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Warsaw University, Institute of Mathematical Machines, Warsaw,
Patac Kultury i Nauki VIII p., Poland

The concept of the dimension of stability of stochastic automata is introduced
and examined. We are concerned with the minimal-state form of the automaton
and the dimension of stability. Natural automata are defined, for which the
dimension of stability is not less than the difference between the number of
states and the number of states of its minimal-state equivalent. For minimal
state automata, the upper bound on the dimension of stability is given, and we
demonstrate minimal-state automata for which the dimension of stability
reaches this upper bound. An estimate of the dimension of stability of automata
that are not necessarily minimal state is based on this result for minimal-state
automata,

1. INTRODUCTION

The stochastic automaton which is considered in this paper is the
generalization of the deterministic automaton of Rabin’s type. The internal
structure of an m-state stochastic automaton is given by a set of stochastic
square matrices or, equivalently, by the set of linear transformations of the
set 77 into T, where T™ is the set of all possible probability distributions
of states of the m-state automaton. The output behavior of the stochastic
automaton is given by the output function.

By stability we denote the ability of stochastic automaton changing its
internal structure without a change of the output behavior. We introduce the
idea of the set of stable perturbations which characterizes stability of automata.

Since stable perturbations are vectors in ordinary are Euclidean space, we
can introduce the concept of the dimension of stability as a dimension of
linear subspace generated by stable perturbations.

2. Notrions AND NOTATIONS

Let 2 = {0y, 05 ,..., 0} and let Z* be the set of all finite sequences of
elements in X, the empty sequence included. The elements of 2* are said
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to be the words under the alphabet 2 and denoted by u, v, w. If £ is a vector
then §; denotes its ith entry.

DrriNiTION 1. Theset 7% = {(e B Y, & =1; €, = 0fori = 1,.,n
is said to be the stochastic simplex and its elements are stochastic vectors.
The matrix is called stochastic whenever all its rows are stochastic vectors.

DeriNition 2. The n-state stochastic automaton A4 (abbreviated by
s.a. 4) is the pair (M, , 7>, where M, is a set of # X m stochastic matrices
indexed by the elements of X, such that to every o &2 there corresponds
exactly one matrix in M, indexed by ¢. By 4A(c) we shall mean the matrix
belonging to M, , indexed by o.

74 is a n-dimensional column-~vector whose entries equal 1 or 0.

The n-dimensional stochastic vector whose ith entry equals 1 and other
entries 0 is denoted by s, and is called the 7th state of the s.a. 4. T™ is called
the set of distributions of states of the s.a. 4.

For # = o, -+ 0, where g, € X for { = 1,..., m, we define

Alw) = Aoy) -+ Aloy).

A(A) is the unit matrix. 8, is the transition function and A, is the output
function for an s.a. 4 where

84t Tn X 2% Ty 8¢ u) = EA(w);
Agp T7 x 2* —~ EY AfE u) = EA(u)n, = 04(& w4

for (e T uec X%,

DEerinrTIoN 3. Two s.a. 4, B are strongly undistinguishable (denoted by
A = B) if the following conditions simultaneously hold. (1) 4, B have the
same number of states; (2) n, = np; (3) for every ue Z*, £ e T7, A 4(§, u) =

Ag(€, u).

DeriNiTION 4. Let the s.a. 4 be n-state, A(o,z) denoting the ith row
of the matrix A(0), E)" = {€c Em: Y, & = 0}. We say that the vector
& € Ey" is a perturbation of the s.a. 4 if there exist o € Z'and 1 < ¢ < nsuch
that A(o,7) -+ £ is stochastic. In this case, we construct the automaton
[o, i, £]4 by replacing the ¢th row in the matrix 4(o) by A(o,7) + & If 4
and this constructed automaton are strongly undistinguishable, we say that ¢
is a stable perturbation of s.a. 4 for the 7th row of the matrix 4(c). In the
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next part, we shall see that the stable perturbation for ith row of A(c) is also
the stable perturbation for all jth rows of A(e”) such that 4(o’,j) + £ is
stochastic, so we define the stable perturbation of the s.a. 4 as that vector
ée By for which there exist arbitrary o2 and 1 <7 <{#n such that
Ao, 1) + £ is stochastic and [o, 7, £]4 = A.

