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Abstract

Pointwise gradient bounds via Riesz potentials, such as those available for the
linear Poisson equation, actually hold for general quasilinear degenerate equations
of p-Laplacean type. The regularity theory of such equations completely reduces
to that of the classical Poisson equation up to the C'-level.

1. Results

In this paper we prove the following:

Theorem 1.1. Ler u € C1(82) be a weak solution to the equation
—div (|Du|P~>Du) = pu, (1.1)

where  is a Borel measure with finite mass, p 2 2, and 2 C R" is an open set
with n 2 2. Then there exists a constant c, depending only on n and p, such that
the pointwise Riesz potential estimate

p—1
1Du)P~" < elx, Ry + ¢ (]{9 | Du dy) (1.2)

(x,R)
holds whenever B(x, R) C 2 is a ball centered at x and with radius R.

In (1.2), I denotes the classical, linear (truncated) Riesz potential of ||, which is
suited to problems defined in bounded domains, and which is defined by

14, R) = /R LI(B(x, 0) do
o o' o

We refer the reader to Section 2 below for further notation. Theorem 1.1, proposed
above in the form of an a priori estimate valid for energy solutions, actually extends
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to the case in which u is, rather, a so-called very weak solution not necessarily
belonging to W17 (£2). This type of low integrability is typical when dealing with
measure data problems [1,2,7,15,24]. The extension goes via a standard approxi-
mation argument briefly recalled in Section 5 below.

The surprising character of Theorem 1.1 lies mainly in the fact that, although
it is concerned with degenerate quasilinear equations, the gradient can be point-
wise estimated via Riesz potentials exactly as it would be for solutions to the
hyper-classical Poisson equation

— Au =W, (1.3)

for which estimate (1.2) is an immediate consequence of the classical representation
formula via Green’s functions. Indeed, we have

Corollary 1.2. Let u € WP (R") be a local weak solution to the equation (1.1)
with p 2 2 and . being a Borel measure with locally finite mass. Then there exists
a constant ¢, depending only on n, p, such that the following estimate holds for
every Lebesgue point x € R" of Du:

|\ Du(x) P! §c/ dpel(y)

Re |x — y[nt

The other thing that makes Theorem 1.1 somehow unexpected is that, starting from
the seminal papers of KILPELAINEN and MALY [18,19], with different approaches
offered by TRUDINGER and WANG [38,39] (that also worked in the subelliptic set-
ting, starting from the ideas in [37,36]) and KorTE and Kuust [20] and DUZAAR
and MINGIONE [9], it is a standard fact that solutions to non-homogeneous Lapla-
cean equations with measure data as (1.1) can be pointwise estimated in a natural
way by means of classical nonlinear Wolff potentials [14], that is,

. (IMI(B(x,Q)))”(”_l) do

o"—Bp 0 B € (0,n/pl.

Wg,p(x, R) := /
0
In particular, the main result of [18,19] (see also [9,20,38] different approaches)

claims that the following pointwise estimate holds:

p=1 -l
P~ < e[ Wi B +c(]i( R)|u|dy) . (1.4)

The previous inequality is sharp, in the sense that W” cannot be replaced by any
other weaker potential. It plays a crucial role in the theory of quasilinear elliptic
equations, as shown, for instance, in the work of PHUC and VERBITSKY [34,35]
and, more recently, in the one of JAYE and VERBITSKY [17]. Estimate (1.4) was
eventually upgraded to the gradient level in [9,32], where a gradient estimate has
been provided, again using Wolff potentials:

1 p—1
Du@) P < c[W, R +c(][

p—1
| Du| dy) . (15)
B(x,R)
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Finally, a unifying approach allowing one to view both estimate (1.4) and estimate
(1.5) as particular cases of a general family of “universal potential estimates” was
finally given by the authors in [21]. Estimate (1.2) obviously improves the one in
(1.5) as, by using elementary manipulations together with the fact that p = 2, we
have

14, R) = /R |1l (B(xo. 0)) do
0

o"! 0
Z lLl(B(x, R/25))
(R/Zk)” 1
- 0o _ —1
< Z(muB(x,R/zk)))”(” ”]”
= (R/Zk)”_l
- '/2"‘ (|u|<B<xo,m))”<P‘“ do|"
~ 1o 0! e
—1
_ wfl‘/pp( ,2R)]" . (1.6)

The main novelty of this paper is actually the fact that, when switching to the
gradient regularity theory, Wolff potentials are no longer necessary and the whole
theory “linearizes” as in the case of the standard Poisson equation —Au = L.
As a matter of fact—taking into account Theorem 1.5 below—this paper shows
the surprising fact that, when considered up to the Cl-level, there is no difference
between the regularity theory of general quasilinear degenerate equations and that
of the classical Poisson equation. We interpret this fact by observing that, while
an equation as (1.1) looks genuinely nonlinear in terms of the solution u, it looks
linear when considering the “stress tensor” |DulP~2Du; see Section 1.2 below
and, in particular, system (1.11).

We conjecture that estimate (1.2) is sharp in the sense that it cannot be improved
by using different types of nonlinear potentials. We also observe that the case p < 2
of estimate (1.2) has been proved in [10], but in this case it does not improve (1.5)
in that (1.6) is, in general, false for p < 2. The real problematic issue is in passing
from nonlinear potentials to linear ones when the latter provide better bounds and
Wolff potentials must be bypassed.

From the viewpoint of standard regularity theory, the ultimate effect of the
validity of estimate (1.2), as already mentioned above, is that the integrability the-
ory of solutions to p-Laplacean type equations is now completely reduced to the
linear case, that is, there is basically no difference between degenerate quasilinear
equations such as (1.1) and the classical, linear Poisson equation. As explained,
for instance, in [31] (where the case p = 2 is considered for general quasilinear
equations), estimate (1.9) allows one to recover, in a sharp way, all the gradient
integrability results available for Du obtainable in terms of the measure p and
additional borderline cases. For instance, when the model equation (1.1) is consid-
ered, the results in [1,2,6,9,16,31] can then be recovered. For an overview of the
relevant Nonlinear Calderon—Zygmund theory we refer the reader to [33].
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We also note that a connection between Riesz potentials and the p-Laplacean
operator has been found by LINDQVIST and MANFREDI [26], where it is proved that
certain Riesz potentials are p-superharmonic functions.

Theorem 1.1 is a particular case of a result valid for more general equations,
and in turn opens the way to providing a new, sharp continuity criterium for the
gradient; see Theorems 1.3 and 1.5 below. We also observe that the results of this
paper provide an alternative viewpoint to those in [21].

1.1. General Elliptic Equations

We describe the general context to which our results apply. In the rest of the
paper, £2 denotes a bounded and open domain of R”, with n = 2, while p = 2.
We shall consider general nonlinear, possibly degenerate elliptic equations with
p-growth of the type

—diva(Du) =un in £2, (1.7)

whenever u is a Borel measure with finite mass. The vector field a: R" — R”"
is assumed to be C'-regular and to satisfy the following growth and ellipticity
assumptions:

(1.8)

la(2)] + laz(2)](|z]* + )12 < L(|z]*> + sHP=D/2
v(|z]? +s2)P=D21E12 < (a,(2)E, §)

whenever z, £ € R”, where 0 < v £ L and s 2 0 are fixed parameters. A model
case for the previous situation is clearly given by considering the p-Laplacean
equation in (1.1) or its nondegenerate version (when s > 0)

—div[(|Du)? + sH P22 Dy) = p.
The result is now

Theorem 1.3. Let u € WP (82) be a weak solution to the equation (1.7) under
the assumptions of (1.8) with p 2 2, where |1 is a Borel measure with finite total
mass defined on 2. Then there exists a constant ¢, depending only on n, p, v, L,
such that the pointwise estimate

p—1
1Du() P~ < el (x, R) + ¢ (]i (|Du| + s)dy) (1.9)

(x,R)
holds whenever B(x, R) C §2 and x € §2 is a Lebesgue point of Du.

