ≡ 2 (mod 4);
(ii) if r ≡ 2 (mod 4) and n ≡ 0 (mod 2), then G contains no component of an

odd order;
(iii) if n > 2, then r > 2.

It is easy to see, that K2 is the only one 1-regular supermagic graph and that
there exists no 2-regular supermagic graph. For 3-regular supermagic graphs,
let us consider the Möbius ladder. The Möbius ladder Mn, where 6 ≤ n ≡ 0
(mod 2), is the 3-regular graph consisting of the cycle Cn of length n, in which
all pairs of the opposite vertices are connected. Sedláček [11] proved that if
6 ≤ n ≡ 2 (mod 4) then the Möbius ladder is supermagic.

144 International Workshop on Combinatorial Algorithms 07



Proposition 3 [14] A complete graph of order n is supermagic if and only if
n = 2 or 5 < n 6≡ 0 (mod 4).

From this result it is clear that the (n−1)-regular supermagic graph of order
n exists if and only if n = 2 or 5 < n 6≡ 0 (mod 4).

Before we present the main result, we first introduce some definitions.
Let n,m and a1, . . . , am be positive integers, 1 ≤ ai ≤

⌊
n
2

⌋
and ai 6= aj for

all 1 ≤ i, j ≤ m. An undirected graph with the set of vertices V = {v1, . . . , vn}
and the set of edges E = {vivi+aj : 1 ≤ i ≤ n, 1 ≤ j ≤ m}, the indices being
taken modulo n, is called a circulant graph and it is denoted by Cn(a1, . . . , am).

A graph G is called (a, 1)-antimagic if it is possible to label its edges with
the integers from the set 1, 2, . . . , |E(G)| such that

{f?(v) : v ∈ V (G)} = {a, a + 1, . . . , a + |V (G)| − 1}.
The (a, 1)-antimagic labeling is a special type of (a, d)-antimagic labeling

defined by Bodendiek and Walter [2].
A k-regular spanning subgraph of a graph is called the k-regular factor of a

graph. In [7] it is proved

Proposition 4 [7] Let G be a graph decomposable into pairwise edge-disjoint
supermagic regular factors. Then G is supermagic.

In the next sections, we will deal with the constructions of supermagic r-
regular graphs of order n for r ≥ 4. We will consider two cases, when r is odd
and r is even.

3 Main results

According to Proposition 2, if r = 2k + 1 then n ≡ 2 (mod 4) for a graph G.
For r = 4k + 1, we proved:

Theorem 1 Let n, k be positive integers, 4k + 2 ≤ n ≡ 2 (mod 4). Then there
exists a (4k + 1)-regular supermagic graph of order n.

Proof. Let n, k be positive integers, 4k + 2 ≤ n ≡ 2 (mod 4).
If 4k + 2 = n then the (4k + 1)-regular graph is isomorphic to the complete

graph K4k+2 and according to Proposition 3 is supermagic.
If 4k + 2 < n ≡ 2 (mod 4) then the graph

G := Cn(2, 4, . . . , 4A− 2, 4A; 1, 3, . . . , 4B − 3, 4B − 1,
n

2
)

is supermagic graph of order n. To prove this, we will decompose this graph into
two edge-disjoint supermagic regular factors G1 and G2 where

G1 := Cn(2, 4, . . . , 4A− 2, 4A,
n

2
),

G2 := Cn(1, 3, . . . , 4B − 3, 4B − 1),
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where A + B = k, 8A + 2 ≤ n and 8B + 2 ≤ n. It is not difficult to prove that
both graphs G1 and G2 are supermagic. According to Proposition 4, the graph
G is supermagic.

Analogously to construct the (4k + 3)-regular supermagic graph of order n
we shall decompose the graph into three factors:

G1 := Cn(1, n
2 );

G2 := Cn(3, 5, 7, 9, . . . , 4A− 1, 4A + 1);
G3 := Cn(2, 4, 6, 8; 10, 12, 14, 16; . . . ; 8B − 6, 8B − 4, 8B − 2, 8B),

where A,B are arbitrary positive integers such that

4k + 3 = 3 + 4A + 8B, 4A ≤ n
2 − 3, 4B ≤ n

2 − 1.

It is not difficult to show that G1, G2 and G3 are supermagic graphs. According
to Proposition 4 the graph with the factorization into G1, G2 and G3 is a (4k+3)-
regular supermagic graph of order n. Thus we have

Theorem 2 Let n, k be positive integers, 4k + 4 < n ≡ 2 (mod 4). Then there
exists a (4k + 3)-regular supermagic graph of order n.

Using the above mentioned ideas, we construct 8k-regular supermagic graphs
of an arbitrary order and 4k-regular supermagic graphs of even order.

Theorem 3 Let n, k be positive integers. Then the following statements hold:

(i) if 8k + 1 ≤ n, then there exists a 8k-regular supermagic graph of order n.
(ii) if 4k + 1 ≤ n ≡ 0 (mod 2), then there exists a 4k-regular supermagic graph

of order n.

Moreover we are able to prove the following two lemmas

Lemma 1 A 4-regular supermagic graph of order n exists if and only if n ≥ 6.

Lemma 2 A 6-regular supermagic graph of order n exists if n ≥ 7.

Analogously as in the proof of Theorem 2, we prove that up to a finite number
of cases, there exists a 2r-regular supermagic graph of order n by decomposing
the original graph into 4-, 6- and 8k-regular supermagic factors.

4 Conclusion

In this talk we introduce some constructions of the r-regular supermagic graphs
of order n for all r and n except certain values. However, there are some diffi-
culties of applying this technique for dense graphs. This is a topic for further
investigation.
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Some Parameterized Problems

Related to Seidel’s Switching

Ondřej Suchý

Department of Applied Mathematics, Faculty of Mathematics and Physics,
Charles University, Prague, Czech Republic

Abstract. Seidel’s switching of vertex set is an operation, which deletes
edges leaving this set from the graph and adds those edges between the
set and the rest of the graph, that weren’t there originally. Other edges
remain untouched by this operation. The usual question in parameterized
complexity is whether the exponential part of the algorithms for hard
problems can be bounded by some function of only selected parameter,
which we assume to be small. We study the complexity of a question,
if the given graph can be turned into a graph with some property P
using Seidel’s switching, from the parameterized view. We show fixed-
parameter tractability of switching to a regular graph, to a graph with
bounded degree of vertices, or with bounded number of edges, a graph
without a forbidden subgraph and a bipartite graph.

1 Introduction

Parameterized complexity became one of the standard tools for exact solv-
ing of hard problems these days. The basic notions and ideas of parameterized
complexity, were introduced by Downey and Fellows [1].

We say that a parameterized problem P ⊆ Σ∗ × N, where Σ is some fixed
alphabet is fixed-parameter tractable (FPT), if there is an algorithm that decides
whether the input (I, k) belongs to P in time f(k)|I|c, where c is a fixed constant
and f(k) is a function independent of the size of the input |I|. If (I, k) ∈ Σ∗×N

is an instance of the problem P , then I is called the main part and k is called
the parameter.

We use the standard O∗ () notion for the asymptotic running time of an exact
algorithm, which suppresses the polynomial part of the function.

Seidel’s switching is possibly the most elegant graph transformation since we
can achieve global modification of a graph by switching just one vertex. It was
introduced by Dutch mathematician J.J.Seidel [2].

For a simple undirected graph G = (V,E) and A ⊆ V subset of its vertices
we define Seidel’s switching of a set A in a graph G to be the graph S(G,A) =
(V,E′), where

E′ = E 4 {{u, v}|u ∈ A, v ∈ V \ A}.

Specially if A = {v}, we talk about Seidel’s switching of a vertex v.
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It is quite easy to see (cf. Lemma 1), that the following relation is an equiv-
alence. Graphs G and H are switching equivalent (denoted by G ∼ H), iff there
is an A ⊆ VG such that S(G,A) is isomorphic to H. An equivalence class of this
relation, e.g. the set [G] = {S(G,A) : A ⊆ VG} is called switching class of the
graph G.

Since all the switchings in this paper are Seidel’s we sometimes omit this
adjective.

There were many results concerning structural properties as well as complex-
ity questions related to Seidel’s switching. Probably the most studied problem is,
whether the given (or every in the structural approach, respectively) graph can
be switched to have some property P . This problem is usually denoted by S(P ).
It is highly interesting that the complexity of the problem S(P ) is not related
to the complexity of the original problem P . In particular there are problems
known such that the problem P is NP-complete and S(P ) is polynomial and
vice-versa. For a survey of results in this field see e.g. [3] or [4].

For the problems we concentrate on, the most important is the work of Kra-
tochv́ıl [5]. He proved that the problem of switching to a k-regular graph is
NP-complete when k is a part of the input. On the other hand, he proved that
for k fixed and for the polynomial time recognizable class of k-degenerate graphs
P (e.g. the class of all k-regular graphs), the problem S(P ) is polynomial time
solvable. Another important result is due to Jeĺınková [6], who proved that it is
NP-complete to decide whether the graph can be switched to a graph having at
most k edges, when k is a part of the input.

In the next section we provide some basic results about the switching. Then
we examine the problem whether the given graph can be switched to a graph
with all the degrees at most k. As with all the other problems here considered we
show fixed-parameter tractability. Since the classical complexity is not known
yet, the main reason to consider this problem is to provide a tool for the problems
that follow.

We highlight that the parameterized dual of the problem (Switching to a
graph with all the degrees at least k) is only of limited interest since it is trivially
fixed parameter tractable due to the Corollary 1. The complexity of that problem
parameterized above the guaranteed values remains open.

We continue in the next section by proving, that the parameterized version
of the NP-complete problem of switching to a k-regular graph is in FPT. The
same is proven for another NP-complete problem of switching to graph with at
most k edges in the next section. We also show the tractability result for the
problem of switching to an H-free graph. The last section contains some open
problems.

2 Basic properties of Seidel’s switching

Now we give a few basic results that we will use through the paper.

Lemma 1. Let G be a graph and A,B ⊂ V two subsets of its vertices. Then
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– S(G,A)[A] = G[A],
– S(G,A) = S(G,V \ A),
– S(G, ∅) = S(G,V ) = G,

– S(S(G,A), B) = S(S(G,B), A) = S(G,A 4 B),
– S(S(G,A), A) = G,

– S(G,A) = S(G,A).

Lemma 2. If G is a graph, v is its vertex and X ⊆ V \ {v}, then there is a

unique graph H ∈ [G] such that NH(v) = X.

Lemma 3. Let G = (V,E) be a graph on n vertices. Then there is a graph

H ∈ [G] such that ∀v ∈ V : degH(v) ≥ bn/2c.

Corollary 1. It is trivially fixed-parameter tractable to decide whether a graph

on the input can be switched to some graph that has all the degrees at least k.

Proof. If k < n/2 then answer YES. Otherwise try all possibilities, this takes
time at most n2 · 2n−1 ≤ k2 · 22k.

3 Switching to a graph with all the vertices of degree at

most k

The classical complexity of this problem is unknown. Indeed, ideas of the algo-
rithm we present here are the crucial ones in the proofs of the tractability of
other problems. Moreover, it is the best known algorithm for this problem. The
exact specification of the problem is:

Switching to a graph with all the vertices SwitchSmallDegs

of degree at most k
Input: Graph G = (V,E)
Parameter: A positive integer k — the desired maximal degree
Task: Is there a subset of vertices A ⊆ V such that the degree of each vertex in
the switching of the set A in a graph G is at most k, i.e. ∀v ∈ V : degS(G,A)(v) ≤
k?

Before we present an algorithm to solve the problem, observe that we can
assume that the input graph contains an isolated vertex v0. If it does not, we can
switch it in linear time (in the number of the edges of the original graph) accord-
ing to Lemma 2 to obtain an isolated vertex. The answer remains unchanged
due to Lemma 1.

Since A is a solution iff V \ A is, we may assume without loss of generality,
that v0 /∈ A. These two things together give us that NS(G,A)(v0) = A. Thus
necessarily |A| ≤ k.

During the run of the algorithm we denote by l the number of the vertices
we can still switch. At the beginning we set l := k.

Now we introduce two simple rules that solve the ”big” instances:

Lemma 4 (Rule 1). We must switch every vertex v of degree greater than k+ l
in order to obtain a solution.
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Proof. By contradiction. Suppose that A determines a switching solving the
problem and that v /∈ A. Vertex v has at least k + l + 1 neighbors in G. By
switching v could loose at most |A| of them and thus at most l. So it still has at
least k + 1 neighbors. Switching doesn’t solve the problem, a contradiction.

Lemma 5 (Rule 2). No vertex v of degree less than n − k − l can be switched

to obtain a solution.

This lemma is proved similarly as the previous one, so we omit the proof.
The following statement is an easy corollary of the previous two lemmas:

Corollary 2 (Boundary). If n ≥ 2k + 2l + 1, then at least one of the rules 1

and 2 applies on each vertex.

That means we have already obtained a kernel of size 4k for the problem and
thus the problem is in FPT. As we want to give a better bound on the running
time of the algorithm, we concentrate on the instance with 0 ≤ p ≤ k − 1 and
n = 2k + 2p + 2 or n = 2k + 2p + 1. In this case, after switching k − p vertices
it is possible to decide which vertices should be switched and which should not.
The algorithm proceeds as follows:

1. Set l := k
2. For every vertex v (except v0)

– Check which of the rules 1 and 2 applies on v
– If both rules apply answer NO and quit.
– If the rule 1 applies switch v and decrease l
– If l < 0 answer NO and quit.

3. If n > 4k then check if all the vertices have degree at most k in this switching
and answer.

4. If n ≤ 4k then try all the possibilities A to choose up to l − p vertices that
can be switched and that were not switched already. For each choice of A
switch according to A, apply the rules once again and check whether we
obtained the desired solution.

Remark 1. The algorithm can be also used to enumerate all the graphs with the
desired property.

The correctness of the algorithm follows immediately from Lemmas 4, 5 and
Corollary 2.

To count the running time of the algorithm we must bound the number
∑k−p

i=0

(

n−1
i

)

of the candidate sets in step 4. It is easy to observe that this is

always at most
(

2k+2p+1
k−p

)

· k, so we have to search the biggest number among

(

2k + 1

k

)

,

(

2k + 3

k − 1

)

, ...,

(

2k + 2p + 1

k − p

)

, ...,

(

4k − 3

2

)

,

(

4k − 1

1

)

.

By comparison of two neighboring terms we obtain a cubic equation with pa-
rameter k, with only one real root, which is asymptotically p = d0.223ke. This

gives
(

2d1.223ke+1
b0.777kc

)

· k to be the biggest term.

We summarize our results in the following theorem:
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Theorem 1. The problem SwitchSmallDegs is linear fixed-parameter trac-

table and it can be solved in time O∗
(

4.62k
)

.

Proof. A graph G with an isolated vertex can be obtained in time O (m). Then
we just test some candidate sets each of the size at most k. It takes O (k · n)
time to switch the graph according to the candidate set and O (n) time to check
if it is a solution. If n > 4k then we have at most one candidate. If n ≤ 4k then
we can have up to

(

2d1.223ke+1
b0.777kc

)

· k candidates, as we have counted before. This

grows approximately as 4.614k

4 Switching to a k-regular graph

Switching to a k-regular graph SwitchReg

Input: Graph G = (V,E)
Parameter: A positive integer k — the desired degree of the vertices
Task: Is there a subset of vertices A ⊆ V such that the graph S(G,A) is
k-regular?

Kratochv́ıl [5] proved that the problem of SwitchReg is NP-complete, but
it can be solved in a polynomial time for any fixed k. We show fixed-parameter
tractability of this problem.

In an arbitrary k-regular graph each vertex has degree at most k, this means
that we can use our previous algorithm to decide the problem. We just enumerate
all the degree ≤ k graphs and check if some of them is k-regular. But we can
slightly improve the algorithm.

We always have to switch exactly k vertices in this case, so if there is a
candidate set of size k − p that leads to the solution then there is also one using
just first n − p − 1 vertices different from v0. Using this idea we can bound
the number of candidate tests by

(

n−p−1
k−p

)

≤
(

2k+p+1
k−p

)

. To find the bound for

this is somewhat easier than in the previous case, the answer being
(

d2.171ke+1
b0.829kc

)

asymptotically (for p = d0.171ke).
Our results are summarized by the following theorem:

Theorem 2. The problem SwitchReg is linear fixed-parameter tractable and

can be solved in time O∗
(

4.263k
)

5 Switching to a graph with at most k edges

Switching to a graph with at most k edges SwitchMinEdges

Input: Graph G = (V,E)
Parameter: A positive integer k — the desired number of edges
Task: Is there a subset of vertices A ⊆ V such that the graph S(G,A) has at
most k edges?

The problem SwitchMinEdges is NP-complete[6]. But since the desired
graph has at most k edges, each vertex has degree at most k. So the problem is
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fixed-parameter tractable by similar arguments to the ones used for SwitchS-

mallDegs problem. We present much more efficient algorithm for this problem.
Following the way our previous algorithm works, we may suppose that our

graph has an isolated vertex v0 that is not switched in the solution sought. We
denote by l the upper bound for the number of vertices we can still switch and
by B the set of vertices already switched. At the beginning B := ∅ and during
the entire algorithm we set l := k − |B|. We introduce two rules. They are more
powerful and the proof is different.

Rule 1: Switch every vertex of degree greater than l.

Lemma 6 (Correctness of Rule 1). Vertex v ∈ V \ B \ {v0} of degree

degS(G,B)(v) > l must be switched in order to obtain a solution.

Proof. Suppose that v ∈ V \B \ {v0} is a vertex of degree d = degS(G,B)(v) > l
and A ⊂ V \ B \ {v0} is a set, such that its switching in S(G,B) gives a graph
H. We show that if v /∈ A, then the graph H has too many edges. Denote
D = A∩NS(G,B)(v). Then {{v0, x}|x ∈ D∪B} and {{v, x}|x ∈ NS(G,B)(v)\D}
are two disjoint sets of edges of the graph H such that the size of their union
is |B| + |D| + |NS(G,B)(v) \ D| = |B| + |NS(G,B)(v)| = d + k − l > k. Thus the
graph H has more than k edges and the switching of the set A does not lead to
a solution.

Lemma 7 (Rule 2). Vertex v ∈ V \B \{v0} of degree degS(G,B)(v) < n− l−1
cannot be switched in order to obtain a solution.

Proof. Let again d = degS(G,B)(v) < n − l − 1, A ⊂ V \ B \ {v0} and H =
S(G,A ∪ B). Suppose v ∈ A. Then {{v0, x}|x ∈ A ∪ B \ {v}} and {{v, x}|x ∈
V \ NS(G,B)(v) \ A} are two disjoint sets of edges of the graph H. The size of
them together is at least (|B| + |A| − 1) + (n − d − |A|) = k − l − 1 + n − d >
k − l + n − (n − l − 1) − 1 = k. Thus the graph H has more than k edges and
the switching of the set A does not lead to a solution.

Lemma 8 (Boundary). If n > 2l + 1, then on each vertex either Rule 1 or

Rule 2 applies.

The rest of the algorithm remains almost unchanged, only the kernel bound
is 2k. Time complexity can be determined in a similar way as in previous cases
giving us the following theorem:

Theorem 3. SwitchMinEdges is fixed-parameter tractable and there is an

algorithm running in time O∗
(

(

2d0,611ke+1
b0,389kc

)

)

≈ 2.148k.

6 Switching to an H-free graph

There are many polynomial time algorithms known that decide whether the
input graph can be switched to some containing no subgraph isomorphic to a
fixed graph H. Most of them uses a reduction to 2-SAT, or to the system of linear
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equations over GF[2] or a characterization by forbidden subgraphs. But these
methods cannot be applied when the number of switches should be optimized.