Let P, be the linear subspace generated by all perturbations of s.a. 4, Z,
be the linear subspace generated by all stable perturbations of s.a. 4.

DeriniTiON 5. The dimension of stability of s.a. 4 (abbreviated by
dim st A4) equals the dimension of Z ;.

3. ReLaTioNs BETWEEN STABLE PERTURBATIONS AND
VANISHING DIRECTIONS

DermniTioN 6. Vector £ € Ey” is a vanishing direction of an n-state s.a. 4
iff &+ A(u) - 9, = 0 for all u € Z*. Note that ¢ - A(A) - n, = 0 if and only
if ¢ - m, = 0. F, denotes the set of all vanish direction of s.a. 4, F, is linear
subspace of Ey™.

Let C be an n X m matrix. It is obvious that C - A(u) - 7, = 0 for all
u & X* iff all rows of C are vanishing directions of s.a. 4.

Lemma 1. Let n, = np and s.a. A, B be n-state. A4 = B iff for every
o2 and 1 < i < n, Blo,i) — Ao, 7) is a vanishing direction of s.a. A.

Proof of sufficiency. Let (B(s, 7) — A(o, 7)) eF 4 for all 1 <4 < n. Denote
B(c) — A{o) by C(0). Letu € Z*, u = oy ..., 6,, where g, € X fori = 1,..., m.
C(o;) A(w) - m4 = 0 for all we X*. Hence

B(u) - ny~ A@w) - m4 = A(oy) * A(oyy) C(00) * 14
+ A(Ul) T A(Gm—Z) C(Um—l) A(Um> M4
4 - Cloy) - Cloy) “ 4 = 0.

Hence A, = A3 and 4 = B.

Proof of necessity. A = B implies (B(w) — A(w)) - 7, = 0 for all w € 2*.
Hence (B(s, ) — Ao, 1)) + A(A) - n, = O0foroe X, 1 <7 < n By induction
on the length of #, we can simply obtain that (B(e, £) — A(o, 7)) A(u) -7, =0
for ueX*. Hence B(o,7) — A(o,i) is a vanishing direction for oe 2,
1 <7 < n. This completes the proof.

Lemma 1 and Definition 4 imply:
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THEOREM 1. Vecior ¢ € Ey" is a stable perturbation of an n-siate s.a. A iff
éeF and £is a perturbationof ans.a. A. A = Biff foreveryce 2,1 <1 < n,
B(o,7) — Alo, 1) is a stable perturbation of the s.a. 4.

Z,=F,NP,.

CoroLLARY 1. A stable perturbation ¢ for ith row of the matrix A(c) is
also a stable pertubation for all jth rows of A(e") such that A(o’,j) + & is
stochastic, where o, o' € 2. Let an s.a. A, B be n-state and v, = ny . For number
ac|0,1] we consiruct the n-state automaton aA + (1 — a)B = C, where
e = 14 * Clo) = ad(s) + (1 — a) B(o) for all s € 2.

TueEoREM 2. A=B=B=daA 4 (1l —a)B= 4.

Proof. Let C = ad + (1 — a)B. Clo,2) — Ao, 7)) = (1 — a)
(B(o,2) — Ao, 7)) for 1 < £ < n, 0 € 2|, is a vanishing direction.
Hence, Lemma 1 implies C = 4. It completes the proof.

