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Abstract. We design a linear time algorithm computing the maximum weight Hamiltonian path in
a weighted complete graph KT , where T is a given undirected tree. The vertices of KT are nodes of
T and weight(i, j) is the distance between i, j in T . The input is the tree T and two nodes u, v ∈ T ,
the output is the maximum weight Hamiltonian path between these nodes. The size n of the input
is the size of T (however the total size of the complete graph KT is quadratic with respect to n).
Our algorithm runs in O(n) time. Correctness is based on combinatorics of alternating sequences.
The problem has been inspired by a similar (but much simpler) problem in a famous book of Hugo
Steinhaus.

1 Introduction

The maximum Hamilton cycle and path problems are generally NP-hard, see [2,3]. We introduce
an interesting class of graphs for which these problems are solvable in linear time. Although it is
rather of small practical importance, it is combinatorially and algorithmically quite interesting.

In his famous book “One Hundred Problems in Elementary Mathematics” Hugo Steinhaus as
Problem 65 asked for the value max(n) of a maximum Hamiltonian path in the graph Kn with
weights of edges between a pair of vertices (i, j) given by |i − j|. In other words the weights of
edges correspond to the metric of a simple path of nodes, a trivial case of an undirected tree. In
this paper we extend this to aribitrary tree with positive weights on edges. In case of a metric
given by a simple path there are very elementary closed formulas for the total weight of maximum
Hamiltonian paths in graphs implied by this metric.

Lemma 1. [H. Steinhaus, see [1] ]
If n is even then max(n) = n2−2

2 , otherwise max(n) = n2−3
2 .

In this paper we extend this to a more complicated problem of constructing in linear time
a maximum Hamiltonian path between any given pair of nodes, with a metric implied by an
arbitrary tree.

Assume T is an undirected tree with the set of nodes {1, 2, . . . , n}. By distT (u, v) we denote
the length of the shortest path between u and v in T . Let KT be the complete graph Kn with
weights of edges given by

weight(u, v) = distT (u, v).

We define formally our problem as follows:

input: given a tree T with n nodes and two different nodes u, v ∈ V (T );
output: the maximum weight Hamiltonian path in KT from u to v.
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Fig. 1. A longest Hamiltonian path P when T is the line with n = 9 nodes and unit cost edges. According to
Lemma 1 we have weight(P) = n2−3

2
= 39. This path starts in a centroid and ends in its neighbor. Maximum

paths between arbitrary pairs of nodes (usually not adjacent ones) are more complicated.

Our main result is a linear time algorithm solving this problem. The main tools are centroids
of a tree and alternating sequences: colored sequences in which adjacent elements are of diferent
colors. In the next sections we discuss them in detail.

2 Alternating sequences and maximum Hamiltonian paths

Assume we have a coloring C of a set of n elements. We represent a coloring as a partition of this
set into color classes:

C = (C1, C2, . . . , Ck)

We say that a sequence γ over this set is C-alternating if and only if it is a permutation of all n
elements of this set and no two adjacent elements of the sequence are of the same color.

Example 1. Let
C = ({1, 2}, {3, 4, 5}, {6, 7, 8, 9, 10, 11}),

then as an alternating sequence we can take

γ = (6 4 7 1 8 3 9 2 10 5 11).

We project our notion of coloring onto the set of vertices of a tree. Assume r ∈ T . We root the
tree in this node. Then by r-coloring we mean a coloring such that the color of each node v 6= r
corresponds to the subtree of T − {r} containing v and r has unique color.
For u ∈ V (T ) denote by ∆(u) the sum of distances from u to all other vertices in T .

Lemma 2. Let r be any node of T and C be the r-coloring of all nodes of T . If γ is a C-alternating
sequence starting with u and ending with v then:

(a) γ is a maximum weight Hamiltonian path from u to v in KT

(b) weight(γ) = 2∆(r)− dist(u, r)− dist(v, r).

Proof. We first prove the following fact:

Claim. For any node r′ and a path γ′ = x1x2 . . . xn, where x1 = u, xn = v, we have

weight(γ′) 6 2∆(r′)− dist(u, r′)− dist(v, r′)
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Fig. 2. A tree rooted in vertex r gives the r-coloring as a family of sets C = ({r}, {2}, {1, 5}, {3, 4, 6}, {7, 8, 9}).
Each set represents different color and corresponds to a distinct subtree of the tree rooted in r, the vertex r is
colored by its own color.