More general cases when u & W7 (£2) also follow via approximation; see Sec-
tion 5 below. Theorem 1.3 yields, in turn, the following, immediate

Corollary 1.4. Let u € WP (§2) be as in Theorem 1.3. Then

1M, R) € L) for some R > 0 = Du € L.(2,R").

loc
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In particular, there exists a constant c, depending only on n, p, v, L, such that the
following estimate holds whenever Bg C £2:

Il 1/(p—1)
1 (~,R)H e (Dul+s)dy.
o0
L>°(Bg) Bg

The above result is striking as it states that the classical, sharp Riesz potential crite-
rion implying the Lipschitz continuity of solutions to the Poisson equations remains
valid when considering the p-Laplacean operator. More analogies actually emerge.
Indeed, the techniques used for Theorem 1.1 also yield gradient continuity criteria
for solutions to nonlinear equations, and we have

Theorem 1.5. Let u € WP (82) be as in Theorem 1.3. If

”Du”LDO(BR/z) § c

I%imol‘lm(x, R) =0 locally uniformly in 2 w.rt. x, (1.10)

then Du is continuous in S2.

An intermediate VMO-regularity result for Du is also given in Theorem 4.3 below.
Theorem 1.5 admits the following relevant corollary, providing gradient continuity
when u is a function belonging to a borderline Lorentz space:

Corollary 1.6. Let u € WP () be as in Theorem 1.3. If i € L(n, 1) locally
holds in $2, that is, if

o0
/ x € 2" : |u@)| > t}|""dt < o0 forevery open subset 2' € £2,
0

then Du is continuous in 2.

We recall that Lorentz spaces interpolate Lebesgue spaces in the sense that LY C
L(n, 1) C L" holds for every y > n, all the inclusions being strict. Corollary 1.6
strikingly extends the known results available in the literature where the condition
w € L(n, 1) is found to be a sufficient one for gradient boundedness of solutions
[4,12]. This condition is already sharp in the case of the Poisson equation [3] and we
remark that the the two-dimensional case n = 2 oddly remained an open problem
in [4,12], essentially for technical reasons; this gap is settled here. Moreover, in
these papers the gradient boundedness was proved, while here we prove the conti-
nuity. The results extend also to fully nonlinear elliptic equations as F(D?u) = 0,
as eventually shown in [8], and upgrade to the optimal level a previous continu-
ity criterion obtained in [11], claiming the continuity of the gradient in the case
w € Ln,1/(p —1)). Indeed, L(n, 1) C L(n, 1/(p — 1)), this inclusion being
strict for p > 2. For more on Lorentz spaces we refer the reader, for instance, to
[13].

Finally, another immediate corollary of Theorem 1.5 is concerned with those
measures satisfying special density properties.

Corollary 1.7. Let u € W'P(2) be as in Theorem 1.3. Assume that the measure
W satisfies the density condition

R
d
1ul(Br) < cR"h(R)  with /h(g)_9<oo
0 o

for every ball Bg C R", where ¢ = 0. Then Du is continuous in S2.
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The previous results upgrade, in an optimal fashion and to the gradient level, anal-
ogous criteria for the continuity of # obtained by LIEBERMAN [23].

1.2. Techniques

The techniques introduced in this paper depart considerably from those used in
the literature to obtain nonlinear potential estimates in that here, in order to obtain
linear type estimates for solutions to a non-linear equation, we introduce a local
linearization technique that incorporates, in a pointwise fashion and perhaps in a
way that may not be obvious, several ingredients from several different theories.
In particular, since estimate (1.2) provides integrability estimates for the gradient,
then exit time arguments of the type used in the classical linear Calderén—Zygmund
theory are used here. On the other hand, since in the best possible cases the argu-
ments provide C%! — C!-regularity results (as in Theorem 1.5), basic elements of
the classical De Giorgi-Nash-Moser theory must be used in the proof. Finally, since
the a priori estimates found cover the case when p is assumed to be a Borel measure,
then the technology for measure data problems must be employed, as well [1,2,7].
Combining all these different ingredients in a single proof is very delicate, and the
final result is a proof that probably would be best approached via a preliminary
road-map.

Let us disclose the heuristic strategy for the model case (1.1). The idea is to
conceive equation (1.1) as a decoupled system

—divv=pu and v :=|Du|’"*Du, (1.11)

and therefore to proceed to a linear estimate for v via a Riesz potential. This brave
argument immediately finds an obstruction in the fact that the first equationin (1.11)
does not necessarily yield a solution of the type v := |Du|?~%Du. To bypass it we
introduce a delicate linearization argument allowing, in a sense, to treat | Du|P~2
as a Muckenhoupt weight, thanks to the fact that, in a certain sense, we can reduce
to the case that u is “almost” a solution to the p-harmonic equation

div (|Du|?~2Du) = 0. (1.12)
First of all, since the function i := su solves
—div (|Dii|P~>Di) = P,

we can always assume that the total variation of u is very small by taking & small.
This is actually a version of the good-A inequality principle, which allows us to
consider, via a delicate comparison argument, that u is almost a solution to (1.12)
(see Lemmas 2.4 and 3.1 below), in the sense that its distance to a real p-harmonic
function is quantitatively small. At this stage we make crucial use of the methods
and the regularity results from the theory of measure data equations [1,2], which
we have to exploit carefully here. Using this information we can then start the
linearization method via an exit time argument. More precisely, let us set

p—1
PUALES) (IC (][ |Du|dy) , (1.13)
B(x,R)
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and let us consider a sequence of shrinking balls B;(x) = B(x, 8'R), where § =
8(n, p)is asuitably small, yet universal, parameter. There are now two possibilities.
The first is when the gradient averages are dominated by A, that is,

|((Du)p;| = A

happens for infinitely many indexes i, and, at this stage, (1.2) follows at any Le-
besgue point of the gradient. The other case, on which we obviously concentrate,
is that there exists an “exit time index” i, € N such that

[(Du)p;| > A (1.14)

whenever i > i,. Now, since Du is almost harmonic in B;, we can commute the
information in average in (1.14) in an everywhere information

|Du(x)| 2 A/M (1.15)

for another universal, possibly large, constant M = 1. In other words, we see that
the equation becomes non-degenerate. We now look at the equation (1.1) and use
the information in (1.15) to get, formally

— Av=—AP2Au < < div (|DulP 2 Du) = p, (1.16)

where v ;= AP _214, and therefore the standard linear Riesz representation formula
for solutions to the Poisson equation—this time applied to v—states that

A2 Du(x) ST (x, R) + ”_2][ |Du|dy, (1.17)
B(x,R)

from which estimate (1.2) follows by the definition of A. Notice that, while the
scheme of our proof of Theorem 1.1 follows the heuristic outlined above until
(1.16), we cannot, of course, use the representation formula as in (1.17) since (1.16)
holds only formally. At this stage the final linear type representation formula will
be obtained in the course of the proof by a careful induction argument. Needless to
say, the whole heuristic argument outlined above must be made rigorous through
an extremely careful control of all the constants involved.