We show that these problems are fixed-parameter tractable with the same
parameter (i.e. the number of switches allowed). Before we state the general
theorem, we show the method on the special case of the problem

Switching to a triangle free graph SwitchTriangle-Free

Input: Graph G = (V,E)
Parameter: A positive integer k — the number of switches allowed
Task: Is there a subset of vertices A ⊆ V of size at most k such that the graph
S(G,A) is triangle-free?

Hayward et al. [7] and Hage et al. [3] independently presented two different
algorithms recognizing the graphs that can be switched to triangle-free graphs.
Both of them work in time O

(

n3
)

by means of reduction to 2-SAT. In contrary,
it is known that Weighted 2-SAT is NP-complete problem [1].

Theorem 4. It is possible to decide the problem SwitchTriangle-Free in

time O
(

3k · n3
)

.

Proof. We use the bounded search tree technique. Our algorithm is recursive
and each call gets on the input a graph G, a number k and a set A of already
switched vertices.

At the beginning of each call, we search the graph S(G,A) for a triangle. If
there is none, we answer YES and the set A determines the solution. Otherwise
if |A| = k or the graph G[A] = S(G,A)[A] contains a triangle then answer NO.
If that is not the case then pick an (arbitrary) triangle with the most number
of vertices in A. For each of its vertices not in A call the algorithm on triple
(G, k,A∪{v}) recursively. Answer YES if any of the calls answers so, taking the
appropriate solution set and NO otherwise.

The result is obtained by the call on (G, k, ∅).
Correctness and the time complexity of the algorithm are easy to check.

We generalize this result to an arbitrary set of forbidden induced subgraphs.
Suppose that we are given a set S = {H1,H2, ...,Hp}. We consider this problem:

Switching to a graph with no induced subgraph from the set S
Switch S-free

Input: Graph G = (V,E)
Parameter: A positive integer k — the number of switches allowed
Task: Is there a subset of vertices A ⊆ V of size at most k such that the graph
S(G,A) contains no induced subgraph from the set S ?

Denote by l(S) = max{|VH ||H ∈ S} the size of the biggest graph in the set
S.

Theorem 5. For each finite set S it can be decided in time O
(

l(S)
k · nl(S)

)

whether the input graph G can be switched to a graph containing no induced

subgraph from the set S. Hence the corresponding problem of Switch S-free

is fixed-parameter tractable for each finite set S of graphs.
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The proof is a slight modification of the ideas of the triangle-free case and
we omit it here.

7 Switching to a bipartite graph

The last problem we concern is:

Switching to a bipartite graph SwitchBipartite

Input: Graph G = (V,E)
Parameter: A positive integer k — the number of switches allowed
Task: Is there a subset of vertices A ⊆ V of size at most k such that the graph
S(G,A) is bipartite?

This problem can be formulated as switching to a graph without odd cycles.
As the set of forbidden graphs is infinite, our algorithm for Switch S-free

does not immediately apply. Hage et al. [3] showed an algorithm for the case
of unbounded number of switches that works in time O

(

n3
)

by a reduction to
2-SAT. This indicated that the bounded problem could be significantly harder.
We show fixed-parameter tractability of the problem.

We start with some key observations: First of all, each graph that is not
bipartite contains not only an odd cycle, but also an induced odd cycle. Hence it
is sufficient to get rid of induced odd cycles. Moreover an odd cycle Cn of length
n ≥ 7 cannot be switched to a bipartite graph [8]. Hence the graph that contains
an odd cycle of length at least 7 as an induced subgraph, cannot be switched to
a bipartite graph. So we deal almost only with triangles and 5-cycles.
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(a) (b) (c) (d)

Fig. 1. A five-cycle (a), with one vertex (b), two adjacent (c) and two non-adjacent
vertices (d) switched.

Moreover if we have a 5-cycle ({1, 2, 3, 4, 5}, {{12}, {23}, {34}, {45}, {51}})
then we must switch at least two vertices to obtain a bipartite graph (see
Fig. 1). The sets {13}, {24}, {35}, {41}, {52} and their complements determine
the only suitable switches. Since all the three-element sets contain some of the
two-element sets as a subset, we can switch always one of the five two-element
sets when dealing with five-cycle, with possibly switching some more in some of
the next steps. This significantly reduces the size of the search tree.
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Now we introduce our recursive algorithm, leaving some details to the next
paragraph:

Each call gets on the input a graph G, a number k and a set A of already
switched vertices.

At the beginning of each call, we search the graph S(G,A) for the shortest
odd cycle (the shortest is always induced). If there is none, we answer YES and
the set A determines the solution. Otherwise if |A| = k or the entire cycle is
contained in the graph G[A] = S(G,A)[A] then answer NO.

Otherwise continue according to what we found:

– Triangle: For each of the vertices of triangle not in A call the algorithm on
triple (G, k,A∪ {v}) recursively. Answer YES if any of the calls answers so,
taking the appropriate solution set and NO otherwise.

– Five-cycle {a1, . . . , a5}: Check whether |A| is at most k−2. If it is not, answer
NO. Otherwise for each of the sets {x, y} from {a1, a3}, {a2, a4}, {a3, a5},
{a4, a1} and {a5, a2} that has empty intersection with A call the algorithm
on (G, k,A ∪ {x, y}). Answer YES if any of the calls answers so, taking the
appropriate solution set and NO otherwise.

– An induced odd cycle of length seven or more: Answer NO.

The result is obtained by the call on (G, k, ∅).

The search for the shortest odd cycle can be done be running breath-first-
search (BFS) from each vertex u and looking for an edge between two vertices
of same distance from u. When running from one vertex u it is sufficient to use
each edge at most twice. As there is at most n2 edges, the search can be done
in time O

(

n3
)

.
The only remaining thing to count the running time of the algorithm is the

maximum number of the recursive calls. It is sufficient to count the number f(k)
of leaves of the search tree of height k. It holds that f(0) = 1 and we have two
recurrences for the function f(k):

f(k) = 3 · f(k − 1) for the triangle case

f(k) = 5 · f(k − 2) for the five-cycle case

The first recurrence gives the worse result of f(k) = 3k.
We summarize the result:

Theorem 6. SwitchBipartite can be solved in time O
(

3k · n3
)

.

8 Open problems

The classical complexity of several problems in this area is still unknown. We
mention at least one of them that is closely related to the problems we have
solved.
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Switching to a k-degenerated graph Kratochv́ıl [5] presented an O
(

nk+5
)

time algorithm for this problem. If k is a part of the input, no polynomial
time algorithm is known. Fixed-parameter tractability would be a good al-
ternative.
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Abstract. We give polynomial time algorithms to compute the third
and fourth moments about the mean of tour costs over the solution space
of the general symmetric Travelling Salesman Problem (TSP). These
algorithms complement previous work on the population variance and
provide a tractable method to compute the skewness and kurtosis of the
probability distribution of tour costs. The methodology is generalisable
to higher moments. Experimental evidence is given that suggests the
skewness asymptotically approaches a limit point as the instance size is
increased in several problem types.

1 Introduction

1.1 The TSP

The travelling salesman problem (TSP) is a classic problem in combinatorial
optimization. Extensive references include [1–3]. Linear programming reductions
are surveyed in [4] while the properties of frequently used local search heuris-
tics are considered in [5]. It is natural to define the symmetric TSP in terms
of a complete undirected graph Γ = (V, E) with the vertices V representing
cities, and the edges E representing the connections between cities. We label
the set of n vertices as {1, 2, . . . , n}, and an n-cycle permutation of these is
a tour or solution, π. The set of all tours, the solution space, is denoted Θ.
The distance between cities (or cost of an edge), is a function cost : E → R
which we extend to the function Ω : Θ → R, defined as the cost of a tour
Ω(π) =

∑n
i=1 cost({π(i), π((i mod n) + 1)}).

The TSP is to find some n-cycle permutation π of V for which Ω(π) is
smallest. Such a permutation π∗ is called a global minimum tour. If there are n
cities then the number of tours is |Θ| = (n− 1)!/2.

1.2 Survey of Statistical Results

Previous theoretical work on the probability distribution of the TSP is surveyed
in [6, 7], these largely concern the case of the Euclidean TSP with city coordinates
as n random variables in bounded subsets of Rd. Beardwood et. al. [8] prove that
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Ω(π∗) approaches a constant as n →∞. Steele proves the variance of costs over
the solution space is bounded [6]. Rhee and Talagrand prove that the tails of the
cost distribution approach that of a Gaussian as the number of cities increases [9].
In the more general case Krauth and Mézard [10] extend the result of Beardwood
et. al. to problems with uniform random edge costs. More recently Wästlund [11]
extends it to the TSP on bipartite graphs with uniform random edge costs.

Basel et. al. [12] show by random sampling a remarkable linear correlation
between the square root of a problem size and an estimate of the number of
standard deviations between the mean tour cost and the known optimal tour cost
in a real world set of approximately Euclidean problems. Sutcliffe et. al. [13] give
a constructive proof that the population variance of tour costs over the solution
space of an instance of size n cities can be computed in O(n2), see Theorem 1
below. Applying this, they confirm the linear relationship found by Basel et.
al. and show a similar, although non-linear, relationship in the case of a set of
non-Euclidean real world problems.

1.3 Moments in Terms of the TSP

In terms of a TSP with solution space Θ, cost function Ω and mean tour cost
µ, the kth moment about the mean or central moment [14] can be written

mmk(Θ) =

∑
π∈Θ

((Ω(π)− µ)k)

|Θ| . (1)

It is reported in [15](and a simple proof follows from Lemma 1) that the
mean tour cost over the solution space of a problem of size n cities with edge set
E is µ = 2

n−1

∑
e∈E

cost(e). The second moment or population variance is given

by Theorem 1 below. Comparison of the second and third moments provides the
well known statistic, the skewness, α3(X) = mm3(X)

mm2(X)3/2 , which reflects the degree
of symmetry of a probability distribution [14].

Theorem 1. The population variance of tour costs over the solution space of a
TSP of size n cities and with edge set, E and vertex set V is

var =
2β1

(n− 1)
− 4β1 + 2β2

(n− 1)(n− 2)
(2)

with the values β1, β2 being defined as

β1 =
∑

e∈E

c0(e)2

β2 =
∑

e={x,y}∈E

[c0(e)(Sx + Sy − 2c0(e))]
(3)

where c0(e) = cost(e)−µ/n, Ix is the set of edges incident to a vertex x with
Sx =

∑
e∈Ix

c0(e) and similarly for Sy.
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2 The Third and Fourth Moment of Costs over the
Solution Space

We begin with a technical lemma providing the number of tours containing
various configurations of edges. Table 1 enumerates the eleven cases to be used.

Lemma 1. Given a TSP with graph Γ, let P be a set of m, non-cyclic, non-
singleton paths over Γ sharing no vertices. Let k be the number of vertices not
appearing in any path of P. Then there are 2m−1(k + m − 1)! tours containing
all the paths in P.

Proof. Label the paths of P, pj with j ∈ [1 . . . m]. We recall that a tour is a
cyclic permutation of vertices. Therefore, without loss of generality, fix p1 in posi-
tion and orientation and write a tour as (p1, i1, i2 . . . , iq, p2, iiq+1 . . . , pm . . . , ik).
There are (k + m − 1)! orderings of the free paths and vertices. Each path is
at least 2 vertices long and so each of the m − 1 free paths has 2 orientations,
implying the result. ut

Table 1. The eleven ways that, up to four unlabelled edges, can be arranged into paths
in tours of size n. The − character represent an edge, so −− means a path with 2 edges
and three vertices. The ! symbol, the set (possibly empty) of free vertices between
unconnected paths. The number of paths is given by m, while k is the number of free
vertices.

case pattern m k num. tours cities n

1 − ! 1 (n− 2) (n− 2)! n > 2
2 −− ! 1 (n− 3) (n− 3)! n > 2
3 − ! − ! 2 (n− 4) 2(n− 3)! n > 3
4 −−− ! 1 (n− 4) (n− 4)! n > 3
5 −− ! − ! 2 (n− 5) 2(n− 4)! n > 4
6 − ! − ! − ! 3 (n− 6) 4(n− 4)! n > 5
7 −−−− ! 1 (n− 5) (n− 5)! n > 4
8 −−− ! − ! 2 (n− 6) 2(n− 5)! n > 5
9 −− ! −− ! 2 (n− 6) 2(n− 5)! n > 6

10 −− ! − ! − ! 3 (n− 7) 4(n− 5)! n > 6
11 − ! − ! − ! − ! 4 (n− 8) 8(n− 5)! n > 7

2.1 Computing the Third Moment

In order to prove our central theorem we provide some notational machinery. Let
Θ be the solution space of a TSP with edge set E and cost function Ω. We index
each π in Θ with an integer m ∈ [1 . . . |Θ|], similarly we label the edges of E as

160 International Workshop on Combinatorial Algorithms 07



ei with i ∈ [1 . . . |E|]. We define the function [1 . . . |Θ|] × [1 . . . |E|] : t → {0, 1}
as

tmi =

{
1 if edge ei is in tour m

0 otherwise.

Under this arrangement if m is the index of a tour π then the cost of π is

Ω(π) = tm1cost(e1) + tm2cost(e2) . . . tm|E|cost(e|E|) ,

and specializing (1) to k = 3, the third moment about the mean µ is

mm3(Θ) =

|Θ|∑
m=1

((tm1cost(e1) + tm2cost(e2) . . . tm|E|cost(e|E|)− µ)3)

|Θ| . (4)

Now |Θ| is, of course, factorial on n and so this formulation is impractical for all
but the smallest problems. In Theorem 2 we give a polynomial time solution to
the problem.

Returning to notational matters, let Ap be the set of edges adjacent to edge
ep. Let Np,q,... be the set of edges neither adjacent to nor equal to edges ep, eq, . . . ,
so Np,q,... = E − (Ap

⋃{ep}
⋃

Aq

⋃{eq} . . .).

Theorem 2. The third moment about the mean of tour costs over the solution
space of a TSP with n > 3 cities, mean tour cost µ, and with edge set E is

mm3 =
2γ1

(n− 1)
+

2(γ2 + 2γ3)
(n− 1)(n− 2)

+
2(γ4 + 2γ5 + 4γ6)

(n− 1)(n− 2)(n− 3)

with the values γ1, γ2, γ3γ4, γ5, γ6 given by

γ1 =
∑

e∈E

c0(e)3

γ2 = 3
∑

ep∈E

c0(ep)2
∑

eq∈Ap

c0(eq)

γ3 = 3
∑

ep∈E

c0(ep)2
∑

eq∈Np

c0(eq)

γ4 = 3
∑

ep∈E

c0(ep)
∑

eq∈Ap

c0(eq)
∑

er∈Aq−(Ap

⋃{ep})
c0(er)

γ5 = 3
∑

ep∈E

c0(ep)
∑

eq∈Ap

c0(eq)
∑

er∈Np,q

c0(er)

γ6 =
∑

ep∈E

c0(ep)
∑

eq∈Np

c0(eq)
∑

er∈Np,q

c0(er)

where c0(e) = cost(e)− µ/n.

Proof. Consider (4). Each tour has only n edges, so for a given m there are
just n tmi which are equal to 1, the remainder being equal to 0. So let c0(ei) =
cost(ei)− µ/n. Then (4) is written
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mm3(Θ) =

|Θ|∑
m=1

((tm1c0(e1) + tm2c0(e2) . . . tm|E|c0(e|E|))3)

|Θ| ,

=

|Θ|∑
m=1

|E|∑
k=1

|E|∑
j=1

|E|∑
i=1

tmitmjtmkc0(ei)c0(ej)c0(ek)

|Θ| .

The product tmitmjtmk = 1, if and only if, tour m contains the edges ei, ej , ek

and there are six way in which this can occur,

case 1 All of ei, ej , ek are equal. By Lemma 1 and Case 1 of Table 1 there are
(n− 2)! tours containing the edge.

case 2 Two of ei, ej , ek are equal and the third is adjacent. By Lemma 1 and
Case 2 of Table 1 there are (n − 3)! tours containing the three edges so
configured.

case 3 Two of ei, ej , ek are equal and the third is non-adjacent to them. By
Lemma 1 and Case 3 of Table 1 there are 2(n − 3)! tours containing the 2
edges so configured.

case 4 The three edges ei, ej , ek form a path. By Lemma 1 and Case 4 of Table 1
there are (n− 4)! tours containing the edges so configured.

case 5 Two of ei, ej , ek are adjacent and the third is non adjacent to either. By
Lemma 1 and Case 5 of Table 1 there are 2(n−4)! tours containing the three
edges so configured.

case 6 All ei, ej , ek are all non adjacent to each other. By Lemma 1 and Case 6
of Table 1 there are 4(n− 4)! tours containing the three edges so configured.

For each of there six cases we write the sum of edge cost products as γ1 to γ6 in
(2). Upon collecting like terms we have:

mm3(Θ) =((n− 2)!γ1 + (n− 3)!γ2 + 2(n− 3)!γ3

+ (n− 4)!γ4 + 2(n− 4)!γ5 + 4(n− 4)!γ6)/|Θ|

=
2((n− 2)!γ1 + (n− 3)!(γ2 + 2γ3) + (n− 4)!(γ4 + 2γ5 + 4γ6))

(n− 1)!

=
2γ1

(n− 1)
+

2(γ2 + 2γ3)
(n− 1)(n− 2)

+
2(γ4 + 2γ5 + 4γ6)

(n− 1)(n− 2)(n− 3)
.

as required. ut
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2.2 Reducing the Computational Complexity of Third Moment

The set Ap is O(n) in size, while the sets E,Np, Np,q are all O(n2) in size. This
implies that a naive application of Theorem 2 above would have complexity
O(n6), being that of the sum γ6. Here we show that this can be reduced to
O(n4). Let Ix be the set of edges incident the vertex x and let Sx =

∑
e∈Ix

c0(e),

be the sum of edge costs incident to x. Now |Ix| = n− 1, so the time complexity
of pre-computing all the n values Sx is O(n2) and the space complexity of saving
them is O(n).

Lemma 2. γ2 can be found in O(n2)

Proof. Recall that γ2 = 3
∑

ep∈E

c0(ep)2
∑

eq∈Ap

c0(eq). Consider the right most sum

on Ap. We show this can be found in constant time. Writing each edge ep, as
ep = {p1, p2} and noting that Ap = (Ip1

⋃
Ip2)− {ep} gives,

γ2 = 3
∑

ep∈E

c0(ep)2(Sp1 + Sp2 − 2c0(ep))

= 6γ1 + 3
∑

ep∈E

c0(ep)2(Sp1 + Sp2) .

This along with |E| ∈ O(n2) implies the result. ut
Lemma 3. γ3 = −γ2 − 3γ1

Proof. Recall that γ3 = 3
∑

ep∈E

c0(ep)2
∑

eq∈Np

c0(eq). Consider the right most sum,

Np = E − (Ap

⋃{ep}). So
∑

e∈Np

c0(e) =
∑

e∈E

c0(e) −
∑

e∈Ap

c0(e) − c0(ep), but
∑

e∈E

c0(e) = 0 thus

γ3 = 3
∑

ep∈E

c0(ep)2
[
− ∑

eq∈Ap

c0(eq)− c0(ep)

]

= −3
∑

ep∈E

c0(ep)2
∑

eq∈Ap

c0(eq)− 3
∑

ep∈E

c0(ep)2c0(ep)

= −γ2 − 3γ1 .

As required. ut
Lemma 4. γ4 can be found in O(n3)

Proof. Recall that γ4 = 3
∑

ep∈E

c0(ep)
∑

eq∈Ap

c0(eq)
∑

er∈Aq−(Ap
⋃{ep})

c0(er). We show

that the right most sum can be found in constant time given an ep and eq. Let
ep = {s, p}, let eq = {s, q} be adjacent to it, sharing vertex s, and let epq = {p, q}
be adjacent to both. In addition let Iq be the sets of edges incident to vertex q and
let Sq be the pre-computed edge sum. Then Aq−(Ap

⋃{ep}) = Iq−({eq}
⋃{epq})

and
γ4 = 3

∑
ep∈E

c0(ep)
∑

eq∈Ap

c0(eq)(Sq − c0(eq)− c0(epq)) .