4. RELATIONS BETWEEN STABILITY AND MINIMIZATION

DeriniTioN 7. Let an s.a. 4, B be n-state and m-state, respectively:
£eT? yeT™ We say that £ and y are stochastic equivalent (denoted by
£ =48y) i A€, u) = Ap(y, u) for every ueX*. For A =B we write
£ =y instead of £ =44y s.a. 4, B are stochastic equivalent (denoted by
4 ~ B) iff for every £ € T™ there exists y € T™ such that y =5 £ and for
every y € T™ there exists £ € 7" such that £ =48, The n-state s.a. 4 is
minimal state iff for every m-state s.a. B B &~ A4 implies m > n. Relations ~
and = are equivalence relations. ‘

DEerFiniTION 8.
Ig={a -x:acR xcM, a0}

where M = {£ € Ey™: for some i {l, 2,...,n}, £ = —1 and &, = 0 for all
k £ 1}

The elements of I; are called internal directions.

It is shown in Paz (1968) that s.a. 4 is minimal state iff none of states is
stochastically equivalent to a convex combination of another states.

Let &, & be distributions of states of s.a. 4. & =& iff § — & is a
vanishing direction of s.a. 4.
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If y is a convex combination of states §;™,.., 552y, S5y 5oy S, then
y — s is an internal direction. It implies the following.

THEOREM 3. s.a. 4 is mumimal-state iff F, N 1; = &.

Lemmva 2. If n-state s.a. A and m-state s.a. B arve siochastic equivalent
and s.a. B is minimal state, then there exist (n — m) linearly independent
internal divections which are vanishing directions of 5.a. A.

Proof. Let B be the set of all distributions of states of s.a. B stochastically
equivalent to any s,%,..., s,”. We shall prove that {s;,..., 5, C G. Assume
that s/ ¢ G and 1 <7 <{m. There exists {€ T" such that §=48sm
£ is a convex combination of 5;7,..., 5, & = Z;L=1 x; -5, Forevery l <j<n
there exists f(s;*) € T™ such that f(s;") =54 s;». Denote y = Y;_; %; - f(s;").
For 1 <{j < n f(s;) 5% 5™ so y 5 s, because s/ is the vertex of T™.
¢ =48 implies 5, = y and (s, — y) € Fp , s/ — v is an internal direction,
hence B is not minimal state.

This contradiction implies {s;%,..., 5,,”} C G. Hence there exist integers
1 <4y << such that s ..., s5, are stochastically equivalent to

?
™y §,7, respectively. Choose n — m different states s}‘l yeeey S5 MOt

. . jn—m
belonging to {s}, ,...,s; }. For every sp there exists £, €7™ such that

—B A it .
& =5 57, - &, are convex combinations of states §,,..., 5,,™;

Mz

§k:

xk,l * Slm.

T

1

m
Hence >, ; w1 - 57

7, = s for k = 1,..., (n — m). The vectors

m
_n .
Ve = S — Z X1 " S,
i=1

are linear independent internal directions and vanish directions of s.a. 4.
The proof is complete.

DrrFINITION 9. #-state s.a. A is natural iff there is no 1 << ¢ < #n such
that for every o € X' ith column of the matrix A(c) is zero.

Levma 3. If £ el then € € Py for n-state natural s.a. A.

Proof. £ = (ay o @51, —1, 144 ..., @), Where a; = 0 for j = 1,..., n;
j # i. There exist o€ 2 and 1 < & < z such that ith entry of Ao, &) is
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nonzero. Let this entry equal b;, then b, £ is such that A(c, &) + b, - £
is stochastic, so 8,6 € P, . Hence £ € P, . This completes the proof.
Lemmas 2 and 3 and Theorem 1 imply the following.

Tueorem 4. Let s.a. A be natural and n-state. If s.a. A is stochastic and
equivalent to m-state minimal-state s.a. B, then dim st. A > n — m. If A is not
minimal-state then dim st 4 > 0.

Derintrion 10, s.a. A4 is deterministic iff entries of matrices A(o) equal
Oorl.

TreoreMm 5. If s.a. A is natural and deterministic then A is stable iff A
is not minimal state.

Proof of sufficiency follows from Theorem 4.