The proof of Theorem 1.5 relies, instead, on a more sophisticated argument, and
on the analysis of a potentially countable number of exit time moments. This marks
a considerable difference between the case of potential estimates for # and those
for Du. In fact, in the case of potential bounds for u, this can be obtained for lower
semicontinuous and positive solutions by using the KILPELAINEN and MALY [19]
Wollff potential bound (1.4), the fact that the equation is invariant under translation
(subtracting a constant from the solution still yields a solution) and the fact that
positive solutions satisfy the weak Harnack inequality. None of these ingredients
is available for Du, therefore a different path must be taken.

The results in this paper have been announced in the CRAS note [22].



222 Tuomo Kuust & GIUSEPPE MINGIONE

2. Preliminary Results and Notations

In the following we denote
B(x,R):={yeR":|x —y| <R}

When the center is not relevant we shall simply denote B = B(x, R); moreover,
we shall also denote by o B the ball, concentric to B, whose radius equals that of
B multiplied by o > 0. A similar meaning is adopted when considering B /o . We
shall denote by c, §, ¢, etc., general positive constants; relevant functional depen-
dence on the parameters will be emphasized by displaying them in parentheses. For
example, to indicate a dependence of ¢ on the real parameters n, p, v, L we shall
write ¢ = c(n, p, v, L). Special constants will be denoted as c, cp,, etc. All such
constants, that is, those beginning with c, are assumed to be greater than or equal
to one.

In the following, given a set A C R” with positive measure and a map g €
LI(A, R"™), we shall denote by

(&)a :=][ g(y)dy
A

its integral average over the set A. Finally, we recall that, under the assumptions of
Theorems 1.1-1.3, a weak solution u € W17 () to (1 .7) is a function such that

/(a(Du),D<p>dy=/ pdp
2 2

holds whenever ¢ € Wé’p(.Q) N L®(2).
With s 2 0 introduced in (1.8), we define

V(z) = Vi(z) i= (s* + |z P24, zeR", 2.1

which is easily seen to be a locally bi-Lipschitz bijection of R". A basic property of
the map V (-) is the following: For any zi, z2 € R”, and any s 2 0, the inequalities

PR _ V)~ VEDP

—1(2 2 2
c (s + |z1 +|Z2|) 5
lz2 — z1]

(p=2)/2
< o5+ 21 + |22 ?) 2.2)
hold for a constant ¢ = c(n, p). We refer the reader, for instance, to [30] for the last
inequality and more properties of the map V (-). The strict monotonicity properties
of the vector field a(-) implied by the left-hand side in (1.8), can be recast using

the map V. Indeed, there exist constants ¢, ¢ = ¢, ¢(n, p,v) = 1 such that the
following inequality holds whenever z1, zo € R":

Fla—alf £V = VeDP £ (ak) —atz), 2 —21) . (23)
Let us now consider a weak solution v € W7 (A) to

diva(Dv) =0 inA, 2.4
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where A C £2 is an open subset of §2. The next lemma encodes, in a suitable
integral way, the Holder continuity properties of the Dv (see [9, Theorem 3.1] for
a proof).

Theorem 2.1. Let v € W'P(A) be a weak solution to (2.4) under the assumptions
(1.8). Then there exist constants B € (0, 1] and cy = 1, both depending only on
n, p, v, L, such that the estimate

B
| pv-ularsa($)'f D= omlay s
B, B

R

holds whenever B, € Br C A are concentric balls.

The following result, which can be also obtained from the previous one, is essen-
tially proved in [5,21,27,28]. See for instance [27, (2.4)—(2.5)]

Theorem 2.2. Let v € WP (A) be a weak solution to (2.4) under the assumptions
(1.8). Then there exist constants B € (0, 1] and c;, ¢j, = 1, all depending only on
n, p, v, L, such that the estimates

||Dv||Loo<BR,2>§czji (IDv] + ) dy 2.6)
R
and
B
|Du(n) = Do) £ ¢ (7[ (|Dv|+s)dy) () @)
Br

hold whenever Bg C A is a ball and x1, x2 € By C Br).
Next, we present a “density improvement lemma” based on Theorem 2.2.

Lemma 2.3. Under the assumptions of Theorem 2.2, let B C A be a ball and

A
* gf (1Dvl+s)dy  sup(Dv|+s5) < I 2.38)
r "B B/2

hold for some integer m 2 1 and for numbers ' 2 1, . =2 0 and o € (0, 1/4),
such that

1/B
0<o < (8chF2) , (2.9)

where B and cy, are the constants appearing in Theorem 2.2. Then

A
— < |Dv|+s holdsinoB.
4r

Proof. The first inequality in (2.8) implies that there exists a point xo € 6™ B such
that | Dv(xp)| +s > A/(2I"). On the other hand, as (2.7) and the second inequality
in (2.8) give |Dv(x) — Dv(xg)| < cnI"'A(20)P whenever x € o B, the last two
inequalities and (2.9) then give

A A A
|Dv(x)| +5 = [Dv(x0)| +5 — [Dv(x) — Dv(x0)| 2 3F " ar = ar

forallx e o B. O
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In the rest of the section, the function u € WP (2) shall always be the one
considered in Theorem 1.3. Let us now consider a ball B C §2 and define v €
u—+ W(;’p (Bg) as the unique solution to the following Dirichlet problem:

Idiv a(Dv) =0 in Bg (2.10)

vV=u on 0 Bg.
Then, we give a comparison lemma.

Lemma 2.4. Under the assumptions of (1.8), let u € WP (£2) be a solution to
(1.7), and v € u + Wy ¥ (Bg) be as in (2.10). Then

|V (Du) — V(Dv)|? - ol—¢
/BR (Ol+|u—v|)§ dy:C%__l“Ll(BR) 2.11)

holds whenever a > 0 and & > 1, where ¢ = c(n, p,v) = 1. Here, the function
V(-) has been defined in (2.1).

Proof. We begin with testing the weak formulation

/ (a(Du) — a(Dv), Dg) dy =/ pdu, (2.12)
Bgr

Bgr
valid whenever ¢ € Wé "P(B) N L>(B), by the functions
Nie = £min{l, (u — v)s/e},
where ¢ > 0, and
M= (@ + @ —v)) e,
which both obviously belong to WO1 P (B)N L*®(B). We recall the standard notation
(u—v)y :=max{u —v,0} and (¥ —v)_ :=max{v —u,0}.
Testing (2.12) by n1 ¢, yields
0< /B (a(Du) — a(Dv), Dy ;) dy = /B nedi < |ul(Br).  (2.13)
R R

We then test (2.12) by 12 .. As for the resulting term on the left-hand side we notice

/B (a(Du) —a(Dv), Dnz,g) dy

1
@t 1

:/ (a(Du) — a(Dv), Dny.c)
Bpr

N,e
+—8) N (a(Du) — a(Dv), D(u — v)+) @+ U —0)1)k dy-
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The first integral on the right can be majorized using (2.13) and the nonnegativity
of the first integrand in (2.13), as, whenever ¢ > 0, it holds

1
@+ @1

/ (a(Du) —a(Dv), Dﬁl,s)
Bg
< alfé/ (a(Du) — a(Dv), Dy ¢) dy < o' ¥ |u|(Br).
2

But since

/ nz,sdu‘ < o' 5| ul(Bg),
Br

we obtain

& - 1)/Q (a(Du) — a(Dv), D(u — v)+)

P T— Nedy < 20!~ |1l (Br)

and therefore, using (2.3) and the definition of n; ., we conclude with

— 2 lis
/B|V(Du) V(Dv)| <% |u(BR).