This along with |E| ∈ O(n2) and |Ap| ∈ O(n) implies the result. ut
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Lemma 5. γ5 can be found in O(n3)

Proof. Recall that γ5 = 3
∑

ep∈E

c0(ep)
∑

eq∈Ap

c0(eq)
∑

er∈Np,q

c0(er) We show that the

right most sum can be found in constant time.
Let ep = {s, p}, let eq = {s, q} be adjacent to it, sharing vertex s, and

let epq = {p, q} be adjacent to both. In addition let Is, Ip, Iq be the sets of
edges incident to the vertices s, p, q respectively and let Ss, Sp, Sq be the pre-
computed edge sums. Now Np,q = E − (Is

⋃
Ip

⋃
Iq), but

∑
e∈E

c0(e) = 0 and

the edges epq, eq, ep are each elements of two of Is, Ip, Iq so,
∑

er∈Np,q

c0(er) =

c0(ep) + c0(eq) + c0(epq)− Ss − Sp − Sq and

γ5 = 3
∑

ep∈E

[
c0(ep)

∑
eq∈Ap

c0(eq) [c0(ep) + c0(eq) + c0(epq)− Ss − Sp − Sq]

]

= 6γ2 + 3
∑

ep∈E

[
c0(ep)

∑
eq∈Ap

c0(eq) [c0(epq)− Ss − Sp − Sq]

]
.

This along with |E| ∈ O(n2) and |Ap| ∈ O(n) implies the result ut

Lemma 6. γ6 can be found in O(n4)

Proof. Recall that γ6 =
∑

ep∈E

c0(ep)
∑

eq∈Np

c0(eq)
∑

er∈Np,q

c0(er). We show that

the right most sum can be found in constant time and the that the middle
sum can be rewritten over Ap. Let ep = {p1, p2} and let eq = {q1, q2} be
non adjacent. In addition let Ip1, Ip2, Iq1, Iq2 be the sets of edges incident to
these vertices and let Sp1, Sp2, Sq1, Sq2 be the pre-computed edge sums. Now
Np,q = E−(Ip1

⋃
Ip2

⋃
Iq1

⋃
Iq2), but

∑
e∈E

c0(e) = 0 and the edges ep, eq, {p1, q1},
{p1, q2}, {p2, q1}, {p2, q2} are each elements of two of Ip1, Ip2, Iq1, Iq2. Therefore
write SNp,q =

∑
e∈Np,q

c0(e) = −Sp1−Sp2−Sq1−Sq2+c0(ep)+c0(eq)+c0({p1, q1})+
c0({p1, q2}) + c0({p2, q1}) + c0({p2, q2}) and

γ6 =
∑

ep∈E

[
c0(ep)

∑
eq∈Np

c0(eq)SNp,q

]
,

as required. ut

Theorem 3. The complexity of computing the third moment about the mean of
tour costs over the solution space of a TSP with n cities is O(n4).

Proof. This follows directly from Theorem 2, the comments at the beginning of
Sect. 2.2, and Lemmas 2 to 6. ut
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2.3 Computing the Fourth Moment about the Mean of Tour Costs

Theorem 4. The fourth moment about the mean of tour costs over the solution
space of a TSP with mean tour cost µ, size n > 5 cities and with edge set E is

mm4 =
2δ1

(n− 1)
+

2(δ2a + δ2b + 2δ3a + 2δ3b)
(n− 1)(n− 2)

+
2(δ4a + δ4b + 2δ5a + 2δ5b + 4δ6)

(n− 1)(n− 2)(n− 3)

+
2(δ7 + 2δ8 + 2δ9 + 4δ10 + 8δ11)
(n− 1)(n− 2)(n− 3)(n− 4)

,

with the values δ1, δ2a, δ2b, δ3a, δ3b, δ4a, δ4b, δ5a, δ5b, δ6, δ7, δ8, δ9, δ10δ11 given
by

δ1 =
∑

e∈E

c0(e)4

δ2a = 3
∑

ep∈E

c0(ep)2
∑

eq∈Ap

c0(eq)2

δ2b = 4
∑

ep∈E

c0(ep)3
∑

eq∈Ap

c0(eq)

δ3a = 3
∑

ep∈E

c0(ep)2
∑

eq∈Np

c0(eq)2

δ3b = 4
∑

ep∈E

c0(ep)3
∑

eq∈Np

c0(eq)

δ4a = 12
∑

ep∈E

c0(ep)2
∑

eq∈Ap

c0(eq)
∑

er∈Aq,
er 6∈Ap,
er 6=ep

c0(er)

δ4b = 6
∑

ep∈E

c0(ep)
∑

eq∈Ap

c0(eq)2
∑

er∈Aq,
er 6∈Ap,
er 6=ep

c0(er)

δ5a = 12
∑

ep∈E

c0(ep)2
∑

eq∈Ap

c0(eq)
∑

er∈Np,q

c0(er)

δ5b = 6
∑

ep∈E

c0(ep)
∑

eq∈Ap

c0(eq)
∑

er∈Np,q

c0(er)2

δ6 = 6
∑

ep∈E

c0(ep)2
∑

eq∈Np

c0(eq)
∑

er∈Np,q

c0(er)
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δ7 = 12
∑

ep∈E

c0(ep)
∑

eq∈Ap

c0(eq)
∑

er∈Aq,
er 6∈Ap,
er 6=ep

c0(er)
∑

es∈Ar,
es 6∈Aq,
es 6∈Ap

c0(es)

δ8 = 12
∑

ep∈E

c0(ep)
∑

eq∈Ap

c0(eq)
∑

er∈Aq,
er 6∈Ap,
er 6=ep

c0(er)
∑

es∈Np,q,r

c0(es)

δ9 = 3
∑

ep∈E

c0(ep)
∑

eq∈Ap

c0(eq)
∑

er∈Np,q

c0(er)
∑

es∈Ar,
es∈Np,q

co(es)

δ10 = 6
∑

ep∈E

c0(ep)
∑

eq∈Ap

c0(eq)
∑

er∈Np,q

c0(er)
∑

es∈Np,q,r

c0(es)

δ11 =
∑

ep∈E

c0(ep)
∑

eq∈Np

c0(eq)
∑

er∈Np,q

c0(er)
∑

es∈Np,q,r

c0(es)

where c0(e) = cost(e)− µ/n.

Proof. Specializing (1) to k = 4, and proceeding as we did for the third moment
we have

mm4(Θ) =

|Θ|∑
m=1

|E|∑
l=1

|E|∑
k=1

|E|∑
j=1

|E|∑
i=1

tmitmjtmktmlc0(ei)c0(ej)c0(ek)c0(el)

|Θ| .

The product tmitmjtmktml = 1 if and only if tour m contains the edges
ei, ej , ek, el and there are eleven ways in which this can occur.

case 1 All of ei, ej , ek, el are equal. By Lemma 1 there are (n − 2)! tours con-
taining the edge. The value δ1 is the sum of terms in this case.

case 2 From ei, ej , ek, el there are 2 distinct edges and they form a path. By
Lemma 1 there are (n − 3)! tours containing the edges. The values δ2a, δ2b

are the sums of terms in this case.
case 3 From ei, ej , ek, el there are 2 distinct edges and they are non adjacent.

By Lemma 1 there are 2(n−3)! tours containing the edges. The values δ3a, δ3b

are the sums of terms in this case.
case 4 From ei, ej , ek, el there are 3 distinct edges and they form a path. By

Lemma 1 there are (n − 4)! tours containing the edges. The values δ4a, δ4b

are the sums of terms in this case.
case 5 From ei, ej , ek, el there are 3 distinct edges two of which form a path,

the third is non adjacent. By Lemma 1 there are 2(n− 4)! tours containing
the edges. The values δ5a, δ5b are the sums of terms in this case.

case 6 From ei, ej , ek, el there are 3 distinct. All are non adjacent. By Lemma 1
there are 4(n − 4)! tours containing the edges. The value δ6 is the sum of
terms in this case.

case 7 Each of ei, ej , ek, el are distinct and form a path. By Lemma 1 there are
(n− 5)! tours containing the edges. The value δ7 is the sum of terms in this
case.
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case 8 Each of ei, ej , ek, el are distinct, 3 form a path, the other is non adjacent.
By Lemma 1 there are 2(n− 5)! tours containing the edges. The value δ8 is
the sum of terms in this case.

case 9 Each of ei, ej , ek, el are distinct and form 2 non adjacent paths of 2 edges.
By Lemma 1 there are 2(n− 5)! tours containing the edges. The value δ9 is
the sum of terms in this case.

case 10 Each of ei, ej , ek, el are distinct. Two are adjacent. The remaining are
non adjacent. By Lemma 1 there are 4(n − 5)! tours containing the edges.
The value δ10 is the sum of terms in this case.

case 11 Each of ei, ej , ek, el are distinct. All are non adjacent. By Lemma 1
there are 8(n − 5)! tours containing the edges. The value δ11 is the sum of
terms in this case.

For each of these cases we write the sum of edge cost products as δ1 to δ11

in (4). Upon collecting like terms we have

mm4(Θ) = (n−2)!δ1
|Θ|

+ (n−3)!δ2a+(n−3)!δ2b+2(n−3)!δ3a+2(n−3)!δ3b

|Θ|

+ (n−4)!δ4a+(n−4)!δ4b+2(n−4)!δ5a+2(n−4)!δ5b+4(n−4)!δ6
|Θ|

+ (n−5)!δ7+2(n−5)!δ8+2(n−5)!δ9+4(n−5)!δ10+8(n−5)!δ11
|Θ| .

Recall |Θ| = (n− 1)!/2 so upon cancelation we have the result. ut

3 Empirical Examination of the Relationship between
Skewness and Problem Size

We examine four problem sets, two real world and two randomly generated. The
four types are summarized in Table 2.

Table 2. Problem types

ProblemType Size in Cities Cases Problem Description

Random Euclidean 10-1000 21 2 Euclidean Metric of TSPLIB [16].
VLSI 131-984 10 2 Euclidean Metric of TSPLIB.
Random no embed. 10-1000 21 Random integer edge costs from U(0, 999)
RH Data 68-662 39 Non Euclidean. Genomics problems.

Of the real world sets the first set originated in the production of very large
scale integrated circuits (VLSI) and uses the 2 dimensional Euclidean metric
of [16]. The second set, of 39 instances, approximately obey the triangular in-
equality, but are non-Euclidean. They originate in the genomics community
and arise from physical mapping of canine DNA by the radiation-hybrid (RH)
method. The specific data set used was obtained from the RHDF9000 dog radi-
ation hybrid panel[17].
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Fig. 1. The skewness versus the problem size in four problem types.

3.1 Results

The skewness of each instance was found using Theorems 1 and 2 in conjunc-
tion with Lemmas 2 to 6. Figure 1 shows its relationship to problem size. The
relationship suggests, that in the case of the non RH data sets the skewness
asymptotically approaches 0 with size. The RH data set is somewhat suggestive
of convergence but to a lower limit point.

4 Conclusions and Future Work

In this paper we have given constructive proofs that the third central moment
of tour costs over the solution space of any instance of a TSP of size n cities
can be computed in O(n4) and the that fourth central moment can be computed
in O(n8). Experience with the third moment would suggest this computational
complexity may be reduced to O(n6).

The method can be generalised to higher moments (at increased cost) and
to variations of the problem such as the asymmetrical TSP.

Previous theoretical work on the probability distribution of the TSP was
largely confined to the Euclidean case and did not extend to providing the mo-
ments. Future work will investigate the role of the third and fourth moments
in refining current methods to estimate the optimal solution cost and to under-
standing the solution space of the problem.

Experimental evidence is given suggesting that the skewness asymptotically
approaches 0 as the problem size is increased, in randomly generated non-
embeddable and both random and real world 2 dimensional Euclidean instances.
This implies that in these problem types, the distribution of tour costs become
more symmetric as the problem size increases. This may make it possible to
find bounds on the value of the odd moments of the cost distribution in certain
classes of problem.
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11. Wästlund, J.: The limit in the mean field bipartite travelling salesman problem.

unpublished 2006, wwww.mai.liu.se/jowas
12. John Basel, I., Willemain, T.R.: Random tours in the traveling salesman problem

analysis and application. Comput. Optim. Appl. 20(2) (2001) 211–217
13. Sutcliffe, P., Solomon, A., Edwards, J.: Finding the population variance of costs

over the solution space of the tsp in polynomial time. In Psarris, K., Jones, A.D.,
eds.: Math 07, Proceedings of the Eleventh WSEAS International Conference on
Applied Mathematics, WSEAS (March 22-24, 2007) 23–28

14. Freund, J.E.: Mathematical Statistics. First edn. Prentice Hall (1972)
15. Punnen, A., Margot, F., Kabadi, S.: Tsp heuristics: Domination analysis and

complexity. Technical report, Dept. of Mathematics, Univ. of Kentucky (2001)
16. Reinelt, G.: TSPLIB — a traveling salesman problem library. ORSA Journal on

Computing 3(4) (1991) 376–384
17. Faraut, T., de Givry, S., Chabrier, P., Derrien, T., Galibert, F., Hitte, C., Schiex,

T.: A comparative genome approach to marker ordering. In: Proc. of ECCB-06.
(2007) 7p.

International Workshop on Combinatorial Algorithms 07 169



Vertex Coloring of Chordal+k1e−k2e Graphs
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Abstract. F+ke (F−ke resp.) graph is the classes of graphs which can
be obtained by adding (deleting resp.) at most k edges to a graph in graph
class F . Complexity of the problems on these graphs can be measured
using k which is a parameter to represent the closeness to graph class
F . In this paper, we consider chordal+k1e−k2e graphs which are the
classes of graphs obtained by adding and deleting edges at the same
time from chordal graphs. We show an algorithm for vertex coloring of
chordal+k1e−k2e graphs and prove that it is fixed parameter tractable.

1 Introduction

Many graph problems are NP-complete for general graphs. It is natural to con-
sider that if the graph problem is tractable for a graph class F , it is also tractable
for a class of graphs which are close to graphs in F . The classes of graphs ob-
tained by adding or deleting edges or vertices to an F-graph are very natural
classes which are close to F-graphs. F +ke (F −ke resp.) graphs are the classes
of graphs obtained by adding (deleting resp.) k edges to F-graphs. Similarly,
F + kv (F − kv resp.) graphs are the classes of graphs obtained by adding
(deleting resp.) k vertices to F-graphs. Recently, complexity of several problems
on such parameterized graph classes has been interested in from the viewpoint
of parameterized complexity [2, 5, 7]. In general, problems become difficult as k
increases. A problem with parameter k is called to be fixed parameter tractable
if it can be solved in f(k)nc time, where f is an arbitrary function depending
only on k and n is the size of instance[3].

Though such parameterized graph classes has been studied recently, only the
addition or deletion of edges (or vertices) to F-graphs has been considered. It
has not been considered yet to add and delete edges at the same time. In this
paper, we first consider F+k1e−k2e graphs, which is the class of graphs obtained
by adding at most k1 edges and deleting at most k2 edges from F-graphs. We
call the added edges to be the plus modulators, and the removed edges to be the
minus modulators. The modulators are the union of plus and minus modulators.

In this paper, we consider vertex coloring problem of chordal+k1e−k2e graphs.
For fixed k1 and k2, chordal+k1e−k2e graphs can be recognized in polynomial
time by checking exhaustively all the possibilities of the plus and minus modu-
lators. However, it is not known if it is fixed parameter tractable or not. Thus,
we assume that chordal+k1e−k2e graphs are given with their modulators.
? Presently with SIC CO.,LTD.
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In this paper, we show that vertex coloring problem of chordal+k1e−k2e
graphs is fixed parameter tractable for parameters k1 and k2, that is, solved in
f(k1, k2)nc time. When only the addition or deletion of edges are made to chordal
graphs, it is already known that vertex coloring is fixed parameter tractable. For
chordal+ke graphs, Marx showed a fixed parameter tractable algorithm[7]. For
chordal−ke graphs, it is known that vertex coloring of F-ke graphs is fixed
parameter tractable if F is closed under edge contraction[2]. Our algorithm for
coloring chordal+k1e−k2e graphs is based on the idea of the algorithm of [7] and
operations to deal with minus modulator are added.

This paper is organized as follows. Section 2 gives the definition of tree decom-
position. In Section 3, we overview the vertex coloring algorithm for chordal+ke
graphs. In Section 4, we show that vertex coloring of chordal+k1e−k2e graphs
is fixed parameter tractable.

2 Tree Decomposition

A graph which does not contain an induced cycle of length four or larger is called
a chordal graph. In this section, we give the characterization of chordal graphs
in relation with the tree decomposition[4].

Theorem 1. The following two statements are equivalent.

– G(V, E) is a chordal graph.
– There exist a tree T (U,F ) and a subtree Tv ⊆ T for each v ∈ V such that

(u, v) ∈ E iff Tu ∩ Tv 6= ∅.

The tree T (with its subtrees Tv) is called the tree decomposition of G. A
tree decomposition of a chordal graph can be found in linear time [1]. Note that
we use the term ‘node’ for a decomposition tree and ‘vertex’ for a graph to be
colored.

For a node x ∈ U , let Vx be the set of vertices of G whose corresponding
subsets include x or the descendants of x. Let the subgraph of G induced by Vx

be Gx = G[Vx]. For a node x ∈ U , let Kx be the set of vertices v such that x is
a node in Tv. We consider T as a rooted tree with some root.

A tree decomposition that satisfies the following conditions are called a nice
tree decomposition [6]. A nice tree decomposition can be obtained from a tree
decomposition in polynomial time.

– Each node x ∈ U has at most two children.
– If x ∈ U has two children y, z, Kx = Ky = Kz holds. In this case, x is called

a join node.
– If x ∈ U has only one child y, either Kx = Ky ∪ {v} or Kx = Ky\{v} holds

for some v ∈ V . In the former case, x is called an introduce node, and in the
latter case, x is called a forget node.

– If x ∈ U has no child, Kx consists of exactly one vertex. In this case, x is
called a leaf node.

International Workshop on Combinatorial Algorithms 07 171



a b c

d e

f

G

def de bde

abd

be

bd ab abde

bde bce bc c

t

sr

Fig. 1. A chordal graph and its nice tree decomposition.

An example of a chordal graph and its nice tree decomposition are shown in
Fig.1. Node r is the root of the decomposition tree. The vertices in Kx are shown
in each node x. Ks = Kt = {b, d, e} as shown in the figure. Vs = {a, b, c, d, e}
and Vt = {a, b, d, e}.

3 Vertex Coloring of Chordal+ke Graphs

Our algorithm for coloring chordal+k1e−k2e graphs is based on the algorithm
for coloring chordal+ke graphs proposed by Marx[7]. So, we briefly explain the
algorithm in this section. Though the notations for our algorithm defined in
the next section is similar to the ones used in the algorithm, many of them are
modified to deal with minus modulators. Thus, to avoid confusion, we give only
a few definitions in this section and describe only the outline of the algorithm.

Let H be a chordal+ke graph, and G be a chordal graph obtained by re-
moving modulators from H. Let Hx be the subgraph of H induced by Vx. The
algorithm is based on the nice tree decomposition of chordal graphs. In the algo-
rithm, all the possible C-colorings of the subgraph Hx are listed for each node x
of the decomposition tree. A coloring of Hx is represented by a set S of pairs of
vertices with the same color. The set system Sx is the collection of sets of pairs
which have the corresponding C-coloring for Hx

The listing of C-colorings starts from the leaves of the decomposition tree
and proceeds to their parents. In the algorithm, when we deal with node x,
C − |Kx| dummy vertices u1, · · · , uC−|Kx| are added to Kx so as to make a
C-clique consisting of Kx and the dummy vertices. Let H∗

x be the graph that
consists of Hx and the dummy vertices.