Proof. Observe that the triangle inequality

dist(xi, xi+1) 6 dist(xi, r
′) + dist(r′, xi+1)

implies the following:

weight(γ′) 6 dist(x1, r
′) + dist(r′, x2)+

+ dist(x2, r
′) + dist(r′, x3)+

. . .

+ dist(xn−1, r
′) + dist(r′, xn)

= 2∆(r′)− dist(u, r′)− dist(v, r′)

This completes the proof of the claim.

Consequently a sequence γ (if it exists) satisfying the property in the assumption of Lemma 2 is
of maximum weight. This result follows from definition of r-coloring: xi and xi+1 are of different
colors, so they reside in different subtrees of a tree rooted in r (or one of them is r, but the
argument holds anyway). Because of that we now have:

∀16i<n dist(xi, xi+1) = dist(xi, r) + dist(r, xi+1)

This completes the proof of the lemma.

Unfortunately the lemma gives no hint about existence and efficient location of a node r satisfying
the assumption. The next two sections give tools to find good r.

3 Algorithmics of alternating sequences

Assume C = {C1, C2, . . . , Ck}, where |C1| 6 |C2| 6 . . . |Ck|. Denote by max(C) the size of the
largest set of elements of the same color and by rem(C) the number of remaining elements, hence
rem(C) + max(C) = n.

For two sequences γ1 = (a1, a2, . . . , ap), γ2 = (b1, b2, . . . , bq), where q 6 p, we define the
interleave operation as follows:

interleave(γ1, γ2) = (a1, b1, a2, b2, a3, b3, . . . , aq, bq, aq+1, aq+2, . . . , ap)
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Example 2. For sequences α = (1, 2, 5, 8, 9) and β = (6, 3, 4) we have:
interleave(α, β) = (1, 6, 2, 3, 5, 4, 8, 9).

We also introduce the operation sequentialize which for a sequence of disjoint sets produces the
sequence of all elements of these sets starting with elements of the first set and continuing with
elements of consecutive sets (order inside sets is arbitrary).

Lemma 3 (Existence of an alternating sequence).

1. A C-alternating sequence exists if and only if max(C) 6 rem(C) + 1.
2. If it exists then it can be constructed in linear time.
3. If both end-elements of the computed sequence γ are of the same color then this color occurs

rem(C) + 1 times.

Proof. The necessity is obvious: if max(C) > rem(C)+1 then we do not have enough remaining
elements to separate all elements of the largest color, so in any permutation two of them should
be neighbors.

Assume now that we have a coloring C = {C1, C2, . . . , Ck}, where |C1| 6 |C2| 6 . . . 6 |Ck|.
We can assume k > 1. Denote by SPLIT (C) = (A, B) the partition of C into two disjoint
colorings:

A = {C1 ∪ C2 ∪ . . . ∪ C ′j}, B = {C ′′j ∪ Cj+1 ∪ . . . Ck},

where j < k and the partition Cj = C ′j ∪ C ′′j is chosen to guarantee:

|C1 ∪ C2 ∪ . . . ∪ C ′j | =
⌊n
2

⌋
.

Possibly one of the sets C ′j , C
′′
j is empty. We can choose j < k due to k > 1 and max(C) 6

rem(C) + 1
Let γR denote the reversed version of a sequence γ. We can construct the required sequence

γ in the following way:

input : Coloring C
output: C-alternating sequence of C1∪C2∪ . . .∪Ck

(A, B) := SPLIT (C);
α := sequentialize(A);
β := sequentialize(B);
γ := interleave(βR, αR);
return γ;

Algorithm 1: AlterSeq1(C)

We have only to show that there is no conflict related to color Cj , since it is the only color which
can appear both in α and β. However there is no conflict caused by color Cj , since j < k and
|Cj | is too small.

It is easy to see that the algorithm AlterSeq1 produces C-alternating sequence γ of C1∪C2∪
. . .∪Ck in linear time. Moreover, both end-elements of the computed sequence γ are of the same
color if and only if this color occurs rem(C) + 1 times. This completes the proof of the Lemma.



Example 3. We show how the algorithm works for the following coloring:

C = (C1, C2, C3, C4) = ({1, 2}, {3, 4}, {5, 6, 7, 8}, {9, 10, 11, 12, 13})
In this case

j = 3, C ′3 = {5, 6}, C ′′3 = {7, 8}
α = (13, 12, 11, 10, 9, 8, 7), β = (6, 5, 4, 3, 2, 1)

and finally the result of the algorithm is:

γ = interleave(α, β) = (13, 6, 12, 5, 11, 4, 10, 3, 9, 2, 8, 1, 7)

Much more complicated is the question of alternating sequences starting and ending in given
nodes u, v.