(@ + |u — v|)E min{l, lu — v|/e}dy < o

Letting ¢ — O yields (2.11). O

Another comparison result is

Lemma 2.5. Under the assumptions of (1.8), let u € WP(2) be a solution to
(1.7) as considered in Theorem 1.3, and v € u + Wé’p(BR) be as in (2.10). Then

q/(p—1)
|M|(BR):| (2.14)

Du — Dv|?7dy < ¢
7{;R| 7dy < 1[ it

holds whenever

n(p—1)

0<q<min[p,
n—1

} =!pM, withcy = ci1(n, p,v,q). (2.15)
Proof. By approximation we can restrict our inquiry to the case u € L'. Indeed,
notice that with the assumption u € wl.r (£2), it immediately follows that, as u
belongs to the dual W—LP" (with dual norm depending on |[u||y1.p(g))- This, in
turn, implies that if w € W1-?(Bg) solves the Dirichlet problem

diva(Dw) = pn in Bg
w=u on 0BR’

then w = u (this is standard, just test by u — w as shown below). Therefore, by
approximation we can reduce to the case u € L', as explained, for instance, in
[1,2]. In turn, this allows us to easily perform the scaling arguments used in [30,



226 Tuomo Kuust & GIUSEPPE MINGIONE

Lemma 4.1]. In turn, this allows us to reduce to the case Bg = Bj and |u|(B;) < 1,
and to prove that

|Du — Dv|?dy < c(n, p, v, q). (2.16)
By

Next, notice that py; < p if and only if p < n, and this case has been proved in
[30, Lemma 4.1]. The proof in the case p > n is actually simpler, as x belong to
the dual W—1-#' (with dual norm depending on ||(By)), and we provide a sketch
here by actually showing that (2.16) holds for ¢ = p. By testing (2.12) withu — v
(recall that p > n implies thatu —w € L°°) we easily get, via Morrey’s embedding
theorem and using |u|(B;) < 1, that

I1Du — Dv||}, < cllu = vlLe|pl(B1) < c| Du — Dv| o,
so that (2.16) with ¢ = p follows via Young’s inequality. O

Next, we collect a number of purely technical lemmas that will be useful later. From
now on, u and v denote the functions appearing in Lemmas 2.4-2.5.

Lemma 2.6. Assume that
l(Br) )Y
Rn—1
for some ). 2 0. Then

A

A and (|1Du| +s)dy < A
Bpg

sup |[Dv|+s £ cph holds with ¢y = ca(n, p, v, L).
Br2

Proof. By using (2.6) and (2.14) we have
sup |[Dv| +s < 01][ |Dv — Du|dy + ¢ (|1Du| + s)dy < 2cicih.
Bpr

Bg)2 Br

Lemma 2.7. Let 5,0 € (0, 1] and A 2 0. Suppose that

By P-D g
[“}'E_f)} <% 0r  and (|1Du| +s5)dy 2,

T Br
where c1 = c1(n, p, v) is as in Lemma 2.5. Then the following lower bound holds:
(|Dul +5)dy — 01 = (IDvl +s)dy. (2.17)
8BRr dBr
Proof. Use of (2.14) yields

][ |Du|dy§][ |Du—Dv|dy+][ |Dv|dy
§Bg §Bg 8BR

§8‘”][ |Du—Dv|dy~|—][ |Dv|dy
BRr 8B

< oxr +][ |Dv|dy. (2.18)
5By
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3. Proof of Theorem 1.3

In the following, given a ball B C £2, we define the excess functional

E(Du, B) :=][ |Du — (Du)p|dy.
B
An elementary property of this functional is given by the following:
]Z |Du—(Du)B|dy§2][ |[Du—y|dy foreveryy € R". (3.1)
B B

Finally, given amap g: A — R”, we define its oscillation on A as

0scaq g = sup [g(x) —g(y)l.
X, yEA

The proof of Theorem 1.3 begins with a preliminary lemma which will also
play an important role in the proof of Theorem 1.5 in the next section. Given
81 € (0, 1/2), we consider a ball B(x, 2r) C §2 and the shrinking balls

Bi := B(x, ri), ri =8ir, (3.2)

whenever i 2 0 is an integer. The related comparison solutions v; € u + WOl P (Bp)
are as in (2.10), that is,

diva(Dv;) =0 in B;
[ Vi =1u on dB;. (3.3)
Then we have
Lemma 3.1. Assume that, fori = 1,
f (|1Du| +s)dy <1 and f (|Dul +s)dy < A (3.4)
B B;
hold for a number ). > 0 satisfying
1/(p—1) 1/(p—1)
B; Bi_
[w 1»} +[w ; o} - 45)
' Fil
i i—1

together with
A A
T < |Dvi_1| £ HA inB; and T < |Dv;| £ HA in Bjy (3.6)

for some constant H 2 1. Then there exists a constant cy = cy(n, p,v, L, 81, H)
such that the following inequality holds:

|u|<B,-1>} . a7

f |Du — Dv;|dy < cyA®?
n—1
Biti ri_q
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Proof. We fix parameters y and £ as

1
e e——— =1 + 2 ) 38
TR T N Go
and introduce v; = v; /A and v;—1 = v;—1/A. In the case in which (3.7) does not
trivialize (that is the left-hand side is not zero) by (3.6) it will be sufficient to prove

that

< . (3.9)

Tiq

l 2 B‘
|Dvi|( ) y)|Du—Dvl~|dy<C)L2 P‘|—‘|(’l)

holds for a constant ¢ = c(n, p, v, L, 81, H). To this aim, applying Holder’s
inequality and keeping (2.2) in mind, yields, for any « > 0,

][ |D5;|PPIH | Dy — Du;|dy
B;

SC][ [kz_p|V<Du>—V<Dv,~)|2}“2
5, (@ + Ju— vi)f

B -~ 1/2
x [1DT P02 (o 4 — )] dy

1/2
- C(Az_,, |V(Du) — V(Dv)? ) !
- B (a+|u—v;])F

1/2
x (][ |DD; | PP (@ 4 |u — ;) dy)
B;

B, 1/2 1/2
< c(x”wa”) (][ 1D | P2 (o 4 i — vy dy) :
B

T

(3.10)

Above, ¢ depends only on n, p, v, because we have applied (2.11). As we are still
free to choose «, we fix it as

1 16
o [(][ D [(P-2(+29) dy) ][ D (P22, € dy] .
B; B;

We may assume o« > 0, since (3.6) would imply that (3.7) is trivial. Moreover, « is
finite, since in its definition the first integral is positive by (3.6), and, by (3.8), the
second one is easily seen to be finite by Holder’s inequality and Sobolev embedding,
as both u# and v; belong to WP (B;). Now, (3.10) gives

][ |D5;|P~ P Dy — Du;|dy
B;

_ 12 12
§c(x2—l’—|“|(f’)a1—5) of/? (][ |Dﬁ,~|<P—2><1+2V>dy) RENERE))
. .