On each node of the decomposition tree, the C-colorings for H∗
x is computed

from the C-colorings of the subgraphs corresponding to the children of x. The
operation to list the colorings depends on the kind of the node; leaf node, in-
troduce node, forget node or join node. When vertex v is introduced, a dummy
vertex is replaced by v in the sets of pairs. When vertex v is forgotten, v is
replaced by a dummy vertex. Then for each set S and each i, set S[ui] that is
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obtained by exchanging ui and uC−|Kx| is added to the set system. On a join
node, by merging the sets for its children, all the possible colorings obtained by
joining the colorings of two subgraphs are listed. In addition, when a modulator
first appears in H∗

x on an introduce node or a join node, the colorings that have
the same color in the endpoints of the modulator must be omitted. For the root
r of the decomposition tree, Hr equals H. Therefore, H is C-colorable iff there
exists a C-coloring when the listing finishes at the root.

The number of sets in the set system may become too large. However, instead
of having all the possible C-colorings, it is sufficient to have its representative
sets[8]. By using representative sets, the number of sets is reduced in small
computational time. Hence the algorithm is fixed parameter tractable.

4 Vertex Coloring of Chordal+k1e−k2e Graphs

In this section, we propose an algorithm for coloring chordal+k1e−k2e graphs.
We call an endpoint of a plus modulator be a plus special vertex, and that of

a minus modulator be a minus special vertex. Let the set of plus special vertices
and minus special vertices be W+ and W−, respectively. Here, |W+| ≤ 2k1 and
|W−| ≤ 2k2 hold. Let W+

x (W−
x resp.) denote the set of plus (minus resp.) special

vertices in H∗
x .

In the algorithm for coloring chordal+k1e−k2e graphs, for each minus modu-
lator, we have to consider two cases; the case when the endpoints have the same
color and the case when they have different colors. When there exist minus mod-
ulators in Kx whose endpoints have the same color, the number of colors used
in Kx is less than |Kx|. Let |Kx|′ denote the number of colors used in Kx. Let
H∗

x(|Kx|′) be the graph obtained by adding a clique that consists of |C| − |Kx|′
dummy vertices u1, u2, . . . , u|C|−|Kx|′ to Hx and connecting each dummy vertex
with each vertex of Kx. Let K∗

x(|Kx|′) = Kx ∪ {u1, u2, . . . , u|C|−|Kx|′}. In the
following, we simply write them as H∗

x and K∗
x unless they are confusing.

Let y be a child of x in the nice tree decomposition. A minus special vertex
v is called latter-in if v is introduced in node x when v− ∈ Ky for some minus
modulator (v, v−). A minus special vertex v is called former-out if v is forgotten
in node x when v− ∈ Ky for some minus modulator (v, v−). When a latter-in
minus special vertex is introduced, one or more minus modulators appear in Hx.
On the other hand, when a former-out minus special vertex is forgotten, one or
more minus modulators disappear from Hy.

4.1 Set Systems

In our algorithm, a coloring of a graph is represented by a set system. Here, we
use the same notations as in [7], however, some modifications are made consid-
ering that there are two kinds of special vertices.

When some minus modulators form a clique, more than two vertices in Kx

can have the same color. In such a coloring, the vertices with the same color
are represented by the pairs constructed according to the order the vertices
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Fig. 2. A chordal+1e-2e graph.

are forgotten. When vertices v1, · · · , vs have the same color and the vertices
are forgotten in this order, the set representing the coloring includes the pairs
(vs, vs−1), · · · , (v2, v1). If some of the vertices in v1, · · · , vs are in Kr for the root
r of the tree decomposition, the order of them can be decided arbitrarily. Among
the vertices with the same color as v, let l(v) denote the minus special vertex
forgotten at last, and let f(v) be the minus special vertex forgotten first.

Definition 1. To each C-coloring ψ of H∗
x, we associate a set Sx(ψ) ⊆ (K∗

x ×
W+) ∪ ((W− ∩Kx)× (W− ∩Kx)) that is obtained by the following rules.
i) For v1, · · · , vs ∈ Kx that have the same color in ψ, pairs to represent them are
in Sx(ψ).
ii) For w ∈ W+ which does not appear in the right of any pair made by rule i),
(f(v), w) ∈ Sx(ψ) iff ψ(v) = ψ(w) for v ∈ K∗

x.
The set system Sx contains a set S iff there is a coloring ψ of H∗

x such that
S = Sx(ψ).

Fig.2 is an example of a chordal+1e−2e graph which is obtained by adding
and removing edges to chordal graph G of Fig.1. Here, (a, c) is the plus modula-
tor and (b, d), (b, e) are the minus modulators. In this example, when |C| =
3, St consists of four sets of pairs {(d, b), (e, a)}, {(e, a)}, {(d, b), (u1, a)} and
{(e, b), (u1, a)}. In each of them, two colors are used in Kt. Hence, each set
corresponds to a coloring of H∗

t (2), which consists of vertices a, b, d, e and u1.

Definition 2. A set S ⊆ (K∗
x × W+) ∪ ((W− ∩ Kx) × (W− ∩ Kx)) is called

regular if there exists at most one pair (v, w) for each w ∈ W+.

Definition 3. A blocker of S, denoted as B(S), is the set of pairs (v, w) ∈
K∗

x ×W+ satisfying that (v, w′) ∈ S for some plus modulator (w,w′). We say
that sets S1 and S2 form a non-blocking pair if B(S1) ∩ S2 = S1 ∩B(S2) = ∅.

4.2 Algorithm

In this section, we describe the operations executed in each node x of the tree
decomposition. The operations are different according to the property of the
node.
Leaf node If a vertex v of Hx is a plus special vertex, Sx contains only the
set {(v, v)}. Otherwise, Sx contains only the empty set.
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Introduce node Let y be the child of x, and let vertex v be introduced in x.
Case 1. v is neither a latter-in minus special vertex nor a plus special vertex.
If S ∈ Sy includes a minus modulator in K∗

y , remove S from Sy. After that,
obtain Sx by replacing each u|C|−|Ky|′ by v in each set in Sy.
Case 2. v is a plus special vertex and not a latter-in minus special vertex.
When v′ ∈ W+

x for some plus modulator (v, v′), remove the sets including
(u|C|−|Ky|′ , v

′) from Sy. After that, execute the same operations as in Case 1.
Finally, if v′ 6∈ W+

x , add (v, v) to each set.
Case 3. v is a latter-in minus special vertex and not a plus special vertex.
For each set in Sy, execute both 1) and 2) in the following. 1) corresponds to the
case when v has the same color as some of its pairs in Ky, and 2) corresponds
to the case when v has the color different from any of its pairs in Ky.
1) Let (v, v1), · · · , (v, vt) be all the minus modulators from v. Divide v1, . . . , vt

into the sets of vertices with the same color. For each of them, if there does
not exist a vertex in Kx\{v1, . . . , vt} with the same color, make a set in Kx by
adding v to the vertices with the same color. In this case, pairs are made so as to
follow the rule described in Section 4.1. If v is forgotten first among the vertices
with the same color, replace the pair (vs, w) (w 6∈ Kx) by (v, w) when v has the
same color as vs.
2) Make a set in Kx by replacing u|C|−|Kx|′ by v.
Case 4. v is both a positive special vertex and a latter-in minus special vertex.
This case is almost similar to Case 3. However, there are two differences. In 1),
when v′ ∈ W+

x for some plus modulator (v, v′), v cannot have the same color as
vi for the set including (vi, v

′). If v = l(v), add (v, v) to the set. In 2), add (v, v)
to the set.
Forget node Let y be the child of x, and let vertex v be forgotten in x.
Case 1. v is not a former-out minus special vertex.
Replace each v in the left of a pair by u|C|−|Kx|′ in each set. Then, add S[ui] (1 ≤
i ≤ |C| − |Kx|′) to Sx for each S ∈ Sx.
Case 2. v is a former-out minus special vertex.
For a set in S that does not include a minus modulator (v−, v), do the same
operations as Case 1. For a set in S that includes a minus modulator (v−, v),
execute the following operations. If v is not a plus special vertex, remove the
pair (v−, v) from S. If v is a plus special vertex, replace (v, v′) by (v−, v′).
Join node Let y and z be the children of x. Sx = {Sy ∪ Sz | Sy ∈ Sy and
Sz ∈ Sz form a non-blocking pair, Sy and Sz include the same minus modulators
in Ky and Kz.}

In the following, we prove the correctness of the algorithm.

Lemma 1. Any set created by the above algorithm is regular.

Proof. In the above algorithm, a new pair is added to a set only on the operations
of an introduce node and a join node.
introduce node We consider the case when a plus special vertex v is also a
latter-in minus special vertex. It is obvious in other cases. Pair (v, v) is added if
either v is not colored with any of its pairs or v is forgotten at last among the
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vertices with the same color in K∗
x. No other pair of the form (∗, v) is added in

both cases.
Join node Assume that Sy ∈ Sy and Sz ∈ Sz are joined. Consider v ∈ Kx.
Sy and Sz have the same coloring on the vertices in Kx. Therefore, if both sets
have the pair of the form (∗, v), they must be the same. For v 6∈ Kx, either Sy

or Sz does not include a pair of the form (∗, v). Therefore, the lemma holds for
Sy ∪ Sz. ut

Lemma 2. For each set S ∈ Sx, there exists a coloring of H∗
x that does not

contradict with the pairs in S.

Proof. We inductively prove the lemma on the decomposition tree. A leaf node
is the base case, and for non-leaf nodes, induction step should be shown for three
kinds of nodes.
Leaf node For a leaf node x, the set created at x is obviously a proper coloring
of H∗

x .
Introduce node Assume that a set Y ∈ Sy corresponds to a coloring of H∗

y .
Case 1. v is neither a latter-in minus special vertex nor a plus special vertex.
There exists a coloring corresponding to the set produced from Y because H∗

x

is the same as H∗
y except that u|C|−|Kx|′ is replaced by v.

Case 2. v is a plus special vertex and not a latter-in minus special vertex.
This case is similar to Case 1.
Case 3. v is a latter-in minus special vertex and not a plus special vertex.
1) When v has the same color as some of its pairs in Ky, it is checked that
the vertices form a clique of minus modulators. Thus the vertices have the same
color. When (f(v), w) ∈ Y , v and w have the same color in H∗

x . Thus, the set
produced from Y corresponds to a proper coloring of H∗

x .
2) When v has a color different from any of its pairs in Ky, it is obvious because
H∗

x is equivalent to H∗
y except that u|C|−|Kx|′ is replaced by v.

Case 4. v is both a positive special vertex and a latter-in minus special vertex.
This case is similar to Case 3.
Forget node Assume that a set Y ∈ Sy corresponds to a coloring of H∗

y .
Case 1. v is not a former-out minus special vertex.
As H∗

x is equivalent to H∗
y except that v is replaced by u|C|−|Kx|′ , the set obtained

by the replacement has a corresponding proper coloring. In addition, S[ui] also
has a corresponding coloring in which only the colors of ui and u|C|−|Kx|′ are
exchanged from the corresponding coloring of S.
Case 2. v is a former-out minus special vertex.
When (v, v−) ∈ Y for a minus modulator (v, v−), the corresponding coloring
does not change by replacing (v, ∗) by (l(v), ∗) because v and v− have the same
color. When (v, v−) 6∈ Y , it is similar to Case 1.
Join node Let Sy and Sz include the same minus modulators. In addition to
the regularity of the sets, from the algorithm, if there exists a pair (v, v′) for a
plus special vertex v′ ∈ H∗

x\K∗
x in Sy and Sz, then v = f(v) holds. Therefore, if

Sy and Sz form a non-blocking pair, there is no conflict on the colorings. Thus
the set obtained by merging them has a corresponding coloring. ut
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The next lemma is almost obvious from the algorithm.

Lemma 3. For each coloring of H∗
x, there exists a set S ∈ Sx that does not

contradict with H∗
x.

From Lemma 2 and 3, there exists a coloring of G iff the set system is
nonempty at the root node of the decomposition tree.

4.3 Representative System

Definition 4. [8] A set system S ′ ⊆ S is q-representative for S if the following
holds: for every set B of size at most q, there is a set A ∈ S with A ∩B = φ iff
there is a set A′ ∈ S ′ with A′ ∩B = φ.

Lemma 4. [8] Given a set system S containing n sets of size at most p, a q-
representative subsystem S ′ ∈ S of size at most

∑n
i=0 pi can be found in O(pq ·∑p

i=0 pi
∑

n) time.

The above definition of a representative set can be applied to our set system
representing vertex colorings in the following manner.

Definition 5. [7] A subsystem S∗x ⊆ Sx is representative for Sx if the following
holds: for each regular set U ⊆ Kx × W that does not contain vertices from
Wx\K∗

x, if Sx contains a set S disjoint from B(U), then S∗x also contains a set
S′ disjoint from B(U).

In the algorithm described in Section4.2, we can replace a set system Sx by
its representative system S∗x for any node x. The following lemmas show that
the algorithm works correctly even when we use the representative systems.

Lemma 5. If S∗y is representative for Sy, S∗x generated from S∗y by introducing
a vertex is representative for Sx.

Sketch of proof. We show that, if a set S ∈ Sx which corresponds to a coloring
ψ of H∗

x is disjoint from B(U), there exists a set S′ ∈ S∗x which is disjoint from
B(U).

In the case when v is not a latter-in minus special vertex, The proof is similar
to the proof for chordal+ke graphs[7]. The only difference is that there may be
more than one vertices with the same color. Even when v is a latter-in minus
special vertex, if v has a color different from any vertex of Kx in ψ, it is equivalent
to the case when v is not a latter-in minus special vertex.

In the following, we consider the case when v is a latter-in minus special
vertex and v has the same color as vertices v1, . . . , vt in Kx. Let a coloring ψ′ of
H∗

y be obtained by only removing v from H∗
x . Note that the number of dummy

vertices in H∗
x and H∗

y are the same. Set R corresponding to ψ′ is obtained from
S by removing v or replacing v by a vertex with the same color. Thus, as S is
disjoint from B(U), R is also disjoint from B(U). As S∗y is representative, there
exists R′ ∈ S∗y which is disjoint from B(U). It is easy to check that the sets
created from R′ by our algorithm is disjoint from B(U). ut
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Lemma 6. If S∗y is representative for Sy, S∗x generated from S∗y by forgetting v
is representative for Sx.

Sketch of proof. The outline of the proof is the same as that of Lemma5. As the
other cases are similar to the case of chordal+ke graphs, we consider the case
when v is a former-out minus special vertex and S includes a minus modulator
(v, v−).

By adding v to the set of vertices with the same color as v− in H∗
x , a col-

oring ψ′ of H∗
y is obtained. Set R corresponding to ψ′ is equivalent to the set

obtained by adding v to the set of vertices with the same color as v−, except
the replacement of v by vertices with the same color. Therefore, R is disjoint to
B(U).

As S∗y is representative, there exists R′ ∈ S∗y which is disjoint to B(U). It
can be easily seen that the set obtained from R′ by our algorithm is disjoint to
B(U). ut
Lemma 7. If S∗y and S∗z are representative for Sy and Sz respectively, S∗x ob-
tained by joining them is representative for Sx.

Lemma7 can be proved similarly to the case of chordal+ke graphs.
In a set of pairs, the number of pairs which include a plus special vertex is

bouded by the number of plus special vertices. The number of pairs which does
not include a plus special vertex is bounded by the number of minus modulators.
Thus, the size of each set is bounded by a function of k1 and k2. Whenever
we construct S∗x, we can apply Lemma4 for sets which has the same minus
modulators in Kx. The number of different sets of minus modulators in Kx is
bounded by 2k2 . Therefore, throughout the algorithm, the size of S∗x is always
bounded by a function of k1 and k2. The time to compute S∗x is also bounded
by a function of k1 and k2.

From the above discussions, the following theorem holds.

Theorem 2. Vertex coloring problem of chordal+k1e−k2e graphs is fixed para-
meter tractable for parameters k1 and k2.
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Abstract. The alternating group graph, which belongs to the class of
Cayley graphs, is one of the most versatile interconnection networks for
parallel and distributed computing. In this paper, adopting the condi-
tional fault model in which each vertex is assumed to be incident with
two or more fault-free edges, we show that an n-dimensional alternating
group graph can tolerate up to 4n − 13 edge faults, where n ≥ 4, while
retaining a fault-free Hamiltonian cycle exists. The result is optimal with
respect to the number of edge faults tolerated. Previously, for the same
problem, at most 2n− 6 edge faults can be tolerated if the random fault
model is adopted.

Keywords: alternating group graph, embedding, Hamiltonian cycle,
fault tolerance, conditional fault model, Cayley graph.

1 Introduction

Network topology is a crucial factor for the interconnection networks since it de-
termines the performance of the networks. Many interconnection network topolo-
gies have been proposed in the literature for the purpose of connecting hundreds
or thousands of processing elements. It can be represented by a graph where
nodes represent processors and edges represent links between processors. The
alternating group graphs [11], like the well-known star graphs [1] and hyper-
cubes [14], belongs to the class of Cayley graphs [2, 12]. Furthermore, it has
been shown in [7] that a class of generalized star graphs called the arrangement
graphs also contains alternating group graphs as members. Indeed, a proof given
in [7] showed that the n-dimensional alternating group graph AGn is isomorphic
to the (n, n − 2)-arrangement graph An,n−2.

Arrangement graphs have been shown to be vertex and edge symmetric,
strongly hierarchical, maximally fault tolerant, and strongly resilient [8], and
thus of alternating group graphs. Besides, alternating group graphs have sublog-
arithmic degree and diameter [11]. They are all desirable when we are building
an interconnection topology for a parallel and distributed system. An efficient
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communication algorithm for shortest-path routing is available for alternating
group graphs [11].

The study of graph embeddings arises naturally in a number of computa-
tional problems: finding storage schemes for logical data structures, layout of
circuits in VLSI, portability of algorithms across various parallel architectures,
just to mention a few [12]. Among of them, the ring is one of the most funda-
mental networks for parallel and distributed computation, and it is suitable to
develop simple and efficient algorithms. Numerous algorithms that were designed
on rings for solving various algebraic problems and graph problems can be found
in [3, 13]. A ring can be also used as a control/data flow structure for distributed
computation in a network. These applications motivate the embedding of cycles
in networks. It was shown that the arbitrary cycles can be embedded in an al-
ternating group graph [11]. Besides, the alternating group graph also can embed
some other fundamental networks, such as grids [11], trees [11], and arbitrary
paths [6].

Since node faults and/or link faults may occur to networks, it is significant to
consider faulty networks. Many fundamental problems such as diameter, rout-
ing, broadcasting, gossiping, embedding, etc., have been studied on various faulty
networks. Among them, two fault models were adopted; one is the random fault
model, and the other is the conditional fault model. The random fault model as-
sumed that the faults might occur everywhere without any restriction, whereas
the conditional fault model assumed that the distribution of faults must satisfy
some properties, e.g., two or more fault-free links incident to each node. Ap-
parently, it is more difficult to solve problems under the conditional fault model
than the random fault model. Previously related work about embedding in faulty
networks under the conditional fault model can be found in [4, 5, 9, 15, 16].

In this paper, under the conditional fault model and with the assumption of
at least two fault-free links incident to each node, we show that an n-dimensional
alternating group graph can tolerate up to 4n−13 link faults, where n ≥ 4, while
retaining a fault-free Hamiltonian cycle exists. The result is optimal with respect
to the number of link faults tolerated. For the same problem, at most 2n − 6
link faults can be tolerated if the random fault model is adopted [10]. With our
results, all parallel algorithms developed on rings can be executed as well on an
n-dimensional alternating group graph with up to 4n − 13 link faults.