Proof of necessity. Let £ be a stable perturbation of s.a. 4 £ €F, . There
exist o € Zand 1 < 7 < nsuch that A(e, 7) - £ is stochastic. It implies that £
is of the form (1,,..., ;4 , —4a;,..., a,) where all g; are nonnegative and
a; 5= 0. Hence 1/a; * £ is an internal direction belonging to F, and it implies
that 4 is not minimal state.

THEOREM 6. If n-state s.a. A is natural and n < 3, then A is stable iff
A is not minimal state.

Proof. Note that if nonzero £ € E," and # <C 3, then £ is an internal
direction. The further proof is analogous to the proof of Theorem 3.

In the following example, the automaton is not natural, not minimal-state
and not stable. Let

1 1 00
2 = {o}, N4 = [0:', Alo) = [1 0 0]
0 1 00

(0, 1, —1) is the internal direction belonging to F, , hence 4 is not a minimal
state. Assume now that A is stable, so there exists a stochastic perturbation
E=(&,6,8)eE3 ¢ ~0such that £ -9, =0and & + & - & = 0,
hence ¢, = —&; # 0. Hence, the vector A(o,7) + £ is not stochastic for
1 <7 <{ n because one of its entries is negative. It follows that 4 is not
stable.

TuroreMm 7. If ans.aminimA is al-state and n-state then dimst 4 <n-3.
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Proof. Theorem 1 implies dim F, > dim st A and Theorem 3 implies
that no internal direction belongs to F, .

We prove that dim F, <{ # — 3. Assume that there exist (n — 2) linearly
independent vectors & ,..., £,_, belonging to F,. For 1 <7 <{n— 2 let
£/ denotes (n — 3)-dimensional vector obtained from §; by rejecting three
last entries. £;',..., &,_, are not linearly indegendent in £7-3 and there exists

a nonzero vector (&; ,..., ¥,_,) such that Z:;l x; - & = 0. Denote

n—2

This vector is nonzero because & ,..., {,_, are linearly independent. Only
three last entries y; , ¥, , and ¥, of ¢ are nonzero, hence the vector (¥, , ¥, ,
¥s) € E@ and it implies that (¥, , ¥, , ¥3) is an internal direction, hence £ is an
internal direction belonging to #, . This contradiction completes the proof.

DrriniTioN 11, s.a. B is complementary to s.a. 4 iff s.a. 4, B have the
same number of states, the same transition matrices and 75 = 1 — 75, where
T is the column-vector with all entries equal to 1. Note that every vector
¢ e Ey satisfies ¢ - T = 0. Hence, Theorem 1 simply implies the following:

LemmMa 4. If £ s a stable perturbation of s.a. A and B is complementary to A
then ¢ is a stable perturbation of s.a. B.

Tueorem 8. If an n-state s.a. A is mimimal state and n =5, then
dimst 4 < n— 4.

Proof. Let n, have no less than 3 zero entries. If this is not true, we can
analogously consider the automaton complementary to 4 which satisfies
this condition, and the theorem will then follow L.emma 6. Let the three last
entries be zero. There exist 1 < ¢ <z — 3 such that sth entry of 5, is
nonzero, because A is minimal-state. For simplicity, let it be for 7 = 1.
It is sufficient to prove that dimF, <{ # — 4. Assume that # — 3 linearly
independent vectors & ,..., £, belong to F, . Analogously to the proof of
Theorem 8 we form vectors &,/,..., &,_5 . If £//,..., &,_5 are not linearly then
analogously to the proof of Theorem 8, we show that there is an internal
direction belonging to F;, hence these vectors are linearly independent and
form the base of E7-3. The vector s{~° is a linear combination of £,,..., & _s:
% — 37 Py, - ¢/. Consider the vector y = Syy x, - &; yeF, but
y * n4 == 1. This contradiction completes the proof.
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Let C, denote the set of all linear subspaces H of E,* for which there
exists a zero-one column-vector 4, 7 7 0, % 1 such that H C ker .