Example 4. Suppose C = ({1, 2}, {3, 4}) and we impose the condition that the sequence starts in
u = 1 and ends with v = 2. Then there is no such alternating sequence. However if we strengthen
the inequality from Lemma 3 to max(C) < rem(C) then such a sequence exists.

Lemma 4. Assume C is a coloring of n elements, where n > 1, u 6= v and max(C) 6 rem(C)−1.
Then there is a C-alternating sequence γ from u to v.

Proof. The case n 6 3 can be checked directly. Hence from now on we assume n > 4.
Instead of elements u, v we consider their colors A, B. Hence we need a sequence which has

fixed colors A, B at its ends (it is not relevant which ends). If we remove u and v from our
universe then the resulting coloring C′ satisfies the condition from Lemma 3: we have max(C′) 6
rem(C′) + 1.

Let γ′ := AlterSeq1(C′) be a C′-alternating sequence missing two elements (with regard to C)
with the colors A, B. Now we insert two previously removed elements u, v with colors A and B
into γ′. The main point is to show how to do it. We have several cases depending on the colors
C, D of the first and the last element of γ′.

Case 1: The trivial case: {A, B} ∩ {C, D} = ∅.
We insert u at arbitrary end of γ′ and v at the other end of γ′, thus obtaining a desired
alternating sequence γ.

Case 2: Also rather straightforward case: (A 6= B ∧ C 6= D).
There is a possibility that either C or D equals either A or B, so we might be constrained
with placing u or v at one end of γ′.

Case 3: (C = D)
Then by Lemma 3 the color C is exhausted and none of A, B equals C. This is in fact a special
subcase of Case 1.
We can assume now that C 6= D and A = B. Without loss of generality let A = C. So the
only remaing case is as follows.

Case 4: (A = B = C 6= D).
We insert one element of color A after D. We’re left with one element of color A, but we
cannot put it at the end of our sequence – we have to insert it in between a pair of elements
of γ′ such that neither of them is of color A. We can use a simple counting argument that it
can be done due to the inequality max(C) 6 rem(C)− 1. We omit technical details.
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The whole algorithm is written in pseudocode as AlterSeq2. This completes the proof.

input : C = {C1, C2, . . . , Ck}, |C1| 6 |C2| 6 . . . 6 |Ck|, u ∈ Ci, v ∈ Cj ,
max(C) 6 rem(C)− 1, i < j

output: C-alternating sequence of C1 ∪ C2 ∪ . . . ∪ Ck with u, v at its ends
C ′i = Ci − {u};
C ′j = Cj − {v};
C′ := {C1, C2, . . . , Ci−1, C

′
i, Ci+1, . . . , Cj−1, C

′
j , Cj+1, . . . , Ck};

γ′ := AlterSeq1(C′);
A := color(u), B := color(v);
C := color(first(γ′)), D := color(last(γ′));
if ({A, B} ∩ {C, D} = ∅) then

return u γ′ v;
end
else if (A 6= B ∧ C 6= D) then

if (u γ′ v) is an alternating sequence then
return u γ′ v;

end
else

return v γ′ u;
end

end
else // Assume A = B = C 6= D

γ′′ := γ′ with first element removed;
γ′′ := uγ′′v;
insert first(γ′) into γ′′ without violating alternating property;
return γ′′;

end
Algorithm 2: AlterSeq2(C, u, v)

Example 5. We show how the algorithm works if Case 2 applies, let

C = ({1}, {3, 4, 5, 6}, {7, 8, 9, 10}), u = 3, v = 8.

After removing elements u and v we get the coloring:

C′ = ({1}, {4, 5, 6}, {7, 9, 10}).

Then after applying algorithm from Lemma 3 we obtain:

AlterSeq1(C′) = γ′ = (7 5 9 4 10 1 6).

Now we have the second case from the last proof. We insert removed elements at the ends in
a suitable way and get the final result:

AlterSeq2(C, 3, 8) = (3 7 5 9 4 10 1 6 8)



Example 6. We show now an example when Case 1 applies, let:

C = ({1}, {2}, {3, 4}, {5, 6, 7}) u = 1, v = 2.

We have n = 7 and |C4| = max(C) < n
2 . Then the algorithm constructs the sequence γ =

(1 5 3 6 4 7 2). In fact there are 12 such sequences.

We are mostly interested in colorings given by r-colorings in trees. Assume until end of the paper
that the smallest color corresponds to a singleton set (in case of r-colorings to {r}).