The rest of the paper is organized as follows. In Section 2, the structure of
the alternating group graph is reviewed. Necessary definitions, notations, and
some properties of the alternating group graph are also introduced in order to
prove the main result. Then the main result and its proof are shown in Section 3.
Finally, this paper concludes with some remarks in Section 4.

2 Preliminaries

It is convenient to represent a network with a graph G, where each vertex
(edge) of G uniquely represents a node (link) of the network. For the graph
definition and notation, we follow [17]. We use V (G) and E(G) to denote the
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vertex set and edge set of G, respectively. Given a vertex u in G, we define
N(u) = {v|(u, v) ∈ E(G)} to be the neighborhood of u, which is the set of ver-
tices that are adjacent to u in G. The degree of u, denoted by deg(u), is the size
of N(u), i.e., deg(u) = |N(u)|. We use δ(G) to denote min{deg(u)|u ∈ V (G)}.
Let V ′ be a vertex subset of G. We define N(V ′) =

⋃

u∈V ′ N(u) − V ′ to be the
neighborhood of V ′. A path Px0xt

= 〈x0, x1, . . . , xt〉, is a sequence of vertices
such that every two consecutive vertices are adjacent. In addition, Px0xt

is a
cycle if x0 = xt. A path 〈x0, x1, . . . , xt〉 may contain other subpath, denoted as
〈

x0, x1, . . . , xi, Pxixj
, xj , . . . , xt

〉

, where Pxixj
= 〈xi, xi+1, . . . , xj−1, xj〉.

A path (or cycle) in G is called a Hamiltonian path (or Hamiltonian cycle)
if it contains every vertex of G exactly once. A graph is called Hamiltonian if it
has a Hamiltonian cycle. A graph is called Hamiltonian connected if every two
vertices of G are connected by a Hamiltonian path. All Hamiltonian connected
graphs except K1 and K2 are Hamiltonian.

Let p = a1a2 · · · an is a permutation on {1, 2, . . . , n}. A pair of symbols ai

and aj in p are said to be an inversion if ai < aj whenever i > j. A permutation
is an even permutation if it has an even number of inversions. The alternating

group An is the set consisting of all even permutations on {1, 2, . . . , n}, where
|An| = n!

2 . The following is a formal definition of alternating group graphs, in
terms of graph theory.

Definition 1. An n-dimensional alternating group graph, denoted by AGn, has

the vertex set V (AGn) = {a1a2 · · · an|a1a2 · · · an is an even permutation of

1, 2, . . . , n} and the edge set E(AGn) = {(a1a2 · · · an, a2ai · · · ai−1a1ai+1 · · · an)
or (a1a2 · · · an, aia1 · · · ai−1a2ai+1 · · · an)|a1a2 · · · an ∈ V (AGn) and 3 ≤ i ≤ n}.

Fig. 1. Examples of alternating group graphs. (a) AG3. (b) AG4.

From definition, it is easy to see that the vertex set of AGn is the alternating

group An. It has n!
2 vertices, each of degree 2(n− 2), and has (n−2)n!

2 edges. The
alternating group graphs AG3 and AG4 are shown in Fig. 1. Let u = a1a2 · · · an
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be any vertex of the alternating group graph AGn. The edges (a1a2 · · · an,
a2ai · · · ai−1a1ai+1 · · · an) and (a1a2 · · · an, aia1 · · · ai−1a2ai+1 · · · an), denoted
by e(i)(u), are referred to as i-dimensional edges of u, where 3 ≤ i ≤ n. We
use E(i)(AGn) to denote the set of all i-dimensional edges in AGn.

Alternating group graphs are vertex symmetric, edge symmetric, and strongly
hierarchical [11]. For 1 ≤ k ≤ n, let AGn(k) denote the subgraph of AGn induced
by those vertices u with an = k. Clearly, each AGn(k) is isomorphic to AGn−1

for 1 ≤ k ≤ n. Due to the strongly hierarchical structure, the alternating group
graph can also be defined recursively: AGn is constructed from n disjoint copies

of (n − 1)-dimensional alternating group graph AGn−1’s. We use Ẽ
(n)
p,q (AGn) to

represent the set of those n-dimensional edges in AGn that connect AGn(p) and
AGn(q), where 1 ≤ p 6= q ≤ n.

Throughout this paper, the paired terms network and graph, node and vertex,
and link and edge are used interchangeably. Since AGn is isomorphic to the
(n, n − 2)-arrangement graph An,n−2, the following lemma of AGn is deduced
from a result of arrangement graphs.

Lemma 1. ([10]) For any F ′ ⊆ V (AGn) ∪ E(AGn), AGn − F ′ is Hamiltonian

if |F ′| ≤ 2n − 6, and Hamiltonian connected if |F ′| ≤ 2n − 7, where n ≥ 4.

We also present some properties of AGn in the following. They are necessary
in order to show our main result in the next section. Besides, we use F (⊆
E(AGn)) to denote the set of edge faults in AGn.

Lemma 2. |Ẽ
(n)
i,j (AGn)| = (n − 2)!, where n ≥ 4.

Proof. Consider p = p1p2 · · · pn ∈ V (AGn(i)), where pn = i. Suppose that p
connect to AGn(j), hence we have p1 = j or p2 = j. If p1 = j, then there

are (n−2)!
2 choices for p2, p3, . . . , pn−1. The discussion is similar if p2 = j. So

|Ẽ
(n)
i,j (AGn)| = (n − 2)!.

Lemma 3. Suppose that I = {k1, k2, . . . , km} ⊆ {1, 2, . . . , n}, where n ≥ 5 and

m ≥ 2. Let AGn(I) denote the subgraph of AGn induced by
⋃

k∈I V (AGn(k)). If

AGn(k)−F is Hamiltonian connected for every k ∈ I and |Ẽ
(n)
kj ,kj+1

(AGn)−F | ≥

3 for all 1 ≤ j < m, then there is a Hamiltonian path Pst in AGn(I)−F , where

s ∈ V (AGn(k1)) and t ∈ V (AGn(km)).

Proof. Note that if v = c1c2 · · · cn ∈ V (AGn), then v ∈ N(V (AGn(c1))) ∩
N(V (AGn(c2))), thus, the two edges of e(n)(v) incident to different AGn(c)s.

Let u1 = s. Since |Ẽ
(n)
kj ,kj+1

(AGn)−F | > 2 for all 1 ≤ j < m, we can find an edge

(v1, u2) ∈ E(n)(AGn) − F such that v1 6= u1 and u2 ∈ V (AGn(k2)). Similarly,
we can find edges (v2, u3), (v3, u4), . . . , (vm−2, um−1) ∈ E(n)(AGn) − F , where
ui and vi are two distinct vertices in AGn(ki) for all i ∈ {2, 3, . . . ,m− 1}. Since

|Ẽ
(n)
km−1,km

(AGn)−F | ≥ 3, we can find an edge (vm−1, um) ∈ E(n)(AGn)−F such

that vm−1 6= um−1, um 6= t, and um ∈ V (AGn(km)). Let vm = t. In addition,
since AGn(ki)−F is Hamiltonian connected for all ki ∈ I, there is a Hamiltonian
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path Puivi
in AGn(ki)−F for all i ∈ {1, 2, . . . ,m}. An Hamiltonian path Pst in

AGn(I) − F is constructed as follows (see Fig. 2):
〈

s, Psv1
, v1, u2, Pu2v2

, v2, . . . , um−1, Pum−1vm−1
, vm−1, um, Pumt, t

〉

.

1v
2u

2v
3u

3v
4u

4v
mus

t

Fig. 2. A Hamiltonian path Pst in AGn(I) − F .

3 Main Result

In this section, we would show that with the assumption of two or more fault-
free edges incident to each vertex, an n-dimensional alternating group graph can
tolerate up to 4n− 13 edge faults, while retaining a fault-free Hamiltonian cycle
exists, where n ≥ 4.

Theorem 1. AGn − F is Hamiltonian if |F | ≤ 4n − 13 and δ(AGn − F ) ≥ 2,
where n ≥ 4.

Proof. We can proceed by induction on n. When n = 4, we can use a computer
program to check that the result is true [18]. Assume that the result holds for
AGn for some n ≥ 4. Consider AGn+1 with |F | ≤ 4n−9 and δ(AGn+1−F ) ≥ 2.
For brevity, assume that |F | = 4n − 9. Without loss of generality, assume that
|E(n+1)(AGn+1)∩F | ≥ |E(n)(AGn+1)∩F | ≥ . . . ≥ |E(3)(AGn+1)∩F |. If n ≥ 7,

we have |E(n+1)(AGn+1)∩F | ≥
⌈

(4n−9)
(n−1)

⌉

≥ 4, |F −E(n+1)(AGn+1)| ≤ 4n− 13,

and |E(AGn+1(r)) ∩ F | ≤ 4n − 13 for all 1 ≤ r ≤ n + 1. In addition, when
4 ≤ n ≤ 6, we have |E(n+1)(AGn+1) ∩ F | ≥ 3, |F − E(n+1)(AGn+1)| ≤ 4n − 12,
and |E(AGn+1(r)) ∩ F | ≤ 4n − 12 for all 1 ≤ r ≤ n + 1. Without loss of
generality, assume that |E(AGn+1(n + 1)) ∩ F | ≥ |E(AGn+1(n)) ∩ F | ≥ . . . ≥

|E(AGn+1(1)) ∩ F |. Note that when n ≥ 5, by Lemma 2, |Ẽ
(n+1)
j,k (AGn+1)| =

((n+1)−2)! = (n−1)! > 4n−6 = |F |+3, hence we have |Ẽ
(n+1)
j,k (AGn+1)−F | ≥ 3

for all j, k ∈ {1, 2, . . . , n + 1} and j 6= k. If n = 4, we have |Ẽ
(5)
j,k (AG5)| =

(5 − 2)! = 6 < 7 = 4n − 9 for all j, k ∈ {1, 2, . . . , 5} and j 6= k. Hence, it is

possible that |Ẽ
(5)
j′,k′(AG5) − F | < 3 for some j′, k′ ∈ {1, 2, . . . , 5} and j′ 6= k′.

We use i1, i2, . . . , in+1 to denote the n + 1 distinct integers from 1 to n + 1 (i.e.,
{i1, i2, . . . , in+1} = {1, 2, . . . , n + 1}). Four cases are considered:

Case 1. |E(AGn+1(n + 1)) ∩ F | ≤ 2n − 7. In this case, δ(AGn+1(r) − F ) ≥ 2
for all 1 ≤ r ≤ n + 1. Let i1 = n + 1 and I = {1, 2, . . . , n}. We can find u1, v1 ∈
V (AGn+1(i1)) such that (v1, u2), (u1, vn+1) ∈ E(n+1)(AGn+1) − F , where u2 ∈
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V (AGn+1(i2)) and vn+1 ∈ V (AGn+1(in+1)). By Lemma 1 and Lemma 3, we
can find a Hamiltonian path Pu1v1

in AGn+1(i1) − F and a Hamiltonian path
Pu2vn+1

in AGn+1(I)−F (when n = 4 and if j′, k′ exist, let {j′, k′} 6= {ir, ir+1}
for 2 ≤ r ≤ n). Hence

〈

u1, Pu1v1
, v1, u2, Pu2vn+1

, vn+1, u1

〉

form a Hamiltonian
cycle in AGn+1 − F .

Case 2. 2n − 6 ≤ |E(AGn+1(n + 1)) ∩ F | ≤ 4n − 13 and |E(AGn+1(n)) ∩ F | ≤
2n − 7. Then we have |E(AGn+1(r)) ∩ F | ≤ 2n − 7 for all r ∈ {1, 2, . . . , n}. Let
i1 = n + 1. Three cases are further considered:

1v
2u

2v

3u
3v

4u 4v

1u

1v
2u

2v

3u

3v
4u

4v

1u
1v

2u

2v

3u

3v
4u 4v

1u

.
.
.

1+nu
1+nv

.
.
.

1+nu

1+nv

.
.
.

1+nu
1+nv

Fig. 3. A Hamiltonian cycle in AGn+1 − F . (a) |E(AGn+1(n + 1)) ∩ F | ≥ 2n − 6,
|E(AGn+1(n))∩F | ≤ 2n−7, and δ(AGn+1(i1)−F ) ≥ 1. (b) |E(AGn+1(n+1))∩F | ≥
2n − 6, |E(AGn+1(n)) ∩ F | ≤ 2n − 7, and δ(AGn+1(i1) − F ) = 0. (c) |E(AGn+1(n +
1)) ∩ F | = |E(AGn+1(n)) ∩ F | = 2n − 6.

Case 2.1. δ(AGn+1(i1) − F ) ≥ 2. The induction hypothesis assures that there
exists a Hamiltonian cycle C in AGn+1(i1) − F . We can find (u1, v1) ∈ C such
that (v1, u2), (u1, vn+1) ∈ E(n+1)(AGn+1) − F , where u2 ∈ V (AGn+1(i2)) and
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vn+1 ∈ V (AGn+1(in+1)). Let Pu1v1
= C − {(u1, v1)} and I = {1, 2, . . . , n}. By

Lemma 3, we can find a Hamiltonian path Pu2vn+1
in AGn+1(I) − F (when

n = 4 and if j′, k′ exist, let {j′, k′} 6= {ir, ir+1} for 2 ≤ r ≤ n). Hence a desired
Hamiltonian cycle in AGn+1 − F can be obtained as shown in Fig. 3(a).

Case 2.2. δ(AGn+1(i1)−F ) = 1. There is exactly one vertex v1 with degree one in
AGn+1(i1)−F . Since δ(AGn+1−F ) ≥ 2, we have (v1, u2) ∈ E(n+1)(AGn+1)−F ,
for some u2 ∈ V (AGn+1(i2)). Select (u1, v1) ∈ E(AGn+1(i1)) ∩ F such that
(u1, vn+1) ∈ E(n+1)(AGn+1)−F , where vn+1 ∈ V (AGn+1(in+1)). We can always
find such (u1, v1) since |{z|(v1, z) ∈ F and z ∈ V (AGn+1(i1))}| = 2n − 5,
|e(n+1)(z)| = 2 for all z ∈ V (AGn+1(i1)), |E

(n+1)(AGn+1) ∩ F | ≤ (4n − 9) −
(2n − 5) = 2n − 4, and 2(2n − 5) > 2n − 4 when n ≥ 4. Moreover, since
|E(AGn+1(i1)) ∩ (F − {(u1, v1)})| ≤ 4n − 14, the induction hypothesis assures
that there is a Hamiltonian cycle C in AGn+1(i1) ∩ (F − {(u1, v1)}). Note that
(u1, v1) must be contained in C. Then the construction of a Hamiltonian cycle
in AGn+1−F is similar to Fig. 3(a) (when n = 4 and if j′, k′ exist, let {j′, k′} 6=
{ir, ir+1} for 2 ≤ r ≤ n).

Case 2.3. δ(AGn+1(i1) − F ) = 0. Note that 4n − 13 = 3 < 4 = 2(n − 2) when
n = 4, hence this case will occur only when n ≥ 5, thus, j′ and k′ do not
exist. There is exactly one vertex s with degree zero in AGn+1(i1) − F . Since
δ(AGn+1 − F ) ≥ 2, we have e(n+1)(s) ∩ F = 0. Let (v3, s), (s, u4) ∈ e(n+1)(s)
where v3 ∈ V (AGn+1(i3)) and u4 ∈ V (AGn+1(i4)). Additionally, there exist
(v1, u2), (u1, vn+1) ∈ E(n+1)(AGn+1)− F , where u1, v1 are two distinct vertices
in V (AGn+1(i1)) − {s}, u2 ∈ V (AGn+1(i2)), and vn+1 ∈ V (AGn+1(in+1)). In
addition, let F ′ = {s} ∪ (E(AGn+1(i1))∩ F − {(s, z)|z ∈ V (AGn+1(i1))}). Note
that |F ′| ≤ 2n − 8. By Lemma 1, we can find a Hamiltonian path Pu1v1

in
AGn+1(i1) − F ′. Let I1 = {i2, i3} and I2 = {1, 2, . . . , n + 1} − {i1, i2, i3}. By
Lemma 3, we can find a Hamiltonian path Pu2v3

in AGn+1(I1) − F , and a
Hamiltonian path Pu4vn+1

in AGn+1(I2)−F . Hence a desired Hamiltonian cycle
in AGn+1 − F can be obtained as shown in Fig. 3(b).

Case 3. |E(AGn+1(n + 1)) ∩ F | = 4n − 12. Note that this case will occur only
when 4 ≤ n ≤ 6. In addition, j′ and k′ do not exist and |E(AGn+1(r)) ∩ F | = 0
for all r ∈ {1, 2, . . . , n}. Let i1 = n + 1. Three cases are further considered:

Case 3.1. δ(AGn+1(i1)−F ) ≥ 2. We can find (u1, v1) ∈ E(AGn+1(i1))∩F such
that (v1, u2), (u1, vn+1) ∈ E(n+1)(AGn+1) − F , where u2 ∈ V (AGn+1(i2)) and
vn+1 ∈ V (AGn+1(in+1)). Since |E(AGn+1(i1))∩ (F −{(u1, v1)})| = 4n−13, the
induction hypothesis assures that there is a Hamiltonian cycle C in AGn+1(i1)∩
(F − {(u1, v1)}). Assume that C contains (u1, v1) (otherwise, the discussion is
easier). Then the construction of a Hamiltonian cycle in AGn+1 − F is similar
to Fig. 3(a).

Case 3.2. δ(AGn+1(i1)−F ) = 1. There is exactly one vertex v1 with degree one in
AGn+1(i1)−F . Since δ(AGn+1−F ) ≥ 2, we have (v1, u2) ∈ E(n+1)(AGn+1)−F ,
for some u2 ∈ V (AGn+1(i2)). Select (u1, v1) ∈ E(AGn+1(i1)) ∩ F such that
(u1, vn+1) ∈ E(n+1)(AGn+1)−F , where vn+1 ∈ V (AGn+1(in+1)). We can always
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find such (u1, v1) since |{z|(v1, z) ∈ F and z ∈ V (AGn+1(i1))}| = 2n − 5,
|e(n+1)(z)| = 2 for all z ∈ V (AGn+1(i1)), |E

(n+1)(AGn+1) ∩ F | = (4n − 9) −
(4n− 12) = 3, and 2(2n− 5) > 3 when n ≥ 4. Moreover, since |E(AGn+1(i1))∩
(F − {(u1, v1)})| = 4n − 13, the induction hypothesis assures that there is a
Hamiltonian cycle C in AGn+1(i1) ∩ (F − {(u1, v1)}). Note that (u1, v1) must
be contained in C. Then the construction of a Hamiltonian cycle in AGn+1 −F
is similar to Case 3.1.

Case 3.3. δ(AGn+1(i1)−F ) = 0. There is exactly one vertex s with degree zero
in AGn+1(i1) − F . Since δ(AGn+1 − F ) ≥ 2, we have e(n+1)(s) ∩ F = 0. Let
(v3, s), (s, u4) ∈ e(n+1)(s) where v3 ∈ V (AGn+1(i3)) and u4 ∈ V (AGn+1(i4)).
Additionally, there exist (v1, u2), (u1, vn+1) ∈ E(n+1)(AGn+1)−F , where u1, v1 ∈
V (AGn+1(i1)) − {s}, u2 ∈ V (AGn+1(i2)), and vn+1 ∈ V (AGn+1(in+1)). In ad-
dition, let F ′ = {s} ∪ (E(AGn+1(i1)) ∩ F − {(s, z)|z ∈ V (AGn+1(i1))}). Note
that |F ′| ≤ 2n − 7. By Lemma 1, we can find a Hamiltonian path Pu1v1

in
AGn+1(i1) − F ′. Let I1 = {i2, i3} and I2 = {1, 2, . . . , n + 1} − {i1, i2, i3}. By
Lemma 3, we can find a Hamiltonian path Pu2v3

in AGn+1(I1)−F , and a Hamil-
tonian path Pu4vn+1

in AGn+1(I2) − F . Hence a desired Hamiltonian cycle in
AGn+1 − F can be obtained as shown in Fig. 3(b).