T
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To estimate the last integral, note that

][lei—Dv,-_1|qdy§c][ |Du—Dvi|qdy+cf |Du — Dv;_1]|1dy
B Bi Bi

q/(p—1)
B.
<c |:|ML(—1l)j| + 8" ]Z |Du — Dv;_1|? dy
rl. Bi_1
q/(p—1)
B;_
<ec [w} (3.12)
Ti1

holds forall 1 < g < (p — 1)(1 +2y) < pu, where ¢ = c(n, p, v, 81); here we
have used (2.14) and kept (3.8) in mind. It then follows, by using (3.5) in (3.12),
together with (3.6), that

][ D (2042 gy, < c][ \Db; — Dy |P-20420) gy,
B; B;
—I—c][ |Dv;_1| P22 4y < ¢(n, p,v, L, H).
Bi
Using the last inequality in (3.11) then gives

B: 172
f |D6i|(P*2)(1+V)|Du — Dvi|dy < ¢ ()ﬂpwa)
B;

T

B4
<2 4 e ['“L({)} . GI3)
ri i
Notice that we have applied Young’s inequality in the last estimate and, with ¢ €
(0, 1), the constant is ¢(¢) = ¢(n, p, v, L, 81, H, ¢).
We start the estimation of «. We first apply (3.6) to estimate

1
][ D P20+ gy > 5?][ Do P20+ gy > L (3
B; Bit1 ¢
with ¢ = c¢(n, p,v, L, §1, H) > 1. Therefore we obtain
of <o ][ DG P20y — g dy, (3.15)
B;

again for a constant ¢ = c¢(n, p, v, L, 81, H). In turn,
][ D5 P02y € dy
B;
<e ][ DT 1|02y dy
B

+c][ D5y — D | PPy — v dy
B;

L+ D (3.16)
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To estimate I, we use (3.12) and hence deduce by Holder’s inequality, Sobolev
embedding and (2.14) that

I, < AP U+2y) [][ |Dvi_y — Dvi|(p—1)(l+2y) dy
B;

1/(p—1)
x [][ Ju — v 5P dy]
B;

] A+2y)(p=2)/(p=1)

i|(p—2)/(p—l)

< c)»(z_p)(H_zV) |: || (Bi-1)

n—1
xrf |:][ |Du — Dv; [P~ dy
B

Ti
:|€/(p1)
< Crif)"(Z—p)(l-‘rZy) |:|M|(Bi—1)

n—1

[E+(1+2y)(p=2)]/(p—1)
Fi1 }

The constant ¢ depends on n, p, v and &1; here we have again used (3.8), which
ensures that (p — 1)(1 + 2y) < py and that & < n/(n — 1). By definitions of y
and £ in (3.8) it readily follows that

n—1

Bi_
L% <erp?r {M] , (3.17)
Ti1

with ¢ = c¢(n, p, v, §1). Furthermore, appealing to (3.6) repeatedly, the term [ is
first estimated by Sobolev embedding as

§
I < crl.é |:][ |Du — Dv,~|dyi|
B

<orf []i DG Dy Dvi|cly]E :
and therefore, with ¢ = c(n, p, H), we have
1% <er ]i |D5;_1 | P24 | Dy — Dy dy. (3.18)
By using the triangle inequality we further deduce

][ |DB;—1|P~2UH) | Dy — Dy dy < ¢ ][ |D5;|P~PIH | Dy — Du;|dy
B; B

+cp (P2 U+Y) ][ |Dv; — Dv;_1|P~ 2| Dy — Du;| dy.
Bi
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The last integral can be estimated similarly to the case of I», that is, by making use
of (2.14) and (3.12); indeed

][ |Dv; — Dv;_1|P~ 2| Dy — Du;| dy
B;
< (][ |Dv; — D | P~V dy
B

(p-1) B,
X (][ |Du—Dv,-|p_1dy) <c M
Bi o

Combining the last two inequalities and using (3.5) to estimate

I+y(p=2)/(p—1)
3 —(P=2)(1+) |:|M|(Bi—l)i| < 22-P |:|M|(Bi—l)i| ’

)(P—2)/(p—1)

:| l+y(p=2)/(p—1)

n—1 n—1
rio1 riq

we obtain

][ D[P0 Dy — Duy| dy
Bi

n—1

< c][ |D; | P~ Dy — Du;|dy + cA?>7P [
B riy

Recalling (3.18) we thus end up with

n—1

Bi_
111/5 < Crif |D5; | P2 | Dy — Duj|dy + crin*P |:—|M|( : 1):| )
Bi Tic1

i

The last estimate with (3.17), and eventually with (3.15)—(3.16), gives

o <o (1 + 1)

n—1

< cr ]1 |Do;| PP Dy — Du;|dy + cri 2P |:
Bi Fic1

|u|(Bl-_1)}

for ¢ = c¢(n, p, v, L, 1, H). Inserting the last inequality into (3.13) and choosing
e=¢(n,p,v,L,8,H)=1/Q2c), we obtain

][ D& P20 | Dy — Doy |dy

B;

1
< 5][ |Dv;| P2 | Dy — Dy dy + cA>7F [

= n—1
Tiq

|u|<B,»1)]

B;

again withc = c(n, p, v, L, §1, H), from which (3.9), and therefore (3.7), follows.
Notice that by (3.8) the quantity we are reabsorbing here is finite. O
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The rest of the proof of Theorem 1.3 proceeds in four steps.

Step 1: Main characters in the proof. Let x € §2 be a Lebesgue point of Du and let
B(x,2r) C £2 be a ball; in the following all the balls considered will be centered
at x. We start by taking a positive number A such that

> (B doy /D
A= Hl][ (IDul + 5)dy + H> (/ '“'}f_f) —Q) . (3.19)
B, 0 Q Q

and fix the constants Hy, Hy = 1 in a few lines (see (3.26) below), in a way that

makes them dependent only on n, p, v, L; clearly, we may assume without loss of
generality that A > 0. In the end we shall simply prove that

[Du(x)| = A (3.20)

and, due to the fact that the ball B(x,2r) C £2 is arbitrary, we shall conclude
with (1.2) by taking ¢ := 2P~2max{H,, Ho}?~! (and changing the radius r a bit).
We begin by defining the number

1 1/8 1 1/B
81 := , 3.21
! (108C0) IOSChC% ( )

where constants cg, 8, ¢, and ¢ appear in Theorems 2.1-2.2 and in Lemma 2.6. It
follows that 61 depends only on n, p, v, L. With such a choice of §; we consider
the balls in (3.2) and the related comparison solutions in (3.3). Moreover, with §;
given in (3.21), we determine the new constant

c3:=cygn,p,v,L,§,H) with H:= 10*¢, (3.22)

according to Lemma 3.1. In this way we ultimately have that c¢3 depends only on
n, p, v, L. We also define the composite quantity

i
C; = Z ][ (IDu| +s)dy + 8;"E(Du, B;) (3.23)
j=i—27Bi

for every integer i = 2. We meanwhile record the following inclusions, which hold
for every i 2 0:

1/B
1
818 =B C|——) B cU/4B cB. (3.24)
108¢,¢5

Next, we take k as the smallest integer satisfying

n

8
8cn(26D)M < TSl? and k= 3. (3.25)
@

In this way k depends only upon n, p, v, L. We finally set

Hy:=10%67>"  and  Hyp := 10%cicpc38; 77, (3.26)
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where ¢; = ¢ (n, p, v) has been fixed in Lemma 2.5. Notice that the choice of H;
also implies

G < 53;3"][ (IDul +s5)dy = — (3.27)
Bo 10 2
for i = 2, 3, together with
A
< —. 3.28
§ = 107¢; ( )
Now, observe that
/Zr 1l(By) do _ / 11 (Bo) d_g+/2r 11(By) do
o o' o ZHly oo o" ! o
o |ul(Bis1) [T do  |ul(Bo) [*d
- i=0 Vl-n_l riv1 @ (2”)”71 r 0
1Y <= |1l(Biy1) | log2 | [u|(Bo)
= 8’11_1 log (—) Z +
1 1 1
81 i=0 rin+1 2 ro
o0
|| (Bi)
>8> = (3.29)
i=0 i
Therefore, by (3.19) and the choice in (3.26) it follows that
o) 1/(p—1)
B.
108¢; coc3874" {Z '“'n(_l’)} < (3.30)
i=0 i
and
1/(p=1) (k+2)n
B; 8
1lC 11) < 1‘#)& <A foreveryi 2 0. (3.31)
rl?’_ 10°¢cica

Of course we are using constants like 10® to emphasize the fact that in certain places
in the proof, what it matters is to take very large or very small quantities.