Lemma 5. If H e C,, then there exists n-state s.a. A such thatF , = 7 , = H.

Proof. Let H be a linear subspace of Ej* and H C ker 5, where 7 is zero-
one column-vector such that 5 % 0, n % I and let ¢, & ..., &, be an orto-
normal system of vectors generating H. Let &, &,y E5s Y15 Yareor Vi
where £ 4 I = n — 1, be an ortonormal system of vectors generating FEg"
We have that E» is not a subspace of kery, because 7 # 1, 7 # 0, and
therefore there exists 1 <{ 7 < I'such that y; - s 0, for simplicity let it be
for ¢ =1, so that y; - £ 0. Let hyp 7" be the (n — 1)-dimensional
hyperplane containing 7. hyp T = {x € E": 3", | x; = 1}. hyp T™ is the
result of the translation of hyperplane E,* by the vector 8 = (1/n)1. Hence
every point & of hyp 7% is of the form

¢ =

M

1
X &+ Y 2y B
=1

i=1

I

where x; , 2; are real numbers. Let us consider a position of the simplex 7™
on hyp T™ in the topology of hyp 7% B is an interior point of T™ (we can
consider a vector as a point). There exist (n — 1)-dimensional spheres K, and
K, in hyp T™ with center at 8 such that K, CT% K,D T" because the
diameter of 7' is finite. Let 7, R denote radii of K , K, respectively.

4

(Z za‘)z <2 ]z:l &

J=1

holds for every numbers 2, 2, ,..., 2;,. Let Q be a linear transformation
Q: E* — E" such that O(B) = B, O(&;) = p - & for 1 < i < hand Q) =
(u/Dyy for 1 <j << I, where p = 7/2R.

Such a linear transformation exists and is uniquely determined because
&1 sy €y V1o ¥1 » B, form the base of E™.

We shall prove that for £ € T, Q(£) is an interior point of 7. Let { € T
then exist %y ,..., & , & ..., &; such that

e

1
E=Y % &+ Y &y +B
pact

4=1

and consequently

k 1
QO =L s p bt L m nth

i=1
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hence O(€) € hyp T as well as

00 —81 = gL 5+ () <mnf/E Lo

j=1 i=1

2
—u =Bl <p R=1}r

[O(§) — B| < (1/2)r implies that Q(€) is an interior point of 7™ in hyp 7%,
so that O(£) is a stochastic vector with all entries nonzero.

Let us take the matrix Q of the linear transformation Q. ith row of O equals
O(s;") and hence Q is stochastic matrix with all entries nonzero.

We construct the automaton A = (M, ,n,> for X ={s} A(c) =0,
14 = 7. The construction of Q implies that Q(H)C H Ckern, and for
y € (Ey" — H) we have O(y) ¢ ker . Hence our constructed automaton
satisfies Z, = F, = H. This completes the proof.

THEOREM 9. There exists a 4-state automaton A such that dimst A = 1.

Proof. Let H be the one-dimensional subspace generated by the vector
E=(,1,—-1,—1). HCE®# HeC,, H contains no internal direction.
Hence our thesis follows from Lemma 5.

Lemma 6. For every n >4 there exists a linear subspace G, C Ey
containing no internal divection, such that dim G, = n — 3.

Proof.

i

P

Fi1g. 1. Construction of the points yy , ¥3 yeeey Yn_g -
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.Denote the straight line connecting the points p; , p; by p,p; and the open
segment of the line p; p; between the points p; and p; by (p,p,)-

Let py , Py »-., P, be convex independent points in E2, such that the sets
{P1 s P2 reees Pn_g) and {p,} are situated on the different sides of the straight
line p,,_; pn—s (see Fig. 1). Such points do exist. For 1 <7 < n — 3 denote
the intersection point of the lines p; p, and p,_s pn— bY ¥; -