Case 4. |E(AGn+1(n + 1)) ∩ F | = |E(AGn+1(n)) ∩ F | = 2n − 6. Note that this
case will occur only when 4 ≤ n ≤ 6. In addition, j′ and k′ do not exist in
this case and |E(AGn+1(r)) ∩ F | = 0 for all r ∈ {1, 2, . . . , n − 1}. In this case,
we also have δ(AGn+1(r) − F ) ≥ 2 for all 1 ≤ r ≤ n + 1. Let i1 = n + 1 and
i3 = n. The induction hypothesis assures that there are a Hamiltonian cycle C1

in AGn+1(i1) − F and a Hamiltonian cycle C3 in AGn+1(i3) − F . We can find
(u1, v1) ∈ C1 and (u3, v3) ∈ C3 such that (v1, u2), (v2, u3), (v3, u4), (u1, vn+1) ∈
E(n+1)(AGn+1) − F , where u2, v2 ∈ V (AGn+1(i2)), u4 ∈ V (AGn+1(i4)), and
vn+1 ∈ V (AGn+1(in+1)). Let I = {1, 2, . . . , n + 1} − {i1, i2, i3}, Pu1v1

= C1 −
{(u1, v1)}, and Pu3v3

= C3 −{(u3, v3)}. By Lemma 1 and Lemma 3, we can find
a Hamiltonian path Pu2v2

in AGn+1(i2)−F and a Hamiltonian path Pu4vn+1
in

AGn+1(I)−F . Hence a desired Hamiltonian cycle in AGn+1−F can be obtained
as shown in Fig. 3(c).

.
.
.

.
.
.

2 6n − 2 6n −

Fig. 4. A distribution of 4n − 12 edge faults over AGn.

The result is optimal with respect to the number of edge faults tolerated.
Since alternating group graphs can be constructed recursively, it is easy to see
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that there exists a cycle of length 3 in AGn, where n ≥ 4. Fig. 4 shows a
distribution of 4n − 12 edge faults over AGn, where 〈w, u, v, w〉 is a cycle and
(u, v), (u,w) (respectively, (v, u), (v, w)) are the only two fault-free edges incident
to u (respectively, v). It is easy to see that no fault-free Hamiltonian cycle exists
in the faulty AGn.

4 Concluding Remarks

Since processor faults and/or link faults may occur to multiprocessor systems,
it is both practically significant and theoretically interesting to study the fault
tolerance of multiprocessor systems. Most of previous works used the random
fault model, which assumed that the faults might occur everywhere without
any restriction. There was another fault model, i.e., the conditional fault model,
which assumed that the fault distribution must satisfy some properties.

In this paper, adopting the conditional fault model and assuming that there
were two or more fault-free edges incident to each vertex, we constructed a fault-
free Hamiltonian cycle of an n-dimensional alternating group graph with up to
4n−13 edge faults. The main construction methods were demonstrated in Fig. 3.
This result is optimal with respect to the number of edge faults tolerated. Since
an n-dimensional alternating group graph AGn is isomorphic to an (n, n − 2)-
arrangement graph An,n−2, our results and methods might be useful for people
who want to solve Hamiltonian problems on faulty arrangement graphs under
conditional fault model and the same assumption.
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Abstract. This paper introduces a new automaton model called a dual
position automaton (a dual PA), and then presents a faster translation
algorithm from a regular expression (RE) to a dual PA and RE matching
algorithms using a dual PA. For any RE r over an alphabet Σ, our
translation algorithm generates a dual PA consisting of m̃(m̃+1) bits in
O(dm̃/wem̃) time and space, where w is the length of a computer word,
m̃ =

∑
a∈Σ

ma and ma is the number of occurrences of alphabet symbol
a in r. Furthermore, we give a method to construct a compact DFA
representation consisting of only (m̃+1)

∑
a∈Σ

2ma bits from a dual PA.
Using such a DFA representation, we can solve an RE matching problem
fast. Finally, we will generalize our algorithm by introducing a parameter
Ka for each a ∈ Σ.

1 Introduction

Regular expressions (REs) pattern matching problems play an important role in
the field of computer science, computational biology and so on. For this reason,
RE pattern matching algorithms have intensively been studied [1, 3, 12–16]. We
are here concerned with the following RE pattern matching problem: Let r be
an RE and let x be a text string. Then the RE matching problem is to decide
whether or not there is a substring y of x such that y ∈ L(r), where L(r) denotes
the language generated by r. In general, RE matching algorithms are divided
into two parts, a preprocessing part and a matching part. The preprocessing
part translates a given RE into a finite automaton and the matching part does a
matching job using the generated finite automaton. This time, many algorithms
make use of nondeterministic finite automata (NFAs) because the translation can
be efficiently done. Hence constructing NFAs with a smaller size for given REs
is crucial in practical applications and a lot of research for efficiently generat-
ing smaller NFAs has been done (see [2, 5, 7–11]). Deterministic finite automata
(DFAs) are also useful models for the RE matching problem because we can
do an RE matching in a linear time. However, the DFA corresponding to an
RE may become an exponential size in the length of the RE in the worst case.
? This research has been supported in part of Grant-in-Aid for Scientific Research,

Ministry of Education, Culture, Sports, Science and Technology, Japan.
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Hence constructing as compact a representation of DFAs as possible is desired.
In techniques using automata, the time for constructing an NFA or a DFA from
an RE is also crucial when the length of a given RE is large. Therefore, a faster
translation algorithm from an RE to a finite automaton is also required. The
aim of the paper is to introduce a new automaton model and to design efficient
RE matching algorithms as well as a faster translation algorithm.

Two types of NFAs for REs are widely known, one is a Thompson automaton
and the other is a position automaton (PA for short, also called a Glushkov au-
tomaton). Let r be an RE over an alphabet Σ, and let m be the total number of
occurrences of alphabet symbols and operator symbols in r and let m̃ be the num-
ber of occurrences of alphabet symbols in r. Without loss of generality, we may
assume m = O(m̃) as mentioned in [7]. As seen in [8], a Thompson automaton is
an NFA with ε-moves and has at most 2m states and 4m transitions. Thompson
automata can recursively be constructed based on the inductive definition of
REs in O(m̃) time and space. Given a text string of length n, the traditional
algorithm using a Thompson automaton solves the RE matching problem in
O(mn) time and O(m) space. Myers [12] has improved it using the Four Rus-
sians technique so that his algorithm can solve the RE matching problem in
O(mn/ log n) time and space. Recently, Bille [4] has proposed a new algorithm
which improves O(mn) time while preserving O(m) space. His algorithm is also
based on a Thompson automaton.

On the other hand, a PA is an ε-free NFA (that is, an NFA without any ε-
moves) and has exactly m̃+1 states and at most m̃2+m̃ transitions. PAs are also
important models in practical applications because they become smaller than
Thompson automata for some kinds of REs. For this reason, some studies for ef-
ficiently constructing PAs have been done, and O(m̃2) time and space algorithms
have been developed [5, 6]. Recently, Yamamoto, Miyazaki and Okamoto [17]
have presented a faster bit-parallel algorithm generating a PA and related au-
tomata. PAs have another important property that for any state, all incoming
transitions to the state have the same symbol. This property has a potential
for improving complexities of RE matching algorithms. Indeed, Navarro and
Raffinot [14, 15] have made use of this property to obtain a compact DFA rep-
resentation and have presented a faster RE matching algorithm. Their compact
DFA representation requires only O(m̃2m̃) bits while a traditional DFA repre-
sentation obtained from a Thompson automaton requires O(m22m) bits.

In this paper, we will introduce a new automaton model called a dual position
automaton (dual PA), and present an efficient translation algorithm from an RE
to a dual PA and RE matching algorithms. A dual PA is also an ε-free NFA with
exactly m̃ + 1 states and at most m̃2 + m̃ transitions. Unlike a PA, however, it
has a property that for any state, all outgoing transitions from the state have
the same symbol. Clearly, by reversing a PA, we can get an NFA satisfying such
a property, but it accepts a reversed string. We first give a faster algorithm for
translating an RE into a dual PA using a Thompson automaton. Our algorithm
translates a given RE into a dual PA in O(m̃dm̃/we) time and space, where w is
the length of a computer word. Furthermore, a generated dual PA is represented
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with m̃(m̃ + 1) bits. Hence if m̃ = O(w), then the algorithm runs in O(m̃) time
and space. To the best of our knowledge, we do not know any algorithms which
directly generate a dual PA from r. Furthermore, it would take O(m̃2) time even
though a similar technique to a construction of a PA is used because it takes
O(m̃2) time.

Next we show a compact DFA representation obtained from a dual PA. We
improve an idea of Navarro and Raffinot [14, 15] by grouping all states of a dual
PA by a symbol on the outgoing transitions. That is, we partition the set of
states into at most |Σ| subsets Qa according to a symbol a on transitions. In
other words, if the outgoing transitions of states q and p have the same symbol,
then q and p belong to the same subset. Then, for each subset Qa, we make
DFA transitions. In addition, we introduce an idea of a lookahead symbol to a
matching algorithm. By these improvements, a matching time gets to depend
on mα but not on m̃, where mα is defined as mα = max{ma | a ∈ Σ} when
ma denotes the number of occurrences of an alphabet symbol a in r. Our DFA
representation requires only (m̃+1)

∑
a∈Σ 2ma bits. Since Navarro and Raffinot’s

representation is (m̃ + 1)
∏

a∈Σ 2ma bits, ours improves the space. Especially,
the space required would be much smaller when an RE consists of many kinds
of symbols. The RE matching algorithm using our representation also runs in
O(ndmα/we) time. Furthermore, the preprocessing time for constructing a DFA
representation from r is O(dm̃/we(m̃ +

∑
a∈Σ 2ma)). Hence mα = O(w), then

the matching time is O(n) and the preprocessing time is O(m̃ +
∑

a∈Σ 2ma).
Finally, we apply a decomposition technique to our algorithm. Although

Navarro and Raffinot [15] decomposed the whole set of states, we decompose
each subset Qa. That is, we introduce a parameter 1 ≤ Ka ≤ w for each a ∈ Σ
and decompose each Qa by a parameter Ka into dma/Kae subsets. Again, by
this improvement, a matching time gets to depend on mα but not on m̃. Indeed,
we show an RE matching algorithm running in O(dm2

α/(wKα)en) time using
O((m̃ + 1)

∑
a∈Σdma/Kae2Ka) bits. Hence if Ka = O(log n) and m̃ = O(w),

then we get a RE matching algorithm running in O(dmα/ log nen) time and
O(m̃n/ log n) space. This time, the preprocessing time is O(m̃ + m̃n/ log n).

We will rely on a w-bit uniform RAM to estimate the complexities of algo-
rithms. In general, since most papers assume w ≥ log n, we also do so. Note that
we will describe algorithms using m̃-bit vectors or mα-bit vectors for the sake of
convenience. In a practical implementation, however, these bit vectors must be
divided into w-bit vectors. Hence factors of dm̃/we and dmα/we appear in the
time and space.

The paper is organized as follows. In Section 2, we will give basic definitions
of REs. In Section 3, we will explain a Thompson automaton and a dual PA,
and then give a translation algorithm from an RE into a dual PA. In Section 4
we will give RE matching algorithms.

2 Regular Expressions and Some Notations

We here give some definitions for regular expressions.

192 International Workshop on Combinatorial Algorithms 07



q1 p1M1

q2 p2M2

q0 p0

ε ε

εε
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q1 p1M1
q2 p2M2

ε
q1 p1M1

q0 p0
ε ε

(c)

ε

ε

(b)

Fig. 1. Translation of an RE into an NFA. (a) union, (b) concatenation and (c) Kleene
closure

Definition 1. Let Σ be an alphabet. The regular expressions (REs) over Σ are
defined as follows.

1. ∅, ε (the empty string) and a (∈ Σ) are REs that denote the empty set, the
set {ε} and the set {a}, respectively.

2. Let r1 and r2 be REs denoting the sets R1 and R2, respectively. Then (r1∨r2),
(r1r2) and (r∗1) are also REs that denote the sets R1 ∪ R2 (union), R1R2

(concatenation), and R∗1 (Kleene closure or star), respectively.

In this paper, we use some notations as follows.

– By L(r) we denote the language generated by an RE r.
– By m we denote the number of occurrences of alphabet symbols and operator

symbols in r. The length of r means this m.
– By ma we denote the number of occurrences of an alphabet symbol a in r.

In addition, we define m̃ =
∑

a∈Σ ma and mα = max{ma | a ∈ Σ}.
As mentioned in Introduction, we may assume m = O(m̃). Hence we will use

a parameter m̃ to state our results.

3 From Thompson Automata to Dual Position Automata

3.1 Thompson Automata

Thompson automata are recursively constructed based on the definition of REs,
whose construction algorithm is widely known (for example, see [8]). We give an
outline of the construction in Fig. 1. In Fig.1, (a), (b) and (c) show recursive
constructions for union (r1 ∨ r2), concatenation (r1r2) and Kleene closure (r∗1),
respectively. Here M1 and M2 denote NFAs for REs r1 and r2, respectively.
Let M = (Q,Σ, δ, q0, qf ) be a Thompson automata obtained from an RE r
of length m, where Q is a set of states, Σ is an alphabet, δ is a transition
function, q0 is the initial state and qf is the final state. Note that a Thompson
automaton has just one initial state and one final state. Then M has at most
2m states and 4m transitions. Furthermore, for any state q ∈ Q, all outgoing
transitions from q are caused either by the empty string ε or by an alphabet
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symbol a ∈ Σ. If the transitions from q are caused by an alphabet symbol, then
we call state q a sym-state; otherwise an ε-state. We partition a set of sym-states
into several subsets according to an alphabet symbol. Let us call a sym-state
an a-state if the alphabet symbol of the sym-state is a ∈ Σ. Then we define
Qa = {q | q is an a-state}. Such subsets Qa play an important role in improving
an efficiency of an algorithm. We have the following proposition.

Proposition 1. For any RE r of length m, we can construct the Thompson
automaton with at most 2m states and 4m transitions in O(m̃) time and space.

We define the reversed automaton MR of M by reversing all transitions and
interchanging the initial state and the final state, but remaining sym-states and
ε-state unchanged. That is, for any states q and p of M , p ∈ δ(q, a) if and only if
q ∈ δR(p, a), where δR is the transition function of MR. Hence if q is a sym-state
in M , then the incoming transition is done by an alphabet symbol in MR.

Let us introduce some notions for M and MR. We call a state with two
incoming transitions a junction state. Also we say that a state p is a predecessor
of a state q if there is a transition from p to q. Furthermore, a sequences of
transitions from a state to a state is called a path. As seen in (c) of Fig.1,
a star operator generates a transition going back to a previous state. We call
this transition a back transition. That is, the transition from p1 to q1 is a back
transition. Note that a back transition in M becomes a back transition also in
MR. By removing such back transitions from M , we can sort the states of M
from the initial state in a topological order. Here, by a topological order, we
mean that for any states p and q, p < q if and only if there is a directed path
from p to q. It is clear that a topological order of states of MR is defined by
reversing that of M .

Thompson automata have the following important property.

Lemma 1 ([13],Lemma 1). Let M be a Thompson automaton. Then, any
loop-free path in M has at most one back transition.

By the symmetrical structure of a Thompson automaton M , we notice that
Proposition 1 and Lemma 1 also hold for MR. With Lemma 1 and a reversed
automaton, we can efficiently generate a bit vector representation of a dual
position automaton.

Example 1. Let us consider an RE r = (00∨10)∗1 over Σ = {0, 1}. Fig. 2 shows
the Thompson automaton for r.

3.2 Position Automata and Dual Position Automata

First we will explain a position automaton (a PA). Let r be an RE with m̃
occurrences of alphabet symbols. We number all alphabet symbols in r with its
position and denote the obtained RE by r̄. The existing algorithms for generating
a PA have focused on computing sets of positions First, Last and Follow(i).
Here the set First is defined to be {i | aiα ∈ L(r̄)}, the set Last is defined to
be {i | αai ∈ L(r̄)}, and the set Follow(i) is defined to be {j | αaiajβ ∈ L(r̄)}.

A PA G is an ε-free NFA and has the following properties.
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Fig. 2. Thompson automaton for r = (00 ∨ 10)∗1

Property 1 For any state q of G, all incoming transitions to q are activated by
the same alphabet symbol a ∈ Σ.

Property 2 The number of initial states is just one, and the number of final
states is more than or equal to one.

Property 3 The number of states is just m̃ + 1 and the number of transitions
is at most m̃2 + m̃.

Now let us define a dual version of PAs. For any RE r, we call an NFA Ḡ
satisfying the following properties a dual position automaton (a dual PA).

Property 1’ For any state q of Ḡ, all outgoing transitions from q are activated
by the same alphabet symbol a ∈ Σ.

Property 2’ The number of initial states is more than or equal to one, and the
number of final states is just one.

Property 3 The number of states is just m̃ + 1 and the number of transitions
is at most m̃2 + m̃.

As we can see, Property 1 and 1’, and Property 2 and 2’ become symmetric.
Property 3 holds for both of a PA and a dual PA.

We will make use of a dual PA for an RE matching algorithm. Hence, to
generate a bit representation of a dual PA, we also make use of a Thompson
automaton as in Yamamoto [17].

Example 2. Let us consider an RE r = (00 ∨ 10)∗1. Fig. 3 shows the PA and
the dual PA for r. The PA is made from the Thompson automaton in Fig. 2 by
considering only states p3, p5, p7, p9, p13 and the initial state p0. On the other
hand, the dual PA is made by considering only states p2, p4, p6, p8, p12 and the
final state p13. The PA has one initial state p0 and one final state p13, while the
dual PA has three initial states p2, p6, p12 and one final state p13.

3.3 Bit-Parallel Translation Algorithm from an RE to a Dual PA

We focus on sym-states and the final state of a Thompson automaton. By com-
puting the reachability between these states, we can construct a dual PA from
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Fig. 3. Position automaton and dual position automaton for r = (00 ∨ 10)∗1

a Thompson automaton. We will present an efficient bit-parallel algorithm for
translating an RE into a dual PA by using a Thompson automaton. We number
sym-states to implement a set of sym-states as a bit vector. To do this, when
Σ = {a1, · · · , al}, we number states in order of Qa1 , Qa2 , · · ·, Qal

. That is, states
of Qa1 are numbered from 1 to ma1 , states of Qa2 are numbered from ma1 +1 to
ma1 +ma2 , · · ·, and states of Qal

are numbered from
∑

j<l maj +1 to
∑

j≤l maj .
We assign the number 0 to the final state. For any state q, we denote by num(q)
a number assigned to q. In Fig. 2, a figure attached to each sym-state is the
number of the state.

Let r be an RE over Σ and let M = (Q, Σ, δ, q0, qf ) be the Thompson
automaton constructed from r. To compute the transition function of a dual
PA, we compute an array NEXT[q, σ] whose elements are bit vectors of m̃ + 1
bits, where q ∈ Q and σ ∈ Σ ∪{ε}. Here note that if σ = a ∈ Σ, then q ∈ Qa. In
addition, the array NEXT[q, σ] satisfies that the ith bit of NEXT[q, σ] is equal
to 1 if and only if there is a path from state q to a sym-state p with number
i. If q is an a-state, then this means that M can move from state q to p by an
alphabet symbol a. We can efficiently compute NEXT[q, a] by using the property
of Lemma 1 and the reversed automaton MR of M . Note that Lemma 1 also
holds for MR. Finally, the desired dual PA is represented by NEXT[q, a] on all
sym-states q and alphabet symbols a. Hence the size of NEXT[q, a] becomes
m̃(m̃ + 1) bits.