Step 2: The exit time index. Starting from (3.27), let us show that without loss of
generality we may assume there exists an “exit time” index i, = 3, such that

A
C Cj>— for every j > i,. (3.32)

e S —,

=100 100

Indeed, on the contrary, we would have C; < 1/100, for every i € N, for an
increasing subsequence {j;}, and then, as x is a Lebesgue point of Du, obviously

. A
|Du(o)] < hm][ (IDul +5)dy € =
i—00 Bj, 100

and the proof would be finished.
Step 3: Basic properties of the comparison functions. Here, we record a few basic
properties of the functions {v;}.
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Lemma 3.2. Assume that for a certain index i 2 0 the following inequality holds:
7[ (|Dul +s)dy £ A, (3.33)
B;
where A > 0 is defined in (3.19). Then

|Dvi|+s < oA in Bi/2 (3.34)

is satisfied with c; = ca(n, p, v, L) appearing in Lemma 2.6. Moreover, if in addi-
tion it holds thati 2 i, — 2, then we also have

104C2 § |Dvi| in Bl‘+] . (335)
Proof. The estimate (3.34) is a consequence of Lemma 2.6 applied with Bg = B;,
thanks to (3.33) and (3.31). It remains to prove (3.35), and for this we want to apply
Lemma 2.3. We start with

i+k

S0 S 2 ,, (1Dl +9)dy. (3.36)
Jj=i—2+k

where k = k(n, p, v, L) has been defined in (3.25). By (3.31) we apply Lemma 2.7
three times, with the choice Bg = B;, § € (8,8 7", 8172} and 0 = 8,/(10%¢,).
Summing up the inequalities resulting from the application of (2.17) yields

i+k i+k
> ][<|Du|+s)dy— T < > ][(|Dvl|+s>dy
Jj=i—2+k Jj=i—2+k
The definition of C; in (3.23), in turn, gives
A i+k
Citk — 87" E(Du, Biy) — 076, = < ;+k][ (IDv;| + s) dy.

Asi 2 i, —2and k 2 3, we have C;4x = 1/100 by (3.32); using this fact in the
inequality appearing in the latest display leads to

A i+k
Tog ~ O EDu B — 15— S ][<|Dv,|+s>dy (337)
j=i—2+k

To proceed in the estimation of the excess term we note that

1/(p—1)
B; B:
7Z |Du — Dv;|dy < i][ |Du—Dvi|dy§6181_kn |/'L|(_lz) ’
Biyk |Bitkl| JB, P

i

where we have used (2.14) with ¢ = 1. Using (3.32) again provides us

n

8
|Du — Dvj|dy < —L—x. (3.38)
]{?i+k 108
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On the other hand, Theorem 2.2 (applied to v; on B;, choosing Bg = B;/2in (2.7)),
estimate (3.34), and finally (3.25), give

8}7.
20scp;,, Dv; = 2ep02(281) P < 108162)»,

so that, thanks to (3.1) and (3.38), we can estimate

E(Du, Biyy) <2 ][ Du— (D) s, | dy

Biyk

< 2E(Dv;, Biyx) + 27[ |Du — Du;|dy

Bitk
S
< 2o0scp,,, Dv; + ﬁ
2
< o1 .
= 107¢,

Inserting the last estimate into (3.37) yields (3.36). In turn, (3.36) implies that there
existsanindex j € {i — 2+ k,i — 1 + k, i 4+ k} such that

A
—§3f (|Dvi|+s)dy=37[_ (1Duil +9)dy.
200 B; 8B,

1

This inequality allows us to apply Lemma 2.3 with parameters B = B;, 0 = §1,
m = j—i 2 1 (recall that k = 3 and observe that (3.34) is in force) and I = 600c;
(keep (3.21) in mind to check (2.9)), and therefore we conclude with

220005 < |Dvi|+s in Biy =681 B;,

which, together with (3.28), implies (3.35). O

Step 4: Final iteration and conclusion. First, a lemma.

Lemma 3.3. Ler (3.4) hold for a certain number i 2 i, — 1. Then

n—1

1
E(Du, Biy2) < ZE(DM’ Bit1) +car®™? |:
ri1

|u|<Bi_1>}

holds for a constant c4 depending only onn, p, v, L, which is given by c4 = 48, " c3,
and, in turn, c3 = c3(n, p, v, L) is the constant appearing in (3.22).

Proof. Let us first prove that

|u|<Bi1>} 339

][ |Du — Dv;|dy < 32277 —
Biti riq
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holds, and for this we want to apply Lemma 3.1. To this aim, we repeatedly apply
Lemma 3.2 to both v; and v;_1; notice that, since we are assuming i = i, — 1, we
obviously have i — 1 = i, — 2. In conclusion, Lemma 3.2 gives

< |Dvi—1] £ A inB; and < |Dvi| £ cph  in Biyy.

10%¢, 10%c>

Therefore assumptions (3.6) are satisfied with H = 10%c,, while (3.5) holds by
(3.32), and hence (3.39) follows by Lemma 3.1.
Next, by using estimate (2.5) applied on v; and recalling the choice of §;
in (3.21), we obtain
E(Dv;, B;
E(Dv;, Bi1a) < %

This last inequality, (3.39) and (3.1) give
E(Du, Biy2) = 2][ |Du — (Dv;)p,,,|dy
Bit2

< 2E(Dv;, Bisa) + 2][ Du— Dy dy

Bito

E(Dv;, B; _
< MJFM] ”7[ |Du — Duv;|dy
» Biti
E(Du, B; _
< thmsl"][ \Du — Du;| dy
24 B
i+1
E(Du, B; Bi_
- E 3 ) | 2 [wun_,l 1)} |
Tiy
O
To proceed with the proof of Theorem 1.3, denote in short
A;:=E(Du,B;) and a; =|(Du)pl.
By the definition in (3.23) and (3.32) we have
o 2
i +87"A; SC S —. 3.40
s+ 2L @A S G S (5.40)
J=ie—2
We now prove, by induction, that
s+aj+A; = (3.41)

holds whenever j 2 i.. Indeed, by (3.40), the case j = i, of the previous inequality
holds. Then, assume by induction that (3.41) holds whenever j € {i., ..., i}. This,
also taking (3.40) into account and recalling that the definition in (3.23) allows us
to control the averages of | Du| on the three balls B;,_»,B;,—1 and B;,, implies that

][(|Du|+s)dy§)» for j e {i, —2,...,i}.
Bj
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We can thus apply Lemma 3.3, thereby getting

1 Bi_
Ajr € s+ e [M} (3.42)
iz
forall j € {i,—1,...,i—1}. Itimmediately follows, by (3.41) inductively assumed
for i, < j <i and (3.30), that
A —p | l0l(Bi—1) A A

A <= AZP—S— —_<Z 3.43
Furthermore, summing up (3.42) for j € {i, — 1,i,,...,i — 1} leads to

i+1

Bj
> A< Aty S Ay 4 ot pz[“"( )} (3.44)
J=ie J=ie i

in turn yielding

i+1
> A; 24, 42002 PZ['“'(B )] (3.45)

J=ie j=0 J

On the other hand, notice that

i
a1 — aj, = Z(aj+1 —aj)
j:ie
i
<> 1w wslay
j:~ Bjti

1B)]
= E(D B
Z|B+1|(” ).