Lemma 5. Assume C is a coloring of n elements with |C1| = 1 and max(C) = rem(C). Then
there exists C-alternating sequence γ starting from u and ending in v if and only if at least one
of u, v is of the largest color. In case an alternating sequence exists it can be computed in linear
time.

Proof. In this case max(C) = rem(C) = n
2 . Assume C1 consists of a single element and u is of the

largest color. We provide an algorithm for constructing a proper alternating sequence in linear
time.

input : C = {C1, C2, . . . , Ck}, |C1| 6 |C2| 6 . . . 6 |Ck|, |C1| = 1, u ∈ Ck,
max(C) = rem(C)

output: C-alternating sequence of C1 ∪ C2 ∪ . . . ∪ Ck with u, v at its ends
α := sequentialize(Ck);
β := sequentialize(Ck−1, Ck−2, . . . , C1);
γ := interleave(α, β);
exchange the first element of γ with u;
if v ∈ Ck then

exchange the last element of color Ck in γ with v;
exchange the last element of γ with v;
return γ;

Algorithm 3: AlterSeq3(C, u, v)

The sequence γ after the interleave operation is obviously alternating. Also it starts with the
largest color Ck and ends with the singular element of color C1 which has an element of color Ck

to its left. This allows us to exchange u with the first element of γ – we do not modify the “color
signature” of γ this way, because both of these elements are of color Ck. Placing the element v
at the end of γ is a bit tricky and needs special consideration when v ∈ Ck.

Assume that v 6∈ Ck. Then, before exchange, v is either of color C1 (and then it’s already
the last element of γ) or is surrounded by elements of color Ck and we can safely swap v with
the last element of γ, which is of color C1. Conversely if v ∈ Ck then swapping it with the last
element in γ would ruin the alternating property – the last two elements would be of color Ck.
Therefore we must first exchange v with the last element of color Ck in γ (this does not modify
the color signature) and lastly we may simply swap the two last elements of γ (v and the single
element colored C1) without violating the alternating property. This ends the proof of correctness
of algorithm AlterSeq3.

Observation. If the assumption |C1| = 1 is dropped then the last lemma is false, for example if
C = {{1, 2}, {3, 4}} and color(u) = color(v) thenmax(C) = rem(C) but there is no C-alternating
path from u to v.
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4 Computing maximum Hamiltonian paths

In this section we present a linear time algorithm constructing a maximum Hamiltonian path in
KT between two different nodes u, v ∈ V (T ). We show that the vertex r satisfying Lemma 2 for
given u, v can be chosen as one of the potentially at most two nodes minimizing the separability.

v2

v5

v6v3v4 v7

v1

v8 v9

v10

v11 v12

Fig. 3. The nodes v2 and v7 are the centroids.

The measure of separability of a vertex v in tree T , denoted by βT (v), is the size of maximum
component of V (T )− {v}. A vertex v is called a centroid if it has minimal separability over all
vertices in T .

r′

1

r

u

v

2

Fig. 4. A bicentroidal tree with centroids denoted by r, r′. There is no alternating path from u to v with respect
to r-coloring, but there exists such path with respect to r′-coloring: γ = (u 1 r 2 r′ v).

Lemma 6. For a given tree T we can compute in linear time: centroids of T , ∆(v) and the
distance to each centroid, for all v ∈ V (T ).

Proof. To compute the centroids of T we need to know for each v ∈ V (T ) the size of the largest
subtree of v. We start by rooting T in any node r ∈ V (T ) (we denote this rooted tree as Tr) and
computing the sizes of all subtrees of r and its descendants with a simple linear-time depth-first
search. Assume T is rooted at r, then we can compute the size of a subtree rooted at every vertex
of T by traversing T bottom up. The size of the subtree rooted at v is the sum of sizes related
to its sons plus one (for vertex v).
Using these values we can easily find the maximum size of an undirected subtree in T − {v} of
any node v ∈ V (T ), where T now is the originally undirected tree.

We can similarly compute ∆(v) for all v ∈ V (T ). We start by computing ∆(r) using any
linear algorithm. Then we can inductively use the formula:

∆(v) = ∆(parent(v)) + n− 2 · SubtreeSize[v]



where parent(v) is the parent of node v in Tr.

The distance to each centroid is computed trivially in linear time using straightforward graph-
searching techniques applied at most two times (as there are at most two centroids). This ends
the proof of the lemma.

We present a theorem which describes how to compute the maximum value of a path. This
theorem follows directly from the results in the previous two sections.