The algorithm starts with REtoDPA given in Fig. 4. In the algorithm, the
operator | denotes bitwise OR. Furthermore, we use two functions BitSet and
BitCheck. BitSet(v, i) sets the ith bit of v to 1. BitCheck(v, i) checks whether or
not the ith bit of v is equal to 1, and if equal, then it returns 1; otherwise returns
0. Since these functions can easily be implemented so that they can run in O(1)
time, the details are omitted here. For any RE r, REtoDPA translates r into the
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Algorithm REtoDPA(r)
Input: an RE r.
Output: Dual PA Ḡ = (Q′, Σ, δ′, I, qf ).

Step 1. Translate r into the Thompson automaton M . This time, also compute Σr

which is the set of alphabet symbols occurring in r.
Step 2. For all a ∈ Σr, number each state of Qa.
Step 3. Let q0 be the initial state of M . Then, add a new initial state qini and a

transition from qini to q0 by ε to M .
Step 4. For all states q of M , if q is an a-state for an alphabet symbol a ∈ Σr, then

NEXT[q, a] := 0; otherwise NEXT[q, ε] := 0.
Step 5. Generate MR from M and do ReachState(MR,NEXT,Σr).
Step 6. Generate Ḡ as follows:

1. define Q′ to be the set {q | q is a sym-state or the final of M },
2. define the final state qf to be the final state of M ,
3. for all a ∈ Σ

for all q ∈ Qa, define δ′(q, a) to be NEXT[q, a].
4. for all states q ∈ Q′, if BitCheck(NEXT[qini, ε],num(q)) = 1, then add q to I.

Fig. 4. The algorithm REtoDPA

Thompson automaton M , and then invokes the procedure ReachState for MR.
The procedure ReachState, given in Fig. 5, computes array NEXT[q, a] using
MR. This time, Lemma 1 guarantees that we can correctly compute NEXT[q, a]
by traversing all states of MR twice in a topological order. We have the following
theorem.

Theorem 1. Let r be an RE with m̃ occurrences of alphabet symbols. Then the
algorithm REtoDPA correctly translates r into the dual PA in O(m̃dm̃/we) time
and space. If m̃ = O(w), then it runs in O(m̃) time and space.

The proof will be given in appendix.

4 RE Matching Algorithms

We first give a compact DFA representation and a matching algorithm using it,
and then extend them by grouping parameters Ka.

4.1 Compact DFA Representation and Matching Algorithm

We generate a compact DFA representation D[a, b, Ia] and FINAL[a] from a dual
PA Ḡ with NEXT [p, a], where a, b ∈ Σ and 0 ≤ Ia ≤ 2ma − 1. The element of
D[a, b, Ia] is a bit vector of mb bits, and if D[a, b, Ia] = Ib (0 ≤ Ib ≤ 2mb−1), then
it means that there is a transition from a subset Ia of a-states to a subset Ib of b-
states in Ḡ. Note that Ia is a bit vector representation for the set Qa of a-states of
Ḡ. The element v of array FINAL[a] is a bit vector of 2ma−1 bits, which satisfies
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Procedure ReachState(MR,NEXT,Σr)

Repeat the following twice:
for all states q of MR do the following in a topological order:
1. if q is the initial state, then BitSet(NEXT[q, ε],num(q)),
2. if q is an a-state with an incoming transition from a state p1 (note that in this

case q has just one incoming transition), then NEXT [q, a] := NEXT [p1, ε] and
BitSet(NEXT[q, ε],num(q)),

3. if q is a junction state, then NEXT [q, ε] := NEXT [p1, ε] | NEXT [p2, ε], where
p1 and p2 are two predecessors of q;

4. otherwise NEXT [q, ε] := NEXT [p1, ε], where p1 is a predecessor of q.

Fig. 5. The procedure ReachState

that the i-th bit of v is 1 if and only if there is a transition on a from a state of
the i-th subset of Qa to the final state of Ḡ, where subsets of Qa are numbered
from 0 to 2ma − 1. Then D[a, b, Ia] and FINAL[a] are generated by procedure
GenDFA(Ḡ) given in Fig.7, which is an extension of a technique used in [14, 15].
To compute D[a, b, Ia], we first compute the array E[Ia] denoting a transition
from a set Ia of a-states to sym-states, and then compute a transition from a
set Ia of a-states to b-states. The size of D[a, b, Ia] is m̃

∑
a∈Σ 2ma bits because

m̃ =
∑

a∈Σ ma, and the size of FINAL[a] is
∑

a∈Σ 2ma bits. Hence the total size
is (m̃+1)

∑
a∈Σ 2ma bits. In the algorithm, the operator & denotes bitwise AND

and the operator >> denotes Shift Right. Furthermore, B[b] denotes a bit-mask
for b-states, that is, its value is an m̃ + 1-bit vector and only bits corresponding
to b-states are 1; other bits are 0.

The matching algorithm REMatchDFA(r, x), given in Fig.6, outputs end-
points of all substrings of x matching r. This algorithm makes use of one looka-
head symbol, if any, to hold only a-states for some alphabet symbol a at a time.
In D[a, b, Ia], symbol a corresponds to current symbol and symbol b corresponds
to the next symbol (that is, the lookahead symbol).

Now let us check the time for generating a DFA representation D[a, b, Ia]
from a given RE r. By Theorem 1, it takes O(m̃) time to generate a dual PA M .
The procedure GenDFA(Ḡ) generates D[a, b, Ia] in O(dm̃/we(∑a∈Σ 2ma)) time.
Hence it takes O(dm̃/we(m̃ +

∑
a∈Σ 2ma)) time in total. We get the following

theorem. Here, as mentioned before, m̃ is the number of occurrences of alphabet
symbols in an given RE r and ma is the number of occurrences of an alphabet
symbol a, and mα = max{ma | a ∈ Σ}.

Theorem 2. The matching part of the algorithm REMatchDFA runs in O(n
dmα/we) time using O((m̃ + 1)

∑
a∈Σ 2ma) bits. Furthermore, the preprocessing

time for constructing a DFA representation is O(dm̃/we(m̃ +
∑

a∈Σ 2ma)). If
m̃ = O(w), then the matching time is O(n) and the preprocessing time is O(m̃+∑

a∈Σ 2ma).
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Algorithm REMatchDFA(r,x)
Input: an RE r and a text string x = x1 · · ·xn, where xi ∈ Σ.
Output: endpoints i of all substring of x matching r.

Step 1. Generate a dual PA Ḡ = (Q, Σ, δ, Iq, qf ) using REtoDPA(r).
Step 2. Generate a DFA D[a, b, Ia] using GenDFA(Ḡ).
Step 3. /* Setting initial states. Each bit vector INIT [a] is set for all initial a-states

*/
1. INIT := 0, /* INIT is an m̃ + 1-bit vector */
2. for all states q ∈ Iq, BitSet(INIT ,num(q)),
3. J := 1,
4. for a = a1, · · · , al,

(a) INIT [a] := (INIT & B[a]) >> J ,
(b) J := J + ma,

Step 4. if the final state qf is included in Iq, then output 0, /* This means that ε
matches r */

Step 5. CSTATE := INIT [x1].
Step 6. for i = 1 to n− 1 do

1. if BitCheck(FINAL[xi],CSTATE ]) = 1, then output the position i,
2. CSTATE := D[xi, xi+1,CSTATE ],
3. /* set self-loop on initial states to find all substrings matching r*/

CSTATE := CSTATE | INIT [xi+1]
Step 7. if BitCheck(FINAL[xn],CSTATE ]) = 1, then output the position n

Fig. 6. The algorithm REMatchDFA

4.2 Generalization of Algorithm by Grouping States

Navarro and Raffinot [15] partition the whole set of states of a PA into several
subsets and construct DFA-like transitions for each subset of states. For each a ∈
Σ, we introduce a parameter 1 ≤ Ka ≤ w, and then partition each subset Qa but
not the whole set into t = dma/Kae subsets Q0

a,· · ·,Qt−1
a each of which consists

of Ka states. Then we generate a DFA representation for every subset. We call
such a DFA representation a partial DFA representation, which is represented by
an array D[a, b, Iha

a , ha], where a, b ∈ Σ, 0 ≤ Iha
a ≤ 2Ka and 0 ≤ ha ≤ t− 1. The

array D[a, b, Iha
a , ha] is computed by the procedure GenPartial given in Fig. 9

and satisfies

D[a, b, Ia] = D[a, b, I0
a , 0] | D[a, b, I1

a , 1] | · · · | D[a, b, It−1
a , t− 1]

This leads to a more efficient matching algorithm REMatchPartial given in Fig.8.

Theorem 3. The matching part of the algorithm REMatchPartial runs in O(d
m2

α/(wKα)en) time using O((m̃ + 1)
∑

a∈Σdma/Kae2Ka) bits. Furthermore the
preprocessing time for constructing a partial DFA representation is O(dm̃/we(m̃
+

∑
a∈Σdma/Kae2Ka)).

Each parameter Ka can be regarded as a kind of a measure to decide a
degree of determinism. If m̃ = O(w) and Ka = O(log n), then we get an RE
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Procedure GenDFA(Ḡ)
Input: a dual PA Ḡ with NEXT [q, a].

1. I := 1 and E[0] := 0
2. for a = a1, · · · , al /* Σ = {a1, · · · , al} */
3. for i = 0, . . . , ma − 1
4. for j = 0, · · · , 2i − 1
5. E[2i + j] := E[j] | NEXT [I + i, a]
6. if BitCheck(E[2i + j], 0) = 1, then BitSet(FINAL[a], 2i + j)
7. J := 1
8. for b = a1, · · · , al

9. D[a, b, 2i + j] := (E[2i + j] & B[b]) >> J
10. J := J + mb

11. for-end
12. for-end
13. for-end
14. I := I + ma

15. for-end

Fig. 7. The algorithm GenDFA

matching algorithm running in O(mαn/ log n) time with preprocessing time
O(m̃ + m̃n/ log n).
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Algorithm REMatchPartial(r,x)
Input: an RE r and a text string x = x1 · · ·xn, where xi ∈ Σ..
Output: endpoints i of all substring of x matching r.

Step 1. Generate a dual PA Ḡ = (Q, Σ, δ, Iq, qf ) using REtoDPA(r).
Step 2. Generate a DFA D[a, b, Ia] using GenDFA(Ḡ).
Step 3. /* Setting initial states. Each bit vector INIT [a] is set for all initial a-states

*/
1. INIT := 0, /* INIT is an m̃ + 1-bit vector */
2. for all states q ∈ Iq, BitSet(INIT ,num(q)),
3. J := 1,
4. for a = a1, · · · , al,

(a) INIT [a] := (INIT & B[a]) >> J ,
(b) J := J + ma,

Step 4. if the final state qf is included in Iq, then output 0, /* This means that ε
matches r */

Step 5. CSTATE := INIT [x1].
Step 6. for i = 1 to n− 1 do

1. if BitCheck(FINAL[xi],CSTATE) = 1, then output i,
2. Temp := 0 and J := 0,
3. for h = 0, · · · , dmxi/Kxie − 1,

(a) KSTATE := CSTATE & 0 · · · 01Kxi , /* extract Kxi bits from CSTATE
*/

(b) Temp := Temp | D[xi, xi+1,KSTATE , h],
(c) J := J + Kxi ,
(d) CSTATE := CSTATE >> J ,

4. CSTATE := Temp | INIT [xi+1], /* update the current state and set self-loop
*/

Step 7. if BitCheck(FINAL[xn],CSTATE) = 1, then output n,

Fig. 8. The algorithm REMatchPartial
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Procedure GenPartial(Ḡ)
Input: a dual PA Ḡ with NEXT [q, a].

1. I := 1 and E[0] := 0
2. for a = a1, · · · , al /* Σ = {a1, · · · , al} */
3. for h = 0, · · · , dma/Kae − 1
4. if h 6= dma/Kae − 1, then K := Ka; otherwise K := ma −Kah
5. for i = 0, . . . , K − 1
6. for j = 0, · · · , 2i − 1
7. E[2i + j] := E[j] | NEXT [I + i, a]
8. if BitCheck(E[2i + j], 0) = 1, then BitSet(FINAL[a], 2i + j)
9. J := 1

10. for b = a1, · · · , al

11. D[a, b, 2i + j, h] := (E[2i + j] & B[b]) >> J
12. J := J + mb

13. for-end
14. for-end
15. I := I + K + 1
16. for-end
17. for-end
18. for-end

Fig. 9. The algorithm GenPartial

Appendix

5 Proof of Theorem 1

Let M be the Thompson automaton for a given RE r. First we will prove the
following lemma to show the correctness of the algorithm.

Lemma 2. The ith bit of NEXT [q, a] becomes 1 if and only if M can move from
an a-state q to a sym-state p with num(p) = i by the alphabet symbol a.

Proof. First let us show the only-if-part. For any states q and p of M , it is clear
that there is a path from q to p if and only if there is a path from p to q in MR.
We can easily see that if the ith bit of NEXT [q, σ] is set to 1 by ReachState,
then for a sym-state p with num(p) = i, there is a path from p to q in MR. This
time, if q is an a-state for any alphabet symbol a, then σ = a and the sequence
of symbols over the path is ε · · · ε · a. That is, this means that M can move from
q to p by the alphabet symbol a.

Next let us show the reverse direction, that is, the if-part. To do this, it is
sufficient to show the following claim. Here Q′ = {q | q is a sym-state or the
final state of M }.
Claim. For any states q, p ∈ Q′, if M can move from q to p by a symbol a, then
ReachState sets the num(p)th bit of NEXT [q, a] to 1.
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Proof of the claim. Since M can move from q to p by a symbol a, there is a loop-
free path from q to p in M . Hence the reversed path from p to q is also loop-free in
MR. Furthermore, this reversed path have at most one back transition because
Lemma 1 holds for MR. Now let this path be Z = p1(= p), p2, . . . , pt(= q).
If Z does not contain any back transitions, then ReachState sets the num(p)th
bit of NEXT [q, a] to 1 in the first traverse of Step 2. This is because we have
p1 < p2 < · · · < pt in a topological order and all states other than q and p are
ε-states. Next suppose that Z contains one back transition. Here, without loss
of generality, let the transition from pl to pl+1 be a back transition. This time,
we have p1 < · · · < pl and pl+1 < · · · < pt in a topological order. Hence, since
ReachState can see that there is a path from p to pl in the first traverse of Step
2, it sets the num(p)th bit of NEXT [pl, ε] to 1. However, at this moment, it may
not know whether or not there is a path from pl to q. In the second traverse of
Step 2, ReachState can see that there is a path from p to q because it can use the
value of NEXT [pl, ε] by the back transition from pl to pl+1. Hence ReachState
sets the num(p)th bit of NEXT [q, a] to 1. Thus we have the claim.

It follows from this lemma that the algorithm REtoGlu correctly computes
a Glushkov automaton.

Next let us discuss the complexity. By Proposition 1, we can construct the
Thompson automaton M and the reversed automaton MR with O(m̃) states and
transitions in O(m̃) time and space. The procedure ReachState traverses all states
and transitions of M at most twice. When W is word-length of a computer, since
it takes O(dm̃/we) time to process each state, Step 3 takes O(m̃dm̃/we) time.
Step 4 also takes O(m̃dm̃/we) time. Hence the total time becomes O(m̃dm̃/we).
The space mainly depends on an array NEXT [q, a], which requires O(m̃dm̃/we)
space. Hence the space becomes O(m̃dm̃/we). If m̃ = O(w), then the algorithm
runs in O(m̃) time and space. Thus the theorem has proven.
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The Volume of the Birkhoff Polytope

E. Rodney Canfield1 and Brendan D. McKay2

1 Department of Computer Science,
University of Georgia,

Athens, GA 30602, USA
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2 Department of Computer Science,
Australian National University,
Canberra, ACT 0200, Australia

bdm@cs.anu.edu.au

Abstract. For integer n, define Bn to be the polytope of all n× n non-
negative real matrices whose rows and columns each sum to 1. Using a
recent asymptotic enumeration of non-negative integer matrices (Can-
field and McKay, 2007), we determine the asymptotic volume of Bn as
n →∞.

A doubly-stochastic matrix of order n is an n × n non-negative real ma-
trix whose rows and columns each sum to 1. As is well-known, the set of all
doubly-stochastic matrices of order n form a polytope, the Birkhoff-von Neu-
mann polytope, whose vertices are the permutation matrices. We are concerned
with the volume of this polytope.

The Birkhoff polytope is an example of a lattice polytope, since its vertices
lie on the integer lattice. It sits in the space Rn×n, but the constraints on the
row and column sums imply that it spans an affine subspace of dimension only
(n−1)2.

Two types of volume are customarily defined for lattice polytopes. We can
illustrate the difference using the example

B2 =
{( z 1−z

1−z z

) ∣∣∣∣ 0 ≤ z ≤ 1
}

=
[( 01

10

)
,
( 10

01

) ]
,

where the last notation indicates a closed line-segment in R2×2. The length of
this line-segment is the volume vol(B2) = 2. We can also consider the lattice
induced by Z2×2 on the affine span of B2: this consists of the points

(
z 1−z

1−z z

)
for integer z. The polytope B2 consists of a single basic cell of this lattice, so
it has relative volume ν(B2) = 1. In general, vol(Bn) is the volume in units of
the ordinary (n−1)2-dimensional Lebesgue measure, while ν(Bn) is the volume
in units of basic cells of the lattice induced by Zn×n on the affine span of Bn.

It was proved by Diaconis and Efron [3] that vol(Bn) = nn−1 ν(Bn). If we
expand Bn by a large factor, its volume can be approximated by the number of
points of the integer lattice which lie inside it. This can be made rigorous:

ν(Bn) = lim
s→∞

M(n, s)
s(n−1)2

,
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where M(n, s) is the number of non-negative integer matrices of order n such
that all the rows and columns sum to s. The latter is known asymptotically for
n →∞ due to recent work of Canfield and McKay [2]. This leads eventually to

vol(Bn) =
1

(2π)n−1/2n(n−1)2
exp

(
1
3

+ n2 + O(n−1/2+ε)
)
.

This asymptotic formula compares very well with the exact values known up
to n = 10 [1].

We also achieve some generalization to non-square matrices.
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Orthogonal Drawings of Series-Parallel Graphs?

Takao Nishizeki

Graduate School of Information Sciences, Tohoku University, Aoba-yama 6-6-05,
Sendai, 980-8579, Japan.

Abstract

In an orthogonal drawing of a planar graph G, each vertex is drawn as a
point, each edge is drawn as a sequence of alternate horizontal and vertical line
segments, and any two edges do not cross except at their common end. A bend is
a point where an edge changes its direction. A drawing of G is called an optimal
orthogonal drawing if the number of bends is minimum among all orthogonal
drawings of G.