and therefore (3.45) and eventually (3.30) give

S | |11(B)) )
aiy1 < aj, + 287" Aj, + 267" ca)? P Z[ - :|§2cie+1_03_

J ]

By (3.40) the previous estimate yields a;+; < A/3. This inequality together
with (3.28) and (3.43) allows us to finally verify the induction step, that is
s+ aj+1 + Aiy1 < A. Therefore (3.41) holds for every i = i.. Estimate (3.20)
finally follows since x is Lebesgue point of Du and therefore

[Du(x)| = lim a; < A.
11— 00
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4. Proof of Theorem 1.5

By (1.10) and Corollary 1.4 we may assume that Du € L} (2, R").
In the rest of the Section we select open subsets 2" € £2” € £2, and prove that
Du is continuous in §2’. Due to arbitrariness of the choice of the open subsets this

is sufficient to prove Theorem 1.5. From now on, we denote
A= || Dul|po(om + 5. 4.1)

We recall that we may assume that w(-) is defined on the whole of R” by even-
tually setting p to be zero outside of §2. In the following we shall also set d :=
dist(£2’, 062”) > 0. As a preliminary, we prove the VMO-regularity of Du.

Proposition 4.1. Under the assumptions of Theorem 1.5, Du is locally VMO-reg-
ular in $2. In particular, for every ¢ € (0, 1), there exists a positive radius ro =
re(n, p,v, L, A, u(-), &) < d such that

7/ |[Du — (Du)(x,0)l dy < Ae 4.2)
B(x,0)

holds whenever ¢ € (0,r.] and x € 2.

Proof. Let us set, for ¢ € (0, 1), as in the statement,

1/8 2 \'/#
& &
= , 4.3
! (IOSC()) (logchcg) @3

where ¢y, ¢y, ¢z and § are the constants introduced in Theorems 2.1-2.2 and Lemma
2.6; they all depend only on n, p, v, L and so the same dependence is inherited by
&1. We then look at Lemma 3.1 and determine the constant

. 1036‘2
cs:=cy(m,p,v,L, 6, H) with H= : (4.4)
&

This ultimately yields ¢;5 = c¢s5(n, p, v, L, ). Accordingly, we choose a positive
radius R = R(n, p,v, L, A, u(-), &) < d such that

|l (B(y, o) ]P0 _ 8ime
o1 = 108¢ics’

sup  sup
0<o<R yes’

(4.5)

which, again, is possible by (1.10). Finally, we fix x € 2" and define the chain of
shrinking intrinsic balls

B; = B(x,r;), r;=38r, where re(§iR,R], (4.6)

for every integer i = 0, and define the related comparison solutions v; € u +

W(} "P(B;) as in (3.3). Notice now that, thanks to (4.1), B; C §2’ holds for every
i € N, and therefore

][ (|IDu| +s)dy <1 forevery integer i = 0. 4.7
B;
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We shall prove that
E(Du, Bi12) < Ae foreveryi e NN[1, 00). (4.8)

Let us single out an index i = 1 and let us distinguish two cases; the first is when

A€
][ [Duldy < —,
Bit2 50

so that we trivially have E(Du, B;j12) < Ae/25 and (4.8) follows. The other case
is fixed in the next lemma, so that (4.8) eventually follows via (4.1) and (4.5). O

Lemma 4.2. Assume that

re
|Du|dy =2 —. 4.9)
waz 50

Then it holds that

n—1

B;_
E(Du, Bi4») < %E(Du, Biy1) + 4cs87"22 7P [M} . (4.10)
Tiq

Proof. As a preliminary, we establish the validity of

|u|<B,-_1)} ’ @i

][ |Du — Dv;|dy < 05)»271’ _—
n—1
Bit1 iy

for ¢cs = ¢5(n, p, v, L, €) as determined in (4.4). We use Lemma 3.1; as (3.4) and
(3.5) are satisfied by (4.7) and (4.5), respectively, it remains to show that (3.6) is
satisfied for the choice of H made above, that is, H = 10302 /€. Specifically, we
show that

Ae
s— S |Dvimi| Sk in B
103¢, (4.12)
it < IDvi| £ 2 in Biyi

hold. By (4.5) and Lemma 2.7, applied to v;_; and with B = B;_1,§ = 8? and
6 = ¢/100, we gain

re
][ (IDul+s)dy — — §][ (IDvj—1| + s) dy,
Bt 100 Bt

and therefore (4.9) allows us to conclude with

JANCIRER

B2

Observe that by Lemma 2.6 we have | Dv;—1(x)| +s < cA whenever x € B;_1/2,
and in particular whenever x € B;.Keeping (4.3) in mind, we are now ready to apply
the density Lemma 2.3, choosing B = B;j_1,0 = §;,m = 3 and I’ = 100c;/e.
In this way the assertion about v;_1 in (4.12) is proved. Arguing in a completely
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similar way for v;, and replacing B;_1 by B;, we also obtain the assertions in (4.12)
concerning v;. Now, using Lemma 3.1 we gain (4.11).
Proceeding with the proof, by using estimate (2.5) applied to v; and recalling
the choice of §; in (4.3), we obtain
e
E(Dv;, Biy2) = 56 E(Dvi, Biv1).

In turn, by using this inequality, together with (4.11) and (3.1), we get (4.10):

E(Du, Bi12) = 2][ |Du — (Dv;)p, ,|dy

Bii2
< 2E(Duvi. Biya) +2][ Du — Dui| dy
Bit2
& —-n
< £ E(Dv;, Biy1) +25; ][ |Du — Du;| dy
2 Bi+1
£
< S EDu B+ 457 f 1DuDuldy
2 Bi+1

[IA

n—1

i—1

B;_
%E(DW Bit1) +4css AP {M] ]
r

O

To conclude the proof of Proposition 4.1, since all the estimates above are uniform
with respect to the choice of x € 2’ and of the initial radius r € (§; R, R] chosen
to build the chain in (4.6), we obtain (4.2) with r, = §;R. Indeed, let 0 < &} R;
this means there exists an integer m = 3 such that 8T+1R < 0 = 8"R. Therefore
we have ¢ = 6{'r for some r € (81 R, R] and (4.2) follows from (4.8). The proof
is complete. O

Proof of Theorem 1.5. We prove the continuity of Du by showing that it is the
(local) uniform limit of a net of continuous maps. More precisely, we consider the
family of maps, indexed in o, defined by

x = (Du)p(r,p) for 0 <o <d:=dist(2',082"),

which are obviously continuous. We shall then prove that, for every ¢ > 0, there
exists a radius r. < d/2, independent of the point x € 2" considered, such that

|(Du) B(x,0) — (Du)p(x,py| < re  forevery choice of o, p € (0,7¢]. (4.13)

The rest of the proof is dedicated to showing that (4.13) holds. A point worth stress-
ing here, and that makes things different from Section 3, is that (4.13) will prove
to be valid for every x € §2’, not only for Lebesgue points of Du. Therefore, all
the inequalities will be derived by considering a fixed point x € £2’, but will be
uniform to this choice.
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With ¢ > 0 being fixed in (4.13), we shall keep the choice of the constants
61 and ¢5 made in (4.3) and (4.4), respectively. Next, we take a positive radius
R < d/2 such that (4.5) holds, together with

1 -1
[ /2R LI(B(y. 0)) dg} b st
sup _—
0

< 4.14
y o1 0 =~ 108¢qcs ( )
and
8‘11")»8
sup sup E(Du, B(y,)) < T (4.15)
0<o<R ye&’ 10
A computation similar to the one in (3.29) and (4.14) gives
1/(p—1)
o |1l (B) 57" re
Z 1 <1 (4.16)
izo rf_ 10°¢qc5