Theorem 1. For centroid of T such that there is an alternating sequence γ with respect to r
from u to v. We know such r exists. Then γ is the maximum path from u to v in KT and its
weight equals 2 ·∆(r)− dist(u, r)− dist(v, r).

Proof. We start with the following claim:

Claim. [Folklore]
(a) If a vertex v is a centroid then βT (v) 6

⌊
n
2

⌋
.

(b) A tree with an odd number of vertices has exactly one centroid. A tree with an even number
of vertices either has only one centroid v, in which case βT (v) < n

2 , or it has two adjacent
centroids u and v, in which case βT (u) = βT (v) =

n
2 and ∆(u) = ∆(v).

Due to the above claim and Lemmas 5 and 4 for any chosen pair of distinct nodes u, v for
at least one (of at most two) centroids r of T there is a C-alternating path between nodes u, v,
where C is the r-coloring. We call this centroid a good centroid.

Let r be a good centroid and C be r-coloring. Then any C-alternating sequence starting with
u and ending with v is a maximum weight Hamiltonian path from u to v in KT .

Corollary 1.
(a) The maximum weight of a Hamiltonian path in KT equals 2 ·∆(r) − dist(r, v), where r is
one of the centroids of T and v is the closest neighbor of r (i.e. dist(r, v) is minimal).

(b) The maximum weight of a Hamiltonian cycle in KT equals 2 ·∆(r), where r is a centroid of
T .

Lemma 8 together with Lemma 4 and Lemma 5 directly imply the following fact.

Theorem 2. We can compute a maximum Hamiltonian path in KT between two given nodes in
linear time.

Proof. We proove the theorem by providing the following algorithm.
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if (there are two centroids in T ) then
choose centroid r such that at least one of u, v
is of the largest color in r-coloring;

end
else

r becomes the unique centroid;
end
C := r-coloring of T ;
if (T is bicentroidal) then

γ := AlterSeq3(C, u, v);
end
else

γ := AlterSeq2(C, u, v);
end
return γ;

Algorithm 4: MaxPath(T , u, v)

Theorem 3. We can preprocess a given tree in linear time to allow queries about the value of
a maximum Hamiltonian path between two nodes in KT in O(1) time.

Proof. To quickly output the length of a maximum Hamiltonian path between a given pair
of nodes in KT (without the path itself) we need to find the (at most two) centroids of T . For
each centroid r we have to compute distance to all other nodes in v. It follows from Lemma 8
that both operations can be done in linear time. If there’s only one centroid r, then we already
have all necessary information to compute the value of maximum Hamiltonian paths in constant
time.

When there are two centroids r 6= r′ in tree T then there’s one more preprocessing step
involved. We need to be able to quickly recognize which vertices belong to the largest subtrees
of r and r′ . This is useful in cases similar to fig. 4 when we need to determine which centroid
to use for construction of maximum Hamiltonian paths in KT . This additional step can also be
done in linear time.

5 Final remarks

We have shown that finding maximum Hamiltonian path between two vertices of KT is algorith-
mically and combinatorially interesting. It is based on the algorithm for constructing sequences
with alternating colors and choosing centroids as good vertices (satisfying assumption of Lemma
2). However the good vertex need not be a centroid. For example when the tree is a single path
1− 2− 3− 4− 5, and u = 4, v = 5 we can chose r = 2 as a good vertex, but 2 is not a centroid,
though r = 2 satisfies Lemma 2 in case of this tree.

One can ask a natural related question about the minimum Hamiltonian path between two
distinct vertices u, v of KT . Now there is much less fun and the solution is rather straightforward.
We double each edge of T , except the edges on the shortest path from u to v. In this way we
obtain a multigraph T ′. In this graph each vertex has even degree except u and v. Let us take
an Euler path π from u to v in T ′ (see fig. 5). Then traverse π and jump over already visited
vertices. Vertices are listed when they are visted for the first time.



u v

Fig. 5. Using Euler tours to obtain the minimum Hamiltonian paths in KT .

The resulting path γ is the Hamiltonian path in KT from u to v of minimum weight. Its total
weight is the double sum of weights of all edges minus the sum of weights of edges of the shortest
path from u to v.

We apply here the technique called Euler Tour method. This technique has been used pre-
viously for trees especially in parallel computing, see [4]. The weight of a minimum weight
Hamiltonian cycle is the double sum of weights of all edges of T . A cycle can be generated as a
sequence o first-time visited vertices during DFS traversal starting from any node of the tree.
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