From convex independence of the points p; , p5 ..., p,, it follows that for
1 <i<n—3, v;€(Pyu_s, Pn), S0 that there exists a number x; > 0
such that y; = %; * p,_, + (1 — ;) * P,y , simultaneously y; € (p;, pn) SO
that forsome z; > Owehavey; =2, p; + (1 — 2) " p, . For 1 <i<{n— 3
let us construct the n-dimensional vector & such that &f = z;, §,! =
(l—=z) & =—(1—=w), & ,=—x; and & =0 for j¢{i,n —2
n — 1, n}. The vector £ is of the form & = (..0.,, &;,..0.., —x;, —(1 — ),
1 — 2;) where z;, x;, > 0 and 2; is on the ith place. It is obvious that the
system of vectors &, £2,..., £ is linearly independent and & e E,» for
1 <7 << n — 3. Let us take the linear subspace G,, generated by the vectors
£,..., &3 then dim G, = n — 3 and G,, C E;~.

In order to complete the proof it is sufficient now to prove that G,
contains no internal direction. Let us consider the following set

n
V- aeEn;zaj-pjzﬁé.

j=1

It can be simply verified that V' is a linear subspace. Forevery 1 <<i <{n — 3
we have & € V because

Epy =2 P+ (1 —2) Po—% Pog — (1 — %) Pny

Ms

i=1

=y—y=0.

Hence G,, C V. We prove that I contains no internal direction. Assume that
I;,NV £ @, so that for some ec M and a £ 0, ac R, acc V, as well as

e & V. The vector ¢ is of the form € == (e, ..., €1y, — 1, €101 5ore €0)y € = —1
for some 1 <k < n, where ¢, >0 for i £k 1 <{i<n i#k and
Lizn e = 1.

If eV, then T,.pe; " ps— P =0 and p,, = 5,1 ¢;  p; so the point
P is a convex combination of the points Py, Po yeees Piot s Pisa s+ees Py - Lhis
contradiction proves that VNI, = .

Hence G, N I; = @ and G, satisfies requ1red conditions. This completes
the proof.
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Forn > 5let H be the set of all vectors of the form (£, 0) where £ € G,,_ .
HeC, and dim H =n — 4. H contains no internal direction. Hence
Theorem 9 implies the following.

TreEoREM 10. For every n = 5, there exists an n-state minimal-state s.a. A
such that dim st A = n — 4.

Using estimations of the dimension of stability of minimal-state automata
we can give similar estimations for automata which are not necessarily
minimal-state. For an s.a. 4 let min 4 denote the number of states of the
minimal-state automaton B which is stochastically equivalent 4. This
min 4 is well defined, because all minimal-state automata stochastically
equivalent to 4 have the same number of states.

TueorREM 11. If s.a. A has n states, then

(1) ifmin A = 5 then dimst 4 < n—4
(2) YminAd =4 then dimst 4 < 1.

Proof. 'We prove (1). Let m-state minimal-state s.a. B be stochastically
equivalent 4. Assume that m > 5. It was shown in the proof of Lemma 2
that for every 1 < &k < m there exists 1 <{ ¢, < n such that s, =54 s”
and 7, 5% 4 for k& 54 k'. Take the linear transformation Q: E* — E™ such
that Q(s7) = ™ for 1 << k& <Cm, and for other states 5,” of s.a. 4, let O(s,")
equal arbltrary &elm such that s,» =4% ¢, This construction is possible
because 4 =y B. B is a minimal-state and the s, {5;%: 1 <{ ¢ <{ #} form the
basis of E™. It can be simply verified that O(F,) CFy . Hence O(Z,) CFy .
Denote Q(Z ) = H. Assume that dimst 4 >#n—-4,sodim H > (n-4—-n-m)
and dim H > m — 4 because the dimension of ker O equals » — m. Hence
dim ¥y > m — 4. But in the proof of Theorem 8 it was shown that for an
m-state, minimal-state s.a. B dim Fy <{ n — 4 if m > 5. This contradiction
completes the proof of (1). The proof of (2) is analogous.

Receivep: May 15, 1972
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