We shall eventually show that the radius r, = 813R, determined via the smallness
conditions (4.14)—(4.15), will work as r, in (4.13). With R just determined through
(4.14)—(4.15), we consider the balls {B;} similarly to (4.6), that is, B; = B(x, r;)
and r; = 8| R. Finally, the functions v; € u + WO1 "P(B;) are accordingly defined
exactly as in (3.3). We shall now prove that

A
[(Du)p, — (Du)p,| < é holds whenever 3 < k < h. 4.17)

For this we consider the set £ defined by

A€
L:=1ieN: Du|d — i,
{lE ]{9,-| u| y<50}

and, accordingly, we then define the set
C'={jeN:igj<i4+m,iel, i+m+1el, j¢L ifj>i}

and call it maximal iteration chain of length m, starting at i. In other words, we
have C!" = {i,...,i + m} and each element of C;" but i lies outside of L; C!" is
maximal in the sense that there cannot be another set of the same type properly
containing it. Obviously, such sets do not exist when £ = N. In the same way we
defineC* ={jeN:i < j<oo,iel, j&Lifj>i}astheinfinite maximal
chain starting at i. Notice that, in every case, the smallest element of such a chain
always belongs to £, being then the only one of the chain to have such a property.
Moreover, we define i, := min L. Note that we set i, = oo if £ = J. We are now
ready for the proof of (4.17); for this we need to distinguish three cases. We shall,
of course, assume 3 < k < h, because otherwise (4.17) trivializes.

Case 1. k < h < i,. This, in particular, applies when i, = o0, that is, when L is
empty. Now, if 1 — 1 > k, then we can apply Lemma 4.2 repeatedly, and this yields

1 B;_
E(Du, Biy1) < SE(Du, By) +dess AP [W(n—l”} (4.18)
Tio



242 Tuomo Kuust & GIUSEPPE MINGIONE

for every i € {k,...,h — 2}. Summing up the previous inequalities, and making
elementary manipulations—see (3.44)—(3.45)—we have

- |4 (B)
> E(Du. B;) < 2E(Du, By) + 8cs87" 2> PZ[ e }

i=k i=0 ri

Then, using (4.15)—(4.16) yields

h—1

ZE(DM B;) <

i=k

82”k8

The previous inequality follows in any case as, when 7 — 1 = k, it is a direct
consequence of (4.15). In turn, (4.17) follows since

h—1
|(Du)g, — (Du)g,| < D [(Du)p,, — (Du),|
i=k
< Z ][ | Du — (Du) ;| dy (4.19)
i i+1

|Bi
<> " _E(Du, B)
Z |Bl+1|

h—1

=6" > E(Du, B)

i=k

< e (4.20)
- 50 ’
Case 2. i, < k < h. Let us prove that in this case we have
A€ rE
[(Du)p,| = 7 and  [(Du)p,| = %5 (4.21)

We prove the former inequality in (4.21), the proof of the latter being the same.
If h € L, the first inequality in (4.21) follows immediately from the definition of
L. On the other hand, if 7 ¢ L, then, as h = i, it is possible to consider the
maximal iteration chain C;:”’ such that i € C{:’”’. Note that h > i, ash & L 3 ip.
Then, iterating Lemma 4.2 as done after (4.18)—that is, replacing k by i,—we gain
the analogue of (4.20), that is |(Du)p, — (DM)B,-h| < Xe/50. In turn, using that
|(D”)Bih | < 1e/50 as i, € L, we again obtain the first inequality in (4.21) and, in
any case, (4.21) follows. Estimating as

rE Ae )\
|(Du)p, — (Du)p,| = [(Du)p,| + [(Du) g | = R ﬁ (4.22)

we have that (4.17) holds in the second case, too.
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Case 3. k < i, < h. Here we prove that (4.21) still holds and then we conclude
as in Step 2. Indeed, the first inequality in (4.21) follows as in Case 2. As for the
second estimate in (4.21), let us remark that, as i, € £, we have that

|(Du)p (4.23)

<
el =50

On the other hand, we can argue exactly as in Case 1, that is, this time replacing
h by i,, thereby obtaining |(Du)3ie — (Du)p,| < re/50 that together with (4.23)
gives the second inequality in (4.21). In turn, (4.17) follows in this case as in (4.22).

We are now ready to show (4.13), thereby concluding the proof. As already
mentioned, we take r, = 8?R, and then fix 0 < p < @ < r,. This means that there
exist two integers, 3 < k < h, such that

SR <o<8R and MR <p <SR (4.24)

Applying (4.15) we get

(D) ste.g) — (D)., | < ][ Dt — (D) e dy

Bi+1
- 1Bl

| Bi+1] B(x,0)
< §;"E(Du, B(x, 0))
rE
10’

|Du — (D”)B(x,g)| dy

A

[IA

and in the same way

¥
|(Du)B(x,p) — (D) gy, | = 0

Using the last two inequalities together with (4.17) establishes (4.13).

Proof of Corollary 1.6. The proof follows by the arguments in [12, Theorem 1.3]
and related references; it indeed follows that if © € L(n, 1) holds locally in £2,
then (1.10) is satisfied.

By carefully inspecting the proof of Proposition 4.1 we gain the following:

Theorem 4.3. Letu € WP (82) be a weak solution to the equation (1.7) under the

assumptions of Theorem 1.3. If I‘lﬂ |(x, R) is locally bounded in S2 for some R > 0
and if

5 [|(B(x, R))
m ————F—

A R =0 locally uniformly in 2 w.rt. x,
—

then Du is locally VMO-regular in §2.



244 Tuomo Kuust & GIUSEPPE MINGIONE
5. General Measure Data Problems and Extensions

Theorems 1.1 and 1.3 have been stated for classical energy distributional solu-
tions, that is, u € W7 (£2). They nevertheless hold for solutions to measure data
problems, which in turn do not always belong to W!”. More precisely, Theo-
rems 1.1 and 1.3 extend to the so-called SOLA (Solution Obtained as Limits of
Approximations), which are solutions to the Dirichlet problems of the type

—diva(Du) =pn in £2
{ u=20 on 052, G.h

obtained as limits of solutions u; of similar problems, where this time © = i
is a smooth function, typically obtained by a convolution. Here, however, we will
not recall the whole construction, which is rather long and available in several
papers. The original approach was introduced by BoccarDO and GALLOUET [1,2],
to which we refer the reader for the basic results and definitions (including that of
SOLA), together with [7], while for applications of (1.2) in this setting we refer
to [30, Section 4] and [9, Section 5]. We confine ourselves to reporting the main
outcome, that is,

Theorem 5.1. Let u € W'-P~1(£2) be a SOLA to (5.1), under the assumptions of
(1.8), with  being a Borel measure with finite total mass and 2 C R" being a
Lipschitz domain. Then there exists a constant c, depending only onn, p, v, L such
that the pointwise estimate (1.9) holds whenever B(x, R) C 2 and x € 2 is a
Lebesgue point of Du.

We recall that SOLA are not known, in general, to be unique, but can be under a
few additional assumptions (for instance p = 2, or when . € L'(£2)). We refer to
[15,24] for more results concerning the solvability of measure data problems.

We finally remark that Theorem 1.3 extends to more general equations with
coefficients of the type

—diva(x, Du) = u,
where the main assumption on the x-dependence is that the partial map

. a(x, z)
(Iz]2 + s2)(P=D/2

is Dini-continuous, uniformly with respect to z € R". This will be shown in a
forthcoming paper.
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