In this talk we deal with the class of series-parallel (multi)graphs of degrees at
most 3, and give a simple linear algorithm to find an optimal orthogonal drawing
in the variable embedding setting. The graph G in Fig. 1 is series-parallel, and has
various plane embeddings; two of them are illustrated in Figs. 1(b) and (c); there
is no plane embedding having an orthogonal drawing with no bend; however, the
embedding in Fig. 1(b) has an orthogonal drawing with one bend as illustrated
in Fig. 1(a) and hence the drawing is optimal; the embedding in Fig. 1(c) needs
three bends as illustrated in Fig. 1(d); given G, our algorithm finds an optimal
drawing in Fig. 1(a). Our algorithm works well even if G has multiple edges or
is not biconnected, and is much simpler and faster than the known algorithms
for biconnected series-parallel simple graphs; we use neither the min-cost flow
technique nor the SPQ∗R tree, but uses some structural features of series-parallel
graphs. We furthermore obtain a best possible upper bound on the minimum
number of bends.
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Fig. 1. (a) An optimal orthogonal drawing with one bend, (b), (c) two embeddings of
the same planar graph, and (d) an orthogonal drawing with three bends.
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Time-Constrained Graph Searching

Brian Alspach

School of Mathematical and Physical Sciences,
The University of Newcastle

Abstract

Searching graphs or digraphs for an intruder has been studied since the 1970s.
There has been a boost in activity in the area because of mobile software agents.
Most of the research has concentrated on the minimum number of searchers
required to capture an intruder for a variety of searching models. There are
applications for which the cost of searchers is negligible and minimizing the time
required to capture an intruder is of interest. The latter is the subject of this
talk.
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Computing the k Most Representative Skyline
Points

Xuemin Lin

School of Computer Science & Engineering
University of New South Wales
Sydney, NSW 2052, Australia
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Abstract

Skyline computation has many applications including multi-criteria decision
making. In this talk, we study the problem of selecting k skyline points so that
the number of points, which are dominated by at least one of these k skyline
points, is maximized. We first present an efficient dynamic programming based
exact algorithm in a 2d-space. Then, we show that the problem is NP-hard when
the dimensionality is 3 or more and it can be approximately solved by a polyno-
mial time algorithm with the guaranteed approximation ratio 1− 1

e . To speed-up
the computation, an efficient, scalable, index-based randomized algorithm is de-
veloped by applying the FM probabilistic counting technique. A comprehensive
performance evaluation demonstrates that our randomized technique is very ef-
ficient, highly accurate, and scalable.
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Distance constrained graph labeling: From
frequency assignment to graph homomorphisms

Jan Kratochvil

Charles University, Prague

Abstract

The notion of distance constrained graph labelings stems from a practical
problem of assigning frequencies to transmitters with the aim of avoiding un-
wanted interference. Apart from having this applied motivation, the problem
is rather interesting from theoretical point of view as well. We will survey re-
cent results and open problems, and in particular explore the connections to the
algebraically motivated notion of graph homomorphisms.
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The use of decomposition in the study of
even-hole-free graphs

Kristina Vušković

School of Computing, University of Leeds, UK

Abstract

We consider finite and simple graphs. We say that a graph G contains a
graph F , if F is isomorphic to an induced subgraph of G. A graph G is F -free if
it does not contain F . Let F be a (possibly infinite) family of graphs. A graph
G is F-free if it is F -free, for every F ∈ F .

Many interesting classes of graphs can be characterized as being F-free for
some family F . Most famous such example is the class of perfect graphs. A graph
G is perfect if for every induced subgraph H of G, χ(H) = ω(H), where χ(H)
denotes the chromatic number of H and ω(H) denotes the size of a largest clique
in H. The famous Strong Perfect Graph Theorem states that a graph is perfect
if and only if it does not contain an odd hole nor an odd antihole (where a hole
is a chordless cycle of length at least four).

In the last 15 years a number of other classes of graphs defined by excluding
a family of induced subgraphs have been studied, perhaps originally motivated
by the study of perfect graphs. The kinds of questions this line of research was
focused on were whether excluding induced subgraphs affects the global structure
of the particular class in a way that can be exploited for putting bounds on
parameters such as χ and ω, constructing optimization algorithms (problems
such as finding the size of a largest clique or a minimum coloring), recognition
algorithms and explicit construction of all graphs belonging to the particular
class. A number of these questions were answered by obtaining a structural
characterization of a class through their decomposition (as was the case with
the proof of the Strong Perfect Graph Theorem).

In this talk we survey some of the most reacent uses of the decomposition
theory in the study of classes of even-hole-free graphs. Even-hole-free graphs
are related to β-perfect graphs in a similar way in which odd-hole-free graphs
are related to perfect graphs. β-Perfect graphs are a particular class of graphs
that can be polynomialy colored, by coloring greedily on a particular, easily
constructable, ordering of vertices.
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Haplotype Inference Constrained by Plausible
Haplotype Data

Gad M. Landau?

Department of Computer Science,
University of Haifa, Israel

Abstract

The haplotype inference problem (HIP) asks to find a set of haplotypes which
resolve a given set of genotypes. This problem is of enormous importance in
many practical fields, such as the investigation of diseases, or other types of
genetic mutations. In order to find the haplotypes that are as close as possible
to the real set of haplotypes that comprise the genotypes, two models have been
suggested which by now have become widely accepted: The perfect phylogeny
model and the pure parsimony model. All known algorithms up till now for the
above problem may find haplotypes that are not necessarily plausible, i.e. very
rare haplotypes or haplotypes that were never observed in the population. In
order to overcome this disadvantage we study in this paper, for the first time,
a new constrained version of HIP under the above mentioned models. In this
new version, a pool of plausible haplotypes H is given together with the set of
genotypes G, and the goal is to find a subset of H that resolves G.

? Joint work with Tzvika Hartman, Danny Hermelin and Liat Leventhal.
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Full-Text Indexing in a Changing World

Moshe Lewenstein

Department of Computer Science, Bar Ilan University, Israel

Abstract

Full-Text indices have been around for over 30 years now. Nevertheless, with
the advent of the web, growing databases and a growing collection of applications
dictates new needs from full-text indices. There is a need for them to be fast,
space efficient, and to handle new issues such as errors in the text.

In this talk several of these problems will be presented and some of the new
approaches to solutions will be presented.
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1 Open Problems in Dynamic Map Labeling

Brief description The problem of map labeling is well-studied in GIS and com-
putational geometry. The standard setting for such problems is the traditional
(static) map. We are interested in dynamic maps, the sort we are familiar with on
the web. The user can zoom and pan to view different portions of some large map
that does not fit in the screen. One idea for solving dynamic labeling is to reduce
them directly to static labeling. This is essentially the approach of Petzold [3, 4,
6, 5]. The problem with this approach is the consistency issue as pointed out by
[1]. They listed a set of consistency desiderata, formalized the dynamic labeling
problem. In particular, they introduce a natural class of dynamic placements
called point-invariant placements which as a nice interpretation as a geometric
cone (the third dimension is scale space). They also provided a practical solution
satisfying the desiderata. This solution is implemented in the G-Vis System [2],
a dynamic map for continental USA which is accessible by any browser.

Since this problem is quite new, most issues are open. But here are two
specific problems taken from [1]:

1. The solution in [1] assumes each label has a single placement. It should not
be hard to generalize this to having a (small) finite set of discrete possibilities
per label. More challenging is to accomodate labels with a continuous set of
possibilities.

2. The complexity of the problem of active range optimization (ARO) in
[1] is open. Intuitively, we can view a dynamic label as a cone (with a rectan-
gular base) in 3-D. The problem is to truncate these cones so that they are
non-overlapping subject to some optimization criteria. Recently, Sheung-Hung
Poon (private communication) noted that the 1-D optimization version of the
simplified ARO is polynomial-time, but the 2-D version remains open.

More Detail Here is the standard (simplified) setting: we are given a map
M , viewed as rectangular region of the plane, and containing a set of (map)
features. There are three kinds of features: points, lines, regions. Note that a
line feature is really a polygonal line, and a region feature is really a connected
polygonal region.

Each of these features has a label (viewed as a floating rectangle) which may
be placed on the map satisfying suitable constraints. E.g., A point label must
be within a certain radius of the point (but not cover it). A line label must be
placed parallel to one on the line segments of the polyline, either above or below
the line segment within some distance. A region label must intersect the region.

The computational problem is to (1) select a subset of the labels, and (2)
place each selected label in a suitable position satisfying the above constraints,
such that no two labels overlap. The optimization criterion is usually to maximize
the number of selected labels. Sometimes, we assume the selection subproblem
(1) has been solved, and we only want to do the placement subproblem (2).

In the dynamic setting, we assume that only a portion of the map M is
visible. That is we can choose a “viewing window” or portal P . Intuitively, we
can zoom and pan this portal to view different parts of the map at different
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scales. For simplicity, assume the portal shape is fixed (say, it is a square). A
portal is parametrized by three numbers: (s, x, y) where s > 0 is the zoom scale,
and (x, y) is the portal position. This determines a square P (s, x, y) centered
at position (x, y) on M . The sides of P (s, x, y) has length s. We imagine this
portion of M is then transformed to a fixed size window W on the computer
screen. Note that W has the same shape as the portal, and a label displayed
on W has a fixed size (i.e., it does not depend on the scale s). This means that
when we zoom in, labels grow in size on the screen, and two non-overlapping
labels may begin to overlap.

Petzold et al. [3, 4, 6, 5] used a pre-processing solution that reduces dynamic
to static map labeling. The idea is this: given (s, x, y), we first retrieve some
superset L of the labels that are potentially visible in the portal P (s, x, y). Then
we run a static labeling algorithm on this set L. The problem with this solution is
that there is no “consistency” for different choices of s, x, y. A set of consistency
requirements is specified in [1], who also provided a solution that satisfies them.
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5. I. Petzold, G. Gröger, and L. Plümer, Fast screen map labeling - data-structures
and algorithms, In Proc. 21th International Cartographic Conferences (ICC’03),
pages 288-298, 2003.
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2 Graphs with no equal length cycles

Let f(n) be the maximum number of edges in a graph on n vertices in which
no two cycles have the same length. In 1975, Erdös raised the problem of deter-
mining f(n) (see [1]). Y. Shi [4] proved that

f(n) ≥ n + b(√8n− 23 + 1)/2c

for n ≥ 3. Boros et al. proved that

f(n) ≤ n + 1.98
√

n(1 + o(1)).

Chunhui Lai [3] proved that

lim inf
n→∞

f(n)− n√
n

≥
√

2.4.

Combining this with the upper bound in [2], we get

1.98 ≥ lim sup
n→∞

f(n)− n√
n

≥ lim inf
n→∞

f(n)− n√
n

≥
√

2.4.

We make the following conjecture:

Conjecture.

lim
n→∞

f(n)− n√
n

=
√

2.4.
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3 Entropy-compressed suffix trees

Given a text T [1, n] over an alphabet of size s, a plain representation requires
n log s bits (log is to base 2). A k-th order compressor can reduce its size to nHk
bits, where Hk is the empirical k-th order entropy of T [1]. Classical text indexes
such as suffix trees and suffix arrays [2] require O(n log n) bits. This waste of
space is troublesome when indexing large texts that could fit in main memory but
whose indexes (sometimes 20 times larger than the text!) cannot. Thus there is a
strong interest in reduced-space representations that retain reasonable efficiency.

Many recent developments [3] achieve suffix array functionality using nHk +
o(n log s) bits, for any k ≤ a logs n and any constant 0 < a < 1. This space also
contains the text, in the sense that the structure is capable of reproducing any
text substring. By “suffix array functionality” I mean counting the number of
occurrences of any pattern, and enumerating its text positions. The former can
be done, say, in O(m log s) time (m being the pattern length), and the latter in
O(polylog(n)) time per reported occurrence.

Suffix tree functionality is more ambitious. It permits navigating the (con-
crete or virtual) suffix tree with operations like parent, child-labeled-a, first-child,
next-sibling, suffix-link (leading from node representing ax to node representing
x, a being a symbol and x a string), queries like subtree-size, first-leaf, last-leaf,
and optionally other more ambitious ones like level-ancestor, lowest-common-
ancestor, etc.

There have been recent achievements on succinct suffix trees with full func-
tionality, most notably Sadakane’s [4]. Yet all of them still require O(n) extra
bits of space on top of the entropy. In principle, nHk + o(...) bits should be
sufficient (as at worst one can uncompress the text, build the suffix tree, and do
the operation!), but no one has devised a way to operate efficiently on a suffix
tree structure that is fully entropy-compressed, without any extra linear space.
I believe this should be possible.
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4 Indexed approximate string matching

This is the problem of finding all the approximate occurrences, in a text T [1, n], of
a pattern P [1,m], both over an alphabet of size s. By “approximate occurrence”
I mean that at most k “edit operations” need to be done on any text substring
to make it match the pattern. The most popular edit operations are insertions,
deletions, and substitution of characters [1]. In particular I refer to the indexed
variant of the problem [2], where one builds an index on T to speed up the
searches for arbitrary patterns.

Although there has been progress on this problem, one still finds that either
the index is of exponential size (in k or m or s), or the search takes exponential
time. See e.g. [3, 4]. I believe this is a fundamental space/time barrier, but as far
as I know this has not been proved.
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5 Does a polynomial maximising algorithm imply a
polynomial minimising algorithm?

Optimisation problems come in two flavours: maximisation and minimisation.
Among these, some are polynomially solvable. Polynomially solvable optimisa-
tion problems can be said to form a class Popt. Thus Popt = Pmax ∪Pmin, where
Pmax (Pmin) is the class of polynomially solvable maximisation (respectively,
minimisation) problems. Of course, Pmax ∩ Pmin = ∅.

For a problem P ∈ Popt, let P ′ be the dual of P .

(a) If P ∈ Pmax, is P ′ ∈ Pmin always? (In other words, is P ′ also always poly-
nomially solvable?)

(b) Is the opposite always true — if P ∈ Pmin, is P ′ ∈ Pmax always?
(c) Are both (a) and (b) true always? In other words, is Popt closed under duality

?

Are there any results known on these problems ?
Same “problem” as above, but let the optimisation problems be polynomially

bounded — that is, the optimal solution value is bounded by a polynomial in
the size of the problem instance.

Prabhu Manyem,
University of Ballarat,
Australia.
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6 Certificate Dispersal Problems

We consider a mobile network, where each node u has a private key pri.u and a
public key pub.u. Users themselves create their public and private keys. In this
network, in order for a node u to send a message m to a node v securely, u
needs to know pub.u to encrypt the message with it, denoted by pub.v < m >.
If a node u knows the public key pub.v of another node v in the network, then
the node u can issue a certificate from u to v that identifies pub.v. A certificate
from a node u to a node v is of the following form: pri.u < u, v, pub.v >. The
certificate is encrypted by using pri.u and it contains three items: (i) the identity
of the certificate issuer u, (ii) the identity of the certificate subject v, and (iii)
the public key of the certificate subject pub.v.

Any node who knows pub.u can use it to decrypt the certificate from u to v
for obtaining pub.v. When a node u wants to obtain the public key of another
node v, u acquires a sequence of certificates pri.u < u, v0, pub.v0 >, pri.v0 <
v0, v1, pub.v1 >, . . . pri.v` < v`, v, pub.v > which are stored in either u or v.

All certificates issued by nodes in a network can be represented by a directed
graph, called a certificate graph, denoted by G = (V, E). We define a dispersal
D of a directed graph G = (V,E) as a family of sets of edges indexed by V ,
where D = {Dv ⊆ E|v ∈ V }. We define a request for a certificate graph G
as a reachable ordered pair of nodes in G, denoted by (u, v). A set of requests,
denoted by R, is called full if all reachable pairs of nodes in G are contained in
R. We call a dispersal D of a directed graph G = (V, E) satisfies a set of requests
R, if for any request (u, v) in R, there exists a path from u to v in Du ∪ Dv,
where Du and Dv are dispersals of u and v. Let D be a dispersal of G satisfying
R. The cost of dispersal D, denoted by c.D, is the sum of cardinalities of each
dispersal in D. A dispersal D of G satisfying R is optimal if and only if for any
other dispersal D′ satisfies R, c.D ≤ c.D′.

The MINIMUM CERTIFICATE DISPERSAL PROBLEM(MCD) is defined
as follows:

INPUT: A directed graph G = (V, E) and a set of requests R

OUTPUT: A dispersal D of G satisfying R with the minimum cost.

It has been shown that MCD is NP-complete, even if the input graph is
restricted to a strongly connected one. Also a polynomial-time 2-approximation
algorithm can be constructed for strongly connected graphs. Moreover, it can be
shown that this algorithm outputs optimal dispersals for complete graphs, trees,
rings and Cartesian product of graphs.

In general, MCD is NP-complete for strongly connected graphs. A remain-
ing question is whether MCD remains NP-complete for bidirectional graphs(or
undirected graphs) and/or full requests or not.

Can the approximation ratio of MCD algorithms can be improved? That
is, can a polynomial-time α-approximation algorithm such that α < 2 be con-
structed for any directed graph?
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The 2-approximation algorithm shown in [1] becomes optimal one for com-
plete graphs, trees, rings hypercubes(more generally, Cartesian product of graphs).
For some useful graph classes, such as chordal graphs or interval graphs, can we
construct an optimal MCD algorithm?
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7 The Maximum Number of Runs in a String

Given a nonempty string u and an integer e ≥ 2, we call ue a repetition; if
u itself is not a repetition, then ue is a proper repetition. Given a string x, a
repetition in x is a substring

x[i..i + e|u|1] = ue,

where ue is a proper repetition and neither x
[
i + e|u|..i + (e + 1)|u| − 1)

]
nor

x[i − |u|..i − 1] equals u. We say the repetition has period |u| and exponent e;
it can be specified by the integer triple (i, |u|, e). It is well known [2] that the
maximum number of repetitions in a string x = x[1..n] is Θ(n log n), and that
the number of repetitions in x can be computed in Θ(n log n) time [2, 1, 10].

A string u is a run if and only if it is periodic of (minimum) period p ≤ |u|/2.
Thus x = abaabaabaabaab = (aba)4ab is a run of period |aba| = 3. A substring
u = x[i..j] of x is a run or maximal periodicity in x if and only if it is a run of
period p and neither x[i − 1..j] nor x[i..j + 1] is a run of period p. The run u
has exponent e = b|u|/pc and possibly empty tail t = x[i + ep..j] (proper prefix
of x[i..i + p− 1]). Thus

1 2 3 4 5 6 7 8 9 10 11 12 13 14

x = b a a a b a a b a a b a b a

contains a run x[3..12] of period p = 3 and exponent e = 3 with tail t = a of
length t = |t| = 1. It can be specified by a 4-tuple (i, p, e, t) = (3, 3, 3, 1). and it
includes the repetitions (aab)3, (aba)3 and (baa)2 of period p = 3. In general it is
easy to see that for e = 2 a run encodes t+1 repetitions; for e > 2, p repetitions.
Clearly, computing all the runs in x specifies all the repetitions in x. The idea
of a run was introduced in [9].

Let rx denote the number of runs that actually occur in a given string x,
and let ρ(n) denote the maximum number of runs that can possibly occur in
any string x of given length n. A string x = x[1..n] such that rx = ρ(n) is said
to be run-maximal.

In [7, 8] it was shown that there exist universal positive constants k1 and k2

such that
ρ(n)/n < k1k2 log2 n/

√
n,

but the proof was nonconstructive and provided no way of estimating the mag-
nitude of k1 and k2. In [7], using a brute force algorithm, a table of ρ(n) was
computed for n = 5, 6, . . . , 31, giving also for each n an example of a run-maximal
string; for every n in this range, ρ(n)/n < 1 and ρ(n) ≤ ρ(n − 1) + 2. In [5] an
infinite sequence X = {x1,x2, . . . .} of strings was described, with |xi+1| > |xi|
for every i ≥ 1, such that

lim
i→∞

rxi/|xi| = 3
2φ

,
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where φ = 1+
√

5
2 is the golden mean. Moreover, it was conjectured that in fact

lim
n→∞

ρ(n)/n =
3
2φ

. (1)

Recently a different and simpler construction was found [6] to yield another
infinite sequence X of strings for which the ratio rxi/|xi| approached the same
limit; in addition, it was shown that for every ε > 0 and for every sufficiently
large n = n(ε), 3

2φε provides an asymptotic lower bound on ρ(n)/n.
In 2006 considerable progress was made on the estimation of an upper bound

on ρ(n)/n:

∗ ρ(n)/n ≤ 5.0 [12];
∗ ρ(n)/n ≤ 3.48 [11];
∗ ρ(n)/n ≤ 3.44 [13];
∗ ρ(n)/n ≤ 1.6 [3].

Thus the problem may be stated as follows:

Is conjecture (1) true?
If not, then characterize the function ρ(n)/n.

Help may be found in recent work studying the limitations imposed on the
existence and length of runs in neighbourhoods of positions where two runs are
known to exist [4, 14].
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